KUMMER THEORY FOR MULTIQUADRATIC
OR QUARTIC CYCLIC NUMBER FIELDS

FLAVIO PERISSINOTTO AND ANTONELLA PERUCCA

ABSTRACT. Let K be a number field which is multiquadratic or quartic cyclic. We prove sev-
eral results about the Kummer extensions of K, namely concerning the intersection between
the Kummer extensions and the cyclotomic extensions of /. For G a finitely generated sub-
group of K*, we consider the cyclotomic-Kummer extensions K (Cnt, ¥/G)/K (Cnt) for all
positive integers n and ¢, and we describe an explicit finite procedure to compute at once the
degree of all these extensions.

1. INTRODUCTION

Kummer theory is a topic of significant interest in number theory, and in this paper we in-
vestigate it for a multiquadratic or quartic cyclic number field K (to ease notation we always
consider quadratic number fields to be multiquadratic). Our main result concerns the degree of
cyclotomic-Kummer extensions of K:

Theorem 1. Ler G be a finitely generated subgroup of K>, and let (s denote a root of unity
of order M. There is an explicit finite procedure to compute at once the degree

() [5G, VE) : K ()]
for all positive integers N, M such that N divides M.

To achieve this theorem we fully describe the procedure mentioned in the statement, and we
prove various results that classify the intersection between the Kummer extensions and the cyc-
lotomic extensions of K. Since our results can be applied to study further number theoretical
questions, we give here an overview.

1.1. Kummer extensions and cyclotomic extensions. We investigate the cyclic Kummer ex-
tensions of K that are abelian over QQ or, equivalently, that are contained in a cyclotomic
extension of K (for K multiquadratic, see Sections [5H6} for K~ quartic cyclic, see Section|[7)).

In Theorem [8| we classify the intersection of K ((yn, “/a) with the cyclotomic extensions of
K where o € K* and £ is any prime power.
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Lemma [9] and Lemma [21] (for multiquadratic and quartic cyclic number fields respectively)
allow us to determine those positive integers x such that & ({,) contains /%2 or some given
root of unity with order a power of 2.

For certain multiquadratic number fields, Lemmas [12] and [14| (see also Lemma [37| for Q((5))
allow us to classify all cyclic Kummer extensions of degree 4 and 8 which are contained in a
cyclotomic extension of K. See also Lemma|[I(]to determine whether a Kummer extension is
Galois over Q.

For multiquadratic number fields, we investigate in Theorem [15] the quadratic extensions of
K, more precisely which positive integers x are such that K ((,) contains these extensions. In
Theorems [I8]and [T9] we deal with the same problem for the cyclic extensions of K of degree 4
(if {4 € K) and of degree 8 (if (3 € K).

For quartic cyclic number fields we may check whether a quadratic extension is abelian over
Q thanks to Lemma Then in Theorems 23| and 25| we determine those positive integers
such that K ((;) contains such an extension. See also Lemma

Finally, Propositions [I6] [20] (for multiquadratic number fields) and Propositions [24]
(for quartic cyclic number fields) allow us to compute the positive integers  for which K ((,)
contains elements of the form (o /3, (on v/, (on /B with 8 € K *. See also Propositions
[36] which are related to the prime numbers 3 and 5 instead.

1.2. The degree of Kummer extensions. To prove Theorem [I] by [7, Section 8] we may
replace G by one element « € K * which is not a root of unity, and we consider the cyclotomic-
Kummer extension

2 K(Cus Vo) /K (Cu)
for all positive integers M, N such that N divides M. We clearly have
N
3 K YVa): K = —

for some divisor C'(M, N) of N. The integer C' (M, N') measures the failure of maximality
for the degree of the Kummer extension, and it divides a positive integer which depends only
on K and « (see [11, Theorem 3.1] for a direct proof). If N > 2, then we consider the prime
factorization N = [ [, ¢", and we can write

4) C(M,N)=]]cw ) B, e,
4N
where C'(¢™, (™) is called the (-adic failure, and where

B(M, (") := [K((eny Va) N K (Cur) : K (Gen)]
is called the ¢-adelic failure. By [[7, Remark 17] we may compute at once all numbers C'(¢", (™)

where £ is a prime number and n > 1, so we only need to provide formulas for the ¢-adelic
failure B(M, (™).

In [12} [7] we have described a finite procedure for the computation of the ¢-adelic failure
over Q and over quadratic number fields. Now we consider number fields which are either
multiquadratic or quartic cyclic, and we provide an explicit finite procedure to compute the
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(-adelic failure B(M, (™) for all prime numbers ¢, all n > 1, and for all M > 1 such that /"
divides M, see Sections [8|and[9] By [11, Lemma 3.5] we have B(M, (") = 1if ¢, ¢ K. Thus
for all considered number fields we investigate the 2-adelic failure; if K is multiquadratic and
(3 € K, then we also study the 3-adelic failure; for the quartic field Q((5) we also study the
5-adelic failure.

Finally, we have the following:

Remark 2. Theorem [I| also holds for all number fields that have no quadratic subfields (in
particular, it holds for all number fields of odd degree).

Indeed, the above discussion is still valid hence it suffices to study the 2-adelic failure, see
Section[8.3]

2. PRELIMINARIES

2.1. Notation. Squarefree numbers, multiples, and divisors can be negative integers. The
same holds for the squarefree part of a non-zero integer (i.e. the squarefree integer that multi-
plied by the given integer is a square) and for the odd squarefree part (i.e. the odd squarefree
integer which multiplied by a power of 2 is the squarefree part). When we say that an integer
is minimal, then we always mean that it is minimal w.r.t. divisibility.

If K is a number field, then we work with some algebraic closure K of K. If n is a positive
integer, then p,, denotes the group of n-th roots of unity and (,, denotes a fixed root of unity
of order n (in general the choice does not matter, but when we write ¢,, and (,,; we sometimes
choose ¢, = ¢%,). We also write fio = Uy, and, if £ is a prime number, jipec = Uy pign. If
the extension K/Q is abelian, then the conductor cx of K is the minimal positive integer n
such that K C Q((,). We call Kummer extension of K any finite abelian extension of K of
exponent n such that (,, € K (in this paper Kummer extensions are usually cyclic).

If n is a non-zero integer and ¢ is a prime number, then we write vy(n) for the ¢-adic valuation.
If « € K* and p is a prime of K (by which we mean a non-zero prime ideal of the ring of
integers of K), then vy () is the p-adic valuation of the fractional ideal generated by .

If £ is a prime number, then o € K * is said to be strongly (-indivisible if (o ¢ K** for all

¢ € e N K. Any v € K which is not a root of unity can be written as « = ¢ Bzd, where
¢ € K is aroot of unity of order o, B € K* is strongly ¢-indivisible, and d > 0, see [10,
Section 3]: we also require that h = 0 or b > vg(#( e N K')) —d, so that h and d exist unique.

2.2. A result on quadratic extensions.

Lemma 3. Consider a number field Q) and two finite abelian extensions K /Q and K'/Q which
are linearly disjoint. A quadratic subextension of K K'/Q which is not contained in K or K’

is of the form Q(\/dd') for some d,d’ € Q such that /d € K\ Q and V/d' € K'\ Q.

Proof. If L is a quadratic subextension of K K’/ which is not contained in K or K’, then it
suffices to prove that it is contained in Ly Ly, where Ly C K and Lg C K’ are quadratic
over (). Consider the quadratic character

x: Gal(KK'/Q) — {£1}
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corresponding to L: composing x with the natural embedding
Gal(K/Q) — Gal(K/Q) x Gal(K'/Q) = Gal(KK'/Q)

we get a character xx : Gal(K/Q) — {£1}. Since L € K, the character y i is quadratic
and corresponds to a quadratic subextension L /). We similarly define y g+ and Lg/. The
kernel of x is contained in the product of the kernels of xx and x g, and we conclude be-
cause this product corresponds to Lx L. Indeed, it is the largest subgroup of Gal(K K'/Q)
whose restriction to Gal(K/Q) (respectively, Gal(K’/Q)) is contained in the kernel of i
(respectively, x k). ]

Remark 4. Let F be the largest multiquadratic subextension of Q(Car), where M > 3. By
Lemma 3| F is generated by the elements \/%£p, where p | M is a prime such that +p =
1 mod 4, and by (4 (if 4 | M), and by /2 (if 8 | M). Moreover, if K is a multiquadratic
number field, then K F is the largest multiquadratic subextension of K ((pr).

Remark 5. Let K = Q(\/d1,.../d,) for some squarefree integers di,...,d,. For a non-
empty subset I of {1,...,r} we call d the squarefree part of [ [, di. By applying Lemma
the squarefree integers in K*? are the integers dj.

2.3. Quartic cyclic number fields. A quartic cyclic number field (i.e. an abelian extension of
Q with Galois group Z/47) is either a totally real or a CM field, and the quadratic subextension
is totally real: for a CM quartic field embedded in C, the quadratic subextension is the field
fixed by the complex conjugation. The roots of unity contained in a quartic cyclic number field
are 1o for Q((s), and o otherwise. In particular, for Q((5) we have to study only the 2-adelic
failure and the 5-adelic failure, and for the other quartic cyclic number fields only the 2-adelic
failure.

Remark 6 ([4, Theorem 1 and the following lines, Theorem 3]). Let D be a squarefree positive
integer. A quartic cyclic number field containing /D is of the form

(A +BVD)) =@(y/A(D - BVD))

where A is an odd squarefree integer coprime to D and B is a positive integer such that D — B?
is a square (the integers A and B exist unique). In particular, D and B cannot be both even,
and (by the Sum of two squares theorem) D is not divisible by prime numbers congruent to 3
modulo 4. The conductor of the quartic cyclic number field is

S|A|D if2}B
4|A|D if A+ B=3mod4
|A|ID if A+ B=1mod4.

In particular, A is the product of the odd prime numbers coprime to D that ramify in the quartic
cyclic number field.

Let C be the positive integer such that D = B? 4 C?, and notice that precisely one among the
integers D, B, C'is even. We define

v = A(D + BVD) and ~ =A(D+CVD).
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Remark 7. Suppose that 2 | C. Then we have Q(,/7,v2) = Q(v/7/,V2) because we can

write

5) 21/ — ((C_B)_\/T))Q

0% B
Moreover, the conductor of Q(,/7) is 8 |A| D, so we have Q((jap; /) = Q({ap; VE2)
and hence \/+v" € Q((4|p) for one choice of the sign.

3. INTERSECTION BETWEEN CYCLOTOMIC EXTENSIONS AND KUMMER EXTENSIONS

Theorem 8. Let K be a number field, and let ¢ be a prime number. We assume that t €

{1,2,3}, where t = vy(#(ppee N K)). Let « € K* \ poo, and write o = (pn 3 “ where
B8 € K* is strongly (-indivisible, d > 0, and h = 0 ort — d < h < t. Forn > 1 we describe
the field

K(C ™y Z%) m*l:((:u’oo) :

(1) If1 < n < d, then it is K(Cpnin).
(2) If /B ¢ K(uoo), then it is
K(Cpiz) ifn=d+1,h=3
K((pm+1) fn=d+1L, h=20rn=d+2, h=3
K(Gn) ifnzd+h.
(3) If\feK(uoo)and /B & K (1), then it is
K(Con Conn/B) ifn=d+1
(an+2f) ifn=d+2 h=3
(Cpnir/B) fn=d+2 h=20orn=d+3 h=3
(Cens /B) ifn>d+1+h.

(1oo) and /B ¢ K (o) (Which implies t € {2,3}), then it is

(Cens GrninV/B) - ifn=d +1

(GG ¥/B) ifn=d 42

(Cmi2/B)  ifn=d+3 h=3

(Cen, gnﬂ\f) ifn=d+3 h=20orn=d+4,h=3
(Cen, V/B) ifnzd+2+h.

(Hoo) (Which implies t = 3), then it is

(Cen, th\f) fn=d+1
(Cen € en+h\F) fn=d+2
(QnQMﬁVU fn=d+3
(
(
(

X RRAR

(4) If /B €

AARRRR

=

(5)If VB e

(s Gne2V/B) ifn=d+4h=3
an C£n+1\/>) lfn_d—f—é‘: h—20rn=d+5,h:3
Con, V/P) ifn>d+3+h.

If1 < 1 < h, then by Cynir we mean here any (" ~"-th root of ;.

RARR AR
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In the above formulas, the extension K ((pm, “/a) N K (oo )/ K ({m) is generated by an ele-
ment of the form (pnse+/B only when n + z > t + 2, of the form Cpntz /B only when
n+x >t+ 3 (and t € {2,3}) and of the form (pn+« o/B only whenn + x > 7 (and t = 3).

Proof. For t € {1,2} we refer to [7, Theorem 12], so suppose that ¢ = 3. Moreover, the
proof of that result also covers the case h < 2 and 4/B ¢ K(uoo). If n < d, then we
clearly have K ((pn, “/a) = K (Cnin), so suppose thatn > d + 1. We set L := K (o) and
K' = K(Cm,/a) N L.

The case h < 2 and ef/B € L. If h = 0, then a generator for K/ /K () is: /B, ifn = d+1;
o/B,iftn=d+2; VB, ifn>d+3.

If h = 1, then we have ezf: anﬂzf/ﬁforn =d+zxand x = 1,2,3, while forn > d + 4
there is a power of ‘/a of the form 53/35 for some £ € pym which generates K’/ K ((sm).
If h = 2, then 4/a = (pnse Zn_f/ﬁ lies in L for n < d+3, its {-th power lies in L for n < d+4,
and some higher power of the form Q/Bﬁ for some £ € pyn liesin L forn > d + 5.

The case h = 3. If n = d + 1, then /o = (pnr3V/B generates K' /K ((m) if /B € L, else
we have “V/a ¢ L and K' = K (Cnsz2). If n = d + 2, then we have /o = (gnsa /B, s0
K'/K () is generated by: Cpnis /B, if /B € L; its (-th power, if VB € L and /B ¢ L;
its £2-th power, if /3 ¢ L. Now suppose that n > d + 3.

If /B ¢ L, then we have K’ = K((n). If VB € Land /B ¢ L: forn = d + 3 the (2-th
power of “4/a is in L, and some higher power is in L if n > d + 4.

If 4/B € Land 4/B ¢ L: forn = d+ 3 the {-th power of 4/ais in L; for n = d + 4 its £2-th
power; for n > d + 5 some higher power.

If ‘\3/3 € L, then we have: for n = d + 3 the element %/« lies in L; for n = d + 4 its {-th
power; for n = d + 5 its £2-th power; for n > d 4 6 some higher power. g

4. CYCLOTOMIC EXTENSIONS OF MULTIQUADRATIC NUMBER FIELDS

Let K be a multiquadratic number field.

Lemma 9. Let K = Q(\/dy,...\/d,) for some squarefree integers dy,...,d,. For a non-
empty subset I of {1,...,r} we call dj the squarefree part of [[;c;di. If + > 1, then we
characterize when some elements are in K ((;):

Element in K((;) | Equivalent condition

Con (n>4) 2" | x

€ (1, V2 € K(G)

Ca 4|z, ord; =3 mod 4 and d; | x for some I

VE2 8|z, ord | xand?2 | d;and dr | 2z for some I,
ordy | 2x and d; = +2 mod 8 for some I .

Proof. The assertion for (on follows from the fact that 16 { ¢k, and the assertion for (g is clear.
It is straight-forward to prove that all given conditions are sufficient. We now apply Remarks

4HSl
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If (4 € K({;) and 4 {1 z, then there is some squarefree m | x such that m = 1 mod 4 and

—md; € Q*2 hence we have d; = —m for some I.
If V£2 € K({;) and 8 { , then there is some odd squarefree m | = (such that m = 1 mod 4,
if 2 1 ) such that +2md; € Q*? hence we have d; = +2m for some I. O

The following result allows us in certain cases to conclude directly that a Kummer extension
of K is not contained in any cyclotomic extension of K:

Lemma 10. If o € K* and 0 < s < va(#(u2~ N K)), then the following properties are
equivalent:

o The extension K( %/a)/Q is Galois.

e For every o € Gal(K/Q) we have K( 3/a) = K( 3/0(a)).

e For every o € Gal(K/Q) there is some odd integer x such that o - o(a)® € K*?°.

In the last two properties we could restrict to any set of generators for Gal(K/Q).

Proof. Up to replacing « with a root which is in K * and choosing a smaller s, we may suppose
that [K( %/a) : K] = 2°. The second and third property are equivalent by Kummer theory.
The number fields K ( %/a) and K ( %/o(a)) have the same degree, so the equality means that
5(%/a) € K(&/a), where & : K(3/a) — K is any field homomorphism extending o. This
shows that the first two properties are equivalent. We are left to show that the second property
holds for all 7 € Gal(K/Q) if it holds for a set of generators. We write 7 as a product of
generators, and we proceed by induction on the number of factors. The assertion is clear if
there is only one factor, so let 7 = oo’, where o is a generator and the induction hypothesis
holds for o’. We know that K ( %/a) = K( %/0’(c)), and we conclude because &( 3/a) is in
this field, and 5( %/’ () is a 2°-th root of 7(v). O

Definition 11. Let p be a prime number such that p = 1 mod 4. If p = 5 mod 8§, then let
Bp € Q(C4) be such that Q(C4, v/B) is the quartic subextension of Q((ap)/Q(ls); if p =
1 mod 8, then let 8, € Q(C4, /) be such that Q({4, \/p, v/B) is the subextension of degree
8 of Q(C4p)/Q(C4). To determine these elements one can apply the procedure presented in [6]
Section 4].

Lemma 12. Suppose that (4 € K, and let N be a positive integer such that \/p € K for every
odd prime p | N. Any cyclic subextension of K((n)/K of degree 4 equals K (/g) for some
g € K*\ K*2 of the form

g=G¢ [ & I &

p=>5 mod 8 g=1 mod 8

such that p, q are odd prime divisors of N and the integers e € {0,1,2,3}, e, € {0,2}, and
eq € {0, 1,2} satisfy the following conditions:

e# 1 if(s € K;

e#3,if(s¢ Kor32{N;

e=0,if8t Norif(s € K and 16 1 N;
e =3 oreq, = 1forsomeq.
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Different choices for the exponents give rise to distinct extensions. If x > 1, then we have
Vg € K(() if and only if we have va(x) > e + 2 for e # 0 and p | x for all primes
p = 1 mod 4 such that e, # 0.

Proof. The given conditions on x are clearly sufficient to ensure /g € K((;). They are also
necessary, as can be seen by adding the fourth roots of all but one of the elements (se (if e # 0)
and 5;” (if e, # 0). This line of reasoning also shows that different choices for the exponents
give rise to distinct extensions, and that K (/g)/K has degree 4.

We have (/g € L, where L is the field corresponding to the largest quotient of exponent 4 of
Gal(K((n)/K). We can factor Gal(L/K) as the product of the largest quotient of exponent
4 of Gal(K (Cyuy(n))/K) and, for every odd prime p | N, the quotient of order 2 (respectively,
4) of Gal(K((p)/K) if p = 5 mod 8 (respectively, p = 1 mod 8), calling Ly and L, the
corresponding fields. Notice that the fourth roots of (2c (respectively, 5;? ) generate a cyclic
subextension of Ly /K (respectively, L,/K) of degree dividing 4, and of degree dividing 2
if p = 5 mod 8. By taking products of these roots, we get an extension of K of degree 4
unless all roots generate extensions of degree at most 2, so we may conclude with a counting
argument as in the proof of [7, Theorem 11]. O

Definition 13. Let p be a prime number. If p = 5 mod 8, then let 7, € Q({4) be such
that Q(Cs, /7p) is the quartic subextension of Q(C4p)/Q(Cs). If p = 9 mod 16, then let
np € Q(C4, /P) be such that Q(Cy, \/p, {/7p) is the subextension of degree 8 of Q((4p)/Q(Cs)
(alternatively, one could work with 7, € Q(Cg) such that Q(Cs, §/77},) is the subextension
of degree 8 of Q((gp)/Q(Cs)). If p = 1 mod 16, then let n, € Q((s,/p) be such that
Q(Css /P> /Mp) is the subextension of degree 16 of Q((sp)/Q((s). To determine these ele-
ments one can apply the procedure presented in [[6, Section 4].

Lemma 14. Suppose that (3 € K, and let N be a positive integer such that \/p € K for every
odd prime p | N. Any cyclic subextension of K((n)/K of degree 8 equals K (/g) for some
g € K>\ K*2 of the form

g9=C I » II = II =

p=>5 mod 8 ¢=9 mod 16 r=1 mod 16

such that p, q,r are odd prime divisors of N and the integers e € {0,1,2,3}, e, € {0,4},
eq € {0,2}, and e, € {0,1,2,4} satisfy the following conditions:

e=0,if161N;
e<1if32¢fN;
e#3,if641N;
e =3ore, =1 forsomer.

Different choices for the exponents give rise to distinct extensions. If x > 1, then we have
Y9 € K(() if and only if we have va(x) > e+ 3 for e # 0 and p | x for all primes
p = 1 mod 4 such that e, # 0.

Proof. The proof is analogous to the one of Lemma|12|so we leave it as an exercise. g



KUMMER THEORY FOR MULTIQUADRATIC OR QUARTIC CYCLIC NUMBER FIELDS 9
5. QUADRATIC EXTENSIONS OF MULTIQUADRATIC NUMBER FIELDS

Let K be a multiquadratic number field, and write K = Q(v/dy, . . ., \/d,) for some squarefree
integers d, . .., d, such that Gal(K/Q) = (Z/2Z)". An extension of K of degree 2 is of the
form K ( /a) for some o € K* \ K*2, and we fix such an a. The extension K (y/a)/Q is
abelian if and only if K (y/a) € Q(f00), and in this case the Galois group Gal(K (v/a)/Q) is
isomorphic to either

(z)27)™  or  (Z/2Z)"' x Z/AZ.

In the first case K (y/«) is multiquadratic and hence K (y/a) = K (y/m) for some squarefree
integer m (thus, a/m € K*?). We can find m or conclude that no such m exists by checking
finitely many possibilities because the odd prime divisors of m ramify in K (/).

In the second case we have K (/o) = K (,/7) for some v € K* such that Q(,/7) is quartic
cyclic (thus, a/y € K*2). We let 7,7/, A, B,C, D be as in Section We can find v or
conclude that no such ~ exists by checking finitely many possibilities (since (@(\/ﬁ) C K,
there are only finitely many possibilities for D and hence for B; the prime divisors of A ramify
in K (\/a)).

Notice that the odd primes ramifying in K (y/a) are those ramifying in K and those that lie
below a prime of K ramifying in K (1/«) (these can be found with [[7, Lemma 2]).

Theorem 15. We keep the above notation, and we suppose that K (\/a)/Q is abelian. The
minimal integers © > 1 such that \/a € K((;) form a non-empty, finite, and computable set.
For any x > 1 we have \/a € K (() if and only if one of the following holds:

(1) We have K (\/a) = K(y/m) and \/m]];c,d; € Q(() for some J C{1,... r}.
(2) We have K (\/a) = K(\/7) and x is a multiple of

w8D  for some w such that VA € K (Cusp)  if2| D
wD  for some w such that /£ A € K((yp) ifl1+ B=41mod4
wD  for some w such that /£2A € K((yp) if1+C =+1mod4.

We can take w minimal, so that it belongs to a finite computable set.

Proof. Case (1) is a consequence of Lemma [3| because we can focus on the maximal mul-
tiquadratic subextension of Q((,) and because it is immediate to determine the conductor
of each field Q(\/m[][d;). Now we deal with Case (2) (recall that precisely one among
B,C,Diseven). If p | D is prime, then let C, be the quartic cyclic subextension of Q((p),
or Q(Ci6 + () for p = 2; if ¢ 1 D is an odd prime ramifying in K (1/), then consider the
quadratic subextension Cy, of Q((y). So K(,/7) is contained in

L= [ ]¢C»-

We claim that K'(,/7) € L', where L’ is obtained from L by replacing some C), by a quadratic
subextension. This implies that D | x, and that 16 | = if 2 | D. In the three subcases of (2) the
field K ((,) contains y/v/A, \/£v/A, and \/+~'/A respectively. So we are left to determine
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the minimal z such that K (¢,) contains v/A, v/£A and v/42A respectively, and we conclude
by Case (1).
To prove the claim, let G := Gal(L/Q) = (Z/4Z)* x (Z/2Z)! for some integers s, t. We may
choose g1, . . ., g which generate the cyclic factors of order 4 and are such that g g; fixes v/D.
W.l.o.g. we have

G’ = Cal(L'/Q) = G/ < g3 >= (Z)27) x (ZJAZ)*~' x (Z)2Z)" .

If \/7 € L', then there are subgroups G4 < G| < G’ such that G'/GY = Z/4Z and G’ /G’ =
7/27. This is impossible because we have G| = (Z/4Z)*~! x (Z/2Z)! (as generators for
(Z/A7)~! we can take the class of gy g; fori # 1). O

Proposition 16. If 5 € K> \ K*? is such that K(\/B) is multiquadratic, then the set S
consisting of the squarefree integers b such that K(v/b) = K(/B) is non-empty, finite, and
computable. If © > 1, then we characterize when some elements are in K ((;):

Element in K (C) | Equivalent condition

VB Vb € Q((y) for some b € S
Coen/B (e > 4) 2¢| x and b | x for some b € S
(VB (s € K((z) and b | x for some odd b € S, or

V2,v/=2 ¢ K and {4 € K((.) and b | 2z for some even b € S .

Proof. There is a squarefree integer m such that K (1/3) = K(y/m), thus S consists of the
squarefree part of the integers mz, where z is a subproduct of d; - - - d,.. The assertion on \//3
then follows from Theorem [15|(1). Consider b € S. If 8 | z, then the condition b | x is
equivalent to Vb € Q(¢), and in general it is a necessary condition. If v/2 and ¢4 are in
K((y), orif ¢4 € K () and bis odd, then b | 2 is sufficient for vb € K ((,).

The given conditions for (s¢+/B and (g+/3 are then sufficient (for the last one, we have
V2b € K(¢;) and we conclude because v/2/Cs € Q((4)). The given condition for (ae /B
is necessary because we must have 2¢ | z (if v2(y) < e, then 2¢ does not divide the conductor

ofK(\/B, Cy))-

Now suppose that (sv/3 € K((;) and hence {4 € K({;). If (s € K((;), then we conclude
for b odd. If b is even and /2 or v/—2 are in K, then we can reduce to the case b odd and (g €
K (¢). Now suppose that /2, /=2 ¢ K. Since for all b € S we have v/b € K (Cem(s,z))» bY
Lemmawe deduce that /b € Q(Ciem(s,z)) for some b € S and hence b | 2z. If b is odd, then
v/ and hence (g would be in K ((,). O

Notice that in the following result the sets S, Sy and Sg exist and they are non-empty, finite,
and computable by Lemma [9]and Theorem

Proposition 17. If 3 € K* \ K*? is such that K (\/B) is contains a quartic cyclic number
field, then consider the finite non-empty computable set S of minimal positive integers y such
that \/B € K((,), and similarly define Sy by requiring ¢4 € K((,) and Ss by requiring
(s € K((y). Let y' denote the odd part of y. For any fixed e > 3, the integers x > 1 such that
Caen/B € K(() are those satisfying at least one of the following conditions:

e 2¢| zandy | x for somey € S;
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e ife =3, lem(s,y) | x for some s € Sg and for some y € S;
eife =4, v9(y) =4 (thus, (s € K), 3y | x for somey € S;
eife=3and 2,2 ¢ K, va(y) = 3, lem(s, ') | = for some s € Sy and for some y € S.

Proof. By minimality, for every y € S we have: va(y) € {0,2,3,4}; va(y) = 4 implies

(s € K; va(y) = 3implies v/2,v/—2 ¢ K; va(y) = 2 implies ¢4 ¢ K.

If 2 > 11is such that (o¢ /[ (and hence also (5c-1) is in K ((;), then we have /3 € K (Com(2¢ 2))
and in particular 3/’ | x for some y € S. If (3¢ € K((,), then we have {2/ € K((;) if and

only if v/3 € K((;) (this leads to the first two conditions in the statement). If (oc ¢ K (),

then we can have (2cv/B € K((;) only if /3 ¢ K({.). Now suppose that (ae, /B ¢ K ((;):

we claim that (oe1/ € K () holds if and only if (3c-1 € K({;), v |  for some y € S, and

va(y) = e (this leads to the last two conditions in the statement).

To prove the converse implication in the claim, consider that K (¢, (2¢) = K ((z, v/3) because
both fields have degree 2 over K ((,) and the former contains the latter, thus (2cv/3 € K((;).
We now prove the direct implication, namely that va(y) = e: if v2(y) < e, then we would
deduce /B € K((;); if v2(y) > e (which holds for either none or all y € S), then (since

va(z) < e) we would have /B ¢ K (Cem(2e ¢))» contradicting Coe /B € K (). O

6. CYCLIC EXTENSIONS OF DEGREE 4 OR 8 OF MULTIQUADRATIC NUMBER FIELDS

Let K be a multiquadratic number field containing (4, and let Gal(K/Q) be isomorphic to
(Z/2Z)" for some r > 1. If L/ K is an extension which is cyclic of degree 4 and it is contained
in K ({100 ), then L/Q is abelian and we have L = K ({/a) for some a € K* \ K *2. Moreover,
Gal(L/Q) is isomorphic to either

(Z)2Z)" x ZJAZ ~— or  (Z/2Z) "' x Z/8Z

because it has a cyclic subgroup of order 4 and it is not (Z/27Z)" =2 x (Z/47)?, as Gal(K/Q)
is obtained by quotienting a cyclic subgroup of order 4. We now fix a € K* \ K*2, so that
K({/a)/K is cyclic of degree 4.

Theorem 18. It is possible to check whether K (/) /Q is abelian, and in this case there are
finitely many computable minimal integers x > 1 such that /oo € K ((;).

Proof. The extension K (v/)/Q is abelian of exponent 4 if and only if K (v/a) = K(,/7),
where Q(,/7) is quartic cyclic (we keep the notation of Section . If v exists, then it belongs
to a finite computable set, as seen at the beginning of Section [5] (there are only finitely many
possibilities for D because K(v/D) = K( /a), and we may work with this multiquadratic
number field). Those integers x as requested can be found with Theorem [I3] (first we make
sure that v/D € K((,), and then we apply the result to K (v/D)).

Let M be the product of all odd prime numbers ramifying in K (/) (the primes of K rami-
fying in K (/) can be found with [7, Lemma 2]). If K(/«)/Q is abelian (and hence it has
exponent dividing 8), then /a € K ((32/) (and /o € K((i6p) if (s ¢ K). To determine
whether it is abelian of exponent 8, let F' be the extension of K obtained by adding /p for all
odd primes p | M. It is equivalent that F'(/a))/Q is abelian of exponent 8, and this is the case
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if and only if a/g € F** for some g as in Lemma (notice that the set of possible g is finite
and computable).

By Lemma we can also determine the minimal integer y > 1 such that /oo € F((,). Let
y = yo2¥, where yg is the odd part of y, and consider the largest multiquadratic subfield of
K (Cy,), which we call K'. If 0 < e < 3is asin Lemma then we have e + 2 = v < 4 if
(s ¢ K and hence (2 € K. So we have g € K’. Since F'/Q has exponent 2 and \/a/g € F,
we must have \/a/g € K’ and hence by Proposition [16| we are able to find those finitely
many minimal Y (requiring yo | Y) such that {/a/g, respectively (yet2+/ct/g if e > 0, is
in K'({y) = K(Cy). These Y are minimal with the property that yo | Y and /o € K({y)
because, writing g = (2¢ go, we have /g € K((y,)- O

Now we suppose that (s € K, and we study the extensions L/K which are cyclic of degree 8.
We have L = K ({/a) for some o € K>\ K*2, 50 we fix « as such. If K (/) /Q is abelian,
then its Galois group is isomorphic to either

(Z)27)" x ZJS8Z ~ or  (Z/2Z)"' x Z/16Z

because there is a cyclic subgroup of order 8, and Gal(K /Q) is a quotient by a cyclic group of
order 8.

Theorem 19. It is possible to check whether K (/) /Q is abelian, and in this case there are
finitely many computable minimal integers x > 1 such that /o € K ((;).

Proof. Let o/ = /a. The extension K (/«)/Q is abelian of exponent 8 only if K (o) is
multiquadratic. In this case we have K (&a) = K(o/, v/a'), so we can apply Theorem
to find all x such that /o € K (¢, (;), and then Theorem [15[(1) to select those x such that
o € K(Cy).

Let M, F be as in the proof of Theorem|[18] The extension K (3/a)/Q is abelian only if /o €
K ({ganr). Itis abelian of exponent 16 if and only if the same holds for F'({/«)/Q, equivalently
there is some g € F' as in Lemma such that a/g € F*® (the set of possible g is finite and
computable). By Lemma|[14] we can find the minimal y > 1 such that {/a € F((,). Consider
the largest multiquadratic subfield of K ((,) or equivalently of F'((,), which we call K’. As in
the proof of Theorem we have g € K’ and {/a/g € K'. By Proposition |16|we may then
find the finitely many minimal Y > 1 with y | Y such that {/«/g € K'({y) = K({y). These
are the minimal Y > 1 such that y | Y and {/or € K ({y') because /g € K((y). O

Proposition 20. Let 3 € K>\ K*2.

(1) Suppose that (4 € K (here we do not require (s € K ) and that K (+/3)/Q is abelian.
Lete > 6,0ore=5and (s ¢ K. We have (ae /B € K(() for some x > 1 if and only
iflem(2¢,y) | = for some y > 1 such that /B € K((y).

(2) Suppose that (s € K and that K({/B)/Q is abelian. Let ¢ > 7. We have (¢ {/3 €
K((y) for some x > 1 if and only if lem(2°,y) | x for some y > 1 such that /B €

K(Gy)-

In particular, the minimal integers x > 1 as above are, in both cases, a finite computable set.
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Proof. The minimal integers y as in the statement are a non-empty finite computable set .S
by Theorems [18| and Moreover, the condition lem(2¢,y) | = for some y € S is clearly
sufficient. To prove that it is necessary, we apply Lemma@ For (1), since v/3 € K (Clem(2¢,2) )
the odd part of some y € S divides = and we are left to prove 2¢ | . If e > 6, then
Coe-1 € K((;) and hence 27! | 2. Thus y | = hence (oc € K((,) and we conclude. If e = 5
and (g ¢ K, then for every odd z > 1 we have (32v/8 ¢ K (16.) (this field contains /3 but
not (32) and we conclude. For (2), since (ye-1v/B € K((,) we get 21 | 2 by (1), and we
similarly conclude. g

7. EXTENSIONS OF A QUARTIC CYCLIC NUMBER FIELD

In this section K = Q(,/7) is a quartic cyclic number field, and we keep the notation of
Section 2.3

Lemma 21. We characterize when some elements are in K ((;), where v > 1:

Element in K((,) | Equivalent condition

Con (n = 5) 2" | x

C16 16 |z, 0or2 | D,4AD | x

(8 8|z, 0r2| D, 2D |z, 0r2|C, 4AD |z

Ca 4|z, or AD |z, A+ B=3mod 4

V2 (s € K((z),or2| D, D|2x,0or AD | x, A+ C =1mod 4
V=2 (s € K(¢), orAD |2, A+ C =3 mod 4.

Proof. We may suppose w.l.o.g. that = is odd or 4 | = (notice that in the conditions in the
statement each congruence implies that D is odd). We set n = 2 4+ /2 and vy = v /A, and we
call c¢x the conductor of K. The assertion for (on is clear because 32 1 cx.

The element (16: Suppose that (16 € K((;) and 16 { x, which implies 16 | cx and hence
2 | D. Thus /i € K({) \ Q(¢z). We claim that vD € Q((,) or equivalently 4D | z. If
not, then by Lemma [3| we have /D € Q((;) thus (D/2) |  and n € Q(¢;), which gives
8 | x and hence 4D | x, contradiction. The conductor of Q(,/70) is 8D, so both /¥ and /7y
generate K ((;) over Q((;). Thus VA € Q(¢,) and hence A | x. For the other implication:
if 2| D,4AD | x, and 16 { z, then we have Q((;) € K((z) € Q((s, C16) so we conclude
because (g € Q((z).

The element (g: Suppose that (s € K((,) and 8 1 x, which implies 8 | cx and hence either
2| Dor2| C. If VD ¢ Q((), then by Lemmawe have 2D € Q((,), which implies
2| D and (D/2) | 2. We have K ((;) = Q((z,v/2) and hence ¢4 € Q((,), so 2D | 2. Now
suppose VD € Q((y): if D is even, then 4D | x; if D is odd, then v/2 € K ((,) implies 2 | «
hence 4D | . To prove A | z, or equivalently VA € Q(,), consider that /7, /70 are both in
K((x) \ Q(¢;) because 8 | cx and the conductor of Q(/70) is 8D. For the other implication:
if 84,2 | D,and 2D | x, then we have (4 € Q((;), and we also have v/2 € K ((,) because
both v/D and /D /2 are in this field; if 8 { z, 2 | C, and 4AD | x, then ¢; € Q(¢,) and we
conclude because K ((,) is contained in Q((;, (g) but not in Q((,).
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The element (4: Suppose that {4 € K((,) and that = is odd, hence 4 | cx. We cannot
have 8 | ¢k, else K (| a|ps)/Q({|ap2) would not be cyclic as it would be generated by (s. So
cx = 4|/A|D and hence A+ B = 3 mod 4, thus D is odd and hence it is congruent to 1 mod 4.
Since K ((;)/Q(Cs) is cyclic and K (¢,) contains v/D and (4, we must have VD € Q((y),
thus K((;) = Q(C4z) and hence AD | z. For the other implication: if 4 { z and AD |  and
A+ B = 3 mod 4, then we conclude because K ((jap) € K((;) is contained in Q({4j4/p)

but not in Q(¢j4|p)-

The elements \/£2: Suppose that v/+2 € K((;) and (g ¢ K((z), so {4 ¢ K((;) and =
is odd. Since 8 | cg, we have either 2 | D or 2 | C. If VD € Q((), then 2 f D and
D | z. If VD ¢ Q(C), then vE2D € Q((,) by Lemma and so the odd part of D
divides . Now we may suppose that 2 { BD and D | z, which imply v'D € Q((,) and
hence K () = Q({s,v£2). In particular, we have A | z. From Remark we deduce that
VEY" € Q(¢). With the plus sign, the conductor of Q(1/77) is odd, else the conductor is four
times an odd number. We conclude that A + C' = £1 mod 4. For the other implication: if
2| D and D | 2x (recalling that all odd prime divisors of D are congruent to 1 mod 4), then
K () contains v D and \/D/2;if AD | z and A+ C = 41 mod 4, then /7y € K((,) and

VEY € Q(¢ap) € K(C). 50 K(Cy) contains /£2 by Remark O

Fix a € K*\ K*2. If K(y/a) is contained in K (jis,), then it is an abelian extension of Q of
degree 8. Its Galois group over QQ has a cyclic quotient of order 4, so it is isomorphic either to

ZJAT x 7J27.  or  Z7/87Z.

Lemma 22. The extension K (\/a)/Q is abelian if and only if it is Galois if and only if we
have o - o(a) € K*2, where o is some generator for Gal(K/Q).

Proof. If K(y/a)/Q is Galois, then it is abelian because its Galois group has order 8 and it has
a quotient isomorphic to Z/47. For the second equivalence we may reason as in the proof of
[7, Lemma 4], where we consider a - o(«) instead of N /g(a). O

The extension K (1/«)/Q is abelian and not cyclic only if there is some squarefree integer m
such that K (v/a) = K(y/m) and hence a/m € K*2. To determine if m exists and to find
it, it suffices to check finitely many possibilities because the odd primes dividing m ramify in
K (y/«) (these can be found with [7, Lemma 2] and by considering the conductor of K).

Theorem 23. We keep the above notation and the one from Section2.3] If K (/o) = K (y/m),
then for x > 1 we have \/a € K((;) if and only if x is a multiple of at least one of the following
numbers:

e the conductor of Q(y/m);

e the conductor of Q(v Dm);

e 8D times the conductor of @(m)

e D times the conductor of Q(v/£Am), if A+ B = +1 mod 4;

o D times the conductor of Q(v/£2Am), if A+ C = +1 mod 4.
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Proof. Since Q(y/m) and Q(v/mD) are the quadratic subextensions of K (y/a) not con-
tained in K, the first two given conditions are sufficient. The other conditions are also suf-
ficient because Q((,) respectively contains the square roots of D + Bv/D, +(D + Bv/'D),
+2(D + B\/B) by Remark@and @), so it contains VANEANE2A.

Now suppose that v/a € K((;). If K € Q(¢;) or K N Q(¢,) = Q, then by Lemma[3]\/m or
v Dm is in Q((,) and we have the first or second condition. Now suppose that v D € Q(,)
and K Z Q((,), and in particular we have D | z,and 4D | z if 2 | D.

If A+ B = +1mod 4, then \/+(D + BvVD) € Q({,) and hence K((;) = Q(y, VEA).
Thus by Lemma [3| \/m or v/+Am is in Q(¢,) and we have the first or fourth condition. If
8D | x, then we may reason analogously because v/ D + Bv/D € Q((,).

If 2 | D (thus 4D | x) and 8D ¢ x, then we have K((;) = Q(Cm, VA2 + \@)) because
V24 /2 and \/D 4 BV/D generate the same extension over Q(¢;p). By Lemma |3 and

since v/2 € Q(¢,) all quadratic subextensions of K ({;) are contained in Q((;), so we have
the first condition.

If A+ C = 41 mod 4, then we have \/12(13 + BVD) € Q(¢) by (3). So K(¢,) =
Q(¢sz, VE2A) and hence y/m or v/+2Am is in Q((,) and we conclude. O

Proposition 24. Let 3 € K* be such that K (\/B)/Q is abelian and not cyclic, and let e > 3.
An integer x > 1 such that (ae\/B € K(() is the multiple of at least one of the following
numbers:

e lcm(2°,y), for e > b, where y is such that \/B € K ((y);

o lem(w, y), if e = 4, where w is such that (2 € K (Cy) and y is such that /B € K((y);

e lcm(4, 2), ife = 3, where z is such that /23 € K((,);

elcm(AD,z2), ife = 3and A + B = 3 mod 4, where z is such that /23 € K((,).

The minimal integers x form a non-empty finite computable set.

Proof. We can find all minimal w, y, z by applying Lemmas 2T]and Theorem 23]

Write K (y/B) = K(y/m) for some squarefree integer m as seen before Theorem 23] So we
need to describe those x such that (aey/m € K((;). Notice that (aey/m € K((,) implies
Gt € K(G).

For e > 4 (considering Lemma 21| for e > 5) it suffices to prove that both (e and \/m are
in K({;). This is the case because, if K ((;,/m) and K ((z, (2¢) are non-trivial over K ((,),

then they cannot be equal as the former field has more quadratic subextensions than the latter
by Lemma[3]

If e = 3, then (4 € K((,) and hence /253 € K((;) so we conclude by Lemma O

Theorem 25. Let ck be the conductor of K (call ¢y its odd part and v its 2-adic valuation).
Let P be a prime of K over 2. If K(\/a)/Q is cyclic of degree 8, then there exists unique a
minimal integer x > 1 such that /o € K((;). The odd part of = is a multiple of ¢ and it
is the product of all odd primes whose primes of K above them ramify in K (\/«). Moreover,
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va(x) is given by

ifUK =1

ifUK =3

if vk = 2 and P ramifies in K (\/), or vk = 0 and P ramifies in K (y/a), K(v/—a)
ifvig = 0 and P does not ramify in K (\/—«)

ifvi = 0,2 and P does not ramify in K (\/«) .

S N W e Ot

Proof. Let x be minimal such that /oo € K ((;): its odd part 2’ is squarefree, 1 # va(x) < 5,
all prime divisors of x ramify in K (y/«). Recall that the primes ramifying in K are those
dividing ¢, and notice that, if p { cx is a prime ramifying in K (\/«), then p | .

To show ¢ | 2’ it suffices to prove ¢ | y, where y > 1 is such that /o € K(C4,y).
Notice that K ({4, v/@)/Q(v/'D, (4) is a cyclic Kummer extension of degree 4 with intermediate
extension K ((y). Thus the extension K ((y,(,)/Q(V/D, (s, ) is trivial as it has degree at
most 2 and hence the base field contains K ((y). We deduce that A and the odd part of D
divide y because if p | AD is an odd prime, then Q(Ci64|p/p) # K (Ci6/a1D/p) S Q(C16/41D)-
We may reason analogously to prove that vx < vo(z) holds if v > 3.

Since K (v/a, (¢pe ) /Q(Cey ) has degree at most 2, we have v () < max(3, vk + 1).

If vg = 3,4, then we know ve(z) € {vk,vk + 1}, so we conclude by the minimality of
because K (Coviz) = K (Coui—14)-

If vk = 2, then K(y/a, () is either Q({yyr) or Q((ger). In the latter case P ramifies in
K (y/a), while in the former case it does not because K (v/a, () = K((r).

If v = 0, then 2 does not ramify in K: if P does not ramify in K (1/«), then ve(x) = 0; else
va(x) € {2,3}, and it equals 2 if and only if P does not ramify in K (v/—a).

Notice that there is an explicit finite procedure to check whether the primes of K lying over 2
ramify in K (y/«), see [I, Algorithm 6.2.9]. O

Lemma 26. If A has some prime divisor which is congruent to 3 mod 4, then K(\/a)/Q is
not cyclic.

If K(\/a)/Q is abelian, then it is cyclic if and only if all prime ideals of K above the odd
prime divisors of AD ramify in K (y/«) (we can apply [T, Lemma 2] to check this condition).

Proof. If K(y/a)/Q is cyclic, then \/a ¢ K((4) and we have /a € K((i64pw) for some
odd squarefree integer w > 1 coprime to AD. So K ({4, /a)/Q(v/D,(s) is cyclic of degree
4and K € Q(V/'D, (4, () if Af . Thus, if p | A is prime, then

K (Ci641Dw/p> V) /Q(C1614| Duw/p)
is a subextension of Q(C164|pw)/Q(C16|a|Dw/p) Of degree 4, which implies p = 1 mod 4.

In the second assertion, the prime divisors of AD divide the conductor of K hence the rami-
fication condition is necessary by Theorem It is also sufficient because if K (1/a)/Q is
abelian and not cyclic, then by Theorem [23| (the first two cases) there is some = > 1 such that
Va € K(¢;)and D 1 2z. O
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Proposition 27. Let 3 € K* be such that K(\/B)/Q is cyclic of degree 8, and let e > 3. Let
y vary in the set of integers such that \/ € K((,), and denote by y' the odd part of y. Those
integers x > 1 such that (ae\/B € K((;) are the multiples of at least one of the following
numbers:

o lem(2°,y);

e dy/, ife = vo(y) = 5

o lem(w,y), ife = vo(y) =4 orife = 3 and va(y) < 3, where w is such that (g € K ((y);

o lem(z,y), if e = va(y) = 3, where z is such that 4 € K(().

The minimal x are a non-empty finite computable set.

Proof. We can find all minimal w and z with Lemma [21| and y with Theorem Ifz>1
is such that (z¢1/3 € K((), then we have (ye-1 € K((;) and v/B € K ((em(2e,¢))> and in
particular ¢/ | x for some y.

Unless (e and /(3 are both in K((,;), we have (oe ¢ K((;) and /B ¢ K((;) so, as in the
proof of Proposition Caev/B € K((,) holds if and only if (3e-1 € K((;), 3 | @ for some y
as above, and va(y) = e.

Suppose that (2¢ and /[ are both in K ((;). If e > 3 orif e = 3 and v2(y) > 3, then the first
condition is necessary and sufficient. Now let e = 3 and v2(y) < 3. Then the third condition
is sufficient because K (Ciem(w,y)) = K (Clem(w,ay)) and it is necessary because (s € K ((z).

Now suppose that neither (oe nor v/ are in K ((;), and let e = v5(y) and i/’ | . We only have
to ensure (ye—1 € K((;). If e = 3 or e = 4, then clearly the last condition or respectively the
third condition applies. Finally let e = va(y) = 5, which implies 2 | D and that (recalling from

Theoremthat AD | 2y) we have K (Cyyr) = Q(Cayr, V) = Q(Crgy), Where § = 2+ /2,
while clearly (16 ¢ K (Cyr). O

8. THE 2-ADELIC FAILURE

8.1. The 2-adelic failure for quartic cyclic number fields. Let K be a quartic cyclic number
field and let n, M > 1 be such that 2" | M. W.Lo.g. let « € K* be not a root of unity. We
write ' = K (Can, %/a) N K (s ) and we compute the 2-adelic failure

B(M,2") = [F N K(Cur) : K(Gn)] -

We can write o« = :tﬁzd, where d > 0 and 8 € K* is strongly 2-indivisible. By Theorem
we can determine F', and we have

2 if F = K((yn+1) and (oni1 € K (Car)s
orif F = K((on,+/B) and /B € K (Car),
orifn 2 2, F = K(C2"+1\/B)’ and <2n+1\/3 € K(CM)

1 otherwise

B(M,2") =

so we may conclude by applying the results of Section [/|to determine whether the given ele-
ments are in K ((yy).
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Example 28. Let K = Q(1/3(5+2v/5)), and let & = 21 or « = —21*% Consider all
n, M > 1 such that 2" | M, and recall that B(M,2") € {1, 2}.

If a = 21, then B(M,2") = 2 if and only if 2" - 21 | M or 2™2x(2m) . 35 | M.

If « = —21%, then B(M,2") = 2 if and only if we are in the following cases: n < 2 and
2"t M;n=3and 1621 | M or 16 -35 | M;n > 4and 2™ -21 | M or 2" - 35 | M.

Indeed, Theoremgives K (Con,321) N K (fioo) = K (Con, v/21) and

K (Cynsr) ifn <2
K(Con, 'V =21Y) N K (pise) = { K(Coni1V/21) ifn =3
K(Cn,V/21)  ifn>4.

Moreover, by Lemmafor n > 2 we have (on € K((ps) if and only if 2" | M; by Theorem
we have /21 € K ((y) if and only if 21 | M or 4 - 35 | M; by Proposition 24| for n > 3
we have (onv/21 € K ((yy) if and only if 2" - 21 | M or 2" - 35 | M (by Theorem 23| we have
V42 € K(Cyr) if and only if 8 - 21 | M or 8 - 35 | M).

Example 29. Let K = Q(,/7), where v = 5(17 + v/17), so the conductor of K is 8 - 85.
Let o« = —f3%, where 8 = 12,/5 + 78y + 7v,/7. Consider all n, M > 1 such that 2" | M,
and recall that B(M,2") € {1,2}. We prove that B(M,2") = 2 if and only if we are in the
following cases: n = 2,and 8 | M or4 -85 | M;n =3and 16 | M;n =4 and 32 -85 | M;
n > 5and 2™ -85 | M.

With [14] we can check that 3 € K * is strongly 2-indivisible, and that 3-o(3) € K*2, where
o is a generator of Gal(K/Q). By Lemma[22 K (/B)/Q is then abelian, so Theorem [§] gives

K(Gpni1)  ifn<3
K (G, Wa) N K (i) = § K(Cnriv/B) ifn =4
K(Cn,/B) ifn>5.

By [14], working with the ring of integers of K, the prime ideals dividing () with an odd
exponent lie over 2,5,17. Then by Lemma [26| the Galois group of K (1/3)/Q is Z/8Z and
hence by applying Theoremwe have /3 € K((;) if and only if 16 - 85 | x.

By Lemma 1] for n # 1,3 we have (on € K((;) if and only if 2™ | z, while (s € K((,) if
and only if 8 | z or 4 -85 | z. By Propositionwe have (ony/B € K((;) if and only if n > 5
and2" -85 | x,orn =4and4 -85 | xz,orn =3 and 16 - 85 | x.

8.2. The 2-adelic failure for multiquadratic number fields. Let K be a multiquadratic num-
ber field and let n, M > 1 be such that 2" | M. W.l.o.g. let &« € K* be not a root of unity. We
write F' = K (Can, %/a) N K (s ) and we compute the 2-adelic failure

B(M,2") = [F N K(Car) : K(Gn)] -

We can write o = CQh,BQd, where (,n € K (thus h < 3),d > 0, and § € K* is strongly 2-
indivisible. We can find F' by applying Theorem and then we can find the degrees B(M, 2"™)
by applying the results in Sections to the generator of F' over K ({on) indicated by Theorem
(and to the generators of the subextensions of F' over K ({an ), which are 2-powers of the given
generator).
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Example 30. Let K = Q(C4,v/5,v21) and o = (438, where 8 = 3(5 + 2v/5) € KX is
strongly 2-indivisible. We prove that for all n, M > 1 such that 2" | M we have

(4 ifn=2,3and 2""2 | M, or
ifn=4and2°-15| Mor2%-35| M

2 ifn=1and 23| M,or
ifn=2,3and vo(M)=n+1,or
ifn=4and2°| M,2°-15¢ M, 25.354 M, or
ifn=>5and20-15| M or2°-35 | M, or
ifn>6and2" 15| Mor2"-35| M

1 otherwise.

B(M,2") =

Since Q(v/B) is quartic cyclic, the Galois group of K (1/B)/Q is isomorphic to (Z/27Z)? x
Z/AZ. We have v/B ¢ K(us) = Q(V/B, peo) by Lemmabecause \/B-3(5—2V5) =
3v5 ¢ Q(v/B)*2. By Theoremwe have /B8 € K((ur) if and only if 15 | M or 35 | M.

For N > 3, {8 € K((y) implies 2V | M by Lemma@, so by Proposition |17/ we have

Gov/B € K(Cyr) if and only if 2 - 15 | M or 2V - 35 | M. We may conclude because
Theorem [§] gives

K(Ggni2)  ifn <3
K(Con,Wa) N K (o) = ¢ K(Cov/B)  ifn=4,5
K(Con,/B) ifn>6.

Example 31. Let K = Q(({4,V/17) and let o = 8(13y/17 + 51)(4¢4 — 1). With [14] we can
check that K ({/) is the subextension of degree 8 of Q({4.17)/Q(¢4), and then by Lemma|12]
that K (/a) C K((ys) holds if and only if 17 | M. Since K (1/«) is the quartic subextension
of Q(C4.17)/Q({4), we also have that \/a € K ({ys) holds if and only if 17 | M. We can apply
Theoremto get, forn > 1 and 2" | M:

4 ifn>2and17| M
B(M,2") =<2 ifn=1and17| M
1 otherwise.

8.3. Number fields without quadratic subfields. Let K be a number field without quadratic
subfields, i.e. such that the maximal subextension of K which is Galois over (Q has odd degree.
In particular K N Q(uoo) has odd degree, and K N poo = {£1}. So for K we only need to
study the 2-adelic failure: if « € K* \ {#£1}, then we write F' = K ((on, %\/a) N K (1) and
we compute the 2-adelic failure

B(M,2") = [F'N K(Cum) : K(Con)]

for all M,n > 1 such that 2" | M. We can write o = iﬁZd where d > Oand 8 € K* is
such that £3 ¢ K*2. Notice that /3 ¢ K (1io0) by Schinzel’s Theorem on abelian radical
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extensions (see [15, Theorem 2]). We can apply Theorem [§]to compute F', and we have

2 if F = K((yn+1) and (oni1 € K(Cog)s
orif F = K((on,+/B) and /B € K(Car),

orifn > 2, F = K((n+1+/B), and Coni1v/B € K(Car)
1 otherwise.

B(M,2") =

To determine whether the given elements are in K ((5s), we can apply the following Proposi-
tion.

Proposition 32. There is a finite procedure to determine whether /3 € K (jis0). In this case
there exists unique a minimal integer x > 1 such that \/B € K((;). Moreover, if e > 3,
then there exists unique a minimal integer yo > 1 such that (oe/B € K((y.). We have
Ye = lem(2€, ) unless e = va(x) = 3, where we have y. = x/2. We can determine x (and
hence y.) with a finite procedure.

Proof. We have /B € K (o) if and only if there is some squarefree integer m (it is unique)
such that K (v/B) = K(y/m), which means Bm € K*2. In this case, since K N Q(ux) has
odd degree over Q, we have that z is the conductor of Q(y/m), and y. is the conductor of
Q(C2e4/m). To check if m exists and, if so, to determine it, it suffices to find a finite set to
which m belongs: an odd prime divisors of m is such that there is some prime p of K above
it which ramifies in K (1/f3), so the p-adic valuation of the fractional ideal (3) is odd (see [[7,
Lemma 2]). ]

Example 33. Consider the number field K = Q(T'), where T is a root of X* + 8X + 12. By
[2, Remark 4.16] K has no quadratic subfields because the Galois group of K /Q is isomorphic
to Ay. Leta = 2T +3 = —(T?/2)?, so with the above notation we have 8 = T2 /2 and d = 1.
Since K (v/B) = K(V/2), we have /B € K((,) if and only if 8 | z. By Theorem(where
t =1and h = 1) and by Propositionwe deduce that for n, M > 1 and 2" | M we have

2 ifn=1and4 | M
1 otherwise.

B(M,2") = {
9. THE /-ADELIC FAILURE FOR ¢ ODD

9.1. The 3-adelic falilure for multiquadratic number fields containing (5. Let K be a mul-
tiquadratic number field containing (3, and let n, M > 1 be such that 3" | M. If « € K*, then
we set F' = K((3n, */a) N K (1o0) and we compute the 3-adelic failure

B(M,3") = [F N K(Cur) : K(Gzn)] -

This computation is evident if v is a root of unity, so we exclude this case and we write o« = ﬂ3d
withd > Qora = Cgﬁ?’d with d > 1, where € K* is strongly 3-indivisible. We can apply
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Theorem §]to compute F', and we have
3 if F = K((3nt+1) and 3" | M,
orif F' = K((3, v/B) and v/B € K(Cur),

orifn>2, F = K(<3n+l \?’/B), and (gn+1 W S K(CM)
1 otherwise.

B(M,3") =

To determine whether the given elements are in K ({y;) we can apply the following result:

Proposition 34. We can check whether K (/3)/Q is abelian. In this case, if e > 0, then there
is precisely one minimal integer v > 1 such that (3¢y/B € K((;), and x is computable. If
e > 3, then v = lem(3¢,y), where y is the minimal integer such that /B € K ((y).

Proof. Since K (+/B)/K has degree 3, we have K (/) = K L for some number field L such
that L/Q((3) is an extension of degree 3. Moreover, we have

K(Y/B)CK(G) < LCQ((s6).

Thus to check if K (/3)/Q is abelian it suffices to check whether 3/g € K*3 for some g as in
[7, Theorem 9], where we take M to be the product of 3 and all primes congruent to 1 modulo
3 that ramify in K (\3/3) (which can be found with [7, Lemma 2]). The same result provides
the minimal y > 1 such that &g, or equivalently /73, is in K ((y).

For e = 1 we may reduce to the case e = 0 because (3 € K, and the same holds for e = 2
because we may replace 3 with (33. Finally, if e > 3 and (3¢/8 € K((;), then we need
3¢ | z. Else K((z,C3¢) = K((z, &/B) would be impossible because the latter field does not
contain (3e. ([l

Example 35. Let K be a multiquadratic number field containing (3. Then o = @ is
such that </« generates the cubic subextension of Q((21)/Q({3). Thus 7 is the minimal integer
z > 1 such that /o € Q({3,). Forn > 1 and 3" | M we have:

3if7| M
1 otherwise .

(K (Can, Vo) N K (Cy) K (Can)] = {

9.2. The 5-adelic failure for Q((5). Let K = Q((5), and let n, M > 1 with 5 | M. If
a € K*, then we set F' = K ((5n, °v/a) N K (peo) and we compute the 5-adelic failure
B(M,5") = [F 0 K (Cur) = K(Csn)]-

We proceed as in the previous subsection: w.l.0.g. v is not a root of unity, and we associate to
it some $ € K* which is strongly 5-indivisible. We can apply Theoremto compute F', and
we have
5 if F = K((snt1) and 57 | M,

orif F = K((sn, v/B) and /B € K(Cur),

orifn > 2, F = K((sn+1+/8), and (51 /B € K(Cur)
1 otherwise.

B(M,5") =

To determine whether the given elements are in K ({3s) we can apply the following result:
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Proposition 36. We can check whether K (/3)/Q is abelian. In this case, if e > 0, then there
is precisely one minimal © > 1 such that (5e /B € K((.), and x is computable. If e > 3, then
z = lem(5°,y), where y is the minimal integer such that /B € K ((y).

Proof. The statement is analogous to Proposition [34] thus we can prove analogously the last
assertion and we may reduce to the case e = 0. So let e = 0. Since x is minimal, then we have
x | 25t, where t is either 1 or it is a squarefree product of prime numbers congruent to 1 modulo
5, and we may take ¢ to be the product of the prime numbers p # 5 ramifying in K (/a). We
may find these p with [7, Lemma 2], and having p # 0,1 mod 5 for some p ramifying in
K ({/B) already implies that K (+/3)/Q is not abelian. Then to check if K (+/53)/Q is abelian
it suffices to check whether 3/g € K> for some ¢ as in Lemma [37] (where N = 5t). We
conclude because we know the minimal integer = such that §/g € K((,). U

Lemma 37. Let N = [[;_, pi, where the p;’s are distinct prime numbers such that p; = 5
orp; =1 (mod 5). Set 5 = (5, and for p; # 5 let By, € K™ be such that K (/B;) is the
subextension of K ((p,)/K of degree 5 (to find f3; see [6, Section 4]).

The extension Q((sn)/K has (5" — 1)/4 subextensions of degree 5. They are of the form
K($/g), where

9= ]I o e €{1,2,3,4}.
0AIC{1,...,r}

Moreover, for every x > 1 we have K (3/g) € Q((sz) if and only if p; | x for every i € 1.

Proof. The field K ({/g) is contained in Q((s.) if p; | « for every i € I by definition of the

Bi’s. Conversely, if K({/g) € Q((sz), then p; | = because v/f; € Q((s;). In particular,
K($/g)/ K has degree 5.

There are 5" — 1 elements g as in the statement, and they generate (5" — 1) /4 distinct extensions
(because K (¢/g1) = K (/gz2) holds if and only if g; - g§ € K*° for some e € {1,2,3,4}).

We conclude by proving that Q((sn)/K has (5" — 1)/4 subextensions of degree 5. Its Galois
group G is such that G/G® ~ (FF5)". Thus counting the kernels of the surjective group homo-
morphisms G — F5 amounts to counting the kernels of the surjective linear maps (F5)" — F5.
These are precisely the vector subspaces of (F5)" of codimension 1: by orthogonality w.r.t. the
standard scalar product (after having fixed a basis) they correspond to the vector subspaces of
dimension 1 and we conclude. U

Example 38. Let K = Q((5) and let o« = (535, where 8 = 11(15¢3 + 35¢2 + 25¢5 +41). We
can check with [14] that /3 generates the subextension of Q((s5)/Q((5) of degree 5. Thus
11 is the minimal integer 2z > 1 such that /3 € Q((5.). We then have, forn > 1 and 5" | M:

5 ifn=1and5?| M,or
ifn=2and5%- 11 | M, or
ifn>3and 11 | M

1 otherwise.

[K (Gsny V) VK (Cur) = K(Gsn)] =
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