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162a avenue de la Fäıencerie, L-1511 Luxembourg, Luxembourg

2European Theoretical Spectroscopy Facility (ETSF)
(Dated: July 5, 2020)

The electron-phonon coupling leads to intriguing effects in the spectra of materials. Current
approximations to calculate spectra most often describe this coupling insufficiently. Starting from
basic equations of many body perturbation theory, we derived a cumulant formulation for neutral
excitation spectra that contains excitonic effects and the coupling between excitons and phonons.
The cumulant approach allows including dynamical effects arising from the electron-phonon coupling
in a simple and intuitive way. It can be implemented as a post processing of state-of-the-art GW–
plus–Bethe-Salpeter calculation of excitonic states and a Density Functional Perturbation Theory
calculation of phonons and electron-phonon coupling. We demonstrate that, in order to obtain a
consistent treatment of exciton-phonon coupling, diagrams have to be taken into account that can
be neglected when the effect of lattice vibrations is treated in a static or quasi-static approxima-
tion. From the application of this approach to a model system we analyzed the main features of
the exciton-phonon interaction and provided a general picture of their link with the properties of
materials such as exciton mass and exciton Bohr radius.

I. INTRODUCTION

The electron-phonon (el-ph) interaction is central to a
wide range of phenomena in materials physics1. For ex-
ample, it underpins the temperature dependence of the
electrical resistivity in metals and the carrier mobility in
semiconductors, gives rise to conventional superconduc-
tivity and sets the relaxation processes of excited states.
Moreover the el-ph interaction often affects the excitation
spectra measured for example in photoemission and ab-
sorption spectroscopies. In those spectra it induces shifts
and broadening of peaks, as well as additional structures
called satellites. Those effects dominate the photolumi-
nescence and the low energy optical spectra of indirect
gap semiconductors2–5 and play a key role in the under-
standing of the electronic and optical properties of molec-
ular crystals6, quantum dots7 and polaronic systems such
as transition metal oxides8,9 and ionic crystals10.

The effect of el-ph interaction has been extensively in-
vestigated in the past using model Hamiltonians11–14 of-
ten combined with the polaronic picture15, and still at-
tracts considerable attention. Models are often not pre-
dictive and difficult to combine with ab initio calcula-
tions. On the contrary, many body perturbation theory
(MBPT)16–19 represents a reliable and accurate approach
for the description of excited states and thus the ideal
framework to investigate the effect of el-ph interaction
on the excitation spectra1.

In MBPT the key quantities are Green’s functions.
The one-particle Green’s function G gives direct access
to one-particle excitations measured by photoemission,
while the two-particle correlation function L yields neu-
tral excitations probed in optical absorption, electron en-
ergy loss and inelastic X rays scattering experiments. In
this framework, all many body effects induced by the
Coulomb and el-ph interactions are included through the
electron self-energy Σ1,18,19. It defines both the kernel of

the Dyson equation for G, and an effective electron-hole
(e-h) interaction which is the kernel of the Bethe-Salpeter
equation (BSE) for L18,19.

In state-of-the-art calculations of one-particle Green’s
function1, the el-ph interaction is treated within the
Heine-Allen-Cardona (HAC) scheme20,21 which consists
in a second order expansion of the electron self-energy in
terms of the el-ph coupling constant. This approach has
been successfully applied to the study of the temperature
dependence of quasi-particle (QP) gap in insulators22–25

and semiconductors26,27 and has been extended to the
BSE for optical spectra28. However, although the HAC
scheme provides an accurate description of QP excita-
tions and their lifetime, it often fails to describe satellites
in photoemission spectra8,9,29. Satellites are genuine dy-
namical effects that require both the full frequency de-
pendence of the self-energy and the inclusion of higher
order corrections in the perturbative expansion of the
Green’s function1,30. This would make the solution of
the Dyson equation inaccessible in real materials.

In the neutral excitations spectra satellites are com-
pletely missed by present-day approaches that treat
the el-ph interaction within a static or quasi-static
approximation28 (i.e. neglecting the full frequency de-
pendence of the electron self-energy). The fully dynam-
ical BSE is extremely complicated to solve31,32, and its
solution might not be worth the effort. Indeed, the BSE
with a first order kernel is similar to the Dyson equa-
tion for G in the HAC scheme that often fails for satel-
lites. Rather than a scheme based on a Dyson equa-
tion, a cumulant approach33–35 for the two-particle cor-
relation function, reflecting a picture of coupled bosons,
appears more promising. It is the exact solution for a
two-level limiting case36, and it is additionally motivated
by the success of an increasing number of ab initio cal-
culations for G using a cumulant of second order in the
el-ph coupling37–40. This promising approach has been
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recently formulated for the two-particle correlation func-
tion in order to include correlation effects arising from
the dynamically screened Coulomb interaction and ne-
glected in standard BSE calculations41. The formulation
of Ref.41 is general and in principle can be extended to
describe the coupling between excitons and any kind of
bosonic excitation such as free electron-hole pairs, other
excitons, plasmons, photons as well as phonons.

In this paper, motivated by these recent developments,
we derive the cumulant expression for the two-particle
correlation function in presence of el-ph interaction. In
particular, following Ref.41, the derivation is done in two
main steps. First of all, starting from the fully dynam-
ical BSE we obtained a Dyson like equation for the two
time charge-charge response function that represents the
exciton propagator and provides the spectrum of neutral
excitations. This requires the introduction of an exci-
ton self-energy related to the el-ph interaction. At this
point, the cumulant expression for the exciton propaga-
tor comes out naturally. Indeed, in analogy with the
one-particle Green’s function42, the cumulant coefficient
is obtained imposing that the first order expansion of a
cumulant ansatz for the exciton propagator matches the
first order expansion of the Dyson equation. The new
method is applied to a simple model system that is used
as an illustrative example to discuss the basic physical
aspects of the cumulant in a general way.

II. PERTURBATIVE EXPANSION OF THE
TWO-PARTICLE CORRELATION FUNCTION

In the framework of MBPT the two-particle correlation
function L is formally obtained from the solution of the
BSE18,19:

L(1423) = L0(1423)+L0(14′21′)
δΣ(1′2′)

δG(3′4′)
L(3′42′3). (1)

Here 1 stands for space, spin and time (r1σ1t1), and
repeated indices are integrated over. The quantity
L0(14′21′) ≡ G(11′)G(4′2) is the uncorrelated two-
particle Green’s function while the kernel is the func-
tional derivative of the self-energy Σ with respect to the
one-particle Green’s function G. Σ can be formally split
in a purely electronic part and a contribution related to
the coupling with phonons. The electronic part is the
sum of the Hartree contribution ΣH and the Coulomb
exchange-correlation term ΣCxc that in state-of-the-art
calculations is evaluated in the static COulomb Hole plus
Screened EXchange (COHSEX) approximation (or even-
tually quasi-particle GW approximation)19,44. Accord-
ing with the HAC scheme20,21, the el-ph contribution
can be split in a static Debye-Waller term ΣDW and
an exchange-correlation term Σphxc related to the dynam-
ical fluctuation of the lattice. The latter can be pertur-
batively expanded in terms of the nuclear contribution
(W ph) to the screened Coulomb interaction1. At the first
order in W ph (i.e. second order in the el-ph coupling),
Σphxc reduces to the Fan-Migdal (FM) term that is used
in state-of-the-art calculations1,28. Moreover, both ΣDW
and W ph can be written in terms of the el-ph matrix ele-
ments and the phonon propagator that we assume to be
known.

In the standard approach, i.e. in absence of el-
ph interaction and with an instantaneous kernel, the
BSE can be rewritten directly in terms of two-time
L0(r1t1r4t3r2t1r3t3). Under these conditions the BSE
becomes a Dyson-like equation that can be directly solved
in two times or one frequency19. In the present case, in-
stead, because of the explicit time dependence of W ph,
Eq. (1) cannot be rewritten in terms of a two time prop-
agator only and it is hardly solvable even considering the
simplest first order W ph expansion for Σ.

In the following we will rearrange Eq. (1) in such a way
to obtain an approximate Dyson-like equation for L that
allows including simultaneously dynamical effects related
to W ph and excitonic effects related to the Coulomb in-
teraction. This is a necessary step to include a QP cor-
rection to the exciton energy and find a cumulant repre-
sentation for L. First of all we rewrite Eq. (1) as:

L(1423) = L̄(1423) + L̄(12′21′)
(

Ξ1(1′4′2′3′) + L0,−1
0 (1′4′2′3′)− (L0

0 + L1
0)−1(1′4′2′3′)

)
L(3′44′3), (2)

where we have split both L0(1423) and the kernel Ξ(1423) = δΣ(12)
δG(34) into two parts, L0 = L0

0 + L1
0 and Ξ = Ξ0 + Ξ1.

Here (L0
0 + L1

0)−1(1423) denotes the inverse of L0
0(1423) + L1

0(1423) and L̄ is the solution of

L̄(1423) = L0
0(1423) + L0

0(12′21′)Ξ0(1′4′2′3′)L̄(3′44′3). (3)

Up to here, the splitting is arbitrary. We choose
Ξ0(1423) ≡ −iv(13)δ(12)δ(34) + iWC

0 (12)δ(13)δ(24),
where v is the bare Coulomb potential and WC

0 (12) =
WC(12)δ(t2 − t1) is the statically screened Coulomb

potential. Moreover we set L0
0(1423) ≡ Ḡ(13)Ḡ(42),

where Ḡ is the one-body Green’s function evaluated in
the COHSEX approximation and eventually dressed by
ΣDW .
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FIG. 1. Feynman diagrams associated to the first order expansion L in terms of W ph. They involve diagrams associated to
the term L0,−1

0 L1
0L

0,−1
0 ((a) and (b)) and diagrams arising from the kernel Ξ1 defined in Eq.8 ((c) and (d)). Arrows are the

one-particle Green’s function Ḡ, the gray circles indicate L̄, the gray boxes the T matrix, and wiggly lines correspond to W ph.

This definition for Ḡ is consistent with our choice for
Ξ0. With this choice, Eq. (3) is the static BSE (SBSE)
with el-ph interaction treated in the static approxima-
tion (i.e. including only the Debye-Waller term). By
construction, the kernel of Eq. (2) describes dynamical

effects induced by el-ph coupling beyond the SBSE.
We now expand this kernel to first order in W ph.

The first order correction to the self-energy is just the
FM term ΣFM (12) = iW ph(12)Ḡ(12), which leads to
first-order correction to the Green’s function G1(12) =
Ḡ(11′)ΣFM (1′2′)Ḡ(2′2). This leads to

L1
0(1423) = Ḡ(13)Ḡ(44′)ΣFM (4′2′)Ḡ(2′2) + Ḡ(11′)ΣFM (1′3′)Ḡ(3′3)Ḡ(42), (4)

and, through the expansion of the inverse, to

L(1423) = L̄(1423) + L̄(12′21′)
[
Ξ1(1′4′2′3′) + L0,−1

0 (1′52′6)L1
0(6857)L0,−1

0 (74′83′)
]
L̄(3′44′3). (5)

To be consistent, we also use the first order in W ph ex-
pression for Ξ1, that can be obtained from δΣFM

δḠ
= iW ph.

This gives the first order W ph diagrams for L shown in
Fig. 1(a)-(c), where we used the following representation
for L̄:

L̄(1423) = L0
0(1423) + L0

0(12̄21̄)T (1̄4̄2̄3̄)L0
0(3̄44̄3) (6)

in terms of the T-matrix defined as18:

T (1423) = Ξ0(1423) + Ξ0(12̄21̄)L0
0(1̄4̄2̄3̄)T (3̄44̄3). (7)

In particular the class of diagrams in Fig. 1(a)-(b)

and Fig. 1(c) arises from L0,−1
0 L1

0L
0,−1
0 and Ξ1, respec-

tively. It describes an exciton that, through the emis-
sion (absorption) of a phonon scatters in an intermediate

state consisting of a non-interacting electron-hole pair.
This approximation is formally equivalent to the Shindo
treatment of the el-ph interaction in the case of shallow
excitons43. However, since W ph is not instantaneous, as
pointed out in Ref.41 in the case of dynamically screened
Coulomb interaction, there is no reason to neglect the
class of first order diagrams shown in Fig. 1(d). They
take into account excitonic effects in the intermediate
states and can be included by considering the following
first order expression for Ξ1:
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Ξ1(1423) = iW ph(23)T (142̄3̄)Ḡ(3̄3)Ḡ(2̄2)

+ iW ph(14)T (1̄4̄23)Ḡ(11̄)Ḡ(44̄)

+ iW ph(42)T (14̄2̄3)Ḡ(2̄2)Ḡ(44̄)

+ iW ph(13)T (1̄423̄)Ḡ(3̄3)Ḡ(11̄)

+ iW ph(12)δ(13)δ(24) (8)

Inserting Eq. (8) and Eq. (4) into Eq. (5) we obtain:

L(1423) = L̄(1423) + L̄(12′21′)K(1′4′2′3′)L̄(3′44′3), (9)

with the new kernel

K(1423) = iW ph(14)L̄(142̄3̄)Ḡ−1(3̄3)Ḡ−1(2̄2)

+ iW ph(32)L̄(1̄4̄23)Ḡ−1(11̄)Ḡ−1(22̄)

+ iW ph(13)L̄(14̄2̄3)Ḡ−1(2̄2)Ḡ−1(44̄)

+ iW ph(42)L̄(1̄423̄)Ḡ−1(3̄3)Ḡ−1(11̄). (10)

The diagrammatic representation of L in Fig. 1 illus-
trates that we include the complete series of ladder dia-
grams in the effective four-point Coulomb interaction Ξ0

responsible for excitonic effects, whereas the dynamical
el-ph interaction is included through an effective kernel
evaluated at the first order in W ph. Under the assump-
tion that elementary scattering processes between occu-
pied and empty states are negligible, which corresponds
to the Tamm-Dancoff Approximation (TDA)16,45,46 for
both L̄ and the scattering processes induced by W ph,
Eq. (5) is the exact expression for the first order W ph

expansion of L.

III. EXCITON SELF-ENERGY AND
CUMULANT COEFFICIENT

Our next goal is to express Eq. (9) in terms of the
two-time e-h correlation function Ḡ(r1t1r4t3r2t1r3t3) =
−iL̄(r1t1r4t3r2t1r3t3) and W ph. Ḡ represents the non-
interacting exciton Green’s function. When evaluated at
r2 = r1 and r4 = r3 it corresponds to the charge-charge
response function from the SBSE. We want now to obtain
an expression for the full charge-charge response function
G in presence of el-ph interaction. In analogy to the
one-particle G for one-particle excitations, G represents
an interacting Green’s function for the exciton, i.e. an
exciton propagator. To this end, we first note that the
diagrammatic series obtained from Eq. (9) can be traced
back to the two prototypical Feynman diagrams drawn
in Fig. 2(a) and (b) evaluated at all orders in Ξ0. At
first sight, it is impossible to detect the two times Ḡ in
the black diagrams of Fig. 2. Still we can make use of
the following trick. The relation for the single-particle
Ḡ41:

∫
dx2′ Ḡ(x2′t1′2)Ḡ(2′′x2′t1′) = ±iḠ(2′′2)Θ(t2t1′t2′′),

(11)
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FIG. 2. (a) and (b): prototypical first order diagrams in W ph.
Here arrows represent Ḡ, the gray boxes are the SBSE kernel
Ξ0 and the wiggly lines stand for W ph. Red color indicates
inserts needed to express the result in terms of the two-times
Ḡ (see text). (c) representation of the diagrams (a) and (b)
in terms of Ḡ (bold line).

(with the + and − sign for hole and electron propagators,
respectively) holds when t1′ lies between t2 and t2′′ as
indicated by Θ(t2t1′t2′′). In the Feynman diagrams of
Fig. 2(a) and (b), using Eq. (11) corresponds to inserting
additional space-spin points that are integrated over [red
dots in Fig. 2(a)]. Their time coordinates can be chosen
equal to an already existing time integration point, as
indicated by the red ovals.

Taking t2 = t1 and t4 = t3, the Feynman diagram
corresponds to the lesser part (i.e. t1 < t3) of the
two-times two-particle correlation function (or exciton
Green’s function) G<. It results expressed in terms of
two-times Ḡ and W ph (compare Fig. 2(a) and (b) with
Fig. 2(c)). The same applies to G>, when t1 > t3. In the
basis of excitonic states where Ḡ is diagonal this reads

G<λλ′(t13) = Ḡ<λλ(t13)δλλ′ +∫ t3

t1

dt1′

∫ t3

t1′

dt3′ Ḡ<λλ(t11′)Πλλ′(t1′3′)Ḡ<λ′λ′(t3′3), (12)

where t13 stands for (t1, t3), λ = (λ,q) labels the exciton
band index λ and the exciton wavevector q, repeated
indices are summed over. Πλλ′(t13) given by:

Πλλ′(t13) =
∑
α

iWph
λααλ′(t13)Ḡ<αα(t13) (13)

is an effective exciton self-energy, because Ḡλλ(t13) rep-
resents the propagator of independent excitons. It is the
analogue of the FM self-energy for one-particle excita-
tions with Ḡ and W ph replaced by Ḡ and Wph, respec-
tively.
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The effective exciton-exciton interaction Wph is given
by matrix elements of W ph that can be read from Fig. 2

and that are detailed in Appendix A.Wph =Wph
pp +Wph

eh
consists of an effective electron-electron or hole-hole in-
teraction labeled pp from the first diagram in Fig. 2(a),
and an electron-hole (eh) interaction from the second di-
agram in Fig. 2(b). This reflects the fact that excitons
are composite particles47, and their effective interaction
results from the interaction between their constituents,
i.e. all electrons and holes. The two terms have opposite
sign, leading to partial cancellation of dynamical effects
as suggested in the case of dynamically screened Coulomb
interaction41,48.

In particular, writingW ph in terms of the exciton prop-
agator and el-ph matrix elements, the exciton self-energy
in the frequency space at zero temperature takes the fol-
lowing expression:

Πλqλ′q(ω) =
1

N

∑
αµq̄

gexc∗αλ′;µ(q, q̄)gexcαλ;µ(q, q̄)

ω − (Eαq+q̄ + Ωµq̄) + iη
(14)

where Ωµq denotes the energy of the phonon with wave
vector q and band index µ, Eαq the equivalent quan-
tity for excitons and gexcαλ;µ(q, q̄) exciton-phonon matrix
elements defined in Appendix A. Starting from the full
dynamical BSE we have provided a rigorous derivation
of Eq. (14), which corresponds to a first-order expan-
sion of the excitonic Hamiltonian in terms of W ph49–51.
This first-order expansion is based on the hypothesis, a
priori unjustified, that dynamical effects induced by the
el-ph interaction on neutral excitations can be described
in terms of excitons coupled with phonons. Our novel
derivation highlights the basic assumptions and approx-
imations that justify its validity.

Finally, following the dynamical BSE scheme suggested
in Ref.52 in the context of dynamical effects induced by
electronic correlation, a partial summation of Eq.2 can
be performed writing:

G<λλ′(ω) = Ḡ<λλ(ω) + Ḡ<λλ(ω)Πλα(ω)G<αλ′(ω) (15)

where Π should be evaluated using G< instead of Ḡ< in
Eq.13. This allows to include a partial resummation of
self-consistent contribution as well. Eq.15 represents a
Dyson like equation for the exciton propagator in pres-
ence of the el-ph interaction that can be solved on top of
a standard SBSE calculation of Ḡ. The relaxation of the
TDA on the el-ph interaction does not affect remarkably
Eq.15. Indeed, the inclusion of el-ph scattering processes
between occupied and empty states gives rise to an addi-
tional static contribution to the exciton self-energy51 that
can be grouped together with the Debye-Waller term and
included in the definition of Ḡ (or L̄).

At this point it is important to note that, although the
Dyson equation with a first order self-energy (as in Eq.
(15)) can give in principle an accurate description of the
QP properties such as QP energy and lifetime, it cannot

capture the satellites physics. Indeed several calculations
of the one-particle G that solved a Dyson-like equation
within GW 42,53–57 or HAC8,9,29 approximations demon-
strated that the position of the first satellite is wrong
and satellite replicas are completely missed. On the other
hand, satellite structures are well described through a cu-
mulant approach38,39,53–57. In the following, we will pro-
vide a scheme that combines the two approaches (Dyson
equation and cumulant representation) and allows treat-
ing QP and satellites features on the same footing.

First of all, following the idea of Bechstedt at al.58 for
the description of plasmonic satellites in the context of
one-particle excitations, we cut the exciton self-energy in

two parts: a QP contribution Πλλ(EQPλ ) evaluated at the

exciton QP energy (EQPλ ) and a dynamical contribution

∆Πλλ(ω) = Πλλ(ω) − <Πλλ(EQPλ ). Then we expand G
at the first order in ∆Π. Under these conditions Eq.15
becomes:

GQPλλ (ω) = Ḡλλ(ω) + Ḡλλ(ω)Πλλ(EQPλ )GQPλλ (ω) (16)

Gλλ(ω) = GQPλλ (ω) + GQPλλ (ω)∆Πλλ(ω)GQPλλ (ω) (17)

where GQP is the QP exciton propagator obtained replac-

ing Eλ with EQPλ in the expression of Ḡ. The QP energy,
according with Eq.16, is obtained through the following

self-consistent relation: EQPλ = Eλ + <Πλλ(EQPλ ). Fi-
nally, from the comparison of Eq. (17) with the first
order expansion of a cumulant ansatz:

Gλλ(t13) = GQPλλ (t13)eCλ(t13) ≈ GQPλλ (t13)(1 + Cλ(t13))
(18)

we obtain

Cλ(t13) = −i
∫ t3

t1

dt1′

∫ t3

t1′

dt3′∆Πλλ(t1′3′)eiE
QP
λ (t3′−t1′ ).

(19)
The exciton propagator Gλλ resulting from Eqs.(18) and
(19) can be expressed in terms of a renormalization fac-
tor e−Rλ describing the amount of spectral weight trans-
ferred from the QP to the satellite structures, the exciton
line-width Γλ induced by the el-ph coupling and a term
C̃λ responsible for satellite structures:

G<λλ(t13) = e−Rλe−i(E
QP
λ +iΓλ)(t3−t1)eC̃λ(t13) (20)

where

Rλ = − ∂

∂ω
Πλλ(ω)|ω=EQPλ

(21)

Γλ = =Πλλ(ω)|ω=EQPλ
(22)

C̃λ(t13) = − 1

π

∫ +∞

−EQPλ

dω
=Πλλ(ω + EQPλ )

(ω − iη)2
e−iω(t3−t1).

(23)
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The expression in Eq. (20) constitutes the main result
of this work. Starting from basic equations in MBPT, it
provides a clean derivation of the cumulant representa-
tion for the exciton Green’s function in presence of el-ph
interaction. The approach allows including dynamical
corrections induced by the el-ph interaction on both QP
excitations and satellites in a systematic way and can
be implemented as a post processing of standard SBSE
calculations of the excitonic band structure and Density
Functional Perturbation Theory (DFPT) calculations59

of phonons and el-ph matrix elements. Actually, to be
consistent with our theory, the el-ph interaction should
be treated in GW approximation25,60–62, using for ex-
ample the recently developed GW perturbation theory
(GWPT) approach63. However, in standard semiconduc-
tors correlation effects on the el-ph coupling beyond DFT
are often negligible64 and DFPT constitutes a good com-
promise.

In the next sections we will apply this approach to a
simple model system that will be used as an illustrative
example to discuss the basic physical aspects of the cu-
mulant in a general way.

IV. APPLICATION TO A SIMPLE MODEL
SYSTEM

In the following we will consider a model system con-
sisting of two free-electron bands coupled with a non dis-
persive Einstein-like phonon of frequency Ω0 living in a
homogeneous medium of dielectric constants ε0 and ε∞.
Moreover we model the el-ph matrix elements gnk,mk+q

describing electronic scattering processes from state (nk)
to state (mk + q) (q being the phonon wave vector)
through the Fröhlich expression:

gq =
i

q

[
4π

V

Ω0

2

(
1

ε∞
− 1

ε0

)]1/2

(24)

where V is the volume of the primitive cell. In this way
the el-ph matrix elements are independent from the elec-
tron wavevector k and the band index n(m). Excitons,
on the other hand, are described in the effective mass ap-
proximation so that the solution of the SBSE are Wannier
excitons with energy

Eλq = ∆QP −
µ

2ε2∞n
2
λ

+
q2

2M
, (25)

where ∆QP is the QP band gap, µ is the reduced mass
of the electron-hole pair, nλ is the Rydberg quantum
number of the state λ, M is the exciton mass and q the
length of its wavevector. Under these conditions the ex-
citon self-energy in Eq. (14) evaluated at q → 0 takes
the following expression (see Appendix B):

Πλλ(ω) =
4α

π

√
d

qD
Ω2

0

∫ qD

0

dq̄
1− Sλλ(q̄)

ω − (∆QP + Ω̃q̄) + iη
(26)
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FIG. 3. Model absorption spectra renormalized to the
strength of the QP peak. Main panels: cumulant results.
(a) Total spectrum. (b) Comparison between the p-p, e-h
and mixed contributions. Inset in (a): absorption spectrum
from the SBSE, with a broadening of 0.03 eV.

where qD is the Debye wavevector, Ω̃q = q2

2M + Ω0, α =√
M

2Ω0
( 1
ε∞
− 1

ε0
) is the Fröhlich coupling constant for ex-

citons, d =
q2D/2M

Ω0
is the ratio between the exciton band-

width inside the Debye sphere and the phonon frequency,
and Sλλ(q) is the square modulus of the exciton envelop
wavefunction that for the 1S state is: S(q) = 1

[1+( qa2 )2]2

(a being the exciton Bohr radius). From the numera-
tor of the integral in Eq. (26) we see that the exciton
self-energy is the sum of the two opposite contributions
which, as discussed in the previous section, are related

to Wph
pp and Wph

eh , respectively. The latter, in particular
has a strong dependence from the Bohr radius through
the factor Sλλ. Inserting Eq. (26) in Eqs.(21)-(23) and
using Eq. (19) we can evaluate the spectral function of G
that, in the case of Wannier excitons, gives the absorp-
tion spectrum.

Fig. 3(a) shows the SBSE and cumulant absorption
spectra for the lowest excited state (Wannier exciton in
the 1S configuration; we omit the subscript λ in the fol-
lowing). As pointed out by other approximate solutions
of this model system based on perturbation theory65 and
variational method66, the coupling with phonons creates
a series of satellites at energies E + nΩ0 with integer n,
and a weight transfer from the QP peak to the satellites,
due to e−R.

Fig. 3(b) highlights pp, eh and (for the second satel-
lite) mixed contributions. In the first satellite, the pp and
eh terms have opposite sign, but the negative eh contri-
butions are always smaller. Since the resulting structures
are located at the same frequency, the spectral function
remains positive. The strength of the second satellite
goes as [Wph]2 according to an expansion of Eq. (18).
Therefore only the mixed contribution stemming from
the product pp-eh is negative.

In the following, to better understand how dynamical
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FIG. 4. Intensity plot of the rescaled renormalization factor

R/ 2α
√
d

π
. On the horizontal axis, the exciton Bohr radius a

renormalized with the Debye wave-length λD. On the verti-
cal axis, the ratio d between the exciton band-width and the
phonon frequency.

effects related to the coupling with phonons are related
to the properties of the system, we will focus on the be-
haviour of the renormalization factor R. It describes the
amount of spectral weight transferred from the QP peak
to the satellite structures. Moreover, it measures how
relevant the exciton-phonon coupling is: a larger R cor-
responds to a more important exciton-phonon coupling.
According to the structure of Wph, it is convenient to
separate the renormalization factor in pp and eh contri-
butions: R = Rpp +Reh with:

Rpp =
2α
√
d

π

[
1

1 + d
+

arctan
√
d√

d

]
(27)

Reh =
2α
√
d

π

[(
d

(πa/λD)2

)2
2√
d
f

(
d,
πa

λD

)]
. (28)

Here λD = 2π
qD

is the Debye wavelength and f is a

dimensionless function defined by the integral:

f

(
d,
πa

λD

)
=

∫ √d
0

dx[(
d

(πa/λD)2 + x2
)

(1 + x2)
]2 . (29)

From Eq. (27) we see that Rpp is an implicit function
of the exciton mass M through the quantity d inside the
expression in the square brackets. The prefactor is a
dimensionless constant since the M dependence in

√
d

is exactly cancelled by the Fröhlich coupling constant α.
The eh contribution (see Eq. (28)), on the other hand,
is also a function of the exciton Bohr radius through the
quantity πa

λD
.

Fig. 4 shows the behaviour of the rescaled renormal-

ization factor R/
(

2α
√
d

π

)
as a function of d and πa/λD.

The weight transfer is important for non dispersive exci-
tons (small d), and much weaker when d � 1. Indeed,

0 2 4 6 8 10
πa/λ

D

-1

-0,8

-0,6

-0,4

-0,2

0

R
e
h
/R

p
p

FIG. 5. Behaviour of the ratio between eh and pp contribution
to the renormalization factor as a function of the rescaled
exciton Bohr radius.

the exciton bandwidth is related to the rate of the ex-
citon hopping processes, while the phonon frequency Ω0

expresses the time scale of the lattice dynamics of the
system. When d� 1 the hopping processes are fast com-
pared to the lattice vibrations and the exciton behaves
like a particle propagating in a frozen lattice, so W ph is
negligible. For fixed d, the evolution of R with πa/λD
shows that a strongly localized exciton is much less in-
fluenced by dynamical effects. This can be attributed to
the fact that R is a sum of pp and eh contributions, with
Rpp positive and independent of a and Reh negative and
vanishing for πa

λD
→ ∞ (see Fig. 5). Therefore Rpp and

Reh cancel to a large extent for small a. In particular,
as can be inferred from Fig. 5, the cancellation becomes
exact for πa

λD
→ 0.

The different behaviour of Rpp and Reh is strictly re-

lated to the different length scale of Wph
pp and Wph

eh that
defines the distance to which two particles (electrons
or holes) and an electron-hole pair interact through a
phonon exchange. Indeed, while the length scale of Wph

pp

is set by λD, due to the excitonic effects, the length scale

for Wph
eh is of the order of

√
a2 + λ2

D. This explains why

|Wph
eh | < |Wph

pp | for each a. For a � λD the e − h dis-
tance is proportional to a, independently of λD , such

that |Wph
eh | becomes negligible. When a � λD the typi-

cal length scale is λD, the same for Wph
pp and Wph

eh , and
the cancellation becomes exact. In real systems the dif-
ferent character of the valence and conduction states can
make the cancellation imperfect, but this will not change
the trends. Indeed, the exact cancellation for a � λD
persists in the long-range part of the exciton-phonon in-
teraction, which is the only one considered in the Fröhlich
model.

From this analysis we can conclude that dynamical ef-
fects induced by the coupling with phonons are the re-
sult of a delicate competition between several effects re-
lated to the electronic localization. Indeed, localization
reduces the screening efficiency increasing the strength of
the electron-phonon interaction that in the present model
is described by the Fröhlich coupling constant α. At the
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same time, it gives rise to weakly dispersive excitons cor-
responding to a small exciton bandwidth. Both effects
would enhance the exciton-phonon coupling. However,
electronic localization results in a small exciton Bohr ra-
dius that causes cancellation effects.

Finally, inserting the expression of the exciton self-
energy Eq. (26) into Eq. (22), we can evaluate the ex-
citon linewidth that for the 1S exciton at wavevector q
is:

Γq =
2αΩ0√
dq − 1

[
1− 1

[1 + (1− 1
dq

)(aq2 )2]2

]
θ(dq − 1)

(30)

where we have introduced the quantity dq = q2/2M
Ω0

. As

we can see from Eq. (30), the exciton takes a finite
lifetime only for energy values larger than Ω0. This is
intuitive since at zero temperature, when only phonon
emission processes are involved, decay channels below
the phonon frequency are not allowed by energy conser-
vation. This is consistent with the fact that the lowest
excited state of any many-body system should have infi-
nite lifetime at zero temperature. We emphasize that the
only inclusion of the FM self-energy in the one-particle
Green’s function would give a completely different re-
sult. Indeed, in this case the lowest excited state of a
direct gap semiconductor is undamped only when exci-
tonic effects are neglected (i.e. in an independent particle
picture). The inclusion of the electron-hole interaction
causes a mixing of the lowest energy undamped electron-
hole pair associated to the QP gap with higher energy
damped excitations that always results in the formation
of a damped exciton independently of its energy. This
nonphysical behaviour is directly related to the lack of
the class of diagrams shown in Fig. 1(d).

V. PHONON ASSISTED ABSORPTION IN THE
CUMULANT SCHEME

In this section we will show how the cumulant ap-
proach allows one to describe phonon assisted absorption
in terms of satellites in the optical spectra induced by the
exciton-phonon coupling. To this end, we generalize the
previous model to a two band system displayed in the
inset of Fig. 6. The lowest excited states of this pro-
totypical indirect gap semiconductor can be classified in
terms of direct and indirect Wannier excitons. The latter
are described by the same equations used for the direct
exciton with the exciton wavevector q replaced by q−q0

(q0 being the distance between the two conduction band
minima). As a consequence, the energy of an indirect
exciton with wavevector q in the Rydberg state λ is

Eλq = ∆i
QP −

µ

2ε2∞n
2
λ

+
|q− q0|2

2M
, (31)

where ∆i
QP is the indirect QP gap. The same applies to

the exciton envelop wave function. In analogy with the
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FIG. 6. Main panel: model absorption spectra renormalized
to the strength of the SBSE main peak. The blue dashed
line indicate the position of the indirect QP gap ∆i

QP . In-
set: schematic electronic band structure of an indirect band
gap semiconductor. In our model the conduction band is de-
scribed in terms of two valley with the same electronic mass.

direct gap semiconductor discussed in the previous sec-
tion, the optical spectrum is determined only by direct
excitons. However, their self-energy, beside a sum over
direct excitons, also involves indirect transitions with
smaller energies.

For simplicity, in the following we consider only contri-
bution to the self-energy coming from the indirect tran-
sitions. Moreover we make the assumptions that the two
conduction band minima have the same curvature, q0

is similar to qD and d � 1. These are essential require-
ments for the validity of the effective mass approximation
for both direct and indirect transitions. Under these con-
ditions, the exciton self-energy becomes (see Appendix
B):

Πλλ(ω) =
2α

π

√
dc
qc

Ω2
0

∫ qc

0

dq̄f(q̄)
1− Sλλ(q̄)

ω − (∆i
QP + Ω̃q̄) + iη

(32)

where qc = qD−q0, dc =
q2c/2M

Ω0
and f(q) = q̄

q0
log
∣∣∣ q̄+q0q̄−q0

∣∣∣.
Inserting Eq. (32) into Eqs. (21) and (23) we can evalu-
ate the optical absorption spectrum.

In Fig. 6 we compare the optical spectra of our two
band model system evaluated within SBSE and the cu-
mulant approximations. Also in this case the exciton-
phonon interaction gives rise to new features in the spec-
trum. In particular, the first peak below the main direct
exciton peak is located at energy ∆i

QP + Ω0. It is associ-
ated with elementary scattering processes between direct
and indirect excitons through phonon exchange as ex-
pected in phonon assisted processes. The other feature,
as expected is a satellite replica related to multi phonon
processes.
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VI. CONCLUSIONS

In conclusion, starting from basic equations of MBPT,
we have derived a cumulant formulation for neutral ex-
citation spectra that contains excitonic effects and the
coupling between excitons and phonons. The cumulant
approach allows including dynamical effects arising from
the el-ph coupling in a simple and intuitive way. It
can be implemented as a post processing of a standard
GW+BSE calculation of excitonic states and a DFPT
calculation of phonons and el-ph coupling. We demon-
strate that, in order to obtain a consistent treatment of
exciton-phonon coupling, diagrams have to be taken into
account that can be neglected when the effect of lattice
vibrations is treated in a static or quasi-static approxi-
mation. From the application of this approach to a model
system we analyzed the main features of the exciton-
phonon coupling and provided a general picture of their
link with the properties of materials such as exciton mass

and exciton Bohr radius.
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Appendix A: Explicit expression of the
exciton-phonon coupling

The particle-particle and electron-hole contributions to
the effective exciton-exciton interaction Wph in Eq. (13)
of the main text can be directly read from the diagrams
in Fig. 2. In the basis of the excitonic eigenstates (Avckλq )

where the solution Ḡ of the SBSE is diagonal, this yields

Wpp
λqαq′αq′λ′q(t1′3′) =∑

v1c1v2c2v̄1v̄2

∑
k1k2

Av1c1k1∗
λq Av̄2c2k2∗

αq′ W v1k1+qv2k2+q
v̄2k2+q′v̄1k1+q′(t1′3′)Av̄1c1k1

αq′ Av2c2k2

λ′q

+
∑

v1c1v2c2c̄1c̄2

∑
k1k2

Av1c1k1∗
λq Av2c̄2k2+q−q′∗

αq′ W c2k2c1k1

c̄1k1+q−q′c̄2k2+q−q′(t3′1′)Av1c̄1k1+q−q′

αq′ Av2c2k2

λ′q

Weh
λqαq′αq′λ′q(t1′3′) =

−
∑

v1c1v2c2v̄c̄

∑
k1k2

Av1c1k1∗
λq Av2c̄k2+q−q′∗

αq′ W v1k1+qc̄k2+q−q′

c2k2v̄k1+q′ (t1′3′)Av̄c1k1

αq′ Av2c2k2

λ′q

−
∑

v1c1v2c2v̄c̄

∑
k1k2

Av1c1k1∗
λq Av̄c2k2∗

αq′ W v̄k2+q′c1k1

c̄k1+q−q′v2k2+q(t3′1′)Av1c̄k1+q−q′

αq′ Av2c2k2

λ′q , (A1)

where matrix elements W ij
lm of W ph are defined in terms of single particle wavefunctions φ as

W ij
lm(t12) =

∫
dr12φ

∗
i (r1)φ∗l (r2)W ph(12)φj(r2)φm(r1) (A2)

and v (c) stand for valence (conduction) states.
Expressing W ph in terms of the el-ph coupling and phonon propagator, Eq. (A2) becomes:

W
ikijkj
lklmkm

(t12) =
1

N

∑
µq

g∗mi,µ(ki,q)Dµq(t12)glj,µ(kj ,q)δkm,ki+qδkl,kj+q (A3)

Inserting Eqs.A3 and A1 into Eq. (13) and taking the
Fourier transform we obtain the expression in Eq. (14)
with the following definition of the exciton-phonon ma-
trix elements:

gexcαλ,µ(q, q̄) =
∑
vv̄ck

Avckλq gv̄v,µ(k + q, q̄)Av̄ck∗αq+q̄

−
∑
cc̄vk

Avckλq g
∗
c̄c,µ(k, q̄)Avc̄k+q̄∗

αq−q̄ . (A4)

Appendix B: Wannier exciton coupled with Einstein
phonon

In this section we give details concerning the model
system consisting of a Wannier exciton coupled with
a Einstein phonon of frequency Ω0 through a Fröhlich
like interaction. In the case of a Wannier exciton the
excitonic state Avckλq is directly related to the envelope

exciton wavefunction Fλ(r) (solution of the hydrogen
like Hamiltonian describing the relative motion of the
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electron-hole pairs in the Wannier model). In particular
Avckλq = Fλ(k+γq), where Fλ(k) is the Fourier transform

of Fλ(r) and γ = mc
mc+mv

(mv and mc being the mass

of the hole and the electron respectively). The phonon
propagator is q independent and is given by the following
expression:

D(t12) = −i
[
θ(t2 − t1)e−iΩ0(t3−t1) + θ(t1 − t2)eiΩ0(t3−t1)

]
.

(B1)

Thus using Eqs. (B1) into Eq. (A1) we obtain:

Wph
λqαq′αq′λ′q(t12) = |gq′ |2

[
D(t12)

∑
k

F ∗λ (k + γq)Fα(−k− γ(q′ + q))
∑
k

Fλ′(k + γq)F ∗α(−γ(q + q′)− k)

+ D(t21)
∑
k

F ∗λ (k + γq)Fα(−γ(q + q′) + q′ − k)
∑
k

Fλ′(k + γq)F ∗α(−γ(q + q′) + q′ − k)

− D(t12)
∑
k

F ∗λ (k + γq)Fα(−γ(q + q′) + q′ − k)
∑
k

Fλ′(k + γq)F ∗α((−γ)(q + q′)− k)

− D(t21)
∑
k

F ∗λ (k + γq)Fα(−γ(q + q′)− k)
∑
k

Fλ′(k + γq)F ∗α(−γ(q + q′) + q′ − k)

]
, (B2)

where gq is defined in Eq. (24). Alternatively, inserting gq and Fλ(k+ γq) in Eq.A4 we can express Wph in terms of
the exciton-phonon matrix elements that in the present model have an analytical expression in terms of the electron
and hole mass and the exciton Bohr radius67–69.

For an exciton at q = 0 in the state λ this gives the self-energy:

Πλλ(t13) = − i

N

∑
αq′

|gq′ |2e−i(Eαq′+Ω0)(t3−t1)

[∫
dr12F

∗
λ (r1)Fα(r1)F ∗α(r2)Fλ(r2)e−iγq

′·(r2−r1)

+

∫
dr12F

∗
λ (r1)Fα(r1)F ∗α(r2)Fλ(r2)e−i(γ−1)q′·(r2−r1) −

∫
dr12F

∗
λ (r1)Fα(r1)F ∗α(r2)Fλ(r2)eiq

′·r2e−iγq
′·(r2−r1)

−
∫
dr12F

∗
λ (r1)Fα(r1)F ∗α(r2)Fλ(r2)e−iq

′·r1e−iγq
′·(r2−r1)

]
(B3)

with

Eαq = ∆QP −
µ

2ε2∞n
2
α

+
q2

2M
, (B4)

where ∆QP is the QP band gap, µ is the reduced mass
of the electron-hole pair, nα is the Rydberg quantum
number associated to the state α, M = mv + mc is the
mass of the exciton and q is the length of its wavevector.

Since a typical Wannier exciton is characterized by a
binding energy of two orders of magnitude smaller than
the quasi-particle gap, in the sum over α we can neglect

the quantity µ
2ε2n2

α
. Thus, we can make the approxima-

tion:

∑
α

F ∗α(r1)F ∗α(r2)e−iEαq′ (t3−t1) ≈ δ(r1−r2)e−i(∆QP+ q′2
2M )(t3−t1)

(B5)
that corresponds to include in the sum over α only free
electron-hole states. This approximation is exact for
mv = mc, when the contribution coming from bound
electron-hole states is zero69. Under these conditions we
have:

Πλλ(t13) = − i

2π2
Ω0

(
1

ε∞
− 1

ε0

)∫
dq′

1

|q′|2
[1− Sλλ(q′)]e−i(∆QP+Ω̃q)(t3−t1) (B6)

where the integral over q′ is performed inside the De- bye sphere and the first and second term refer to the
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contribution coming from Wpp and Weh, respectively.

Ω̃q = q2

2M + Ω0 and the function Sλλ that appears in the
electron-hole contribution to the effective exciton-exciton
interaction is defined as:

Sλλ(q) =

∫
dr|Fλ(r)|2eiq

′r. (B7)

For the lowest exciton Sλλ(q) = 1[
1+ q2a2

4

]2 , where a is

the exciton Bohr radius.
In the case of the indirect gap semiconductor, the sum

over α in Eq. (B3) runs over the indirect excitonic states
for which

Eαq = ∆i
QP −

µ

2ε0nα
+
|q− q0|2

2M
(B8)

and Avckαq = Fα(k+γ(q−q0)). This leads to the following
expression for the exciton self-energy:

Πλλ(t13) = − i

2π2
Ω0

(
1

ε∞
− 1

ε0

)∫
S0

dq′
1

|q′ + q0|2
[1− Sλλ(q′)]e−i(∆

i
QP+Ω̃q)(t3−t1) (B9)

where S0 denotes a sphere of radius qD − q0 centered in q0 and λ labels the lowest energy direct Wannier exciton.
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39 F. Caruso, C. Verdi, S Poncé, and F. Giustino, Phys. Rev.
B 97, 165113 (2018).

40 J.P. Nery, P.B. Allen, G. Antonius, L. Reining, A. Miglio,
and X. Gonze, Phys. Rev. B 97, 115145 (2018).

41 P. Cudazzo, and L. Reining, Phys. Rev. Research 2,
012032(R) (2020).

42 F. Aryasetiawan, L. Hedin, and K. Karlsson, Physical Re-
view Letters 77, 2268 (1996).



12

43 K. Shindo, J. Phys. Soc. Jpn 29, 287 (1970).
44 L. Hedin, Phys. Rev. 139, A796 (1965).
45 I. Tamm, J. Phys. (USSR) 9, 449 (1945).
46 S. M. Dancoff, Phys. Rev. 78, 382 (1950).
47 M. Combescot and S.-Y. Shiau, Excitons and Cooper

Pairs: Two Composite Bosons in Many-Body Physics (Ox-
ford Graduate Texts, Oxford, 2015).

48 F. Bechstedt, K. Tenelsen, B. Adolph, and R. Del Sole,
Phys. Rev. Lett. 78, 1528 (1997).

49 A.S. Davydov, Theory of molecular excitons (Springer,
1971).

50 W. Bardyszewski, M. Prywata, and D. Yevick, Journal of
Applied Physics 90, 222 (2001).

51 G. Antonius and S.G. Louie, arXiv:1705.04245 (2017).
52 A. Marini and R. Del Sole, Phys. Rev. Lett. 91, 176402

(2003).
53 C. Blomberg and B. Bergersen, Canadian Journal of

Physics 50, 2286 (1972).
54 F. Aryasetiawan and O. Gunnarsson, Reports on Progress

in Physics 61, 237 (1998).
55 M. Vos, A. S. Kheifets, E. Weigold, S. A. Canney, B. Holm,

F. Aryasetiawan, and K. Karlsson, Journal of Physics:
Condensed Matter 11, 3645 (1999).

56 A. S. Kheifets, V. A. Sashin, M. Vos, E. Weigold, and F.

Aryasetiawan, Phys. Rev. B 68, 233205 (2003).
57 M. Guzzo, G. Lani, F. Sottile, P. Romaniello, M. Gatti, J.

J. Kas, J. J. Rehr, M. G. Silly, F. Sirotti, and L. Reining,
Phys. Rev. Lett. 107, 166401 (2011).

58 F. Bechstedt, M. Fiedler, C. Kress, and R. Del Sole, Phys.
Rev. B 49, 7357 (1994).

59 S. Baroni, S. de Gironcoli, A. Dal Corso, and P. Giannozzi,
Rev. Mod. Phys. 73, 515 (2001).

60 M. Lazzeri, C. Attaccalite, L. Wirtz, and F. Mauri, Phys.
Rev. B 78, 081406(R) (2008).

61 C. Faber, J.L. Janssen, M. Côt’e, E. Runge, and X. Blase,
Phys. Rev. B 84, 155104 (2011).

62 B. Monserrat, Phys. Rev. B 93, 100301(R) (2016).
63 Z. Li, G. Antonius, M. Wu, F.H. da Jornada, and S.G.

Louie, Phys. Rev. Lett. 122, 186402 (2019).
64 F. Karsai, M. Engel, E. Flage-Larsen and G. Kresse, New

J. Phys. 20, 123008 (2018).
65 J. Sak, Phys. Rev. Lett. 25, 1654 (1970).
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