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ABSTRACT. We consider a class of scale-free inhomogeneous random
graphs, which includes some long-range percolation models. We study
the maximum degree in such graphs in a growing observation window
and show that its limiting distribution is Frechet. We achieve this by
proving convergence of the underlying point process of the degrees to
a certain Poisson process. Estimating the index of the power-law tail
for the typical degree distribution is an important question in statistics.
We prove consistency of the Hill estimator for the inverse of the tail
exponent of the typical degree distribution.

1. INTRODUCTION

In this paper we study the behaviour of the large degrees for a certain class
of scale-free inhomogeneous random graphs. In particular, we investigate
the asymptotics for the maximum degree in such random graphs and prove
consistency of the Hill estimator.

Large graphs with a highly non-trivial structure, so-called complex net-
works, arise in many different fields, ranging from natural to social sciences.
Prominent examples of complex networks include the internet, the World
Wide Web and social networks like Facebook, Twitter and so on. A key
observation from network science is that many real-world complex networks
show a scale-free or power-law behaviour, which essentially means that the
proportion of vertices with degree greater than some positive integer k is
proportional to k™7 for some positive exponent «y for large values of k. Thus,
the degrees in a scale-free network have a large variability and there are a
few vertices, known as hubs, with very large degrees. For more details on
scale-free complex networks, we refer the reader to e.g. [21, 22].

In order to model complex networks, one typically considers random
graphs which share similar characteristics, in particular, the scale-free prop-
erty. While the empirical degree distribution is a natural object to study
in complex networks, for random graphs, it is often easier to deal with the
typical degree, the degree of a uniformly chosen vertex. Since for random

Date: May 11, 2021.
2010 Mathematics Subject Classification. Primary: 60G70, 05C80, Secondary: 60F05,
05C82, 60G55.
Key words and phrases. Random graphs, maximum degree, Poisson process conver-
gence, Hill estimator.
1



2 CHINMOY BHATTACHARJEE AND MATTHIAS SCHULTE

graphs, the empirical degree distribution is usually similar to the distribution
of the typical degree, one is led to consider random graph models in which
the typical degree D satisfies

P{D >k} ~ck™ as k— o

for some positive constants ¢ and . In the sequel, we consider a more
general class of degree distributions by allowing that

P{D >u} =l(u)u™?, u>0, (1.1)

where £ : [0,00) — [0, 00) is a slowly varying function, which means that for
all a > 0, limy, o0 £(au)/l(u) = 1. We call a random graph scale-free if (1.1)
is satisfied.

Two random graphs which are ubiquitous in the literature are the Erdos-
Rényi graph and the random geometric graph. In the Erdés-Rényi graph
the vertices are given by [n] = {1,...,n} and each pair of distinct vertices
is connected by an edge with probability p € (0,1) independently from
the others. The random geometric graph, on the other hand, is obtained by
taking the points of a stationary Poisson process X in R? with unit intensity
as vertices and connecting two distinct vertices x and y by an edge whenever
|x —y| < r for a fixed parameter r > 0. For the Erdés-Rényi graph with
p = A/nfor A > 0, it is easy to see that the distribution of the typical degree
converges weakly to a Poisson distribution with mean \ as n — oco. In case
of the random geometric graph, the typical degree (whose exact definition
requires the Palm distribution) is Poisson(vgr?) distributed, where v, is the
volume of the d-dimensional unit ball. So neither the Erd6s-Rényi graph,
nor the random geometric graph is scale-free.

It is however possible to construct scale-free random graphs in a similar
way as the Erdds-Rényi graph or the random geometric graph by using
non-negative independent and identically distributed (i.i.d.) weights whose
distribution function F'(-) is of the form

1—F(u) =u"Lu), u>0,

with a slowly varying function L(-) and § > 0. A random variable with such
a distribution function is said to have a regularly varying tail distribution
with exponent 3. An example of a scale-free random graph is the Norros-
Reittu model introduced in [16], where one takes the vertices [n], which
are equipped with ii.d. weights (Wy),epn distributed according to F'(-).
One then joins E,{z,y} = E,{y,z} many edges between z,y € [n], where
(En{x,y})i<a<y<n are independent and

E,{x,y} =4 Poisson | W, W,/ Z W,

z€[n]
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The resulting random multigraph with self-loops is a scale-free counterpart
to the Erd6s-Rényi graph, where the typical degree has the same tail be-
haviour as the weights. Another such model is the so-called scale-free con-
tinuum percolation model considered in [10], which has the points of the
stationary Poisson process X as its vertices with associated i.i.d. weights
(Wy)zex distributed according to F(-). An edge between distinct z,y € X
is drawn independently with probability

Dzy = 1 —exp (—)\

with A\, &« > 0. The resulting random graph is scale-free and can be seen as
a scale-free counterpart to the random geometric graph.

In this paper, we study a general class of scale-free random graphs, which
includes the Norros-Reittu model and the scale-free continuum percolation
model. All these models are constructed using i.i.d. weights with a regularly
varying tail distribution, such that vertices with large weights tend to have
large degrees. Such random graph models are also called inhomogeneous
random graphs. Some of the random graph models considered here, such
as the scale-free continuum percolation model, are so-called long-range per-
colation models. In these models, the geometry of the underlying space
becomes crucial since the probability that two vertices are connected by an
edge depends on their distance as well.

The first aim of this paper is to study the large degrees for a general class
of scale-free inhomogeneous random graphs. Since some of them are infi-
nite, we only consider the degrees of vertices within some finite observation
window. For increasing observation windows, we prove that the maximum
degree converges, after a rescaling, to a Frechet-distributed random variable.
More generally, we establish the convergence of the rescaled degree sequences
of the random graphs to a certain Poisson process. The behaviour of the
maximum degree for the random graphs considered in this paper is signifi-
cantly different from that of the maximum degree of an Erd6s-Rényi graph
or a random geometric graph, which is concentrated with a high probability
on at most two consecutive numbers (see [3, Theorem 3.7] and [17, Theorem
6.6] or [15], respectively). More recently, such a concentration phenomenon
was also shown for the maximum degree of a Poisson-Delaunay graph in [4].

The second aim of this paper is to estimate the exponent «y in (1.1), an
important statistical question (see [22] for a discussion of the problem and
several estimators). A standard approach from extreme value theory to
estimate the tail exponent of a regularly varying distribution is using the
so-called Hill estimator. For non-negative i.i.d. random variables (X;)1<i<n
with their common distribution having a regularly varying tail with exponent
~v > 0, the Hill estimator for 1/~ based on the k upper-order statistics is
defined as

W, W, )

|z — y|*
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where X (1) > X(g) > --+ > X(,) are the order statistics corresponding to
the data (X;)i<i<n. It is well-known (see e.g. [19, Theorem 4.2]) that if
1 <k =k, <n is chosen so that k, — oo and k,/n — 0 as n — oo, then

p 1
Hy, ,— — asn— oo,
Y

where £ denotes convergence in probability. In order to estimate the tail
exponent v of the degree distribution, one can treat the degrees as i.i.d.
random variables and apply the Hill estimator. This was proposed in [7]
together with a minimum distance selection procedure to choose the param-
eter k (see [2, 11] for some theoretical results on this selection procedure).
However, since the degrees of the vertices are usually not independent, the
consistency result above is not applicable in the context of random graphs.
An exception is the configuration model (see e.g. [21]), where the degrees
are i.i.d. by construction. In [24, 25] the consistency of the Hill estimator
for linear preferential attachment models is shown, see [11, 23] for related
simulation studies. But apart from that, we are not aware of any other re-
sults in this direction. We address this question by establishing consistency
of the Hill estimator for a large class of scale-free inhomogeneous random
graphs. We believe that such consistency results are important for network
science since they justify to some extent the use of the Hill estimator for the
analysis of real-world complex networks.

The main challenge in proving our results is that the degrees of the ver-
tices are not independent. We resolve this problem by approximating the
degrees of the vertices in terms of their weights, which are a family of i.i.d.
random variables. As a byproduct of our approach, we obtain a one-to-one
correspondence between the vertices with large degrees and those with large
weights.

The rest of the paper is organised as follows. In Section 2, we introduce
the class of scale-free inhomogeneous random graphs we are interested in
and provide some examples, before presenting our main results. Section 3
is devoted to the proof of the abstract results, which are applied to some
particular random graph models in Section 4.

Notation. Throughout, we denote by (kj)nen an intermediate sequence,
that is a positive integer sequence with k, < n for all n € N, k, — oo
and k,/n — 0 as n — oo, while 1 stands for the sequence (1,1,1,---). We
denote by M, ((0,c]) the set of all non-negative Radon measures on (0, co]
equipped with the wvague topology and by M,((0,00]) the subset of point
measures on (0,00]. Let ¢, stand for the Dirac delta measure with point

mass at x. We denote by 4 and B convergence in distribution and in
probability, respectively. For two real valued functions f(-) and g(-) on R,
we write f(z) ~ g(z) as * — oo when lim,_,, f(z)/g(x) = 1. For a random
variable Z with distribution function F'(-) we write Z ~ F. We denote by
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RV, the set of real-valued functions on R which are regularly varying with
index p # 0.

2. MAIN RESULTS

We start with a short informal description of our model in a general setup
and provide some examples. We consider a sequence of random graphs
(Gn)nen. For each n € N, the set of vertices V;, of G}, is an at most count-
ably infinite set (possibly random) in some space S. The vertices of G,, are
independently marked with weights (W, )zey, which are non-negative i.i.d.
random variables with common distribution F'(-). The probability that two
vertices z,y € V,, are connected by an edge depends on their weights W,
and W, (and sometimes on their distance). Throughout this paper, we will
be interested in the following random graph models that are of the form
described above:

I. Scale-free percolation models on Z?. We consider an inhomogeneous
random graph model for long-range percolation on the lattice Z¢, d € N, as
introduced in [9]. We let G,, = G for all n € N, where the random graph G
with vertex set Z¢ is constructed as follows. Given the weights (W),cz4,
for distinct z,y € Z¢, we add the edge {z,y} in G independently of the
other edges with probability

Pzy = 1 —exp (—/\ (2.1)

for parameters o, A € (0,00) and | - | denoting the Euclidean norm. The
idea behind (2.1) is that the probability of an edge appearing in the graph
is decreasing in the distance between the endpoints, while large weights at
either endpoint increase the probability.

W, W, )
|z —y|®

I1. Ultra-small scale-free geometric networks on Z?. This model was
considered in [26] in the context of long-range percolation. We again consider
the vertex sets V,, = Z¢, n € N, and independent weights (W,),czq. In this
example, we choose the weights to have a particular distribution, namely,
W, = Uy 7 for some B > 0, where (Uy),eza is a collection of i.i.d. uniform
random variables on the interval [0,1]. We take G,, = G for all n € N,
where G is defined as follows. Given the weights, we add the edge {z,y} for
distinct z,y € Z¢ independently with probability

pxyzll{min{Ux_l/B,Uy_l/ﬁ} > \:L'—y\}.

ITI. Scale-free continuum percolation models. The heterogeneous ran-
dom connection model (RCM), which was introduced in [10], is a continuum
space analogue of the random graph model I. Let X be a stationary Poisson
process in R? with unit intensity and i.i.d. marks (W,).cx. Given X and
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(Wa)zex, we take V,, = X and G,, = G for all n € N, where in G, we join
two points = # y € X by an edge independently with probability p,, given
by (2.1).

IV. Norros-Reittu model. Unlike the models I-III, this model from [16]
does not depend on the geometry of the space and allows multiple edges and
self-loops. Moreover the graphs (G, )nen are not identical but evolve with
n. Let (W,.)zen be a sequence of i.i.d. weights. For n € N, the vertex set
Vy, is taken to be [n] = {1,...,n} with assigned weights (W,),c[,- Define
Ly = 34—y Wi. For each n € N, given the weights (W),e[n), we construct
the random graph G,, on the vertex set [n| by joining E,{z,y} = E,{y,z}
many edges between the vertices z,y € [n], where (E,{z,y})1<z<y<n are
independent with

E,{z,y} ~ Poisson(W,W,/Ly,).

V. Chung-Lu model. The Chung-Lu random graph model with deter-
ministic weights was introduced in [5, 6]. Here, we consider a version with
random weights, see [20]. Let (W, ).en be i.i.d. weights. For n € N, we take
the vertex set V,, = [n] with associated weights (Wy),e[n- To construct the
graph Gy, given the weights (Wy),¢[n], We join an edge between the vertices
x,y € [n] independently with probability

wmnl}

n

Dy = Min {

where L, = >} ; Wi. This model is closely related to the model IV; it
replaces the Poisson random variable for the number of edges between two
vertices in IV by a related Bernoulli random variable, thus getting rid of
the multiple edges while still allowing self-loops. We will see in Section 4
that one can indeed construct a natural coupling of these two models.

We now turn to describing our general random graph model in more
detail. For n € N, let (D, »)zcv;, denote the degree sequence of the graph
G,,. We note here that for the degree of a vertex in a graph with multiple
edges or self-loops, multiple edges are counted with their multiplicities, while
each self-loop contributes only one. The main results in this paper require
some assumptions on the underlying graphs (G, )nen, their degrees and the
weights.

Recall, a function U : [0, 00) — [0, 00) is said to be reqularly varying with
index p € R (we write U € RV) if for any a > 0,

U(at)
im
t—00 U(t)
If p =0, we call U slowly varying. An equivalent and often more insightful
way of representing a regularly varying function U(-) with index p is to write

Ut) = PV (1), t>0,

= a
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where V(+) is slowly varying. We restrict ourselves to the following class of
distributions for the weights.

(A1) The common weight distribution F'(-) has a regularly varying tail
with exponent B > 0,ie.,1 - F € RV_g.
This means that
1-F(w)=w"Lw), w>0, (2.2)

where L(-) is a slowly varying function. As mentioned in the introduction, in
real-world complex networks, it is often observed that they are scale-free. As
we will see in Theorem 3.1, the above choice of distribution for the weights
is crucial to ensure that the degree distribution has a power-law tail.

Our remaining assumptions concern the behaviour of the degrees of (G, )nen.

(A2) For each n € N, there exists a random vector (D,,, W) with W ~ F'
as in (2.2) such that for any measurable set A C Ny x [0,00) and
any B C S with E|V,, N B| < oo,

E )  1{(Dn.,W.) € A} =E[V, n BP{(D,,W) € A}.
zeVnpNB

We will call the random variables D,, and W the typical degree and weight,
respectively. Note that when the vertex sets (V,,)nen are non-random and
for each n € N, (Dy, 2, Wy) =4 (Dpy, Wy) for z,y € V,,, the assumption (A2)
is trivially satisfied with (D, W) = (D 4,,, Wa,,) for some fixed z,, € V.
This applies to the models I, II, IV and V. For the model 111, since the
vertex set is a Poisson process, we cannot take a fixed vertex as typical
vertex. Instead, we add the origin 0 to the vertex set with independently
assigned weight Wy ~ F' and extend the graph in a natural way to include 0
as a vertex. This new measure after adding 0 to the Poisson process happens
to be the Palm measure corresponding to the original probability measure;
for a detailed exposition on Palm theory, see e.g. [8, Chapter 12]. Hence, we
can take the typical degree-weight pair to be (D, 0, Wy) where D,, o is the
degree of 0 in the extended graph.

We make the following assumptions about the typical degree D, and
the typical weight W. By Ey we denote the conditional expectation with
respect to W throughout this paper.

(A3) There exist positive universal constants &, p,C' with a sequence of
positive real numbers & — £ as k — oo and p € (0, 1] such that

IEw D, — £,WP| < C'max {1, WP(1—9>} P-as.

for all n € N.
(A4) For each m € N, there exist non-negative constants a, and Cp,
depending only on m such that

Ew|D, — EwDy|™ < anW'? +C,, P-as.
for all n € N. Here, p is as in (A3).
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In Section 4, we will show that the random graph models I-IV discussed
above satisfy the assumptions (A2)-(A4) if the weights are chosen according
to (A1) and some mild assumptions on the model parameters are satisfied.
For model V| it turns out that (A3) does not hold. We instead use a coupling
with model IV to prove our results for this model.

In this paper, we are interested in the large degrees of the random graphs
(Gp)nen. Since the graph G,, can have infinitely many vertices, we will only
consider the degrees of finitely many vertices within an observation window
and let the window grow with n. For this, throughout the sequel, we let
(Sn)nen be a sequence of deterministic sets such that for A, =V, NS,
ElAq| _ [An| P

lim 1 and —— — 1 as n — oo, (2.3)
n—00 n n

where |A,| denotes the cardinality of A,. Recall W ~ F from (A2) and the
constant p > 0 given by assumption (A3). We define the quantile function
q(-) for WP as

git) =inf{z>0:P{WP <z} >1-1/t}, t>1 (2.4)
Throughout, D,, stands for the point process

Dp=Y_ 0bu.,
zEA, Ena(n)

i.e., D, is the collection of the degrees of vertices of G, that belong to
Sn, up to a rescaling by &,q(n) with &, from assumption (A3). Recall, we
count multiple edges with multiplicities when considering the degree of an
associated vertex, while each self-loop contributes only one to the degree of
its vertex.

Throughout the whole paper, we fix v := §/p where § and p are the
constants from the assumptions (A1) and (A3), respectively. Let v, denote
the measure on (0, co] given by

vy((ab]) = a7 — b

for all 0 < a < b < co. Also recall that Z ~ Frechet(y) if P{Z < z} =e™* '
for all z > 0. The following result proves that the scaled degree sequence
D,, asymptotically behaves like a Poisson process as n — oc.

Theorem 2.1. Assume that (A1)-(A4) are satisfied and let ., be a Poisson
process with intensity measure v.,. Then, as n — oo,

D Sy in M,((0,00)). (2.5)
In particular, as n — oo,
& tq(n)™! max Dy, 4 Frechet(7). (2.6)
TEA,

Since 7, as a point process on [0, 0o] is not locally finite at zero, we exclude
the origin in (2.5) by considering the convergence only in M,((0, cc]). Note
however, that we do include infinity in our underlying space. We consider
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the usual topology on (0, o], i.e., the topology generated by intervals of the
form (a,b), 0 < a < b < oo, and (a, 0] for a € [0,00). This naturally makes
neighbourhoods of oo relatively compact, which is convenient for us, as a
convergence like (2.6) then follows as an immediate consequence of (2.5).
For a detailed discussion on the space My ((0,oc]), its properties and vague
convergence in this space, see [19, Chapter 6] or [18, Chapter 3]. We note
that one can derive a similar result as (2.6) for the m-th largest degree from
(2.5).
Denote the order statistics for the degree sequence (Dy, z)zea, by

Dgy(n) = Digy(n) = -+ = Dyja,py(n)-

For random variables with regularly varying distribution tail, one is often
interested in estimating the index of regular variation. In the i.i.d. case,
one way to estimate this quantity is by the Hill estimator, as indicated in
the introduction. Define the Hill estimator based on the & € N upper order
statistics of (Dy z)zen, as

Dgy(n)

k+1 )

ZIO

In the i.i.d. case, the Hill estimator approximates the inverse of the tail
exponent. It turns out that the same holds under the special dependency
structure we have in the degree sequence. The following theorem proves
consistency of the Hill estimator. Recall that a positive integer sequence
(kn)nen is an intermediate sequence if k, < n for all n € N, k, — oo and
kn/n — 0 as n — oo.

Theorem 2.2. Assume that (A1)-(A4) are satisfied and let (ky)nen be an
intermediate sequence. Then

p 1
Hy,n— — as n— oo.
Y

Our main results Theorems 2.1 and 2.2 require the general conditions
given by (A1)-(A4) and apply to a broad class of random graphs. In Sec-
tion 4, we apply these results to the models I-V described above and prove
the following theorem showing that the conclusions of Theorems 2.1 and
2.2 hold for these random graphs under condition (A1) and appropriate
assumptions on their parameters.

Theorem 2.3. Assume (A1) is satisfied. Then the conclusions of Theo-
rems 2.1 and 2.2 hold

(a) for models I and IIT with
£, = A%y, (1 — d) E [Wd/a] ,
a

where vg denotes the volume of the unit ball in R? and T(+) is the Gamma

function, S, = [0,n"/4% n e N, and v = aB/d if d < min{a, oS},
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(b) for model IT with &, = dvg/(d — ), Sp = [0,nY4%, n € N, and v =
B/(d~B) if B < d,

(¢) for model IV with &, =1, S, = [n], n €N, and v = £,

(d) for model V with &, =1, S, = [n], n €N, and v =5 if 5 > 2.

3. PROOFS OF THEOREMS 2.1 AND 2.2

3.1. Distribution of the typical degree. We start by proving the follow-
ing result, which shows that the typical degree D,, of the graph G, satisfying
(A1)-(A4) has a regularly varying distribution tail. For the models I-IV
this is well-known (under some assumptions on the model parameters, see
[9, 10, 16, 26]), but our finding shows that this is a consequence of the
abstract assumptions (A1)-(A4). Recall that v = /p with 8 and p as in
the assumptions (A1) and (A3), respectively.

Theorem 3.1. Assume that (A1)-(A4) are satisfied. Then for each n € N
the typical degree distribution has a regularly varying tail with exponent -y,
i.e., fort >0,

P{D, >t} =t"74,(1),
where £,(+) is slowly varying.
Proof. Since by (A1)-(A2) the distribution of &, WP has a regularly varying
tail with exponent ~, it is enough to show that

. P{D, >t}
lim ———— = 1. 3.1
1500 P{E,WP > t] (3:1)

Let Py denote the conditional probability with respect to W. Recall o

from (A3). Fix e > 0 and 1 > x > max{1/2,1 — o} and let ¢ > 0. Define

u = u(W,t) = max{W?* et} and let E, 1 denote the conditional probability

Pw{|D, — &WP| > u}. Then, we have

]l{{an > t—l—u}—Eu’W < Pw{Dn > t} < 11{§an > t—u}—i—E%W P-a.s.,

and hence taking expectation,

P{{ WP >t+u}t —EE, w <P{D, >t} <P{{EWP >t —u} +EE,w.

(3.2)

Using the Markov inequality in the first step and (A3)-(A4) in the second,

for any m € N, we obtain that P-a.s.,

Eu,W < UimEW|Dn - anp|m
2 (W Oy O e {1, W00 )
< gm—1 [amu—m(l—l/(Zx)) + Cmu—m(l—(l—g)/x)] + (Cm + C«m)Qm—lu—m7

where in the last step we have used that u = max{W?P et} > W*P. Choos-
ing m large enough so that m(1 — 2z~ ! max{1/2,1— p}) > 2v and using that
u > et, this yields that for t > 1/e,

EE,w < Cl,(et)™%7
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for some constant C/, > 0. Recalling that &, WP has a regularly varying tail
with exponent 7, it follows that

lim _ EBuw —
t—oo P{&, WP > t}
On the other hand, since W ~ F by (A2), using u(W,t) < WP + ¢t in the
first step, for ¢ large enough we have
P{,WP—u(W,t) >t} > P{WP-W™ > (14¢e)t} > P{{ WP > (142¢)t}.
Again, by regular variation of the tail distribution of &, WP, we obtain
lim inf P{ WP —u(W,t) >t} P{ WP > (1 + 2¢)t}
t—so0 P{& WP > t} P{& WP > t}

0. (3.3)

= (1+20)77.
(3.4)

> lim inf
t—o0

An identical argument shows that for ¢ large enough,

P{&,WPHu(W,t) > t} < P{WPHW™ > (1—e)t} < P{ WP > (1-2¢)t},
which yields

P{ WP + u(W,t) >t}

li <(1-2¢)77. 3.5
RN AT I &
Combining (3.2), (3.3), (3.4) and (3.5), we obtain
P{D, ) P{D, _
(14 2¢)”7 < liminf {Dn > t} < lim sup {Dn >t} <(1-2)7"7.

tooo P{&WP >t} troo P{EWP >t} —

Since € > 0 was chosen arbitrarily, taking e — 0 now yields (3.1) concluding
the proof. O

3.2. Approximating the degrees in terms of the weights. A crucial
step in proving Theorem 2.1 is to compare the degree sequence (Dy, z)zen,,
with a proper transformation of the weight sequence (Wy3)zea,. The fol-
lowing theorem shows that the large degrees behave asymptotically like a
power of the weights of the associated vertices. The quantile function ¢(-)
was defined in (2.4).

Theorem 3.2. Assume that (A1)-(A4) are satisfied and let (t,)nen be either
an intermediate sequence or 1. Then for any a > 0,

1
Jim B > U{Dna > q(n/tn)na > EWEY =0

n .’L‘GAn

and
1
lim —B > 1{&W? > q(n/tn)éna > Dy} =0.

n—o0 &y, oy
n

Before proceeding to the proof, let us first comment on this result. Con-
sider the case when t,, = 1 for all n € N. Then, the theorem above es-
sentially states that the two sequences (Dy, z)zea, and (§,W2)zea,,, when
rescaled, look similar when n is large. Since (£, W%).cn,, is a collection of
i.i.d. random variables, one can expect it to converge to a Poisson process,



12 CHINMOY BHATTACHARJEE AND MATTHIAS SCHULTE

when appropriately transformed. In Lemma 3.6, we establish this fact. This
along with Theorem 3.2 implies that the point process formed by (Dy, z)zeA,,
can be approximated after rescaling by a suitable Poisson process, as given
by Theorem 2.1.

We prepare the proof of Theorem 3.2 by first noting some properties of
q(-) and establishing two lemmas. It is not hard to see that ¢(-) is non-
decreasing and that ¢(¢) diverges to infinity as ¢t — oco. It follows from [19,
Theorem 3.6 and Remark 3.3] that for all ¢ > 0, as t — oo,

-

P{W? > cq(t)} ~ °

. (3.6)

The next result shows that the function ¢(-) is regularly varying.

Lemma 3.3. Assume (A1) is satisfied. Then the function q(-) is regularly
varying with index 1/7.

Proof. For a function T : [0, 00) — [0, 00), we write T (+) for its generalised
inverse, i.e.,

T (t) =inf{z >0:T(z) > t}.

%
Note from (2.4) that ¢(t) = (ﬁ) (t), where Fj,(-) is the distribution

function of WP. It is straightforward to check using (A1) that the function
h(z) = (1 — F,(z))~! is non-negative, non-decreasing, unbounded and is an
element of RV,. Applying [19, Proposition 2.6 (vi)], we obtain for all @ > 0
that as ¢t — oo,

q(at) = inf{z > 0: h(z) > at} = (a7 'h)<(t) ~ (a™) V'R (t) = o q(1),
which proves the result. O

Recall for the following lemma that Ey, denotes the conditional expecta-
tion with respect to W.

Lemma 3.4. Assume that (A1)-(A}) are satisfied and let (t,)nen be either
an intermediate sequence or 1. Then, for a > 0 and & > 0,

limsup —P{W” < aq(n/ta), | Dy — EwDy| > eq(n/ta)} = 0

n—oo n

and

limsup —P{W? > ag(n/t,),| Dy — By Dy| > eq(n/ty)} = 0.
n—oo tn

Proof. Let Py denote the conditional probability with respect to W. Using

the Markov inequality in the second step and (A4) in the third, one has that

for any m € N,
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P{W? < aq(n/ty),|Dn — EwDy| > eq(n/t,)}

< E[1{W" < aq(n/t) }Pw {|Dy — Bw Dl > ea(n/tn)} |
1

= Caln/t)™
1

= Ceatajty "

We choose m > 2v. Since W ~ F by (A2), it follows from (2.2) that
W2 has a regularly varying tail with index —2v/m > —1. Hence using
Karamata’s theorem (see e.g. [19, Theorem 2.1]) in the second step and
(3.6) in the third, we have that as n — oo,

E [1{W? < ag(n/t,)}Ew|D, — EwD,|™]

[n{wp < aq(n/tn)yamW® + Cm} .

- (aa(n/ta))™?
B [1{W7 < aq(n/t,)}W ] < /0 PV > t)dt
1
~(1=2) Gt > aglnft))

~(1-2) (gl

n

Thus, we obtain

limsup —P{W” < ag(n/t,),|Dn — B Da| > q(n/t.)}

n—oo n

. n 2y - m/2 tna™7 .
< 1171111_>solip . P Y PRT [am <1 m> (agq(n/ty)) - +Cp| =0,
where in the last step, for the convergence of the second summand, we have
used Lemma 3.3 and that m/+ > 2. This proves the first assertion of the
lemma.

Next, we prove the second claim. Choose 7 € (0,min{l,~}). Using
Chebyshev’s inequality for the second inequality and (A4) in the third, we
obtain

A :=limsup tEP{Wp > aq(n/ty), | Dy — EwDy| > eq(n/t,)}

n—o0 n

< limsup EE{H{W” > aq(n/tn)} (Pw {|Dyn — EwDy| > EQ(n/tn)})T}

n—oo n

n T
< limsup ——————E [1{W? > aq(n/t,)} (Ew|D, — EwD,|?
< limsup e (14 q(n/tn)} (Ew| wDnl?)"]
< lim sup r E [1{WP? > aq(n/t,)}a,WP"]

n—oo tn(2q(n/tn))*"

for some constant a5 > 0. Note that
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E [1{WP? > aq(n/t,) }WPT]

- /0 TR > (agln/t,) YW > tht

= (aq(n/t,)) " P{W?™ > (ag(n/tn))"} + /( . P{WPT > t}dt.
aq(n/tn))™

Now by (A1), we have that WPT has a regularly varying tail with index
—3/(pT) < —1. Hence, using Karamata’s theorem in the first step and (3.6)
in the second, we obtain

A< liTILILSOL;p P P TP [aé <1 + 77—7') (aq(n/t,)) " P{W? > aq(n/t,)}

! t
< limsup — " e RPN LU
n—oo ln€ TQ(n/tn)T YT n

concluding the proof. O

n

We are now ready to prove Theorem 3.2, which is the key intermediate
step to prove the Theorems 2.1 and 2.2.

Proof of Theorem 3.2. It follows from (A2) that

1
Ari=—E Y 1{Dns > q(n/ta)éna > WP}
tn ’
Z‘EAn
_EjA,|

n

——P{Dn > q(n/tn)éna = £ WP}
For ease of notation, we will let

Dy =D, —EwD, and E,:=|EyD,—&W?|
Fix € > 0. Note that

Ay < 222l (B € g(ajta)lo - <, al
+P{W? < g(n/tn)(a — ), Dy = W] > aln/ta)éne}]
< 2o e o(ntn)la — <.l

L P{WP < aq(n/tn), |Dnl > q(n/tn)Ene — En}} —: By + Bo.

It follows from (3.6) and (2.3) that

E|A
limsup By = limsup ’tn’P{Wp € q(n/ty)|a — ¢, al}

n—oo n—oo n

E|A
< limsup [An|

n—oo n

(tn/n)((a =€) =a™7) = ((a—e)™7 —a™),

where the right-hand side goes to zero as € — 0.
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Next we consider By. Since we are interested in the behaviour as n — 0o
and ¢(n/t,) — oo as n — oo, we assume in the following that n is large
enough so that

q(n/tn)éne — En > q(n/ty)éne — C’(aq(n/tn))kg > q(n/ty)ée/2 > 0,

where the first inequality holds almost surely by (A3) when WP < ag(n/t,).
Since E|A,| ~ n according to (2.3), by Lemma 3.4, it now follows that
limsup,,_,., B2 = 0. Hence, we obtain lim,,_,,, Ay = 0 proving the first
claim.

Next we show that

1
Ay i=—E Y 1{&GWE > q(n/tn)éna > Dny}
tn TEA

also tends to 0 as n — co. The proof follows a very similar line of argument
as in the case of A;. Fix € > 0 and note that for n large enough, Ay < B] +
B, where

E|A,
o= Bolp e ¢ gnfta,a + <))
and
/ E|An| )
By := PSP WP > gn/tn) @ + ), [Dal > aln/t)éne — En}:

That lim._,o lim sup,,_,,, B} = 0 follows again from (3.6) and (2.3). For B},
we obtain

By < P2 [R{w7 > (agin/ta)) )

+P{(ag(n/ty))' T2 > WP > aq(n/t,),|Dn| > q(n/tn)éne — En}]

=: By + By,
with ¢ as in (A3). Now, by (3.6) and (2.3), we have that Bj ; goes to zero
as n — oo. For Bj,, note that when ag(n/t,))'*¢ > W? > aq(n/t,), by
(A3),

)

q(n/tn)éne — En > q(n/tn)éne — C(GQ(n/tn))l ¢ > q(n/tn)e/2

for n large enough. Hence, Lemma 3.4 and (2.3) yield

E|A, —
lim sup By, < limsup | |P{Wp > aq(n/tn), | Dn| > q(n/tn)ée/2} = 0.
n—0o0 n—0o0 n
Thus we obtain lim,, ,o, A2 = 0, which concludes the proof. O

3.3. Proof of Theorem 2.1. In this section, we prove Theorem 2.1, to-
gether with the following result, which is an important ingredient for the
proof of Theorem 2.2. For k,n € N let Dy, ,, be the random measure

Dkn - - Z 5 Dn,x
zEA, &na(n/k)
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Proposition 3.5. Assume that (A1)-(A4) are satisfied. Then for an inter-
mediate sequence (kp)nen, as n — 0o,

Dy 5 vy in M((0,00)).

Similarly as in Theorem 2.1, we consider the convergence in M, ((0, oc])
since the measure v, is not locally finite at zero.

As a final ingredient for the proof of Theorem 2.1, we provide Lemma 3.6
below, which proves that the transformed weight sequence (q(n) ™ 'W2).en,,
converges to a Poisson process as n — oo, while scaling by ¢(n/ky,) results
in a deterministic measure as limit.

For k,n € N, define

1

(‘:n: Zéﬂ and gk,n:%

zEA, q(n) zEA, q(n/k)

5 wr

Let K denote the class of relatively compact sets in (0, 00]. Note that the
collection of sets Z C K given by

Z={(a,b]:0<a<b< oo} (3.7)

forms a dissecting semi-ring, see e.g. [14], while the class U of finite unions
of sets from 7 forms a dissecting ring.

Lemma 3.6. Let (k,)nen be an intermediate sequence and let 1, be a Pois-
son process with intensity measure v~. Then as n — oo,

En L Ny in My((0,00]) and &, n 4 vy in My ((0,00]).
Proof. Let T and U be as above. By [14, Theorem 4.15], the first claim
follows if we show that
(a) limy oo P{&,(A) =0} =P{ny(A) =0} for all A e U,
(b) limsup,,_,o P{&n(B) > 1} < P{n,(B) > 1} for all B € .
To prove (a), fix A € U and note that we can write A = Ule(ai,bi] for
k € N, and disjoint intervals (a;, b;] with 0 < a; < b; < oo for 1 < i < k.
Since given |A,|, the weights (W, )zea, are independent and distributed as
F(-), letting p,; = P{W € q(n)(ai, b;]}, we have

k

|An|
P{£,(4) =0} =E (1 - an,@) =B |2/,

=1

where x,, = (1 - Zle pm)n. Note that by (3.6),

k
lim z,, = exp <— Z(a;'y - bi7)> =P{n,(A) =0}.

n—00 4
=1

Together with |A,|/n Polasn — o by (2.3), we see that S /AL

P{n,(A) = 0} as n — oo. Since the sequence (a:lnA”Vn)neN is uniformly
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bounded by one, this yields
lim P{&,(A) =0} = lim E [xlfn'/”] —P{p,(4) =0} (38
n—oo n—oo
proving (a).

Next we show (b). Fix 0 < a < b < oo and let p, = P{W € ¢q(n)(a,bl]}.
One has

PLE(0.t) = 1) =B |28, (1= )
— Pn
Now from (3.6), we have
lim 2" — g™ —p™ and lim (I—pp)*=ce
n—oo 1 — p, n—00
Note that |A,|p,(1—pp)A#1=1 < 1 since the left-hand side is the probability
that a Binomial(|A,|, p,) random variable takes the value one. Now arguing

similarly as for (a) yields

1i_>rn P{&.((a,b]) =1} = (a™7 — b—’}’)e—(a_V—b_’Y)'

,(a—“/,b—w)'

This along with (3.8) implies (b), yielding the first assertion of the lemma.
Next we prove the second claim of the lemma. By [12, Theorem 1.1], it
is enough to show that for all By,..., By € Z, k € N,

P
(Ekpmn(B1)s - Ekpn(Br)) = (vy(B1),...,v4(Bg)) asn— oo,
which in turn follows from the one dimensional convergence
Epom(B) D1 (B)  asn — oo (3.9)

for any B € Z. Fix 0 < a < b < co. First note that since |A,|/n Poas
n — 00, by (3.6) and Slutsky’s theorem, we have that as n — oo,

Balp 3y ¢ afbn)ia ) B a7 -5 =t (310

T, =

o P :
For £ > 0, again using that |A,|/n — 1 as n — oo, we can write

lim sup P {‘Ekmn((a, b)) —Tn| > 8}

n—o0
< limsup E [11 {"An“’ - 1‘ < 1} P {]5kn,n((a, b)) - T,| > e]yAny}] .

n—oo

Since E [Skmn((a, b])’]Anq = T,,, using Chebyshev’s inequality, we obtain

-

< limsupe’E []1 {(An” — 1( < 1} Var (Ekn,n((a, b])(!An>]

n—oo

limsup P {‘Ekmn((a, b)) — Ty

n—oo

2
< limsup > P{W € q(n/kn)(a,b]} = 0

n—oo €& k%
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where in the last step, we have used (3.6). Since ¢ > 0 was arbitrary, this

and (3.10) imply (3.9) by Slutsky’s theorem, thus concluding the proof. [
We are now ready to prove Theorem 2.1 and Proposition 3.5.

Proof of Theorem 2.1 and Proposition 3.5. Let Z be as in (3.7). By [12,
Theorem 1.1], the first assertion in Theorem 2.1 follows if we show that for
all By,...,Br €I, keN,

d
(Dn(B1), .., Dn(By)) = (ny(B1),...,ny(Bg)) asn — oo.
Since by Lemma 3.6 we have that as n — oo,
d
(En(B1), - En(By)) = (1y(B1), - - -, 1y(Bk))
it is enough to show that for all By,..., By € Z, k € N, as n — o0,
P
(Dn(B1),...,Dn(Bg)) — (En(B1)s ..., En(Bg)) — 0,
which in turn follows if we show that for 0 < a < b < o0,
Da((a,b]) — En((a,b]) 230 asn — oco. (3.11)
Fix 0 < a < co. Note that
E‘Dn((aa OO]) - gn((aa OO])‘

<E Y 1{& " Dny > q(n)a > W2} + 1{&, ' Dy < g(n)a < WP} (3.12)
TEA,

Thus, by Theorem 3.2 we have that as n — oo,
Dy((a, 00]) — En((a, 0]) 2> 0,
For 0 <a <b< o0, as
Dn((a,b])=En((a,b]) = [Dn((a, o0]) — En((a, o0])]=[Dn((b; 00]) — En((b, o0])] ,
it follows that as n — oo,
Da((a,b]) - Eal(a,b]) = 0.

This shows (3.11) proving (2.5).
Next, for a > 0, using (2.5), we obtain

Jim P{&; g(n) ™! max Dy < a} = lim P{Dy((a, ]) = 0}

= P{ny((a,00]) = 0} = exp (—a™7),

which provides the Frechet limit in (2.6) concluding the proof of Theo-
rem 2.1.

Finally we prove Proposition 3.5. For an intermediate sequence (ky,)nen,
by [12, Theorem 1.1] and Lemma 3.6, arguing as above, we see that it is
enough to show that for 0 < a < b < 00, as n — o0,

Dy n((a,0]) = o n((a,8]) 2> 0.
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This follows from Theorem 3.2 by arguing as in (3.12) and concludes the
proof of Proposition 3.5. O

Before moving on to prove Theorem 2.2, we provide the following theorem
which shows that for any k& € N, with high probability, the vertex with the
k-th largest weight has the k-th largest degree as n — oo. The result is a
consequence of Theorem 2.1.

Theorem 3.7. Forn,k € N let

Apn = {the vertex in A, with the k-th largest
weight has the k-th largest degree} N {k < |An|}

Then
lim P{A;,} =1

n—oo

Proof. Fix a > 0 and note that

P{.Ai,n} <P{W, <Wy,Dpy > Dy y, Dy > abnq(n) for some z,y € Ay}

where as a convention, we let D) (n) = —o0 if k > [A,].

Fix § > 0 small and partition (a,o0] as (ag,ai,as,...,an, Gmy1) with
ap = a and apy41 = oo for a fixed integer m € N so that vy ((ai, aiy1]) <6
for all  =0,..., m. This leads to

A<D P{Du((ai,aip1]) =2} + Y E Y 1{&WP < q(n)éna; < Dpo}
=0

j—= i=0 zEA,

+Y B H&WE > q(n)énai > Dygl.

=0 xzEA,

Since m is fixed, by Theorem 3.2, the second and the third summand go to
zero as n — oo. On the other hand, by (2.5), we obtain

lim > " P{Dy((ai,ai1]) > 2} = > P{n((as, aira]) > 2}
=0

n—00 4 4
=0

m

_ N v (@san)) § V(@ @ia])?
= e il .
> ;2 p

s L

<> vy((ai, ai1])? < 6vy((a, 00]) = da~7,
i=0
whence

limsup A < da™".

n—o0
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Next, note that
lim B = lim P{D,((a,o0]) <k —1} =P{ny((a,00]) <k -1}

n—oo n—oo
k-1 _,
_ ey 7
. i!
1=0
Thus we obtain
_ . . i k=l =iy
limsup P{A} ,} <da™ 7 +e g S
n—o0 i—0 2.

Since § and a were chosen arbitrarily, first taking § — 0 and then taking
a — 0, we obtain
limsup P{A; ,} =0

n—o0

concluding the proof. O

3.4. Proof of Theorem 2.2. In this section, we establish our second main
result Theorem 2.2. We first prove Lemma 3.8 below, which shows that
for an intermediate sequence (kn)nen, the random variable Dy, 41)(n) is
comparable to &,q(n/k,) when n is large. We note here that our proof
very loosely adapts the proof of [24, Theorem 10], but the arguments differ
significantly. In particular, a parallel of Lemma 3.8 which is a key step in
the proof of Theorem 2.2, is proved there adapting certain techniques from
[1] to embed the degree sequence of a linear preferential attachment model
into a process constructed from a birth process with immigration. Instead,
we make use of the convergence in Proposition 3.5.

Lemma 3.8. Let (ky)nen be an intermediate sequence and assume that, for
allt > 0, Dy, ,((t,00]) 2, vy((t,00]) as n — co. Then,

D(kn+1)(n)

&na(n/kn)
Proof. For t > 0 let Gy, (t) = Dy, n((t,00]) and G(t) = v, ((t,00]) =t~7. By
our assumption, we have that for all ¢ > 0,

Gn(t) 2 G(t) as n— oo. (3.13)

We will prove the result by contradiction. Fix ¢ > 0 and let A, and B,
denote the events

[ D,+1)(n) _ [ Dty
““"—{anm/kn)““} and B”—{m/m“‘g}'

Assume that limsup,, ,.o P{A,,} > ¢ > 0 for some ¢ > 0. Since under A,,
there are at least k,, + 1 points of Dy, ,, in the interval (1 4 ¢, 0], one has
that Gp(1 +¢) > (kn +1)/kn, > 1 on A, while G(1 +¢) = (14+¢)77 < 1.

P
—1 asn— oo.

Hence, we obtain
limsupP{|G,,(1+¢)—G(1+¢)|>1—(14+¢) 7} > limsupP{A,} >§ >0
n— 00 n—00
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contradicting (3.13). Thus, we obtain that lim,,_,, P{A,} = 0. Noting that
under B,,, one has that G,(1 —¢) < 1, while G(1 —¢) = (1 —¢)™7 > 1, a
similar argument as above shows that lim,,_,., P{B,} = 0. Since £ > 0 was
arbitrarily chosen, this proves the result. O

Before proving Theorem 2.2, we need to establish another lemma.

Lemma 3.9. Assume that, for allt > 0, Dy, »((t,00]) 2, vy((t,00]) as
n — 00. Then for 0 < a <b< o0, asn — oo,

b b
/ Dkn,n«y,oo])dji / w((y,oo])dyy.

Proof. For k € N and y; =a+ (b—a)i/k for 0 < i < k, we have that

k
azpkn, ?Jz 1,0 ])

k
b —Qa Dkn yl7 / Dkn y’ 7y S b
1 y k:

k4
i=1 =1

Now, by our assumption and Slutsky’s theorem, the lower and the upper
bounds converge in probability to

k
Z (3, o and X, :=

respectively, as n — oo.
Fix € > 0. Since both ¥; and ¥, converge to ff vy ((y, oo])%y as k — oo,
choose k large enough so that [¥; — X, | < /2. As

vy ((yi—1,00])

Q
—
2

b
d
5 < / (03D L < 5,

for £ € N chosen as above, one has

{/Dkn, (900 )d;_/awy, SIEIEE

k
. { bt 5~ Dhuallel) ], 6/2}

=1
k
b — a x~ Diy (i1, 0])
P n, — Xyl >€e/2,.
{ k Z Yi—1 /

i=1
As noted above, both summands in the upper bound go to zero as n — co.
Noting that the choice of € > 0 was arbitrary, this concludes the proof. [

Finally, we prove Theorem 2.2, which shows the consistency of the Hill
estimator.
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Proof of Theorem 2.2: By Proposition 3.5, the assumption that, for all £ >

0, Dy, n((t, 00]) L vy((t,00]) as n — oo is satisfied in Lemma 3.8 and in
Lemma 3.9. Note that

0o dy
kn,n — D (g 4+1) (M) k ,n((yaoo])i
&ng(n/kn) y

For M > 1, by Lemma 3.9, we have that as n — oo,

M dy p M dy 1 —y
/1 Dinl(:00) 2 5> / (o) % = (1= )

Next, we claim that as n — oo,

dy M dy p
Dkn, (y,00))— = [, ) Drpn((y,00])— — 0. (3.14)
y  JEGnrp™ y
“Ena(n/kn)
To see this, fix € > 0 and note that for § € (0,1),
D (n)
max4 1,2 FntD) 7
Ena(n/kn) dy
P / {D(kn+1)(") }Dknﬂl((yv OO})i > €
mm{lv Ena(n/kn) } Y
146 d D (n)
Y (kn+1)
<P D, y,oo>6}+P Tt DY 4l s s = A4 B
{ Ly Dol { &nq(n/kn)

Again by Lemma 3.9 we have,

1+48
limsupA <1 {/1 V,y((yjoo])iy > 6} =1{(1-86)"—(1+08) "7 >~e},

n—o00 -0
which can be made equal to zero by choosing 6 > 0 small enough. On the
other hand, it follows from Lemma 3.8 that B — 0 as n — co, which proves
(3.14). By [13 Theorem 4.28], it is now enough to show that
dy
lim limsup E ka (y,o0])—1| = 0. (3.15)
Y

M—o00 n—soo

Using (A2) for the first equality and substituting &,yq(n/ky,) by z in the
second step, we can rewrite the expectation as

B| [ Do) | = E / P{D. > Gupan/hn)} 2
= E|kAn| P{D, > z}—.
n S Méng(n/kn) “

Since z — P{D, > z} belongs to RV_, by Theorem 3.1, the function
z — P{D, > z}/z belongs to RV_,_;. Thus, noting that —y — 1 < —1,
it follows from Karamata’s theorem (see e.g. [19, Theorem 2.1]) that as
n — 0o,

o0 dz 1
/ P{D, > 2} ~ “P{D, > M&nq(n/kn)}.
Méng(n/kn) < 0
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Thus, we obtain

o0 E|A,
limsup E [/ Dy, n((y, oo])@ = lim sup | |P{Dn > M&qq(n/kn)}
M

n—00 Yy n—00 'Ykn
E|A
< lim sup [2n|

n—00 ’Ykn

E|A
+ lim sup [An| P{D,, > M&,q(n/ky) > & WP} (3.16)

n—00 'Ykn
By (A2) and Theorem 3.2, the second term on the right hand side of (3.16) is
equal to zero and by (3.6) and (2.3), the first term is equal to M ~7/~, which
tends to zero as M — oo. This yields (3.15), thus proving the result. ([

P{WP? > Mq(n/k,)}

4. APPLICATIONS

In this section, we consider the random graph models I-V considered
in Section 2 and prove Theorem 2.3. For the models I-IV the assump-
tions (A2)-(A4) follow from only assuming (Al) and the construction of
the graphs. We show this in Section 4.1 proving Theorem 2.3 (a)-(c). In
Section 4.2, we relate the model V to the model IV by a coupling argument,
which yields Theorem 2.3 (d).

4.1. Checking the assumptions for models I-IV. We start by showing
that (A2) holds for these models. First note that if the vertex sets (V,)nen
are deterministic with

(Dnws W) =q (Dpy, Wy) forall z,y € Vi, n € N, (4.1)

then one can take the degree and the weight of any fixed vertex x,, € V,
as the typical degree and weight respectively as it is straightforward to see
from (4.1) that they satisfy (A2). The graphs I, IT and IV all satisfy (4.1)
by symmetry. In the case of III, since it has a Poisson process as its vertex
set, specifying the typical degree-weight pair requires some justification. As
mentioned in Section 2, for a Poisson process, its Palm measure is the mea-
sure when one adds the origin 0 to the original Poisson process. Extending
the graph to include 0 as a vertex, it is not hard to see that the degree and
the weight of the vertex 0 satisfy (A2).

Next we check (A3). One typically needs some natural conditions on the
model parameters for (A3) to hold. Interestingly, proving (A3) is a crucial
step in the investigations of these models in [9, 10, 16, 26]. The following
lemma combines several results from [9, 10, 16, 26] with small modifications
providing sufficient conditions for (A3) to hold in the graphs I-IV.

Lemma 4.1. Assume that (A1) is satisfied. Then the following are true.

(a) For models 1 and II1, if d < min{a,aB}, then (AS3) holds for some
universal constant C (C < vg for I while C =0 for II1) with p = d/«,
o=1 and for all n € N,
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£, = & = AV, T (1 — Z) E [Wd/a} :

where vg denotes the volume of the unit ball in R? and T'(+) is the Gamma
function.

(b) For model 11, if 5 < d, then (A3) holds for some universal constant C
withp =d— B3>0, o =min{l,(d — B)"'} and &, = € = dvg/(d — ),
n € N.

(c) For model IV, (A83) holds with p =&, =& =90 =1 for alln € N and
C=0.

Proof. For models I and III, the result follows from [9, Proposition 2.3]
and [10, Lemma 4.1 and Proposition 4.3], respectively, while for models IT
and IV, it is a consequence of [26, Lemma 2.1] and [16, Proposition 2.1(ii)],
respectively. ([

Finally we check that (A4) holds for the models I-IV when (A1) is satis-
fied. Note that for models IIT and IV, by [10, Lemma 4.1 and Proposition
4.3] and [16, Proposition 2.1 (ii)], respectively, given W, we have that D,,
is Poisson distributed with mean WP, where £ and p are as in Lemma 4.1.
Hence, by properties of the Poisson distribution, (A4) holds trivially for
these models.

For the models I and II, the typical degree D,, and the typical weight
W can be chosen as the degree D, o of the origin and the associated weight

Wo. Writing D,, o as
Dn,O = Z ]lCC,TLa

eV,
where 1, := 1 {{0,2} is an edge of G}, }, notice that the random variables
(14,n)zev, are conditionally independent given Wy. In this special case, the
following lemma shows that (A4) always holds.

Lemma 4.2. Assume that (A2)-(A3) are in force, that the vertex sets
(Vi)nen are deterministic and that (D,, W) = (ervn ]lxyn,WO), where
(14.n)zev, are conditionally independent {0, 1}-valued random variables given

Wo. Then (A4) holds.

Proof. We first prove the assertion for all even m > 2. Let m = 2k for some
k € N. Using the conditional independence of the indicators in the first step
and (A3) in the second, we have that P-a.s.

Ey (Dy — Ew Do) < By Dy < W7 + Cmax {1, W70} < WP - ¢
(4.2)
for all n € N for some universal constants £ > 0 and C’ > 0.

For | € N, recall that a partition o of [I] is defined as a collection of
disjoint non-empty sets o1, ...,0; C [I] with ¢ € N, such that Uj’:1 o =[l].
The sets o1, ...,0; are called blocks of the partition. By |o| we denote the
number of blocks of ¢ (i.e., |o| = i), while |o;| stands for the cardinality of
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the block o;. Let II(l) be the set of all partitions of [I], while II>2(I) denotes
the set of all partitions of [[] with all blocks having size at least two.

Let ppnw = Ewly, for x € V,, n € N. Then we have for all n €
N, P-a.s.

2%
pioknw =Ew(Dy — EwD,)?* = Ey <Z (Lo — pme))
|o|

= > X Bw[[0anpeam)
i=1

o€IL(2k) 1,...,7|5 | EVn
Loy FE Ty ,UFV
Since the factors are conditionally independent with Ey (14 — ppnw) =0
for all x € V,,, n € N, the above expectations vanish for all o € II(2k) \
II>2(2k). Together with the fact that |1, ,, —pxi,nvw\“’i‘ < Loy —Paimw)?
when |o;| > 2, this yields that P-a.s.

lo]

H2k.n,W < Z Z H EW(]la:l,n - p:ci,n,W)Q

O'GHZQ(Q]{:) I1,...,x‘0|€Vn =1

Loy FE Ty ,UFV
lo|
< Z (EW Z (]lxm - px,n,W)2>
UEHZQ(Qk) zeVy
= Y [Ew(D.-EwD,)}"
UEHZQ(Q}C)

for all n € N. Now, using (4.2) and the fact that |o| < k for o € II>2(2k),
it follows that

fiok.nw < askWHP + Oy P-as.
for all n € N for some constants asr, and Cyi. This proves the result for all
even m > 2.

Finally, note that for m = 1, the result is true by (4.2) and the Cauchy-
Schwarz inequality. For m = 2k 4+ 1 for some k € N, the Cauchy-Schwarz
inequality and the result for even indices imply that for some constants a1
and Cop,1, P-a.s.

Ew|Dy, — Ew D, [**™ < g wiltakmw < \/(@W” + C2)(assW?2kP + Cyy,)

(2k+1)p
<agpiW 2 + Oyt

for all n € N, which proves the result for all odd m > 1 concluding the
proof. O

Proof of Theorem 2.3 (a)-(c). The condition (A1) is assumed and, as noted
above, all the models I-IV satisfy (A2). The condition (A3) follows from
Lemma 4.1. Finally, Lemma 4.2 implies (A4) for models I and IT while it
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is trivial for models IIT and IV as discussed above. Now the result is an
immediate consequence of Theorems 2.1 and 2.2. U

4.2. Relating models IV and V. As noted in Section 2, the models IV
and V bear a lot of similarity. But unlike the other models, in model V,
there are n vertices in G, and it has no multiple edges. So the random
variable D,, is always less than or equal to n, while W can be arbitrarily
large, and hence, an assumption like (A3) cannot hold. Thus, we are not
able to apply Theorems 2.1 and 2.2 directly to this model. Instead, we prove
Theorem 2.3 (d) by coupling the models IV and V and using Theorem 2.3
(c).

For each n € N, we start by constructing a coupling of three graphs GJ,
G?, and G2 with common vertex set [n] and associated weights (Wa)aeln)-
For i € {1,2,3}, let Ei{z,y} = Ei{y, 2}, 7,y € [n], denote the number of
edges between the vertices x and y in G?,. We assume that, for given weights
(Wa)wefn)> the random variables (E},{z, y})1<z<y<n are independent for each
i€ {1,2,3} with

EMa,y} ~ Poisson(pl,,,), E2{z,y} ~ Bernoulli(p,)

and
E,?;{x, y} ~ Poisson(pzy),

where
p;y = W,Wy/L,, and pgy =min{W,W,/L,, 1}
for z,y € [n]. Note that GL and G2 are distributed as the random graph
models IV and V, respectively. Also recall that for ¢ € [0, 1], by the so-
called mazimal coupling which achieves the total variation distance (see e.g.
[21, Theorem 2.9]), one can obtain a coupling (I, .J) of I ~ Bernoulli(q) and
J ~ Poisson(q) so that
E|l - J| < C'¢? (4.3)

for some constant C’ not depending on ¢. In the following, we assume that
E2{x,y} and E3{x,y} are coupled in this way for all z,y € [n]. Moreover,
for all 2,y € [n], we couple E}{x,y} and E3{x,y} so that El{z,y} =
E3{x,y} whenever pyy, = pl,,.

For i € {1,2,3}, let (DY ,)se[n denote the degree sequence of G, and
consider the processes

. . 1
D, = Z Op;, and Dip = z Z 0 pi .
z€ln] 9 z€ln] 9/F)
for k € N.

Proof of Theorem 2.3 (d). Recall that we assume (A1) with 5 > 2. We first
prove that as n — oo,

D2 45 in My((0,00])  and DF , Hus in My((0,00]).  (44)
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For n € N, let A,, be the event
AnZ{maX W2 < L, }
1<k<n

Under A,,, one has p;, = p;y so that, by construction of the coupling,
Gl = G3. Now, for q € (2/5,1),

P{A} < P{ jmax. W > nq} +P{L, <n?}.
For the first term in the upper bound, using union bound and (A1), we have

limsupP{ max W7 > nq} < limsup nP{W? > n?}

n—00 <k<n n—o00

= limsup n' P12 L(n?/2) = 0.

n—oo

For the second term, note that since 3 > 2, by (Al) one has that o? =
Var(W) < oo. Now using Chebyshev’s inequality, letting u = EW, we
obtain that

I 2
limsup P {L,, < n?} <limsup M = lim sup LQ =0,
n—oo n—00 (nﬂ — nq) n—00 (n,u — nq)

and hence
nh_}rrgo P{Af} =0
Thus for # > 2, we obtain
lim P{G) #G3} < lim P{A7} =0. (4.5)
Hence from Theorem 2.3 (c), it follows that as n — oo,
D3 % ns  in My((0,00]) and D}, Lus  in Mi((0,00]).  (4.6)
Next, note that since g > 2, it follows from (A1) that m; := EW/ < oo for

j € {1,2}. Let B,, denote the event
L, mln{ml, 9 min{my, mo}
b= ([ Bl 1 S| i)

and define

n
z,y=1
Let (tp)nen be either (ky,)nen or 1. Then, using the Markov inequality for
Dglp, , we obtain

P{Dg > \/q(n/ty)} < D(’Z]/lf")]+P{

1
P{
ni

Z W2 —my
=1

Ly,

— —m
n

min{ms,my} }
2

> mm{”;l’ ma} } A7)
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The last two terms in (4.7) go to zero as n — oo by the weak law of large
numbers. For the first term, letting Eyw denote the conditional expectation
given the weights (W ),¢[n), using (4.3) in the first step, we have that P-a.s.

n
Ew[Dplp,] < C'lp, > min{W;W;/L,, 1}
ij=1
2
(E?:l WZQ) < C/ 9m% <
L, mi

< C/]llgn

Hence the first term in (4.7) also goes to zero as n — oo. Thus, we obtain
li_)m P{Dg > +/q(n/t,)} =0. (4.8)
n—0o0

Now note that for any z € [n], one has that |D} , — D .| < Dp. Fixe >0

and 0 < a < co. For § > 0 and n large enough so that 1/4/q(n) < §, we
have

P{|D;((a,o0]) — Dj((a,00])| > &}
< P{D;((a— Dg/q(n),a+ Dg/q(n)]) > 1}
<P{Dg > /q(n)} + P{D3((a — 6,a + 0)) > 1}.

On the other hand, for n large enough so that 1/4/q(n/k,) < ¢, a similar
argument yields

P{|D;, n((a, <)) = D} ,((a, o0])] > &}
< P{Dg > \q(n/kn)} + P{D}, ,((a —6,a+0)) >¢€}.

The first terms in the two upper bound above goes to zero by (4.8) as
n — oo. For the second terms, by (4.6), we have

lim P{D3((a — 5,a+8)) > 1} = P{ns((a— 6.0 +5)) > 1},

while lim sup,, P{Din n,((a—0,a+0)) > €} is bounded by 1{vg((a—d,a+
d)) > e}. Since both tend to zero as § — 0, noting that £ > 0 was arbitrary,
we obtain that for any 0 < a < 0o, as n — oo,

D2((a,00]) — D3 ((a,00]) 2> 0 and D, . ((a,00]) — D} . ((a,00]) 2> 0,
which in turn imply that for all 0 < a < b < 00, as n — oo,
D2 ((a,b]) — D3((a,b]) =5 0 and D, ,,((a,b]) — D} ,((a,b]) T3 0. (4.9)

Combining (4.6) and (4.9), arguing as in the proof of Theorem 2.1 and
Proposition 3.5 by first showing joint convergence in probability for finitely
many Z-sets and then using [12, Theorem 1.1], we obtain (4.4). The Frechet
convergence for the maximum degree of a vertex in G? follows by arguing
exactly as in the proof of Theorem 2.1.
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Finally we are left to prove the convergence of the Hill estimator for G2.
Since D,%n n 4 vg in M,((0,00]) as n — oo, by Lemma 3.8 with &, = 1, it
follows that

D2

UZ:;}C):)) Pl oas n— . (4.10)

For the coupled graphs G, G2 and G2, let (Déu))ue[n] denote the order

statistics for the degree sequence of G, i € {1,2,3}, and let H}Cnn be the
corresponding Hill estimators, i.e.,

. Fn D! (n)
H =kt log —“"_ie{1,2,3}.
EIP P

Fix € > 0. Note that there exists an integer N € N such that for all n > N,

if Dp < +/q(n/ky) and D(an+1)(n) > q(n/ky)/2, one has

log <g/2 foralll <wu<k,+1,

so that

D
3 <e.

ZlogD ZlogD3 u) ™)
u=1

(kn+1) (kn+1)( n)
)

1
q(n/kn) 2"
The first summand in the upper bound tends to zero as n — oo by (4.8),

while the second term goes to zero by (4.10). As & > 0 was arbitrary, this
implies that as n — oo,

HE, = H, ol = Ky

Thus, for n > N, we have

P {|H13n, - len n‘ > 6}

< P{Dg > /q(n/ky) }+P{

-1

HE ,—H} . 0.
On the other hand, by (4.5),
P{H; # Hp o} <P{G,# G} <P{A} =0

as n — oo. Finally noting that by Theorem 2.3 (c), one has Hj 2, 1/8
as n — 00, Slutsky’s theorem yields that as n — oo,

P
HE ., —1/B

concluding the proof. O
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