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ABSTRACT. If p is a prime number congruent to 1 modulo 3, then we explicitly describe an
element of the cyclotomic field Q({3) whose third root generates the cubic subextension of
Q(¢3p)/Q(¢3). Similarly, if p is a prime number congruent to 1 modulo 4, then we explicitly
describe an element of the cyclotomic field Q(¢4) whose fourth root generates the quartic cyclic
subextension of Q(Cap)/Q(C4). For further number fields we express generators of Kummer
extensions inside cyclotomic fields in terms of Gauss sums.

1. INTRODUCTION

Consider the cyclotomic extensions of the form Q((s,)/Q({3), where p is a prime number
congruent to 1 modulo 3. Since the base field contains the third roots of unity, the subextension
of Q(¢3p)/Q(¢3) is a Kummer extension, generated by the third root of some element of Q((3).
Similarly, the cyclotomic extensions Q(Cap)/Q((4), Where p is a prime number congruent to 1
modulo 4, have a quartic cyclic subextension which is a Kummer extension, generated by the
fourth root of some element of Q((4). We describe generators of those Kummer extensions:

Theorem 1. Let p be a prime number such that p = 1 (mod 3).

(1) There exists m € Q((3) such that m -7 = p and 1 = 1 (mod 3). Up to complex
conjugation, T is uniquely determined by these conditions.
(2) The element 7 - p (equivalently, T - p) is such that any of its third roots generates the

cubic subextension of Q((3p)/Q((3).
Theorem 2. Let p be a prime number such that p = 1 (mod 4).

(1) There exists m € Q({4) such that -7 = pand 7 -7 =1 (mod 4). The element T is
uniquely determined up to sign and up to complex conjugation.
(2) The element ~y, = m - 73 is such that any of its fourth roots generates the quartic

subextension of Q(Cap)/Q(Ca).

We also have:

Theorem 3. Let p be a prime number such that p = 1 (mod 4). The quadratic extension of
Q(y/p) inside Q((p) is generated by the square roots of wy := w./p, where w is a fundamental

unit of Q(/p) such that for any embedding o : Q(,/p) — R the sign of o(u./p) is positive if
and only if p =1 (mod 8). Moreover, we have

Q(vwp) = Q&) NQ(&, Ap)  and  Q(Ca, Vaop) = Q(Ca, ¢p)
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where vy, is as in Theorem|[]

Example 4. The cyclotomic field Q((5) is a quartic cyclic extension of Q, which is generated
by (5. By considering the sine and cosine of %’T we get the expression

Vi1 ] 545
4 8

G5 =

so we know that Q((3) over Q(+/5) is the quadratic extension generated by the square root of

—5+—8‘/5. Up to a square this element is —@ /5 and we may easily check with [6] that the
first factor is a fundamental unit.

In the last section we consider further number fields and present generators for Kummer exten-
sions inside cyclotomic fields by making use of Gauss sums. Notice that the results in this note
may be in part well-known to the experts however they are useful for applications and hence
we have provided a comprehensive reference. We thank the referee for suggesting a short proof
of Lemma 5.

Notation. For an integer n > 1 we denote by (,, a primitive n-th root of unity, and by p,, the
multiplicative group generated by (,,. Recall that a prime number p = 1 (mod n) decomposes
fully (i.e. it splits completely) in Q((, ). If K is a number field, then after choosing an embed-
ding of K in C we write T for the complex conjugate of an element x € K. Given a prime
p of K, we denote by K, the completion of K at p with respect to the p-adic valuation of K.
If L is a local field of characteristic 0, we denote by vy, its valuation and by Oy, its valuation
ring. Finally, if we write a congruence modulo an algebraic integer in K, then we mean the
congruence modulo the integral ideal generated by that element in the ring of integers.

2. THE CUBIC SUBEXTENSION OF Q((3,)/Q((3)

Let O be the ring of integers of Q((3), and recall that O* = pg. We will write £ := 1 — (3.
Lemma 5. The quotient map O — O /30 induces an group isomorphism pug — (O/30)* .

Proof. Since O = Z[(3], the quotient map is clearly injective on ug = {£1, £¢3, £(1 + (3)}.
We conclude because the class of 0 and the classes of ¢ are not units, as (1—(3)? = —3¢3. [

Proof of Theorem[I|(1). Since p =1 (mod 3), there is 7 € O and a root of unity { € p6 such
that ¢ - 7 - ™ = p. We deduce from Lemma [5|and from the assumption on p that 7 is invertible
modulo 3. Again by Lemma [3| there exists a unique v € ug such that ur = 1 (mod 3).
Replacing 7 by um, we then get

r=m=nrr=1=p (mod3).

Since 1 is the only root of unity in pg which is congruent to 1 modulo 3, we deduce that
m -7 = p. As for the unicity, we could replace 7w by 7, but to mantain the property 7 = 1
(mod 3) we cannot multiply 7 by a root of unity in O distinct from 1, see Lemma U

Lemma 6. Ler K' be the unique unramified extension of Q3((3) of degree 3. If o« € K' is a
unit such that vi: (1 — «) > 4, then « is a third power.
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Proof. Forn > 1, set
UM .= {zeOg |2=1 (mod &™)}

and denote by U(") the image of U™ in (K’)* /(K')*3. We have to show that U(%) is trivial.
We know that U (%) is trivial by applying Hensel’s Lemma to the polynomial 2% — a with value
xo = 1and a € U®), noticing that v (3) = 2 and hence v+ (1 —a) > 2vg+(3). Consider the
map raising to the third power from U /U(3) onto U*) /U®) (both quotients are isomorphic
to F3). An element 1 4 a&? (mod &3) is mapped to 1 + aué* (mod &%), where u is the unit
such that 3 = u£2. Thus the map is the multiplication by u, which is surjective. We have found
that any element of U is an element of U®) up to third powers, and hence U®) = U®) is
trivial, -

Proposition 7. If o € O is such that « = 1 (mod &3), then the Kummer extension generated
by /a is unramified over Q((3) at (). Among the elements uc with w € pg, only a and —«
have this ramification property.

Proof. Let K = Q((3) and K¢y = Q3((3). It suffices to see that o acquires a third root over
the unique unramified cubic extension of local fields K'/K ). We will consider elements in
K’ as power series in £ but with coefficients in a fixed residue system of Fo7 in the unique
unramified extension of Q3 of degree 3.

Noticing that (3 = —1 — (3 and hence £? = —3(3, and considering that —(3 = —1 (mod &),
we can write

(I+z6)> =1+ (—2+2%)&  (mod &*).
We have o = 1 + €3 (mod &%) with y € Fs. The equation —z + 2% = y with y € F3 is
solvable in Fo7. We deduce that (1 + 2£)? = a (mod £*) for some = € Fo7 (notice that we
can work with the residues in Fo7 because two representatives for x differ by an element of
(€)). The ratio /(1 + 2'¢)3, where 2’ is a lift of z, thus lies in

UI(?‘,) ={2€ 0k |2z=1 (mod &%)},

Thus « has a third root in K’ up to multiplication by some element of U I(?,), but all those
elements are third powers in K’ by Lemmal6]

As for the second assertion, notice that K (/o) = K (/—«) and that if K (/a) and K (J/uc)
are both unramified at &, then K (/u) is unramified at £, which implies that u = +1. O

Proof of Theorem([l](2). By Kummer theory there is some £, € Q((3) such that /3, gener-
ates the cubic extension inside Q((s;), which is unramified at £ because (3) = (£2). Since this
extension is invariant by complex conjugation, we are allowed to replace (3, by its complex
conjugate. Up to multiplying /3, by a cube we may suppose that each prime ideal appearing
in the factorization of the fractional ideal (/3,) has exponent either 1 or 2. Such prime ideals
ramify in Q((3p) by [3l Lemma C.1.7 and its proof]. Since only the ideals over p ramify in the
extension Q((3,)/Q((3), we deduce that

(1) Bp=u-m" -7

where u € g is a unit and where x,y € {0, 1,2}. The exponents x and y cannot be both 0 by
(3l Lemma C.1.7 and its proof] because p is totally ramified in Q(¢,)/Q.
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Since the extension Q((3,) is abelian over Q and invariant under complex conjugation, the
fields Q(Cs, ¢/B,) and Q((3, {/B,) must be equal. By Kummer theory we then have, up to

cubes, either 3, = Fp or 512) = Fp. Thus in (1)) it cannot be that exactly one among x and y is
0.

We can also exclude the cases ¢ = y = 1 and v = y = 2 because then 3, = u-por 3, = u-p,
which would imply that {/p is contained in a cyclotomic extension of Q. So we have found
that {x, y} = {1,2}, and, up to working with the complex conjugate of 3, instead, we have

Bp:u'ﬂj-ﬁ:uwrp

for some u € ug.

We claim that 7p = 1 (mod &3). Since 7 and p are congruent to 1 modulo 3, we can write
7=1+3a (mod &%)
p=1+3b (mod &)

with some a,b € F3 = O/(§) = {0,1,2}. Notice that €3 and €3 generate the same ideal
because £ = 1 — (3 gives /& = 1+ (3 € ug. The equation 77 = p then gives

(1+3a)>=1+3b (mod &)
and therefore (since 9 € (£3)) we have 3b = 6a (mod ¢3). Hence
m-p=(1+3a)(14+6a)=1 (mod &)

and the claim is proven. We conclude the proof by applying Proposition [/|to the element 7 - p
and noticing that we may replace 3, by its opposite. ([l

3. THE QUARTIC SUBEXTENSION OF Q(C4p)/Q(C4)

Let p be a prime number such that p = 1 (mod 4). Let O be the ring of integers of Q({y), and
recall that O = uy. Let £ := 1 — (4.

Lemma 8. Let K" be the unique unramified extension of Q2((4) of degree 4. If a« € K" is a
unit such that v (1 — «) > 7, then « is a fourth power.

Proof. Forn > 1, set
U™ = {zeOgn|z=1 (mod ")}

and denote by U (%) the image of U™ in (K”)* /(K")**. We have to show that U (7 is trivial.
We know that U ) is trivial by applying Hensel’s Lemma to the polynomial 2% — a with value
zo = 1and a € U®), noticing that vg~ (4) = 4 and hence v (1 — a) > 2vgr(4). Consider
the two maps raising to the fourth power from U®) /U®) onto UM /U®) and from U™ /U®)
onto U®) JU ) (the four quotients are isomorphic to Fig). They map an element 1 + a&?
(mod &%) to 1 + a¢” (mod €%), and an element 1 + a&* (mod €°) to 1 + a&® (mod &%),
respectively, where a € Fi6. Thus the two maps are surjective. We have found that any

element of U(®) is an element of U®) up to fourth powers, and hence U®) = U®) is trivial.
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We have also found that any element of U(7) is an element of U(®) up to fourth powers, and
hence U(") = U(®) is trivial. O

Proposition 9. If o € O is such that for some y € {0, 1} we have
a=1+(y+yo)E" (mod ),

then Q(C4, ) /Q(C4) is unramified at (§). Moreover, among the elements uc, with u € pug,
only « has this ramification property.

Notice that when y = 0, then « is already a square (by reasoning as in Lemma 8.

Proof. Let K = Q((4) and K¢y = Q2((s). Let K'"> K > K ¢), where K" is the unique
unramified extension of degree 4 of K¢) and K " is the unique subextension of degree 2.

For the second assertion consider that if K (/a) and K({/(}«) are both unramified at (),
then the same holds for K ({/¢}') and hence (} = 1.

For the first assertion it suffices to see that « acquires a fourth root in K. We will work with a
fixed representative system of the residue field taken in the unique unramified extension of Qo,
so that the difference of any two lifts lies in (2) = (£2). Notice that 2 = £2 — ¢3 hence £3 = 1
(mod £2), so we have:

(14+26)* = 1+ 42& + 62262 4 42363 + 2%¢4
= 1+ 43 - )22 +al¢t (mod £°)
= 1+ag +a2%¢" + 276 + 2’ (mod £6)

but 22 + 2 = y with y € {0, 1} is solvable in F4 and hence also z* + 2% = (2? + 7)? = 4.
We then have a = (1 + x€)* (mod ¢°) with x € O/ /(€) ~ Fy. So o/ (1 + z£)* lies in

Ul(f,) ={z €O |z=1 (mod£®)}.

This means that « has a fourth root in K’ up to multiplication by an element of U [((6/), which is
of the form 1 + w¢® (mod €7), for some w € K'. We can write

(1+28)' =14 (24 2% (mod ¢7),

but z 4+ 22 = w with w € Fy is solvable in Fy4, hence o has a fourth root in K" up to an
element of

Ul((?,)/ ={z€Okn|z=1 (mod¢&")}.
We can conclude because U I((?,), consists of fourth powers by Lemma g

Lemma 10. Let 7 € Q({4) be such that ™ - T = p holds. The element 7 can be chosen, by
multiplying it with a root of unity, in such a way that

T =1+ (z+ 26 (mod &°)

holds for some x € {0, 1}. In particular, we have 7w - 7 = 1 (mod 4). The element 7 is then
unique up to sign and up to complex conjugation.
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Proof. We have (0/(€3))* = {£1,4(;} (the non-invertible elements are 0, 1 — (4, (4 —1, {4+
1)and O/(§) = {0,1} ~ Fy. Up to multiplying 7 by a root of unity, we may thus suppose
that # =1 (mod &3). Write
=1+ (N +MEE  (mod &)
where Ao, A1 € {0,1}. Since £ = £ — €2 and hence £ = € + £2 (mod &%), we have
T=1+ Ao+ (A +X2)EE  (mod &°)

ar =1+ X&' (mod &°).

The prime number p is either congruent to 1 or to 1 — 4 modulo 8, which gives
p=1 (mod &%) or p=1+¢* (mod €9)
We also have
Tr=p=14+ & (mod £°%)

and furthermore

2 =14 M€ (mod £°)
thus

73 =14 (Ao + Moé)Er  (mod £°)

as required. ([l

Proposition 11. Let (1) be a prime of Q((4) above p. Then there is exactly one element € iy
such that any of the fourth roots of

generates the cyclic quartic subextension of Q(Cap) over Q((4). The element ( is such that
¢ -7 -7 is congruent to 1 modulo 4.

Proof. Write pO = () - (7). Let v, € Q(¢4)™ be such that /7, generates the cyclic quartic
subextension of Q((4;) over Q(¢4). Up to multiplying this element by a fourth power in Q({4),
we may suppose that each prime ideal appearing in the factorization of the fractional ideal ()
has exponent 1, 2 or 3. Such ideals must ramify in Q((4p) by [3, Lemma C.1.7 and its proof].
Since only the ideals over p ramify in the extension Q(C4p)/Q((4), we deduce that

() = (0)* - (m)?
with z,y € {0, 1,2,3}. We cannot have z = y = 0 because the Kummer extension needs to
be ramified at p, as p is totally ramified in Q((,). We cannothave x =y = lorx =y = 3
because otherwise {/p or W would be contained in a cyclotomic extension of Q. Since the
quadratic subextension of Q(Csp)/Q(¢s) is Q((4, \/P), we must have that 7, equals p times a
square in Q((4), so that {x, y} = {1, 3}. Thus we have

(W) = (m)- (@) or () =(m)* (7).
Notice that 7, and its third power generate the same Kummer extension. Thus, up to replacing
7, with its third power, we may suppose that (7;,) = () - (7)* and hence that

’yp:Cﬂ'ﬁg

for some root of unity ¢ € 4. By Lemma[I0]and Proposition [J] there is exactly one choice of
¢ such that the field generated by &/, is unramified at 2 (as it is the case for the considered
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subextension of Q((4p)/Q(¢4)), and this is exactly the choice that makes ¢ - 7 - 7 congruent
to 1 modulo 4. u

Proof of Theorem[2] The result is a consequence of Lemma [I0]and Proposition [I1] O

Proof of Theorem[3} Let w, € Q(,/p) be such that , /w, generates the quadratic extension of
Q(y/p) inside Q((p). Since p is the only prime number ramifying in Q((,) and it is totally
ramified, by [3, Lemma C.1.7 and its proof] the prime (,/p) above p is the only prime ideal
appearing in the factorization of the fractional ideal (w),) with odd valuation. So we can write
(wp) = (y/p)I? for some ideal I, and hence I? is principal. Since the class number of Q(,/p)
is odd (see for example [5, Example 2.9]), I is principal. By working up to squares of elements
in K, we may then suppose that (w,) = (,/p). So we can write w, = w,/p where v is a unit.
Since {/p is not contained in a cyclotomic extension, the element v cannot be a root of unity.
Up to squares of a fundamental unit, we may then suppose that u is a fundamental unit.

Considering the tower of quadratic extensions in Q((,) we deduce that only the largest field is
not fixed by complex conjugation, since this automorphism generates a subgroup of order 2.
The quadratic extension of Q(,/p) is then totally imaginary if and only if it is that largest field,
which means that p #Z 1 (mod 8). We have a totally imaginary field by adding , /w, = \/u\/p
if and only if the sign of o(u./p) is negative for any embedding o : Q(,/p) — R. O

4. GENERATORS FOR KUMMER EXTENSIONS IN TERMS OF GAUSS SUMS

Let ¢ and p be prime numbers such that p = 1 mod ¢" holds for some n > 1. We call
K = Q({4) and L = Q(({4np), and denote by K’ the cyclic subextension of L/K of degree
q". We call O the ring of integers of K: notice that, if o C O is a prime ideal over p, then
we have a canonical isomorphism O /p = Z/pZ.

Theorem 12. We keep the above notation.

(1) The prime ideals @ of Ok lying over p are in bijection with the surjective homomorph-
—1
isms X : (Z/pZ)* — pgn obtained by defining x((;» mod p) = (an)prT”
(2) For each x as above the element

g =Y. x(a)(G)°
a€(Z/pL)*
generates K' and we have G(x) := g(x)9" € K thus K' = K( \/G(x)).

(3) If p corresponds to x, then we have the prime factorization

G = [ o'0)7,
1<z<q™
(z,9)=1

where o, denotes the image of x under the isomorphism (Z/q"Z)* = Gal(K/Q).

Proof. See [4, Chapter 14] or [[Z, Section 6]. For a nice proof of (3) see also [2, p. 605]. O
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Let g = 2,n > 2 (thus p = 1 mod 4), and consider the field diagram
2
= Q(¢an-1p) —— L = Q(Canp)

K} 2 Ko
2n—1 2n—1
2
K1 =K'(\/p) Ky = K(\/p)
2 2

By Theorem[I2] we have

n

Ky, = K(*/G(x)) = Kl( " G(X))

and obviously /G(x) € K;. Leto € Gal(L/Q) = (Z/2"7Z)* x (Z/pZ)* be the canonical
lift of the nontrivial automorphism of K /K’, which corresponds to (1 4+ 2"~! 1), and define

¢:= (g(x) +o(g(x)))*

Note that ¢ is easily computable by [[6] in the basis

277.—1 -1 2n—1 —1
17C2n_15" 'aé-gn(fl ) a\/ﬁa C2n_1\/ﬁa" . 7(5571 ) \/]3
of K /Q by evaluating the Gauss sum.

-1

Proposition 13. With the above notation, we have ¢ € K and K} = K| (*"/€).

Proof. If 7 € Gal(L/K1) C (Z/pZ)*, then 7(g(x)) = x(7)g(x) and since o is the identity
on fi9n—1 then we also have 7o (g(x)) = x(7)o(g(x)). Thus £ is fixed by Gal(L/K) and it is
in K| because it is fixed by 0. Since Gal(L/K1) = Gal(L'/K}), we have shown that

T(g(x) +o(9(x))) = X' (7) (9(x) + o (9(x)))

where X' : Gal(L'/K]) — pgn—1 is the restriction of x and hence it is a surjective character
with kernel Gal(L’/KY). Furthermore g(x) + o(g(x)) # 0 (by inspection of the formula for
g(x)) and hence it generates K. O
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