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General description of Nagin's model

We have a collection of individual trajectories.
We try to divide the population into a number of homogenous
sub-populations and to estimate, at the same time, a typical trajectory for

each sub-population.

Hence, this model can be interpreted as functional fuzzy cluster analysis.

Finite mixture model (Daniel S. Nagin (Carnegie Mellon University))
@ mixture : population composed of a mixture of unobserved groups

@ finite : sums across a finite number of groups
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The Likelihood Function (1)

Consider a population of size N and a variable of interest Y.

Let Y; = yi,, Yi, -, Yiy be T measures of the variable, taken at times
ti,...tT for subject number i. A; = {t1,...t7}

7, - probability of a given subject to belong to group number k

= 7k is the size of group k.
K
= P(Y) = Y mPH(Y)), (1)
k=1

where PX(Y;) is probability of Y; if subject i belongs to group k.
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The Likelihood Function (2)

Aim of the analysis: Find K groups of trajectories of a given kind, for
instance polynomials of degree 4, P(t) = [ + Bit + Bot? + Bat3 + Bt

Statistical Model:
Yie = Bs + BEt + B5t? + BEt® + Bt + e, (2)

where e¥ ~ N(0,0), ok being the standard deviation, constant inside
group k.

We try to estimate a set of parameters Q = { 8§, ¥, 85, B, Bf, ™, ouc }
which allow to maximize the probability of the measured data.
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Possible data distributions

@ count data = Poisson distribution
@ binary data = Binary logit distribution

@ censored data = Censored normal distribution
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Predictors of trajectory group membership

x : vector of variables potentially associated with group membership
(measured before t7).

Multinomial logit model:

ex,-Gk
7Tk(X,') =

T Kk
§ :ex,-Ok
k=1

where 6 denotes the effect of x; on the probability of group membership
for group k.

(3)

K eXiek T
L=]1>" TP ). (4)

where p*(-) denotes the distribution of y;; conditional on membership in
group k.
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Adding covariates to the trajectories

Let W be a vector of covariates potentially influencing Y.

The likelihood then becomes

N K x:0 T
eV K
L= —~ I P (el A, Wi, ©4).
i=1 k=1 3 et t=1
k=1
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Basic Idea

We conjointly analysis the trajectories of J variables Y?!,..., Y

J
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The constrained model

We suppose the existence of K unique groups representing the combined
development of Y7/, 1 <j < J.

The conditional independence of the time measurements for the outcomes
for a given group is implies that

K J T
1 J k(. J j
'D(Yl Y |AI7VVI = 7"'k]i[l_‘[p (y{tIA,-, VVia@Jk)'
k=1  j=1t=1
Ny



The unconstrained model

We suppose the trajectories for a variable Y/ can be linked to trajectories
for all other variables Y7, # /. Then,

P(Y}, ... YA W) = > Thylkykg_g X 70 X Thglky X Ty
(kl,...,kJ)Ele---XKJ
J . .
Hpkj(y,!t|Aia Vvl'a@jk)7
j=1t=1

where Tkl k.. ki1 is the probability of belonging to group j conditional on
the membership to groups 1 to j — 1.
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Membership Probability

1,k
ek xi eekz w;
Ty = sy Tholk ; )
Kl ‘ ' K2 2] 1, ko
E @Ok Xi § kWi
ki=1 ko=1
Okl wky_q1. Ky
T i
kylki...ky—1 K, . »
gk ku—1v;
> e
k=1

One drawback of this method is the great expansion of the number of
parameters and the fact that the parameters are hardly interpretable.
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Group Membership Vector

Denote by Z; = (Zj1, ..., Z;j) the vector containing the group membership
of individual i for the variables Y*,... Y7, Z: € [1; Ki] x --- x [1; KJ].

Then,

eBijk

P (ZI_] = k|z,'h for h #J7XIJ> = ﬁ,
2pzy €7

where B = s + Bk X+ jn bz,
h#j
@ «j k is a choice specific intercept ;
@ (3j  is a vector corresponding to the covariate le :
@ zj, the group membership of the individual i for Y" ;

@ jp ks is an association parameter between belonging to group k for
YJ and belonging to the group / for Y".
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Number of parameters

The Hammersley-Clifford Theorem allows to write the conditional
probabilities as

ij ih rn 7 Ja ) .
Zj o ! Zth 1 eB,-M
where Bij,k = Qj k Bj,kx,! § whj,zihk § wjh,kz,-h-

h<j h>j

Proposition

The numbers of parameters is

J
D (K —1) x (ncol (X)) + 1)+ > (Kj—1)(Ky —1).

Jj=1 1<#A'<J
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Setup

We simulate trajectories for 200 individuals and 3 variables.

o Y1 (normal distribution) : 11 = (3.53, —2.25,0.47),
Bio = (—1.62,3.9,—0.65), A1.3 = (0.263,0.036,0.01),
011 =012=013=1;
o Y2 (ZIP distribution) : o1 = (1.2,2.3,—1.2,0.5,—0.1), B2 = (2),
fo3=(—75,0,2.2,—.4), 1 = (-2,1), 1o = (—1,0.1), 3 = (0,—-1);
o Y3 (logit distribution) : 331 = (6.32,—5.8,1), 832 = (—6.69,1.92).
Furthermore, we choose all §; x =0 and ¢ = (—3,3,4,0,—-2,5,1,0). We

launch trajeR for each variable separately and we use the results as as
initial values for the multi-trajectory model.

Jang SCHILTZ Multiple Trajectory Analysis June 2, 2021 19/26



Results

Variable 1 Variable 2
Th. EM L Th EM L
3.53 | 3.37162 | 3.37154 || By 1.2 [ -3.92080 | -3.92950
-2.25 [ -2.13530 | -2.13523 || fia | 2.3 | -4.11672 | -4.11653
0.47 | 0.45000 | 0.45089 || B3 | -1.2 | 3.88076 | 3.88051
-1.620 [ -1.71513 | -1.71513 || Bia | 0.5 | -0.68312 | -0.68305
3.000 | 3.96422 | 3.96422 (| Bis | -0.1 | 0.01616 | 0.01615
-0.650 | -0.66183 | -0.66183 || oy 2| 2.01483 | 2.01483
0.263 | 0.04619 | 0.04624 | B3, [ -7.5 | -0.39232 [ -0.30201
0,036 | 0.15730 | 0.15725 || fFaa 0 4.535945 | 4.55895
0.010 | -0.00882 | -0.00881 || Bz | 2.2 | -1.69650 | -1.69623
1] 2.60043 [ 2.60043 || Bay 41 017702 | 0.17698
0 0.00000 | 0.00000 || v -2 [ -0.98558 | -0.98206
0| 2.00645 | 2.00672 (| o 1 -0.7915 | -0.79232
0| -5.40659 | -5.43048 || vay -1 | -1.08748 | -1.08734
vz | 0.1 0.13039 | 0.13035
vy 0 [ -3.38530 | -3.38515
V33 -1 | 1.53658 | 1.33652
[} 0 [ 0.00000 | 0.00000
By 0 | -0.07507 | -0.07461
3] 0| 0.14593 | 0.14628
Variable 3
Th EM L
B [ 632 | 625035 | 628024
Ao | 5.8 | 573551 | 5.73545
Bia 1| 098063 | 0.98062
fAay | -6.69 [ -T.46613 [ -7.46609
Bog | 1.92 [ 200030 [ 2.00930
[} 0 [ 0.00000 [ 0.00000
[A 0 ] -2.09538 [ -2.00295
Parameters o V1323 U232 V12,31 V13,20 2 g, 22 Yizg 32
Theoretical 3 3 ] 0 2 5 1 0
EM -5.47202 | 4.33422 | -4.57086 | -4.46658 | -2.12207 | 3.23218 | 1.18008 | -7.96007
Likelihood | -5.46968 [ 435722 | -4.57081 -3.3208 [ -2.12013 | 3.23351 | 1.17703 | -10.00915
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Montreal Longintudinal Study

Example from D. Nagin. Compares the link between hyperactivity and
opposition score. The hyperactivity is measured on a scale between 0 and
4 and the opposition behavior on a scale between 0 and 10.
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Results

Variable 1 Variable 2
TrajeR | traj (SAS) TrajeR | traj (SAS)
By | -2.55343 -2.55348 || [y | -1.67252 -1.67258
Ba1 0.48071 0.48074 || Bi2 | -1.48300 -1.48308
Bag | -6.24514 -6.24425 || o 2.15443 2.15440
[Baz | -3.53665 -3.53676 || 322 | -6.T9570 -6.79186
Bayg | 14.90876 14.90347 || P23 | -4.29020 -4.29356
B 2.66416 2.66411 || fasg | 20.58775 20.56512
Bag | -1.98842 -1.98840 || fa1 4.96622 4.96615
Bag | -4.14192 -4.14164 || f32 | -2.12531 -2.12503

o 2.31949 2.3195 || fBaz | -9.72094 -9.71914
B 6.59242 6.59246
g 2.54359 2.5436

With trajeR we find the following 6 linking parameters.

Parameters V12,22 12,23 12,24 V12 32 V12,33 112,34

Theoretical | 19.97949 | 10.51569 | 8.94481 | 28.44746 | 31.69029 | 40.0845
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