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ABSTRACT. We study the total a-powered length of the rooted edges in a random minimal directed
spanning tree - first introduced in [BR04] - on a Poisson process with intensity s > 1 on the unit cube
[0,1]¢ for d > 3. While a Dickman limit was proved in [PW04] in the case of d = 2, in dimensions
three and higher, [BLP06] showed a Gaussian central limit theorem when a = 1, with a rate of
convergence of the order (log s)7<d72)/4(10g log 5)(d+1)/2. In this paper, we extend these results and
prove a central limit theorem in any dimension d > 3 for any a > 0. Moreover, making use of recent
results in Stein’s method for region-stabilizing functionals, we provide presumably optimal non-
asymptotic bounds of the order (log s)_(d_2)/ 2 on the Wasserstein and the Kolmogorov distances
between the distribution of the total a-powered length of rooted edges, suitably normalized, and
that of a standard Gaussian random variable.

1. INTRODUCTION AND MAIN RESULTS

The notion of a random minimal directed spanning tree was first introduced by Bhatt and Roy
in [BR04] to model certain transmission or drainage networks [RIR01] where, unlike the model
considered in [Gil61], the signals/waves can travel only in certain specific directions. A typical
motivating example in two dimensions, as considered in [BR04], is when a source radio transmitter
placed at the origin emits a signal which can be received only by receivers which are positioned
north-easterly with respect to the origin, i.e., in the first quadrant. Each of the transmitters at
the frontier in turn amplifies the signal and transmits it to the receivers that are placed in the first
quadrant with respect to its position. The resulting network, when n such receivers/transmitters
are placed randomly in the first quadrant, has a tree structure which is directed north-easterly with
its root at the origin. Such a graph is called a random minimal directed spanning tree (MDST).

The added feature of directionality gives rise to many interesting properties in an MDST. As for
minimal spanning trees, one of the main objects of interest is the total a-powered length, which
is the Euclidean length raised to the power o > 0, of all the edges. Distributional approximation
results for the sum of a-powered length of all the edges in an MDST with a different partial ordering
on the points than the one considered here was proved in [PW10], where it was shown that for
d > 2, with vertices taken to be a Poisson process on [0, 1]d with intensity s > 1, one obtains
a Gaussian limit for small « while for large «, one has an additional independent and possibly
non-Gaussian part in the limit as s — oo; see also [PW06].

In this paper, we consider a related statistic, the total a-powered length of all the rooted edges,
i.e., all the edges with one end at the origin. This was first studied in [BR04] in two dimensions,
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where existence of a distributional limit was proved. Soon after, Penrose and Wade [PW04] iden-
tified the limiting distribution and showed a Dickman convergence as s — oo for the total length
of edges emanating from the origin in an MDST on a Poisson (or a Binomial) process on [0, 1]?
with intensity s > 1 (respectively, with s points). The question in dimensions three and higher was
partially addressed in [BLP06] where, unlike in two dimensions, a Gaussian central limit theorem
was shown when o = 1. The case for a general a > 0 in higher dimensions remained elusive.

In this paper, our aim is to fill this gap. In Theorem 1.2, we show that the total a-powered length
of the rooted edges, suitably normalized, has a Gaussian limit for any o > 0. To prove our results,
we use a completely different approach based in stabilization theory and Stein’s method. Indeed,
we prove a stronger result. We prove a quantitative central limit theorem providing presumably
optimal rates of convergence, where, by analogy with the usual Berry-Esseen type results, we say
a rate of Gaussian convergence is presumably optimal when it is of the order of inverse of the
standard deviation of the statistic.

1.1. Notation. We write R} := [0,00). For z € R we write " := max{d,0}. For an integer
n € N, we denote by [n] := {1,...,n}. For real numbers z,y, we write x Ay and z V y to denote the
minimum and maximum, respectively, of x and y. Throughout, ||z|| stands for the usual L?-norm
of a point z € RY. For z = (z1,...,14) € X :=[0,1]¢, let [0,2] := [0,21] X -+ x [0, 4], and denote
the volume of [0,z] by |z| := Hle x;. For I C [d], we write z0) for the subvector (z;)ics of x.
Finally, for k € [d — 1], we denote I}, = [k] and Ji = [d] \ I.
For two functions f, g : Ry — Ry, we write f(s) = O(g(s)) to mean that the limit lims_,o f(s)/g(s)

is bounded, while f(s) ~ g(s) means that f(s) — g(s) = O(log? s).

1.2. Model and main results. We now explicitly describe our model. Let X := [0,1]? be the
d-dimensional unit cube for some integer d > 2. Let 0 stand for the origin. We say a point = € R?
dominates a point y € R* if z —y € Ri \ {0}, and write = = y, or equivalently, y < . For n € N
and a collection of n+ 1 distinct vertices V = {0, A N ,:v(”)} in X, define the admissible edge set
FE of directed edges as

E:={(z,y): v,y € V,x #y,x <y}

Consider the collection ¢ of graphs G with vertex set V and edge set F¢ C E with the property that
for any i € [n], the vertex 2 is connected to the origin by a path constructed from edges in Eg, i.e.,
either (0,2%) € Eg, or there exists distinct iy, ...,%, € [n] with m € N such that (0,201)) € Eg,
(z0m) ) € Eg and (), 21+1)) € Eq for all 1 <1 < m — 1, where, by convention, the final
containment is trivial when m = 1.

A minimal directed spanning tree with vertex set V' is a graph T' € ¢ that minimizes > . l(e)
over all G € ¢, where [(e) denotes the usual Euclidean length of an edge e, i.e.,

l(e) = min l(e).
6€ZET ( ) GegeeEG ( )
It is straightforward to see that any such 7" is necessarily a tree (see Figure 1).

Let p be a locally finite simple point configuration (we will interchangeably interpret p as a
point process or a point set) in X'\ {0} such that the MDST with vertex set {0} U i is unique. Let
u™" C 1 be the subset of vertices that are connected to the origin by an edge in the MDST, we
call these points the minimal points in the MDST on p. It is not hard to see that these are exactly
the points in p that do not dominate any other point in u, i.e., the minimal points are exactly the
Pareto optimal points in y; for more details, see [Bar00, BDHT05, FN20].
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(1,1)

(0,0)

Figure 1. An MDST in the two dimensional unit cube [0, 1]? (the point configuration
includes all points in the figure except the origin). The dark points are the minimal
points. The random variable .Z* is the a-powered sum of the lengths of the thick
black edges.

Let Q be the Lebesgue measure on X and for s > 1, let Ps; be a Poisson process with intensity
measure sQ. An MDST on the vertex set {0} UPy is almost surely unique. In the rest of the paper,
we consider this random MDST. For a > 0, let

L = L5 (P) = Y =)l (1.1)

TEPITIN

denote the sum of the a-powered lengths of the rooted edges (see Figure 1), where P™" stands
for the set of minimal points in the MDST on Ps. In this paper, we concern ourselves with the
distributional limit and a quantitative CLT for Z5*. Our first result establishes the asymptotic
behaviour of the mean and the variance of Z".

Theorem 1.1. Ford>2,s>1 and a > 0,

(a) ]
o __ v d—2 d—3
EZy = a(d—2)] log® s+ O(log" ” s),
(b)
1

Var Z" = Sad—2) 2)!w(

d,a)log?? s + O(log? 3 s),

where

(d,a) = d m/‘ LM
w(d,a) :=d— —_—
x (1 + [b])?

d—1
d 1 1
2 k b — db (1.2
*2) () L (s o ~ ooz @ 02

satisfies 0 < infosow(d, @) < sup,sgw(d, a) < co.

Remark : We note here that the assertions in Theorem 1.1 were proved in the case of & = 1 in
[BLPO06]. In accordance with Theorem 2 therein, following computation similar to those in Section 3
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in [BLPO6] to further simplify the integrals in (1.2), we can restate our variance estimate as follows:
Ford>3,s>1and a >0,

d
Varfo‘":( a(d—2)! ’yd +2Zk<> >log 25+ O(log? 3 s),

where s
1 1 -
Jo _ _d o q / 1 2 (Zlogwa)™"
8 = sy ) e [ (e SRR
and
«@ 1 1 a 1 _ _ —logwg d=2
Y= gy, e ) (Gonbs =) oy ) SR au,
while for2§k§d—1,
pe — 1 a-lq d - -2 -2
% 2a(d—2)] Uy w1 w1 + wy — wiwe) " — (wy + wo)
(—logw; + log ul)k*2 (—log wg)d*kfl

d’wg .

(k—2)! (d—Fk—1)!
Taking a = 1 reproduces the bound in [BLP06, Theorem 2.

To state our second main result, we need to introduce two metrics on the space of probabil-
ity distributions. The Wasserstein distance between the distributions of two real-valued random
variables X and Y is given by

dw(X,Y) = sup [Eh(X) - EA(Y)],
heLipq
where Lip; denotes the class of all Lipschitz functions kA : R — R with Lipschitz constant at most
one. The Kolmogorov distance between distributions of X and Y is given by

dic(X,Y) = sup [P {X <t} = P{Y <t} |.
teER

In the following result, we derive non-asymptotic bounds on the Wasserstein and Kolmogorov
distances between suitably normalized .Z§* and a standard Gaussian random variable, denoted by
N throughout the sequel.

Theorem 1.2. Ford >3 and s > 1, let Ps be a Poisson process on [0, l]d with intensity measure
sQ, where Q is the Lebesgue measure, and for o > 0, let Z5* be as in (1.1). Then there exists a
constant C > 0 depending only on o and d such that for all s > 1,

LY - EL LY —EZLY C
P I o N R = = 1 N N O
max{ v ( \/ Var £ ) K ( \/ Var £ ~ logld=2/2 4
Remarks :

(a) We note here that in the setting of Theorem 1.2, a weaker rate of convergence or the order
(log 5)~(4=2/4(loglog 5)(+1)/2 in the Kolmogorov metric was shown in [BLP06] for ov = 1.

(b) Theorem 1.2 proves a Gaussian convergence as s — oo in dimensions d > 3 for .Z§*. In contrast,
in two dimensions, £ converges to a Dickman distribution. This points out a change in the
distributional behaviour of the minimal points as one goes from dimension two to three and
above. The idea behind obtaining a Dickman limit in two dimensions is that most of the
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minimal points lie close to the axes and one can look only at the length of their projections
on the two axes rather than the length of the edges themselves. When considering only the
projections on the z-axis, say X7 > Xo > ---, one obtains that X;11/X; ~ UJ[0,1] for all
i > 1, where U[0,1] denotes a uniform random variable on the interval [0,1], and they are
independent. This gives rise to the Dickman limit, since a standard Dickman random variable
D has the representation

oo (2
D =—d Z H Uj7
i=1 j=1
where U; ~ U[0,1], j € N are independent and =, denotes equality in distribution. Such a
property does not seem to hold in dimensions three and higher.
(¢) In Theorem 1.1(b), we show that the variance of the statistic .Z§* is exactly of the order
log?=2 s for any d > 3. Hence, the upper bound in Theorem 1.2 is presumably of optimal order.
It is interesting that one obtains a relatively slow logarithmic rate of convergence in higher
dimensions.
(d) Finally, we note that our results can potentially be extended to the setup of Binomial processes
by proving a version of Theorem 2.1 below for such a process.

Notice by Theorem 1.1(a) that for d = 3 and .Z§* as in Theorem 1.2,

Lo _ELe L8 s log’ s C

_ <
\/\M / Var Z§* — Ylogs
for some constant C' depending only on « > 0. Since for two real-valued random variables X and

Y with X =Y + a for some a > 0, one has dy (X,Y) < a (this is not generally true for the
Kolmogorov metric), we have the following corollary to Theorem 1.2.

Corollary 1.3. For d = 3 and £5* as in Theorem 1.2, there exists a constant C > 0 depending
only on o such that for all s > 1,

dy .;2”00‘—(3/04)10gsN < C ‘
\/ Var Z§* ’ ~ Vlogs

We now briefly discuss some of the important ingredients that the proofs of Theorems 1.1 and
1.2 rely on. To prove Theorem 1.1(a), we first provide an estimate of the mean of the sum over
the minimal points in Ps of certain weight functions, where the weights are functions of a few
coordinates. When the weights are all identically equal to one, it is well-known (see e.g. [BDHT05])
that for d > 2,

E [P™"] = O(log? ! s).

If instead one takes the weights to be the norms of the minimal point as is the case in Zj*, the
problem boils down to estimating B} cpmin 27 and E 3 cpmin (z122)17)/2 (by an application of
Lemma 3.3 below), where z; is the i-th coordinate of x for i € [d]. It turns out that by considering
weights that are powers of one of the coordinates, the order of the expectation goes down by
one logarithmic factor compared to the case when the weights are identically equal to one (see
Theorem 1.4). Generally, consider for any k € [d — 1], weight functions of minimal points of the
form Hle x;*, for some ai,...,ap > 0. In this case, the expectation of the sum of the weights

d—k—1

over the minimal points is of the order log s. We prove this fact in the following result.
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Theorem 1.4 (Short version of Theorem 3.1). Ford > 2, k € [d — 1], and aq,...,ax > 0,

k
a; ) —slz| _ d—k—1 o
S/X (Zl;[lxl >e dz = O(log s)

In Theorem 1.1(b), we estimate the variance of .Z§* with an exact leading order term. This is
arguably the most crucial part of the paper and involves some delicate estimates.

Finally, to prove the quantitative bounds in Theorem 1.2, we make use of some recent results
in [BM21] which provides non-asymptotic bounds on the Wasserstein and Kolmogorov metrics for
Gaussian approximation of stabilizing functionals.

The rest of the paper is organized as follows. In Section 2 we present the tools from Stein’s
method and stabilization functionals in the form of Theorem 2.1 from [BM21] that we utilize to
provide our bounds. We obtain precise estimates of the mean and variance of .Z§* in Section 3,
proving Theorem 1.1. Finally, in Section 4, we prove Theorem 1.2.

2. BOUNDS FOR SUMS OF REGION-STABILIZING FUNCTIONALS

The random variable .Z§* can be thought of as a sum of certain functionals, whose value at a
particular point x € X depend only on the point configuration P in some small neighbourhood
of x. Such functionals are known as stabilizing functionals. They were utilized in the context
of Gaussian approximation starting with the works [PY01, PY03] and were further advanced in
[BX06, PY05, Yukl5]. In the relevant literature, one usually considers such functionals on semi-
metric spaces where the ‘stabilization region’ is taken to be a ball. But, in our example, this turns
out to be vastly suboptimal. In [BM21], this problem was addressed by introducing a new and more
general notion of region-stabilizing functionals building upon the work [LRSY19]. In this section,
we recall a bound from therein which we will use to prove Theorem 1.2.

For (X, F) a Borel space, Q a o-finite measure on (X, F) and s > 1, let Ps be a Poisson process
with intensity measure sQ. Let N stand for the family of o-finite counting measures p on X
equipped with the smallest o-algebra .4 that makes the maps p +— p(A) measurable for all A € F.
For ;1 € N, let p14 denote the restriction of y onto a set A € F, i.e., pa(B) := [y Lanpp(dz) for all
B e F. We write pu1 < pg for puq, o € N, if g — p1q is non-negative. Let (£5)s>1 be a collection of
score functions which are Borel measurable functions mapping each pair (z, 1) € X x N to a real
number. Consider the random variable

Hy=Hy(P,):= Y _ &(2,Ps), s=>1. (2.1)
z€Ps

Below, we list the assumptions required for a Gaussian approximation result for H;. We denote by
0 the zero counting measure.

(A0) Monotonicity: For s > 1, if {s(x, p1) = Es(x, po) for some pi, o € N with 0 # p1 < po,
then
Es(w, ) = &s(x,p) for allp € N with pg < p < pa.

Let 0, stand for the Dirac measure at x € X. Recall, ua denotes the restriction of u € N onto
A € F. In the rest of the paper, we interpret elements in N as measures and for pi, us € N, we
write p1 + pg for the sum of the two measures.

(A1) Stabilization region: For all s > 1, there exists a map Rs : X x N — F such that

(1)
{peN:yeRs(x,p+0d,)} €N forallz,yeX
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and,
P{y € Rs(x,Ps +0,)} and P{{y1,y2} C Rs(x,Ps+ )}

are measurable functions of (z,y) € X2 and (x,y1,%2) € X® respectively,
(2) the map Ry is monotonically decreasing in the second argument, i.e.

Rs(w, 1) 2 Rs(w, p2), p1 < p2, T € p,

(3) for all p € N and x € p, if g (5 ) # 0, then (1 +6y) R, (2, u+s,) 7 0 for all y ¢ Rs(x, p),
(4) for all p € N and z € p,

&s (x, N) =&s (.CC, ,U*Rs(:p,u)) :
(A2) L**P-norm: There exists a p € (0, 1] such that, for all u € N with u(X) < 7,

Eal@ Potdotp)|| | < Miple), 521, €X,
P

where M, : X — R, s > 1, are measurable functions and || - |41, denotes the L**P-norm.
Let 75 : X x X — [0, 00] be a non-zero measurable function such that
P{y e Ry(x,Ps+6,)} <e @Y g yeX (2.2)
For p as in (A2) and X := p/(40 + 10p), define the functions
— / —Ars(@y) Q(da), (2.3)
Go(y) == Mop(y) (1 + 95 (v)°), ye€X, (24)
where Msyp(y) := max{M;,(y)?, Ms,(y)*}, y € X. Next, letting
qs(z,y) :== S/ P{{x, y} C RS(Z,PS + 5Z)} Q(dz), =,yeX, (2.5)
X
for v > 0, define
@) =)+ P+ P, yeX (2.6)

where for y € X

@)= [ Gula)e ) @),
X
f@@w:s/cxmfwm@@wm,

@)y /G sz, 9)7 Q(dz). (2.7)

Finally, let
ks(z) =P {&(z,Ps+6;) #0}, zeX (2.8)
Below, we write Qf := [ f(2)Q(dx) for an integrable function f : X — R.

Theorem 2.1 (Theorem 2.1, [BM21]). Assume that (&s)s>1 satisfy conditions (A0)-(A2) and let
H; be as in (2.1). Then, for p as in (A2) and 6 := p/(32 + 4p),

i H, —EH, N) <o \ SQfg N sQ((ks + g5)% Gy)
Y\ VVarH, = | Var H, (Var H,)3/2 ’

and
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o (BB Y [V Qs 0T | 50Uk +0)C)
K ( VVarH, ' > Var H - Var H T (Var )7

L (5Q((ss + 95)7Go)** + (sQU(s + 95)*°Gs))*
(Var Hy)?

for all s > 1, where C is a positive constant depending only on p.

3. ESTIMATING THE MEAN AND VARIANCE

In this section, we estimate the mean and variance of the random variable .Zj*. For results
when « is zero so that £ = |P™"| counts the number of minimal points in P, see [BDHTO5]
and references therein. When « > 0, the problem of estimating the moments becomes much more
involved. The case when o = 1 was considered in [BLP06]. The goal of this section is to achieve
good estimates for any « > 0. Throughout, C stands for a generic finite positive constant whose
value might change from one line to the next. Since Q is fixed to be the Lebesgue measure, for
economy of notation, we omit Q in integrals and write dz instead of Q(dx).

3.1. Mean. By the Poisson empty space formula,
P{z € (Ps+6,)™"} = P{Ps([0,2]) =0} =e %17, 2z e X
Hence, by the Mecke formula,
EZy = S/X x| eIl dz.

In Lemma 3.3, for # € X and o > 0 we will show that |[|z]|* — Zle z¢| < CYizield (zi;)(11)/2
for some constant C'. In the following result we demonstrate that E}  pmin 2 is of the order
log?=2s for d > 2, while E)  cpmin(T122)* has order log?3 s for d > 3. Combining this with
Lemma 3.3 will then yield T heorem 1.1(a).

We will often use the following estimates: for any a >0, s > 1 and § > 1,

S
/ [log w|®w® tdw = o~ 1s%log® s + O(s* log® L s). (3.1)
0
Also notice that for § > 0, « > —1 and 5 > 0,

00 1 - .
INQ) 1
/ wa‘ logw‘%*ﬂw dw < / ‘10gw’(S dw + / W% P quw < / |]0g w‘é dw + %,
0 0 1 ) /6

where I' is the Gamma function. Since any non-negative power of logarithm is integrable on (0, 1],
forall 6 >0, @« > —1 and 8 > 0,

/ w®|logw|’e ™Y dw < oo. (3.2)
0

Theorem 3.1. Ford >2, k€ [d—1], and aq,...,0p,8,v >0, >0 and 7 > —1,

s/ (;f[lx?i)<srx|>T\log<vs|x\>

Moreover, for d € N and k = d with a = min;¢[g) o,

d
s f, (L) st

1)
‘ e Pslel dz = O(log?* 1 ).

0
‘ e Pl dr = O(s™ log?™ s).

log(vs|z|)
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Proof. Without loss of generality, assume v = 1 and a; = a > 0 for all i € [d], where a = min;¢(q ;.
First, fix d > 2 and k € [d — 1]. The derivation here loosely follows those used to calculate the
mean of the number of minimal points in [BDHTO05, Sec. 2]. Changing variables u = s'/%z in the
first equality, and letting z; = —log u; for ¢ € [d] in the second, we obtain

s / 2] ()"
X

ska/d/ \u(l’“)|°‘|u|7} log |u] ’5675““ du
[0’sl/d}d

d d k
6
_ S—ka/d/ 1 . ‘ Zj‘ exp{ _ ,36_2?:1 Zj (1 + 7-) g Zj —« E Zl} dz
[_ e 00) =1 j=1 i=1

d J
Next, change variables by letting v = (v1,...,vq) where v; := z; + -+ + 24, 1 # 2,--- ,k+ 1 and
Vg = 21,...,V541 = 2. Note that the integrand is only a function of v(x+1) = (vy,...,v41;) and
the Jacobian for the transformation is one. Taking into account the integration bounds on each z;,
for each admissible U(Ik+1), when d > k + 2 we have

1)
(s|:n|)‘ e Pslel 4y

k+1
d—k—-1 log s
- logs < wpqo < vy — E 'Uj+77
Jj=2
and when d > k + 3,
d—i+1 log s

—Tlogsgvigvi_l—% 7 k+3<i<d.

Hence, integrating with respect to vgio,...,vq, we obtain

)
s / rx“'«)ms\xw\1og<s\x|>] ekl g

_ka/d ’UH—— log s Ul—U2+%IOgS Ul_Z?ZQ vj—l-%logs’ |5
DY /Ul
d k—1)! _1 1 1
logs ogs _05;5 _055

g k+1 k-1 k+1
X logs+v1—Zvj exp{—,@’e‘”l—(1+T)v1—a2vj}dvk+1...dvgdvl.
j=2 =2
Now, substituting w; = e, i € [k + 1] for the first equality and wy = sld=1)/dy,, W, = s_l/dwj
for 3 < j <k +1 in the second yield
é
. / (280 (sal)" <s\xr>\ el da
g—ka/d st/d 5
A AR B B
(d—Fk—1)! wis™ v T o1 G
k+1 A=kl
x [ log(s'@D/dyy) + Z log(s_l/dwj) —log wy ( H w]) dwgyq -+ - dwg dwy

Jj=3

S

-« s s 1 1 5 8
_ e wT ‘ ei w1
(d - k - 1)' \/0 [Ul /wl/wg /wl/(wg-nwk) !
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k+1 Rl 1
Z log w; — logwn ( H ) dwgyq - - - dwg dun
i=2 =2
_ d—k—1
_ g Z <d k—l)/ / / / ‘56—5101
(d —k— 1)! —o ? w1 w1/(w2 wk)
k+1 a1
(Z log wj) (log Wy — log wy ) *=1- Z( H wj) dwygy1 -+ - dws dwy. (3.3)
j=2
Fix ¢ € {0,1,...,d — k — 1}. Since non-negative powers of logarithm are integrable on (0, 1], we
have that
k+1 k1

/01]k 1<Zlogw]> (ij) d(ws, ..., Wgs1) < 00.

On the other hand,

s S ) ;
/ / wi ‘6_%1(10%““72—10gw1)d_k_1_2@371dw2dw1
d—k—1—1
S w2
Z <d k Z) / / w] ‘ e P (log we)“ F 17" (log wy ) s ™! dwy dw,
=0
—k—1-

<o > (5w [ gyt am, = 0 agsy -,
0

where in the penultimate step we have used that since 7 > —1, by (3.2) there exists a constant
C < oo such that fooo w]|logwiPHPe 1 < Cforall 0 < j < d—k—1—1, and the final step is due
o (3.1). Combining the above two estimates, summing over ¢ and applying (3.3) yields the result
when d > 2 and k € [d — 1].

Finally, for d € N and k = d, arguing exactly as above, one obtains

/ 2] (slal)”

o‘/ (v1 4 log s)4 oy |° exp{ —Be " —(1+71+ a)vl} doy.
log s

(sfe)| e

The second assertion now follows upon substituting w; = e~ ' and applying Jensen’s inequality
followed by (3.2). O

For o > 0, by equivalence of L? and L®norms, the assertion in Theorem 3.1 with k = 1 implies
that for d > 2 and «, 8, v >0, § >0 and 7 > —1,

s / el (sla))"
X

In particular for a > 0,

1
(1/5]1:|)‘ e=8517l 4z = O(log?2 s). (3.4)

d
EZy = 3/ ||| %" da: < d*/? Zs/ afe Pl de = O(log?2 s).
X - X

But to obtain a good estimate for the variance, we need the exact leading order term of the mean.
With a more careful computation in Theorem 3.1, one obtains the following result.
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Lemma 3.2. Ford>2,a>0, >0 and 7 > —1,

I'(1
s/ 2§ (s|z|)Te Pl dg = _L+7) log? 2% 5 + O(log?3 5).
X

aft(d — 2)!
Proof. Arguing exactly as in Theorem 3.1 with § = 0, one obtains
—« s wo
s / 29 (s]])7e 51l gy ~ ds 5 / / wle P (log ) @G dwy dda.  (3.5)
« _
For C = [ w]e "t dwy, notice using (3.1) that

w2
/ / wle P log wo | 2w ™! dwy dwy < C/ |log wa |4 2w diwg = O(s%/? 1og?=2 s).
(3.6)
Also for wy > 0, we have w{e‘ﬂwl/2 < C for some constant C'. Thus, for wy > /s,

e P(L47) e V2 o s T(1+7 s
/ wie M dwy = (BT“ ) G / w'e Jrﬁ‘[ﬂdw:(6T+1)—i-(’)(e BVs/2)
0 Bwa

Using this and (3.1), we obtain

s« S w2 Bw - o -
(d2)'/\[/ w]e P (log wa) 2wy~ dw iy
—e) sJ0

sT(1+71) [° _Nd—2-—a—1 - I'(l1+7) d—2
~ m /\/g(log 'LUQ) 'Z,UQ dw2 ~ m ].Og S.
Combining this with (3.6) yields the result by (3.5). O

Lemma 3.3. For a > 0 and z € X, there exists a finite constant C' > 0 depending only on o and

d such that
[l ~ Zw“l <C Y (g
i#j€ld]
Proof. We first note that

d d 2 d 2
(Xim1 i)° = D im i ziwy 1
‘HwH—Zx, < T =< E S35 E VTiZj.
7

= LTl e T %

Now applying the mean value theorem along with the fact that Zle x; > ||z||, for @ > 1 we obtain

d d
o « o a—1 Oéda 1
‘Hm” — (le) < E(le) Z VTt < Z /T (3.7)
i=1 i=1 i#j€[d] i#j€ld]
Similarly, when « € (0, 1],

d / . . / . .
’Hx”a - (Zxﬂ S% 2 ux?fi . % 3 } (:c?+;)x(f_a)/2 5% > (ww)* 2 (38)

i=1 i#j€[d]
When o > 1, noting that (ZZ 1) > Zl 1 =5, we have for some constants C,Cy > 0 that

d d d [o] d W
@ o (Zz:lml) Zz 1 7
Li - T = al—a

KZ“ ) Z“ (oL o)
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i#j€ld]

Putting this together with (3.7) yields the claim for & > 1. Finally, for o € (0, 1], let k¥ € N be such
that 28~1a < 1 < 2Fa. We will use induction on k to show that there exists some constant C?, > 0

such that
d d
()3

i=1

SC; Z (.%'Z'.%'j)a/Z. (3.9)

i#j€ld]
When k = 1, using that (3%, 2;)%* > % 22, we have
d 2a
0| 22i;ﬁje[d} (wiz;)” +Zz Lo — (i i) < (i)™
i=1 i=1 - (Zz’:l )" + Zz’:l g a i£jeld] (wiz;)*/2

Assume that (3.9) holds for £ =1 € N. Then when k = [ + 1, by the induction hypothesis, arguing
as above we have

() = ap] < Gl Dipseu i oy ) S (o
=1 =1 (X ) + X, =2 i#jeld)

This proves (3.9), which upon combining with (3.8) yields the assertion for a € (0, 1]. O

Putting together the assertion of Theorem 3.1 with k£ = 2, Lemma 3.2 and Lemma 3.3, we obtain
the following corollary.

Corollary 3.4. For anyd > 2, a,8 >0 and 7 > —1,

sl dF(l +7) d—2 d—3
o [l olyre e = LU ogh 2+ Oftog )
In particular, taking § = 1 and 7 = 0, this implies Theorem 1.1(a), i.e., that for d > 2 and a > 0,
d
EZy = S/X ||x|]aefs|z| dx = m logd*2 s+ O(logd{)’ s).

3.2. Variance. This section is devoted to the proof of Theorem 1.1(b) estimating of the variance
of Z§*. A precise estimate for the leading order term of the variance was obtained in [BLP06] when
a = 1. In Theorem 1.1(b), we obtain such an estimate for any o > 0.

For 8 >0,s >0, and d € N, define the function cg s : X — Ry as

cg,s(y) = S/X]l:wye_ﬁs'm' dz. (3.10)

We recall the following result from [BM21].

Lemma 3.5 (Lemma 3.1, [BM21]). For s > 0, there exists a constant C > 0 only depending on
d € N such that

C _
cosly) < e M2 (1 [log(Bslyl)| ],y ex.
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The function cg s satisfies the scaling property

cps(x) = B e gs(x), B>0,5>0.

This enables us to take g = 1 without loss of generality. In this article, we will consider a slightly
generalized version of cg . For s >0, 6 > 0 and d € N, define the function ¢s55 : X — Ry as

Cs.s(y) ::s/]le/esxl‘log(s|x!)‘6dx, (3.11)
X

(k)

a’57

while, for v > 0 and k € [d], define the function ¢ 5, : X — R, as

erav) = 8/ Loy 200265l 1og(s]]) | da (3.12)
w X

(k)

The following lemma demonstrates the asymptotic behaviour of ¢5 s and ¢, for large s.

Lemma 3.6. Ford e N, § > 0 and s > 0, there ezxists a constant C' > 0 only depending on d and
0 such that

Es.s(y) < CesIvl/2 [1 + |10g(8!y\)\d71}, yeX.

Further, for any o > 0 and k € [d],

(Ix) |’

(k) s |yt

Cos5sy) < C YTy
5= T

for any o € (0,a] for a constant C' that depends on §,, &’ and d.

)‘(d—k—1)++(d—1)1k:d . yex

e slvl/2 [1 + | log(s|yl

Proof. The first assertion is a slight modification of [BM21, Lemma 3.1], with an additional loga-
rithmic factor in the integrand. This, however, doesn’t change the proof, we demonstrate this in
the proof of the second assertion, and refer to [BM21, Lemma 3.1] for a proof of the first one.

The derivation here is again motivated by those in [BDHTO05, Sec. 2]. For d > 2, fix k € [d — 1].
Since |z()] < 1,

ey ) < s /X Ly |20 e~ log (s[)|* d = &l ().

Changing variables u = s'/9z in the definition of ng)(ss to obtain the first equality, and letting

z; = —logu;, i € [d], in the second, for y € X we obtain

o' _(k o —lu 1
sttt () = [ [ e g ful) | du
xd_ [s1/dy; s1/4]

d k d
é
exp { e X sz - O/sz}’ sz‘ dz. (3.13)
j=1 j=1 j=1

As in Theorem 3.1, we let v = (v1,...,vq) with v; == z; + -+ 24, 1 # 2,--- ,k+ 1 and vo =
21,...,Uk+1 = 2g. Taking into account the integration bounds on z;, when d > k + 2, we have

/><;.’l1 [7d—1 log s,—d~1log s—log yi]

k+1 i—1

. . d
1—k—1 d—i+1 ‘
vl‘;“ﬂ‘— (‘dlogs—j_%;llogyi) <v < —dlogs—;logyi, k+2<i<d.
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Thus, for each k4 2 < i < d, the integration variable v; belongs to an interval of length at most
(—log(s|y|) + log(s¥/dyIx)y — vy + Zf;l vj). On the other hand, given v, € [—logs, —log(s|y|)],
we note that for 2 < j < k41,

—log(s"%y; 1) > vj =v1 — Y 2z > vy +log(sly|) — log(s"/Ty;_1).

i#j—1
i — k/dy, (Ik)y — Rl o o _ ;
In particular, 0 < —log(s|y|) + log(s™“y'"*)) — vy + > 755 vj < —log(s|y|) — v1. Hence, changing
variables and bounding the integrals w.r.t. vgio,...,vq in the first step and substituting w = e™"!
in the last one, for d > 2 we have from (3.13) that
ka! /d (K
SN
—1 —1 1/d ~1 1/d k+1
_ og(slyl) og(s'/y1) og(s'/ “yr) o 'Z . s
< expy —e ' —u —« vj ¢|v1]
—logs v1Hog(sly|)—log(s'/9y1)  Juvi+log(sly|)—log(s'/ tyx) j=2

k+1 dek—1
X ( —log(sly]) + log(s®/dyUr)) — v + Zw) dvgyy -+ dvg dug
j=2

— log(s|yl) d—k-1 ¢
< / (—toalslyl) =) ol exp{ — et — i}

—logs
k+1 Yy, 1)

—log(s ,
<11 / e~ du; | duy
j=2 [/v1tlog(slyl)—log(s!/dy; 1)

ska’/d(y(lk))a’ /—log(syl) log(sly) d7k71| ‘6 koo, v q
< ——m——F— (—ogsy —v1> vl e exp{—e_ —vl} 1
O‘/(s‘y’)ka —log s
ka’/d( (Ihe' s d—k—1
S Y ) / ( 6, ko’ —w
= logw — log(s|y\)) |log w|°w™ ™ dw.
a/(8|y’)ka sly|

Applying Jensen’s inequality, we obtain

(Ir) o' s
_(k ke y s d—k—1 o —w
) < 2042 SR o2 nog(aly) [ [ rogaoftut e 2
o/ (s]y]) slyl

s
+ / ’ logw‘d—k—l-i-(swka/e—w/Q dw] )
s|y]

The result for k£ € [d — 1] with d > 2 now follows by (3.2). Finally, when k¥ = d € N, we can

follow the same line of argument. In particular, after (3.13) (with k& = d), we let v; = Ele z; and
v; = zj—1 for 2 < j < d. Then arguing similarly as above, one arrives at

) —~log(sy|) a1
s e o(0) < / (= tog(slyl) = v1)" forlPexp { = 7 = (14 a)ur } duy
—logs

D
(s[yl)®’

An application of Jensen’s inequality and (3.2) now imply that there exists a constant C' such that

s d-1 )
/ (logw - 1og(s|y|)> | log w|%w® e=*/2 du.
slyl

~(d) < (‘y’)al —slyl|/2 d—1
Wsslw) < O g [1 4 tog(slyl) ]



GAUSSIAN APPROXIMATION IN A RANDOM MINIMAL DIRECTED SPANNING TREE 15

yielding the result. O
Corollary 3.7. For a,s >0d € N and § > 0, the function

_ _ )
Cassly) = 5 / Loy y )17 log(s]z]) |’ da
X
satisfies

Cass(y) < C(!@;)a,e—sylﬂ [1 + ylog(s|y\)y(d‘2>+”d=1}, y€X

for any o € (0,q] for a constant C' that depends on §,«,a’ and d.

Proof. As ||z|| < V/d, there exists a constant C; > 0 depending only on «, o’ and d such that
_ ’_ 0 _
Car,5(y) < ClS/ Loyllz] ¥ e og(s]z])|” dz = Crew 5.5(y)-
X

By equivalence of L? and La/—norms, there exists a constant Cy > 0 depending on o/ and d such that
oyt Zle u® < lul|*” < Oy Zle u’ for u € RY. Hence, using the second assertion in Lemma 3.6
with k& = 1 in the second step, there exists C’ > 0 such that

d
= o —s|z 0
Cat b,5(y) < C2ZS/X]lm>yl‘l el “log(8|x|)| dz
=1
d o
< C2C/Zl:1 Yi e—s\y|/2 [1 + |log(8’y‘)‘(d72)++ﬂd:1}

(slyl)*

<2 W™ —size (d-2)* 14y
< G30" e W2 1+ [los(sly)| ]

proving the result. OJ

)

Now we are ready to estimate Var.Z;* and prove Theorem 1.1. In the following, for two points
z,y € X, we denote zAy := (x1Ay1, ..., 24 Ayq). First notice, letting D denote the set of (z,y) € X2
such that z and y are incomparable, i.e., x % y and y % x, an application of the multivariate Mecke
formula yields

Var g =B Y ol - (BZp)

zePmin

8 [[ el IylP (o) € (Put 8 48,7} dady

d—1
d
= s/ ”xHQae*SII\ de — Iy + Z <k> I, (3.14)
X k=1

where

I = 252 Ly |z ||y ]| “e 0=+ 1D qz dy
LY
X

and

lop =" /X L0510 2000 <y 2] lyl] e =00 (20l 1) da
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where we recall that for 1 <k <d—1, Iy = [k] and J, = [d] \ Iy and = Ay = (yI%), 2/x). By
Corollary 3.4, for d > 2 we have

d
2a ,—s|z| ~ 1 d—2 ) 1
s/XHxH e Sa(d D)1 og" “s (3.15)

In the following two lemmas, we estimate I5y and I for k € [d — 1] with d > 2. We will use the
fact that by Lemma 3.3, there exists C' > 0 such that

d d
2y * =D (@)™ = KHxH“ - Zma> HyH‘”]

i=1

d d d d d d
+ (HyHa - nyy> e+ ( 37?) ( y?) -y (xiyi)a]
=1 =1 =1 =1 =1 =1
<C Z (:L'ix'j)(l/\a)m + Z (yiyj)(lAa)/Q + Z (xiy;) | - (3.16)
i7j€ld] iZ#j€ld] iZ#jeld]

Lemma 3.8. Ford > 2 and a,s > 0,

d b
I ~ L___db|log?2s.
0 [a(d—Q)!/sg(1+|b|)2 }Og °

Proof. Using (3.16) in the first step and that s|z|e=**!/2 < 1, we have that there exists a constant
C > 0 such that

Lo — 2d5° / 1< (ayn) 7074 d ay|
XZ

< 082 /2 ]ly—<x [(mle)(l/\a)/Q + (ylyz)(ll\a)/2 + (x1y2)a} efs(\x|+\y|) dx dy
X
< 3052 / 2 1y o (w102) A/ 2e=52 18 @y
X

< 305/ (2122) 12312172 (5] z]e571/2) dar = O(log?? s),
X2

where the last step is due to Theorem 3.1. Using this in the first step, letting b; = y;/x;, i € [d] in
the second, substituting s'/?z = u in the third, and then following the same series of substitutions
as in Theorem 3.1, we obtain

130:2d82/x?esx'/]ly.qyf‘esw dy dx
X X
:2ds/bﬁf‘/s]al:\x%ae(H'b')sl”’”| dz db
X X

:2ds_2“/d/b‘f‘/ w3 ule= HODI gy db
X [0,s1/d]d

—2«

2d S S
- ﬁ /X by /0 / (log @y — log wy)* 2 wye 1HEDwLp2e1 qagy dwy db
! -

d—2

2ds7* [ (A2 i [0 e~ (DL (log 7,19~ 2-1720L dupy di
- (d— 2)' Xbl Z 7 (71) 0o Jo (10gw1) wie (long) Way dwy dws db

1=0
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2ds*2°‘ (1+]b])w d-2 201
wle 1 (log ws) dw; dws db, (3.17)

where in the final step, we used the fact that by (3.1) and (3.2), there exists C' > 0 such that

wo \/g
/ / wle*(lﬂb‘)wl(log u’)g)dfzu’)go‘_l dwy dwy < C/ (log wg)d”wgo“l dwg = O(s® log?—2 s).
0 0
Finally, as [;"? wie” 0FDw dwy = (1 + [b])=2 + O(e~V*/?) for 1wy > /5, we have from (3.17),

2d32a/ b /s d—2 201 [ d by } d—2
I~ db log w w5 dwg ~ / db| log“ s
0= (@=2)1 Jx (1+b])2 ﬁ( 2)" T lad=2) Jx 1+ b))?

where the final step is due to (3.1). O

Lemma 3.9. For s,a>0,d>2 and k € [d — 1],

1 o' _ for 1 _ 1 d—2
Isk‘ba(d—z)!/x(’“’““d ’“)bd)<<rb<fk>r+|b<Jk>|—|b|>2 <\b<fk>\+rb<tfk>>2>db}log >

Proof. Fix k € [d—1] and denote r := (yU¥), z(/k)) and R := (:E([k),y(‘]k)). Fixt > 0and i # j € [d].
When {i,j} C I (which also implies d > 3), using the inequality e* — 1 < ze® for > 0 in the
first step and the fact that |z| + |y| — |r| > (Jz| + |y|)/2 in the second, there exists some constant
C such that

82/ ]IMR(RiRj)te_S('”C'HyD(es‘rl —1)drdR < 32/ ]lHR(RZ-Rj)te_S“z‘HyDs\r|es‘rl drdR
X2 X2

= S/ 3‘7"(]'“)’/ Ly (RiRy) e 1R Ir01/2 g )
X [0,1]%
x | sfrt)] / Loy e T IR QRO | gy
[071}d—k

TiTy —s|r k—3)T+1,= d—k—
c/ !r\]%’ W72 {14 [tog(srl/2) =] [1 4 [tog(slrl/2)] ] ar

for some t' € [0,¢] with 2¢' < 1, where we have used the second assertion in Lemma 3.6 for the last
step. Hence, by Theorem 3.1, we obtain

52 / To<r(RiR;j) e 0=+ WD (e8Il — 1) dr dR < O(log?? s). (3.18)
X2
By symmetry, this also holds when {i, 5} C Ji. Finally, when i € I and j € J;, (and symmetrically,
when i € Ji and j € I), arguing similarly, by Lemma 3.6 and Theorem 3.1, we have that there
exists C' and ¢’ € [0,¢] with 2¢' < 1 such that

32/ 1,<r(RiR;j) e =+ WD (sl — 1) dr dR
X2

5/ <S|7«(Jk)|/ ﬂR(Ik)Hn(I,C)R§6_5|R(Ik)||r(Jk)|/2dR(Ik)>
X [0,1]%

’ <5|r(lk)| 1 o), o Rie ™o W IRCD1/2 dR(Jk)> dr
[0,1)4—F
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(W"‘)t/ —s|r k—2)* d—k—2)* _
SCS/X(syrf)%'e V2 (14 [og(slrl/2)] "7 1+ [1og(slrl/2)[ 7] dr = 0(1og ).

C. BHATTACHARJEE

(3.19)
Putting together (3.16), (3.18) and (3.19), we obtain

d
Lp~=) s /X (g Ry) e (D e — 1) dr dR.
j=1

Writing b; = r;/R; for j € [d] in the first step and letting s'/R = u in the second, arguing as in
in case of Iy in Lemma 3.8, we obtain,

d
To= Yo [ R [ b (MU HEDAR IR 1) apar
P i) < X
d
:S—2a/d/xzb§u/ 1/““%&'“' [6—(\b<fk>|+\b<%>\—\bmm _e—(|b<fk>|+|b<1k>|>\u|} dudb
]:1 [O,S ]

« |:e—(|b(1k)|—|—|b(Jk)|—|b|)w1 - e—(|b(1k>|+|b(Jk)|)w1] (logu—}2)d—2—iu—)§a71 dw1 dU_JQ db. (320)

Let j € [d] and i € [d — 2]. Using (3.1) in the first step and the inequality e ™ —e™¥ < (y — x)e™®
for y > x > 0 in the second, we have

s w
/ b?/ / 2 | log wy |*wy {6_(‘1)(%)|+|b<Jk)|_‘b‘)w1 — 6_(‘b(lk)|+‘b(Jk)‘)wl} (logw2)d_2_iwga71 dwy dwy db
X 0 Jo
. oo . I J I J,
< g2 logd2zs/ / |log w1|zw1 [e*(“’( B |46k | —|b))wy e*(|b( k) |+|b( k>|)w1i| dwy db
xJo
; o ; U | (b(TR)
< Cs* longls/ ]b|/ | log wr |Pw?e~ (B IR I=lbhws g4y, dp
X 0

(3.21)

for some constant C' > 0. Let C(i) be such that (logw)’ < C(i)w'/* for w > 1. Using (3.2) in the
second step and that (|b(%)| + |b(/x)| — |b])2 > |b] in the third, we have

= {2~ (R[4 b0 |~ [b])
/|b|/ | log w1 ['wie “1 dw; db
X 0

1 e )
g/ |1ogwlidw1+0(z')/ |b|/ w)/ e (W R = bwn gy, qp
0 X 1

! i , 0]
< /0 | log w1 |" dwy —l—I’(l3/4)C’(z)/X (0] 1 o] = o157 db
1
, 1
i .
< /0 | log wn|" dwy + 11(13/4)0(2)/X (0] 1 o] — o) db < oo, (3.22)

where the final step follows upon noticing (|bU%)| + [b(/s)|)/2 > \/|b| > |b| so that

1 1
db < —db .
/X (BT + [pC)] — [p])374 7 = /X TR R
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Also by (3.1),
/ / a/(2o¢+2)
a/(2a+2)
< / (log zI)g)d_zu‘)go‘+1 dwy = O(s® log“l_2 s).
0

Combining the above two estimates with (3.20) and (3.21) yields

8720( d s W2
Iy ~ / bof/ / w
s (d—2)! Jx ; b Jsas@at2) Jo !

X [6*(\17“16)|+|b<"k)|*\b\)w1 _ef(\b“k>|+\b“k)\>w1} (logwa)*2w3* " dw; dwa db.  (3.23)

—(1bUk) (J) | — —(|pUx) (Jk) _ \d—2 —2a— _
/ wq [e (746 k2 = [blwr_ o =(JbFk7|+[b5 l)wl} (log wg)* w3 " dw, dws db

Since [ ze P dz = B2 for B > 0, for wy > s/ (20+2)

w2
/ wy [e—ub“w|+|b<Jk>|—\b|)w1 _ e—(\b<fk>|+|b“k)|>w1] dw,
0

1 1
- ((\b(m\ + U — (B2 ([pUR)] + \b("k)D?) ‘

o0
< / w1 |:e*(|b(1k>|+|b(Jk)|7|b|)w1 _ e*(|b<1k>|+|b(‘71€)|)w1j| dwy
- s/ (2a+2)

o 0o
< g 8@+ ‘b/ wsl)/4ef(|b(1k)\+\b(Jk)‘f|b|)un dwy.
0

So by (3.23),
5—204 d s
Iy — b
K (d — 2)' /%JZ; J /s\a/(Qa-&-Q)
1

: <(|b1k I+ [BUR[—p)2 (o] + [p00)])2

« —2a
<3_8(a+1) d / / / 9/4 e~ (WD)~ P (log wy) 2w 521 dwy divg db
- s/ (2a+2)

= 0(5_8(a+1) logd_2 s)/ \b]/ w?/46_(|b(1k [+BU) | bl dwy db = (’)(5_8<a+1> log?=2 s),
X 0

)(logwg)d 2021 dwy db

where the final step is argued as in (3.22). Hence,

52 d 1 1
Iy~ ——r N -
R TED] /;éb (@ o= ~ s o)

S
X / (log w2)4 202>~ dwwy
s/ (2a+2)

d
1 1 1
9 (d — N H — logd—2
2a(d—2)!/§§;bg <(b(1k)+]b(Jk)]— b)) (‘b(lk)‘+‘b(Jk)‘)2> db| log® “ s,

where the final step is due to (3.1). The desired conclusion follows by symmetry. g

1
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Collecting the estimates from the above two lemmas and combining with (3.15) and (3.14), we

obtain )

Var 45" ~ mw(d, a)log??s, (3.24)
where w(d, «) is defined at (1.2). As the last ingredient in the proof of Theorem 1.1, we now show
that w(d, ) is finite and positive.

Lemma 3.10. For d > 2, the function w given by (1.2) satisfies

0 < inf w(d, @) < supw(d, ) < co.
a>0 a>0

Proof. First, using mean value theorem and arguing as in (3.22), for any o > 0 we have

1 1 |b]
b _ db < 2 db < o,
/x ' ((lb(l’“)| + ] (b2 (pUR)] + !b(Jk)!)2> - /x(!b(f’“)! + [bUR)] — |b])? >~
implying sup,qw(d, a) < oo.
Next, notice that for all b € X and k € [d — 1], we have [b(¥)| + |6(/5)| — |b| < 1. Hence,

L | 1 1
23k b - db
1 <k>/x ! <(|b(1’“)| + [bUR) [ —[b])2 (|| + |b(‘]k)|)2>

> (2d—2)d/Xb§f‘ (1—(1+1|b|)2> db.

, notice

By substituting &} = b

b¢ 1 / 1 , 1 / 1
L S d(, ba, ..., by) = db.
/X(1+|b|)2 Ta+1 Jx (1 +bby-bg)? (b1, b2 @) a+1 Jx (1+|b])?

Hence, for any o > 0 we obtain,
24 — 2 24 1
d  w(d,a) > (1 + > - / 5 db
a+1 a+1 Jx (1+b])

20 T 4+1+24—-2 1 2d  T9d _ 1 1
= — db| > ——|=—— — | ——_db|. (3.25
a+1[ 2d /x(1+|b|)2 ]_oz—i-l[ 2d /X(1+|b|)2 ] (3.25)

Next, we claim that

) : d=1
/ LT log 2 d=2 (3.26)
2 _
[0,1)4 (]‘ + |b|) 22di;1<<d _ 1) d> 3’
where ( is the Riemann zeta function. Indeed, the statement is trivial for d = 1. For b =

(b,...,bg) € X, recall that b/a=1) := (by, ... bg_1). For d > 2, notice that

1 Lo (Ta1) 1 (Ta1)
——db = —_— ———dtdb\ i1 = —— db\d-1/,
/[0,1}«1 (1+ [b])? /[0,1]d1 |pa-1)]| /0 (1+1¢)? /[0,1]d1 1+ [pa-1)|
(3.27)

Thus, we have f[o 12 de = log2. On the other hand, for d > 3, substituting b% = ¢ for
i € [d — 1] in the final step, we obtain

1 1
— db(ldfl)
/[0,1161—1 [1 — [pla-1)| 14 \b(fd—l)]]
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I
= / M dpa-1) — 1/ b de.
0,41 1 — |pa-1)|2 202 0,1¢-1 1 — |c]
Thus, by (3.27),

1 2072 — 1 1 9d—2 _
/[0,1}‘1 (1 + |b‘)2 2d—2 /[;],l]dl 1— ‘C| ¢ 2d—2 C( )a

where the final step is obtained by writing 1/(1 — |¢|) as a geometric series. This proves (3.26).
Finally, by using the approximation that for any i > 2,

3

<Z/ ZW’

j=
it is not hard to show that for d > 4,

2472 — 1 24 — 1

Plugging (3.26) in (3.25), using the above inequality for d > 4 and checking the case for d = 2,3
by hand yields the desired lower bound. O

Proof of Theorem 1.1. As mentioned after Corollary 3.4, assertion (a) follows from the corollary
upon taking § = 1 and 7 = 0. Assertion (b) in Theorem 1.1 follows directly from (3.24) and
Lemma 3.10. g

4. PROOF OF THEOREM 1.2

Recall, Q is the Lebesgue measure on X := [0, l]d with d > 3, and P; is a Poisson process on X
with intensity measure sQ for s > 1. Notice that the functional .Z§* from (1.1) is expressible as in
(2.1) with

Es(w, ) = ||| Lpeymin, @€ p, p€N. (4.1)

That (&5)s>1 satisfies condition (A0) is straightforward to see. Indeed, notice that for pg,pue € N

with p1 < pg and x € pg, the equality &q(x, p1) = &s(x, no) implies that z is either minimal in both

w1 and po or it is not minimal in both. In either case, for p € N with p; < p < po, it is easy to

check that 1,e min = Lyc min = L, min, which readily implies (AO). In the following, we show

that conditions (A1), (A2) also hold true, so that we can apply Theorem 2.1 to prove Theorem 1.2.
Given a counting measure p € N with € p, let the stabilization region be

Rule.p) = {[O,x] if u([0,2] \ {z}) =0,

o) otherwise.

It is easy to see (see also [BM21, Section 3]) that (A1) is satisfied with &, defined at (4.1). Letting
M, ,(x) = ||z||*, we have that (A2) holds trivially for all p € (0,1] and s > 1. For definiteness, we
take p = 1. Thus, M, ,(z) = max{||z|?, |z|*}.
Inequality (2.2) is satisfied by & with rs(x,y) := s|z| if y < x and rs(x,y) := 0 if y A x.
Recall the function cg s from (3.10) and note that gs(y) from (2.3) is equal to c) s(y) with
A =p/(404+10p). In the rest of the section, W v v 2™ stands for the coordinatewise maximum
of M, ... 2™ e X, while 2z A -+ A (™ denotes the coordinatewise minimum. For x,y € X,
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notice that {z,y} C Rs(z,Ps + 0,) if and only if z > (z V y) and [0, 2] \ {z} has no points of Ps.
Thus, the function g5 from (2.5) is given by

a(o,) = [ P{{ny} C R P4 )}z = [ Lo uye s = erufa V).
X X

Before proceeding to estimate the bound in Theorem 2.1, we need to prove a few lemmas. Recall
the functions ¢5s and o6 defined at (3.11) and (3.12) respectively. The following lemma is a
slight modification of [BM21, Lemma 3.2], and follows from Lemma 3.6 above.

Lemma 4.1 (Lemma 3.2, [BM21)). For alld,i € N and 6 > 0,
s / Css(y)' dy = Olog? ' 5).
X

We prove a version of the above result for ¢, 5. The crucial difference here is that the addition
of a norm in the integrand decreases the order of the integral by a logarithmic factor.

Lemma 4.2. Letd > 2. Foralli € N and a >0, § > 0,
5 [ caselw)’dy = Ollog™2s).
X

Proof. As the result is an asymptotic one, without loss of generality let s > 1. For d > 2 and i € N,
taking o’ € (0, a] such that ia’ < 1, by Corollary 3.7 and Jensen’s inequality, we have

y ia/ » y ia! » (42
Séme “y'/2dy+8/x(!‘yu|)m/€ 510172 Log(s[y)| 7 dy| |

with C" as in Corollary 3.7. An application of (3.4) yields the result. U

s/ Em(;,s(y)idy < 2i-lgr
X

Next we provide a key technical lemma needed to prove Theorem 1.2. Before stating it, we
note the following inequality. For any s > 0 and § > 0, following the computation for mean in
Theorem 3.1 by writing s’ = s|y| and substituting w; = x;/y; for the first step, then u; = s'V/%w;

followed by z; = —logu;, @ € [d] and finally y = e~ =12 to obtain the second equality, we have

s/]l$<y’log(s|x\)‘6dx:3'/ ‘log(s’]w|)’§dw
X X

/

1 s d—1 d—1+[5
= =i | Coms = 10m) " 1omy ay < Cl (14| Oox(aly)| ) @02)
- J,
for some constant C' depending on d and §, where in the last step we have used Jensen’s inequality
and an elementary inequality, saying that, for [ > 0 and a > 0, there exists a constant b; > 0

depending only on [ such that
a [ '
/ | log w|' dw < bja 1—{—Z|loga\z
0 i=1

Lemma 4.3. Ford>2,ie N, a >0 and 4,5 > 0,

[0 0 6’ —Sl|lx ' —
s [ (s [ b vale]togtste v b og(sle]” e ar ) ay = 0fogt 29, (43

s /X (s /X | *Es.5(z V y) da:)i dy = O(log® 2 s). (4.4)
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Proof. Without loss of generality, assume s > 1. We start by proving (4.3). Recall, for z € X and
I C [d], we write (D) for the subvector (z;);c;. We can always write =V y = (z(D,y)) for some
I C [d] with J :=[d] \ I. By Jensen’s inequality, we have

2_@_1)‘15/ (s/||:U\/y||a‘log(s:E\/y)mlog(s|x|)|6,e_s|xvy|dx> dy
X X

o 5 5 sy 1\’
<y 8/ <S/]1x<1>>y(1),xu)<yu>||~”'3\/y|| | Tog(s|z ||y )| [ Tog(s]|)] " e~*I= 1 |dl’> dy.
g XN X

(4.5)

If I = &, first using (4.2), then splitting the exponential into the product of two exponentials with
the power halved, using a'e™® < ¢! for a > 0, and finally using Jensen’s inequality and referring to
(3.4) yield that there exists a constant C' such that

oY 6 8 —s i
s [ (5 [ tamall toetsla | togslel) e o)y
io i,—is g 40 +d—1Y" —
< Cs /X il (slyl)'e ™ (rog(slyD|” +og(slyh)|” 1) dy = Olog?2s).

Similarly, when J = &, then Lemma 4.2 yields

S/X (s/X]lbwaxHo‘!log(s[x\)‘“‘s/es'”“" d:c> dy = O(log? 2 5).

Next, assume that I is nonempty and of cardinality ¢, with 1 < ¢ < d — 1. Using that ||z V y[|* <
2o(||zD || 4 ||y ||*) along with Jensen’s inequality,

7
) 8 (D] (D)
s [ ( [ et o 2V ol 108512 D Hogsfa| el dx) dy
X X

i
o 5 & _slaD] |y
< gt [ / ( [ 8200000 00 [ 017 108512 D D[ Hog(sfa] e 1= dw) ay

«a d & _glzD| |y ’
] ( e ) e | e dx) dy] - (46)
Using (4.2) for the d — ¢ dimensional unit cube for the inequality, we have for some C,C’ > 0 that
o 5 & _lzD] ()
s /X L5y (0 g <y 127 [ 1og (52D [y D)) |° [ Tog (s|2])|” e 1 day

= / Ly o 2D )% log(s|z Dy D)) |Pe sl 1157
[0,1]¢

" (S/ L <y | log(sfz'?)| |$(J)m6/ dx(J)> dzD)
[0,1]‘1—[
@ 5 _glaD] |y
S/[ouf ]11'(1)>y(1)||$([)|| |log(s|m(1)||y(J)|)‘ o—sl2 ][y

X (C’s]y(‘])\ [1 + | logs\x(I)\\y(J)deszwq) dz)
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gl (D) | 4,(I)
— Csly| / Lyt [l D 7171
[0,1]¢

x| 1og<s\w<f>\|y“>\>\5 + [ log sfar |y "7 o)

()|
4 —s 1
< |}S|y|ya, e~ slyl/2 [1 + Uog |ym T 1]7

for some o/ € (0, a] such that ia’ < 1, where the last step is due to Corollary 3.7. Hence, plugging
this bound in, followed by Jensen’s inequality for the first step, we have that for some C” > 0,

o 5 5 sy 1\’
S/X<S/X]1x<1>>y(z),x<1)<yu>||33(I)|| | Tog(s|z D ||y ])|* [1og(s]])] " e === 1T |d$> dy

()i .
<C” / ly I Hm/ gtelul/2 [1 + }10g(8!y\)\W*wm:l)] dy = O(log? s),
x (slyl)

where we have used the trivial bound ||yD|| < ||y|| and (3.4) for the final step. A similar argument
for the second summand on the right-hand side of (4.6) using Lemma 3.6 and (3.4) gives

7
1 & _glaD] |y
o I e e e e T I

i, —i i(f— -
SCs/XIIy(‘”II @2 1 4 [log(sly))|"“ ™| dy = O(1og™ 2 s).

The bound in (4.3) now follows from (4.5). Finally, (4.4) follows from (4.3) with ¢’ = 0 upon using
Lemma 3.6 and Jensen’s inequality. U

Now we are ready to derive the bound in Theorem 2.1 for Hy = Z§*(Ps). Recall the constants
0 =p/(32+ 4p) and A = p/(40 + 10p). For our example, it suffices to let p = 1. Nonetheless, the
bounds in the following three lemmas are derived for any positive 6 and .

Lemma 4.4. Ford>2,0 >0, A\ >0 and fa defined as in (2.6),
s/ foo(z) dz = O(log?~2 s).
X

Proof. We first bound the integral of fQ%) defined at (2.7). Recall, Ms,p(m) = max{||z||?%, ||z||**}.
In the proof, we consider a general exponent ¢ > 0 which can be either 2« of 4« for the norm. By
Lemma 4.2, we obtain

/ / ly||te20r ) dydxﬂ/ / Lyallyll'e™ ¥ dy dz = O(log??s).  (4.7)
X X X X

Recall gs(y) = cxs(y). Since 20s|yle=205W < 1, using Lemma 3.5 and Jensen’s inequality for the
third step, and (3.4) for the final, there exists a constant C' such that

s [ [ lolfautue 20 dyda = s [ slylllfen (o) ay

< 29/ Iyllfens(y)® dy < / ly||fe—Aslul/2 [H\log Asly])[ }dy—o(log s). (4.8)

Combining (4.7) and (4.8), we obtain

s/ fQ(;)(x) dz = O(log?2s).
X
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We move on to féz). Using again that ze™® < 1 for z > 0 and (3.4), we have

s[5 [wlte e ayar < [ ol [ 1,0 ay s
X X X X

= 3/ slz|||z|/fe= 2% dz < 391/ |z|te=%1l dz = O(log?~2 s).
X X

Also, letting X = min{\, 29}

/ /Ilyl gs(y)Pe 7Y dy dw
=5 [[Iolferstoy ( J e da) ay < s [ e ay = Oftogt2s)
X X X

where the last step follows similarly as in (4.8). Thus,
s/ fQ(Z) (z)dz = O(log?2%5).
X

It remains to bound the integral of fz(z)- Using Lemma 3.5, the inequality (a + b)? < 29(a® 4 b%)
for a,b,0 > 0 and Lemma 4.3,

s [ [olfatenr ayae=s [ s [ ooty p® ayas
X X X X

< Cs? /XQ y||*e=0sl=vul (1 + [log(s|z v y\)\%(d_l)) d(z,y) = O(log?~2 s).

Finally, again using Lemma 3.5 for the inequality, a similar argument as above using Lemma 4.3
for the final step yields

s [ s [l aPae ) ay e
X X

=5 / s / lyllexs()Pers(e v 1) dy da
X X

5 20
< [ s [yl (14 osOslu ) e (14 og(slo v al) ) dyda
X X

= O(log??s). (4.9)

Combining the above two bounds, we obtain

/ £ (@ O(log?s).

Putting together the bounds for the integrals of f29 for ¢ = 1,2, 3 concludes the proof. O
Lemma 4.5. Ford > 2,0 >0, A >0 and fy defined as in (2.6),

s/ fo(x)? dz = O(log?? s).
X

Proof. As in Lemma 4.4, we consider integrals of squares of fe(i) for i = 1,2, 3 separately. Again,
we take a general exponent ¢ which can be either 2a of 4« for the norm. By Lemma 4.2, for any

t>0,
2
s/ <s/ Hy||te_0r8(y’x) dy> dz = O(log?~2s).
X X
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Using Lemma 3.5, Jensen’s inequality followed by Lemma 4.2, we have for any ¢ > 0 there exists
C such that

2
s/ ( [ lolfg. e y7>dy> d
2
- f ( [ tomaliylfesswe dy) da
X X

5 2
<os | ( [ Lmallte 0 (14 [logOulyl) 1) e dy) 0 = Oflog?2 ).

Combining using Jensen’s inequality, we obtain
/ fa 2dz = O(log?? s).

Next, we integrate the square of fa . Using Lemmas 3.5 and 4.3, there exists a constant C' such
that

2 2
s [ ( / uyutqs@:,y)@dy) ar=s [ ( / uyrtq,s(xvy)@dy) da
X X X X
2 2
<os | ( / Hyute%'xvy'ﬂdy) ar+ s [ ( / HyuteGs'xvy'”r1og<srmvyr>19<d1>dy) da
X X X X

= O(log? 2 ).

Arguing as for (4.9), bounding c) 5(y) and ¢ s(x V y) using Lemma 3.5, the inequality (a + b)? <
29(a? + b%) for a,b,0 > 0, Lemma 4.3 along with Jensen’s inequality yields

o/ ( / ||y||tgs<y>5qs<x,y>9dy>2dxzs / ( / ||y|tcA,s<y>5cl,s<xvy>"dy)2dxzoaogd—%).

(4.10)
This implies

/fe 2de = O(log? 2 s).

Finally, for the integral of ( fe(z)) , using that a?e=® < 2 for a > 0 and Corollary 3.4, we have

2 2
S/ <8/ Hy”te—ers(m,y) dy) dxzs/ (5/]1y<g;|’y“te_eslx| dy) dz
X X X X

< 3/02/ ]| % (0s]z|)? e~ 2517l dg < 23/02/ |z *te=%17l dz: = O(log??% s).
X X

Using the Cauchy—Schwarz inequality, Lemma 4.1 yields that for ¢ > 0,

2 2
/ ( / Iyl g (y)Pe (e ,y>dy> do = s /X ( /X ny<xHyutcx,xyﬁe-@s'x'dy) de

=s /X2 [y Oy @ [fers (¥ Per s (1) ens (v v y @) d(yM, y@)

1/2 2
< < / ||y<1>r|2tcm<y<1>>1°dy<1>> ( / ( /X ||y(2)|’t0/\,s(y(2))5029,s(y(1)Vy(Q))dy(2)> dy<1>)

1/2
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= O(log"?s),

where for the final step, the first factor is bounded similarly as in (4.8) while for second, we argue
as in (4.10). Thus,

s/ féQ) (z)?dz = O(log? % s).
X

Combining the bounds on the integrals of fe(i) (z)? for i = 1,2, 3 using Jensen’s inequality, we obtain
the desired result. 0

Lemma 4.6. Ford > 2,0 >0 and A\ > 0, let G5 and ks be as in (2.4) and (2.8) respectively. Then
s/ Gs(x) (K,S(ZE) + gs(fﬂ))ze de = (9(logd_2 s).
X

Proof. First note that
ks(x) = P{&(x, Ps +0,) #0} =%l zeX.

Using the Cauchy—Schwarz inequality for the second summand, Corollary 3.4 and an argument as
in (4.8) yield that for any ¢ > 0,

s/ Ha:”t(l+c,\,s(x)5)e*295‘x| dz
X

1/2 1/2
< 5/ |z||te= 2051 dz + (s/ ||l'|tC>\7S(IL‘)1OdJJ> (3/ ||| te 405l dx> = O(log?2s),
X X X

which proves s [ Gs()ks (2)? dz = O(log? 2 s). Repeating a similar argument, one obtains

s [l (14 exsla) )o@ do
X

= S/ lll'con.s(z)* do + 5/ |z[|Pex s (2)7% dz = O(log? 2 s),
X X

proving s [ Gs() gs(2)% dz = O(log?~2 s). By an application of Jensen’s inequality, we obtain the
desired conclusion. O

Proof of Theorem 1.2: By Theorem 1.1(b), there exists C; > 0 such that Var(.Z§) > Cylog? 2 s
for all s > 1. An application of Theorem 2.1 for Hs(Ps) = Z§*(Ps) with Lemmas 4.4, 4.5 and 4.6
now yields the result. O

Acknowledgements. The author would like to thank Andrew Wade for some very helpful com-
ments, and the two anonymous referees for their valuable suggestions that vastly improved the
presentation and clarity of the manuscript.

REFERENCES

[Bar00] Yu. Baryshnikov. Supporting-points processes and some of their applications. Probab. Theory Related
Fields, 117(2):163-182, 2000.

[BDHTO05] Zhi-Dong Bai, Luc Devroye, Hsien-Kuei Hwang, and Tsung-Hsi Tsai. Maxima in hypercubes. Random
Structures Algorithms, 27(3):290-309, 2005.

[BLP06]  Zhi-Dong Bai, Sungchul Lee, and Mathew D. Penrose. Rooted edges of a minimal directed spanning tree
on random points. Adv. in Appl. Probab., 38(1):1-30, 2006.

[BM21] C. Bhattacharjee and I. Molchanov. Gaussian approximation for sums of region-stabilizing scores. arXiv
preprint arXiw:2101.05103, 2021.



28

[BRO4|
[BX06]
[FN20]

[Gil61]
[LRSY19]

[PW04]
[PW06]
[PW10]
[PYO1]
[PY03]

[PY05]

[RIRO1]

[Yuk15]

C. BHATTACHARJEE

Abhay G. Bhatt and Rahul Roy. On a random directed spanning tree. Adv. in Appl. Probab., 36(1):19-42,
2004.

A. D. Barbour and Aihua Xia. Normal approximation for random sums. Adv. in Appl. Probab., 38(3):693~
728, 2006.

James Allen Fill and Daniel Q. Naiman. The Pareto record frontier. Electron. J. Probab., 25:Paper No.
92, 24, 2020.

E. N. Gilbert. Random plane networks. J. Soc. Indust. Appl. Math., 9:533-543, 1961.

Raphaél Lachiéze-Rey, Matthias Schulte, and J. E. Yukich. Normal approximation for stabilizing func-
tionals. Ann. Appl. Probab., 29(2):931-993, 2019.

Mathew D. Penrose and Andrew R. Wade. Random minimal directed spanning trees and Dickman-type
distributions. Adv. in Appl. Probab., 36(3):691-714, 2004.

Mathew D. Penrose and Andrew R. Wade. On the total length of the random minimal directed spanning
tree. Adv. in Appl. Probab., 38(2):336-372, 2006.

Mathew D. Penrose and Andrew R. Wade. Limit theorems for random spatial drainage networks. Adv. in
Appl. Probab., 42(3):659-688, 2010.

Mathew D. Penrose and J. E. Yukich. Central limit theorems for some graphs in computational geometry.
Ann. Appl. Probab., 11(4):1005-1041, 2001.

Mathew D. Penrose and J. E. Yukich. Weak laws of large numbers in geometric probability. Ann. Appl.
Probab., 13(1):277-303, 2003.

Mathew D. Penrose and J. E. Yukich. Normal approximation in geometric probability. In Stein’s method
and applications, volume 5 of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., pages 37-58. Singapore
Univ. Press, Singapore, 2005.

I. Rodriguez-Iturbe and A. Rinaldo. Fractal river basins: chance and self-organization. Cambridge Uni-
versity Press, 2001.

J. E. Yukich. Surface order scaling in stochastic geometry. Ann. Appl. Probab., 25(1):177-210, 2015.



	1. Introduction and main results
	1.1. Notation
	1.2. Model and main results

	2. Bounds for sums of region-stabilizing functionals
	3. Estimating the mean and variance
	3.1. Mean
	3.2. Variance

	4. Proof of Theorem 1.2
	Acknowledgements

	References

