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Introduction

In this thesis, we investigate some local and global phenomena related to reductions mod-
ulo prime powers of Galois representations of dimension two. In order to be precise, we
will first clarify what we mean by reductions modulo prime powers.

Let p be a rational prime and let I be a finite extension of QQ, with ring of integers O,
a fixed choice for a uniformizer 7 and with residue field k. Let G be a profinite group
(in what will follow, it will usually be the absolute Galois group of Q or Q,) and let V
be a L-linear representation of G of dimension 2. Since G is profinite (and in particular
compact), there exists a G-stable Oy -lattice inside V. By a reduction of V' modulo 7™ for
some n > 1, we simply mean the Op[G]-module T'/7"T. If n = 1, one usually consider
the semi-simple residual reduction V obtained via the semi-simplification of T' ®o, kL.
By the Brauer-Nesbitt theorem, the representation V' does not depend on the choice of
a G-stable lattice T'. In the general case, i.e. when n > 2, such process is not available
anymore a priori and an implicit choice of a G-stable lattice is expected when we consider
general reductions modulo prime powers. If V and V' are two IL-linear representations of
G of dimension two, we will say that V' and V' are congruent modulo 7" for some n > 1
if there exist G-stable lattices T inside V' and 7" inside V' such that T'/="T = T"/x"T"
as Op|G]-modules.

The thesis is essentially divided in two distinct parts. In the first part, we deal with
congruences between modular forms modulo prime powers and their attached Galois rep-
resentations. In particular, we will study the problem of proving the existence of congru-
ences in a level raising setting. In the second part, we deal with reductions modulo prime
powers of irreducible, two-dimensional crystalline representations of the local absolute
Galois group of Q,. Now, we will describe in more depth the settings for both problems
and we will present the main results of this thesis.

First, we want to describe the problem of raising the level of newforms modulo some power
of a prime p, which is part of the study of congruences between modular forms of different
levels. This will be the content of the first chapter of this thesis. By congruences between
modular forms we mean congruences between the [-th coefficient in the g-expansion where
[ runs over all rational primes except a finite number.

The level raising phenomenon (modulo a prime p) was extensively studied in the past
thirty years and it was definitely understood in the classical case thanks to the work of
Ribet (see [Rib90]) in weight two and trivial character, Diamond (see |Dia91]) for weight
k > 2 and general characters, and Diamond-Taylor (see [DT94]).

In particular, we are interested in the following:

Theorem 0.0.1. (Ribet, Diamond)
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Let f be a newform of weight k > 2, level N, character x and let p be a prime not
dividing N. If | is a prime not dividing pN and p { %@(N)Nl(k — 2)!, then the following
are equivalent:

(a) there exists a l-newform of level IN, say g, such that f =g mod p
(b) a? = x()IF2(1+1)* mod p.

Here, the symbol p denotes a prime ideal of the coefficient field of f lying above the rational
prime p, the symbol ¢ denotes Fuler’s totient function and a; denotes the l-th coefficient
of the g-expansion of f.

The fundamental idea of the existence of a non-trivial congruence module introduced
and developed by Ribet in a geometric context (considering Jacobians attached to modular
curves of the form Xy(N)) was refined in cohomological terms by Diamond (see |[Dia89]).
Proving the existence of a congruence module, whose non-triviality is granted by the
level raising condition (i.e. the condition (b) in the above theorem), is the heart of both
the proofs of Ribet and Diamond, and its cohomological construction (together with a
cohomological version of Thara’s lemma) will allow us to apply Ribet’s analysis in a slightly
more general context.

As a natural extension of studying level raising modulo p, one could ask if the same
holds modulo p™ for some positive integer n and if the natural generalization of the level
raising condition is the suitable one in the prime powers setting. More specifically, given
a newform of level N whose I-th coefficient (for a prime [ not dividing pN) satisfies a
certain level raising condition modulo p”, one could ask if it is it true that there exists
a newform (at [) of level [N which is congruent modulo p™ to the original newform f of
level N. We will refer to this question as full level raising problem.

It turns out that for classical newforms satisfying Ribet-Diamond’s level raising condition
modulo prime powers, this is not always the case and we will present a counterexample in
the last section. Nevertheless, there is a result that partially answers the question, namely
Diamond proved (see Thm. 2, |Dia91]) that if the level raising condition holds modulo
some power of p, then this gives rise to a family of congruences modulo lower powers of p
between the original newform and possibly different newforms (new at [) of level [N. We
will state the theorem in precise terms in the last section (see Thm. [1.2.1]).

This leads to ask if it is possible to prove the full level raising modulo some prime power
if we weaken the definition of a reduced cusp form modulo some prime power. Indeed, if
p is a prime and K is a finite extension of QQ, with ring of integers Ok, there is a natural
arithmetic definition of cuspidal eigenform with coefficients in a complete Noetherian local
Ok-algebra with finite residue characteristic, say A.

Definition 0.0.1. Let k > 2 and N > 5 be positive integers. A cuspidal eigenform
of weight k, level N (coprime with p) and coefficients in A is an element of the set
Homeoy a14(T, A), i.e. it is an Okg-algebra homomorphism from the Hecke algebra T defined
over Ok acting faithfully on the space of classical cusp forms of weight k and level T'1(N)
to A.

According to our understanding, this definition goes back to Carayol (see [Car94|)
and it strictly depends on the fixed coefficient ring A. A motivation for this definition
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comes from the classical case (see sec.2.1 in [Car94]). Indeed, assuming p t N, there exists
a perfect pairing of Og-modules between Si(I';(N), Ok) and the Hecke Ok-algebra Ty
given by ¢ : Ty x Si(I'1(N), Ox) — Ok where (T, f) = a1 (Tf) (the first coefficient in
the g-expansion of T'f). Moreover, assuming k > 2 and N > 5, this definition is natural
in the sense that it coincides with the definition of Katz cuspidal form with coefficients
in A (see sec. 2.1.4 in [Car94]).

Now, by a cuspidal eigenform modulo some prime power (in the literature, it is also called
“weak” cuspidal eigenform, see [CKW13|, [TW17]) we simply mean a cuspidal eigenform
defined as above with coefficients in the Og-algebra A = Ok /(7") where 7 is a uniformizer
and 7 is a positive integer. A generalized definition, independent of the chosen ring of
coefficients, is given by Chen, Kiming and Wiese (see [CKW13|). A natural notion of
being new for a cuspidal eigenform modulo prime powers will consist of taking only those
homomorphism which factors through the new quotient of the Hecke algebra considered.
We will present a precise definition at the beginning of the next section.

A cuspidal eigenform modulo some prime power does not lift in general to an eigenform
in characteristic zero once we fix the level and the weight, as it is observed by Calegari
and Emerton (see [CE04]). More explicitly, Chen, Kiming and Wiese presented a general
construction for non-liftable cuspidal eigenforms modulo p? and an explicit example for
p =3 (see sec. 5.3, |[CKW13|). According to our understanding, there is no known char-
acterization which determines whether or not a cuspidal eigenforms modulo some prime
power comes from the reduction of an eigenform in characteristic zero. The only known
case is the one of cuspidal eigenforms modulo p, thanks to the Deligne-Serre lifting lemma
(see Lemma 6.11, [DS74], see also Prop. 1.10 [Edi97]).

The cuspidal eigenforms modulo modulo prime powers are of particular arithmetic inter-
est. Naively speaking, they represent possible systems of modulo p™ eigenvalues of the
Hecke operators. Level raising, level lowering and weight lowering modulo prime powers
are phenomenona that represent the dependencies which can occur among these possi-
ble systems of eigenvalues. Understanding such dependencies is the motivation for some
interesting open conjectures made by Kiming, Rustom and Wiese (see [KRW16]), also
related to a conjecture of Buzzard on bounds for the degrees of the coefficient fields of
classical Hecke eigenforms (see [Buz05]).

Coming back to the level raising problem for cuspidal eigenforms modulo prime powers,
the case of weight two and trivial character was studied by several authors (see sec. 5.6,
[BDO5|, and sec. 1.4, [BBV16]). In particular, the most general result has been proved
by Tsaknias and Wiese with different techniques than the previously mentioned articles
(see Thm. 5 in [TW17]). A partial result was known in the case of higher weights and
trivial character (see Thm. 6.3, |Chil7]).

We will extend Tsaknias-Wiese’s result proving the following:

Theorem 0.0.2. Let f: Ty — Ok/(n") be a cusp eigenform of level N, weight k and
character x. Assume that its associated residual Galois representation py is absolutely
irreducible. Suppose that p does not divide o(N)N(k — 2)! and the field K is sufficiently
big.

If k =p or k =p+ 1, assume that the localized Hecke algebra T rq is Gorenstein, where
M is the kernel of the reduction of f modulo .
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Let | be a prime which does not divide pN. Then the two following statements are equiv-
alent:

(i) Ty — e(l +1)Ry € Ker(f) for some ¢ € {£1}, where R; € Ty and R? = 1¥"%x(1)
(17) there exists a cusp eigenform g : Tny — Ok /(n") of weight k and character x such that:

(a) f(T,) = g(T,) for all primes q{IpN,
(b) g is new at .

Here, the symbol Ty, denotes the Hecke Oxk-algebra acting on the space of classical cusp
forms of weight k and level I'y(N) N To(1).

Remark 0.0.1. As we will clarify later, by K sufficiently big, we mean a finite extension
of Q, which contains a square root of x(I) and, if k is odd, it contains a square root of [.

The first chapter of this thesis is organized as follows. In the first section, we will
see how to associate to each cuspidal eigenform modulo 7" (whose residual Galois repre-
sentation is absolutely irreducible) a Galois representation with coefficients in Og/(7").
This was done by Carayol (see Thm. 3, [Car94]) using deformation theory. Carayol’s
construction will allow us to transpose properties of classical newforms to properly de-
fined newforms modulo prime powers and this will lead us to determine the “correct” level
raising condition for the level raising problem in this setting. In the second section, we
will study such a condition, comparing it with the one considered by Ribet and Diamond
in the classical case. Finally, we will show the necessity of this condition if we assume the
existence of a congruence coming from level raising. In the third section, we state the main
result of this chapter and we give a proof based on the cohomological version of Thara’s
lemma proven by Diamond (see |[Dia91]). Finally, the end of chapter 1 will be dedicated
to present a family of examples of general interest for the level raising phenomenon.

The second problem that we would like to describe concerns reductions modulo prime
powers of irreducible, two-dimensional representations of Gal(@p /Q,). This is the con-
tent of the second chapter of this thesis. Crystalline representations play a central role in
the study of p-adic representations of the local absolute Galois group Gg, := Gal(@p /Q,)
(see, for example, some density results due to Berger (see Thm. IV.2.1 in [Ber04|), Ch-
enevier (see Thm. A in [Chel3]), Colmez (see sec. 5.1 in |Col08]), and Kisin (see Thm.
0.3 in |Kis10])). We are interested in studying irreducible crystalline representations of
G, of dimension two and in particular their reductions modulo prime powers.

Let p be an odd prime, let k£ > 2 be an integer and a, € mg where E is a finite extension
of Q,, mg denotes the maximal ideal of the ring of integers Og with residue field kg. Fix
once and for all a choice of a uniformizer, say mg. Let Dy, := Ee; @ Ee; be the filtered
w-module whose structure is given by:

0 . Dy, ifi<0
© = <pk_1 ; ) and a filtration Fil'(Dy,, ) = { Ee, if1<i<k-1
' 0 iti>k
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By a theorem of Colmez and Fontaine (see Thm. A in |[CF00]), there exists a unique
crystalline irreducible E-linear representation Vj,, of dimension two, with Hodge-Tate
weights {0,k — 1} such that Des(Vy, ) = Dk, where Vi’ denotes the E-linear dual
representation of V;, . By a result of Breuil (see Prop. 3. 11 in [Bre03|), up to twist,
any irreducible two-dimensional crystalline representation is isomorphic to Vj 4, for some
k > 2 and a, € mg.

These results give rise to the natural questions of whether it is possible to completely
classify Vi 4, in terms of k and a,, and how Vj,, varies when the parameters k and a,
vary p-adically. In general, classifying the representations V} ,, in characteristic zero turns
out to be an hard problem even though some progress have been made in particular cases
via the local Langlands correspondence (e.g. see |[Pas09]). Nevertheless, much progress
has been made in describing the semi-simple residual reductions of the representations
Vi.a, using different approaches. We will briefly recall the state of art in the residual case.
Consider the [E-linear representation V; o, and let T} o, be a Gg,-stable lattice inside V} 4,
we have an isomorphism T} ,, ®o, E = V., of Gg,-modules. Denote by Vk,ap the semi-
simplification of T}, 4, ®o, kg; by the Brauer-Nesbitt’s theorem, the representation Vk’ap
does not depend on the chosen Gg,-stable lattice T} ,,. The problem of describing the
representations Vk,ap has been deeply studied by many authors via the p-adic and mod p
Langlands correspondence (see for example |[Bre03| and [BG09|), via Fontaine’s theory of
(p, I')-modules and its crystalline refinement via Wach modules (see for example [BLZ04])
or via deformation theory (see for example [Roz17])). However, the problem of classifying
them is still open and only partial results are known (see for example |BLZ04|, |[BG15],
[BGR18]) although partial conjectures have been formulated (see Conj. 1.5 in [Bre03] and
Conj. 1.1 in [Ghal9]).

In order to try to describe the reductions Vk,ap, one different approach consists in finding
isomorphisms between different residual representations of the form V,wp when we let
k and a, vary p-adically. This approach has been developed by Berger et al. with the
so-called local constancy results both in the trace and in the weight (see Thm. A and
Thm. B in [Ber12| and for for the case a, = 0 see Thm. 1.1.1 in [BLZ04]).

The purpose of this article is to extend Berger’s result to a prime power setting. The
main difficulty lies in keeping track of the Galois stable lattices involved in the congru-
ences because no semi-simplification process is, a priori, allowed (or defined) for general
reductions modulo prime powers. Hence, in proving the existence of such congruences, a
dependency on a choice of the Galois stable lattices is expected; but as we will see later,
in some cases, the result will be independent of such choice.

The first result of the second chapter of this thesis is the following local constancy result
with respect to the trace, i.e. we fix the weight and we let the trace of the crystalline
Frobenius vary p-adically:

Theorem 0.0.3. (Local constancy with respect to a,)

Let ap,a), € mg and k > 2 be an integer. Let m € +(Zx1) such that v(a, — a}) >
2-v(ap) + a(k — 1) +m, then for every Gq,-stable lattice Ty, o, inside Vo, there exists a
G, -stable lattice Tk’% inside Vk% such that

Tk,ap ®OE (’)E/(pm) = T’ﬁ% ®(9]E O[E/(pm) as GQP —modules;
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where a(k — 1) = anl L%J-

This result will be proven in two steps. First we will prove that if a, and a;, are
sufficiently p-adically close then it is possible to deform p-adically the Wach module
attached to the representation Tj ., into a new Wach module which will correspond to
the representation Ty o . Afterwards, we will prove that if the two Wach modules involved
are p-adically close (in some sense that will be clarified later) then the corresponding
representations Ty o, and Tk,% will be p-adically close as well. We will refer to this feature
as continuity property of the Wach modules.

The second and last result of the second chapter is the following local constancy result
with respect to the weight, i.e. we fix the trace of the crystalline Frobenius and we let
the weight vary in a neighborhood of the weight space W:

Theorem 0.0.4. (Local constancy with respect to k)
Let a, € mg — {0} for some finite extension E of Q,. Let k > 2 and m € 1(Zxy) be fized.
Assume that

» -1
k> (3v(a )—I—m)-(l——) + 1.
: (p— 1)
There exists an integer r = r(k,a,) > 1 such that if ¥ — k € p™t"(p — 1)Z>q then there
exist Go,-stable lattices Ty o, C Via, and Ty o, C Vi o, such that

Tra, @0z O/ (P™) = Ty o, Qo Or/(P™) as Gg,-modules.

The idea is to prove that the representations V; o, and Vi o, are respectively congruent

modulo p™ to two representations VIm LA and Vk, J#—1 which fit into an analytic
apt T \ap -

family of trianguline representations in the sense of Berger and Colmez (see [BCO08|); as a
consequence, the claims will follow from proving that if k£ and k' are sufficiently close in the

weight space W then the representations Vk —1 and Vk, L pio1 are p-adically close as
)ap o

pk
well (in a sense that will be clarified precisely later in the articleg. The result constitutes
a converse (in a particular crystalline case) to a non-published theorem of Wintenberger,
also proven by Berger and Colmez (see Thm 7.1.1 and Cor. 7.1.2 in [BC08|), concerning
the continuity property of the Sen periods and the Hodge-Tate weights.

Specializing the above theorems to the case m = 1/e, we get a slightly stronger result
than the known local constancy results in the semi-simple residual case (see Thm. A
and Thm. B in |[Ber12|); indeed our conclusions do not involve any semi-simplification
process, so for example, being residually decomposable (i.e. direct sum of two characters
modulo p) for some choice of lattice is also a locally constant phenomenon.

The motivation behind the study of local constancy phenomena modulo prime powers is
two-fold. From a purely representation theoretical point of view, the interest in under-
standing reductions modulo prime powers of crystalline representations lies in the result of
Berger on limits of crystalline representations (see |Ber04]). To be more precise, Berger’s
result implies that if V' is any p-adic representation of Gg, with Hodge-Tate weights in a
bounded interval I and if {V;};cs is a countable family of crystalline representations with
HT weights in I such that T'= T; mod p’, where T is a fixed G,-stable lattice in V' and

»ap
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T; is a Gg,-stable lattice in V;, then V' is also crystalline.

Moreover, we observe that a good source of examples for the crystalline representations
of the form V}, ,, comes from restriction at G, of Galois representations attached to clas-
sical modular forms of tame level. To be precise, let f be a classical normalized cuspidal
eigenform in Si(I'o(N)) where N is a positive integer prime with p and denote by p; its
attached p-adic Galois representation constructed by Deligne and Shimura. We define by
Vo(f) == py ‘ Co, the restriction of p; at the decomposition group at p. It is well-known (see

[Sch90]), that under the mild hypothesis a2 # 4p*~! (see [CE98]), the Gg,-representation
Vu(f) is crystalline and moreover we have that Deis(V,(f)") = Di.a, and so V,(f) = Vi,
where a, is the p-th coefficient of the g-expansion of f. A straightforward application
of the results in this article consists in using the explicit local constancy results in the
trace (see Thm. and Cor. to find upper and lower bounds for the number of
non-isomorphic classes of reductions modulo prime powers of modular crystalline repre-
sentations of G, coming from classical modular forms of tame level.

The second chapter of this thesis is organized as follows. In the first section, we will recall
the notions of (¢, I')-module of Fontaine and of Wach module and their main properties
which will be used later in the article. In the second section, we will recall the continuity
property of Wach modules which will play a key role in proving the local constancy result
in the trace. In the third section, we will show how to p-adically deform Wach modules
and we will state and prove the explicit local constancy result when the weight £ is fixed
and we let the trace of the crystalline Frobenius a, vary. Finally, in the last section,
we are going to state and prove the local constancy result when we fix the trace of the
crystalline Frobenius a, and we let the weight £ vary.
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Chapter 1

Level raising of cusp eigenforms modulo
prime powers

1.1 Raising the level modulo prime powers

In order to generalize Tsaknias-Wiese’s level raising result (see [TW17]) to cuspidal eigen-
forms modulo prime powers of weight greater than 2, we first need to establish a necessary
condition for the level raising. We will then compare it with the one considered in the
classical case by Ribet (see [Rib90], see also [Dia89]) and Diamond (see [Dia91]).

As in the previous sections, K will denote a finite extension of QQ, for a fixed prime p > 5,
Ok will denote its ring of integers and 7 will denote a uniformizer. We will assume that
p is different from 2.

Let N > 5 and k > 2 two positive integers. Throughout the paper, we consider them
fixed. From now on, we assume that the prime p does not divide p(N), where ¢ is the
Euler’s totient function.

We fix once and for all a Dirichlet character x : (Z/NZ)* — Og. We will denote by
Ty the Ok-subalgebra of Endg (Sx(I'1(N), x, K)) generated by the Hecke operators T;, for
n > 1. If m € N is coprime with p/N, the Og-algebra Ty contains the modified diamond
operators S, := m*~2(m) = m*~2x(m); they are scalar operators.

As we will see in detail later on, the condition that p does not divide ¢(N) ensures us
that Sg(I'1(N), x, Ok) is a direct summand in Si(I'1(N), Ok).

Similarly, if [ is a prime which does not divide p/V, we define the Hecke algebra Ty ; of level
N as the Og-subalgebra of Endg (Sk(I'y(N)NTy(1), x,K)) generated by the Hecke opera-
tors. Note that S; € Ty, since we are considering the congruence subgroup I'y (V) NT'y(1).

1.1.1 Galois representations attached to cuspidal eigenforms mod-
ulo prime powers

Let A be a complete Noetherian local Og-algebra with finite residue field of character-

istic p. Let f be an element in the set Home, 4,(Txn, A), or in other words, a cuspidal

eigenform with coefficients in A and character x. B
First of all, we will start to associate to f a residual Galois representation p : Gal(Q/Q) —

13
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Glo(F,).

Let f be the reduction of f modulo the unique maximal ideal M4 of A, i.e. the compo-
sition of f with the natural projection map from A to the quotient A/M . Now, f is a
cusp eigenform whose coefficients lie in a finite extension of [F,,.

By a lemma of Carayol (see Prop. 1.10 [Edi97]) and recalling the assumption p > 5, we
obtain that f comes from the reduction of a classical (i.e. holomorphic) Hecke eigenform
g € Sp(I'1(IN), x) with coefficients in an order of a number field.

By a theorem of Deligne and Shimura, we can associate to ¢, and so to f, a semisim-
ple residual Galois representation p : Gal(Q/Q) — Gly(F,) which is unramified outside
the primes which divide pN and such that Trace(p(Frob,)) = f(T,) and Det(p(Frob,)) =
qf(S,;) = ¢*'x(q) for any prime ¢ which does not divide pN. We will denote this residual
representation associated to f by P

Assuming that pf is absolutely irreducible, a theorem of Carayol (Thm. 3, [Car94]), allows
us to associate to each cusp eigenform with coefficients in A, a Galois representations py
with coefficient in A whose reduction modulo the maximal ideal M4 coincides with py.
In other words, the representation p; is a deformation of py.

In other terms, the following result holds:

Theorem 1.1.1. (Carayol)

Let f: Ty — A be a cusp eigenform of level N, weight k, character x and coefficients in
A such that its residual associated Galois representation is absolutely irreducible. Then
there exists a unique (up to isomorphism) continuous representation:

pr: Gal(Q/Q) — Gh(A)

which is unramified at primes not dividing pN, and which satisfies the relations:

Fmawmwm:ﬂm

Det(ps(Frob,)) = f(qS,) = qf(S,) = ¢ *x(q) for all primes q t pN.

Hence, let » > 1 be an integer and let f be a cusp eigenform on I';(N) of character
X, weight k € Nso, level N € N and coefficients in A := Ok/(n") whose attached residual
Galois representation is absolutely irreducible.
Using Carayol’s theorem, we associated to f a Galois representation

pr: Gal(Q/Q) — Gla(Ok /("))

such that:

{EWHW@EMDzﬂE)

for all pri N
Det(ps(Frob,)) = f(qS,) = qf(S,) = ¢* 'x(q) or all primes ¢ 1 p

and which is unramified outside the set of primes dividing p/V.

Now, since we are interested in congruences between cusp eigenforms of level N and level
[N modulo some power of p , we need to understand what happens to these representations
at the (possibly bad) prime 1.
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The strategy will be the following: first, we will briefly recall the construction of the
universal representation in Carayol’s proof of the above theorem, then we will consider a
cusp eigenform modulo prime powers g of level [N (i.e. with respect to the congruence
subgroup I'1 (N) NTy(l) where I does not divide N) which is new at [, and we will use the
Carayol’s universal representation construction to deduce some properties on the Galois
representation p, associated to g.

As long as it is possible, we will work in the general context where coefficients of the cusp
eigenforms lie in a complete Noetherian local Og-algebra A with finite residue field of
characteristic p.

Let f be a cusp eigenform defined as in the above theorem. We define f the reduction of f
modulo the maximal ideal M4 of A. We denote by M the kernel of f: Ty — A/ My —
Fp; it is a maximal ideal.

Since A is complete, by the universal property of completion, we have that f factors
through the completion of the Hecke algebra at M, i.e. we have the following commutative

diagram:
)\um/' lf

T—>A

where A"V is the natural ring homomorphism from T := Ty to its completion at M.
Note that, when it is possible (i.e. clear from the context), we will drop the subscript
denoting the level considered in order to simplify the notation.

This implies that if we are able to construct a Galois representation of the so-called
(e.g. |Car94]) universal Hecke eigenform A™V, then we can associate to f the Galois
representation given by the composition between the universal one and the homomorphism
Gly(Tpq) = Gly(A) induced by f.

Following Carayol, we proceed as follows: first we consider the Og-subalgebra of Ty
generated by all the Hecke operators T,, with ged(n, pN) = 1 and we denote it by T C T.
Note that in this context, the diamond operators are just scalars. We denote by ']T’M the
integral closure of T’, in T\, ® K, where T’y is the image of T" in T (we drop the
subscript that denotes the level N of the Hecke algebra). Since the Hecke operators T,
with ged(n, N) = 1 are simultaneously diagonalizable, the ring ’]AI"M is isomorphic to the
finite product of some rings of integers of finite extensions of K which we denote by E;
where the index j runs over a finite subset J of the positive integers. The finite set J is
in bijection with the set of classical normalized eigenforms, up to Gal(K/K)-conjugacy,
whose residual Galois representation is isomorphic to py. Hence, we have an injection:

Th = Th =[] Os,.
j€J
Now, fixing an ¢ € J, we can consider the composition with the standard projection on
the i-th component Pr; and so we get the ring homomorphism g;:

gi i T = Thy = Th = [ Or; 2% O,

jeJ
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The above homomorphism ¢; can be extended to a homomorphism ¢; : T — E where I~EZ is
a finite extension of E;. In order to do so, we need to define g; on the operators T}, where
q is a prime dividing the level N. Since all these operators satisfy their characteristic
polynomials, it is enough to define E; as the smallest field in which these characteristic
polynomials split completely. Moreover since we have a finite number of these polynomials,
we get a finite degree extension of [E;. For simplicity, we keep denoting these extensions
Now, the ring homomorphism g¢; is a classical normalized eigenform with coefficients in
a finite extension of QQ, whose residual Galois representation is isomorphic to ps. By a
theorem of Deligne and Shimura, we can associate to each of the g; a Galois representation
pg  Gal(Q/Q) — Gly(E;) such that the traces of the images of Frobenius elements at
primes different from p and not dividing the level are the coefficients of the g-expansion
associated to the cusp form g¢;. Finally, it is enough to define the representation of the
universal modular form as the product of the py, for all the finite indexes 7, so we get:

o = [T par + Gal@/Q) = Gla(Ty) = Gla( [] O, ) = [ Gl(O,).

icJ ieJ icJ
Now, a priori we know that the image of the universal representation is contained in
Gly(T,,), but it actually lies inside Gly(T’,,). In order to show this, it is sufficient to
observe that, since we are assuming that the residual Galois representation attached to
f is absolutely irreducible, the claim follows from a theorem of Carayol (see Thm.2 in
[Car94]; or sec. 6 in [Maz97|), Chebotarev’s density theorem and from the fact that the
traces at Frobenius elements lie in T’,,. The existence of the representation p™" allows
us to define p; as the Galois representation attached to f via the following commutative
diagram:

Gly(T)y) <= [lies Gl2(Ok,)

o La

Gal(@/ Q) e , » Glo(A

pf::f*opumv

where the homomorphism f, is the one induced functorially by f : T4 — A on the general
linear groups.

Now, we want to introduce a notion of newform for cuspidal eigenforms with coefficients in
a complete Noetherian local Ok-algebra A, and deduce useful properties of its associated
Galois representations. This will allow us to find a necessary congruence condition for the
level raising problem in the next section.

Let [ be a prime not dividing pN and let TR be the Og-algebra generated by all Hecke
operators inside the endomorphism ring of the K-vector space S(I'1(N)NTo(1), x, K)rmew,
It is a natural quotient of the Hecke algebra Tx ;. Note that when it is possible (i.e. clear
from the context) we will drop the subscript that denotes the level in the symbol TlN“fW
We give the following:

Definition 1.1.1. Let g : Tn; — A be a cuspidal eigenform of level IN weight k, character
X- The cuspidal eigenform g is l-new if it factors (as Ox-algebra homomorphism) via the
quotient T Y
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A careful analysis of Carayol’s construction of the universal Galois representation will
allow us to translate properties of classical [-newforms to cuspidal eigenforms which are
[-new in the above sense.

Fix a cuspidal eigenform ¢ : Tn; — A of weight k, character x which is new at [. Let

N be the kernel of the reduction of ¢ modulo the maximal ideal of A. Localizing Ty, at

the maximal ideal N and denoting by A™" the image of the maximal ideal A/ via the
l-new

natural projection Ty, — TFY, we have the following commutative diagram (note that
N g still a maximal ideal):

[-ne
TNl—:Zzw

Al N
g

Tl-new 7 A

where A\ is the natural homomorphism from T"™*% to its localization at NV,
Hence we can consider the “universal" Galois representation given by the product of all
the Galois representations associated to the classical Hecke eigenforms which are new at
[:

pi, + Gal(Q/Q) — Gl(Tg) = Gl (J] 05, ) = T Gha(0s,)

ieJ ieJ

where J is a finite set in bijection with the classical I-newforms of level N whose residual
Galois representation is isomorphic to the residual Galois representation of g.
Now, recalling that we are always assuming that [ does not divide p/N, the representation

univ

piu  has an explicit description at the prime :

Lemma 1.1.2. Consider the universal Galois representation
Pinew * Gal(Q/Q) — Gly(Ti5)

associated to the newforms at | constructed above. Then the trace map is well defined at
Frob; and it satisfies:
Trace(pi™™ )(Frob;) = (1 + 1)U,

where U, € Tk}}_gf’w. Equivalently, since by definition the finite set J defined above is in
bijection with the (finite) set of classical Hecke newforms at 1 of level IN (denoted by h;
fori in J), we have that:

Trace(pie,) (Froby) = ((L+ Dhi(U))ies € [ | O,

ieJ

Proof. Let h be a classical Hecke newform at [ of level [N, and consider the Galois
representation py attached to h by Deligne and Shimura. Since h is new at [, it is well
known (e.g sec. 3.3, [Wes05|) that py, is ordinary at the prime [. We should recall that
being ordinary is a deformation condition (sec. 30, |[Maz97|). Moreover, we have a very
explicit description of p, when restricted to the decomposition group Gg, (see Lemma
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2.6.1, [EPWO06]). Indeed, let V;, be the largest quotient of the Galois module V' given by
the representation ps, on which the inertia group I; acts trivially. Then there exists an
unramified character 7 : Gg, — Q, such that:

(1) n(Froby) = ai(h) = h(Up)
(2) Gg, acts on Vj, via the character 7
= ()
Gy,
where w, denotes the p-adic cyclotomic character. Here, the symbol a;(h) denotes the

[-coefficient of the g-expasion attached to h. Now, since [ # p, we deduce that the trace
is well defined at the Frobenius at [ and then:

Trace(pp,)(Frob;) = (wp,(Frob;) + 1)n(Frob;) = (I 4+ 1)h(1).
Since the representation pje is defined as the product [, pa,, it follows that the semi-
simplification of its restriction to the decomposition group Gg, is unramified, and so the
claim follows. ]

Remark 1.1.1. The key role in the above proof is played by the local property (at [) of
the Galois representation attached to a newform (at /) which consists of being ordinary
at [. We refer the reader to section 5 in |Rib94] for a very clear explanation on the reason
why the property holds.

Now, from the above lemma we deduce that if g : Ty; — A is a cusp eigenform
of level [N, new at [ with weight k, character y and coefficients in A, then, as already
mentioned above, its Galois representation p, factors through the universal representation

univ [-new

Plmew- Hence, denoting by g the map T{2%0, — A induced by g, and denoting by g, the
map induced on the general linear groups by g, we can apply the trace map and get:

Trace(py) (Froby) = Trace(gu(p)ew)) (Froby) = §((1 + 1)U) = (I + 1)g(Uh).

Note that even though p, is a priori not unramified at [, the image of the restriction at
the [-decomposition group is contained in a Borel subgroup and the two characters on the
main diagonal are unramified at [, hence its semisimplification is unramified as well and
so the trace and the determinant are well defined at Frob;.

A key fact in proving the necessity of the level raising condition lies in the explicit de-
scription of the [-th coefficient of a classical newform of level [N , and now we will show
how this knowledge can be extended in the more general case of cuspidal eigenforms mod-
ulo prime powers. More specifically, Hida proved (see Lemma 3.2, |[Hid85|) that if g is
a classical newform (at [) of level I[N (as usual, [ { N), weight & > 2, and character x
of conductor which divides N, then a;(g)* = I*72x(l), where as usual a;(¢g) denotes the
[-coefficient of the g-expansion of g. In other words, every Og-algebra homomorphism
g : Tny — Ok which is new at [ satisfies g(U? — S;) = 0. We observe that we can apply
Hida’s lemma because we are working with the congruence subgroup I't(N) N T'y(l) and
so the conductor of x is coprime to [.
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This result can be easily generalized to cuspidal eigenforms with coefficients in A of level
[N which are new at [ by observing that, thanks to the result of Hida mentioned before,
[-new

the operator U7 — S} is in the kernel of the natural projection Ty, — TR™.
Hence, we have the following lemma:

Lemma 1.1.3. Let g : Ty; — A a cuspidal eigenform of weight k > 2, level IN, character
x and coefficients in A, which is new at l. Then g satisfies g(U? — S;) = 0.

The proof is immediate from the definition of g being new at [ since the operator
U? — S; belongs to the kernel of the natural projection Ty, —» ’]Tévnfw It is also worth to
mention that this result can be expressed in terms of properties of the Galois represen-
tation attached to a cuspidal eigenform new at [ with coefficients in the Og-algebra A.

Indeed, it is enough to observe that by construction:

Det(p™¥ )(Frob;) = U = 1S,

where the last equality holds because of Hida’s result. We recall that the determinant

is well defined at Frob; since the semi-simplification of the restriction of pi™Y¥ to the

decomposition group G, is unramified at /. Hence, Lemma and Lemma give
the explicit formula for the characteristic polynomial at Frob;:

charpol((p/™ )(Froby))(x) = 2* — (I + 1)Uz + 1S).

We recall that, for the sake of simplicity, we are making an abuse of notation in using the
same symbol U; for the [-th Hecke operator in the Hecke algebra T of level [V, and for
the images of U; in the completion Ty and Tj{}}?ﬁw.

Finally, we ready to use the theory of Galois representations to compare the coefficients

of cuspidal eigenforms modulo prime powers in a context of level raising.

1.1.2 The level raising condition

In this section we will find a necessary condition for two cusp eigenforms modulo 7" (one
of level N and one of level [N, new at [ where [ does not divide pN) to be equal (modulo
7") almost everywhere. We will do it by comparing the associated Galois representations
constructed in the previous subsection.

Let A := Og/(n") for some positive integer r. Let f be a cusp eigenform of level N,
weight k, character x and coefficients in A. As usual let [ be a prime not dividing p/N.
We will always assume that the semisimple residual Galois representation p; attached to
f is absolutely irreducible. Then, by Carayol’s theorem (see Thm. 3, [Car94]) mentioned
above, we have that p; is unramified at [ and it satisfies:

Trace(py (Froby)) = f(T}).

As in the previous section, let g be a cusp eigenform of level [N, new at [, same weight
and character of f with coefficients in A. By the discussion in the previous section, we
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know that the Galois representation p, attached to g through Carayol’s theorem satisfies
the well-defined property:

Trace(p,)(Frob;) = (I + 1)g(U)).

Hence, if we assume that f is congruent to g, i.e. f(T,) = g(T,,) for all positive integers
n coprime with [pN, we have that in terms of Galois representations:

Trace(ps(Frob,)) = Trace(p,(Frob,))

for all primes ¢ not dividing pl/N.

Hence, by the Chebotarev’s density theorem, the representations p; and p, agree on a
subset of density one of the set of generators of the absolute Galois group, hence they
agree at all the traces, in particular at [. Thanks to a theorem of Carayol (see Thm.1,
[Car94]), the two representations py and p, are isomorphic. In particular,

Trace(py(Frob;)) = Trace(p,(Froby)),

where Trace(p,(Frob;)) is well defined since the characters on the diagonal of the restric-
tion of p, at the decomposition group at [ are unramified. More explicitly, we have

f(T) = (L +1)g(U) in Ok /(x"),

where T} € Ty and U; € Tn,. Moreover, we can make the above condition independent
of g and get the necessary so-called level raising condition. In order to do so, we first
need to introduce a special operator in the Hecke algebra Ty,. Assume that the field K
is sufficiently big in the sense that it contains the roots of the polynomial 2 — x(I) and,
if the weight k is odd, it contains a square root of [, then the following lemma holds:

Lemma 1.1.4. There exists an operator R; in the Ok-algebra Ty, such that Rl2 =5.

Proof. Indeed, fix an odd positive integer m and fix once and for all a root { € K of the
polynomial 2% — x(1).

_ m+1
We define the operator R; := (Z%C_l)mSl 2 (see also sec. 4, |Dia89| for a similar
definition in weight k& = 2). A straightforward computation shows that R? = S;. Note
that if g : Tyy — A is a cusp eigenform then g(R;) = Z%C, and so the operator R; does

not depend on the choice of m. We need to prove that R; lies in the Og-algebra Ty,.
Since m is odd and S; € Ty, we deduce that Sl% € Tny. Since x(l) is a root of unity
and ¢ € K we deduce that ¢ € O, so same holds for (~™. Since "7 € Oy we conclude
that R, € Tyy.

Indeed, since g(U;)* = g(5)), the assumption p # 2 and Hensel’s lemma ensure that there
exists an €, € {£1} such that g(U;) = € 49(R;) = el,glk2;2C. We recall that ( € O
satisfies (? = x(I) and it exists because, by assumption, K contains the splitting field of
piy(x) =2 = x(1) =0. O
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Since g has the same weight k, and same character x of f, we finally conclude that:

FT) = a0+ Df(R) = (l+1D)I5 ¢ inOg/(n").

Denoting the kernel of f : Ty — Og/(7") by I, we then restate the above necessary
property for the level raising as: for e € {41}

T,—e(l+1)R el (LRC).

We will refer to the above condition by “level raising condition of parameter €", or shortly
(LRC)..

Then we have proven the following necessary condition for the level raising in the context
of newforms modulo prime powers:

Proposition 1.1.5. Let f : Ty — Ok/(n") be a cusp eigenform of weight k > 2, level
N € Zy, character x where K is a sufficiently big, finite extension of Q,. Assume that
py is absolutely irreducible. Let | be a prime such that [ { pN. Suppose there exists a cusp
eigenform g : Tny — Ox/(n") of level IN, same weight and character as f, which is new
at | and that satisfies:

f(T,) = g(T,) for alln € N such that ged(n, pIN) =1
then f satisfies (LRC), for some e € {£1}.

Remark 1.1.2. By K sufficiently big we mean a finite extension of @, which contains a
square root of x(I) and, if k is odd, it contains a square root of [.

We want to remark that in the literature (e.g. |[Rib90], [Dia91], [Wes05]) the level
raising condition is usually expressed as follows:

TP —(1+1)2S el (LRC)>.

We will refer to the above condition as (LRC)2. Clearly, if f is a cusp eigenform modulo
7" which satisfies (LRC)_, then it satisfies also (LRC)?. The converse does not hold in
general. Before stating the result connecting the two level raising conditions we need
some definitions. First, we will denote by v, the m-adic valuation on Og. Now, let
f: Ty — Ok/(7") be a cusp eigenform of weight k and character x. Let [ be a prime
which does not divide p/N such that f satisfies the level raising condition at [ given by
(LRC)®. Let s < r — 1 be a positive integer. As usual we denote by I the kernel of f.
We define I as the kernel of the composition f;: Ty — Ox/(n") — Ok/(7®) where the
first arrow is given by f and the second one is given by the natural projection. We say
that f satisfies s-(LRC), if there exists an e € {£1} such that the reduction of f mod 7°,
ie. fs, satisfies fo(1}) — e(l + 1) fs(R;) € I,. For instance, the conditions r-(LRC), and
(LRC), are the same. The condition 0-(LRC), is the empty condition. Now we are ready
to present the following result which states a more precise connection between the level
raising conditions. We recall that we are assuming that p is an odd prime.
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Lemma 1.1.6. Let f : Ty — Ok/(7") a cusp eigenform of weight k and character x. Let
[ be a prime which does not divide pN such that f satisfies the level raising condition at
[ given by (LRC)z. Let v be the value of the m-adic valuation at 1+ 1, i.e. v =1v.(l +1).
Then there exists an € € {£1} such that f satisfies the following level raising conditions
(r —v)-(LRC),. In particular, if the prime | satisfies v.(l + 1) = 0, then the conditions
(LRC)* and (LRC), for some ¢ € {#1} are equivalent.

Proof. The result comes from straightforward computations modulo prime powers. Con-
sider the identity £(T)? — (+1)2£(S) = ((Ty) — (L + 1 f(R))(f(T)) + (1+ 1) (1)) and
define a := v (f(T}) — (I + 1) f(R)) and b := v (f(T;) + (I + 1) f(R;)). We can assume,
without loss of generality, that a < b. Since v,(2f(R;)) = 0, we have that

v=ve(l+1) = v(f(T1) = (L + D f(R) = f(T) = (I + 1) f(R)) = min{a, b} = a,

and so we deduce that b = r—a > r—wv. In other words, the cuspidal eigenform f satisfies
(r —v)-(LRC)_.
O

1.1.3 The level raising congruence

As in the previous section, let N > 5, r and k > 2 be positive integers. Fix an odd prime
p not dividing N. Let K be a sufficiently big finite extension of Q,, with ring of integers
Ok and a uniformizer .

We will prove the following:

Theorem 1.1.7. Let [ : Ty — Ox/(n") be a cusp eigenform of level N, weight k and
character x. Assume that its associated residual Galois representation py is absolutely
irreducible. Suppose that p does not divide o(N)N (k — 2)!.

If k =p or k=p+1, assume that the localized Hecke algebra T nq is Gorenstein, where
M is the kernel of the reduction of f modulo .

Let | be a prime which does not divide pN. Then the two following statements are equiv-
alent:

(i) f satisfies the level raising condition (LRC)_ at the prime l for some € € {1}
(17) there exists a cusp eigenform g : Tny; — Ok /(n") of level IN, weight k and character x which sat

(13.1) f(T) = g(T,) for all primes q1tIpN,
(13.2) g is new atl, i.e. it factors through the quotient ']I'lﬁffw.

Remark 1.1.3. The theorem specializes to Ribet’s and Diamond’s results (for p # 2,3
and assuming the Gorenstein condition for k = p and k = p 4+ 1 for the localized Hecke
algebra) when k£ > 2 and r = 1 (see Thm. 1 in [Rib90], and Thm. 1 in [Dia91|) thanks
to the Deligne-Serre’s lifting lemma (see Lemma 6.11, [DS74]) and Carayol’s lemma (see
Prop. 1.10 [Edi97]). As a consequence of Carayol’s lemma, we can still recover Diamond’s
theorem in the case p = 3 and non-trivial character if some extra conditions on y hold.
Moreover, under the restriction p # 2, it specializes to Tsaknias-Wiese’s result when k = 2
and r > 1 (see Thm. 5 in [TW17)).
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Remark 1.1.4. The Gorenstein property for the localized Hecke algebra at some maximal
ideal of characteristic p (odd prime) arises naturally in the context of residual modular
Galois representations to study multiplicity one questions and it was extensively studied
by several authors.

Being Gorenstein is a property of Noetherian local rings and as such it can be studied
from a purely algebraic point of view (see [Til97]). Concerning Hecke algebras, for weight
k = 2, it is always true that the localization at a maximal ideal (whose characteristic p
does not divide the level N) is Gorenstein (see Thm. 9.2, [Edi92]).

The case of general weight 2 < k < p—1, was settled by a theorem of Faltings and Jordan
(see |FJ95)]).

The cases corresponding to weights k = p or k = p + 1 are more complicated. One can
still find sufficient conditions for the Gorenstein property to hold in the article of Edix-
hoven (see [Edi92]); but there are known counterexamples due to Kilford and Wiese (see
[KWO08|) and theoretical results, due to Wiese (see [Wie07]), that establish the existence
of counterexamples in general. Moreover, in [KWO08|, a notion of Gorenstein defect is
defined and studied.

Remark 1.1.5. Here we summarize the key points of the proof of Theorem [I.1.7, which
will be given in details in the next section.

In order to raise the level of a cusp eigenform f : Ty — Og/(n") we first construct a
T n-module Wy such that Annp(W;) = Ker(f) and the action is given by T'- w = f(T")w
for all w € Wy and for all T' € Tx. The T y-module structure of W; determines uniquely
the cuspidal eigenform f (this will be a consequence of lemma |1.1.10)).

By a (slightly adapted) result of Diamond (see Lemma 3.2, |[Dia91|) and assuming the
level raising condition (LRC'), for some € € {£1}, it is possible to associate to Wy a Ty -
module V; such that Ty,;/Annt,, (Vy) is isomorphic (as Og-algebra) to Ok/(n"). The
structure homomorphism of V; as Tyy-module is given by a Ok-algebra homomorphism
g : Tyy — Ende, (V) which factors via the natural projection (we keep calling it g)
g: Tny — Tny/Annyy, (V). By construction, the Og-algebra homomorphism g : Ty —
Ox/(m") (i.e. a cuspidal eigenform modulo 7" of level IN) will satisty f(7,,) = g(7},) for
all positive integers n coprime with [p/V.

Finally, we will prove that g is new at [, i.e. it factors through Tﬂ‘vfjfw. Indeed, assuming
the level raising condition (LRC)., we prove that U; — eR; is contained in Annr, (V)
and, as a consequence, V; is a Ty ;-submodule of a non-trivial congruence module 2,
i.e. a Tyy-module whose annihilator Annr,,(€2) contains both the kernels of the natural
projections of the Hecke algebra Tx; onto its l-old and l-new parts. The existence of such
congruence module is granted by the work of Diamond (see [Dia91]). Hence, we have that
Anng, () € Anng,,, (Vy). It follows that Ker(Ty,; — TR™) is contained in Anng,, (Vy),

l-new

and so in particular g factors through the quotient TR™, i.e. it is new at [.

1.1.4 Proof of Theorem [1.1.7]

The necessity of the level raising condition is exactly the content of Proposition [I.1.5]
Hence, we need to prove that if f satisfies (LRC'), for some € € {£1} then there exists
a cusp eigenform g : Ty; — Ok/(n") such that f(7,) = ¢(T,) for every n such that
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(n,IN) =1 and such that g factors through TR
Denote the kernel of f: Ty — Og/(n") by I. Assume that

T,—e(l+ 1R €1 (LRC).

for some € € {#1}. Denote by f the reduction of f modulo 7 and denote by M its kernel.
We have that M is a maximal ideal and I C M.

For k > 2, and for I any congruence subgroup of Sly(Z), let Lj_2(Ok) denote the I'-
module Sym*~?(0%). The I'-module structure of L;_5(Ok) is induced by the symmetric
power of the module structure of O% given by standard matrix multiplication.

The parabolic cohomology group HA(I'y(N), L_o(Ok)) is obtained as a subgroup of the
standard cohomology group H'(I'1(N), Ly_2(Ok)) by considering the cocycles w satisfying
w(y) € (v — 1)Ly_2(Ok) for all parabolic elements v € I';(N), i.e. all the matrices

conjugate to + for some integer d (see sec. 1.4 |[Shi94|). Recalling that [ does not

1 d
0 1
divide pN, we define:

W (Ox) = Tmage(Hp(T1(N), Ly »(Ox)) 2 Hp(Ty(N), L _5(K)))
V(Ox) = Image(HA(T1 (N) N To(D), Ly—»(Ox))) 2 HE(T1(N) N To(l), L (K)))

where the maps j; and j, are the ones induced on cohomology by the natural injection of
OK in K.

Consider the Og-module K/Ok, we define: W(K/Ok) := W(0Ok) ®0, K/Ok.

By Hida (see Thm. 3.2, [Hid81], we recall that we are under the assumption N > 5),
assuming that p { N(k —2)! (or equivalently, p4 N and k < p+ 1) the Ox-module W (Ok)
(resp. V(Ok)) is finite, free and self-dual with respect to the perfect pairing given by the
cup product.

The double coset operators of Sly(Z) act on the Og-module W(Ok) and this action is
compatible with the action of the double coset operators on the space of classical cuspidal
eigenforms of weight & and level N (see sec. 8.3 in [Shi94]). In other words, Eichler
and Shimura (see sec. 8.3, [Shi94]) proved that the Og-module W (Ok) (resp. V(Ok)) is
invariant under the action of the full Hecke algebra acting on the space of cusp forms of
weight & > 2 and level T'; (V) (resp. level I'1 (V) N Ty(1)). Now, let o be the map

a: W(K/O) = V(K/Ok)

induced by the inclusions of I'y (NV)NT'y(1) in I'; (V) via the identity and the conjugation by
[ 0
0 1
(see lemma 3.2, [Dia91]) the following:

. As a generalization of Thara’s lemma (see lemma 3.2, [[ha75|), Diamond proved

Lemma 1.1.8. (Diamond) The map « is injective.

Diamond proved this lemma, which is a fundamental step in the proof of level raising
for classical cusp eigenforms of weight £ > 2, to deduce that if the level raising condition
holds then there exists a non-trivial congruence module © in V(K/Ok), i.e. € is a non-
trivial Ty -submodule of V(K/Ok) whose action of Ty, factors through TR and TR
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Moreover, there is an isomorphism = Ker(f o ) where £ is the adjoint map of « given
by the standard cup product on the cohomology groups.

Since we want to prove that the level raising congruence can be obtained preserving the
Dirichlet character y associated to the diamond operators, we will first restrict ourself to
the y-invariant submodules of the parabolic cohomology groups defined above.

Indeed, the Og-module W (Ok) has a natural action of the group associated to diamond
operators I'o(N)/T'1(N) = (Z/NZ)* (via double coset operators, see chap. 8 in [Shi94]).
For any Dirichlet character ¢ : (Z/NZ)* — (Ok)*, we define

W(Ox)"W :={v e W(Ok):h-v=1(h)v forall h e (Z/NZ)*}.

Morever, we define W (K/Ox)®) := W (Ok) ¥ ®0,K/Ok. The Og-submodule W (K/O)®)
(resp. V(K/Og)™)) inherits a natural structure of Ty-module (resp. Ty ;-module).

The assumption that the odd prime p does not divide ¢(/N) ensures us that the Hecke
submodule W (Ok)®) of cocycle classes on which the group (Z/NZ)* acts via the Dirich-
let character v is a direct summand of W (Ok). In order to see this, it is enough to observe
that that there exist, in the Og-algebra Ty, the idempotent e, : W (Oxg) — W (Og)®)
given by ey = =k 3 e 09 g

The theory of cohomological congruence modules developed by Diamond (see |[Dia91|)
works with fixed character once assumed that p does not divide (V).

Indeed, under the extra hypothesis p { ¢(N), the restriction of a to (W (K/Og)X))®? gives
us an injective map

o (W(K/Og) )2 = V(K/Og) ™.

As for «, we can associate to the map aX) a well defined congruence module QX =
Ker(8% o o)), where 30 is the adjoint map associated to a) with respect to the cup
product (see also sec. 3, [Dia89)]).

Now, we define W; := W (K/Ok)[I]. We recall that if R is a commutative ring, I an ideal
and M is an R-module, we define M[I] ={m € M : Im = 0}.

The Og-module W} has a natural structure of T y-module, and it is contained in W (K/Og)X).
Hence, the assumption p 1 ¢(NV) allows us to restrict ourself to work with Hecke submod-
ules of W(K/Oxk) on which the diamond operators act via the character .

By these considerations, from now on, we will simplify the notation by dropping the su-
perscript for the fixed character y; in other words, from now on a = a®) and similar for
W(K/Og)X, V(K/Og)¥and QX). We can now continue the proof.

The chain of inclusion (7") C I C M induces:

W(K/Og)[r"] 2 Wy 2 W(K/Ok)M].

The characteristic of Ty /I is a power of p, in particular we have the following chain of
inclusions of ideals in T y:

(r") C I C M.

The action of Ty on Wy factors through the quotient Ty /I. Because of the Gorenstein
assumption, a result in commutative algebra (see Lemma [1.1.9) will ensure us that W,
is a faithful Ty /I-module, or in other words Annr, (Wy) = I. We will prove this in the
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next section, now we will complete the proof of the main theorem.

We can finally apply Ribet’s analysis in the cohomological context. We recall that we
dropped the notation for the fixed character but we are always working with scalar di-
amond operators coming from the definition of the Hecke algebras Ty and Ty, acting
faithfully on the space of cusp forms of character x and respective level N and [N.
Hence, in order to get a Ty;-module which will lead to the level raising of f, we will
embed W; in W (K/Ok)®? with a slightly modified antidiagonal embedding “adj, " which
will depend on (LRC), (in the sense that it will depend on €) and then we will apply a.
Since R; is invertible, we define the embedding:

ady) : W(K/Ox) — W(K/Ox)®
x> (x, —el* "Ryx)

Note that if k = 2 and x = 1, the embedding adj; (which sends z to (z, —er)) coincides
with the embedding considered by Ribet (see |[Rib90|) and by Tsaknias and Wiese (see
[TW17]) in the context of analogous modular Jacobian varieties (we recall anyway that
Ribet already observed in his article (see [Rib90]) that his argument is entirely cohomo-
logical).

Now, applying o we can define V; := a(adj, , (Wy)) € V(K/Ok). First, we want to show
that V; is Hecke stable, i.e. it inherits the structure of Ty ;-module from the standard
Hecke action of Ty, on V(K/Ok). Since o commutes with the action of the Hecke oper-
ators T, with (n,l) =1 and with the automorphism R;, we have that V; is Ty -stable if
it is stable under the action of the operator Uj.

The action of the operator U; on W (K/Oxk)®? coincides with the action of the operator
U, on the [-old space of classical cusp forms of level [N, i.e. it is given by the 2 X 2 matrix
(see [Dia91]):

Tl lkfl
Ulwioze = | _prg, ¢ |-

Finally, we can check that V} is Uj-invariant:
fixx € Wyandlety = a(ad,(;;(x)) = a((x, —el* " R;z)), we have that (since « is injective)

. T [kt x Tix — el Ryx
Ul(y) = Ul(a(adk,x)) = a( (_ZQ—ZkSl 0 ) (—EZQ_kRZI) ) = a( ( l—l2_kSl]lf ) )
Since (LRC), holds, we have that:
Tix — el Rz B e(l+1)Rx — el Ry
N\ —2tse )] 77 —PF R
a GRl 0 X
0 €eR) \—€el*>*Rx

= eRy.



1.1. RAISING THE LEVEL MODULO PRIME POWERS 27

The operator R; is a scalar, and so Vy is a well-defined Ty ;-module.

Hence, the action of Ty, on V} is represented by a Ok-algebra homomorphism ¢ : Tn; —
Ox/(7m"). The last thing to prove is that g factors through Tﬂ;{lfw. Since the raising level
condition is satisfied, there exists a non-trivial congruence module €2 inside V (K/Ok), i.e.
a T ;-module whose Ty ;-action factors both through Tﬁ,‘j}d and Tl]‘vflfw. By construction,

we have that the action of Ty, on V; factors through Té{,‘?}d, hence we will prove directly

that V7 is contained in €, which concludes the proof. Indeed, since Ker(Ty,; — ']I‘ﬁvnlew)
is contained in the annihilator of Q (as Ty, -module), if V; C Q then the corresponding
contravariant inclusion of annihilators proves that the action factors via TH'F™.

The above claim follows directly from the injectivity of a. In particular, it follows from
lemma[I.2.1) that Q = Ker(3 o o) where 3 is the adjoint of o with respect to the standard
pairing given by the cup product on W (K/Ok) and on V(K/Ok). Indeed, explicitly we
have (see |Dia91]) that the map:

Boa:W(K/Og)®? — W(K/Og)®?

is given by the matrix

[+1 F2787"
T 21 4+1)

acting on W(K/Oxk)®2. So in order to show that V is contained in Q = Ker(8 o ) we
will prove explicitly that if y € V} then (8o «)(y) = 0. Now, since Lemma holds,
we have an isomorphism (by definition) between adj,  (Wy) and V}, so any y € V; can be
written as (z, —el> *Ryz) for a unique € W;. Finally,

(Boa)(y) = I+1 *5 T (I +1) —eR, )2\ (0
YW=\ n 20+ 0)) \ e Ra) T\ (T =+ DRz )~ \o
where the last step holds because R; is an automorphism and the raising level condition

holds, i.e. Tj —e(l+1)R; € Annp(Wy) = I = Ker(f). This implies that g factors through
']I‘ﬂ;}jfw and the proof is complete.

Remark 1.1.6. Diamond (see Thm. 2 in [Dia91|) proved that if f is a classical newform
of level N > 5, weight k£ > 2 and character y, which satisfies the level raising condition
(LRC)? modulo 7" at a prime I (as usual, not dividing pN) then there exist a family
{g:}M, for some positive integer M, of I-newforms of level I[N such that f = g; mod 7
and Zf\il d; > r. Using Theorem it is possible to deduce more information about
the coefficients d; whose existence was predicted by Diamond. Indeed, for every i, the
congruence f = g; mod 7% can be seen as a level raising congruence of cuspidal eigenforms
modulo 7%, and as such we deduce that (LRC), has to be satisfied modulo 7% for some
¢ € {£1}. Then we have an upper bound for the coefficients d;:

max,{d;} < max{v,(a(f) — L+ DT s vala(f) + (1 + DIF O}

where, as before, ¢ € O satisfies (2 = x(1).
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1.1.5 A result in commutative algebra

Let p be an odd prime and let K be a finite extension of Q,. Let H be a finitely generated,
free Ox-module, and let R C Endp, (H) be a commutative Og-subalgebra.

Consider the Og-module W := H ®0, K/Oxk. The ring R naturally acts on W via the left
action on H, hence W has a natural structure of R-module. Assume that H is a (finite)
free R-module of rank s. The following result is probably well known but we were not
able to find it in the literature so we will prove it.

Lemma 1.1.9. Let h be an element of the set Homoy ai,(R, Ox/(7")) an let I = Ker(h)
and M be the unique maximal ideal containing I. Assume that the localization R is a
Gorenstein ring, i.e. Homo, (Rym, Ox) is a free Ry-module of rank 1.

Then Wl = {w € W : Iw = 0} is a faithful R/I-module, or equivalently Anng(W|[I]) =
1.

Remark 1.1.7. We can apply the above lemma in the context of cuspidal eigenforms
modulo prime powers. Namely H is the parabolic cohomology group that we denoted
by W(Ok), R is the Hecke algebra Ty and h = f, which gives us the faithfulness of
W(I] = Wy as R/I-module. A study of W in weight 2 (in terms of Jacobians attached
to modular curves) can be found in an article of Tilouine (see Thm. 3.4 and cor. (1),

[T1197)).

Proof. Since R is commutative, the inclusions of ideals (7") C I C M induce a chain of
inclusions of R-modules:
WM| CW[I] C W[r"].

Let Ta, (W) = @W[W"] be the m-adic Tate module associated to W. Since W[r"] and
H/n"H are isomorphic as R-modules and the action of R on both modules is compatible
with the transition maps of the projective sytems, we have a canonical isomorphism of
R-modules Ta, (W) = H. We define Z as the localization of Ta, (W) at M.

We have that Z is a finitely generated, free R -module of rank s. The localized ring R, is
Gorenstein, or equivalently there is an isomorphism of Ry-modules Ry = Home, (R, Ok).
As usual, let W[n"|y be the Rpy-module obtained by localization of W({n"] at M. We
have a chain of isomorphisms of R-modules:

®s ®s
Wil = 2oz = (B9 m,,) - = Bomo, (M40 R, O%r)

where the last isomorphism of R -modules holds because of the extension of scalars
property for homomorphism modules (see Prop. 10, chpt. 1, [Bou89|). The inclusion of
ideals (7") C I and the exactness of the localization functor induce the isomorphism of
R a-modules:

W[]]M = I‘IOIDO]K (RM/(WT)RM’ O]K/(ﬂ_r)> [I]@S.

Moreover, the action of Ry on W[I]r factors through the quotient Rpq/IRaq, and so
the above isomorphism is an isomorphism of R/ Ra-modules.
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We observe that, since 7" € I, there exists an ideal I of R/(7")R such that:

R
/(WT)/]‘ ~ 1

The Og-algebra homomorphism h is surjective and it factors through the quotient by its
kernel, so R/I is isomorphic (as a ring) to Ox/(n") which is a local ring, hence R/I is a
local ring as well. By the exactness of the localization functor we have a ring isomorphism
Rpm/IRM = R/I.

It follows that we have an isomorphism of R/I-modules:

W(I] & WI]p = Homo, <(RM/W)RM>/ i 7 W))

®s
= Homp, <RM/]RM7 OK/<7T7“>>
®s
= HOH]OK <R/]7 OK/(ﬂ””)) )
so W{I] is a faithful R/I-module and the proof is complete.
[

Now, we want to identify a cuspidal eigenform modulo #" of generic level N (not
divisible by p) with a unique class of Hecke submodules of W[zr"]. In order to do so we
will make use of lemmal[I.1.7 We will again state the result in the context of commutative
algebra. We keep the same setting as the previous lemma. If J is an ideal of R which
is contained in a unique maximal ideal, we will denote such maximal ideal as M ;. We
define the set:

B — {M C W[r"] R-submodule : R/AnnR(M) =~ OK/(H); RMAmR(M) is Gorenstein}.

Let ~ be the equivalence relation on B given by: M ~ N if and only if Anng(N) =
Anng(M). We have the following lemma:

Lemma 1.1.10. Define the map between sets as follows:

p: A= {h € Homo, a4 (R, OK/(H)) F R My 18 Gorenstein} — %/N
h — (W[Ker(h)])~

where the symbol ()~ denotes the class under the equivalence ~.
Then ¢ is a bijection.

Proof. First we prove the injectivity of ¢. Take hy and hs in 2 and assume that ¢(h;) =

©(hs). Then by definition we have that (W [Ker(hy)]). = (W [Ker(hs)])~ and so Anng(W[Ker(hy)]) =
Anng(WKer(hs)]). By lemma we deduce that Ker(h;) = Ker(hy) and hence the
injectivity follows.

For the surjectivity, let (M). € B and denote by Jy, the annihilator Anng(M). Then

the natural projection hy : R — R/Jys satisfies hy € 2 and ¢(hy) = (W[ Jy])~. Again

by lemma [1.1.9) Anng(W[Jy]) = Jy and so (W[Jy])~ = (M)~. This completes the

proof. n



Remark 1.1.8. The above lemma formalizes the idea behind the proof of the main
result of the article. Applying it to H = W(Ok), and R = Ty gives us the bijective
correspondence between cuspidal eigenforms modulo prime powers of level N and certain
classes of Hecke modules related to the first cohomology group involved in the classical
Eichler-Shimura isomorphism.

1.2 Examples

All the following computations were made using MAGMA (see |[BCP97]) and the LMFDB
database (see [LMFDB]J).

We will keep the same notation as before, i.e. k> 2 and N > 5 are integers, p is an odd
prime and K is a sufficiently big finite extension of Q,.

In this section we will present examples related to level raising, underlining the difference
between full level raising and partial level raising and connecting Theorem and
Diamond’s Theorem [I.2.1] which we now state completely:

Theorem 1.2.1. Let f be a newform of level N, weight k, character x and coefficients
in K satisfying the level raising condition (LRC)? at a prime | modulo ", i.e. a;(f)* —
(I +1)21%2x(1) = 0 mod 7. Assume that p{INo(N)(k — 2)!.

Then there exists a finite family of positive integers d; and distinct l-newforms g; of level

IN (i.e. with respect to the congruence subgroup I'y(N) N Ty(l)) such that:

Let f be a cuspidal eigenform satisfying the hypothesis of the above theorem. We
will say that f satisfies the full level raising condition modulo 7" at a prime [ if, applying
Theorem [I.2.1], we have that there exists an index ¢ and a [-newform g; such that [ =
gi mod 7", i.e. d; = .

1.2.1 Full level raising modulo prime powers

Consider the complex vector space Sy(I'9(22))"*", it has dimension 3. Let f be the new-
form whose g-expansion is f(q) = q¢ — 2¢*> — 7¢°> + 4¢* — 19¢° + 14¢° ..., it has Q as
coefficient field.

For the primes [ = 5 and p = 7, the form f satisfies the following level raising conditions:

(LRC)? : as(f)* — (54 1)*5* = 0 mod 7,
(LRC)4 : as(f) — (5+1)5= 0 mod 7%,
(LRC)_: as(f)+ (5+1)5# 0 mod 7,
indeed note that, by Lemma [I.1.6] these conditions are equivalent since p does not divide

[+ 1.
In accordance with Diamond’s result, we find a newform g € S4(T'o(110))"*" such that f
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is congruent to g modulo 7%, i.e. a,(f) = a,(g) mod 7* for all primes ¢ # 2,5,7,11.
Now, denote by Tyj¢ the Hecke algebra of level I'g(110). As predicted by our result (see
Thm there is a cuspidal eigenform modulo 72 of level 110, say h : Tyyg — Z7/7*Zs,
such that h as Zz-algebra homomorphism factors through the Zs-algebra T1%" (because
in particular, it factors through T}5¥). As ring homomorphism, the eigenform A lifts in
characteristic 0, in particular it is nothing else than the reduction of the classical newform
g modulo 7%

Here is a list of other examples of full level raising, everything is in accordance with The-

orem [LI.7 and Theorem [L.2.1F

(1) Let f(q) = ¢—2¢°>—5¢* —4q*+. .. be the unique newform in Sy(T'g(23))"*" with ratio-
nal coefficients. Then f satisfies the level raising condition (LRC)? and (LRC)_ modulo
5% at [ = 13.

(2) Let f(q) = q¢—5q¢*> —7¢> +17¢* — 7¢° + ... be the unique newform in Sy(Ty(13))""
with rational coefficients. Let [ = 23 and p = 3, then f satisfies at [ the conditions (LRC)?
modulo 3%, (LRC)_ modulo 3 and (LRC); modulo 3. Note that the conditions are not
equivalent since v,({ + 1) = 1. It is an example of full level raising not with respect of
the condition (LRC)?, but with respect to (LRC),. There is indeed a congruence modulo
3* between f and a 23-newform of level 299. In particular, this example shows why the
conditions (LRC), for € € {£1} are the level raising conditions that need to be considered
in the prime powers case.

1.2.2 Partial level raising modulo prime powers

As before, consider the 3-dimensional complex vector space S4(I'g(22))™V. Let f €
S4(To(22))"" be the newform whose g-expansion is f(q) = ¢+2¢*+¢>+4¢* —3¢°+2¢5 . . .,
it has QQ as coefficient field.

It turns out that for the primes [ = 5 and p = 3 the form f satisfies the following
non-equivalent level raising conditions:

(LRC)? . as(f)* — (54 1)?5* = 0 mod 3%,
(LRC)4 : as(f) — (54 1)5 =0 mod 3,
(LRC)_ : as(f)+ (5+1)5= 0 mod 3°.

In accordance with Diamond’s theorem (see Thm.2 in [Dia91|), we find that there exists
a family of 5-newforms {g; : ¢ = 1,2,3,4,5} such that g; = f mod 3 if i # 5 and
g5 = f mod 3%, More precisely, g1, ¢», ¢3, g4 are newforms of level 110 and g5 is a
newform of level 10:

31



91(¢) = ¢+ 2¢* + ¢* + 4¢* + 5¢° + 2¢° + 23¢" + 84°. g1 = f mod 3

92(q) = g+ 2¢° + 7¢° + 4¢* — 5¢° + 14¢° + 1¢" +8q..., g2 = f mod 3

93(q) = q +2¢* — 8¢ +4q¢* — 5¢° — 16¢° + 264" +8¢° . . ., g3 = f mod 3?

91(q) = ¢ — 2¢* + 4¢® + 4¢" +5¢° — 8¢° +20¢" — 8¢°. . ., gs = f mod 3
(q)

g5(q) = g+ 2¢> — 8¢° + 4¢" +5¢° — 16¢° — 4¢" + 8¢°. . ., gs = f mod 3

This gives an example of a strict inequality in the relation ), d; > r where in this case
r=4and d; =1 for i # 5 and ds = 2. Note that there are no congruences modulo 3* as
predicted.

Concerning the more general case of cuspidal eigenforms modulo prime powers, everything
behaves according to our theorem . In particular, the level raising condition (LRC)_,
which holds modulo 3, gives rise to a cuspidal eigenform modulo 3 which is 5-new, we call
it hy : Ty10 — Z3/3Z3 such that f = hy mod 3 and the level raising condition (LRC),
which holds modulo 32, gives rise to a cuspidal eigenform modulo 3* which is 5-new, say
hy : Ty — Zs3/3%Zs3 such that f = hy mod 33.

Note that, as predicted by the Deligne-Serre’s lifting lemma, the hy lifts in characteristic
0 as Zsz-algebra homomorphism while hy does not since there are no congruence modulo
3% between f and classical 5-newforms of level 110. Hence, this gives a counterexam-
ple for the full level raising even when the level raising condition (LRC)? is replaced
by the condition (LRC), for some € € {£1}. Nevertheless, it is interesting to observe
that in this case the cuspidal eigenform modulo 3? that we called hy and which does not
lift in characteristic 0 (as a ring homomorphism) can be recovered by a linear combina-
tion of the classical 5-newforms of Diamond’s theorem. More specifically, we have that
ho = f +3g2 +5g3 + 18¢4 mod 33. The cusp form f + 3¢y + 5g3 + 18¢4 is not an eigenform
in characteristic zero but it becomes an eigenform when reduced modulo 33.

Here is another example of partial level raising, everything is in accordance with Theorem

and Theorem [.2.TF

Let f(q) = q + 2¢*> + 4¢* — 6¢° — 16¢" + ... be the unique newform in Sy (Io(18))2".
Then f satisfies the following non-equivalent level raising conditions for p = 5 at [ = 29:
(LRC)?: age(f)* — (29 + 1)229> = 0 mod 5,

(LRC)4 @ ag(f) — (29 +1)29 = 0 mod 5%,
(LRC)_ : ag(f) + (294 1)29 = 0 mod 5.

It is an example of partial level raising because there are no congruences modulo 5
between f and 29-newforms of level 522.
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Chapter 2

On reductions of crystalline
representations modulo prime powers

2.1 Wach modules and crystalline representations

Let p be an odd prime and let E C @p be a finite extension of Q,. We denote by Og
the ring of integers of E, by mg a uniformizer, by kg the residue field and denote by
e the ramification index of E over Q,. Let I' be a group isomorphic to Z; via a map
x : I' = Z5. Fix once and for all a topological generator of I' (which is procyclic as
p # 2), say 7. For the sake of completeness, we will briefly recall the construction of some
of the rings of Fontaine necessary for introducing the (¢, I')-modules and the theorem
characterizing their relation with certain Galois representations of Gg,.

Let {¢™},>1 C Q, be a system of roots of unity such that:

(1) M #1,
(2) 6(”) € Mp" C @p?
(3) (€(n+1))p — )

One can think of € := (e, ¢® .. .) as an element of Fontaine’s ring & = lim C, (with
projective limit maps given by the Frobenius maps z 2P) where C, is the p-adic
completion of Q,. It is well known that £ is an algebraically closed field of characteristic

p. Now, consider the fields @én) = Q,(¢™) and define @S”) = UnZl@](Dn). Denote by Hg,
the Galois group Gal(Q,/ Q.

The p-adic cyclotomic character w gives the exact sequence:
1 — Hg, — Gq, > I =72 — 1.

Consider the field F = F,,((e—1)) inside €. Let Ag, be the p-adic completion of Z,[[z]][];
it is a complete discrete valuation ring whose residue field can be identified with F (one
can identify z with a suitable Teichmuller lift of e — 1). Let .4 be the p-adic completion

of the strict henselization A% of Ag, inside A= W(E). Note that A3 can be identified

with the ring of integers of the maximal unramified extension of the field A@p[%] inside
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Th% Galois group Gg, acts on & by acting on C, and by functoriality on the projective
limit. By functoriality of the Witt vectors, the group G, also acts on A =W(E) and we
have that A is Gg,-stable. It is also true that A" = Ag .

Now, we define Ag as Ag, ®z, Og, by a result of Dee (see prop. 2.2.2 in [Dee01]) we have
that Ag is isomorphic to the mg-adic completion of O|[z]][1]. One can think of Ag inside
the ring A©=) .= A ®z, Og. The ring Ag inherits a Gg,-action via the natural action
of G, on A and trivial action on Og. It follows that (A9 Her — Ap and so Ag has a
structure of I'-module.

Hence, the ring Ag has a natural Og-linear action of I' and a Og-linear Frobenius endo-
morphism ¢ given by the following expressions:

e(f(2) = f(L+z)" —1) for all f(z) € Ag,
n(f(x)) = f((1+2)X"W —1) for all f(z) € Ag, forall y € T.

Finally, we can recall the following:

Definition 2.1.1. An étale (p,T')-module D over O is an Ag-module of finite type
endowed with a semilinear Froebenius map ¢ such that (D) generates D as Ag-module
(this is the étale property) and a semilinear continuous action of I' which commutes with
©.

The category of étale (p,I")-module over Og will be denoted by Mod(estpvr)((’)lg).

Denote by Repy_ (Gg,) the category of Og-linear representations of Gg,, i.e. the
category of Og-modules of finite type with a continuous Og-linear action of Gg,.
By a theorem of Fontaine (see A.3.4 in [Fon90|) and its generalization by Dee (see 2.2 in
[Dee01]) we have the following:

Theorem 2.1.1. There exists a natural isomorphism
D : Repy,(Gg,) = Mod{, 1 (O)

given by D(T) = (A% @0, T)"er, where A% .= A®y Og.
A quasi-inverse functor, which is a natural isomorphism as well, is given by:

T : Mod(,, 1, (Ox) — Rep,, (Gg,)
given by T(D) = (A=) @4, D)¥=L.

Remark 2.1.1. Note that the equivalence of categories given by the above theorem
preserves the objects killed by a fixed power of a chosen uniformizer. This essentially
follows from the exactness of the functor ® (see prop. 2.1.9 in |[Dee01|) and so (7)-D (1) =
D((mg) - T) in the category Mod(}, )(Og). Same goes for the quasi-inverse functor T (see
prop. 2.1.24 in [Dee01]).

Remark 2.1.2. Let Mod?:tF;S(OE) and Mod‘?;f;‘;e((’)E) be respectively the categories of

torsion and free (as Ag-modules) étale (¢, I')-modules. There is a notion of Tate dual for
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such étale (o, T')-modules. Let Bg be AE[%] and define the Tate dual as follows (see sec.
1.2 in [Col10]):

if D € Mod(!7"(Os) then D" := Homy, (D, BE/AE o =)

if D € Mod{“"*(Os) then D* := Hom,, (D Al e )

where Bg/ AEﬁ—“’w is the inductive limit of p~"Ag/ AE% in the category Mod(é;fﬁ)rs(O]E)

and the structure of (p,I')-module is given by:

7(16—1556) - X(V)lc—if:c

and<p< dx >_ dx

1+2/) 1+2a

Note the important fact that these two notions of dual are compatible in the following
sense: if D € 1\/IodGt free((’)]E) then for all n € 1(Z1) we have that D*/p"D* = (D /p"D)*
(see prop 1.2.5 in |C0110])

The étale (p, I')-modules corresponding to crystalline representations can be described
more explicitly via the theory of Wach modules developed by Berger and Wach. We will
briefly recall the definition of Wach modules and their main properties. First, we define

Af = Og[[z]] inside Ag. Tt inherits naturally the actions of ¢ and T’ by restriction
from Ag. Note also that Ag is obtained by taking mg-adic completion of the localization
Og|[[z]][1/x] of A} = Ogl[[z]] at the multiplicative set {1,z,z?,...}. Moreover, since Ag

is Noetherian, we have that Ay is flat as Af-module since locahzatlon and completion
preserve such property. Following Berger (see [Ber12|), we have the following

Definition 2.1.2. A Wach module of height h > 1 is a free Af-module of finite rank
endowed with commutative A -semilinear actions of a Frobenius map ¢ and of the group

I such that:
(1) D(N):= Ag ®A+ N € Modw,F (Og),

(2) T acts trivially on N/xN,
(3) N/@*(N) is killed by Q",
where ©*(N) denotes the A -module generated by ¢(N), and Q = —1” it RS Af.

We recall that the Wach modules are the right linear algebra objects to specialize
Fontaine’s equivalence to crystalline representations. Indeed, we have the following (see
Prop. 1.1 in [Ber12|):

Proposition 2.1.2. Let N be a Wach module of height h. The E-linear representation
E®o, T(Ae @ 4+ N) of Gy, is crystalline with Hodge-Tate weights in the interval [—h;0];
and

Deris(E ®0, T(Ag ® 4+ N)) =E @0, N/zN  as -modules.

Moreover, all crystalline representations with Hodge-Tate weights in [—h;0] arise in this
way.
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2.2 Continuity of the Wach modules

Berger proved (see sec. II1.4 or Thm. 2 in |Ber04]) that the there exists an equivalence
of categories between rational Wach modules (over E ®o, Aj) and Gg, crystalline rep-
resentations. As a consequence, Berger proved that if we fix a E-linear representation
V of Gg, and denote by D its corresponding étale (¢, I')-module via Fontaine’s functor
there is an inclusion preserving bijection between lattices inside V' and Wach modules
(over Af) contained in D and which are Ajf-lattices. Denote by 91 such bijective map
that associates to each Gg,-stable lattice of a crystalline representation its corresponding
Wach module.

In this section, we will prove that in some natural sense p-adically close Wach modules
will correspond (via 1) to p-adically close Og-linear representations sitting in crystalline
representation and viceversa. We will start by clarifying what we mean by p-adically
close Wach modules. Given two Wach modules N; and N, we say that N; and N, are
congruent modulo some prime power, i.e. Ny = Ny mod 7" for some m € Zsq, if there
exists a Ajf-module isomorphism between Ny ® A Af /(7)) and Ny ® A Ag /(7) which
is (¢, I')-equivariant.

Note that, essentially by definition, we have that N; = Ny mod 7' if and only if there
exist basis of Ny and N, as Ajf-modules such that, after defining P, = Mat(y|x,),
Py = Mat(p|n,), G1 = Mat(y|n,), G2 = Mat(7|n,) (note that Pr, Py, G1, G2 € Myxa(Af)
where d = rankAg(Ni) for i = 1,2) it follows that:

P, =P mod 7y,
G, =Gy mod 7.
We have the following continuity result (this is Thm. IV.1.1 in [Ber04]):

Proposition 2.2.1. Let T} and Ty be two Galois stable lattices inside respectively two
crystalline E-linear representation Vi and Vy of Hodge-Tate weights inside [—r;0], and
assume there is ann € 2(Zs1) withn > a(r) such that Ty ®o, O/ (p") = Tr ®0, Or/(p")
as Gg,-modules, then M(Ty) = N(Tz) mod p").

Now, if N is a Wach module denote by T(N) := T(D(N)) the Og-linear representation
of G, attached to N. We recall that T(N) ®o, E is a crystalline representation.
We are interested in the following result:

Proposition 2.2.2. Let Ny and Ny be two Wach modules (over Og) with the same rank
as Ag -modules. Assume that Ny = Ny mod 7 for some n € Zsy. Then T(N;) Qo
Og/(mg) = T(N2) ®o, Or/(mg) as Go,-modules.

Proof. Consider the étale (p,I')-modules D(V;) = N; @yt Ag for i = 1,2. Since Ag is

flat as Af-module (module structure given by inclusion) we have the following chain of
isomorphisms of torsion étale (¢, I')-modules:

D(Nl)/’ﬂ'gD(Nl) = Nl/ﬂ'ﬁNl ®-AE A]E = NQ/’N'IELNQ ®Ag AE = D(NQ)/?TED(NQ)

Now, the claim follows just by applying Fontaine’s functor T, which is exact (see Theorem

and see Remark [2.1.1)). O
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2.3 Local constancy with respect to the trace

In this section we are going to prove an explicit local constancy result with respect to the
trace (i.e. the weight k will be fixed) for reductions modulo prime powers of representa-
tions of the type Vi,-

2.3.1 Some linear algebra of Wach modules

As explained in the previous section, a congruence between Wach modules (modulo some
prime power) can be translated into a congruence (modulo the same prime power) between
systems of matrices representing the (¢, I') actions on the Wach modules involved. In this
section, we will see how to p-adically deform a Wach module into another one via linear
algebra means for the systems of matrices associated to the (¢, I')-module structure.

As long as it will be possible, we will keep the same notation as Berger (see [Ber12]). We
recall that p is an odd prime and [ is a finite extension of Q, with ramification index
e. Let v be the normalized p-adic valuation (i.e. v(p) = 1). Let r > 1 be a integer and
define a(r) := 377 v(1 — x(7)?) where we recall that v is a fixed topological generator
of the pro-cyclic group I". The constant «(r) has also an explicit description given by
a(r) =351 Lmj for a proper choice of v (see |Berl12|).

We start by recalling two useful results in linear algebra (see Lemma 2.1 in [Ber12|):

Lemma 2.3.1. If By € My(Og) is a matriz with eigenvalues X\ # p, and if 6 = X\ — p,

then there exists Y € My(Og) such that Y ' € 6 ' My(Ox) and Y1 RY = (8\ 2)

and the following corollary (see cor. 2.2 in [Berl12|):

Corollary 2.3.2. If o € 1Z>¢ and € € Og are such that v(e) > 2v(d) + «, then there
exists Hy € p*Ms(Og) such that det(Id+ Hy) =1 and Tr(HyFPy) = €.

The corollary above represents the starting point to deform a Wach module into an-
other one. Given the matrix Fp, it gives a p-adically small matrix Hy such that the product
HyF,y will have a prescribed p-adically small trace. In practice, this will be applied when
Fy is obtained by the action of ¢ on Deyis(Vi,q,) for some k£ > 2 and a, € mg.

The idea behind the next results is to show how Hj gives rise to a deformation of a whole
system of matrices (attached to a Wach module) to a p-adically close one preserving the
characterizing linear algebra properties of the action on ¢ and I' on the Wach module.
We have the following result (it is a little generalization of Prop. 2.3 in [Ber12|):

Proposition 2.3.3. Let m € 1Zsq and d € Zsy. If G € Id+ 2 My(Og[[z]]) and k > 2
and Hy € p* =D+ MM, (Og), then there exists H € p™ My(Og[[x]]) such that H(0) = Hy
and HG = Gy(H) mod z*.

Proof. As G € 1d + xMy(Og[[z]]), we can write G = Id + G + 2°G3 + ... where
Gi € My(Og) for all ¢ € Z~;. We prove that for any positive integer r, there exists an
H, € pet=1=a+m \1,(Og) such that if we define H = Hy+xH, +x?Hy+- -+ 2 Hy_,
we have that HG = Gy(H) mod x*.
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We start from r = 1, then since y(H) = Ho + vy(z)Hy + y(2?)Hy + ... y(z" ) H}_, and
for all w € Zs; we have y(z*) = ((1+2)X") —1)”, we deduce that we can define H; such
that (1 — x(v))H, = G Hy — HyG. Since by hypothesis Hy = 0 mod p**~D+™ and by
definition a(1) = v,(1 — (7)), we deduce that H, € p*k=H=a+m 1, (Op).

Using now the same argument, one can actually see how H, is uniquely determined
by Hy, Hy,...H,_; and moreover (1 — x(y)")H, € pk=D=elr=Utmp1,(Og), note that
a(r) = a(k —1) — a(r — 1). To be precise, we prove this by induction on r < k — 1. The
first case r = 1 is proven above, now assume the case r — 1, we are going to prove the
statement for 7.

It is straightforward to prove that, expanding the expression HG = Gy(H) mod x*, the
following identity holds:

r—1 h r—1
(L= X)) Hr = > (YAt )G = Y HiGyi forr <k -1
h=0 n=0 =0

where y(2™);, is the h-th coefficient (i.e. coefficient of 2") of the polynomial v(z"). Note
now that the map «(n) is non-decreasing as n grows. Hence, by inductive hypothesis, we
deduce that for any 4 such that 0 < i < 7 — 1 we have H; = 0 mod (p*k=D—alr=+m),
Since v(1 — x(y)") + a(r — 1) = a(r), we deduce that H, =0 mod (p**)—a)+m)  This
concludes the proof. O

The following result completes the linear algebra deformation process of a system of
matrices that will represent a (¢, I')-action on Wach modules:

Proposition 2.3.4. Let m € 1Zsg and d € Zsy. Let G € Id+ xMy(Og|[z]]) and
P € My(Og[[x]]) satisfy Po(G) = Gy(P) and det(P) = Q"' where Q = M

If Hy € p**=D+ "M, (Og), then there exist G' € Id+xMy(Og[[x]]) and H € pde(OE[[ b
such that:

(1) H(0) = Ho;

(2) P'o(G") =G~v(P"), where P'=(Id+ H)P
(3) P =P modp™;

(4) G =G mod p™

Proof. After applying the previous proposition for the existence of the matrix H which
satisfies H(0) = H,, the existence of G’ follows directly from Prop. 2.4 in [Ber12|. Hence
the claims (1) and (2) hold.

The claim (3) is clear since H € p™M;(Og|[[z]]) implies that P = P’ mod p™. What it is
left to prove is (4), i.e. G = G’ mod p™. In order to prove this, we need to look at how
the matrix G’ is defined.

The matrix G’ is constructed as an x-adic limit inside Id + xMy(Og[[z]]) (note that we
are dealing with non-commutative rings). Define G := G and observe that it satisfies by
construction G}, — P'o(G))y(P') ™! = 2* Ry, for some Ry, € My(Og[[z]]). Then define G" as
the x-adic limit of G, for j > k, which satisfies G, | = G’ + 27 S; for some S; € My(Og),
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and G — P'o(G%)y(P')~" = 27 R; where R; € My(Og/[x]]).
We will prove by induction that:

(i) R; =0 mod p™,
(4) G; =G mod p™.

First the case j = k: since H = 0 mod p™ then P = P’ mod p™ which implies that
Ry, = 0 mod p™, and by construction G, = G so the first case of induction is done. Now
assume j > k and that the above claims hold for j, we will prove them for j + 1.

We have that there exists S; € My(Og) such that:

G

1 = Plo(Ga) V(P = G+ alS; = Plo(G)n(P) ™ = Pl QIS (P~ =

=2’ (R; + S; = QM P'S;QF )y (P) 7Y € 27T My(Og[a]]).

Note that we used that ¢ acts trivially on My(Og) and that ¢(z7) = 27Q7 for all j € Z>.
We want to prove that there exists S; € p™My(Og) such that:

R+ S; — Q7 P S;QF 1y (P! € xMy(Ok).

Evaluating the above expression at x = 0, the claim is equivalent to prove that there
exists S; € p™ My(Og) such that:

Sj = PP (0)Sp T (v (P)T(0) = —R;(0).

Now, since R; = 0 mod p™, we have that R;(0) = 0 mod p™. It is clear that the map
S S — pFLP(0)SpP L (y(P)71)(0) gives a bijection of My(Og). Moreover, it is also
clear that it is a bijection on p™My(Og). As R;(0) = 0 mod p™, we have the existence
of S; = 0 mod p™ such that the above relations are satisfied. By inductive hypothesis
R; = 0mod p™, so Rj;; = 0mod p™. Since S; = 0 mod p™ implies that G, =
G’ 4 27S; = G mod p™. This concludes the proof. O

2.3.2 Local constancy modulo prime powers with respect to q,

Let k > 2 be a positive integer and let a, € mg. In this section, we will apply the
continuity properties of the Wach modules to prove local constancy results modulo prime
powers when we fix the weight k& and we let the trace of the crystalline Frobenius a, vary
p-adically.

The main result of this section is the following (this is a generalization of Thm. A of
[Ber12]):

Theorem 2.3.5. Let ay,a), € mg and k > 2 be an integer. Let m € (Zsy) such that
v(a, —a,) > 2-v(ay) + alk — 1) +m, then for every Go,-stable lattice Ty o, inside Vjq,
there exists a Go,-stable lattice Tk% mside Vk,% such that

Tk,ap ®OE OE/(pm) & Tk,a; ®(9]E O[E/(pm) as GQP -modules.
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Proof. Consider the Gg,-representation V7, = Homg(Vj,q,, E); it is crystalline and it has
Hodge-Tate weights 0 and —(k — 1). Let T;, := Homo,(T},q,, Or) be the Gg,-stable
lattice in V[, , dual of Ty, By a result of Berger (see prop. II1.4.2 and II1.4.4 in
[Ber04]), it is possible to attach to T}, a Wach module Ny ,, of height k — 1. Fixing a
basis of Ni,, as Af-module (we recall that in our notation Af = Og[[z]]), the actions
of ¢ and v on Ny, can be respectively represented by the matrices P € Maty (A ) and
Q € Id + zMaty(Af). Note that since the actions of ¢ and T' commute (in a semi-
linear sense) we have that Pp(G) = Gv(P). We recall also that the matrix P(0) has
characteristic polynomial 72 — a,T + p*~'. Now, let a;, € O be as in the hypothesis, i.e.
it satisfies v(a, —al) > 2-v(a,)+a(k—1)+m for some m € 1(Zx1). Applying in sequence
the results in section 4.1, we deduce the existence of two matrices P’ and G’ which give
rise to a Wach module N’ and such that P = P’ mod p™ and G = G’ mod p™. Since
by construction P’ = (Id + H)P, we have that evaluating at = 0 we deduce that the
characteristic polynomial of P'(0) is 7% —a, T+p*~" (note that Trace(H(0)P(0)) = a;,—a,
and Det(Id+ H(0)) = 1). By a result of Berger (see prop. 1.2 in |Ber12|), we can deduce
that N/ = Nyar, or equivalently Vi o = T(N') ®o, E and DcriS(Vk’f%) = N'/xN' ®o, E.
Since P = P" mod p™ and G = G’ mod p™, we have that Ny, = Nk,a; mod p™. As a
consequence of Remark , we have that D(Ny, a,) = D(Nye) mod p™, ie.

D (Nk, ap) ®oy O/ (p™) = D(Niay) @0z O/(p™) in the category Mod’f;r)(OE).

Hence, we define Ty o := Z(@(Nk%)*) which is a Gg,-stable lattice in Vj ., that satisfies
(since Fontaine’s functor ¥ is compatible with duals):

Ty @05 O/ (p™) = Thay @0, O/ (p™) as Gg,-modules.

Indeed, since D(Nyq,) = D(Nkq,) mod p™, by exactness of Fontaine’s functor T we can
deduce that T}, = T(D(Nk,q,)) mod p™. This completes the proof of the theorem. [

2.3.3 Converse of local constancy with respect to the trace

Via the continuity properties of the Wach modules, it is also possible to find an explicit
necessary condition for the existence of local constancy phenomena modulo prime powers.
In precise terms, let & > 2 be an integer and let a,, a;, € mg; then we have the following:
Proposition 2.3.6. Let m € %(221) and assume m > a(k—1). If Vo, = Vi, mod p™,
then v(a, —a;,) > m —a(k —1).

Proof. This is a straightforward application of Berger’s Proposition[2.2.1] Indeed, we have
that DcriS(Vk"j%) = Nia,/TNpq, ® E and Dcris(vk*,a;) = Nk%/xNk% ® E for some Wach
modules Ny 4, and Nk% corresponding respectively to the Gg,-stable lattices in V., and
Vk% that are congruent modulo p™. By proposition 3.1, we have that Ny,, = Nk%
mod pm_a(k_l) and looking at the characteristic polynomials of ¢ acting on Ny g, / TNiq,
and Ny a1 /2 Np.q, the claim follows. O
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2.4 Local constancy with respect to the weight

In this section, we are going to prove a local constancy result for reductions modulo prime
powers once we fix the trace of the crystalline Frobenius a, and we let the weight £k vary.
In order to simplify the notation, we will say that two E-linear representations V and V’
of Gg, := Gal(Q,/Q,) are congruent modulo some prime power (i.e. V =V’ mod 7} for
some n € Zx) if there exist G, -stable lattices T C V and 7" C V’ such that we have an
isomorphism

T ®o, Og/(7") =T ®p, Og/(m") of Gg,-modules.

Note that the above definition requires a bit of attention when used as it clearly doesn’t
define an equivalence relation (in general, it is not transitive).
The main result of this section is the following:

Theorem 2.4.1. Let p be an odd prime. Let a, € mg — {0} for some finite extension
E/Q,. Let k > 2 be an integer and m € £(Zx1) be fived. Assume that

p -1
k> @u(a) +m)- (1- —2) +1 ]
There exists an integer r = r(k,a,) > 1 such that if k' —k € p"™"(p — 1)Z>o then
‘/k,ap = V;c’,ap mod pm

Remark 2.4.1. As it will be clear from the proof below, the condition in the hypothesis
is not optimal in the sense that it can be replaced by the weaker condition given by the
system:

k> 3v(a,) +alk—1)+1+m,
k' > 3v(ay) + (k' — 1) +1+m.

as in Berger’s result (see Thm. B in [Ber12|) when m = 1/e. For the sake of simplicity,
we just assume the stronger condition (%) which has the advantage that it is explicit in
the weight, doesn’t depend on the function o and automatically holds for &’ if it holds for
k assuming k' > k.

The condition () in the theorem can be deduced directly from the above conditions in

the system by noticing that a(k—1) =3 -, LZ%J satisfies the inequality a(k—1) <
(k=Dp

(p—1)2"

Remark 2.4.2. Note that Theorem and Theorem [2.3.5] can be applied in sequence
(i.e. one can first deform the weight and then deform the trace) in order to have a local
constancy result in which both the trace and the weight vary. This is possible because
Theorem is independent of the starting chosen lattice inside Vj,,. Note that the
order in which the theorems can be applied in sequence cannot be switched, as it is always
necessary to keep track of the lattices involved in the congruences.

Remark 2.4.3. It could be interesting to consider the question of finding explicitly a
radius for the local constancy in the weight. Partial results have been obtained by Bhat-
tacharya (see [Bhal8|). As already pointed out in the introduction, the above theorem
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can be seen as a converse (in a special crystalline case) of a non-published theorem of
Winterberger, proven by Berger and Colmez as a consequence of a continuity property
of the Sen periods (see |[BCO8|). Such result provides a connection between the local
constancy radius of our theorem and the constant ¢(2,Q,) of Berger and Colmez. To be
precise, combining Theorem above and Cor. 7.1.2 in [BC08] we get the upper bound
on the radius for the local constancy in weight p~(+7) < p= (L7 1=c2Q))

In order to prove the theorem, the idea is to make use of Kedlaya’s theory of (¢, T)-
modules of slope zero over the Robba ring (see [Ked04]) and to realize the representations
Via, (for k suff. big) as trianguline representations in the sense of Colmez (see [Col08]).
A theorem of Colmez will then ensure us that locally such representations vary in a
continuous way, in the sense that they come in analytic families. We will make this
precise in the next section. We refer the reader to [Berll| for a nice summary on the
theory of trianguline representations and its applications in arithmetic geometry.

Let Rg be the Robba ring with coefficients in E and for any multiplicative character
6 : Q) — E*, denote by Rg(d) := Rres the (p,I')-module (in the sense of Kedlaya, see
|[Ked04]) of rank one obtained by defining the actions ¢(es) = d(p)es and y(es) = d(x(7))es
for all v € I', where x denotes the chosen fixed isomorphism between I' and Z .

Colmez (see Thm. 0.2 in [Col08]) proved that all (¢, I')-modules of rank one arise as Rg(0)
for a unique multiplicative character 0; moreover, if d1, 0 : Q) — E* are multiplicative
characters then Ext'(Rg(d1), Re(d2)) is an E-vector space of dimension 1 unless 6,6, ' is
of the form x~* for some integer i > 0, or |z|z* for some integer i > 1; in both cases, the
dimension over E is two and the attached projective space is isomorphic to P*(E); here x
denotes the identity character of Q.

Hence, where the extension is not unique (up to isomorphism), one will need to specify
the corresponding parameter in P*(E) usually called L-invariant and denoted as £. The
corresponding Galois representation will be denoted by V(d1,d2, £). For an extensive
discussion about £-invariant, we refer the reader to the original article of Colmez (see sec.
4.5 in |Col08]).

Each trianguline representation V' (d1,d2) corresponds (up to considering blow-up in case
516, = 7% or |z|a?; see [Col08]) to the point (d1,d,) € X x X where X is isomorphic
(non-canonically, as there are choices involved) to the Q,-rigid analytic space u(Q,) x
GUs x Bl(1, 1)@, which parametrizes multiplicative characters Q, with values in the
multiplicative group of some finite extension of Q,.

From now on, we denote by B!(a, T)ap the closed affinoid rigid @Q,-ball centered in a

and with radius . The expression B! (a, r)@p will instead denote the open rigid Q,-ball

as a Q,-rigid analytic space. If we are working with an algebraic closure @p, then the
expression B! (a, )" will simply denote the standard p-adic ball centered in a with radius
r.

2.4.1 Proof of Theorem 2.4.1]

Let k' be an integer satisfying k¥’ — k € (p — 1)Z>o. The claim is to prove that if £ and
k are sufficiently p-adically close then the corresponding representations are isomorphic
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modulo a prescribed prime power.
The assumption (x) on the weight k allow us, applying Theorem [2.3.5 to deduce that:

J— m
= m
kaaﬁpipl Viap od p™,

o
K ap+P'“I 1 = Viva, modp™.

Indeed, note that assumption (x) implies that k¥ — 1 > 2v(a,) and hence in this specific
case, the Theorem [2.3.5|can be applied both starting from V} 4, or starting from Vk

k—1

p
ap+
»Yp ap

(same goes for k') and hence this gives us a strong control over the lattices involved in
the congruences. Therefore, this first step reduces the claim to prove that if k' and

k are sufficiently p—adically close (in the weight space) then we have the congruence
Vv pk 1=V w—1 mod p™.

kv P+ k! llp+p ap
The following proposition of Colmez (see prop. 3.1 in [Berl2| or see sec. 4.5 in [Col08])
allow us to realize the above representations as trianguline representations:

Proposition 2.4.2. If z € mg is a root of 22 — a,z + p*~! which satisfies v(z) < k — 1,
then we have that V (., p1x' =%, 00) = Viia,-

Here p, : Q) — E* is the character which satisfies p.(p) = z and p.(Z;) = 1 and
X : Qy — EX is the character which satisfies x(p) = 1 and x(y) =y for ally € Z,;.

Hence, if ¥’ —1 > k—1 > v(a,), we have that the crystalline representations V  x—
»p a
and Vk/ e coincide respectively with the trianguline representations V (fta, s Ok,a,s 00)
;ap a

and V (fta,, O qa,,0), where 6y, := po X k and Okt ap = = p x!*. Since the £-invariant
is going to be oo for all the trlanguhne representatlons 1nvolved we will drop the notation
V(-,+,00) writing simply V(-,-).

The trianguline representations V(ita,,0ka,) and V(jia,, 0p q,) define two E-points, re-
spectively ug.q, = (tays Ok,a,) a0 Upra, = (fla,, Ok'a,), o0 the rigid analytic space X x X
(see [Col08|) parametrizing couples of multiplicative characters of Q with values in L*
where L is some finite extension of Q,,.

The following basic lemma represents the first step for constructing an explicit 1-parameter
family of trianguline representations inside X* = (11(Q,) x G};# xB'(1,1)g, )? interpolating
V(tay, Oka,) and V (i, , O 0,) when k and k" will be sufficiently p-adically close (in the
weight space):

Lemma 2.4.3. Let o € 1 + pZ,, then we have that
Yo 1 BH0,1)§, — B (L, |a —1])F,
[s] = [eap, (s - log,(a))]

s an isomorphism in the category of Q,-rigid analytic spaces. Here [s] denotes the maxi-
mal ideal of Q,(T') corresponding to the element s € Z, and the analogue for 1, ([s]).

Proof. First, we will clarify that ¢, is a well defined map for every a € 1+ pZ,. For all
s € Ly, we have that 1), converges when evaluated in s since [s - log,(a)| < |a — 1] <
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p~'. Moreover since ¥,(s) € Q,(s), we have that the map 1, is Galois equivariant,

ie. Ya(0(s)) = 0(¥a(s)) for every o € Gg,. Note also that we can find the explicit
expression ¥, (s) = o® = (1 + (a —1))* = 3, .0 (3)(a — 1) which converges for every
s € Zy. This allow us to define 1), on the set of Gg,-orbits of Z, which can be identified
set-theoretically with B(0, 1)@. Proving that 1, is a morphism of Q,-rigid analytic
spaces (affinoid spaces in this case) boils down to show that the induced map on the
corresponding affinoid algebras is a morphism. Let Op; and O, ,—1) denote respectively
the Q,-affinoid algebras attached to the Q,-affinoid spaces B'(0,1)$, and B'(1, |a —1[)g, .
We have that the associated map ¥, : Oy ja—1) = Op,1 is given by ¥ (f) = f o 9, for all
J €0 a1 = Qp<%>'

In order to show that % is a morphism of affinoid algebras, since it is given by the pull-
back, it is sufficient to show that it is a well-defined map, in the sense that ¢%(f) belongs
to Op1 = Q,(T); or in other words, it is a converging series. Indeed, the problem is that, in
general, composition of p-adic analytic functions is not analytic. The convergence property
will be deduced by the following convergence criterion (see Thm. 4.3.3 in [Gou97]):

Theorem 2.4.4. Let f(X) = > a,X" and g(X) = > b, X" be formal power series in
Q,[[X]] with g(0) =0, and let h(X) = f(g(X)) be their formal composition.
Suppose that:

(1) g(x) converges,

(i1) f(g(x)) converges (i.e. plugging the number to which g(x) converges into f(X) gives
a convergent series),

(ii1) for every n € Zso, we have |b,x™| < |g(z)| (i.e. no term of the series converg-

ing to g(x) is bigger than the sum).

Then h(z) also converges, and f(g(x)) = h(x).
Indeed, in our case, it is enough to prove that for all n € Z>, we have
(log,(a))"

n!

lcns™| < [Wha(s)|  where ¥, (s) = exp,(s - log,(a)) = chsn and ¢, =
n>0
We have that [1q(s)| = |exp,(s - log,(a))| = 1 for all s € B*(0,1)", hence since |s| < 1, it
is sufficient to prove that |c,| < 1.
Since o € 1+ pZ, and since the p-adic logarithm is an isometry we have that |log,(a)[" =
la = 1|" < p™". We also recall from classical p-adic analysis that v,(n!) < -3 or in other

words |n!| > p~5-1. Tt follows at once that

log ()™ -n
log, ()" _

’cn‘ = — < 1.
[n!| p 1
Note that the inverse ¢! : B!(1, |a — 1])g — B'(0,1)§ sends [¢] to [llsgg:((;))] and it is,
via the same argument, a well-defined morphism of Q,-affinoid spaces. This concludes

the proof. n

44



We will make use of the map 1, just defined to construct a family of points (i.e.
trianguline representations) on X? which will pass through u;_, (i.e. the representation
V(pay 12" 5)).

For each s € Zp, we define a multiplicative character of Q, as follows:

(5(5)

k,ap

: Q; — E(s)*
T 0 () = (2) - w(@) 7R gy (s),

a

]

where E(s) is the finite extension obtained from E by adding s; and where = p**®w(x)(z)
is the unique decomposition given by a fixed isomorphism Q, = PP x u(Qp) x 14 pZ,,.
Note that ¢, (s) is an element in Q,(s) since (3)((z) —1)" € Q,(s) for any n € Z,.
Finally, we are ready to apply this in the context of rigid analytic spaces, indeed we will
define a 1-dimensional p-adic family of points in X? through which we will control the
“p-adic” distance between u;_; and uq_ .

We define Z to be the Q,-affinoid spaces given by {1, } x {1/a,} x {¢;~'} x B'(0, 1)617;
here {jiq,} denotes the singleton corresponding to the character p,, on X, the singleton
{1/a,} corresponds to the E-point 1/a, in G}# and the singleton {¢f~'} corresponds to
the point Q;f__ll in 1(Q,).

By a little abuse of notation, we will still denote a point in Z by s for the corresponding
point s € B*(0, 1)6}). Now, we define the injective map:

d:Z— x?
s+ B(s) = (Hay, 00 )

and note that if k' € Z>, satisfies &' — k € (p — 1)Z>o we have, by construction, that
O(1 — k) = upq, and ®(1 — k') = up 4, since 5,8;“) = pa1x'F and 5&;’6) = a7V,

Proposition 2.4.5. The map ® : Z — X? is a rigid analytic closed immersion.

Proof. In order to see that ® is a morphism of Q,-rigid analytic spaces it is sufficient to
observe that, decomposing X% as X x u(Q,) x G&& x B!(1, 1)@17, the map ® is a product
of constant morphisms and 14,

O:Z — X=X xu(Q) x G xB(1,1)g,
50— (ay: O ) = (Hay: Ocn (Gom1)s O (0), Oy (14 )
= (ILLap7 [ ;:{C]v [agl]a ¢1+p(5>>-

The universal property of fiber products (in the category of rigid analytic spaces) allows
us to reduce the claim to prove that the composition of ® with the projection on the last
factor of X2, which is exactly 1, belongs to Mor(Z,B*(1, 1)g,)- This follows at once

from Lemma[2.4.3. Moreover, the image is an affinoid subdomain of X? making ® a closed
immersion. [
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Now, the heart of the proof is that the representations attached to points of X? vary
locally in a continuous way. In precise terms, this is the following result of Colmez and
Chenevier (see Prop. 5.2 in [Col08| and its generalization Prop. 3.9 in |[Chel3|, see also
Prop. 3.2 in [Ber12|):

Theorem 2.4.6. Let 61,05 : Q; — E* be two characters such that 51551 £ 17" for some
i > 0, where x denotes the identity character of Q). Let u = (61, 02) be the corresponding
point in X2. Then there exists a open neighborhood Y of u and a finite, free Oy-module
V of rank 2 with an action of G, = Gal(Qy, Q,) such that V(i) = V(61(a), 02(a)) for
every u € .

As we are interested in points inside {4 C X? which is an open neighborhood of u;_,
we will first prove that if &' is sufficiently p-adically close to k (close as points in the
weight space) then also ®(1 — k') = uy_p will lie in &L
Without loss of generality, as 4l is an admissible open we can assume (up to restriction)
that (4, Oy) is an affinoid space. Since ® is a morphism of rigid analytic spaces, it is
in particular continuous for the G-topology, hence ®~!({l) is an admissible open of the
affinoid space Z.

In particular, we can deduce that there exists a minimal r € %(Zzl) such that the affinoid
subdomain Z, := {u,} x {[a,']} x {[¢;7']} x B'(1 — k,p™")§ of Z is contained in
d~1(U). As usual, we identify the algebra of funcions Oz, of the Q,-affinoid space Z,

with E ® @p<T7§fk)>. By restricting the morphism ® to Z,., we get the morphism of
Q,-affinoid spaces:

d:Z - U

and as usual, we denote its associated morphism of QQ,-affinoid algebras by ®* : Oy — Oz, .
Now, observe that if we fix a u € 4 with field of definition L, it induces a Q,-Banach
spaces morphism given by the evaluation ev; : Oy — ;. Consider now the finite, free Oy-
module V of rank 2 considered by Colmez. The ring homomorphism ev; induces on Lz a
structure of Oy-module, hence we define V(@) := V®p, L. By Chenevier’s and Colmez’s
Theorem [2.4.6] we have that V(u) = V(8;(u), d2(@)) where @ := (6,(a),d2(a)) € X% In
particular, we note that when @ = u;_, then L,, , = E and V(ui_x) = V(tta,sOk,a,)-
Clearly the analogue statement holds for k' € Z, such that ¥’ — k € (p — 1)Z>.

The idea is now to pull back the analytic family of representations given by Colmez in order
to create a new analytic family parametrized by points in Z,. which has the advantage
that will depend only on one parameter. The notion of analytic family of representations
parametrized by an affinoid space is used in the sense of Berger and Colmez (see [BCO§))
but one could also have approached the problem from the point of view of analytic family
of (¢, I')-modules over variations of the Robba rings in the sense of Bellaiche (see |[Bell2|)
considering the existence of a fully faithful functor which connects the two categories (see
sec. 3 in [Bell2]).

Coming back to the closed immersion ® : Z, — il of Q,-affinoid spaces, we have that
the induced map ®* : Oy — Oz, is given by the pull-back, i.e. ®*(f) = f o ® for all
f € Oy. The ring homomorphism ®* gives to Oz, the structure of Oy-module and so we
can define Vpi.+ 1= V®p, Ogz,, it is a finite, free Oz -module of rank 2 with a continuous
Go,-action (given by the action of the Galois group on V). In particular, for all s € Z,
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we have by definition that Vz (s) = V(®(s)).

Now, in order to deal wth reductions we first need to identify an integral analytic family
of lattices. First, we recall that there is a notion of integral model for affinoid algebras.
We define Of = {g € Oy : |glsup < 1}. It is a model for Oy, i.e. it is a Z,-subalgebra
of Oy topologically of finite type (i.e. it is a quotient of Z,(x,...,z,) for some integer
n > 1) and such that Oﬁ[%] = Oy.

The existence of an integral analytic family of representations inside V follows from the
following lemma:

Lemma 2.4.7. Let G be a profinite group, let A be a Q,-affinoid algebra and let V be a
finite, free A-module endowed with an A-linear, continuous action of G. Let A° be a model
for A. Then there exists a finite, free A°-module Vi inside V' such that Vo @40 A =V and
which is stable under the continuous action of G.

Proof. Let W be a finite and free A°~-module such that W ® 4. A = V. Since A° is open
inside A, and since V' is a topological finite direct sum of copies of A we have that W is
open inside V. The action of G can be represented by a continuous map G x W — V.
Since W is open inside V', then the subgroup Hy C G stabilizing W is an open subgroup
of G. Since G is profinite, we have that Hy, is of finite index. Let {h;}; be a finite set of
representatives for the left Hy -cosets in G. Hence, defining V; as ), h;W we have that
Vh is a G-stable, finite and free A°-module such that V) ® 40 A = V, this completes the
proof. O]

Applying the above result when G = Gal(@p/@p), A =0y A° =05 and V =V
allow us to deduce that there exists T inside V finite, free Og-module of rank 2, which is
Gg,-stable and such that T ®oy Oy =V as Gg,-modules.

After defining Vz, as Vo, ®o, Oz,, consider the model O% := {g € Oz, : |glsp < 1}
inside Oy. Since every morphism of affinoid algebras is in particular a contraction, we
have that via the restriction of ® to the power bounded elements inside Oy we obtain the
Zy-algebra morphism @ : Oy — OF . This allows to define Tz, :=T ®pg OF .

The properties of Tp1+ are summarized in the following:

Lemma 2.4.8. The O% -module Tz, s finite, free of rank 2 submodule of Vz . It has a
natural action of the Galois group Gg,; in particular we have that:

TZT ®@%r OZ’I‘ =~ VZT
is an isomorphism of Gg,-modules.

Proof. The only claim that is not clear is the isomorphism of Gg,-modules. By defini-
tion we have an isomorphism T ®op Oy =V of Gg,-modules, hence tensorizing by Oz,
(considered as Oy-module via ®*) we get the isomorphism (T ®y Oy) ®o, Oz, = V3, of
Gg,-modules.

We have the following chain of isomorphism of Gg,-modules:

(T ®oy Oy) ®o, Oz, = T ®og (O ®o, Oz,) = T ®eg Oz, =
T ®o§ (O%T ®O°zr OZT) = (T ®O§ O%T) ®(9%r Oz =Tz, ®(9%T Oz,
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where the isomorphisms are given by the associative property of tensor product for general
modules (see Prop. 3.8, chap. 3 in [Bou89|). Hence, the claim follows. O]

In terms of Berger’s and Colmez’s notion of analytic families of p-adic representations
(see [BCO8|), the two above results essentially grant that the Galois properties of ana-
lytic integral subfamilies are preserved via pull-back. Note that now for all s € Z,., if we
denote by L, the field of definition of the point ®(s) := ug then Tz (s) ® L,, = Vz (s)
as Gg,-modules. Hence, we deduce that Tz, (1 — k) and Tz, (1 — k') are two Gg,-stable
Og-lattices inside respectively Vz (1 — k) and Vz (1 — k).

Let p : Gg, — Gl(Tz,) = Gly(O%, ) the Galois representations attached to Tz, . For
every s € Z,, we denote by p; : Gg, — Gl(Tz,(s)) the specialization of p at s. This
representation correspond to a Gg,-stable lattice inside the trianguline representation
V(91(s),02(s)) = Vz (s) = V(P(s)). In particular, we have that p;_, and p;_p cor-
respond to Gg,-stable lattices inside respectively the representations V'(fia,,0kq,) and
V (fta,: Or' a,)- Moreover, as we have already seen, the representations p, can be obtained
from p via composition by the evaluation map at s, i.e. we have p; = ev, o p where we
keep evy as our notation for the induced map on Gl from ev,.

Now, for a fixed m € Z>;, we can consider the diagram:

GI(Tz,)

Go, —— GU(Tz, (1 - k)) Gl(
Pr, y

Glo(Or/(p™)

\\

Tz, (1-K))

where Pr,, denotes the induced homomorphism on Gl from the natural projection O —»

Os/ (™)

It is clear that the above diamond in the diagram commutes if and only if for all f € O%
we have f(1 —k) — f(1 — k') € (p™) inside Og.

Hence, we reduced the claim of Theorem to prove that there exists a positive integer
n = n(k,a,,m) > 1 such that if ¥ — k € p"(p — 1)Z>o then |evi_p/(f) — evi_x(f)| =
fA—K)— f1— k)| <p™.

This follows from the general following (this is just a slight variation of Prop. 7.2.1.1 in

IBGR]):

Lemma 2.4.9. Let r > 0 be an integer. For every g € @p(§> ={>,a,T" : a,p™ —
0 as n — oo} and for any x,y € B(0,p™")" we have

l9(z) = 9| < P"lglelz = yl.
Here | - |, denotes the norm on @M%) given by | > a,T"| :== max |a,p™| and |- | denotes

the usual norm on Q,(T).



Proof. Consider the map « : @p<§> — @p<T> sending T to p"T; it is an isometric
isomorphism with respect to the norms | - |, and | - | respectively. Denote by a* the
induced map on maximal spectra, i.e. o : B}(0,1)™ — B'(0,p™")" sending z to p"z; it is
bijective. Let g € @p<§> such that a(g) = f.

It is a classical result in the theory of Tate’s algebras (see Prop. 7.2.1.1 in [BGR]) that
for any f € Q,(T) and for any z,y € B'(0,1)*:

[f(z) = f(@)] < |FllE =gl
Since « is an isometry and defining o*(Z) = = and a*(y) = y, this is equivalent to say:

|(9) () — alg)@)] < [f] - [T = 9]

= lg(a’(2)) = g(a” ()] < lalg)] - |7 — 7]

= g(z) —gW)| <lglr - 12 =9l =gl - | = — ol = Plglelz —yl.
Note that we used the fact that a(¢)(Z) = g(a*(%)) (and the same for y) which is a
standard property of affinoid maps (see Lemma 7.1.4.2 in [BGR]). O

Finally, we can complete the proof of Theorem [2.4.1] Indeed, we have that the model

0%, is isomorphc to E(%Y’ ={g € E<§> : 9lsup = |g]r < 1}. Hence, for all g € IE(}%Y’
we have: |g(z) — g(y)| < p'lt —y| forall z,y € Z, representing the corresponding
maximal ideals in Z,. Note that we are considering fixed an embedding of E in @p.
For any fixed positive integer m such that the hypothesis of the theorem holds, there
exists a positive integer n, namely n = m + r, such that the representations Tz (1 — k)
and Tz, (1 — k') are congruent modulo p™. By the definition of Tz, we deduce that the
same is true for T(u;—y) and T(u;_4 ). This completes the proof of Theorem [2.4.1]
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