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ABSTRACT

In large-scale antenna array (LSAA) wireless communication sys-
tems employing analog beamforming architectures, the placement or
selection of a subset of antennas can significantly reduce the power
consumption and hardware complexity. In this work, we propose
a joint design of analog beamforming with antenna selection (AS)
or antenna placement (AP) for an analog beamforming system. We
approach this problem from a beampattern matching perspective
and formulate a sparse unit-modulus least-squares (SULS) problem,
which is a nonconvex problem due to the unit-modulus and the spar-
sity constraints. To that end, we propose an efficient and scalable
algorithm based on the majorization-minimization (MM) framework
for solving the SULS problem. We show that the sequence of iter-
ates generated by the algorithm converges to a stationary point of
the problem. Numerical results demonstrate that the proposed joint
design of analog beamforming with AS outperforms conventional
array architectures with fixed inter-antenna element spacing.

Index Terms— Nonconvex optimization, majorization- mini-
mization, MM, algorithms, analog beamforming, antenna selection

1. INTRODUCTION

In the upcoming generation of wireless communication systems (for
example, 5G and beyond), the large-scale antenna arrays (LSSAs)
become a decisive characteristic for enhancing the performance
gains. For example, in the mmWave wireless communication sys-
tems, the LSAAs are envisioned to achieve beamforming gains to
alleviate the severe propagation losses at mmWave frequencies [1].
For such a system, the fully-digital implementation requires as
many radio frequency (RF) chains as the number of antenna el-
ements. Therefore, the power consumption and hardware cost
may considerably increase. These drawbacks lead to an interest
in analog beamforming or hybrid precoding systems, wherein the
beamforming or precoding operation is implemented using an ana-
log architecture [2–7] or a hybrid architecture [8–11], respectively.
Herein, our focus is on analog beamforming systems design.

The analog beamforming system design problem has been stud-
ied in the literature [2–7]. In general, the analog beamforming is im-
plemented using a phase-shifting architecture, thus, constraining the
beamforming vector to be unit-modulus. The optimal beamforming
vector is designed by optimizing specific performance criteria sub-
ject to the unit-modulus constraints. From a beampattern matching
perspective, the problem of analog beamforming design is studied
in [6, 7].
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In addition to the advantages provided by a low-cost analog
beamforming architecture employing LSAAs, the problem of an-
tenna selection (AS) becomes important to reduce the power con-
sumption and hardware complexity. Several works study the prob-
lem of AS in different applications [12–16]. The problem of design-
ing nonuniformly spaced arrays is considered in [12] where the cost
function is chosen to select the array with a minimum number of
antenna elements. Some other related works in [13, 15] minimize
the number of active array elements subject to the constraints on the
beampattern. In these applications, the aim is to minimize the total
number of active antennas or placing a given number of antennas
with beamforming over an array aperture subject to the constraints
on the beampattern. This problem is antenna placement (AP) with
beamforming. A reconfigurable adaptive array beamforming strat-
egy by AS is studied in [14]. In [16], the problem of transmit AS
with analog beamforming is studied by maximizing the spectral ef-
ficiency of a multiple-input single-output (MISO) mmWave system.
One of the differences between AS and AP is that AS requires a
switching network to select a subset of antennas whereas in AP we
do not require switches.

The previous works [6,7] do not perform AS to reduce the power
consumption and hardware complexity. From an AP perspective,
therein, the antenna positions are assumed to be fixed and the cor-
responding beamforming vector is designed. In comparison to the
existing works, herein, we consider the problem of analog beam-
forming with AS/AP. We approach this problem from a beampat-
tern matching perspective for an analog beamforming system where
we provide one of the ways to control the sidelobe levels at the
grid points of the sampled beampattern. To this end, we formu-
late a sparse unit-modulus least-squares (SULS) problem, which is
nonconvex and NP-hard due to the unit-modulus [17] and the spar-
sity constraints. Typically, the unit-modulus constraints are handled
using the semidefinite relaxation (SDR) technique which lifts the
search space from M -dimensions to M2-dimensions. This results
in a large number of parameters to optimize over, thereby, resulting
in more memory storage and computational requirements. Another
problem with SDR is that it empirically returns a rank-one solution,
but in cases, the solution is not rank-one, an appropriate randomiza-
tion technique should be employed [17, 18]. Moreover, the sparsity
constraint further increases the difficulty in handling the problem.

To tackle this problem, we propose an efficient and scalable al-
gorithm based on the majorization-minimization (MM) framework
[19] to solve the SULS problem. The proposed algorithm converges
to a stationary point of the problem. As shown by the numerical re-
sults, the proposed approach achieves better sidelobe levels than the
conventional antenna arrays with fixed inter-antenna element spac-
ing when LSAAs are employed.

Notation: A vector and a matrix are represented by a and A
respectively. The i, j element of a matrix is denoted as A(i, j). The
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i-th entry of a vector a is represented as a(i) or ai. The element-
wise operations used on a vector are, e(ja) for complex exponential,
arg (a) for the phase/argument and |a| for the magnitude. The `0-
norm of a and A, counting the number of non-zeros are represented
as ‖a‖0 and ‖A‖0, respectively. Note that for simplicity we refer `0
as a norm though it is not a norm. A positive semi-definite matrix is
denoted as A � 0.

2. ANALOG BEAMFORMING ARCHITECTURE AND
PROBLEM FORMULATION

In this section, we first present the employed analog beamforming
architecture. Then, the problem formulation follows.

2.1. Analog Beamforming Architecture

Let us consider a transmitter equipped with an antenna array and
each antenna element is connected to a phase-shifting element. For
simplicity, we consider a uniform-linear array (ULA) at the transmit-
ter with an inter-element spacing, d. For a ULA, the antenna array
response in a direction θi is given by,

a(θi) =
[
1 ejφi ej2φi . . . ej(M−1)φi

]T
. (1)

where φi = 2π d
λ
sin θi is an auxiliary variable used to simplify no-

tation. The angle space of interest is discretized into N grid points
as θ = [θ1, θ2, . . . , θN ]T , where θi represents the i-th element of
vector θ. The antenna array response can be concisely represented
in θ in matrix form as A(θ) = [a(θ1),a(θ2), . . . ,a(θN )]H from
all the directions. The beampattern response in θi can be written
as yi(θi) = a(θi)

Hw, where w is the beamforming vector to be
designed with unit-modulus entries. Hereafter for notational sim-
plicity, we will write y(θi), a(θi) and A(θ) as yi, ai and A, respec-
tively. The system of equations relating the beampattern with the
beamforming vector can be further written as, y = Aw, where y is
theN×1 sampled beampattern vector denoting the desired response
along the directions represented by vector θ. To perform AS, we in-
troduce a diagonal matrix Q taking binary values on its diagonal in
the system model as,

y = AQw. (2)

Therefore, the design variables are w and Q.

2.2. Problem Formulation

Now, to address the analog beamforming with AS/AP problem, we
formulate the following SULS problem,

P1 : min
Q,w

‖y −AQw‖22

subject to |wi|2 = 1

Qii ∈ {0, 1}, ∀i ∈ [M ]

Qij = 0, i 6= j, ∀i, j ∈ [M ]

‖Q‖0 = K,

where K represents the number of active array elements to be se-
lected out of M available ones. The unit-modulus constraints on w
ensure that only the phase of the incoming signal is shifted and the
magnitude is kept constant. In comparison to earlier works [6, 7],
problem P1 has an additional selection variable, Q, to select the
subset of the active array elements and the `0-norm constraint. The
unit-modulus least-squares (ULS) problem is shown to be NP-hard
and the presence of nonconvex `0-norm constraint increases further
the difficulty.

3. ALGORITHMIC SOLUTION

In this section, we develop an efficient and scalable algorithm to
solve problem P1. Since the problem is nonconvex and NP-hard,
a joint solution in variables w and Q is intractable. To solve the
problem, one can adopt the alternating minimization framework. In
particular, we can minimize the problem with respect to the vari-
ables w and Q in an alternating fashion. However, the problem
with respect to w given Q, and vice-versa remains NP-hard due
to the unit-modulus and combinatorial nature of the constraints, re-
spectively. Generally, the unit-modulus constraints can be handled
using the semidefinite relaxation (SDR) technique which lifts the
search space from M -dimensions to M2-dimensions. This results
in a large number of parameters to optimize over, thereby, result-
ing in more memory storage and computational requirements. For
the binary variable Q, the problem can be handled by relaxing the
binary constraints as the box constraints, [0, 1]. But the solution ob-
tained using this approach may not lie in the feasible solution set of
the original unrelaxed problem, i.e., the binary constraints may not
be satisfied. Thus, an appropriate quantization step is necessary to
obtain a feasible solution to problem P1. Moreover, in problem P1,
the `0-norm constraint makes the problem further difficult.

To overcome the aforementioned problems with the existing ap-
proaches, herein we propose an efficient and scalable algorithm for
LSAAs. But before we proceed towards the development of the al-
gorithm, we first cast problem P1 in a more amenable form given
by,

P2 : min
w

f(w) = ‖y −Aw‖22
subject to |wi|2 ∈ {0, 1}, ∀i ∈ [M ]

‖w‖0 = K.

In problem P2, we have removed the variable Q by imposing an
additional constraint on the magnitude of the entries of vector w.
Now, the magnitude of the entries of vector w are constrained to be
either 0 or 1 instead of being unit-modulus, only. If an antenna ele-
ment is not active, then, the magnitude of the corresponding element
of vector w should be 0, otherwise, the magnitude should be 1 to
satisfy the unit-modulus constraints. This way, we jointly optimize
the beamforming vector and the placement of the active elements of
the antenna array without the need to optimize an additional vari-
able, Q. Moreover, in problem P2, the `0-norm constraint appears
on variable w. Thus, to activate K antenna elements the number of
non-zero elements in vector w should be K.

3.1. Algorithm for Problem P2

Problem P2 is still nonconvex and NP-hard. To develop an efficient
solution, we first note that the objective function inP2 is quadratic in
variable w. This observation naturally leads to the development of
an MM-based algorithm. The basic principle behind the MM frame-
work is to construct a surrogate objective function majorizing the
original objective function. To construct a majorizing function, first
we expand the objective function f(w) as,

f(w)= yHy − 2Re
(
yHAw

)
+wHAHAw. (3)

It can be seen that the last term in (3) is a convex quadratic function
in w. Therefore, we approximate this term using the quadratic up-
per bound principle [19]. The following Lemma 3.1 which follows
Lemma 1 in [20] generalizes this principle for the specific case of a
quadratic function of a vector variable.
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Lemma 3.1 (Lemma 1 in [20]). The quadratic function of the form
aHPa, with P being a Hermitian matrix is majorized by

aHTa+ 2Re
(
aH(P−T)ak

)
+ aHk (T−P)ak

at the point ak, where T is a Hermitian matrix such that T � P.

Lemma 3.1 can be easily proven using the second-order Taylor
expansion and subsequently replacing the Hessian matrix by another
Hermitian matrix T such that T � P, [19, 20]. Now, using Lemma
3.1 with T = λmax(P)I, where P = AHA and I is a M ×M
identity matrix, the last term in (3) can be majorized as,

wHPw ≤ λmax(P)wHw (4)

+2Re
(
wH(P− λmax(P)I)wk

)
+wH

k Pwk,

where wk is the solution available at k-th iteration. It can be seen
that, the first term in (4) is equals to λmax(P)K, which is a constant,
and the third term is also independent of w. Thus, after neglecting
all the constant terms in (3) and (4), the overall majorized problem
to solve at (k + 1)-th iteration can be written as,

P3 : min
w

−2Re
(
wHd(k)

)
subject to |wi|2 ∈ {0, 1}, ∀i ∈ [M ]

‖w‖0 = K,

where d(k) =
(
AHy − (P− βI)w(k)

)
and β = λmax(P). Prob-

lem P3 can be equivalently written as,

P4 : max
w

Re
(
wHd(k)

)
subject to |wi|2 ∈ {0, 1}, ∀i ∈ [M ]

‖w‖0 = K.

Remark 1. Benchmark Solution: Note that for the comparison be-
tween conventional and the proposed design, we also solve problem
P4 with only unit-modulus constraints. It can be shown that with-
out introducing 0 in the feasible set of w and `0-norm constraint,
the problem can be iteratively solved using the aforementioned MM
framework in closed-form like the special case of problem P1 in [7].

To solve problem P4, first, we observe that the selection of an
antenna is indicated by the magnitude of the corresponding entry,wi,
and it is not affected by its phase. Moreover, there are no constraints
on the phase of wi. Thus, we exploit this observation and first write
the optimal solution of arg(w) as,

arg(w) = arg(d(k)) + 2kπ, ∀k = 0,±1,±2, . . . . (5)

Substituting the above solution into the objective function in P4, we
arrive at the following problem,

P5 : max
|w|

|w|T |d(k)|

subject to |wi|2 ∈ {0, 1}, ∀i ∈ [M ]

‖w‖0 = K.

It can be seen that the objective function in problemP5 is maximized
when |wi| = 1 for all i in [M ]. But the `0-norm constraint enforces
only K non-zero entries. Thus, the optimal solution to problem P5

can be obtained by sorting the vector |d(k)| as given by,

|d(k)i1
| ≥ |d(k)i2

| ≥ · · · ≥ |d(k)iM
|. (6)

Algorithm 1 MM-Based Analog Beamforming with AS/AP

Input: A, y and w(0)

Output: w
Set k = 0, P = AHA, ỹ = AHy, β = λmax(A

HA)

1: repeat . index over k = 0 : N ′ − 1

2: d(k) =
(
AHy − (P− βI)w(k)

)
;

3: Sort the entries of d(k+1) as in (6);
4: Construct the index set S = {i1, i2, . . . , iK}.
5: w

(k+1)
S = ej arg (d

(k)
S ),

6: w
(k+1)

S̃\S = 0(M−K)×1.
7: until convergence

Now, we pick the first K largest elements of |w| and setting the
corresponding entries in vector |w| to 1 and the remaining entries
to 0. Let S̃ = {i1, i2, . . . , iM} and S = {i1, i2, . . . , iK} denote
the index sets corresponding to the sorted (in descending order) and
first K largest entries of vector d(k), respectively. Therefore, after
combining (5) and the entries selected using the index set S, we
obtain the the optimal solution to problem P4 as given by,

wS = ej arg (d
(k)
S ), (7)

where d
(k)
S and wS denote the K dimensional vector with entries

selected from the index set S. The rest of the M − K entries are
equal to zero. The procedure is presented in Algorithm 1. Note that
all the entries of vector w(0) in Algorithm 1 are initialized to be
unit-modulus. The worst-case per-iteration computational complex-
ity of Algorithm 1 is O(N2). The convergence of Algorithm 1 is
established via the following theorem.

Theorem 3.2. Let {w(k)} be a sequence generated by Algorithm
1. This solution sequence converges to a stationary point of problem
P2.

Proof. Since the underlying constraint set is compact, the conver-
gence of the iterates obtained from Algorithm 1 to a stationary point
can be established by working on similar lines to the proof of Theo-
rem 5 in [20]. �

4. SIMULATION RESULTS

In this section, indicative numerical results are shown to evaluate the
performance of the proposed approach. We consider the objective
function of the problem, i.e., the least-squares approximation of the
desired beampattern as a performance metric to compare the results
with conventional beamforming design. Kindly refer to Remark 1
for benchmark design based on the conventional analog beamform-
ing with fixed inter-antenna element spacing. The beampattern vec-
tor y is generated according to (8) below,

yi =

{
1 if i ∈ I,
0 otherwise,

(8)

where I ∈ [1, N ] denotes the index set for non-zero entries of vector
y. We consider two scenarios, namely, when the two arrays have the
same and different apertures.
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(b) Sampled beampatterns obtained from different algorithms (refer to (8)).

Fig. 1: Same array apertures, M = 219, K = 110 and N = 36.

4.1. Same Aperture to that of Conventional Array

The angle space from [−90°, 90°] is discretized into N = 36 points
with set I corresponding to the angle range [−15°, 15°]. We con-
sider two arrays with the same antenna array aperture with spacing
d1 = λ

2
and d2 = λ

4
. We consider a ULA with K = 110 an-

tenna elements with d1 spacing. The array with d2 spacing is hav-
ing M = 219 number of antenna elements (M > K) but only
K = 110 of them are active. The beampattern matching error com-
parison without AS is shown in Fig. 1a and the corresponding sam-
pled beampatterns obtained are shown in Fig. 1b. It can be seen that
the proposed approach for analog beamforming design with AS/AP
performs better and achieves a lower sidelobe level in comparison
to the one without AS. This is due to the fact that the array with
more grid positions has more degrees of freedom to select/place the
antennas. Thus, more efficient beamforming performance.

4.2. Different Aperture to that of Conventional Array

The angle space [−90°, 90°] is discretized usingN = 60 points with
the set I corresponding to the angle range [−15°, 15°]. In this case,
we consider d1 = d2 = λ

2
, M = 500 and K = 240. The antenna

array without AS is a ULA formed with uniform spacing d1 spacing
and K = 240 antennas. For analog beamforming with AS, K =
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(b) Sampled beampatterns obtained from different algorithms (refer to (8)).

Fig. 2: Different array apertures, M = 500, K = 240 and N = 60.

240 antennas are selected out of M = 500 antennas. In this case,
both the arrays have a different aperture. The beampattern matching
error variation is shown in Fig. 2a and the corresponding sampled
beampatterns obtained using different algorithms are shown in Fig.
2b. Once again, the analog beamforming with AS/AP achieves better
beampattern matching accuracy and the lower sidelobe level because
of more degrees of freedom to select/place the antennas and larger
antenna aperture.

5. CONCLUSION

In this work, we proposed a novel approach for designing the ana-
log beamforming with antenna selection (AS) or antenna placement
(AP) for the wireless communication systems employing large-scale
antenna arrays (LSAAs). We formulated a beampattern matching
problem for the joint design as a sparse unit-modulus least-squares
(SULS) problem. We developed an efficient and scalable algorithm
to solve the problem with a theoretical convergence guarantee based
on the majorization-minimization (MM) framework. Numerical re-
sults demonstrated that the proposed algorithm by jointly design-
ing analog beamforming with AS/AP outperforms the conventional
array architectures with fixed inter-antenna element spacing when
LSAAs are employed.
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