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ODD CONNECTIONS ON SUPERMANIFOLDS: EXISTENCE AND RELATION WITH

AFFINE CONNECTIONS

ANDREW JAMES BRUCE† & JANUSZ GRABOWSKI‡

Abstract. The notion of an odd quasi-connection on a supermanifold, which is loosely an affine connection
that carries non-zero Grassmann parity, is examined. Their torsion and curvature are defined, however, in
general, they are not tensors. A special class of such generalised connections, referred to as odd connections in
this paper, have torsion and curvature tensors. Part of the structure is an odd involution of the tangent bundle
of the supermanifold and this puts drastic restrictions on the supermanifolds that admit odd connections. In
particular, they must have equal number of even and odd dimensions. Amongst other results, we show that
an odd connection is defined, up to an odd tensor field of type (1, 2), by an affine connection and an odd
endomorphism of the tangent bundle. Thus, the theory of odd connections and affine connections are not
completely separate theories. As an example relevant to physics, it is shown that N = 1 super-Minkowski
spacetime admits a natural odd connection.
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1. Introduction

It hardly needs to be mentioned, but the notion of a connection in its various guises is of central importance
in differential geometry and geometric approaches to physics. A prominent example of the rôle of connections in
modern mathematics is the construction of characteristic classes of principle bundles via Chern–Weil theory. In
physics, connections are related to gauge fields and are vital in geometric approaches to relativistic mechanics,
general relativity and other geometric approaches to gravity such as metric-affine gravity, Fedosov’s deformation
quantisation, adiabatic evolution via the Berry phase, and so on. For an overview of connections in classical
and quantum field theory the reader may consult [30]. Over the years there have been many generalisations
of a connection on a manifold given in the literature, including the generalisation to Lie algebroids, Courant
algebroids (see [17]) and connections adapted to non-negatively graded manifolds (see [7]), to name a few. In
the noncommutative setting, we have, for example, linear connections on bimodules over almost commutative
algebras (see [11]). The situation with connections in general with noncommutative geometry is more subtle and
depends on the approach taken. A brief discussion of this and the notion of q-deformed Levi-Civita connections
can be found in the preprint [1].
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Supersymmetry has been an attractive subject to theoretical physicists since its inception in the early 1970s.
This is, in part, because supersymmetric field theories often have desirable mathematical properties, such
as milder divergences and in very special cases the theories can be finite. Supersymmetry also removes the
tachyon from the spectrum of string theories and naturally leads to a theory of gravity when promoted to
a local gauge theory. Alongside the developments in physics, supergeometry, i.e., Z2-graded geometry, has
become a respectable branch of mathematics with deep and surprising links with not just physics, but also
classical differential geometry, homological and homotopical algebra, to name a few. A prime example of
the aforementioned mathematical insight is Voronov’s approach to Drinfeld doubles for Lie bialgebroids (see
[37]). The ‘operational’ use of supergeometry goes back to the early days of supersymmetry with the superspace
methods of Salam & Strathdee [34]. Superspace methods provide an elegant way of constructing supersymmetric
actions and are routinely used today. To give mathematical rigour to the notion of a superspace, Berezin &
Leties [4] defined a supermanifold in terms of algebraic geometry, specifically using locally superringed spaces.
Much of the fundamental work on supergeometry was carried out between 1965 and 1975 by Berezin and his
collaborators. However, we must stress that the theory of supermanifolds is well-motivated independently of
supersymmetry. For instance, any geometric formulation of pseudo-classical theories with fermions, ghost fields,
antifields etc requires supergeometry.

The notion of a connection, particularly Koszul’s algebraic notion, generalises to the category of supermani-
folds rather directly, in essence, one needs to insert the correct plus and minus signs into the classical definitions.
Connections on supermanifolds appear in the context of Fedosov supermanifolds [16], the BV-formalism [3] and
natural quantisation of supermanifolds [26], for example. It is well-known that the fundamental theorem of
Riemannian geometry generalised to supermanifolds equipped with either an even or odd Riemannian metric,
see for example [31]. As a historical remark, one of the earliest papers on supergravity is rooted in Riemannian
supergeometry, though at the time the theory of supermanifolds was in its infancy (see [2]). Importantly from
the perspective of this paper, an affine connection on a supermanifold is an even object. That is, the parity of
the connection itself is zero. In this paper, we address the notion of an affine connection on a supermanifold
that is odd, i.e., carries Grassmann parity one. Such a concept has not appeared in the literature before.

Our approach to odd connections on supermanifolds is very similar to the notion of a quasi-connection as
first defined by Y-C. Wong [39] in 1962, which is related to the notion of a connection on a Lie algebroid as
first introduced by Mackenzie in the transitive case [28], and a connection over a vector bundle map as defined
by Cantrijn & Langerock [9]. However the presence of a Z2-grading and, in particular, the fact that we want
odd objects means that we cannot directly translate all of Wong’s constructions to our setting. Similarly, our
notion of an odd connection is not simply a specialisation of a Lie algebroid connection. For a review of quasi-
connections and further references, the reader may consult Etayo [14]. We remark that the notions we put
forward are not to be confused with Quillen’s notion of a superconnection (see [33]).

The motivation for this work stems from the philosophy that alongside the Grassmann even generalisations of
classical notions in differential geometry, Grassmann odd analogues can also be found. Although odd structures
have no classical counterpart, they should still be treated on equal footing as even structures. As prime examples,
we have even and odd Riemannian structures, symplectic/Poisson structures and contact/Jacobi structures.
Most of these odd structures have found some application in physics, in particular, odd symplectic/Poisson
structures are central to the BV-formalism and its generalisations, see for example [18, 19, 20, 21, 27, 35]. The
notable exception here are odd Riemannian structures, which so far have not found an application in physics.
Furthermore, odd counterparts of superconformal transformations that twist the parity of the standard basis
of the module of vector fields on C1|1, known as TPt transformations, were first proposed in [12, 13], and, in
the same papers, led to an odd generalisation of super Riemann surfaces. These generalisations spawned an
odd analogue of a complex structure and were motivated by developments in two-dimensional superconformal
field theory and its applications to string theory. With these observations in mind, the natural question of the
notion of a connection on a supermanifold that carries non-zero Grassmann parity arises. Alongside this, if a
good concept of an odd connection exists, then do any of the supermanifolds of interest in physics admit such
things? Is there any relation with supersymmetry as formulated in superspace?

Main Results: Loosely, an odd quasi-connection consists of an odd linear map ∇ : Vect(M) × Vect(M) →
Vect(M) and an odd endomorphism ρ : Vect(M) → Vect(M), together with a compatibility condition between
the two, which is just a graded Leibniz rule, see Definition 2.1 for details. There are natural generalisations of
the torsion and curvature for odd quasi-connections, see Definition 2.7 and Definition 2.9. In general, these are
not tensors. Amongst other results, we have the following.

(1) If ρ is an odd involution, then the torsion and curvature are tensors, see Theorem 2.14. Such odd
quasi-connections we refer to as odd connections. An important result here is that odd connections
and affine connections are not entirely separate notions. In particular, an odd connection is defined by
an affine connection and an odd involution, up to an odd tensor field. Conversely, an odd connection
canonically defines an affine connection. Essentially, if ∇̄ is an affine connection, then

∇X := ∇̄ρ(X)
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is an odd connection and, as ρ2 = 1, the converse statement is also true. See Proposition 2.22 and
Proposition 2.27 for details.

(2) The curvature and torsion of an odd connection satisfy a generalised version of the algebraic Bianchi
identity, see Theorem 2.28. We view this identity as a compatibility between the curvature and torsion.

(3) We prove that n|n-dimensional Lie supergroups always admit an odd connection, see Theorem 2.38.
More generally than this, n|n-dimensional parallelisable supermanifolds always admit odd connections,
see Theorem 2.40.

(4) We show that d = 4, N = 1 super-Minkowski spacetime comes equipped with a natural odd connection
that we refer to as the SUSY odd connection (see Definition 2.42). Moreover, this odd connection is
flat but has non-zero torsion, see Proposition 2.44 and Proposition 2.45.

(5) The example of super-Minkowski space-time leads to the notion of an odd Weitzenböck connection (see
Definition 2.48) on a n|n-dimensional parallelisable supermanifold. We show that such connections only
depend on the existence of an odd involution and as such n|n-dimensional parallelisable supermanifold
always admit odd Weitzenböck connection, see Proposition 2.50. Furthermore, it is shown that an odd
Weitzenböck connection is compatible with an odd Riemannian metric, see Proposition 2.54.

In short, we have a reasonable theory of odd connections on a supermanifold, even if the theory is not completely
distinct from the theory of affine connections. Moreover, some of the supermanifolds of physical interest can be
equipped with such structures.

Notation and preliminary concepts: We will assume that the reader has a grasp of the basic theory of
supermanifolds. For overviews of the general theory the reader may consult, for example, [10, 29, 36]. We
understand a supermanifold M := (|M |, OM ) of dimension n|m to be a supermanifold as defined by Berezin
& Leites [4, 25], i.e., as a locally superringed space that is locally isomorphic to Rn|m :=

(
Rn, C∞(Rn) ⊗

Λ(ξ1, · · · ξm)
)
. Here, Λ(ξ1, · · · ξm) is the Grassmann algebra (over R) with m generators. Associated with any

supermanifold is the sheaf morphism ǫ− : OM (−) → C∞
|M|(−), which means that the underlying topological

space |M | is, in fact, a smooth manifold. This manifold we refer to as the reduced manifold. Morphisms of
supermanifolds are morphisms as superringed spaces. That is, a morphism φ : M → N consists of a pair
φ = (|φ|, φ∗), where |φ| : |M | → |N | is a continuous map (in fact, smooth) and φ∗ is a family of superring
morphisms φ∗

|V | : ON (|V |) → OM

(
|φ|−1(|V |)

)
, for every open |V | ⊂ |N |, that respect the restriction maps.

Given any point on |M | we can always find a ‘small enough’ open neighbourhood |U | ⊆ |M | such that we can
employ local coordinates xa := (xµ, ξi) on M . It is well-known that morphisms between supermanifolds are
completely described by their local coordinate expressions. In particular, changes of local coordinates we will
write, using the standard abuses of notation, as xa′

= xa′

(x). The (global) sections of the structure sheaf we will
refer to as functions. The supercommutative algebra of functions we will denote as C∞(M). The Grassmann

parity of an object A will be denoted by ‘tilde’, i.e., Ã ∈ Z2. By ‘even’ or ‘odd’ we will be referring to the
Grassmann parity of an object. Note that as we are dealing with real supermanifolds in the locally ringed space
approach, partitions of unity and bump functions always exist (see [25, Lemma 3.1.7 and Corollary 3.1.8]).

The tangent sheaf T M of a supermanifold M is defined as the sheaf of derivations of sections of the structure
sheaf. Naturally, this is a sheaf of locally free OM -modules of rank n|m. Global sections of the tangent sheaf
are referred to as vector fields. We denote the OM (|M |)-module of vector fields as Vect(M). The total space of
the tangent sheaf TM we will refer to as the tangent bundle.

2. Odd Quasi-Connections, their Torsion and Curvature

2.1. Odd Quasi-Connections. Modifying the definition of a quasi-connection as first given by Wong [39], to
the setting of supermanifolds and odd maps of modules, we propose the following definition.

Definition 2.1. An odd quasi-connection on a supermanifold M is a pair (∇, ρ), where

∇ : Vect(M)× Vect(M) −→ Vect(M)

is a bi-linear map, written as (X,Y ) 7→ ∇XY , and

ρ : Vect(M) −→ Vect(M)

is an odd C∞(M)-module endomorphism, that satisfy the following for all (homogeneous) X and Y ∈ Vect(M)
and f ∈ C∞(M):

(1) ∇̃XY = X̃ + Ỹ + 1,

(2) ∇f XY = (−1)f̃f ∇XY ,

(3) ∇Xf Y = ρ(X)f Y + (−1)(X̃+1)f̃f ∇XY .
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Remark 2.2. The reader should also note the similarity and differences with a Lie algebroid connection where
the anchor map plays the analogue rôle to the odd endomorphism in the above definition. Also, note that at
this stage there are no further conditions on the odd endomorphism.

Remark 2.3. The notion of an odd quasi-connection could be reformulated as an even map ∇ : Vect(M) →
Ω1(M)⊗ Vect(M) that satisfies the Leibniz rule ∇(f X) = ρ(f) ⊗X + f ∇X , where ρ : C∞(M) → Ω1(M) is
an even map, it serves as a replacement to the de Rham differential in the standard setting of connections. We
choose not to adopt this point of view in order to mimic the existing constructions related to quasi-connections
following Wong [39]. Moreover, in physics one usually requires a connection understood as a covariant derivative.

Proposition 2.4. The set of all odd quasi-connections on a supermanifold M is and affine space and a C∞
0 (M)-

module.

Proof. To show that we have the structure of an affine space, let (∇, ρ) and (∇′, ρ′) be odd quasi-connections
on a supermanifold M . Then we claim that

(t∇+ (1− t)∇′, t ρ+ (1− t)ρ′)

is an odd quasi-connection for all t ∈ R. It is easy to verify that the defining properties of an odd quasi-
connection are satisfied. In particular, the parity is obvious and the other two properties follow from short
computations. We leave details to the reader.

Similarly, to show that we have module we need to argue that

(f ∇+∇′, f ρ+ ρ′)

is an odd quasi-connection for an arbitrary f ∈ C∞
0 (M). The function f must be degree zero in order to

preserve the Grassmann parity. The remaining two properties follow from short computations. We again leave
details to the reader. �

An important property of affine connections is that they are local operators, which implies that they have
well-defined local expressions. The same is true of odd quasi-connections. This is almost obvious in light of the
fact that odd quasi-connections are linear operators and satisfy a Leibniz rule.

Proposition 2.5. An odd quasi-connections (∇, ρ) on a supermanifold M is a local operator.

Proof. The proof follows in the same way as it does in the classical setting by using a bump function. Let
p ∈ |V | (open) and let |W | ⊂ |V | ⊂ |M | be a compact neighbourhood of p. We know that there exists a bump
function γ ∈ C∞

0 (M) which restricts to 1 on |W | and whose support is included in |V |. Hence, if γX vanishes
on |V |, for some vector field X , then it also vanishes on |M | \ supp(γ).

Then

0 = (∇γXY )||W | = (γ∇XY )||W | = γ||W | (∇XY )||W | = (∇XY )||W |.

Hence (∇XY )||V | = 0 if X ||V | = 0. Similarly,

0 = (∇XγY )||W | = (ρ(X)γ Y )||W | + (γ∇XY )||W | = (ρ(X)γ)||W | Y ||W | + γ||W | (∇XY )||W | = (∇XY )||W |.

Hence (∇XY )||V | = 0 if Y ||V | = 0. �

An odd quasi-connection has the following local form

(2.1) ∇XY = (−1)X̃+ã Xa

(
ρ b
a

∂Y c

∂xb
+ (−1)(ã+1)(Ỹ+b̃) Y b Γ c

ba

)
∂

∂xc
,

where ρ̃ b
a = ã+ b̃+ 1 and Γ̃ c

ba = ã+ b̃+ c̃+ 1.

Proposition 2.6. Under a change of coordinates xa′

= xa′

(x) the local structure functions of an odd quasi-
connection transform as

(−1)ã
′

ρ b′

a′ = (−1)ã
(
∂xa

∂xa′

)
ρ b
a

(
∂xb′

∂xb

)
,

(−1)ã
′

Γ d′

b′a′ = (−1)(ã+1)(̃b+b̃′)+ã

(
∂xa

∂xa′

)(
∂xb

∂xb′

)
Γ c
ba

(
∂xd′

∂xc

)

+ (−1)ã
(
∂xa

∂xa′

)
ρ c
a

(
∂xc′

∂xc

)
∂2xd

∂xc′∂xb′

(
∂xd′

∂xd

)
.



ODD CONNECTIONS ON SUPERMANIFOLDS: EXISTENCE AND RELATION WITH AFFINE CONNECTIONS 5

Proof. The proof follows in more-or-less the same way as it does for affine connections on manifolds. Directly
from (2.1) and using the chain rule we have

∇XY = (−1)X̃+ã Xa

(
ρ b
a

∂Y c

∂xb
+ (−1)(ã+1)(Ỹ+b̃) Y b Γ c

ba

)
∂

∂xc

= (−1)X̃+ã Xa′ ∂xa

∂xa′

(
ρ b
a

∂xb′

∂xb

∂

∂xb′

(
Y c′ ∂x

c

∂xc′

)
+ (−1)(ã+1)(Ỹ +b̃) Y b′ ∂x

b

∂xb′
Γ c
ba

)
∂xd′

∂xc

∂

∂xd′

= (−1)X̃+ã Xa′

(
∂xa

∂xa′ ρ
b
a

∂xb′

∂xb

∂Y d′

∂xb′
+ (−1)(Ỹ+b̃′)(ã′+1) Y b′ ∂x

a

∂xa′ ρ
c
a

∂xc′

∂xc

∂2xb

∂xc′∂xb′

∂xd′

∂xb

+(−1)(ã
′+1)(Ỹ+b̃′)+(ã+1)(̃b+b̃′) Y b′ ∂x

a

∂xa′

∂xb

∂xb′
Γ c
ba

∂xd′

∂xc

)
∂

∂xd′ ,

= (−1)X̃+ã′

Xa′

(
ρ b′

a′

∂Y d′

∂xb′
+ (−1)(ã

′+1)(Ỹ +b̃′) Y b′ Γ d′

b′a′

)
∂

∂xd′ .

In the second term of the third line we have relabelled some of the contracted indices. Comparing the primed
and unprimed coefficients established the required transformation rules.

�

Naturally, and almost be definition, the odd endomorphism ρ is a tensor of type (1, 1). The odd Chirstoffel
symbols Γ c

ba transform in almost the same was as their classical counterparts, as completely expected.

2.2. The Torsion and Curvature. We now proceed to generalise the notion of torsion and curvature to odd
quasi-connections. The warning here is that the torsion and curvature will not, in general, be tensors. We
have to be content, for the moment, with multi-linear maps (as vector spaces) in the definitions of torsion and
curvature.

Definition 2.7. Let (∇, ρ) be an odd quasi-connection on a supermanifold M . The torsion of (∇, ρ) is is
defined as the bi-linear map

T : Vect(M)× Vect(M) −→ Vect(M)

given by

T (X,Y ) := ∇XY + (−1)X̃Ỹ ∇Y X + (−1)X̃ ρ
(
[ρ(X), ρ(Y )]

)
,

for all (homogeneous) X and Y ∈ Vect(M).

It is easy to see that the torsion satisfies

(1) ˜T (X,Y ) = X̃ + Ỹ + 1, and

(2) T (X,Y ) = (−1)X̃Ỹ T (Y,X),

for all (homogeneous) X and Y ∈ Vect(M).

Definition 2.8. An odd quasi-connection (∇, ρ) is said to be torsionless or torsion-free if its associated torsion
is the zero map.

Definition 2.9. Let (∇, ρ) be an odd quasi-connection on a supermanifold. The curvature of (∇, ρ) is defined
as the multi-linear map

R : Vect(M)× Vect(M)× Vect(M) −→ Vect(M)

given by
(X,Y, Z) 7→ R(X,Y )Z := [∇X ,∇Y ]Z −∇ρ[ρ(X),ρ(Y )]Z,

for all homogeneous X,Y and Z ∈ Vect(M).

It is easy to check that the curvature satisfies

(1) ˜R(X,Y )Z = X̃ + Ỹ + Z̃,

(2) R(X,Y )Z = −(−1)(X̃+1)(Ỹ+1) R(Y,X)Z, and

(3) R(X,Y )f Z = (−1)(X̃+Ỹ ) f̃ f R(Y,X)Z,

for all (homogeneous) X,Y and Z ∈ Vect(M) and f ∈ C∞(M).
We observe that, just as in the standard case of affine connections on a (super)manifold, that for any fixed

pair (X,Y ) of homogeneous vector fields, we have a linear map (in the sense of a C∞(M)-module)

R(X,Y ) : Vect(M) −→ Vect(M)

of Grassmann parity X̃ + Ỹ .

Definition 2.10. An odd quasi-connection (∇, ρ) is said to be flat if its associated curvature is the zero map.
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We will refer to an odd quasi-connection whose odd endomorphism ρ : Vect(M) → Vect(M) is the zero map
as an odd banal quasi-connection. Note that the third defining property of an odd quasi-connection reduces to

∇Xf Y = (−1)(X̃+1)f̃ f ∇XY . Thus, odd banal quasi-connections are precisely odd tensors of type (1, 2).

Proposition 2.11. Let (∇, ρ) and (∇′, ρ) be a pair of odd quasi-connections on a supermanifold M with the same
odd endomorphism ρ. Then the difference of the two odd quasi-connections is an odd banal quasi-connection.

Proof. We just need to check the following

(∇X −∇′
X)fY = ρ(X)fY − ρ(X)fY + (−1)(X̃+1)f̃ f (∇X −∇′

X)Y = (−1)(X̃+1)f̃ f (∇X −∇′
X)Y,

which is exactly the definition of an odd Banal quasi-connection. �

Definition 2.12. A odd involutive quasi-connection on a supermanifold M is an odd quasi-connection (∇, ρ)
on M such that the odd endomorphism ρ : Vect(M) → Vect(M) is an involution.

Remark 2.13. Using the nomenclature first introduced by Manin [29, page 219], a supermanifold equipped
with an odd involution on its module of vector fields is said to be a Π-symmetric supermanifold. The analogy
with supersymmetry should not be missed. The odd involution exchanges a (homogeneous) vector field with
one of a different Grassmann parity and applied twice we recover the initial vector field. This is a kind of
“supersymmetry”.

Theorem 2.14. Let (∇, ρ) be an odd quasi-connection on a supermanifold M . Let us assume that the associated
torsion and curvature are not both zero maps. The torsion and curvature of (∇, ρ) are tensors on M if and
only if the odd quasi-connection is either banal or involutive.

Proof. We proceed to prove the theorem by checking the anomalous terms of the tensorial property of the
torsion and curvature.

• Torsion As T is symmetric, it suffices to check the tensorial property for one of the arguments. Thus
we consider

T (X, fY ) = ∇Xf Y + (−1)X̃Ỹ+X̃f̃ ∇fY X + (−1)X̃ ρ[ρ(X), ρ(fY )]

= ρ(X)f Y + (−1)(X̃+1)f̃ f ∇XY + (−1)X̃ ρ[ρ(X), (−1)f̃fρ(Y )]

= ρ(X)f Y + (−1)(X̃+1)f̃ f ∇XY + (−1)X̃ ρ
(
(−1)f̃ ρ(X)f ρ(Y ) + (−1)X̃f̃ f [ρ(X), ρ(Y )]

)

= (−1)(X̃+1)f̃ f T (X,Y ) + ρ(X)f (Y − ρ(ρ(Y ))).

• Curvature Due to the symmetry of R(X,Y ) it is sufficient to check the tensorial property for one of
the arguments. Thus we consider

R(X, fY )Z = [∇X ,∇fY ]Z −∇ρ[ρ(X),ρ(fY )]Z

= ∇X

(
(−1)f̃f ∇Y Z

)
− (−1)(X̃+1)(Ỹ+1)+X̃f̃ f ∇Y ∇XZ −∇

ρ[ρ(X),(−1)f̃fρ(Y )]Z

= (−1)f̃ ρ(X)f ∇Y Z + (−1)X̃f̃ f∇X∇Y Z − (−1)(X̃+1)(Ỹ+1)+X̃f̃ f ∇Y ∇XZ

−∇
ρ
(
(−1)f̃ ρ(X)f ρ(Y )+(−1)f̃ X̃ f [ρ(X),ρ(Y )]

)Z

= (−1)f̃X̃ f R(X,Y )Z + (−1)f̃ ρ(X)f ∇(Y −ρ(ρ(Y )))Z.

In both cases the anomalies vanish if either ρ = 0 or ρ2 = 1. The only if follows as the anomalous terms must
vanish for all arbitrary vector fields and functions. �

Remark 2.15. It is clear that if both the torsion and curvature are zero, then they are trivially tensors. So,
we exclude this from our considerations.

2.3. Odd Connections as Odd Involutive Quasi-Connections. From the previous subsection, it is clear
that odd banal quasi-connections and odd involutive quasi-connections have a rather privileged rôle in the
theory of odd quasi-connections in that their torsion and curvature are geometric objects, i.e., they are tensors.
However, the banal case is not so interesting and hence the name (which we hijacked from [14]). We will focus
attention for the remainder of this paper to odd involutive quasi-connections. In light of this, we will change
nomenclature slightly.

Nomenclature: By odd connection, we explicitly mean an odd involutive quasi-connection.

Remark 2.16. The existence of an odd involution places heavy restrictions on the supermanifold. In particular,
we must have a n|n-dimensional supermanifold such that the C∞(M)-module of vector fields admits a generating
set consisting of n even and n odd vector fields.
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Example 2.17 (The canonical odd connection on Rn|n). Consider the linear supermanifold Rn|n equipped with
global coordinates (xa, ξb), of Grassmann parity 0 and 1, respectively. We define the canonical odd involution
by its action on the partial derivatives, i.e.,

ρ

(
∂

∂xa

)
=

∂

∂ξa
, ρ

(
∂

∂ξb

)
=

∂

∂xb
.

We decompose any homogeneous vector field as

X = Xa(x, ξ)
∂

∂xa
+ X̄a(x, ξ)

∂

∂ξa
,

so that the canonical odd connection on Rn|n is given by

∇XY := (−1)X̃
(
Xa ∂Y

b

∂ξa
− X̄a∂Y

b

∂xa

)
∂

∂xb
+ (−1)X̃

(
Xa ∂Ȳ

b

∂ξa
− X̄a∂Ȳ

b

∂xa

)
∂

∂ξb
.

Example 2.18. Consider the linear supermanifold R1|1 which we equip with global coordinates (t, θ). We
pick as a global basis for the vector fields {P := ∂t, D := ∂θ − θ∂t}. The reader should immediately recognise
this as the SUSY structure on R1|1, i.e., D = Span{D} is a maximally non-integrable distribution of rank 0|1.
We can then define the odd involution as ρ(P ) = D and ρ(D) = P . Then, following Example 2.17, we write
X = XP (t, θ)P +XD(t, θ)D and define an odd connection as

∇XY := (−1)X̃
(
XPD(Y P )−XDP (Y P )

)
P + (−1)X̃

(
XPD(Y D)−XDP (Y D)

)
D .

We now want to examine if the set of all odd connections on a supermanifold has the structure of an affine
space. Let (∇, ρ) and (∇′, ρ′) be odd connections on a supermanifold M . The only modification to the proof of
Proposition 2.4 is to check that t ρ+(1− t) ρ′ is itself an involution. A direct calculation gives, for an arbitrary
X ∈ Vect(M)

(t ρ+ (1− t) ρ′)2X = X + (t− t2)
(
ρ(ρ′(X)) + ρ′(ρ(X))− 2X

)
.

For the affine combination to be an involution for all t ∈ R we require the one-dimensional Clifford–Dirac
relation

[ρ, ρ′] = 2 · 1Vect(M)

to hold. Here the bracket is the Z2-graded commutator bracket, i.e., an anticommutator in the language of
physics. The dimension of a one-dimensional Clifford algebra (as a vector space) is two.

Definition 2.19. A pair of odd connections (∇, ρ) and (∇′, ρ′) are said to be compatible if and only if they
satisfy the Clifford–Dirac relation

[ρ, ρ′] = 2 · 1Vect(M).

With the above observations and definition in place, we have the following result.

Theorem 2.20. The set of all pairwise compatible odd connections on a supermanifold has the structure of an
affine space.

Remark 2.21. It is clear that the set of odd connections on M cannot be a C∞
0 (M)-module in the same way

as general odd quasi-connections. The involutive property of ρ is not preserved by multiplication by an even
function.

2.4. Induced Odd Connections. It turns out that, in much the same way as with quasi-connections, odd
connections and affine connections are not completely separate notions.

Proposition 2.22. Let M be an n|n-dimensional supermanifold equipped with an affine connection ∇̄ and an
odd involution ρ : Vect(M) → Vect(M). Then (∇, ρ), were

∇ := ∇̄ ◦ (ρ, 1Vect(M)),

is an odd connection on M .

Proof. We just need to check the defining properties of an odd quasi-connection. The Grassmann parity is

clear as an affine connection is an even map. ∇fXY = ∇̄ρ(fX)Y = (−1)f̃f ∇̄ρ(X)Y = (−1)f̃f ∇XY , establishes

the second condition. The third condition similarly follows from a short calculation ∇XfY = ∇̄ρ(X)fY =

ρ(X)f Y + (−1)(X̃+1)f̃ f ∇̄ρ(X)Y = ρ(X)f Y + (−1)(X̃+1)f̃ f ∇XY . �

Remark 2.23. Clearly, if we relax the condition that ρ is an involution we arrive at a general odd quasi-
connection.

Definition 2.24. Let ∇̄ be an affine connection on M . An odd connection (∇, ρ) on M is said to be canonically
generated by ∇̄ if and only if

∇ = ∇̄ ◦ (ρ, 1Vect(M)).
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Example 2.25. The canonical odd connection on Rn|n (see Example 2.17) is an example of a canonically
induced odd connection where the affine connection is the standard connection on Rn|n and the odd involution
is the canonical one.

Directly from Proposition 2.11 we have the following result.

Proposition 2.26. Let (∇, ρ) be an odd connection and ∇̄ be an arbitrary affine connection both the same
supermanifold M . Then

B := ∇− ∇̄ ◦ (ρ, 1Vect(M))

is an odd banal quasi-connection.

Proposition 2.27. An odd connection (∇, ρ) on a supermanifold M is canonically generated by the affine
connection ∇̄ = ∇ ◦ (ρ, 1Vect(M)).

Proof. First, we need to show that ∇̄ is an affine connection. A quick calculation similar to that used in the
proof of Proposition 2.22 shows this is the case. Using Proposition 2.26 and the fact that ρ is an involution we
observe that

B(X,Y ) = ∇XY − ∇̄ρ(X)Y = ∇XY −∇ρ(ρ(X))Y = ∇XY −∇XY = 0,

for arbitrary X and Y ∈ Vect(M). This implies the result. �

Statement. Given an affine connection and an odd involution one can canonically construct an odd connection.
Moreover, any odd connection has a decomposition into an induced odd connection (with respect to any chosen
affine connection) and an odd banal connection, i.e., an odd tensor of type (1, 2).

2.5. The Algebraic Bianchi Identity. We further justify our definition of an odd connection and, in partic-
ular, the definitions of the torsion and curvature. We view the classical first or algebraic Bianchi identity as a
compatibility condition between the curvature and the torsion. Thus, there should, if our notions are consistent,
be some similar compatibility for the case of odd connections.

Theorem 2.28. Let (∇, ρ) be an odd connection on a supermanifold. The associated torsion and curvature
tensors T and R, respectively, satisfy the following generalisation of the first (or algebraic) Bianchi identity,

(−1)X̃(Z̃+1) R(X,Y )Z + (−1)Ỹ (X̃+1) R(Y, Z)X + (−1)Z̃(Ỹ+1) R(Z,X)Y

= (−1)X̃(Z̃+1) ∇X

(
T (Y, Z)

)
+ (−1)Ỹ (X̃+1) ∇Y

(
T (Z,X)

)
+ (−1)Z̃(Ỹ+1) ∇Z

(
T (X,Y )

)

− (−1)X̃(Z̃+1)+Ỹ T
(
X, ρ[ρ(Y ), ρ(Z)]

)
− (−1)Ỹ (X̃+1)+Z̃ T

(
Y, ρ[ρ(Z), ρ(X)]

)
− (−1)Z̃(Ỹ+1)+X̃ T

(
Z, ρ[ρ(X), ρ(Y )]

)
,

for all X,Y and Z ∈ Vect(M).

Corollary 2.29. If the odd connection (∇, ρ) in question is torsion-free, i.e., the torsion tensor vanishes, then
the first or algebraic Bianchi identity is

(−1)X̃(Z̃+1) R(X,Y )Z + (−1)Ỹ (X̃+1) R(Y, Z)X + (−1)Z̃(Ỹ +1) R(Z,X)Y = 0 ,

for all X,Y and Z ∈ Vect(M).

The proof of Theorem 2.28 follows from a direct, but laborious computation along the same lines as the
classical proof. We defer details to Appendix A.1.

2.6. Extending the Odd Connection to Tensor Fields. The space of tensor fields, understood as repre-
sentations of GL(n|m), i.e., the structure group of the tangent bundle of a n|m-dimensional supermanifold, is
not exhausted by covariant, contravariant and mixed tensors. One needs to include Berezin densities to “close”
the theory and these cannot be constructed from ‘näıve’ tensors. In this subsection, we will concentrate on
(p, q)-tensors and how to extend the odd connection to act upon them. This is, of course, done via the Leibniz
rule, just as in the classical setting. We do this in the logical steps of first extending to functions and one-forms
before deducing what happens to mixed tensor fields.

For functions, we take the natural modification of the classical definition, i.e., for any and all f ∈ C∞(M)
we define

(2.2) ∇Xf := ρ(X).

Moving on to one-forms, we use the coordinate basis and locally write α = δxa αa(x), where δ̃xa = ã. That is, we

are using “even” one-forms, see [38, Appendix A.1] for details. Under general coordinate changes xa′

= xa′

(x),
the differentials transform as

δxa′

= δxa

(
∂xa′

∂xa

)
.

The duality condition between the coordinate basis of vector fields and one-forms is, as in the classical setting,
〈∂a, δxb〉 = δ b

a . Thus the invariant pairing between vector fields and one-forms is locally expressed as 〈X,α〉 =
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Xaαa(x) ∈ C∞(M). We then define the action of the odd covariant derivative on a one-form via this pairing
and the Leibniz rule,

∇X〈Y, α〉 = ρ(X)〈Y, α〉 = 〈∇XY, α〉+ (−1)(X̃+1)Ỹ 〈Y,∇Xα〉.

Thus, ∇Xα is completely determined by

〈Y,∇Xα〉 = (−1)(X̃+1)Ỹ
(
ρ(X)〈Y, α〉 − 〈∇XY, α〉

)
.

Using (2.1) and the invariant paring we see that

Y a(∇Xα)a = (−1)(X̃+1)Ỹ

(
(−1)X̃+b̃Xbρ c

b

∂

∂xc
(Y aαa)− (−1)X̃+b̃ ∂Y

a

∂xc
αa − (−1)X̃+b̃+(̃b+1)(Ỹ+ã) XbY aΓ c

ab αc

)

= Y a

(
(−1)X̃(ã+1)+ã+b̃

(
Xbρ c

b

∂αa

∂xc
−XbΓ c

ab αc

))
.

This implies that locally and using the coordinate basis, the odd connection acting on a one form is given by

(2.3) ∇Xα := (−1)X̃(ã+1)+ã+b̃ δxa

(
Xbρ c

b

∂αa

∂xc
−XbΓ c

ab αc

)
.

We are now in a position to describe what happens to more general mixed tensors. A (p, q)-tensor field is a
(Z2-graded homogeneous) C∞(M)-multilinear map

T : ⊗p
Vect(M) ⊗q Ω1(M) −→ C∞(M),

where we have, of course, employed the Z2-graded tensor product over the global functions on M . Note that we
have assumed no symmetry in this definition and that we are using the “even” conventions with the one-forms.
In terms of the coordinate basis, so locally, we write

T = δxa1δxa2 · · · δxap T
bq···b2b1

ap···a2a1
∂b1∂b2 · · · ∂bq ,

where we neglect to write the tensor product explicitly. It is straightforward to deduce that under a general
coordinate transformation the components of a tensor transform as

T
b′q···b

′
2
b′
1

a′
p···a

′
2
a′
1

= (−1)χ
∂xa1

∂xa′
1

∂xa2

∂xa′
2

· · ·
∂xap

∂xa′
p

T
bq···b2b1

ap···a2a1

∂xb′
1

∂xb1

∂xb′
2

∂xb2
· · ·

∂xb′q

∂xbq
,

where the sign factor is given by

χ = (ã1 + ã′1)(ã
′
2 + ã′3 + · · ·+ ã′p) + (ã2 + ã′2)(ã

′
3 + · · ·+ ã′p) + · · ·+ (ãp−1 + ã′p−1)ã

′
p

+ (̃b2 + b̃′2)̃b
′
1 + (̃b3 + b̃′3)(̃b

′
1 + b̃′2) + · · ·+ (̃bq + b̃′q)(̃b

′
1 + b̃′2 + · · ·+ b̃′q−1).

Warning. There are plenty of other conventions in the literature with regards to the ordering and position of
indices of tensor fields. Note that we put the components of the tensor in the middle and this will effect various
sign factors.

Just as in the classical setting, we define the action of an odd connection on a mixed tensor field via the Leibniz
rule. After a little rearranging one obtains the following definition.

Definition 2.30. Let (∇, ρ) be an odd connection on a supermanifold M . Furthermore, let T be a (p, q)-
tensor field on M , and {Y1, · · · , Yp} and {α1, · · · , αq} be collections of (homogeneous) arbitrary vector fields
and one-forms, respectively. Then the odd covariant derivative of T in the direction of X ∈ Vect(M) is defined
as
(
∇XT

)
(Y1, Y2, · · · , Yp ; α

1, α2, · · · , αq) = (−1)(X̃+1)(Ỹ1+Ỹ2+···+Ỹp) ρ(X)
(
T (Y1, Y2, · · · , Yp ; α

1, α2, · · · , αq)
)

− (−1)(X̃+1)(Ỹ1+Ỹ2+···+Ỹp) T (∇XY1, Y2, · · · , Yp ; α
1, α2, · · · , αq)

− (−1)(X̃+1)(Ỹ2+Ỹ3+···+Ỹp) T (Y1,∇XY2, · · · , Yp ; α
1, α2, · · · , αq)

...

− (−1)(X̃+1)Ỹp T (Y1, Y2, · · · ,∇XYp ; α
1, α2, · · · , αq)

− (−1)(X̃+1)T̃ T (Y1, Y2, · · · , Yp ; ∇Xα1, α2, · · · , αq)

− (−1)(X̃+1)(T̃+α̃1) T (Y1, Y2, · · · , Yp ; α
1,∇Xα2, · · · , αq)

...

− (−1)(X̃+1)(T̃+α̃1+α̃2+···+α̃q−1) T (Y1, Y2, · · · , Yp ; α
1, α2, · · · ,∇Xαq).(2.4)
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As a specific example, consider a (1, 1)-tensor, written locally as T (Y ;α) = Y aT b
a αb. The directly applying

Definition 2.30 together with (2.1) and (2.3) we see that

(∇XT ) (Y ;α) = (−1)(X̃+1)Ỹ ρ(X)
(
Y aT b

a αb

)
− (−1)(X̃+1)Ỹ

(
∇XY

)a
T b
a αb − (−1)(X̃+1)T̃ Y aT b

a

(
∇Xα

)
b

= (−1)(X̃+1)Ỹ Xcρ d
c

∂Y a

∂xd
T b
a αb + (−1)X̃(ã+1)ã+c̃ Y aXcρ d

c

∂T b
a

∂xd
αb

+ (−1)X̃(T̃+b̃+1)c̃+b̃+T̃ Y aT b
a Xcρ d

c

∂αb

∂xd
− (−1)(X̃+1)Ỹ Xcρ d

c

∂Y a

∂xd
T b
a αb

− (−1)X̃(ã+1)+ã+c̃ Y aXcΓ d
ac T b

b αb − (−1)X̃(T̃+b̃+1)c̃+b̃+T̃ Y aT b
a Xcρ d

c

∂αb

∂xd

− (−1)X̃(ã+1)+T̃+c̃(ã+d̃+1)+d̃ Y aXcT d
a Γ b

dc αb

= (−1)X̃(ã+1) Y aXc

(
(−1)ã+c̃ ρ d

c

∂T b
a

∂xd
− (−1)ã+c̃ Γ d

ac T
b

d + (−1)T̃+c̃(ã+d̃+1)+d̃ T d
a Γ b

dc

)
αb .

Definition 2.31. Let G be a rank-2 covariant tensor on M (no symmetry or non-degeneracy is assumed). Then
an odd connection (∇, ρ) is compatible with G if and only if

(
∇XG

)
(Y, Z) = 0 for all (homogeneous) X,Y and

Z ∈ Vect(M).

Using Definition 2.30 it is clear that the compatibility condition can be written as

(2.5) ρ(X)
(
G(Y, Z)

)
= G(∇XY, Z) + (−1)(X̃+1)Ỹ G(Y,∇XZ) .

2.7. Odd Divergence Operators. Divergence operators in supergeometry are even maps Vect(M) → C∞(M)
that can be defined in terms of a Berezin volume or an affine connection. The two approaches are, of course,
tightly related, just as they are in the classical setting (see [22, 23, 24]). For the definition of an odd divergence
operator we are forced to generalise the definition of a divergence operator in terms of an affine connection.

Definition 2.32. Let (∇, ρ) be an odd connection on a supermanifold M . The associated odd divergence
operator is the odd map

Div(∇,ρ) : Vect(M) −→ C∞(M)

defined in local coordinates as

Div(∇,ρ) X := (−1)ã(X̃+1)
(
∇aX

)a
= (−1)ã(X̃+1)

(
ρ b
a

∂Xa

∂xb
+ (−1)(ã+1)(X̃+b̃) Xb Γ a

ba

)
,

for any and all homogeneous X ∈ Vect(M).

We must check that an odd divergence operator is well-defined, i.e., does not depend on the coordinates used.
From Proposition 2.6 we see that

(−1)ã
′ (
∇a′X

)b′
= (−1)ã

(
∂xa

∂xa′

)(
∇aX

)b
(
∂xb′

∂xb

)
.

This implies the following

(−1)ã
′(X̃+1)

(
∇a′X

)a′

= (−1)ã
′ X̃+ã

(
∂xa

∂xa′

)(
∇aX

)b
(
∂xa′

∂xb

)

= (−1)ã(X̃+1)
(
∇aX

)b
(
∂xa′

∂xb

)(
∂xa

∂xa′

)

= (−1)ã(X̃+1)
(
∇aX

)a
,

and so we conclude that the definition of an odd divergence operator is sound.

Remark 2.33. The definition of an odd divergence operator generalises to odd quasi-connections with no
problem.

Proposition 2.34. Let (∇, ρ) be an odd connection on a supermanifold M and furthermore, let Div(∇,ρ) be
the associated odd divergence operator. The following properties hold.

(1) Div(∇,ρ)(X + λY ) = Div(∇,ρ)X + λDiv(∇,ρ)Y ,

(2) Div(∇,ρ)(f X) = (−1)f̃ f Div(∇,ρ)X + (−1)X̃ f̃ ρ(X)f ,

for all X and Y ∈ Vect(M) homogeneous and of the same degree, λ ∈ R and f ∈ C∞(M).

Proof. As we have fixed the odd connection, we will use the shorthand Div for the odd divergence operator.
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(1) This follows directly from the R-linearity of odd connections (see Definition 2.1) and the local definition
of the odd divergence. Specifically,

Div(X + λY ) = (−1)ã(X̃+1)
(
∇aX + λY

)a
= (−1)ã(X̃+1)

(
∇aX

)a
+ (−1)ã(Ỹ+1)

(
∇a(λY )

)a

= DivX + λDivY.

(2) Similarity, this follows from the Leibniz rule for odd connections (see Definition 2.1).

Div(f X) = (−1)ã(X̃+1)+ãf̃
(
∇af X

)a
= (−1)ã(X̃+1)+ãf̃ ρ b

a

∂f

∂xb
Xa + (−1)ã(X̃+1)+f̃ f

(
∇aX

)a

= (−1)ã(X̃+1)+f̃ f
(
∇aX

)a
+ (−1)X̃f̃+X̃+ã Xaρ b

a

∂f

∂xb
= (−1)f̃ f DivX + (−1)X̃ f̃ ρ(X)f.

�

For non-homogeneous vector fields we extend the definition of the odd divergence via linearity. Note that
property (2) of Proposition 2.34 is the odd generalisation of the defining property of any divergence operator.

Example 2.35. Continuing with Example 2.18, the odd divergence operator with respect to the odd connection
defined by the basis {P,D} is

DivX = D(XP )− (−1)X̃ P (XD) ,

where, as before, X = XPP +XDD.

2.8. On the Existence of Odd Connections. Proposition 2.26 tells us that up to an odd Banal connection
any odd connection is a canonically induced odd connection with respect to any specified affine connection.
Thus, it is without great loss of generality to consider canonically induced odd connections when it comes to
the question of the existence of odd connections.

Lemma 2.36. The set of affine connections on a (smooth) supermanifold M is non-empty.

Proof. This is a well-established fact and so we will only highlight the main argument. As we are dealing with
real smooth supermanifolds partitions of unity always exists (see for example [25, Lemma 3.1.7]). One can then
amend the classical proof of the existence of affine connections on smooth manifolds to the setting of smooth
supermanifolds. �

Lemma 2.37. Let G be a (smooth) Lie supergroup of dimension n|n. Then the set of odd involutions of the
C∞(G)-module of vector fields on G is non-empty.

Proof. Lie supergroups admit a global frame for the module of vector fields (you get the same result as for Lie
groups, which you state as the tangent bundle being trivial). In our case, for a Lie supergroup G, Vect(G) =
OG(|G|) ⊗ g, where g is the Lie superalgebra of the supergroup (see for example [6, Proposition 2.9]). The Lie
superalgebra is of dimension n|n, therefore it admits an odd involution. Then, all Lie supergroups of dimension
n|n can be equipped with an odd involution, i.e., the module of vector fields is Π-symmetric in the language of
Manin [29] and others [5]. �

Theorem 2.38. Let G be a n|n-dimensional Lie supergroup. Then the set of odd connections on G is non-
empty.

Proof. A direct consequence of Lemma 2.36, Lemma 2.37 and Proposition 2.22. �

Example 2.39. The Lie supergroups GL(m|m), SL(m|m + 1), Osp(2m|2m), and Q(m) are of dimension
2m2|2m2, 2m(m+ 1)|2m(m+ 1), 4m2|4m2 and m2|m2, respectively. Thus, they each admit odd connections.

The previous theorem generalises to supermanifolds that admit a global frame for their vector fields, but do
not necessarily have the underlying structure of a Lie supergroup. Recall that any X ∈ Vect(M) defines for any
point p ∈ |M | an induced derivation of sections of the stalk at p of the structure sheaf, denoted Xp ∈ DerOp.
We define Xp := evp ◦ ǫ ◦X : Op → R which is a linear map that satisfied the Leibniz rule

Xp(st) = Xp(s) (ǫ t)(p) + (−1)X̃ s̃ (ǫ s)Xp(t),

where ǫ : Op → C∞
p is the algebra morphism induced by the sheaf morphisms ǫ− : OM (−) → C∞

|M|(−). The

map evp : C∞
|M| → R is the standard evaluation map. It is customary to define TpM := DerOp as the tangent

space at p. This is, of course, a super vector space and for every p we have an isomorphism TpM ∼= ~Rn|m. Recall
that a parallelisation of a supermanifold M is a set {X1, X2, · · · , Xn ; Y1, Y2, · · · , Ym} of n|m vector fields such
that for every p ∈ |M | the set of induced derivations {(X1)p, (X2)p, · · · , (Xn)p ; (Y1)p, (Y2)p, · · · , (Ym)p} is a

basis of the tangent space TpM ∼= ~Rn|m. A supermanifold is called parallelisable if it admits a parallelisation.

A choice of parallelisation establishes the isomorphism of C∞(M)-modules Vect(M)
∼
→ C∞(M)⊗ ~Rn|m.

Theorem 2.40. The set of odd connections on a n|n-dimensional parallelisable supermanifold M is non-empty.
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Proof. By definition n|n-dimensional parallelisable supermanifolds admit a global frame consisting of n|n vector
fields and so the set of odd involutions is non-empty. For example, if we choose some parallelisation {Xi ;Yj},
where i, j = 1, 2, · · ·n, then we can define a canonical odd involution associated with this choice, i.e., ρ(Xi) = Yi

and ρ(Yj) = Xj is an odd involution. The existence of odd connections then follows from Lemma 2.36 and
Proposition 2.22. �

Remark 2.41. On a n|n-dimensional parallelisable supermanifold we can construct an odd Riemannian metric
by setting g(Xi, Xj) = g(Yi, Yj) = 0 and g(Xi, Yj) = δij . This suggests that odd Riemannian metrics are not
as “unnatural” as one might at first think. Moreover, we will use this metric in Subsection 2.10.

2.9. The Odd Connection on Super-Minkowski Spacetime. We will restrict attention to d = 4 and

N = 1 super-Minkowski spacetime, which we will denote as SMink4|4. We will comment on other dimensions

and extended supersymmetries at the end of this subsection. As a supermanifold SMink4|4 = R4|4 and comes
equipped with global coordinates (xµ, θα), where xµ transforms under the Lorentz group as a vector and θα
transforms as a Majorana spinor (we will follow the conventions of [8, Section 2.3]). We will work in the
manifestly real setting and so the Lorentzian metric is diag(−1,+1,+1,+1). This allows us to use the real
Majorana of the Clifford algebra Cl(3, 1).

The SUSY structure on SMink4|4 is the maximally non-integrable distribution spanned by the SUSY covariant
derivatives

Dα =
∂

∂θα
−

1

4
θβ(Cγµ)βα

∂

∂xµ
.

We chose the distribution spanned by Pµ = ∂
∂xµ as the complementary distribution. It is easy to see that these

satisfy the super-translation algebra

[Dα, Dβ ] = −
1

2
(Cγµ)αβPµ, [Pµ, Dα] = 0, [Pµ, Pν ] = 0.(2.6)

Any vector field on SMink4|4 decomposes as X = Xµ(x, θ)Pµ +Xα(x, θ)D
α. We then define an odd involution

ρ : Vect(SMink4|4) → Vect(SMink4|4) as (assuming X is homogeneous)

ρ(X) = (−1)X̃ (XµδµαD
α −Xαδ

αµPµ) .

Definition 2.42. The SUSY odd connection on SMink4|4 is defined as

∇XY := (−1)X̃ (XµδµαD
αY ν −Xαδ

αµPµY
ν)Pν + (−1)X̃ (XµδµαD

αYβ −Xαδ
αµPµYβ)D

β ,

for all homogeneous X ∈ Vect(SMink4|4) and all Y ∈ Vect(SMink4|4).

Remark 2.43. The SUSY odd connection is similar to but not identical to the canonical odd connection on
R4|4 as given in Example 2.17. The reader should also compare this with Example 2.18, which is, of course, the
corresponding 1|1-dimensional case.

Proposition 2.44. The SUSY odd connection on SMink4|4 is flat (see Definition 2.10).

Proof. Let us, for brevity, set ea = (Pµ, D
α) and so an arbitrary vector field we write as Z = Zaea. First

observe, directly from the definition of the SUSY odd connection (Definition 2.42) and the fact that ρ is an
involution, that

∇ρ([ρ(X),ρ(Y )])Z =
(
ρ(X)(ρ(Y )Za)

)
ea − (−1)(X̃+1)(Ỹ+1)

(
ρ(Y )(ρ(X)Za)

)
ea.

Then from the definition of the curvature (Definition 2.9) we see that

R(X,Y )Z =
(
ρ(X)(ρ(Y )Za)

)
ea − (−1)(X̃+1)(Ỹ+1)

(
ρ(Y )(ρ(X)Za)

)
ea

−∇ρ([ρ(X),ρ(Y )])Z =
(
ρ(X)(ρ(Y )Za)

)
ea,

and so R(X,Y )Z = 0 for arbitrary vector fields X,Y and Z ∈ Vect(SMink4|4). Thus, the SUSY odd connection
is flat. �

Proposition 2.45. The SUSY odd connection on SMink4|4 has non-vanishing torsion (see Definition 2.7).

Proof. As the torsion is a tensor it is sufficient to check its action on pairs of Pµ and Dα. Direct calculation
using the super-translation algebra (2.6) gives

T (Pµ, Pν) = −
1

2
(Cγδ)αβδβνδαµδδγD

γ ,

T (Pµ, D
α) = −

1

4
δµβ(Cγν)βαPν

T (Dα, Dβ) = 0.

Clearly, not all of these vanish and we conclude that the torsion is non-zero. �
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Remark 2.46. We observe that, and this is not at all surprising, that the non-zero components of the torsion
are essentially − 1

2 (Cγµ)αβ , which is just the non-vanishing structure constant of the super-translation algebra.

Definition 2.47. The odd divergence operator on SMink4|4 is defined as

DivX = Dα(Xµ)δµα − (−1)X̃ δαµPµ(Xα) ,

for any (homogeneous) vector field X = XµPµ +XαD
α.

It is clear that, as one requires an equal number of even and odd coordinates, that the constructions given
above do not generalise directly to d = 4, N ≥ 2 extended super-Minkowski space-times. Requiring an equal
number of even and odd coordinates places restrictions on the dimension of the underlying Minkowski space-time.
For example, d = 1, N = 1 super-Minkowski space-time has dimension 1|1 and so, as we have seen (Example
2.18 and Example 2.35), the construction of the odd SUSY connection generalises to this case. Importantly,
the dimension of the real irreducible spin representation in one dimension is one, see Freed [15, page 48] for
details of the dimensions of real spin representations. The case for d = 2 is slightly more complicated as we
have two one-dimensional irreducible spin representations, and so choosing N = (1, 1), (2, 0) and (0, 2) will
allow the construction of an odd SUSY connection. In comparison, d = 3 has a two-dimensional real irreducible
spin representation. Thus, the d = 3 case does not permit the direct construction of an odd SUSY connection.
Assuming that d ≤ 11, we have exhausted the list of possible dimensions and number of supersymmetries that
one can directly construct an odd connection. Simply put: in other dimensions, it is impossible to have an
equal number of even coordinates and odd spinor coordinates.

2.10. Odd Weitzenböck Connections. The SUSY odd connection (see Definition 2.42) is built from just
an odd involution on the module of vector fields. The same is true of the canonical odd connection on Rn|n

(see Example 2.17). Moreover, we see that the curvature of these connections is zero (see Proposition 2.44),
while the torsion is not zero (see Proposition 2.45). This is very reminiscent of the notion of a Weitzenböck
connection, as used in teleparallel gravity and related theories where gravity is “all torsion and no curvature”.
We also remark that Weitzenböck connections make an appearance in Double Field Theory (see for example
[32] and references therein). These considerations lead to the following notion.

Definition 2.48. Let M be a n|n-dimensional parallelisable supermanifold and let {Zα} be a chosen paralleli-
sation. Furthermore, let ρ : Vect(M) → Vect(M) be an odd involution. The odd Weitzenböck connection on M

generated by ρ and {Zα} is the odd connection defined as

∇X(Y αZα) := ρ(X)(Y α)Zα.

Proposition 2.49. The odd Weitzenböck connection on a n|n-dimensional parallelisable supermanifold M

generated by ρ is independent of the chosen parallelisation.

Proof. As a choice of parallelisation corresponds to an isomorphism Vect(M)
∼
→ C∞(M) ⊗ ~Rn|n, changes of

the parallelisation correspond to grading preserving automorphisms of the super vector space ~Rn|n. Thus, if
we have two parallelisations {Zα} and {Zβ′}, then there is an invertible matrix A with real entries, such that
Zβ′ = A α

β′ Zα. This, in turn, implies that the components of the vector fields transform via the inverse matrix,

i.e., Y β′

= Y αA β′

α . Then we observe that

∇XY = ρ(X)(Y β′

Zβ′) = ρ(X)(Y β′

)Zβ′

= ρ(X)(Y αA β′

α )A γ
β′ Zγ = ρ(X)(Y α)A β′

α A
γ

β′ Zγ

= ρ(X)(Y αZα),

where we have used the fact that the components of A−1 are constants. �

The above proposition tells us that an odd Weitzenböck connection is completely defined by a choice of odd
involution and is does not depend on the choice parallelisation. For the remaining part of this subsection, we
will for brevity denote a supermanifold equipped with an odd Weitzenböck connection as a pair (M,∇).

Proposition 2.50. Let M be a n|n-dimensional parallelisable supermanifold M . Then the set of odd Weitzenböck
connections on M is non-empty.

Proof. This is clear as the set of odd involutions on a n|n-dimensional parallelisable supermanifold is non-empty
and Proposition 2.49 tells us that this all that is needed to define an odd Weitzenböck connection.

�

In general, the torsion on an odd Weitzenböck connection will be non-zero. However, just as in the classical
setting, the curvature is zero.

Proposition 2.51. An odd Weitzenböck connection on a n|n-dimensional parallelisable supermanifold M is
flat (see Definition 2.10).
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Proof. The proof is identical to the proof of Proposition 2.44 upon minor notational changes.
�

In complete parallel with the classical setting of smooth manifolds, the Christoffel symbols of an odd
Weitzenböck connection are given in terms of local vierbein fields and their derivative. To recall the notion,
let us start with a n|m-dimensional parallelisable supermanifold M and let {Zα} be a choice of parallelisation.

Locally we define the vierbeins E a
α (x), where Ẽ a

α = ã+ α̃, via

Zα = (−1)ã α̃ E a
α (x)

∂

∂xa
.

The sign factor is included for convenience. Dual to the global frame for the vector fields is a global basis for the
one-forms, which we denote as {ωα}, which consists of n even one-forms and m odd one-forms. The co-vierbeins
are similarly defined locally as

ωα = (−1)ã α̃ δxa E α
a (x),

where we have chosen the convention that δ̃xa = ã, and so Ẽ α
a = ã+ α̃. We have the standard orthonormality

conditions which are directly deduced from ωα(Zβ) = δαβ and δxa(∂b) = δab,

E α
a E a

β = δαβ , E a
α E α

b = δab.(2.7)

Proposition 2.52. The Christoffel symbols of an odd Weitzenböck connection are given by

Γ c
ba = (−1)b̃(c̃+1)+d̃(c̃+α̃) ρ d

a E c
α

(
∂E α

b

∂xd

)
.

Proof. the proof follows in more-or-less the same way as the classical case. Directly from the Leibniz rule we
see that

∇X(Y αZα) = ρ(X)Y α Zα + (−1)(X̃+1)(Ỹ+α̃) Y α ∇XZα,

and hence the final term must vanish, i.e., ∇XZα = 0. It is this result that will determine the Christoffel
symbols. Locally using the vierbeins and the fact that X ∈ Vect(M) is arbitrary we see that the previous result
amounts to

(−1)c̃ α̃ ρ b
a

∂E c
α

∂xb
= −(−1)(ã+1)(α̃+b̃)+b̃ α̃ E b

α Γ c
ba .

Now we multiply by E α
d from the right, pull it through the Christoffel symbol and use the orthonormality of

the vierbeins and co-vierbeins to get

(2.8) Γ c
ba = −(−1)d̃(c̃+1) ρ d

a

(
∂E c

α

∂xd

)
E α

b .

Using the orthonormality, it is clear that
(
∂E c

α

∂xd

)
E α

b = −(−1)d̃(c̃+α̃) E c
α

(
∂E α

b

∂xd

)
.

Substituting this into (2.8) produces the desired result

Γ c
ba = (−1)b̃(c̃+1)+d̃(c̃+α̃) ρ d

a E c
α

(
∂E α

b

∂xd

)
.

�

Definition 2.53. Let M be an n|n-dimensional parallelisable supermanifold and let {Xi ;Yj}, where i, j =
1, 2, · · ·n be a chosen parallelisation. The induced odd Riemannian metric on M is defined as g(Xi, Xj) =
g(Yi, Yj) = 0 and g(Xi, Yj) = δij .

Proposition 2.54. An odd Weitzenböck connection on a supermanifold M (see Definition 2.48) is compatible
with the induced odd metric (see Definition 2.53 and Definition 2.31).

Proof. This follows from the corresponding statement for Weitzenböck connections and the fact that an odd
connection can canonically be obtained from an affine. Alternatively, this follows from direct calculation. We

write the chosen parallelisation as {Zα} and write for Y1 = Y α
1 Zα and Y2 = Y

β
2 Zβ for two homogeneous but

otherwise arbitrary vector fields. Then via direct calculation

ρ(X)
(
g(Y1, Y2)

)
= ρ(X)

(
g(Y α

1 Zα, Y
β
2 Zβ)

)
= (−1)α̃(Ỹ2+β̃) ρ(X)

(
Y α
1 Y

β
2 g(Zα, Zβ)

)

= (−1)α̃(Ỹ2+β̃) (ρ(X)Y α
1 )Y β

2 g(Zα, Zβ) + (−1)α̃(Ỹ2+β̃)+(X̃+1)(Ỹ1+α̃) Y α
1 (ρ(X)Y β

2 ) g(Zα, Zβ)

= g(∇XY1, Y2) + (−1)(X̃+1)Ỹ1 g(Y1,∇XY2),

where we have used the fact that the odd Riemannian metric is constant in the chosen basis. Comparing this
with (2.5) we see establish the proposition.

�
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3. Closing Remarks

Starting from quite general odd quasi-connections, we constructed the notion of an odd connection on a
supermanifold. Importantly, for odd connections, the torsion and curvature are tensors, a property we expect any
reasonable generalised notion of an affine connection to have. In particular, the tensorial property of the torsion
and curvature guarantee that they can locally be written in terms of their components with respect to a chosen
basis, say the coordinate basis. We explored the relationship between odd connections and affine connections on a
supermanifold by realising that, up to a tensorial term, any given odd connection can be induced by an arbitrary
affine connection. This was then used to tackle the question of the existence of odd connections. While affine
connections always exist, there are severe restrictions on the supermanifolds that admit odd connections. The
existence of an odd involution of the module of vector fields on the supermanifold is essential in the definition
of an odd connection. For example, n|n-dimensional Lie supergroups and, more generally, n|n-dimensional
parallisable supermanifolds always admit odd connections. The prototypical Lie supergroups here is GL(m|m),
which is of dimension 2m2|2m2. Moreover, we have shown that N = 1 super-Minkowski spacetime comes
equipped with a natural odd connection. This gives a slightly different perspective on the geometric nature
of supersymmetry. The example of super-Minkowski spacetime leads to odd Weitzenböck connections on n|n-
dimensional parallisable supermanifolds and it was shown that these odd connections depend only on the choice
of odd involution.

Applications in physics are probably limited due to the need for an equal number even and odd dimensions
alongside the supermanifolds being parallisable. However, one can construct novel field theories using odd
connections. For example, if (M, g) is a parallisable even Riemannian supermanifold of dimension n|n, then one
can construct an action for an odd scalar field Ψ(x), which we write locally as (being slack with an overall sign)

S[Ψ] = ±

∫

M

D[x]
√

|g| (−1)b̃
1

2
gab(x)∇bΨ(x)∇aΨ(x),

where ∇ is the odd connection canonically generated by the Levi-Civita connection (for example) and a choice
of odd involution. Note that using a odd connection is essential here as otherwise the action would be identically
zero: we would be contracting something symmetric in its indices with something antisymmetric in its indices.
Other theories can similarly defined such as even scalar field theories on an odd Riemannian supermanifold or a
symplectic/Poisson supermanifold. While such theories deserve further attention, to do so is outside the scope
of this paper.
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Appendix A.

A.1. Proof of the Algebraic Bianchi Identity.

Proof of Theorem 2.28. The proof is via direct computation following the proof of the standard algebraic Bianchi
identity. Let X,Y and Z ∈ Vect(M) be homogeneous. Then directly from the definition of the curvature
(Definition 2.9) we have

(−1)X̃(Z̃+1) R(X,Y )Z + (−1)Ỹ (X̃+1) R(Y, Z)X + (−1)Z̃(Ỹ+1) R(Z,X)Y

= (−1)X̃(Z̃+1) ∇X∇Y Z − (−1)X̃(Z̃+1)+(X̃+1)(Ỹ+1) ∇X∇Y Z − (−1)X̃(Z̃+1) ∇ρ[ρ(X),ρ(Y )]Z

+ (−1)Ỹ (X̃+1) ∇Y ∇ZX − (−1)Ỹ (X̃+1)+(Ỹ+1)(Z̃+1) ∇Z∇Y X − (−1)Ỹ (X̃+1) ∇ρ[ρ(Y ),ρ(Z)]X

+ (−1)Z̃(Ỹ+1) ∇Z∇XY − (−1)Z̃(Ỹ +1)+(Z̃+1)(X̃+1) ∇X∇ZY − (−1)Z̃(Ỹ+1) ∇ρ[ρ(Z),ρ(X)]Y

= (−1)X̃(Z̃+1) ∇X

(
∇Y Z + (−1)Z̃Ỹ ∇ZY

)
− (−1)X̃(Z̃+1) ∇ρ[ρ(X),ρ(Y )]Z

+ (−1)Ỹ (X̃+1) ∇Y

(
∇ZX + (−1)X̃Z̃ ∇XZ

)
− (−1)Ỹ (X̃+1) ∇ρ[ρ(Y ),ρ(Z)]X

+ (−1)Z̃(Ỹ+1) ∇Z

(
∇XY + (−1)Ỹ X̃ ∇Y X

)
− (−1)Z̃(Ỹ+1) ∇ρ[ρ(X),ρ(Y )]Z,

now using the definition of the torsion (Definition 2.7) we rewtite this as

= (−1)X̃(Z̃+1) ∇X

(
T (Y, Z)− (−1)Ỹ ρ[ρ(Y ), ρ(Z)]

)
− (−1)X̃(Z̃+1) ∇ρ[ρ(X),ρ(Y )]Z

+ (−1)Ỹ (X̃+1) ∇Y

(
(T (Z,X)− (−1)Z̃ρ[ρ(Z), ρ(X)]

)
− (−1)Ỹ (X̃+1) ∇ρ[ρ(Y ),ρ(Z)]X

+ (−1)Z̃(Ỹ+1) ∇Z

(
(T (X,Y )− (−1)X̃ρ[ρ(X), ρ(Y )]

)
− (−1)Z̃(Ỹ+1) ∇ρ[ρ(Z),ρ(X)]Y,

= (−1)X̃(Z̃+1) ∇X

(
T (Y, Z)

)
+ (−1)Ỹ (X̃+1) ∇Y

(
T (Z,X)

)
+ (−1)Z̃(Ỹ+1) ∇Z

(
T (X,Y )

)

− (−1)X̃(Z̃+1)+Ỹ
(
∇Xρ[ρ(Y ), ρ(Z)] + (−1)X̃(Ỹ+Z̃+1) ∇ρ[ρ(Y ),ρ(Z)]X

)

− (−1)Ỹ (X̃+1)+Z̃
(
∇Y ρ[ρ(Z), ρ(X)] + (−1)Ỹ (Z̃+X̃+1) ∇ρ[ρ(Z),ρ(X)]Y

)

− (−1)Z̃(Ỹ+1)+X̃
(
∇Zρ[ρ(X), ρ(Y )] + (−1)Z̃(X̃+Ỹ +1) ∇ρ[ρ(X),ρ(Y )]Z

)
,

using the definition of the torsion (Definition 2.7) again and a little rearanging

= (−1)X̃(Z̃+1) ∇X

(
T (Y, Z)

)
+ (−1)Ỹ (X̃+1) ∇Y

(
T (Z,X)

)
+ (−1)Z̃(Ỹ+1) ∇Z

(
T (X,Y )

)

− (−1)X̃(Z̃+1)+Ỹ T
(
X, ρ[ρ(Y ), ρ(Z)]

)
− (−1)Ỹ (X̃+1)+Z̃ T

(
Y, ρ[ρ(Z), ρ(X)]

)

− (−1)Z̃(Ỹ+1)+X̃ T
(
Z, ρ[ρ(X), ρ(Y )]

)

+ ρ
(
[ρ(X), [ρ(Y ), ρ(Z)]]− [[ρ(X), ρ(Y )], ρ(Z)]− (−1)(X̃+1)(Ỹ+1) [ρ(Y ), [ρ(X), ρ(Z)]]

)
.

The final term vanishes due to the Jacobi identity (here written in Loday–Leibniz form).
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