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Abstract

The thesis investigates logical and computational aspects of normative reasoning using
deontic logic and theorem provers. This interdisciplinary study draws inspiration from
logic-based knowledge representation in Artificial Intelligence, deontic modality in Lin-
guistics, and Philosophical Logic. The modal logic and norm-based paradigms in deontic
logic investigate the logical relations among normative concepts such as obligation, permis-
sion, and prohibition. The thesis unifies these two paradigms by introducing an algebraic
framework, called discursive input/output logic, in which deontic modals are evaluated
with reference both to a set of possible worlds and a set of norms. The distinctive feature
of the new framework is the non-adjunctive definition of input/output operations. Non-
adjunctive logical systems are those where deriving the conjunctive formula ¢ A 1 from
the set {¢, ¥} fails. These systems are especially suited for modeling discursive reasoning.
Moreover, the thesis presents a new compositional theory of conditional obligation and
permission, which separates the contributions of “if” and “ought” (“may”). We propose
to combine input/output logic as a logical theory about deontic modals with Hansson and
Lewis’s conditional theory simultaneously. In addition, we provide a dataset of semantic
embeddings of deontic logics in Isabelle/HOL. The dataset can be used for ethical and

legal reasoning tasks.
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Chapter 1

Introduction: Deontic Logic, and

Computation

The thesis introduces a new logical framework for reasoning about permission and obli-
gation. It is a non-adjunctive variant of input/output logic. The new framework works
for discursive normative reasoning and has strong connections to the classical semantics
for deontic modals and conditionals. Moreover, the thesis uses artificial intelligence (AI)
techniques, namely automated deduction, to the study of normative reasoning in deontic
logic. The results may be used in Al, trustworthy and responsible Al, and in other do-
mains where deontic logic is used. The aim of mechanizing deontic logic is to experiment,

study, and change the existing deontic logics.

1.1 Normative Reasoning in Deontic Logic

Normative reasoning is mainly about “ought to be” and “ought to do” statements. We
use these statements to describe or prescribe actions (or ideal actions) of an individual or
a group of persons for ethical or legal tasks. Deontic logic investigates the logical relations
among normative concepts such as obligation, permission, and prohibition [147]. We use

the following symbols for representing conditional and unconditional obligations.

e (O := It ought to be the case that p; ¢ ought to be done; It is obligatory that .

e O(1/¢) := It ought to be the case that 1, given ¢; ¥ ought to be done if ¢ is done;
It is obligatory that i, given .



Chapter 1. Introduction: Deontic Logic, and Computation 2

1.2 Automated Theorem Prover: A Reasoner Engine Tool

A deduction system can be characterized by a set of logical axioms schema and inference
rules, and a formula deduction is a logical derivation. An automated deduction system
is obtained by implementing a deduction system in a computer programming language.
Automated theorem provers (ATP) are automated deduction systems used to prove or
disprove a formula conjecture (deduction) in the deduction system. ATP systems are
powerful computer programs for solving complex computational problems. Some ATP
systems, interactive theorem provers (ITP), are not completely automated and need an
expert guide for intermediate steps to solve the conjectures [137, 82]. Some ATP systems

include HOL, Isabelle, Coq, and Agda.

1.3 Normative Reasoning and Logic Engineering

Artificial intelligence (AI) is concerned with studying intelligent behaviors. Symbolic logic
is one of the most important bases of the mathematics of AI [96]. The logic-based Al
methodology, so-called knowledge representation and reasoning (KR), is based on the
interaction between a knowledge base and an inference mechanism. A knowledge-based
agent stores sentences about the world in its knowledge-base and within using the inference

mechanism decides by following new sentence derivation [185].

Deontic logic is expressive enough for representing ethical and legal reasoning tasks. Le-
gal and ethical reasoning have special requirements due to their normative and conflict
resolution roles. We have the family of traditional deontic logics, which includes standard
deontic logic (SDL), a modal logic of type KD, and dyadic deontic logic (DDL) [12, 93].
On the other hand, we have so-called “norm-based” deontic logics [108]. The deontic op-
erators are evaluated not with reference to a set of possible worlds but with reference to a
set of norms. A particular framework that falls within this category is called input/output
(I/0) logic [140].

Modal logic approach The classic semantics for deontic modality was developed as a
branch of modal logic in variants by Danielsson [80], Hansson [109], Fgllesdal, Hilpinen
[86], van Fraassen [216, 217], and Lewis [131, 132], among others. However, its most de-
veloped formulation is the Kratzerian framework [128, 129]. For Kratzer, the semantics
of deontic modals has two contextual components: a set of accessible worlds and an or-

dering of those worlds. In the Kratzerian framework, each contextual component is given
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as a set of propositions. Formally these are both functions, called conversational back-
grounds, from evaluation worlds to sets of propositions. The modal base determines the
set of accessible worlds and the ordering source induces the ordering on worlds [128, 218].
Conversational background functions uniform informational and motivational modalities,

such as knowledge, beliefs, relevant facts, desires, and plans.

Norm-based approach Van Fraassen [217] and Makinson [138], among others, drew
attention to a semantics, so-called norm-based [108], for obligations and permissions, where
deontic operators are evaluated not with reference to a set of possible worlds but with
reference to a set of norms. This set of norms cannot meaningfully be termed true or false.
The logic developed by Makinson and van der Torre [140, 164] is known as input/output
(I/0) logic. 1/0 logic is a fruitful framework for the theoretical study of deontic reasoning
[141, 166] and has strong connections to nonmonotonic logic [141], the other main method
for normative reasoning [113, 157]. More examples of norm-based logics include theory of
reasons [114], which is based on Reiter’s default logic, and logic for prioritized conditional

imperatives [107].

Inference engine for family of logics Simple type theory developed by Church [75],
aka classical higher-order logic (HOL), is an expressive language for representing mathe-
matical structures. The syntax and semantics of HOL are well understood [26, 25]. It has
roots in Begriffsschrift [89] by Frege and ramified theory of types [184] by Russell. Simple
type theory can help to study and understand semantical issues. The so-called shallow
semantical embedding approach is developed by Benzmiiller [24] for translating (the se-
mantics of) classical and non-classical logics into HOL. For example, by encoding Kripke
style semantics (possible world semantics), many propositional and quantified modal log-
ics can be embedded in Church simple type theory. Examples include propositional and
quantified multimodal logics [40, 22|, intuitionistic logics [39], epistemic and doxastic logics

[21], access control logics [20]. Some advantages of this methodology are as follows:

e A crucial advantage of this embedding approach is that powerful proof assistance
and automated theorem provers for HOL already exist. Isabelle/HOL [156] is one
of the important automated proof tools for simple type theory. Isabelle/HOL is a

useful tool for automated reasoning and studying computational aspects of logics.

e Classical higher-order logic is expressive enough, as unifying meta-logic, to model
explicitly the syntax and semantics of varying other logics and flexibly combine

them.
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1.3.1 Research questions

Norms, semantics, and deontic modals The first main research question of this
thesis is mainly about unifying the norm-based deontic logic, input/output logic, and
the classic semantics for deontic modals' and integrating it with a conditional theory for

resolving normative conflicts.

Norms, and modalities How can we integrate the norm-based approach in the sense of
Makinson [138] to the classic semantics in the sense of the Kratzerian framework [128]?
We introduce a semantics for deriving deontic modals based on bringing the core semanti-
cal elements of both approaches in a single unit. We use input/output logic for normative
reasoning and the Kratzerian framework for representing different sets of information and
motivation. The question here is relevant to the question that is addressed by Leon van
der Torre and Jan Broersen [62] in Ten Problems of Deontic Logic and Normative Reason-
ing in Computer Science: “How do norms interact with informational modalities such as
beliefs and knowledge, and motivational modalities such as intentions and desires?”. More
generally, each modal logic and norm-based approach has its advantages. An advantage
of the modal logic approach is the capability to extend with other modalities such as epis-
temic or temporal operators. The norm-based approach’s advantages include the ability
to explicitly represent normative codes such as legal systems and using non-monotonic
logic techniques of common sense reasoning. Unifying these two approaches will provide

us with a framework with all of these advantages simultaneously.

This research question is based on three more concrete questions or requirements:

e How can we use an algebraic setting such as Boolean algebras instead of a logical
setting for building input/output logic on top of it? This requirement is important
for making connections to algebraic models of modal logic approach such as Boolean
algebras. Gabbay, Parent, and van der Torre [94] gave a proposal for building I/0
framework on top of lattices. They have result only for the simple-minded output
operation. We show that for an input set A by using upward-closed set of A op-
erator instead of upward-closed set of the infimum of A [94], we can build many
new and old derivation systems over Boolean algebras, Heyting algebras, and gener-

ally any abstract logic. We use Stone’s representation theorem for Boolean algebras

L«Deontic modality is a kind of modality which has to do with what is necessary or possible according
to various rules, such as the norms of morality, the principles of practical rationality or the laws of some
country.” (Routledge Encyclopedia of Philosophy)
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for integrating input/output logic with possible world semantics. Another possible
worlds semantics of I/O logic is studied by Bochman [47] for causal reasoning. It
has no direct connection to the operational semantics (see Subsection 2.4, [164]).
The algebrization of the I/O framework shows more similarity with the theory of
joining-systems [136] that is an algebraic approach for study normative-systems over
Boolean algebras. We can say that norms in the I/O framework play the same role
of joining in the theory of Lindahl and Odelstal [136, 200]. Sun [200] built Boolean
joining systems that characterize 1/O logic in a sense that a norm is derivable from
a set of norms if and only if it is in the set of norms algebraically generated in the
Lindenbaum-Tarski algebra for propositional logic. The work of Sun [200], similar to
the Bochman approach [47], has no direct connection to output operations. Here, we
build algebraic I/O operations directly over Boolean algebras and, more generally,

abstract logics.

e How can we introduce two groups of 1/O operations similar to syntactical charac-
terization of box and diamond in modal logic? This requirement is important for
building primitive deontic modalities similar to modal logic. We need to define two
groups of operations similar to the possible world semantics characterization of box
and diamond, where box is closed under AND, ((OpAOvy) — O(pAv)), and diamond

not.

— Derivations systems that do not admit AND rule: In the main literature of
input/output logic developed by Makinson and van der Torre [140], Parent,
Gabbay, and van der Torre [163], Parent and van der Torre [165, 167, 169], and
Stolpe [192, 193, 196], at least one form of AND inference rule is present (see the
related table in Subsection 2.2.2). Sun [199] analyzed norms derivations rules of
input /output logic in isolation. Still, it is not clear how we can combine them
and build new logical systems, specifically systems that do not admit the rule of
AND. We show how we can remove AND rule from the proof system and build
new I/O operations to produce permissible propositions. Comparing to minimal
deontic logics [71, 102], and similar approaches, such as Ciabattoni et al. [76],
that do not have deontic aggregation principles, our approach validates deontic

and factual detachment.

— Derivations systems that admit AND rule: According to the reversibility of
inference rules in the I/O proof systems, we show that how it is possible to add
AND and other rules, required for obligation [140], to the proof systems, and
find I/O operations for them.
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There are other abstract approaches: 1/O operations over semigroups [208], which
does not admit AND; and a detachment mechanism over an arbitrary set [3], which
admits a kind of AND, cumulative aggregation. However, it is not clear how we can

use these approaches for logical purposes.

e How can we integrate conversational backgrounds, from the Kratzerian framework,
into input/output logic framework to build a more fruitful unified semantics for deon-
tic modals? Horty [112] raised the issue of unification for deontic logic. We are still
missing a semantics based on both the modal logic and the norm-based approaches.
We define a semantics that unifies both approaches. We employ the contextual
components, the modal base and ordering source functions, from the Kratzerian
framework [129] and the detachment approach [164] from I/O semantical frame-
work, instead of quantification, for deriving deontic modals. As an advantage of the
detachment approach, we can characterize derivation systems that do not admit, for
example, weakening of the output (WO) or strengthening of the input (SI). There
are other frameworks, such as adaptive logic [197, 198], that combine norm-based
and modal logic approaches. The novelty of our approach is semantical unification.
The unification is based on bringing the core semantical elements of both approaches

into a single unit.

Norms, and conditionals How can we integrate input/output logic with Hansson and
Lewis’s conditional theory for building a new compositional theory about conditional deontic

modals? We can consider two motivations for this research question:

e How can we use Hansson and Lewis’s conditional theory within input/output logic
for resolving contrary-to-duty problems? It is open whether by using a conditional
theory, obtained by a preference relation, inside input/output logic, it can sup-
port contrary-to-duty scenarios. We combine input/output logic with Hansson and
Lewis’s conditional logic [109, 132]. The new framework can be used for resolving
contrary-to-duty problems. Constrained I/O logic [141] was introduced for reason-
ing about contrary-to-duty problems. There are syntactical ([141], Section 6) and
proof theoretical ([198], Section 3) characterizations for constrained I/O logic. Here,
constraints are preferences. In this sense, we present a semantical characterization

for constrained I/0 logic.

e How can we use a suitable non-monotonic defeat mechanism within Hansson and

Lewis’s conditional theory in the face of dilemma problems? Hansson and Lewis’s
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conditional theory [109, 132] is too weak to represent inconsistency in deontic dilem-
mas [174, 213]. We can combine input/output logic as a non-monotonic defeat
mechanism with Hansson and Lewis’s conditional theory [109, 132] to detect these
dilemmas. Prohairetic deontic logic (PDL) was investigated by van der Torre and
Tan [213] to formalize contrary-to-duty conditionals [109, 132] and detect deontic
dilemmas. It is based on combining two dyadic deontic operators for each task.
Their formalization is in terms of monadic deontic logic and a deontic betterness re-
lation. They take the axiomatization of the underlying modal logic, which provides
a uniform semantically framework for the both operators [203, 214, 213]. Our axiom-
atization comes directly from the chosen conditional logic and the derivation system
of input/output logic. It is flexible to add or remove inference rules such as weak-
ening of the output (WO), reasoning by cases (OR), cumulative transitivity (CT),
and more interestingly rules with consistency check. In this sense, our approach pro-
vides a uniform syntactical way to combine Hansson and Lewis’s conditional theory
[109, 132] with a non-monotonic mechanism. A problem in most solutions for detect-
ing dilemmas is that the set of formulas N = {O(—v/¢1), O(¥/p2)} is inconsistent
or @1 A g is impossible [213]. In our setting the set of formulas N is not necessary
inconsistent, given {y1, @2} consistent. We detect dilemmas by using detachment in

the output operations.

Deontic modals, semantics, and computation The second main research question
of this thesis is about automating some popular deontic logics in higher-order theorem
provers. As far as we know, deontic logic is not studied with computational tools very
well, and the implementation of deontic logic in the computational tools is not apparent.

We consider the following requirements for this purpose:

Faithful Embedding of some deontic logics in HOL The first and most important
requirement of our second research question is providing a (faithful) embedding of some

well-known deontic logics in HOL as the target logic.

e The deontic logic by Carmo and Jones [66] that is addressed in the handbook of
philosophical logic and has a complex neighborhood semantics is faithfully trans-

lated into HOL.? It is reported as a joint work with Benzmiiller and Parent in the

2The faithfulness is jointly proven by Benzmiiller, Farjami, and Parent. The implementation of the
logical system in Isabelle/HOL is given by Benzmiiller.
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conference paper [28] as well the slightly reworked version in Chapter 7 with some

experiments within the Kratzerian framework.

e The dyadic deontic logic introduced by Hansson [109] and developed by Aqvist [12]
with a preference semantics by Parent [161], which is well-known as one of the main
semantics for deontic modals, is faithfully embedded in HOL.? It has published as a
joint work with Benzmiiller and Parent in the journal paper [31] as well the slightly
reworked version in Chapter 6 with a characterization of the dyadic deontic system

within the Kratzerian framework.

e Input/output logic [140] faithful embedding, as a norm-based semantics embedding
of deontic logic, is studied in Chapter 5. An indirect approach is devised to embed
two I/O operations in modal logic and consequently into HOL,* which is published as
a journal paper jointly with Benzmiiller, Meder, and Parent [28]. As one advantage
of the building I/O framework over Boolean algebras, which is addressed as our first
research question, is a direct embedding of the proposed 1/O framework in HOL,

studied in Chapter 5.

Implementing the embedded logics in a well-known higher-order theorem prover
Our second requirement is encoding the logical embeddings in Isabelle/HOL, which turns
this system into a proof assistant for deontic logic reasoning. The experiments with this
environment should provide evidence that these logical implementations fruitfully enable

interactive and automated reasoning at the meta-level and the object-level.

1.3.2 Methodology

Normative reasoning

Norms, and modalities To achieve a more uniform semantics [112, 92, 166] for deon-
tic modals, we build I/O operations on top of Boolean algebras for deriving permissions
and obligations. The approach is close to the work is done by Gabbay, Parent, and van
der Torre: a geometrical view of I/O logic [94]. For defining the I/O framework over an

algebraic setting, they use the algebraic counterpart, upward-closed set of the infimum

3The faithfulness is jointly proven by Farjami and Benzmiiller. The implementation of the logical system
in Isabelle/HOL is given by Benzmiiller and Farjami.

4The faithfulness is proven by Farjami. The GDPR and Moral Luck formalization and implementation
were done by Farjami and Meder [84, 28].
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of A, for the propositional logic consequence relation (“Cn(A)”), within lattices. They
have characterized only the simple-minded output operation.” We show that by choosing
the “Up” operator,® upward-closed set, as the algebraic counterpart of the “Cn” operator
and by using the reversibility of inference rules in the I/O proof system, we can character-
ize all the previously studied I/O systems and find many more new logical systems. This
suggested framework has a significant difference from other types of input/output logics.
In contrast to the earlier input/output logics, we define non-adjunctive input/output op-
erations. Non-adjunctive logical systems are those where deriving the conjunctive formula
© A1 from the set {p, ¥} fails [77, 78]. These systems are especially suited for modeling
discursive reasoning. This is why we call the proposed framework discursive input/output
logic. 'We build two groups of I/O operations for deriving permissions and obligations
over Boolean algebras. The main difference between the two operations is similar to the
possible world semantics characterization of box and diamond, where box is closed under
AND, ((Op AOy) — O(p A 1)), and diamond not. Moreover, we use Stone’s representa-
tion theorem for Boolean algebras for integrating input/output logic with possible world

semantics.

Norms, and conditionals We propose to combine input/output logic [140] as a log-
ical theory about deontic modals with Hansson and Lewis’s conditional logic [109, 132]
simultaneously. We use the valuation functions from a set of propositional symbols into
the class of Boolean algebras for defining our conditional theory. It is a well-known fact
that Boolean algebras are the algebraic models of (classical) propositional logic. In this
thesis, we have developed 1/O mechanism over every Boolean algebra. So the natural
question would be extending algebraic models of propositional logic along with I/O op-
erations over Boolean algebras. We show that the extension of propositional logic with a
set of conditional norms is sound and complete respect to the class of Boolean algebras
that the corresponding I/O operation holds through all of them. In fact, the valuation
functions play the role of possible worlds, and the order over them supports the theory of
conditionals. The proposed I/O framework is expressive enough to represent preferential

conditionals.

Inference engine To achieve ambitious goals, such as designing ethical and legal ma-

chines and responsible systems, Benzmiiller, Parent and van der Torre [37] introduced

5In their approach, the background algebra should be complete and compact.
SThanks Majid Alizadeh for this suggestion.
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LogiKEy methodology based on the semantical embedding of deontic logics. The engineer-
ing methodology addresses three layers: Logics and logic combinations (L1), Ethico-legal
domain theories (L2) and Applications (L3). The work was done (in Chapters 5, 6 and 7)
in this thesis is partly match for the Layer 1.7

Our methodology for engineering family of deontic logics is the shallow semantical em-
bedding (SSE) approach developed by Benzmiiller [24], which is based on three main

ingredients:

Semantical embedding approach First, we can semantically characterize the source
logic using set theory. So for each logical constant, we have a corresponding equation.
Second, since HOL is expressive enough, we can represent the equations that characterize
semantics of source logic and translate the syntax of source logic employing these seman-

tical representations into HOL as the target logic.

Theorem prover tool support The semantical embedding of a logic in HOL could
be implemented in higher-order theorem provers. In this thesis, we use the powerful and
up-to-date higher-order theorem prover Isabelle/HOL that is supported by the University
of Cambridge and Technical University of Munich. Practically, the equational theory,
which semantically embeds source logics in the target logic HOL, could be encoded in
Isabelle/HOL.

Universal logical reasoning approach HOL is an expressive logical language. HOL
as unifying meta-logic encodes (combinations of) a wide range of classical and non-classical
logics [24]. This quality gives us the chance to compare and combine different deontic logics

or other intentional logics such as epistemic, temporal, and action logic in HOL.

1.4 Success Criteria

Normative reasoning We have provided a couple of soundness and completeness re-
sults for building I/O frameworks on top of Boolean algebras. One immediate benefit of

moving to an algebraic setting for building I/O operations is the ability to construct I/0

“Our study in this thesis is simpler than the steps mentioned in the Layer 1 [37]. We do not discuss the
logic combination in this thesis. Only some well-known logics, with specific semantics, in the literature are
chosen, the semantical embeddings in HOL are devised, the embeddings are implemented in Isabelle/HOL
and tested by some deontic puzzles mainly contrary-to-duty examples.
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logic over any consequence relation. Moreover, we have introduced a new semantics by in-
tegrating norm-based and classical semantics for deontic modals to unify both approaches.
Also, we have combined conditional logic tradition and norm-based deontic logic for nor-
mative reasoning. The results wish to bring different approaches for deontic logic under
the same umbrella. For deriving (monadic) deontic modals the fragment is input/out-
put logic based on the interaction between normative reasoning and informational and
motivational modalities. We use the Kratzerian framework for representing different sets
of information and motivation. For dyadic obligations and permissions, we add another
fragment besides input/output logic based on the basic idea in classical semantics (or the
Kratzerian framework): a preference ordering on possible worlds, and what ought to be
the case, is determined by what is the case in all the best of the accessible worlds. We
introduce a compositional theory of conditional obligation and permission. The framework

is capable of solving deontic paradoxes.

Inference engine We have shown the faithfulness of some logical embeddings in higher-
order logics. We encoded the logical translations in Isabelle/HOL, which turns this system
into a proof assistant for deontic logic reasoning. The experiments with this environment
provide evidence that these logical implementations fruitfully enables interactive and au-
tomated reasoning at the meta-level and the object-level, which developed to LogiKEy
framework. This thesis contribution to LogiKEy is several semantical embeddings, which
are reported in [29, 31, 28] and in Chapters 5, 6, and 7 as well as in the Data in Brief

article [27] accompanying Benzmiiller et al. Artificial Intelligence Journal paper [37].

1.5 Interdisciplinary Aspects

Deontic logic is useful in many areas. For example, philosophers are interested in the se-
mantics of norms and moral action theory, linguists to deontic paradoxes, lawyers to norm
compliance [212]. Moreover, the study of norms is related to a bunch of computer science
communities. In 1991 Meijer and Wieringa founded Deontic Logic in Computer Science
(DEON) conferences for applying deontic logics in computer problems. Some of the com-
puter science communities interested in normative concepts include normative multi-agent
systems [73, 170], security [53], rational architecture [60, 61, 50], and artificial intelligence
[37]. For example, one of the main aims of artificial intelligence is to provide a formal
model of ethical agents. Machine ethics is a subfield of artificial intelligence focusing on

the task of ensuring the ethical, legal, and social behavior of artificial agents. Engineering
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of deontic logic, which is one of our goals in this thesis, is a potential proposal for designing
these machines [37]. Machine ethics and machine law are needed for developing trustwor-
thy and responsible AI. We can study how an agent should reason to behave responsibly
in a normative (multi-agent) environment through deontic logic. In Section 8.6, we discuss
a couple of related interdisciplinary domains, how and why this thesis can contribute to

them.

1.6 Thesis Structure

We present the formal system and our methodology requirements in Chapter 2. In Chap-
ter 3, we introduce discursive input/output logic and its integration into the Kratzerain
framework. Chapter 4 presents our new compositional conditional theory. Chapter 5 is
dedicated to engineering input/output logic. Chapter 6 presents the semantical embedding
of Aqvist dyadic deontic logic E in HOL and study some meta-theoretical properties of the
system. Chapter 7 discusses the implementation and automation of dyadic deontic logic
proposed by Carmo and Jones in Isabelle/HOL. Finally, in Chapter 8, we give a summary

and briefly discuss further possible work.



Chapter 2

Formal Framework, Methodology,
and Tool Engine

The formal framework in this thesis is logic. More specifically, we use a logical framework,
namely input/output logic, for reasoning about permissions and obligations. We also study
normative reasoning within deontic logic by using automated deduction systems for ethical
and legal reasoning tasks. We do this indirectly. We translate some deontic logics into
higher-order logic. Higher-order logic (HOL) is our computational formal framework, and
translating a target logic into HOL is by using our methodology, shallow semantical em-
bedding. There are robust automated deduction systems for HOL, which we can automate
our deontic translations into HOL with them. So higher-order theorem provers are our tool
engines for automating normative reasoning. In this chapter, we give a summary about
deontic logic and higher-order logic (as formal frameworks), shallow semantical embedding

(as logical translation methodology), and theorem provers (as tool engines).

2.1 Formal Framework: Logic

Logic has applications in mathematics, computer science, artificial intelligence, philosophy,
and many other disciplines. We briefly mention three foremost of them, mainly we discuss

using logic in the area of artificial intelligence.

Logic in mathematics Whitehead and Russell [225] introduced logic as a foundation

for mathematics. Hilbert’s Program aims for a formalization of all of mathematics in a

13
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consistent axiomatic form [226]. Gddel second theorem was a negative answer to Hilbert’s
idea. However, developing theorem provers for deriving true statements for a mathematical

theory is an active domain.

Logic in computer science This area is based on the interaction between logic and
computing, which covers many aspects of information technology, from software engineer-
ing and hardware to programming and artificial intelligence. Natural language processing,
program control specification, artificial intelligence, logic programming, imperative vs.
declarative languages, database theory, and complexity theory are some areas that differ-
ent domains of logic such as temporal, modal, non-monotonic, and intuitionist logic have

contributions.

Logic for artificial intelligence: Knowledge representation Artificial intelligence
(AI) is concerned with studying intelligent behaviors. Symbolic logic is one of the most
important bases of the mathematics of Al [96]. Logic develops concepts and formal systems
for intelligent behavior. The logic-based Al methodology, called knowledge representation
and reasoning (KR), is based on the interaction between a knowledge base and an inference
mechanism. A knowledge-based agent stores sentences about the world in its knowledge
base and within the inference mechanism decides by following new sentence derivation
[185].

2.2 Deontic Logic: A Framework for Normative Reasoning

Deontic logic is mainly about normative concepts. The development of modern deontic

logic is based on the following two main approaches.

2.2.1 Modal logic approach

In the modal-based approach [43] for deontic reasoning, deontic statements are evaluated

with reference to a set of possible worlds.
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Standard deontic logic (SDL)

The starting point of deontic logic is based on the seminal paper of G. H. von Wright’s
classic paper “Deontic Logic” [220]. The significant analogy between obligation and per-

mission with modal operators is the core of von Wright’s proposal.

Necessity O ‘ Obligation ()

Possibility < ‘ Permission P

The standard system of deontic logic is known as KD in the literature [86]. It is the

extension of modal logic K with the axiom D:
Op — Op

The language of K is obtained by supplementing the language of propositional logic (PL)

with a modal operator O. It is generated as follows:

@ = p|-plp V e|Op

where p denotes an atomic formula. Other logical connectives such as A, — and <, are
defined in the usual way. The axioms of system K consist of those of PL plus O(¢p —
) — (Op — Ov), called axiom K. The rules of K are Modus ponens (from ¢ and ¢ — 9
infer ¢)) and Necessitation (from ¢ infer Ogp).

A Kripke model for K is a triple M = (W, R, V'), where W is a non-empty set of possible
worlds, R is a binary relation on W, called accessibility relation, and V is a function

assigning a set of worlds to each atomic formula, that is, V(p) C W.

Truth of a formula ¢ in a model M = (W, R, V) and a world s € W is written as M, s = ¢.
We define V(¢) = {s € W|M, s |= ¢}. The relation = is defined as follows:

M,skE p if and only if s € V(p)

M,s = - if and only if M, s [~ ¢ (that is, not M, s = @)
M,skE ¢V ifandonlyif M,skEpor M,s k=1

M,s = Qg if and only if for every t € Wsuch that sRt, M,t = ¢

As usual, a modal formula ¢ is true in a Kripke model M = (W, R, V), i.e., M = o, if
and only if for all worlds s € W, we have M, s = ¢. A formula ¢ is valid in a class C of

Kripke models, denoted as |=¢ ¢, if and only if it is true in every model in class C.
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System K is determined by (i.e., is sound and complete with respect to) the class of all
Kripke models. System KD is obtained from system K by adding the schema D : Oy —
O as an axiom. System KD is determined by the class of all Kripke models in which R
is serial.! We denote the class of all Kripke models and the class of Kripke models where
R is serial as Cx and Ckp, respectively. The following table demonstrates the proof theory

of traditional monadic deontic logic type of KD.

Axiom schema
All instance of tautologies (PL)
Olp = ¢) = (O = OY) (K)
Op = Py (D)
Rules

P o e
— (O- necessitation
o
W Modus pones (MP)

Dyadic deontic logic (DDL)

A landmark and historically important family of modal-based deontic logic so-called dyadic
deontic logics has been developed mainly by Rescher [178], von Wright [223], Danielsson
[80], Hansson [109], van Fraassen [216, 217], Lewis [132], Spohn [188], Aqvist [9, 10, 12],
Goble [100, 101], and Parent [158, 159, 161]. The framework was motivated by the well-
known paradoxes of contrary-to-duty (CTD) reasoning like Chisholm [72]’s paradox. They
come with a preference semantics, in which a binary preference relation ranks the possible

words in terms of betterness [161].

A preference model is a structure M = (W, =, V) where

e IV is a non-empty set of items called possible worlds;
e ~C W x W (intuitively, > is a betterness or comparative goodness relation);

e 1 is a function assigning to each atomic sentence a set of worlds (i.e V(p) C W).

(Satisfaction) M,s = O(v/p) if and only if Best(V(¢)) C V(¢)

!Other axiom schemas that can be added to K are T : Op — ¢, 4 : Op — OO0y and 5 : Op — OO,
For instance, K45 is an extension of K obtained by adding 4 and 5 as axioms. The schemas T, 4 and 5
are valid if R is reflexive, transitive and euclidean, respectively. We use these systems in Chapter 5.
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2.2.2 Norm-based approach

Van Fraassen [217] and Makinson [138], among others, drew attention to a semantics
for obligations and permissions, based on the distinction between norms and propositions
about norms. SDL and DDL deontic logics do not explicitly represent a distinction between
norms and deontic modals. The proposed norm-based semantics analysis obligations and
permission operators not with reference to a set of possible worlds but with reference to
a set of norms. The semantics is motivated by Jgrgensen’s dilemma. This is a puzzling

situation about truth and normative language.

“So we have the following puzzle: According to a generally accepted definition
of logical inference only sentences which are capable of being true or false
can function as premisses or conclusions in an inference; nevertheless it seems
evident that a conclusion in the imperative mood may be drawn from two
premises one of which or both of which are in the imperative mood. How is

this puzzle to be dealt with?” (Jorgensen [121])

Norm-based paradigm is a recent robust program to provide a logical framework for norms
or imperatives as non-truth-evaluable items [93]. Examples include input/output (I/0)
logic [140], Horty’s theory of reasons [114], and Hansen’s logic of imperatives. In this

thesis, we focus on input/output framework.

Unconstrained input/output logic

Input/output logic was initially introduced by Makinson and van der Torre [140]. There
are various I/O operations. The general theory of input/output logic is about operations
resembling inference, where inputs need not be included among outputs, and outputs need
not be reusable as inputs [140]. The input/output logic is inspired by a view of logic as

“secretarial assistant” rather than logic as an “inference motor”.

“logic is often seen as an ‘inference motor’, with premises as inputs and con-
clusions as outputs. But it may also be seen in another role, as ‘secretarial
assistant’ to some other, perhaps non-logical, transformation engine. From
this point of view, the task of logic is one of preparing inputs before they

go into the machine, unpacking outputs as they emerge and, less obviously,
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coordinating the two. The process as a whole is one of ‘logically assisted trans-
formation’, and is an inference only when the central transformation is so.”

(Makinson and van der Torre [140])

Makinson and van der Torre [140] exemplified two main kinds of transformation engines,

or black boxes, which could assisted by input/output logic .

“The box may stop some inputs, while letting others through, perhaps in mod-
ified form. [...] Inputs might be facts about the performance of the stock-
market today, and outputs an analyst’s commentary; or facts about your date
and place of birth, with output your horoscope readings. In these examples,

the outputs express some kind of belief or expectation.

Again, inputs may be conditions, with outputs expressing what is deemed de-
sirable in those conditions. The desiderata may be obligations of a normative
system, ideals, goals, intentions or preferences. In general a fact entertained
as a condition may itself be far from desirable, so that inputs are not always
outputs; and as is widely recognised, contraposition is inappropriate for con-

ditional goals.” (Makinson and van der Torre [140])

Syntax

N C L x L is called a normative system, with £ representing the set of all the formulas of
propositional logic. A pair (a,x) € N is referred to as a conditional norm or obligation,
where a and z are formulas of propositional logic. The pair (a,x) is read as “given a,
it is obligatory that x”. a is called the body and represents some situation or condition,

whereas x is called the head and represents what is obligatory or desirable in that situation.

Semantics

For a set of formulas A, we define N(A) = {z | (a,z) € N for some a € A} and Cn(A) =
{z | At z} with I denoting the classical consequence relation. A set of formulas V is
maximal consistent if it is consistent, and no proper extension of V' is consistent. A set of

formulas V' is said to be complete if it is either mazimal consistent or equal to L.

Definition 2.1 (Output operation). Given a set of conditional norms N and an input set

A of propositional formulas,
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e Simple-Minded Output:

out1(N, A)

e Basic Output:

oute (N, A)

ﬂ{C’n
e Simple-Minded Reusable Output:

ﬂ{C’n

outs(N, A)

e Basic Reusable Output:

outy(N, A)

ﬂ{Cn

Proof system

= Cn(N

(Cn(A)))

)) | AC V,V complete}

)| AC B=Cn(B)2N(V)}

))|ACV D N(V),Vcomplete}

The proof system of an I/O logic is specified via a number of derivation rules acting on

pairs (a,x) of formulas. Given a set N of pairs, we write (a,x) € deriv;(N) to say that

(a,x) can be derived from N using those rules.

e (T) Tautology: infer every (T, T)

o (SI) Strengthening of the input: from (a,z) and - b — a, infer (b, x)

e (WO) Weakening of the output: from (a,z) and - x — y, infer (a,y)

e (AND) Conjunction of the output: from (a,x) and (a,y), infer (a,z A y)

e (OR) Disjunction of the input:?> from (a,z) and (b, z), infer (a V b, x)

e (CT) Cumulative transitivity: from (a,x) and (a A z,y), infer (a,y)

Each output is syntactically characterized by deriv;(

AND, OR and CT as follows:

2Sometimes we call this rule: Reasoning by cases.

N) that is closed under rules SI, WO,
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derive;(N) Rules

deriver(N) {T, SI, WO, AND}
derivea(N) {T, SI, WO, OR, AND}
derives(N) {T, SI, WO, CT, AND}
derivey(N) {T, SI, WO, OR, CT, AND}

Input/output logic is flexible enough to include other conditional rules as well. Following

table [169] has summarized the main recognized I/O systems in the literature “+” denotes

presence of a rule and “—” its absence.
EQO SI WO R-AND R-AND’ AND OR R-ACT ACT MCT CT ID | References
- + - - - - - - - - - 199
- -+ - - - - - - - - | [199]
- - - - - + - - - - - - | [199]
- - - - - - + - - - - - | [199]
- - - - - - - + - | [199]
+ o+ -+ - - - - - - - - | [e7]
+ + - + - - -+ - - - - | [169]
+ + - + + - - - - - - - | [67]
+ + - + + + - - - - - - | [192, 193, 165]
+ + - + - - -+ + - - - | [163]
+ o+ -+ - + -+ + 4+ + - | [192, 193]
+ + -+ + - + - - - - - | [169]
+ + 4+ o+ + + - - ) - - - | [140]
- + o+ o+ - - - - - - -+ | [140]
+ o+ + o+ + + -+ + 4+ + - | [140, 163]
+ + + 4+ + + -+ + + + 4+ | [140]
+ o+ o+ o+ - - + - - - - - | [140, 163, 196]
+ o+ o+ o+ - - + - - - -+ | [140]
+ + + 4+ + - + o+ + 4+ + - | [140]
+ + + o+ + + + o+ + o+ + 4 | [140]

e (EQO) Equivalence of the output: from (a,z), z - y and = - y infer (a,y)

(R-AND) Restricted AND: from (a,z) and (a,y) and a A x A y consistent, infer
(a,2 N y)

(R-AND’) from (a,z), (a,y), a A x consistent and a A y consistent, infer (a,z A y)

e (R-ACT) restricted ACT’: from (a, z), (aAz,y) and aAzxAy consistent, infer (a, zAy)

(ACT) Aggregative CT: from (a,z) and (a A x,y), infer (a,z A y)

e (MCT) Mediated CT: from (a,z'), (a A x,y), 2+ x, infer (a,y)

(ID) Identity: infer (a,a)
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2.2.3 Benchmark problems

The history of deontic logic evaluated through some common sense problems. We cate-
gorize these problems into four main categories: Martial implication, Contrary-to-duty,
Exception, and Dilemma problems. In deontic logic literature, these problems called a

paradox, since they are contrary to our intuition. For more details see [93, 166].

Martial implication problems: Ross paradox

The meaning of implication in monadic deontic logic (SDL) is the same as the material
implication of propositional logic. Consequently, the paradoxes of material implications
could make arise in deontic logic. Ross’s paradox [182] is one of these paradoxes that is

based on the monotonicity of material implication.

1. You should mail the letter. Om

2. If you should mail the letter, then you should mail or burn the letter. O(m V b)
This problem is rooted in the rule schemata (if - ¢ — ¢ then - Oy — (Ot) which holds
in SDL. In this case, from - m — m V b we have - Om — OQ(m V b). It is odd to think

that by brunning the letter, which is forbidden, I fulfilled my obligation to mail or burn

it. The Good Samaritan paradox [175] is another problematic scenario in this category.

Deontic conditionals: Chisholm’s contrary-to-duty paradox

Contrary-to-duty (or CTD for short) has been an important benchmark problem of study-
ing deontic logic. This structure appears naturally in legal and ethical scenarios. For-
malizing CTD scenarios in deontic logic was an important step and initially started by
Chisholm [72].

1. It ought to be that Jones goes to assist his neighbors. (g

[\V)

. It ought to be that if Jones goes, then he tells them he is coming.
3. If Jones does not go, then he ought not tell them he is coming.

4. Jones does not go. —g
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For instance, in SDL, there are two possibilities to interpret sentences number 2 and
3: {O(g — t),g — Ot} and {O(—g — —t),~g — O-t}. Any four ways to interpret
1-4 yields a contradiction, or we lose logical independence. For example, in the most
natural interpretation set {Og, O(g — t), g — O—t,~g — (O—t} the results of g and
O(g — t), known as deontic detachment, is (Ot and the result of —g — (-t and —g,
known as factual detachment, is ()—t which is inconsistent with (O)t. The same problem

happens in the “Gentle Murder paradox” [88].

1. It is obligatory that Smith not kill Jones.
2. If Smith does kill Jones, then it is obligatory that Smith kill him gently.
3. Smith does kill Jones.

4. That Smith kills Jones gently implies that Smith does kill Jones.

These examples illustrate that combining factual with deontic detachment besides deriving

unconditional obligations is problematic [166].

Exception problems: Cottage regulations

Prakken and Sergot [174] based on cottage regulations argued that temporal and action
logic are not capable of representing CTD problems. Cottage regulations light on the

expressive power of deontic logic for defeasible reasoning also.

1. There must be no fence. O(=f/T)

2. If there is a fence, then it must be a white fence. O(w A f/f)

3. If there is a dog, then there must be a white fence.> Q(f A w/d)
In the case that there is a fence without dog (f), the obligation (O)(—f/T) is violated. For
the case that there is a dog and fence (f A d), the obligation is overridden. The obligation
O /) is overridden by obligation (O(v1/¢1) if ¢ and v are inconsistent and ¢; is more

specific than . This example illustrates the distinction between contrary-to-duty and

defeasible statements based on exceptional situations [166].

3 Tt is “If the cottage is by the sea, then there may be a fence.” in the original text [174]
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Dilemma problems: Mobius strip

The requirement of avoiding conflict first is addressed by van Wright [220] as the axiom
=(O¢ A O—¢) in his system. Resolving norm conflicts [2] is an ongoing research domain
employing modern tools such as argumentation theory and default logic besides deontic
logic. Mobius strip represents how norm conflicts [138] and deontic detachment leads to

new challenges.

1. ¢ is obligatory given ¢.
2. x is obligatory given 1.

3. - is obligatory given Y.

In the case that ¢ is true, inspired by the maxi choice in AGM theory of change, there
are three possibilities: both ¢ and x are obligatory, only 1 is obligatory, neither of ¢ and
X is obligatory. Mobius strip example illustrates the dilemma problem among these three

alternatives [166].

2.3 Deontic Logic for Knowledge Representation

Deontic logic is an expressive language for knowledge representation in ethical and legal
scenarios. Legal and ethical reasoning have special requirements due to their normative
and conflict resolution roles. The requirement of deontic logic first is addressed by Jones
and Sergot [117, 119] for building a knowledge representation of the Imperial College
Library Regulations. We need the regulations as a specification of how the library system

should be and how the computer system should be.

The requirement for violation detection is the main reason why we can use deontic logic
for system specification. The contrary-to-duty structure can be expressed in library spec-

ification as follows [117]:

e The agent X shall return the book Y by date due.

o If the agent X returns the book Y by date due then disciplinary action shall not be
taken against the agent X.

e If the agent X does not return the book Y by date due then disciplinary action shall
taken against the agent X.
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e The agent X does not return the book Y by date due.

The language we use to formulate library specification must allow for the consistent ex-

pression of contrary-to-duty scenarios.

2.3.1 Legal knowledge representation

To begin with, McCarty based on TAXMAN project discussed why semantical accounts
of permission and obligation will be required in an adequate knowledge representation
language for the legal domain [143, 144]. The modern style interaction of law and logic is
promoted by Stig Kanger [122, 123, 124], Ingmar Po6rn [172, 173], Lars Lindahl (Position
and Change [135]), and C. E. Alchourrén and E. Bulygin (Normative Systems [1]). The
concept of a legal or generally normative system is developed and pursued by a considerable
number of publications dealing with the law’s logical aspects [152]. Legal norms set what is
lawfully obligated or permitted and what is not. So norms are action-guiding and regulate
our actions [221]. Normative systems as coding systems are used to supporting obligations
and permissions [1]. Input/output logic [140] and the theory of joining-systems [136] are
two of the approaches that in recent years have taken up and developed the normative

systems approach to the analysis of (legal) norms.

2.3.2 Machine ethics knowledge representation

Machine ethics is concerned with giving machines ethical principles or a procedure for
discovering a way to resolve the ethical dilemmas they might encounter, enabling them to
function in an ethically responsible manner through their own ethical decision making [4].
There are two main approaches to developing these machines: the bottom-up approaches
by using a large amount of data and the top-down approaches, a set of rules is the basis
for evaluating the morality of a decision [224]. Bringsjord [59] argues that deontic logic is
a useful knowledge representation for engineering ethically correct robots. Deontic logic
can be used as a top-down approach for coding ethical theories [122, 145, 146, 11, 151].
The LogiKEy framework [37] is a package for designing and implementing ethical theories
based on translating an established deontic logic into HOL.
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2.4 Classical Higher-Order Logic

In this section we introduce classical higher-order logic (HOL). The presentation adapted
from [28].

HOL is based on simple typed A-calculus. We assume that the set T of simple types is
freely generated from a set of basic types {o,i} using the function type constructor —.

Type o denotes the set of Booleans whereas type i refers to a non-empty set of individuals.

For «, 8,0 € T, the language of HOL is generated as follows:

8,t 2= pa|Xa|(AXass)a—pl(Saspta)s

where p, represents a typed constant symbol (from a possibly infinite set P, of such
constant symbols) and X, represents a typed variable symbol (from a possibly infinite set
Vo of such symbols). (AXa55)a—pg and (sa—gta)s are called abstraction and application,
respectively. HOL is a logic of terms in the sense that the formulas of HOL are given as
terms of type o. Moreover, we require a sufficient number of primitive logical connectives
in the signature of HOL, i.e., these logical connectives must be contained in the sets
P, of constant symbols. The primitive logical connectives of choice in this thesis are
To—05 Voso—os Llas0)—o and =4 4. The symbols a—0)=0 and =, .4 generally
assumed for each type a € 7. From the selected set of primitive connectives, other logical
connectives can be introduced as abbreviations. Type information as well as brackets may
be omitted if obvious from the context, and we may also use infix notation to improve
readability. For example, we may write (sV t) instead of ((Vo—o—0 o) to)o. We often write

VXas, as syntactic sugar for I,_,0)0(AXaSo)-

The notions of free variables, a-conversion, Sn-equality and substitution of a term s, for

a variable X, in a term t¢g, denoted as [s/X]t, are defined as usual.

The semantics of HOL are well understood and thoroughly documented [26]. In the

remainder, the semantics of choice is Henkin’s general models [110].

A frame D is a collection { D, } e of nonempty sets D, such that D, = {T', F'}, denoting
truth and falsehood, respectively. D,_,g represents a collection of functions mapping D,

into Dg.

A model for HOL is a tuple M = (D, I), where D is a frame and I is a family of typed
interpretation functions mapping constant symbols p, to appropriate elements of D,,

called the denotation of p,. The logical connectives —, V, Il and = are always given
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in their expected standard denotations. A wariable assignment g maps variables X, to
elements in D,. g[d/W] denotes the assignment that is identical to g, except for the
variable W, which is now mapped to d. The denotation ||s,||*"9 of a HOL term s, on a

model M = (D, I) under assignment g is an element d € D,, defined in the following way:

lpal*9 = I(pa)
IXall*9 = g(Xa)
I(sassta)al™? = llsassl ™9 (Iltal*)
[(AXa88)a—sl|*9 = the function f from D, to Dg such that

f(d) = ||s||9ld/Xel for all d € D,

Since I(—o—0), I(Vo—so—0), I(H(OHO)_W) and I(=4—a—0) always denote the standard truth

functions, we have:

L [[(mosoSo)ol M9 =T iff  |[so]|M9 = F.
2. [((Voso—s0 S0) tO)OHM’g =T iff HsoHM’g =T or ||toHM’g =T.

3. [(VXas0)oll9 = [[(Maso)so(AXaso))ol|M9 = T iff  for all d € D, we have
o[ M1/ e) 7.

4. [[((Fa—a—o Sa) ta)OHM’g =T iff HSaHM’g = Hta”M’g~

A HOL formula s, is true in a Henkin model M under the assignment ¢ if and only if
l|so]|*9 = T. This is also expressed by the notation M, g =" s,. A HOL formula s, is
called walid in M, denoted as M =10F s, if and only if M, g =79 s, for all assignments

=HOL s, if and only if s, is valid in

g. Moreover, a formula s, is called valid, denoted as
all Henkin models M. Finally, we define & =L s, for a set of HOL formulas ¥ if and

only if M 7Ol s, for all Henkin models M with M =9 ¢, for all t, € X.

2.5 Shallow Semantical Embedding

The so-called shallow semantical embedding approach is developed by Benzmiiller [24] for
translating (the semantics of)) classical and non-classical logics into HOL. The following is

a mathematical description of this semantical embedding.
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Algebraically, we can based on a language LL define a logic I" as a triple I' = (IL, I, E) where
FCLxLand FCLxL (FC2%xLandF C 2% x L) axiomatize the syntax and semantics
of logic I' such that are sound and complete respect to each other in the weak or strong

sense.
Weak sense:: Vo, e L (T,¢) ek iff (T,¢) ek
Strong sense:: VI' CL,yp e L:  (I'y) ek iff (T',¢) €k

A logical embedding f : Ly — L; is a translation from a source logic to a target logic that
keeps the logical properties of the source logic in the target logic. Suppose I's = (Ls, Fs, Fs)
and I'y = (g, F, Fy) are two logics.

Shallow semantical embedding A function f : Ls — LL; is faithful shallow semantical

embedding as one of the following cases:

o Vo, € Ly (T,4) €Fg if and only if (f(T), f(¢)) €Fy.
o V[ CL,,p €Ly (I,9) €F¢ if and only if (f(T), f()) €k

Sometimes technically, it is useful to add internal functions g; : Ly — LLg or go : Ly — L

for having faithfulness of the embedding. For instance we have:’

Vo, € Ls  (g1(T),91(¥)) €k if and only if (g2(f(T)), g2(f(¥))) €.

Specifically, when the target logic is higher-order logic, our shallow semantical embedding

could be based on an efficient algorithm that translates the language L into L.

First, we should semantically characterize the source logic using set theory. So for each
logical constant, we have a corresponding equation. For example in Kripke semantics we

can define the main logical constants as follows:

e —¢ in the model (W, R, V) is the set of all the states that does not satisfies ¢.

e © V1 in the model (W, R, V') is the set of all the states that satisfies ¢ or .
I ={f(p)|pel}

5This maybe allows for trivializations: e.g., take g1 : ¢ — T and ga : ¢ — T.
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Second, since HOL is an expressive language we can represent the equations that char-
acterize semantics of the source logic and translate the syntax of source logic employing

these semantical representations into HOL as the target logic.

In this thesis, we use an additional function vld : HOL — HOL with translation function
|.] : Ly - HOL. So our shallow semantical embedding is faithful as one of the two

following cases:

o Vo, p e Ly (T,¢) €k if and only if (vld(|T]),vld(|%])) €Emor.

e VI' CLg,p €Ly (I,9) €k, if and only if (vld(|T]),vld(|%])) € Emor.

2.6 Theorem Provers

The main question in theorem provers is as follows:

Given a set of axioms A = {1, ..., o} and a hypothesis H in first-order or higher-order
logic. An automated theorem prover tries to answer that the set of axioms implies A F H
hypothesis or not A ¥ H. Refutational theorem provers deal with the equivalent problem
of showing that the set A U —H is inconsistent.

First-order theorem provers The landmark paper of Robinson [180] is the main base
for building first-order theorem provers. Davis and Putnam [83] developed a resolution rule
for propositional logic. Robinson generalized this method for first-order logic. Robinson
[180] invented refutational theorem proving in its contemporary form. He introduced

resolution calculus, which generally is based on two inference rules:

PV x V-
(¢Vx)o

PVeVYy

Binary) Resolution
( ) (@ Vo

(Positive) Factoring

where ¢ is the most general unifier of the atomic formulas ¢ and . Resolution is a
method for determining whether certain sets of formulas are satisfiable: the contradiction
can be derived from any unsatisfiable set. A key point in the resolution is the existence
(and uniqueness) of a most general unifier for any two unifiable terms. Unification is an
algorithmic procedure of solving equations between symbolic expressions. Unification, as a
selection mechanism for inferences, provides an effective way of identification and demon-
stration of formula unsatisfiability [15]. Substitution is a solution of a such unification

problem. For a more detailed discussion see [137, 15, 82].



Chapter 2. Formal Framework, Methodology, and Tool Engine 29

Higher-order theorem provers Andrews [5] adopts the resolution method for higher-
order logic. Andrew’s resolution method uses an enumeration of the universe and avoids
unification completely. Following are some well know HOL provers family. In this thesis
we only use Isabelle/HOL.

HOL HOLS8, HOL98, and HOL4 which are members of the HOL family [106].

LEO Benzmiiller developed automated theorem provers LEO [33, 19] and LEO-IT [41]
based on resolution method for Henkin semantics. Leo-III [191] is one of the most effective

higher-order automated reasoning systems to date as new LEO member.

Isabelle/HOL Isabelle/HOL is an interactive proof assistant with a sophisticated user-
interface and, besides, integrates various state-of-the-art reasoning tools. Isabelle/HOL
is integrated with the ATP systems and satisfiability modulo theories (SMT) solvers via
the Sledgehammer tool [45]. Some of solver included in Isabelle/HOL are: the equational
reasoner simp; the untyped tableau prover blast; the simplifier and classical reasoners auto,
force, and fast; the best-first search procedure best. Isabelle/HOL also provides two model
finders, Nitpick [44] and Nunchaku [79].

2.6.1 Some experiments in Isabelle/HOL

Theorem provers are Al modern tools for both verification and specification. Since higher-
order logic is an expressive language, higher-order theorem provers are capable of specifi-
cation, especially mathematical objects such as graphs. Common sense concepts include
time, space, and belief are the main objects of artificial intelligence. Some of them are
mathematical objects that are formalized by mathematical theories such as geometry, and
we could implement these theories in the theorem provers. Some of them are intentional
concepts that could be represented in a (modal) logical setting. We can specify these
intentional concepts by logical implantations of possible worlds semantics in the theorem

provers.

Meta-logical properties Theorem provers are logic-based tools for proving mathemat-
ical truths of a formal system. For example, Benzmiiller [23] proved the cut-elimination

property for quantified conditional logic by employing shallow semantical embedding of
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conditional logic in HOL. Moreover, Halkjeer From [90] provided a soundness and com-

pleteness proof for modal logic system K and epistemic logic in Isabelle/HOL.

Kurt Godel‘s ontological argument for the existence of God The ontological
proof for the existence of God is based on the intentional concepts of “Property”, “Pos-
itive”, “God-like being”, “Possess”, and “Essence”. In addition, two logical concepts of
“Necessity” and “Possibility” represented by modal logic (S5) are required. The existence
of God is based on the specification of mentioned intentional concepts and by using the in-
ference method of modal logic. Benzmiiller and Woltzenlogel Paleo [42] implemented this
proof in the higher-order theorem provers includes Isabelle/HOL by employing shallow

semantical embedding of modal logic into HOL.

The Principia Logico-Metaphysica The scopes of Principia Logico-Metaphysica are
metaphysics, mathematics, and the sciences [227]. So the automation of this theory needs
a lot of different objects and intentional concepts. Three basic objects of this theory are

as follows:

e Basic logical objects: Propositions and properties.
e Mathematical objects and relations: Natural numbers and natural sets.

e Philosophical objects: Platonic forms, situations, worlds, and time.

Kirchner et al. [125] implemented Abstract Object Theory that is the canonical part of
Principia Logico-Metaphysica utilizing shallow semantical embedding in Isabelle/HOL.

Alan Gewirth’s Proof for the Principle of Generic Consistency Benzmiiller et
al. [29], see Chapter 5, implemented faithfully a dyadic deontic logic by Carmo and Jones
[67] in Isabelle/HOL. Fuenmayor and Benzmiiller [91] based on this logical implantation
and using the expressivity power of HOL provided a specification for Kaplan’s theory in
Isabelle/HOl. Kaplan’s logical system models context-sensitivity by representing contexts
as tuples of features (Agent(c); Position(c); World(c); Time(c)). They introduced two
more dimensional semantics for a domain of individuals and “contexts of use” of Kaplanian.
Also they specified concept objects of “Agent”, “Position”, “World”, and “Time” in HOL.
The more complicated specification was done for “Goodness”, “Freedom”, and “Well-

Being”.
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2.7 Semantical Embedding of KD in HOL

By introducing a new type i to denote possible worlds, the formulas of K are identified with
certain HOL terms (predicates) of type i — o. The type i — o is abbreviated as 7 in the
remainder. This allows us to represent the formulas of K as functions from possible worlds
to truth values in HOL and therefore the truth of a formula can explicitly be evaluated in
a particular world. The HOL signature is assumed to further contain the constant symbol
Ti—i—so. Moreover, for each atomic propositional symbol p/ of K, the HOL signature must
contain the corresponding constant symbol p?r'. Without loss of generality, we assume that
besides those symbols and the primitive logical connectives of HOL, no other constant

symbols are given in the signature of HOL.

The mapping |-] translates a formula ¢ of K into a term |[¢| of HOL of type 7. The

mapping is defined recursively:

P =

| = sl
VY] = Voo lo] Y]
o] = Oy

—

— T

|

“r—ry Voosr—r and O, abbreviate the following terms of HOL:

e = AAAXA(AX)
Visror = AABAX;(AX VBX)
Or s = )\ATAleyvz(_‘(r’L%Z*)oX Y) \ AY)

Analyzing the truth of formula ¢, represented by the HOL term |¢], in a particular world
w, represented by the term wj;, corresponds to evaluating the application (|¢]w;). In
line with the previous work [40], we define vld.—,, = AA;VS;(AS). With this definition,
validity of a formula s in K corresponds to the validity of the formula (vld [¢]) in HOL,

and vice versa.

To prove the soundness and completeness, that is, faithfulness, of the above embedding, a

mapping from Kripke models into Henkin models is employed.

Lemma 2.2 (Kripke models = Henkin models). For every Kripke model M = (W, R, V)

there exists a corresponding Henkin model HM | such that for all formulas § of K, all



Chapter 2. Formal Framework, Methodology, and Tool Engine 32

assignments g and worlds s it holds:

M,s =6 if and only if ||| 4] S,LHHNI7Q[5/Si] - T

Proof. See [39, 40]. O

Lemma 2.3 (Henkin models = Kripke models). For every Henkin model H = ({Dg4}aeT, I)
there exists a corresponding Kripke model My, such that for all formulas § of K, all as-

signments g and worlds s it holds:

18] .Ss]| 915750 = T if and only if My, s =6

Proof. See [39, 40].

O]

The following table summarizes the alignment of Kripke models and Henkin models. For
the class of Kripke models (W, R, V') that satisfies some properties, such as reflezivity, the
corresponding class of Henkin models also needs to satisfy the higher-order counter part of
this property. For instance, in system KD the class of Kripke models satisfies the property
of seriality, which corresponds to axiom D. The higher-order counter part of this property
is represented as SER : VX;3Y;(ri—i—0X;Y;), where constant symbol 7;_;_,, denotes the

accessibility relation.

Kripke model (W, R, V) Henkin model (D, I)
Possible worlds s € W Set of individuals s; € D;
Accessibility relation R Binary predicates r;_s; o
sRu Iriyiso(siyu;) =T
Propositional letters p? Unary predicates p{ o
Valuation function s € V(p’) | Interpretation function I pz Lo(si) =T

These correspondences between Kripke and Henkin models include the assumptions that

have been formulated at the beginning of this section.

Theorem 2.4 (Faithfulness of the embedding of system K in HOL).
=, @ if and only if =1 vid ||

Proof. See [39, 40]. O
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Theorem 2.5 (Faithfulness of the embedding of system KD in HOL).
Fexp # if and only if {SER} 0% wld | o)

Proof. See [39, 40] for a proof of the faithfulness of the embedding of modal logic K in
HOL. The result for logic KD follows as a simple corollary; see also Section 3.3 in [35]. [

2.7.1 Implementation of KD in Isabelle/HOL

The semantical embedding of KD in HOL has been implemented in the higher-order
proof assistant Isabelle/HOL [156]. Figure 2.1 displays the respective encoding. Some

explanations are in order:

4 lsabelle2018/HOL - KD.thy - o X
File Edit Search Markers Folding View Utilities Macros Plugins Help

T@dE & 9¢ 00 @ CERPR A # @ €9

[ KD.thy (%:USERPROFILE%\Dropbox| Thesis|Isabellel) e
iltheory KD  imports Main Ly

= z|begin =
3| typedecl i — <type for possible worlds > §
4 type_synonym 7 = "(i=-bool)" %
si consts r_t :: "i=i=bool" (infixr "rt" 70)(* relation for a modal logic KD *) g
5| abbreviation serial where "serial r = (¥x.3y. r x y)" o §
7| axiomatization where ax_serial_rt : "serial r_t" i
s| definition KDnot :: "r=7" ("—_"[52]153) where "-y = Aw. —p(w) " 5
s| definition KDor :: "r=-r=-r1" (infixr "Vv"50) where "pVi = Xw. w(w) Vv ¢ (w)" e
1| definition KDand :: "r=7=7" (infixr "A"51) where "pAu = Aw. @(w) A ¥(w)" =
1| definition KDimp :: "r=7=7" (infixr "—" 49) where "p—¢ = M. ¢(w) — ¥(w)'

1z definition KDtrue :: "7" ("T") where "T = \w. True"

13| definition KDfalse :: "7" ("L") where "L = )\w. False"

14

15| definition KDobligatory :: "r=1r" ("0") where " 0 ¢ = Aw. ¥v. w rt v.— p(v)"

1] definition KDforbidden :: "r=7" ("F") where "F ¢© = 0 (= )"

17| definition KDpermitted :: "r=7" ("P") where "P o = = (0 (= o))"

1g] definition KDvalid :: "r=rbool" ("[_|" [81109) where "|p] = vw. p(w)['}]

1] Llemma True nitpick [satisfy,user_axioms,expect=genuine,show_all,format=2] oops

20 ©

< >
[]Procf state  [~] Auto update Update | Search: - 100%
E3| [+ [output || Query | Sledgehammer | Symbols
18,72 (992/1403) (isabelle, isabelle, UTF-8-Isabelle) | nmro UG 5/S87MB 9:42 AM

FIGURE 2.1: Implementation of KD in Isabelle/HOL

On line 3 the primitive type ¢ for possible words is introduced.

On line 4 the type 7 for formulas is introduced.

On line 5 the constant r_t is introduced. r_t encodes the accessibility relation.

Line 7 restrict the accessibility relation by seriality property.

Lines 8-13 define the Boolean logical connectives.
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e Lines 15-17 define the monadic deontic operators: obligation, forbidden and permis-
sion.

e Line 18 introduce the notion of global validity.

e Line 19 the model finder Nitpick [44] confirms the consistency of the logical system.



Chapter 3
Discursive Input/Output Logic

The chapter introduces a new logical framework for normative reasoning. It is a unification
of the two main approaches for deontic logic: modal logic and norm-based approaches, see
Section 1.3 and Section 2.2. Each approach has its advantages. An advantage of the
modal logic approach is the capability to extend with other modalities such as epistemic
or temporal operators, and advantages of the norm-based approach include the ability
to explicitly represent normative codes such as legal systems and using non-monotonic
logic techniques of common sense reasoning. Unifying these two approaches will provide
us with a framework with all of these advantages simultaneously. For example, we can
design a normative temporal system, which changes over time. The temporal reasoning
comes from the advantage of the modal logic part and changes operators (expansion,
contraction) from the norm-based part. There are other frameworks, such as adaptive
logic [197, 198], that combine modal logic and norm-based approaches. The novelty of our
approach is semantical unification. The unification is based on bringing the core semantical
elements of both approaches in a single unit. We introduce a semantics for deriving
deontic modals based on the interaction between normative reasoning and informational
and motivational modalities. We use input/output logic for normative reasoning and the

Kratzerian framework for representing different sets of information and motivation.

The question of this chapter is: How can we integrate the norm-based approach in the
sense of Makinson [138] to the classic semantics in the sense of the Kratzerian framework
[128] ? To achieve a more uniform semantics [112, 92, 166] for deontic modals, we build
I/0 operations on top of Boolean algebras for deriving permissions and obligations. The
approach is close to the work is done by Gabbay, Parent, and van der Torre: a geometrical

view of I1/0O logic [94]. For defining the I/O framework over an algebraic setting, they use

35
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the algebraic counterpart, upward-closed set of the infimum of A, for the propositional
logic consequence relation (“Cn(A)”), within lattices. They have characterized only the
simple-minded output operation. We show that by choosing the “Up” operator, upward-
closed set, as the algebraic counterpart of the “Cn” operator and by using the reversibility
of inference rules in the I/O proof system, we can characterize all the previously studied
I/O systems and find many more new logical systems. This suggested framework has a
significant difference from other types of input/output logics. In contrast to the earlier
input/output logics, we define non-adjunctive input/output operations. Non-adjunctive
logical systems are those where deriving the conjunctive formula ¢ A from the set {p, ¥}
fails [77, 78]. These systems are especially suited for modeling discursive reasoning. In
fact, the first non-adjunctive system in the literature was proposed by Jaskowski [116] for

discursive systems.

“[...] such a system which cannot be said to include theses that express
opinions in agreement with one another, be termed a discursive system. To
bring out the nature of the theses of such a system it would be proper to
precede each thesis by the reservation: “in accordance with the opinion of one
of the participants of the discourse”]...]. Hence the joining of a thesis to a
discursive system has a different intuitive meaning than has assertion in an

ordinary system.” (Jaskowski [116])

We build two groups of I/O operations for deriving permissions and obligations over
Boolean algebras. The main difference between the two operations is similar to the possi-
ble world semantics characterization of box and diamond, where box is closed under AND,
((Op A OY) — O(p A1), and diamond not.! For each deontic modal of permission and

obligation, a primitive operation? is defined in the strong sense [1].3

'In the main literature of input /output logic developed by Makinson and van der Torre [140], Parent,
Gabbay, and van der Torre [163], Parent and van der Torre [165, 167, 169], and Stolpe [192, 193, 196]
at least one form of AND inference rule is present (see the related table in Subsection 2.2.2). Sun [199]
analyzed norms derivations rules of input/output logic in isolation. Still, it is not clear how we can combine
them and build new logical systems, specifically systems that do not admit the rule of AND. For building
a primitive operation for producing permissible propositions, we need to remove the AND rule from the
proof system.

2Von Wright [220] defined permission as the primitive concept and obligation as the dual of it. Later,
in the central literature of deontic logic, obligation introduced as the primitive concept and permission
defined as the dual concept, as well in the earlier input/output logic for permission [142]. Moreover, in the
I/O literature, permission base on derogation is studied by Stolpe [195, 194] and based on constraints by
Boella and van der Torre [54].

3For example Alchourrén, and Bulygin [1] define strong permission as : “To say the p is strongly permit-
ted in the case ¢ by the system « means that a norm to the effect that p is permitted in ¢ is a consequence
of a”.
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The “Up” operator, for a given set A, sees all the elements that are upper than or equal
to the elements of A by usual ordering in lattices. This operator instead of the “Cn”
operator is not closed under conjunction so that we do not have a A —a € Up(a,a).
Consequently, the new 1/O operations defined by the “Up” operator instead of the “Cn”
operate on inputs independently and do not derive joint outputs (are not closed under
AND). According to the reversibility of inference rules in the I/O proof systems, we show
how it is possible to add AND and other rules, required for obligation [140], to the proof
systems and find I/O operations for them. The introduced I/O operations admit nor-
mative conflicts and could receive technical benefits from the constrained version of I/O
logics [141] for resolving normative conflicts. The introduced framework is a form of para-
consistent logic for admitting normative conflicts (see Subsection 6.1, [102]). Moreover,
we use Stone’s representation theorem for Boolean algebras for integrating input/output

logic with possible world semantics.?

The I/0O operations presented here are Tarskain or closure operator over a set of conditional
norms so that they can be used as logical operators for reasoning about normative systems.
The algebrization of the I/O framework shows more similarity with the theory of joining-
systems [136] that is an algebraic approach for study normative-systems over Boolean
algebras. We can say that norms in the I/O framework play the same role of joining in
the theory of Lindahl and Odelstal [136, 200].

The chapter is structured as follows: Section 3.1 is about integrating the norm-based
approach to the standard semantics for deontic modals. Section 3.2 and 3.3 give the
soundness and completeness results of 1/O operations for deriving permissions and obli-
gations. Section 3.4 generalizes the I/O operations over any abstract logic. Section 3.5

concludes the chapter.

3.1 Norms and Deontic Modals

Before going to our discussion consider following basic logical notions:

e W is the set of possible worlds.
e P(W)® is the set of (atomic) propositions. A proposition x is true in a world w if

and only if w € x.

4 Another possible worlds semantics of 1/0O logic is studied by Bochman [47] for causal reasoning. It has
no direct connection to the operational semantics (see Subsection 2.4, [164]).

SP(W) denotes the power set of TW.

Logical connectives can be defined as usual. T := W and L := 0.
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e If A is a set of propositions,
— N A # 0 means that A is consistent.
— (1A C = means that z follows from A.
— N ANz # ) means that = is compatible with A (AU {x} is consistent).

e fis a function, which is termed the modal base, assigns to every possible world (w)
a set of propositions (f(w)), which is called premise set, that are known in w by us.
We use the same formal definition for the ordering source function g.

e Normative system N denotes a set of norms (a, x), which the body and head are
propositions. More explicitly, N© denotes a set of obligatory norms and N¥ a set
of permissive norms. If (a,z) € N, it means that “given a, it is obligatory that z”
and if (a,z) € NP it means that “given a, it is permitted that x.”

e z € out(N? A) means given normative system N© and input set A (state of
affairs), x (obligation) is in the output (similar definition works for permission
x € out(N' A)). The output operations resemble inferences, where inputs need

not be included among outputs, and outputs need not be reusable as inputs [140].

In the classic semantics, modals are quantifiers over possible worlds. Deontic modals are
quantifiers over the best worlds in the domain of accessible worlds, represented as [ f(w)
in the Kratzerian framework: ought or have-to are modal verbs of necessity that the
prejacent (i.e., the proposition under the modal operator) is true in all of the best worlds
and may or can are modal verbs of possibility that the prejacent is true in some of the best
worlds [219, 218]. We can define deontic modals in the Kratzerian framework as follows

[218]:

[[be-allowed-to]]"/¥ = Az (Best, ﬂf )Nz #0)

[[have-to]]59 = Az (Besty ﬂ flw

where Best, ([ f(w)) is given as follows:

{w e ﬂf(w) c=Juw e ﬂf(w) such that Iy € g(w) : w” €y and w' ¢ y}

In the definition, the domain of quantification is selected by a modal base and an order-

ing source for deriving deontic modals. Moreover, there are two ways for quantification:
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compatibility and entailment. We employ the modal base and ordering source functions,
from the Kratzerian framework [128, 129] and the detachment approach [164] from I/O
framework, instead of quantification. As an advantage of the detachment approach, we
can characterize derivation systems that do not admit, for example, weakening of the out-
put (WO) or strengthening of the input (SI). In Section 3.2 and Section 3.3, we develop
various detachment methods are using different I/O operations, in turn, for permission

and obligation.

In input /output logic, the main semantical construct for normative propositions is the out-
put operation, which represents the set of normative propositions related to the normative
system N, regarding the state of affairs A, namely out(N, A). Detachment is the basic
idea of the semantics of input/output logic [164]. The interpretation of “z is obligatory if
a” is that “x can be detached in context a”. In a discourse, the context is represented by
a modal base or an ordering source in the Kratzerian framework. To unify the norm-based
semantics with the classic semantics, in each world w, we can detach what we allowed to
or have to as the output of what we know (as the input set) represented as () f(w), the
intersection of the propositions given by the modal base, and the corresponding normative

system NN.

Consistent premise sets: Suppose () f(w) # 0
[[be-allowed-to]]”f = ANP Az (z € out(NT, {N f(w)}))
[[have-to]]”»/ = ANO Xz (z € out(NO, { f(w)}))

In this case, deontic modals are evaluated with reference to a set of propositions given
by the modal base and a normative system in each possible world. In the same way, in the
world w, we can detach what we allowed to or have to as the output of what we preferred
(as the input set) represented as () g(w) and the corresponding normative system N. The
modal bases are always factual. Whenever there are possible inconsistencies, we can take
the content as an ordering source [130]. If the set of g(w) is not consistent, we can draw

conclusions by looking at maximal consistent subsets.”

"In the original input/output logic we have z € QO(N, {a,-a}) for all . So when the input set is
inconsistent we have explosion in the original input/output logic. Reasoning from an inconsistent premise
set which is represented as set of logical formulas is an important issue for deontic modals [127, 129].
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Inconsistent premise sets: Suppose () g(w) =0,

and Maxfamily')(g(w)) = {1 A|A C g(w) and A is consistent and maximal}
[[be-allowed-to]]* = ANFAz (z € out(NF, Maxfamily(g(w))))
[[have-to]]*9 = ANOXz (z € out(N©, Maxfamily)(g(w))))

Both introduced modals ([[be-allowed-to]] and [[have-to]]) are in the strong sense [1].
For each one, we can define a weak sense of modality using the dual operator, which
means ¢ € [[be-allowed-to]]weak—sense if and only if —z ¢ [[have-to]|strong—sense; T €
[[have-to]]weak—sense if and only if -z ¢ [[be-allowed-to]|strong—sense- We have presented
a family of output operations that derive different sets of permissions in Section 3.2. In
Section 3.3, we define more complicated output operations for deriving obligations. As
the distinctive feature, the output operations for obligations are closed under AND which
means: if z € out(NO, A) and y € out(N9, A), then 2 Ay € out(N©, A).

3.2 Permissive Norms: Input/Output Operations

The term “input/output logic” is used broadly for a family of related systems such as
simple-minded, basic, and reusable [168, 140]. In this section, we use a similar terminology
and introduce some input/output systems for deriving permissions over Boolean algebras.
Each derivation system is closed under a set of rules. Moreover, we define systems that are
closed only for weakening of the output (WO) or strengthening of the input (SI). We use
a bottom-up approach for characterizing different derivations systems. The rule of AND,

for the output, is absent in the derivation systems presented in this section.
Definition 3.1 (Boolean algebra). A structure B = (B, A,V,—,0,1) is a Boolean algebra
iff it satisfies following identities:®

e rVyxcyVe, ct Ny~yAx

e zV(yVz)x(zVy)Vz,zANyYAz)=(zAy) Az

e zVl0=xz,zANl=zx

e xVua~l,zA-x=0

e xV(yAz)=(xVy) A(xzVz),zANyVz)=(@Ay)V(zAz)

8An equation t ~ ' holds in an algebra A if its universal closure Vxg...xnt & t' is a sentence true in A.
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For a set of variable X, we denote the set of Boolean-terms over X by Ter(X) defined as

follows:
Ter(X) = Upen Tern(X)
where

Terg(X) =X U{0,1}
Terp+1(X) =Ter,(X)U{aAbaVb -a:abeTer,(X)}

Given a Boolean algebra B, the elements of Ter(B) are ordered as a < b iff a Ab = a.”

Since < is antisymmetric ¢ < b and b < a imply a = b.

Definition 3.2 (Upward-closed set). Given a Boolean algebra B, a set A C Ter(B)

satisfying the following property is called upward-closed.
For all x,y € Ter(B),ift <y and x € Atheny € A

We denote the least upward-closed set which includes A by Up(A). Up operator satisfies

following properties:

e ACUp(A) (Inclusion)
e ACB=Up(A) CUp(B) (Monotony)
e Up(A) =Up(Up(A)) (Idempotence)

An operator that satisfies these properties is called closure operator.

Zero Boolean 1/0 operation

Let N(A) ={z | (a,z) € N for some a € A} and in a Boolean algebra B for X C Ter(B)
we define Eq(X) = {x € Ter(B)|3y € X,z = y}.

Definition 3.3 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the zero Boolean operation as

follows:

outB(N, A) = Eq(N(Eq(A)))'°

9We use the symbol “=” to express that both sides name the same object. The elements of the variable
set (B) that are represented by different letters are supposed to be independent in the algebra (B) w.r.t <.

10 Sometimes we write Up(a, b, ...)(Eq(a, b, ...)) instead of Up({a,b,...})(Eq({a,b,...})) as well out(N,a)
(derive(N,a)) instead of out(N,{a}) (derive(N,{a})).
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We put out§(N) = {(A,x) : x € out5 (N, A)}.

Definition 3.4 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a,z) € derive5(N) if and only if (a, z) is derivable from
N using the rules {EQI, EQO}.!

(a,x) a="b (a,x) r=y

(b.2) PO )

EQI

Given a set of A C Ter(B), (A,z) € derive5(N) whenever (a,x) € derive§ (N) for some!?
a € A. Put derive5(N, A) = {x : (A, z) € derive§(N)}.

Outline of proof for soundness: for the input set A C Ter(B), we show that if (4,z) €
derive(N), then = € out5(N, A). By definition (A, x) € derivel(N) iff (a,z) € derive§(N)
for some a € A. By induction on the length of derivation and the following theorem
we have (a,z) € derive§(N) iff z € out5(N,{a}). Then by definition of out§ we have
x € outf (N, A). If A = {}, then by definition (A, z) ¢ derive5(N). The outline works for

the soundness of other presented systems in this chapter as well.

Theorem 3.5 (Soundness). outS5(N) validates EQI and EQO.

Proof. EQI: We need to show that

z € Eq(N(Eq(a))) a=b
z € Eq(N(Eq(b)))

EQI
If x € Eq(N(Eq(a))), then there are ¢t; and t2 such that t; = a and t3 = z and
(t1,t2) € N. If a = b then t; = b. Hence, by definition = € Eq(N(Eq(b))).

EQO: We need to show that

z € Eq(N(Eq(a))) =y
y € Eq(N(Eq(a)))

If x € Eq(N(Eq(a))), then there are ¢t; and t2 such that t; = @ and t3 = z and
(t1,t2) € N. If © = y then to = y. Hence, by definition y € Eq(N(Eq(a))).

EQO

HEQI stands for equivalence of the input and EQO stands for equivalence of the output.
2Tn the original input/output logic [140], it is for some conjunction a of elements in A.
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Theorem 3.6 (Completeness). out5(N) C derive5(N).*

Proof. We show that if x € Eq(N(Eq(A))), then (A,z) € derive§(N). Suppose x €
Eq(N(Eq(A))), then there are ¢; and t3 such that t; = a and a € A, and ty = x such that
(tl, tQ) € N.

(tl,tQ) t2 =X

EQO
Q (tl,l') t1:a

EQI
Thus, = € derive5(N,a) and then x € derive5 (N, A). O

Two basic subsystems: We can construct two simple subsystems: out%(N, A) =
Eq(N(A)) and out? (N, A) = N(Eq(A)). We define (a,z) € derive’(N) ((a,x) € derive8(N))
if and only if (a, x) is derivable from N using the rule {EQO} ({EQI}). By rewriting the
same definition of out§(N) for out®(N) and out®(N), and the definition of derivel(N)

for derive(N) and derive® (N), we have :

outB(N) = deriveB(N) out?(N) = derive¥ (N)

Simple-I Boolean I/O operation

Definition 3.7 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the simple-I Boolean oper-

ation as follows:
out?(N,A) = Eq(N(Up(A)))

We put out?(N) = {(A,x) : x € outB (N, A)}.

Definition 3.8 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a,z) € derive’?(N) if and only if (a, z) is derivable from
N using the rules {SI, EQO}.

!3For the completeness proofs if A = {}, then by definition of Eq({}) = {} and Up({}) = {} we have
x ¢ out? (N, {}) = {}.
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(a,x) b<a QO (a,) r=vy
(a,y)

Given a set of A C Ter(B), (A,z) € derive?(N) whenever (a,x) € derive’ (N) for some!*
a € A. Put deriveB(N, A) = {z : (A, x) € deriveB(N)}.

Theorem 3.9 (Soundness). out?(N) validates SI and EQO.

Proof. SI: We need to show that

x € Eq(N(Up(a))) b<a
z € Eq(N(Up(b)))

If x € Eq(N(Up(a))), then 3¢; such that a < ¢; and (t1,2) € N or ( (¢1,y) € N and
y = x). Hence, if b < a, we have b < t; and then x € Eq(N(Up(b))).

EQO: We need to show that

z € Eq(N(Up(a))) r=y
y € Eq(N(Up(a)))

Ifx € Eq(N(Up(a))), then by definition of Eq(X) if z = y, we have y € Eq(N(Up(a))).

EQO

O

Theorem 3.10 (Completeness). out?(N) C derive?(N)

Proof. We show that if x € Eq(N(Up(A))), then (A,z) € derive¥(N). Suppose x €
Eq(N(Up(A))), then there is ¢; such that a < ¢; and (¢t1,2) € N or ((t1,y) € N and
y =x) for a € A. There are two cases:
t <t t =
ST (t1, @) asn EQO (t1,y) y=zx

(a, )

Thus, = € derive® (N, a) and then x € derive? (N, A). O

Example 3.1. For the conditionals N = {(1,9), (g,t)} and the input set A = {} we have
out?(N, A) = {}, and for the input set C = {g} we have out’?(N,C) = Eq(g,t).

YIn the original input/output logic [140], it is for some conjunction a of elements in A.
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Simple-I1 Boolean I/O operation

Definition 3.11 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the simple-II Boolean operation

as follows:
out?](N, A) =Up(N(Eq(A)))

We put out?, (N) = {(A,z) : z € out®, (N, A)}.

Definition 3.12 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a,z) € derive?;(N) if and only if (a, ) is derivable
from N using the rules {WO, EQI}.

(a,x) <y

WOy )

Given a set of A C Ter(B), (A, ) € derive®;(N) whenever (a,z) € derive?,(N) for some
a € A. Put derive®, (N, A) = {x : (A, 2) € derive? (N)}.

Theorem 3.13 (Soundness). out? (N) validates WO and EQI.
Proof. WO: We need to show that

z € Up(N(Eq(a))) z<y
y € Up(N(Eq(a)))

If z € Up(N(Eq(a))), then there is t; such that t; < x and (a,t;) € N or ((b,t1) € N
and a =b). If x <y, then ¢; <y and we have y € Up(N(Eq(a))).

EQI: We need to show that

z € Up(N(Eq(a))) a=b
z € Up(N(Eq(b)))

EQI

If x € Up(N(Eq(a))), then there is t; such that t; < z and (a,t1) € N or ((¢,t1) € N
and a = ¢). Hence, if a = b, then by definition x € Up(N(Eq(b))).
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Theorem 3.14 (Completeness). out? (N) C derive?,(N).

Proof. We show that if € Up(N(Eq(A))), then (A,x) € derive? (N). Suppose = €
Up(N(Eq(A))), then there is ¢; such that t; < x and (a,t1) € N or ((b,t1) € N and a = b)

for a € A. There are two cases:

a,t th <z b,t a=1"
woleh)  ti< EQI (b,t1)
(a,2) (a,t1) th<aw
140
(a, )
Thus, € derive?;(N,a) and then x € derive?; (N, A). O

Example 3.2. For the conditionals N = {(1,9),(g,t)} and the input set A = {} we have
outB (N, A) = {}, and for the input set C = {g} we have out® (N, C) = Up(t).

Simple-minded Boolean I/O operation

Definition 3.15 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the simple-minded Boolean

operation as follows:
outf (N, A) = Up(N (Up(4)))

We put outB(N) = {(A,x) : x € out?(N, A)}.

Definition 3.16 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a, ) € derive(N) if and only if (a, x) is derivable from
N using the rules {SI,WO}.

Given a set of A C Ter(B), (A,z) € derive?(N) whenever (a,z) € derivef(N) for some
a € A. Put derivel (N, A) = {x : (A, x) € derivef(N)}.

Theorem 3.17 (Soundness). out?(N) walidates ST and WO.
Proof. SI: We need to show that

z € Up(N(Up(a))) b<a
z € Up(N(Up(b)))
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Since b < a we have Up(a) C Up(b). Hence, N(Up(a)) C N(Up(b)) and therefore
Up(N(Up(a))) < Up(N(Up(b)))-

WO: We need to show that

z € Up(N(Up(a))) r<y

WO y € Up(N(Up(a)))

Since Up(N(Up(a))) is upward-closed and = < y we have y € Up(N(Up(a))).

Counter-example for AND: We can show that AND is not valid.

(a,z)  (a,y)
(a,z Ny)

AND

Consider the normative system N = {(a,x),(a,y)} we have x € Up(N(Up({a}))) and
y € Up(N(Up({a}))) but z Ay ¢ Up(N(Up({a}))) by definition of Up(X).

Theorem 3.18 (Completeness). out?(N) C derivef (N).

Proof. We show that if x € Up(N(Up(A))), then (A,z) € derivef(N). Suppose = €
Up(N(Up(A))), then there is y; such that y1 € N(Up(A)), y1 < x, and there is ¢; such
that (t1,y1) € N and a < t; for a € A.

(ti,;11) n1 <z
a<t wo (t1,)

(a, )

Thus, 2 € derive (N, a) and then 2 € derived (N, A). O

Example 3.3. For the conditionals N = {(g,t), (—g,t),(a,b)} and the input set A =
{g,—g} we have out?(N, A) = Up(t, t).
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Basic Boolean I/0O operation

Definition 3.19 (Saturated set). A set V is saturated in a Boolean algebra B iff

e IfacVandb>a,thenbeV;
e IfavbeV, thenacVorbeV.

Definition 3.20 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the basic Boolean operation as

follows:
outS (N, A) = {Up(N(V)), A C V, Vis saturated}

We put out5(N) = {(A,x) : x € out5(N, A)}.

Definition 3.21 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a, ) € derive5(N) if and only if (a, ) is derivable from
N using the rules of derive(N) along with OR.

(a,x) (b, z)

OR (aVb,x)

Given a set of A C Ter(B), (A,z) € derive5(N) if (a,z) € derive5(N) for some a € A.
Put derive5(N, A) = {z : (A, z) € derive5(N)}.

Theorem 3.22 (Soundness). out5(N) wvalidates SI, WO and OR.

Proof. OR: We need to show that

R x € out5 (N, {a}) x € out5 (N, {b})
x € out5(N,{aV b})

Suppose {a V b} C V, since V is saturated we have a € V or b € V. Suppose a € V,
in this case since out5 (N, {a}) C Up(N(V)) we have = € out5(N, {a Vv b}).

Theorem 3.23 (Completeness). out5(N) C derive5(N).
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Proof. Suppose = ¢ dem’veé3 (N, A), then by monotony of derivability operation there is a
maximal set V such that A CV and x ¢ derive5(N,V). V is saturated because

(a) Suppose a € V and a < b, by definition of V we have (a,z) ¢ derive5(N). We need
to show that x ¢ derive5(N,b) and since V is maximal we have b € V. Suppose

(b, ) € derive5(N). We have

(b, x) a<b
(a, )

That is contradiction with (a,z) ¢ derive5(N).

(b) Suppose a V b € V, by definition of V we have = ¢ derive5(N,a vV b). We need to
show that = ¢ derive5(N,a) or x ¢ derive5(N,b). Suppose z € derive5(N,a) and

x € derive5 (N, b), then we have

(a,x) (b, x)

OR (aVb,x)

That is contradiction with = ¢ derive5(N,a \V b).

Therefore, we have x ¢ Up(N (V) (that is equal to = ¢ out?(N,V)) and so = ¢ out5 (N, A).
O

Reusable Boolean I/O operation

Definition 3.24 (Semantics). Given a Boolean algebra B, a normative system N C
Ter(B) x Ter(B) and an input set A C Ter(B), we define the reusable Boolean operation

as follows:
out§ (N, A) = N{Up(N(V)),ACV =Up(V) 2 N(V)}

We put out] (N) = {(A,x) : x € out§ (N, A)}.

Definition 3.25 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a,z) € derive5(N) if and only if (a, z) is derivable from
N using the rules of derive(N) along with 7.

15T stands for transitivity.
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(a, ) (z,)
: (a,y)

Given a set of A C Ter(B), (A, x) € derive§(N) if (a,) € derive§(N) for some a € A.
Put derive§ (N, A) = {x : (A, z) € derive§(N)}.

Theorem 3.26 (Soundness). out5(N) validates ST, WO and T.

Proof. 'T: We need to show that

— € out5 (N, {a}) y € out5 (N, {z})
y € out5 (N, {a})

Suppose that X is the smallest set such that {a} C X = Up(X) 2O N(X). Since
x € out§ (N, {a}) we have z € X and from y € out§ (N, {z}) we have y € X. Thus,
y € out§ (N, {a}).

Theorem 3.27 (Completeness). outy(N) C derive§ (N).

Proof. Suppose = ¢ derive§(N,a), we need to find B such that a € B = Up(B) 2 N(B)
and z ¢ Up(N(B)). Put B = Up({a}Uderive§ (N, a)). We show that N(B) C B. Suppose
y € N(B), then there is b € B such that (b,y) € N. We show that y € B. Since b € B
there are two cases:

e b > a: in this case we have (a,y) € derive5(N) since (b,y) € derivef(N) and we

have

(byy) a<b
(a,y)

SI

e 3z € derive5(N,a),b > z : in this case we have

(by) z2<b
D N )
(a,)

We only need to show that x ¢ Up(N(B)) = out?(N,{a} U derive5(N,a)). Suppose
x € Up(N(B)), then there is y; such that > y; and 3tq, (t1,y1) € N and t; € Up({a} U

derivel(N,a)). There are two cases:
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e t1 > a: in this case we have

(t1, 1) a <t
(a,y1) Yy <x
(a,z)

ST
WO

e dz € derive?(N, a),z1 < t1: in this case we have

(t1,y1) z1 <t

ST
(a,z1) (21, 91)
WO (a7 yl) n<w
(a, )
Thus, in both cases (a, ) € derive5 (N) and then = € derive5(N, a) that is contradiction.

O

Example 3.4. For the conditionals N = {(1,9), (g9,t), (—g,-t), (a,b)} and the input set
A = {~g} we have out§ (N, A) = Up(g, t, t).

3.3 Obligatory Norms: Input/Output Operations

In this section, we add the rule AND and cumulative transitivity (CT) to our introduced
derivation systems. We aim to rebuild the derivation systems introduced by Makinson

and van der Torre [140] for deriving obligations.

Definition 3.28 (Proof system). Given a Boolean algebra B and a normative system
N C Ter(B) x Ter(B), we define (a,z) € deriveX (N) if and only if (a,z) is derivable

[

from N using FQO,EQI,SI,WO,OR, AND,CT as follows:

deriveX Rules AND (a,2) (a,9)
derive /NP {WO, EQI, AND} (@, N\ y)
derive{\NP {SI, WO, AND}

deriveAND {SI, WO, OR, AND} oT (a,2) (anzy)
dem'veICT {SI, EQO, CT} (a,y)
dem’veICIT {WO, EQI, CT}

deriveT {SI, WO, CT}

deriveS NP (ST WO, CT, AND}

Given a set of A C Ter(B), (A, x) € derive;X (N) whenever (a,z) € deriveX (N) for some

) %

a € A. Put deriveX (N, A) = {z : (A, z) € deriveX (N)}.

7
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Definition 3.29 (Semantics out{'VP). Given a Boolean algebra B, a normative system
N C Ter(B) x Ter(B) and an input set A C Ter(B), we define the AND operation as

follows:
outhDO(N, A)  =out?(N,A)

outhD"H(N, A) = outMNP"(N, A) U
{ynz:y,z € outNP" (N, {a}), a € A}
outiNP(N, A) = Upen outNP" (N, A)

We put outVP(N) = {(A,z) : v € outNP (N, A)}.
Definition 3.30 (Semantics outiCT). Given a Boolean algebra B, a normative system

N C Ter(B) x Ter(B) and an input set A C Ter(B), we define the CT operation as

follows:

outiCTO(N, A)  =out?(N,A)
outST" " (N, A) = outST" (N, A) U

{z:y € out¢T"(N,{a})andz € out’T"(N,{a Ay}), ac A}
outéT (N, A) = Upen outST" (N, A)

We put outéT(N) = {(A,z) : v € outST (N, A)}.

Definition 3.31 (Semantics outiCT’AND

N C Ter(B) x Ter(B) and an input set A C Ter(B), we define the CT,AND operation

as follows:

). Given a Boolean algebra B, a normative system

outiCT’ANDO(N, A)  =out¢T(N, A)
CTAND™ (v ) — ouCTAND (N, ) U

{ynz:y,z € outiCT’ANDn (N,{a}), a€ A}
outh’AND(N, A) =Unen outh’ANDn (N, A)

out

We put outS NP (N) = {(A,z) : x € outiCT’AND(N, A)}.

i
Theorem 3.32. Given a Boolean algebra B, for every normative system N C Ter(B) X
Ter(B) we have outNP(N) = deriveNP(N), i € {I1,1,2}; outST(N) = deriveST(N),

ie{l,II,1} and outICT’AND(N) = derive?T’AND(N).

Proof. The proof is based on the reversibility of inference rules. Makinson and van der

Torre [140] studied the reversibility of inference rules.

Lemma 3.33. Let D be any derivation using at most EQI, SI, WO, OR, AND, CT; then
there is a derivation D' of the same Toot from a subset of leaves, that applies AND only

at the end.
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Proof. See Observation 18 [140].

The main point of the observation is that we can reverse the order of rules AND, WO to
WO, AND; AND, SI to SI, AND; AND, OR to OR, AND and finally AND, CT to SI, CT
or CT, AND. Also, we can reverse the order of rules AND and EQI as follows:

g (7 (@) por (@) a=b o (ay) o
EQI (a,z N\y) a=1» AND (b, x) (b,y)
(b,x A y) (b,x A y)

O]

Hence, in each system of {WO, EQI, AND}, {SI, WO, AND} and {SI,WO,OR, AND}
we can apply AND rule just at the end. Thus, we can characterize derinAN D (N) using
the fact deriv®(N) = out?(N) and the iteration of AND.

It is easy to check that we can reverse CT with SI, EQO, WO, and EQI, by this fact
similarly we can characterize derivS'” (N).

. . . . . CT,AND
Finally, since AND can reverse with ST, WO and CT, we can characterize derivy (N)

by applying iteration of AND over out{” (N) that means outlcT’AND(N ).

O]

Similarly, we can define outiOR(N ) operation and characterize some other proof systems :

dem’veZX Rules

derive9 T {SI, EQO, OR}
derive§ TR {SI, EQO, CT, OR}
deriveS O {SI, WO, CT, OR}

deriveSTOBAND (I WO, CT, OR, AND}

Four systems derive{™?  derives™P (or deriveloR’AND )s derive?T’AND and derive;

are introduced by Makinson and van der Torre [140] for reasoning about obligatory norms.

CT,OR,AND
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3.3.1 The miners paradox

To illustrate the advantage and difference of the new proposed semantics with the classic
semantics, we focus on the miners paradox. The miners paradox is discussed by Kolodny

and MacFarlane [126].

Ten miners are trapped either in shaft A or in shaft B, but we do not know
which. Flood waters threaten to flood the shafts. We have enough sandbags
to block one shaft, but not both. If we block one shaft, all the water will go
into the other shaft, killing any miners inside it. If we block neither shaft, both
shafts will fill halfway with water, and just one miner, the lowest in the shaft,

will be killed.

So, in our deliberation, it seems that the followings are true:

1. Either the miners are in shaft A or in shaft B.
2. If the miners are in shaft A, we should block shaft A.
3. If the miners are in shaft B, we should block shaft B.

4. We should block neither shaft.

In principle, it would be best to save all the miners by blocking the right shaft, sentence
2, and 3. Sentence 4 is correct since there is a fifty-fifty chance of blocking the right shaft,
given that we do not know the shaft in which the miners are. This sentence guarantees
that we save nine of the ten miners according to the scenario [218]. The paradox is: the
four sentences jointly are inconsistent in classical logic. Moreover, they are inconsistent in

the context of the Kratzerian baseline view [65].

“The problem is that the ordering of worlds should be sensitive to the shifts
that are introduced by conditional supposition. It may be unconditionally best
to block neither shaft. But if the miners are in shaft A, it will be best to block
A; and if they are in shaft B it will be best to block B. This is not allowed by
the baseline algorithm: if w is the best world in some initial information state,

then it remains best under any supposition P that is true at w.” (Cariani [65])
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Here, we analyze this paradox in our setting. Suppose that the set of norms N =
{(shA,blA), (shB,blB),(T,—-blA N =blB)} represents the sentences 2-4. We choose one
of the output operations for deriving obligation, which satisfies the rule of SI. There are
two ways for representing sentence 1. For the case f(w) = {shA V shB}, as a set of
factual informations, we have —blA A =bIB € out(N©,{shA Vv shB}). There is another
way for representing sentence 1 by means of the ordering source. In the case of g(w) =
{shA, shB}, as a set of possible inconsistent informations, we have bl A, bl B, —blAN-blB €
out(N9,{shA,shB}). Kolodny and MacFarlane [126] introduced a semantics for deontic
modals based on referring to a set of information to analyze miners example. In their
approach, modus pones is invalid, but our approach is based on detachment or modus

pones.

Moreover, by updating the information, if f(w) = {shA} then we have blA, =blAAN—blB €
out(N©9,{shA}). In this case, we know that miners are in shaft A and consider C' = {blA}
as the constraint; by using constrained I/O logic we have blA € out.(N©O, {shA}), see
4.1 for the required definitions. The constraint here gives an ordering over norms, a
distinctive feature for I/O framework over classical semantics. In Chapter 4 we give a

semantical characterization for these constraints.

3.4 1/0O Mechanism over Abstract Logics

An abstract logic [87] is a pair A = (£,C) where £ = (L, ...) is an algebra and C is a
closure operator defined on the power set of its universe, that means for all A, B C L:

e ACC (A)

e ACB=(C(A) CC(B)

e C(A)=C(C(A))
The elements of an abstract logic can be ordered as a < b if and only if b € C({a}).!°
Without loss of generality, we work with the algebra of formulas (or terms in algebraic

context) Fm(X) = (Fm(X),...) for a set of fixed variable X. Similar to Boolean algebras,
we can define Eq and Up operators for A C Fm(X).

164 = b if and only if a < b and b < a.
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Definition 3.34 (Semantics). Given an abstract logic A = (Fm(X),C), a normative
system N C Fm(X)x Fm(X) and an input set A C F'm(X), we define the I/O operations

as follows:

e outi(N, A) = Eq(N(Eq(A)))
o out{'(N, A) = Eq(N(Up(A)))
o outf} (N, A) = Up(N(Eq(A)))
e out{(N,A) = Up(N(Up(A)))
e outs'(N, A) = ({Up(N(V)), A C V, Vis saturated}!”

o outA(N, A) = ({UP(N(V)), AC V = Up(V) 2 N(V)}

We put out? (N) = {(A,2) : @ € out (N, A)}.

Definition 3.35 (Proof system). Given an abstract logic A = (Fm(X),C) and a nor-
mative system N C Fm(X) x Fm(X), we define (a,7) € deriveg'(N) (derives'(N),
derivery(N), derives*(N), derives'(N), derives' (N)) if and only if (a, ) is derivable from
N using the rules {EQI, EQO} ({SI,EQO}, {WO,EQI}, {SI, WO}, {SI, WO,OR},
{SI,WO,T}). Put derive(N,A) = {z : (A,z) € derivei*(N)}.

Theorem 3.36 (Soundness and Completeness). out{*(N) = derivei*(N).

Proof. The proofs are same as soundness and completeness theorems in Section 3.2. [

A logical system L = (L,ty,) straightforwardly provides an equivalent abstract logic
(Fmyp,Cr,). Therefore, we can build I/O framework over different types of logic in-
clude first-order logic, simple type theory, description logic, different kinds of modal logics

that are expressive for the intentional concepts such as belief and time.

Example 3.5. In modal logic system KT, for the conditionals N = {(p,0q), (q,7), (s,t)}
and input set A = {p} we have out¥T (N, A) = Up(Ogq, 7).

Moreover, we can add other rules such as AND and CT to the systems same as Section 3.3.
There is a similar result for building the simple-minded I/O operation over Tarskian con-

sequence relations [68] (see the discussion about abstract input/output logic [199]).

"For this case, the abstract logic A = (Fm(X), C) should include V, that is a binary operation symbol,
either primitive or defined by a term and we have a V b,bV a € C({a}) (V-Introduction) and if ¢ €
C({a}) N C({b}) then ¢ € C(aV b),C(bV a) (V-Elimination). Saturated sets are defined similarly, see
Definition 3.19.
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3.4.1 Nested I/O operations

Theorem 3.37. Every out?, and outg4 operation is a closure operator.

Proof. We just look at 1/O operations over Boolean algebras, the argument for abstract

logics is similar. We need to show that

e N CoutB(N)
e NC M = outb(N) C out; (M)

e outB(N) = outB(outb(N))

By soundness and completeness theorems we know that outP(N) = derive?(N). So
we study deriveP(N) that is more simple than out®(N). The first two properties are
clear by definition of derivef. For the last one, we need to show that deriveP(N) =
derivef (deriveP(N)). We have deriveb (deriveP (N)) = derive? ({(A, z)|(a, ) € derive?(N)

for some a € A}) = {(A, z)|(a,z) € derive®(N) for some a € A} since N C {(A, z)|(a, )

)

€ deriveP(N) for some a € A} and same rules apply over derive?(N). Actually we need
to show that if (a,z) € derive? (N) then derive? (N) = deriveP (N U{(a,z)}) that is hold
for deriveb.

O

Since out? is a closure operator so we can define outf(M ,outB(N)) where N C Ter(B) x
Ter(B), M C (Ter(B)xTer(B))x (Ter(B)xTer(B)) and in the abstract logic A we have
L = NxN and C = outB. The corresponding characterization is derivef(M ,deriveB(N)).
Similarly, we can define nested out}“(M ,out{{(N)) operations.
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3.5 Co

nclusion

In summary, we have characterized a class of proof systems over Boolean algebras for a

set of explicitly given norms as follows:

deriveP Rules
derive {EQO}
derive’? {EQI}
derive§  {EQI, EQO}
derive’? {SI, EQO}
derive®,  {WO, EQI}
derive¥ {SI, WO}
deriveS  {SI, WO, OR}
derive§  {SI, WO, T}

(a’7 :ZJ) r =1y
EQO (a,9)
(a,x) a="b
EQI b, 2)
(a,x) b<a

(a,x) <y
WO (a,y)
(a,x) (b, x)
OR (aVb,x)
(a,z) (z,y)

(a,y)

Each proof system is sound and complete for an I/O operation. For each of the introduced

I/O operations, we can define a new I/O operation version that allows input reappear

as outputs. Let Nt = N U I, where I is the set of all pairs (a,a) for a € Ter(B). We

define outZBJr (N, A) = outP(NT, A), the characterization is same as out?. It is interesting

to compare the introduced systems with minimal deontic logics [71, 102], and its similar

approaches, such as [76], that do not have deontic aggregation principles. In Section 4.2, we

study the neighborhood semantics of input/output operations. Moreover, in this chapter

we have shown that how we can add two rules AND and CT to the proof systems and find

representation theorems for them.

dem’vegx Rules

derivetNP {WO, EQI, AND}
derive{NP {SI, WO, AND}
derives NP {SI, WO, OR, AND}
derive§T {SI, EQO, CT}
dem’veICIT {WO, EQI, CT}
derive™ {SI, WO, CT}
deripe{TANP {SI, WO, CT, AND}
derive9F {SI, EQO, OR}
derive§ TR {SI, EQO, CT, OR}
deriveS 08 {SI, WO, CT, OR}

derive;

CT,OR,AND

{SI, WO, CT, OR, AND}

AND

CT

(a, z) (a,9)
(a,z N\y)
(a,x) (a ANz,y)

(a,y)
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The input/output logic is inspired by a view of logic as “secretarial assistant”, to prepare
inputs before they go into the motor engine and unpacking outputs, rather than logic as
an “inference motor”. The only input-output logics investigated so far in the literature
are built on top of classical propositional logic and intuitionist propositional logic. The
algebraic construction shows how we can build the input/output version of any abstract
logic. Furthermore, we can build I/O framework over posts (A, <) where A is a set and < is
a reflexive, antisymmetric and transitive binary relation. The monotony property of closure
has no rule in the proofs and we can build I/O operations over non-monotonic relations.
We pose combining I/O operations with consequence relations that do not satisfy inclusion
or idempotence property [139] as a further research question. For example, combining the
original I/O framework with a consequence relation that does not satisfy inclusion where
the consequence relation is an input/output closure (A € out(N, A) is not necessary) was

explored by Sun and van der Torre [201].

Future research could investigate whether the proposed I/O frameworks already supports
non-trivial applications in AI. We could consider the proposed I/O frameworks as the
rule-based systems that are knowledge-base friendly in the sense that could deal with
inconsistent information and could be applied over different kinds of knowledge bases,
represented as set of logical formulas. Moreover, we could present an embedding of new
I/O operations in HOL [31, 28, 29], see Chapter 5.

Finally, we have introduced a unification of the classic and norm-based semantics for rea-
soning about permission and obligation; it is worth to investigate exploring the philosoph-
ical and conceptual advantages of integrating the norm-based semantics into the classic
semantics [218, 112]. The introduced semantics is based on the interaction between norma-
tive reasoning and informational and motivational modalities. There is more complexity
in motivational modalities comparing to the informational one. For example, there is a hi-
erarchy in our intentions [58]. How can we represent this hierarchy in the proof system and
semantics of /O systems? As an instance we can look at Anankastic conditionals.'® The

9

Anankastic conditional “If want 1, should ¢” is interpreted as a best-means-of relation
between 1 and ¢. In addition, we can use the introduced I/O logical systems for other
conceptual reasoning. There are other domains where dropping reflexivity from logical
consequence relation is appropriate such as causality [47] and credulous reasoning along

dropping AND rule for belief change [48].

18For a full discussion see the ESSLLI 2016 course: Deontic modality: Linguistic and Logical Perspectives
on Oughts and Ends.



Chapter 4

Norms, Preferences, and

Contrary-to-Duty

The so-called dyadic deontic logic approach developed mainly by Rescher [178], von Wright
[223], Danielsson [80], Hansson [109], van Fraassen [216, 217], Lewis [132], Spohn [188],
Aqvist [9, 10, 12], Goble [100, 101], and Parent [158, 159, 161] use a primitive binary
conditional obligation operator. The dyadic deontic logic approach was motivated by
the well-known paradoxes of contrary-to-duty (CTD), see Subsection 2.2.3. The approach
faces outstanding problems such as detecting deontic dilemmas [174, 57, 213] and wviolation
detection [210, 166]. Against conditional obligations [57, 205, 206, 207], more sophisticated
proposals suggested by synthesizing monadic deontic logic and a conditional theory [149,
155, 57, 213, 214, 181]. The first proposal was given by Mott [149]:

“I wish to argue that the problems which motivated dyadic deontic logic can
be adequately resolved in monadic deontic logic with a stronger conditional
than material implication. I shall conclude that the conditional required is
that developed by David Lewis...” (Mott [149])

It has suggested that the theory of conditional obligations has two components and is not
anymore primitive, as Thomason [204]: “A proper theory of conditional obligation will
be the product of two separate components: a theory of the conditional and a theory of
obligation.” Input/output logic is developed by Makinson and van der Torre for reason-
ing about (monadic) obligations and permissions [140, 142]. It is promising to combine
conditional logic and input/output logic for reasoning about conditional obligation and

permission. Moreover, it is open whether by using a conditional theory, obtained by a

60
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preference relation, inside input/output logic, it can support contrary-to-duty scenarios.
Constrained I/O logic [141] was introduced for reasoning about contrary-to-duty problems.
There are syntactical ([141], Section 6) and proof theoretical ([198], Section 3) character-
izations for constrained I/O logic. Here, constraints are preferences. In this sense, we

present a semantical characterization for constrained I/0 logic.

The question of this chapter is: How can we integrate input/output logic with Hansson and
Lewis’s conditional theory for building a new compositional theory about conditional deontic
modals? We propose to combine input/output logic [140] as a logical theory about deontic
modals with Hansson and Lewis’s conditional logic [109, 132]. The semantical construct
of conditional logics is defined in terms of possible worlds models by seminal works due
to Lewis [131], Stalnaker [189, 190], Pollock [171], Chellas [70], and Burgess [64], among
others. The logics comprise a notion of preference or choice among worlds: a conditional
@ > 1 is true at a world w if ¢ is true in all the (best) worlds most good/normal/similar
to w in which ¢ is true [153]. Simply, in the actual world, ¢ > 9 holds if the best p-worlds
are 1-worlds. The various kinds of choosing the best worlds (among worlds) were explored

by Parent [160], which was used to define the dyadic deontic obligations [159].

On the other side, Hansson and Lewis’s conditional theory [109, 132] is too weak to repre-
sent inconsistency in deontic dilemmas [174, 213]. We can combine input/output logic as a
non-monotonic defeat mechanism with Hansson and Lewis’s conditional theory [109, 132]
to detect these dilemmas. Prohairetic deontic logic (PDL) was investigated by van der
Torre and Tan [213] to formalize contrary-to-duty conditionals [109, 132] and detect de-
ontic dilemmas. It is based on combining two dyadic deontic operators for each task.
Their formalization is in terms of monadic deontic logic and a deontic betterness relation.
They take the axiomatization of the underlying modal logic, which provides a uniform
semantically framework for the both operators [203, 214, 213]. Our axiomatization comes
directly from the chosen conditional logic and the derivation system of input/output logic.
It is flexible to add or remove inference rules such as weakening of the output (WO),
reasoning by cases (OR), cumulative transitivity (CT), and more interestingly rules with
consistency check. In this sense, our approach provides a uniform syntactical way to
combine Hansson and Lewis’s conditional theory [109, 132] with a non-monotonic mech-
anism. A problem in most solutions for detecting dilemmas is that the set of formulas
N ={O(—=¢/p1), O /p2)} is inconsistent or ¢1 A @2 is impossible [213]. In our setting
the set of formulas N is not necessary inconsistent, given {1, @2} consistent. We detect

dilemmas by using detachment in the output operations.
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Before introducing our compositional theory of conditional obligations and permissions, we
study the neighborhood semantics of input/output operations. Then we use the valuation
functions from a set of propositional symbols into the class of Boolean algebras for defining
our conditional theory. It is a well-known fact that Boolean algebras are the algebraic
models of (classical) propositional logic. In Chapter 3, we developed I/O mechanism over
every Boolean algebra. So the natural question would be extending algebraic models
of propositional logic along with I/O operations over Boolean algebras. We show that
the extension of propositional logic with a set of conditional norms is sound and complete
respect to the class of Boolean algebras that the corresponding I/O operation holds through
all of them. In fact, the valuation functions play the role of possible worlds, and the order
over them supports the theory of conditionals. The proposed I/O framework is expressive
enough to represent preferential conditionals. Mainly, it is capable of resolving contrary-

to-duty paradoxes along requirements suggested by Carmo and Jones [66].

The chapter is structured as follows: Section 4.1 provides a quick review of constrained
I/O logic, and presents our suggested solutions for contrary-to-duty statements. Sec-
tion 4.2 gives a neighborhood characterization of I/O operations. Section 4.3 integrates
a conditional theory into input/output logic. Section 4.4 presents a sequent calculus for
input /output logic. Section 4.5 and Section 4.6 will extend our results over propositional

intuitionistic logic.

4.1 Norms-based Deontic Reasoning and Contrary-to-Duty

First, we review the approach proposed by Makinson and van der Torre [141], and then

we introduce two kinds of solutions for dealing with contrary-to-duties.

Original solution by Makinson and van der Torre In the original approach pro-
posed by Makinson and van der Torre [141], the contrary-to-duty problem is resolved
according to the maxfamily of norms in which the output is consistent with some con-

straint.

Definition 4.1 (Constrained I/O logic). Define!

e mazfamily(N,A,C) = {N' C N : out(N', A) is consistent with C'}

e outfamily(N,A,C) = {out(N', A) : N € maxfamily(N, A,C)}

1See Subsection 2.2.2 for more definitions.
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e Constrained, net output: out.(N,A) = /Joutfamily(N, A,C)

For example, consider the following scenario of contrary-to-duty problem:

(1) Personal data shall be processed lawfully.

(2) If the personal data have been processed unlawfully, the controller has the obligation

to erase the personal data in question.
(3) It is obligatory not erase the personal data provided that it is processed lawfully.

(4) Some data has been processed unlawfully.

We can represent above statements as the set of norms N = {(T,pl), (—pl,er), (pl, —er)}

and the input case A = {-pl}. We can reason as follows:

e For out; we have max family(N, A, A) = {{(—pl, er), (pl, —er)}} and out family(N, A,
A) ={Cn(er)}.

e For outs we have mazfamily(N, A, {}) = {{(T,pl), (—pl,er)},{(T,pl), (pl,—er)},
{(=pl,er), (pl,—er)}} and out family(N, A,{}) = {Cn(pl,er), Cn(pl, —er), Cn(er)}.

The out family operations in the constrained version of I/O logic [141] can be used for
reasoning about contrary-to-duties. There are syntactical ([141], Section 6) and proof

theoretical ([198], Section 3) characterizations for constrained I/O logic.

Initial solution: Removing SI We have introduced two basic systems {WO, EQI,
AND} and {WO, EQI,CT}, in which the SI rule is absent (see Section 3.3). For the
Chisholm set {(1,9), (g,t), (g, —t)} we just have Up(—t) as the output when the input
set is {—g}. The main problem with this approach is that we cannot detach primary
obligations from the system. For example, if we add more primary obligations to the
Chisholm set, such as the moral norm of being kind with your neighbors represented by

(1,k). Contrary to our intuition k is not in the output set when the input is {—g}.

Advanced solution: Combining preferential conditionals and normative rea-
soning Our putative solution is based on a logical system comprised of input/output

logic with Hansson and Lewis’s conditional theory. So, a conditional obligation is the
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combination of a unary obligation and the conditional. Simply, we analyze conditional
obligation sentences which have the form a > (Ox, where > is a classic conditional con-
nective [131]. Given the set of obligatory norms N and suppose (a,z) € NO, we define

the new conditionals as follows:
a > QO holds iff (a,x) € derive;(N°) and a > x holds

where derive;(N©) is an appropriate derivation system for obligation. In fact, we consider
modal translation of a — Qu for (a,z) € derive;(N?). This makes our definition a

compositional definition of monadic obligation and conditionals.

For a given set of permissive norms N¥, by choosing a plausible derivation system for
permission, derive;(N P ), similar to the definition of conditional obligation, we can define

the conditional permission:

a > Pz holds iff (a, ) € derive;(N¥) and —(a > —z) holds

where —(a > —z) is the conditional dual of @ > z. We denote the set of new conditional
obligations by derive? and the set of new conditional permissions by derivelP . This chapter
does not mention subscripts or superscripts of the normative system or derivation systems

if it is clear from the context or does not affect on our discussion.

o

In the contrary-to-duty examples, the focus is on conditional obligations. derive” (as

well derive?) has two main differences with the original derivation operation. Given the

normative system N,

1. derive? is not reflexive. If (a,z) € N, it is not necessary that a > Qz € deriv®(N).

In the original derivation system we have N C deriv(N).

2. derive® dose not validate the rule of SI while the derive validate it. If a > Qz €
derive®(N), it is not necessary that a A b > Oz € derive®(N).

Carmo and Jones [66] formulate several requirements that a plausible solution to the

contrary-to-duty paradox should endorse them all.

e (i) Consistency of the CTD formalisation and (ii) Logical independence

Parent and van der Torre [167] consider these two items “self-explanatory” for I/O
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operations. They are self-explanatory since the derivation system is reflexive N C
derive(N), and the CTD statements are explicitly represented as norms. While,
when we integrate 1/O operations with a conditional theory and drop the reflexivity
property, it would be challenging whether we can derive all the initial norms (N ¢
derive®(N)). However, the same algorithm of ordering by using the number of
violations [109] gives a preference such that we can detach all the CTD statements

form the corresponding derivation system.

e (iii) Uniform representation of logical structures for conditional sentences
Parent and van der Torre [167] interpreted this requirement as “Uniform rep-
resentation of norms” for the norm-based deontic reasoning. It seems that this
requirement considers a specific theory of conditionals that support both statements,
while it was not explored enough which kind of conditionals are supported by 1/0
operations. In this thesis, we study the neighborhood characterization of I/O opera-
tions, and then we compose a conditional theory built on top of a preference relation

inside I/0 logic. We use the conditional theory for representing CTD statements.

e (iv) Applicability to (at least apparently) timeless and actionless CTD
examples This item is motivated by Prakken and Sergot [174]. Our formalism is

not dependent on action or time.

e (v) Capacity to derive (ideal and actual) obligations The semantical construct

of I/O operations allows detaching obligations from an input set.

e (vi) Capacity to avoid the pragmatic oddity Following Parent and van der

Torre [167] we argue that our system is capable of avoiding pragmatic oddity.

e (viii) Capacity to represent the fact that a violation of an obligation has
occurred We can simply represent violation as pair of a € out(N, A) and —« €
Up(A).

e “No ‘drowning’ effect” and (ix) “Ability to allow for a certain amount

of agglomeration” are added by Parent and van der Torre [167]. No ‘drowning’
effect is the ability for showing the violated obligations and the agglomeration is the
ability to derive the conjoined obligation, for example, it is reasonable that we derive
O(=f As) from O(f Vs) and O(—f) [114]. The proposed system satisfies these two

requirements.
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Pragmatic oddity

The term “pragmatic oddity” refers to a counter-intuitive situation of representing CTD

examples in the SDL, introduced by Prakken and Sergot [174].

“It is a bit odd to say that in all ideal versions of this world you keep your
promise and you apologise for not keeping it. This oddity—we might call it
a ‘pragmatic oddity’—seems to be absent from the natural language version,
which means that the SDL representation is not fully adequate.” (Prakken
and Sergot [174])

Parent and van der Torre [167] discussed that norm-based approach, input/output logic,
can avoid the pragmatic oddity by adding a consistency check to the rule of AND for
deriving the conjoined obligation. In the I/O framework proposed in Chapter 3 (see
Section 3.3), we can use the same method and design derivation systems that avoid the

pragmatic oddity. For example, consider the following rule

(a,z) (a,y) aNxAy#0

R-AND (.2 N y)

We can revise the rule of R-AND (similar to AND) with EQI, WO, SI, OR and (SI, CT),

so we could characterize the following systems as before (see Section 3.3):

dem’veﬁ_AN D Rules derz'veiCT’R_AND Rules
derivesAND fWO, EQI, R-AND} deriveSTTANP 181 WO, CT, R-AND}
deripel=AND {SI, WO, R-AND}

R-AND 191, WO, OR, R-AND}

derive

Example 4.1. Let N = {(1,k), (-k,a)} and A = {=k}, we have k € derivel NP (N, {-k})
and a € derivel™ NP (N {=k}) but k A a ¢ derivel=ANP (N {=k}).

Ross’s paradox

In the norm-based approach, we resolve Ross’s paradox (deriving obligation of sending

a letter or burning it from the obligation of sending a letter) by removing WO from

the proof system. For example in the system of derive$? (see Section 3.3) we have

s € derive$T({(1,5)}, {1}) but s Vb & derive§T({(1,5)},{1}).
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4.2 Neighborhood Characterization of I/O Operations

The language of classical propositional logic consists of the connectives Lo = {A,V,—, T, L}.
Let X be a set of variables; as usual we define the set of formulas over X and refer to it

by Fm(X).2 The algebra of formulas over X is the Boolean algebra as follows:
Fm(X) — <Fm(X), /\Fm(X)7 \/Fm(X)’ _|Fm(X)’ TFm(X)’ J_Fm(X)>

where AF™(X) (0, 90) = (p A ), VERE) (0, 90) = (p v §p), FmE) () = —p, TFME) = T,
and LFm(X) — | We define ¢ F¢ ¢ if and only if ¢ < ¥; and ¢ —¢ ¢ if and only if
@ <9 and i < @.

Definition 4.2. Let N C Fm(X) x Fm(X) where X is a set of propositional variables.
(p, ) € deriveiFm(X)(N) if and only if (p,%) is derivable from N using FQO, EQI,

SI,WO,OR,T as follows:

dem’vef‘m(X) Rules " WO (p,v) Yo
dem’vegm(x) {EQO} EQO (7, 9) (9 (;b) cé (¢, ¢)
dem’velzm(x) {EQI} 7

dem’vegm(x) {EQI, EQO}

Y ¢,
derive; ™™ {SLEQO} gqr (o) e or ¥ (;v ¢,1(ﬁ) )
derivel ™) (WO, EQI} (¢:9)
dem’vefm(X) {SI, WO}
derive; ™) {SI, WO, OR} _ (p¥)  dloy ) (@.9)
derz'vegm(x) {SI, WO, T} (¢,9) (¢, @)

We define (I',v) € dem’vefm(x)(]\f) if (p,¢) € derivefm(X)(N) for some p € I' C Fm(X).
Put dem’vefm(X)(N, r={y:(Iy) e derivefm(x)(N)}.

Example 4.2. For the Chisholm conditional norm set N = {(T,g),(g,t), (g, —t)} and
input set A = {—g} we have outSFm(X) (N,A) =Up(t,t,g).

Definition 4.3 (Input/Output Neighborhood model). A neighborhood model for in-
put/output logic (ION) is a triple M = (W, f,V) where W is a set of possible worlds,
V is a valuation function and f is a neighborhood function f : P(W) — P(P(W)) such
that

2For the precise definition we use auxiliary symbols brackets ), (. So except for the use of brackets, the
formulas over X are the Boolean-terms over X: Ter(X).



Chapter 4. Norms, Preferences, and Contrary-to-Duty 68

e SI: Y € f(X) and Z C X then Y € f(2)
e WO:Y € f(X)and Y C Z then Z € f(X)
e OR: Z € f(X) and Z € f(Y) then Z € f(X UY)

e T:Y € f(X)and Z € f(Y) then Z € f(X)

Satisfiability of a formula ¢ for a ION model M = (W, f, V) and a world s € S is expressed
by writing that M, s = ¢ and we define VM (p) = {s € S| M,s = ¢}.

M,s = p’ iff seV(p?)
M,s = —p iff M, s [~ ¢ (that is, not M, s = ¢)
M,sE oVvy iff MsEyporM,skE=1

M,skE =14 iff V() e f(V(e)

As usual, a formula ¢ is valid in a ION model model M = (W, f, V), i.e. M = ¢, if and
only if for all worlds s € S we have M, s = ¢. A formula ¢ is valid, denoted |= ¢, if and
only if it is valid in every ION model.

Theorem 4.4 (Neighborhood model for simple-minded I/O logic). Given a set of condi-
tional norms N such that in the ION model M = (W, f, V) if (p,v) € N then V(¢) €
F(V(p)) and also f satisfies SI and WO we have

(p,0) € derive]fm(x)(N) implies M |= ¢ = 1.

Proof. Suppose (p,9) € derivefm(x)(N ) then by completeness there is 17 such that
1 € N(Up(p)), ¥ > 11 and there is v such that (y1,41) € N and ¢ < ;. Then,
V(1) € f(V(7)) and V(¢) € V(71). Since V(p) € V(71) we have V(1) € f(V(p)) and
since V(¢) 2 V(1) we have V(¢) € f(V(p)). O

Theorem 4.5 (Neighborhood model for basic I/O logic). Given a set of conditional norms
N such that in the ION model M = (W, f, V) if (p,¢0) € N then V(¢) € f(V(p)) and
also f satisfies SI, WO and OR then we have

(p,9) € dem‘vegm(x)(N) implies M = ¢ = .
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Proof. The proof is by induction on the length of proof (¢, 1) € derivegm(X)(N).

Base case: If (¢,1) € N then V(¢) € f(V(¢)) by definition.

Inductive step: We show that for n > 0 if V(¢)) € f(V(¢)) holds for n, then also V(¢) €
f(V(g)) holds for n + 1.

Suppose that the length of proof (¢, 1) € deriveZ(N)is n+1. There are three possibilities:

o Using SI in the last step: there is § such that (6,1) € derivegm(x)(N) and ¢ < 4.
In this case, by induction step we have V(¢) € f(V(4)) and by property SI of f we

have V(¢) € f(V(p))-

e Using WO in the last step: there is § such that (p,0) € dem’vegm(X)(N) and 0 < ).
In this case, by induction step we have V(d) € f(V(¢)) and by property WO of f
we have V(¢) € f(V(p)).

o Using OR in the last step: there is §; and 62 such that (91,), (d2,%) € derivegm(x)(]\f)

and ¢ = 01 V d2. In this case, by induction step we have V(¢) € f(V(61)) and
V() € f(V(d2)) and then by property OR of f we have V(¢) € f(V(p)).

O]

Theorem 4.6 (Neighborhood model for reusable I/O logic). Given a set of conditional
norms N such that in the ION model M = (W, f, V) if (p,) € N then V() € f(V(p))
and also f satisfies SI, WO and T then we have

(p,0) € derivegm(X)(N) implies M |= ¢ = 1.

Proof. The proof is similar to Theorem 4.5. We just check the case when T is in the last
step of derivation: there is ¢ such that (p,0),(d,v¢) € derivegm(X)(N). In this case, by
induction step we have V(J) € f(V(¢)) and V(¢) € f(V(6)) and then by property T of f

we have V() € f(V(p)). O

4.3 Synthesizing Normative Reasoning and Preferences

Given (Fm(X),F¢), let B be a Boolean algebra and X be a set of propositional variables.
A valuation on B is a function from X into the universe of B. Any valuation on B can

be extended in a unique way to a homomorphism from the algebra Fm(X) into B. A
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valuation V' on B satisfies a formula if V(¢) = 1p and it satisfies a set of formulas if it

satisfies all its elements [115].

Definition 4.7. For any Boolean algebra B, we can define the consequence relation Fp

as follows:

I' g ¢ if and only if any valuation on B that V(I") = 15 then V(p) = 13

Definition 4.8. Let BA be the class of all Boolean algebras. We can define the conse-

quence relation Fga as follows:

I' Ega ¢ if and only if for any Boolean algebra B, I' Fp ¢

Theorem 4.9. For every set of formulas I and every formula o,
I'EBa ¢ if and only if I' o .

Proof. See [46, 115]. O

Theorem 4.10. Let X be a set of propositional variables and N C Fm(X)x Fm(X). For
a given Boolean algebra B and a valuation V on B we define NV = {(V(¢), V(¥)|(p, ) € N'}.
We have

(p,0) € dem’veFm(X)(N)

if and only if

V() € outB(NV {V(p)}) for every B € BA, for every valuation V on B.

Proof. We do the proof for the case i = 1.

e Suppose (p,1)) € dem’vefm(X) (N). For an arbitrary valuation V and arbitrary

Boolean algebra B € BA we need to show that V(1) € outB(NV, {V(¢)}).

The proof is by induction on the length of the proof (¢, ) € dem’vefm(X)(N).
Base case: If (p,1) € N then (V (), V(1)) € NV by definition and we have V () €
outB(NV, {(V(0)}).

Inductive step: We show that for n > 0 if V(1) € outB(NY,{V(¢)}) holds for n,

then also V(¢) € out?(NV,{V(¢)}) holds for n + 1.

Suppose that the length of proof (p,) € derivefm(x)(N) is n + 1. There are two

possibilities:



Chapter 4. Norms, Preferences, and Contrary-to-Duty 71

— Using SI in the last step: there is ¢ such that (¢,9) € derivefm(X)(N) and
¢ Fc ¢. In this case, by induction step we have V(1) € outB(NV {V(4)})
and by Theorem 3.18 we have (V(¢),V(¢))) € derive®(N). Since ¢ o ¢
then by Theorem 4.9 we have ¢ Fpa ¢. So V(¢) A V(¢) = V(¢) . Then
from (V(¢),V(¥)) € derive¥(N) and V(p) < V(¢) using rule ST we have
(V(g), V(%)) € derive®(N) and by Theorem 3.17 V(1) € outP(NV, {V(¢)}).

— Using WO in the last step: there is ¢ such that (p,¢) € derive(N) and
¢ Fc 9. In this case, by induction step we have V(¢) € out¥(NV,{V(p)})
and by Theorem 3.18 we have (V(g),V(¢)) € derive¥(N). Since ¢ F¢o 1
then by Theorem 4.9 we have ¢ Fga 1. So V(¢) AV (¢) = V(¢) . Then
from (V(g),V(¢)) € deriveB(N) and V(¢) < V(3b) using rule WO we have
(V(p), V(%)) € derive(N) and by Theorem 3.17 V(1)) € out®(NV {V(¢)}).

e The proof is by contraposition for the other direction. Suppose that (¢,v) ¢
derz’vefm(x) (N), if we take Fm(X) as a Boolean algebra then by Theorem 3.18
(-2 outfm(X)(N ,{®}), then if we put valuation function as the identity function on
the algebra F'm(X) we have ¢ ¢ outf:Fm(X)(N, {¢}).

O

The proof for other derivation systems deriveFRm(X) (N), dem’vegm(x) (N), dem’vefm(x) (N),
derivef?(X)(N), derivegm(x)(]\f), and derivegm(X)(N) is similar. Also we can extend
the proof for arbitrary input set I" C Fm(X). Suppose (I,) € derivefm(X) (N) then
(p ) € derivefm(X)(N) for ¢ € I'. As above we have V(¢) € outP(NV {V(p)})
for every B € BA, for every valuation V on B; that by definition of out? we can say

V(1) € outP(NV {V(p)|V(¢) € V(I')}) for every B € BA, for every valuation V on B.

Theorem 4.11. Let X be a set of propositional variables and N C Fm(X)x Fm(X). For
a given Boolean algebra B and a valuation V on B we define NV = {(V (¢), V(¥)|(¢,9) € N}.
We have

(p,0) € derivef‘ND (N)

if and only if

V() € outNP(NV {V(p)}) for every B € BA, for every valuation V on B.3

3 outNP(NV {V(p)}) is defined for every Boolean algebra B, see Definition 3.29.
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Proof. e The proof from right to left is similar to Theorem 4.10. We just check
the case when AND is the last step of derivation: there are d; and do such that
(¢,61), (¢, 02) € deriveNP(N) and 1) = §; A §2. In this case, by induction step we
have V(61) € outdNP(NV {V(p)}) and V(83) € out!NP(NV {V(¢)}). By Theo-
rem 3.32 we have (,61) € deriveNP(N) and (p,d9) € deriveNP(N). Then by
using rule AND we have (p,81 A &) € derive/'NP(N) and then by Theorem 3.32
V() € outfNP(NY (V()}).

e The proof is by contraposition for the other direction. Suppose that (¢,v) ¢
derivefNP(N), if we take Fm(X) as a Boolean algebra then by Theorem 3.32
Y ¢ out{™P(N,{p}), then if we put valuation function as the identity function
on the algebra Fm(X) we have ¢ ¢ out{NP(N, {p}).

Also we can extend the proof for arbitrary input set I" C F'm(X). We can extend this

theorem for other adding rule operators. O

4.3.1 Consistency check

Definition 4.12. Let X be a set of propositional variables and N C Fm(X) x Fm(X).
Given the constraint C' that is a set of formulas C C Fm(X). We define (¢,v)
derive{ (N) if and only if

(p,0) € dem’vefm(x)(N) and C,¢ Fc L.

Given a set of I' € Fm(X), we define (I',¢) € derivel (N) if (p,1) € derivel (N) for

i

some @ € I'.

Theorem 4.13. Let X be a set of propositional variables, N C Fm(X) x Fm(X),
and C C Fm(X). For a given Boolean algebra B and a valuation V on B we define
NY = {(V(9), V(¥)l(¢,¥) € N}. We have

(¢, ) € derivel (N)
if and only if

V() € outP(NV {V(p)}) for every B € BA, for every valuation V on B

and
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for some B € BA, there is a valuation V' on B such that V6 € C, V(§ Ap) = 15.

Proof. e From left to right: Suppose (¢,) € derivel (N), then by definition (p, ) €
derz’veiFm(X) (N) and C,% ¥ L. From Theorem 4.10 we have “V(¢)) € out? (NV,
{V(p)}) for every B € BA, for every valuation V' on B” and from Theorem 4.9 there
is a Boolean algebra B such that C, v FzL. So there is a valuation V' on B such that
Voe C,V(§AY) =1g.

e The proof from right to left is similar.

By definition of derivel (N) we can extend the theorem for the case (I',v) € derive’ (N)

% %

where I' C Fm(X). O

4.3.2 Integrating preferences

For adding preference to the proposed norm-based logic we use the same idea of Hansson

[109]. We can evaluate the conditionals by a preference relation over valuations.

“A valuation for the first dyadic standard deontic logic (DSDL1) is a reflexive
relation R defined on the set t of all valuations of the BL for DSDL1. A DSDL1-
formula of the type (O(f/g) is true in the valuation R if and only if f contains
all R-maximal elements in g. Other formulas take truth values according to
the rules or propositional logic. A DSDL1 formula is valid if and only if it is
true in all DSDL1 valuations.” (Hansson [109])

Definition 4.14. Let X be a set of propositional variables and MaxC will be the set of
all maximal consistent subsets of F'm(X). Let f C MaxC x MazC be a relation over
elements of MaxzC and opt;(p) = {M € MaxC | ¢ € M,VK (p € K — (M, K) € f)}.
We define ¢ > O € deriveiOH(N) if and only if

(p,0) € derivefm(x)(N) and VM € opt(p) (¥ € M).

Given a set of I' C Fm(X), we define I' > Oy € derive?H (N)ifo>Ou € derive?H (N)
for some p € I

Definition 4.15. Let X be a set of propositional variables and f C MaxC x MaxC. A
preference Boolean algebra for Fm(X) is a structure M = (B, V, =),
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e 3 is a Boolean algebra,
o V = {V;}ics is the set of valuations from Fm(X) on B,

e =;C VX V: =y is a betterness or comparative goodness relation over valuations
from Fm(X) to B such that V; = V; iff ({¢|Vi(p) = 18}, {¢|V;(¥) = 15}) € f.

No specific properties (like reflexivity or transitivity) are required of the betterness relation.
For a given preference Boolean algebra M = (B,V, =), we define opt-,(¢) = {V; € V |
Vilp) = 18,VV;(Vi(p) =18 — Vi =f Vj)}.

Theorem 4.16. Let X be a set of propositional variables, N C Fm(X) x Fm(X), and
f € MaxC x MaxC. For a given Boolean algebra B and a valuation V on B we define
NY = {(V(¢), V(¥)l(¢, ) € N}. We have

o>y e dem’veiOH(N)
if and only if
V(1) € outP(NV {V(p)}) for every B € BA, for every valuation V on B
and

for every preference Boolean algebra M = (B,V, =),
for every valuation V; € opt»-,(p) we have Vi(¥) = 15.

Proof. e From left to right: Suppose ¢ > Oy € dem’veiOH (N), by definition (p,1)) €
derivefm(X) (N) and from Theorem 4.10 we have “V (1) € out?(NV, {V(p)}) for
every B € BA, for every valuation V on B”. For the second part we need to
notice that every maximal consistent subset defines a valuation and vice versa. So
“WM € opt(p)(¢p € M)” is equivalent to that for any valuation V; € optx-,(¢) we

have V;(¢) = 15 and vice versa.
e From right to left the proof is similar.

By definition of derive?H(N ) we can extend the theorem for the case I" > Qv €
dem’veoH(N) where I' C Fm(X). O

i

We can rewrite the theorem as follows also:
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¢ > Oy € derive®” (N)
if and only if

(RS outfm(x)(N, {¥}) and in M = (2,V, =),
for every valuation V; € opt-, () we have V(¢)) = 15

Example 4.3. For the Chisholm conditional norm set N = {(T,g),(g,t), (g, —t)}, we
can order the maximal consistent sets as follows: the best mazximal consistent sets have
both g and t (type s1); the second best maximal consistence sets are those we have either

{g, -t} (type s2) or {—g,—t} (type s3). The worst mazimal consistent sets are those we

have {—g,t} (type s4).

best sieg,t

2nd best soe®g sze

Since VM € opt;(T) (g € M), VM € opts(g) (t € M) and VM € opt(—g) (-t € M) we
have T > (Og,g > Ot,—g > Ot € derive?H(N).

Example 4.4 (Dilemma problem). Consider the norm set of N = {(T,-c), (k,c)}, as
formal representation of these two sentences: a person should not offer someone else a
cigarette; an assassin should offer a victim a cigarette, if he kills him. Prakken and Sar-
got [174] argue that this example represents a dilemma. (k,c) is not a CTD obligation of
(T,=c), it is an exception to (T,—c). We need a suitable non-monotonic defeat mechanism
to formalize this dilemma [213]. The set of {O(T/—c), O(k/c)} is inconsistent in pro-
hairetic deontic logic (PDL) [213]. PDL detect the dilemma by making the set of formulas
inconsistent. In our setting the set of {T > O-c,k > QOc} is consistent. We detect the
dilemma by using detachment in output operations. We can order the maximal consistent
sets as follows: the best mazximal consistent sets have both —c and —k (type s1); the second
best mazximal consistence sets are those we have either {c,k} (type s2) or {c,—k} (type
s3). The worst maximal consistent sets are those we have {—c, k} (type s4). Similar to the
CTD problems we can derive, T > (O—-c,k > Oc € deriveiOH(N). Here, 1/0 operations

can show the inconsistency within the dilemma, the dyadic part is logically too weak for

TV € opty,(p) in M = (2,V,=¢), then we have V; € optx () in every preference Boolean algebra
M= (B,V,=y).
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this task. In fact, the set of outfm(X)(N, {THU outfm(X)(N, {k}) is not consistent since
-c € outfm(X)(N,{T}) and ¢ € outfm(x)(N, {k}). More interestingly, for the output
operation closed under AND, we have 1 € out{!NP(N {T,k}).

Example 4.5 (Miners paradox). Consider the miners norm set of N = {(shA,blA),
(shB,blB), (T,-blAAN-bIB)}, see Subsection 3.3.1. We can abbreviate six types of worlds
or mazimal consistent sets as AA, AB, AN, BA, BB, BN. The first letter denotes which
shaft the miners are in; the second letter denotes which shaft (or neither) we block. A plau-
sible ordering is: AN,BN > AA,BB > AB,BA ; for more details see [218]. Regarding
this ordering we have T > OQ(—blA N —blB) € dem’ve?H(N).

4.3.3 Integrating preferences along premise sets

Similar to Lewis [133] and Kratzer [129], we can introduce preference over valuations by

means of a premise set. Valuations play the role of possible worlds here.

“Quite generally, a set of propositions A can induce an ordering <4 on W in
the following way: [...] For all worlds w and z € W: w <4 z iff {p : p €
Aandz € p} C{p:p € Aandw € p} ”(Kratzer [129], p. 39)

Definition 4.17. Let X be a set of propositional variables and MaxC will be the set of
all maximal consistent subsets of Fm(X). For A C Fm(X), let f4 C MaxC x MaxC
such that f4 = {(K,M)|Vp € A,(p € M — ¢ € K)} be a relation over elements of
MazC. Let optpa(p) ={M € MaxC | p € M,VK (p € K — (M,K) € f*)}. We define
o>y e dem‘veioK(N) if and only if

(p,0) € derivefm(X) (N) and VM € optpa(p) (v € M).

Given a set of I' C F'm(X), we define I' > O € dem’veiOK (N)if o> Oy € derive?K (N)
for some p € I'.

Definition 4.18. Let X be a set of propositional variables and A C Fm(X). A factual-
preference Boolean algebra for Fm(X) is a structure M = (B, V, = 4),
e 3 is a Boolean algebra,

o V = {V;}ics is the set of valuations from Fm(X) on B,



Chapter 4. Norms, Preferences, and Contrary-to-Duty 7

o =4 CVxVsuchthat (V; =4 V;iff Vope A (Vj(p) =15 = Vi(p) = 15)).

Here, the betterness relation is reflexive or transitive by definition. For a given preference
Boolean algebra M = (B, V, = 4), we define opts , () = {Vi € V | Vi(¢) = 15,VV;(Vj(¢) =
Ig = Vi=a Vj)}

Theorem 4.19. Let X be a set of propositional variables, N C Fm(X) x Fm(X), and
A C Fm(X). For a given Boolean algebra B and a valuation V on B we define NV =

{(V(0), V(¥)l(¢,¥) € N}. We have
o > Oy € derive®”™ (N)
if and only if
V(¥) € outB(NV,{V()}) for every B € BA, for every valuation V on B
and

for every factual-preference Boolean algebra M = (B,V, = 4),
for every valuation V; € opts- , () we have Vi(¢) = 1.

Proof. e From left to right: Suppose (¢,v) € dem've?K(N, by definition (¢p,v) €
dem’vefm(X) (N) and from Theorem 4.10 we have “V (1) € outP?(NV, {V(y)}) for
every B € BA, for every valuation V on B”. For the second part we need to
notice that every maximal consistent subset defines a valuation and vice versa. So
“VM € optpa(p)(yp € M)” is equivalent to that for any valuation V; € optx , (¢) we

have V;(¢) = 15 and vice versa.
e From right to left the proof is similar.

By definition of deriveioK (N) we can extend the theorem for the case I' > Oy €
derive®”™ (N) where I' C Fm/(X). O

7
We can rewrite the theorem as follows:
>0y e de’r’z’vezoK (N)

if and only if
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(NS outfm(X)(N, {p}) and for M = (2,V, = 4),
for every valuation V; € opts- , (¢) we have V;(¢)) = 1

or

(S outfm(X)(N, {¢}) and if ¢ is consistent with A

then A, p - ¢ and if ¢ is inconsistent with A then ¢ - ¢°

The results for the constrained assumptions and preferences can be extended for the other

introduced systems such as deriveNP (N).

Example 4.6. For the Chisholm conditional norm set N = {(T,g), (g,t), (—g,—t)} and
premise set A = {—g,—g — —t}. The best mazimal consistent sets are type s3 (see Example

4.3), those are type s1,s2 and s4 are the second best.

2nd best soeg syeg,t sget

Since VM € optpa(—g) (-t € M) we have =g > Ot € derivezoK (N).

It is straightforward to rewrite the theorems for conditional permissions.

o> Py e dem’vefK(N) > Py e derivefH (N)
if and only if if and only if
(p,0) € derivefm(X)(N) and (p,9) € dem’vefm(X) (N) and
For every factual-preference Boolean For every preference Boolean algebra
algebra M = (B, V, = 4), M = (B,V,=y),
there is a valuation V; € opt»- , () such  there is a valuation V; € opt- () such that
that Vi(¢) = 15 Vi(y) =15

4.4 Norm-based Sequent Calculus

Definition 4.20. Let X be a set of propositional variables. A sequent has the form

5By definition of optpa(p), ¥ is true in all maximal consistent subsets include both A and ¢, or, when
 is inconsistent with A, in all maximal consistent subsets include .
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where N C Fm(X) x Fm(X) and (¢,9) € Fm(X) x Fm(X).

Definition 4.21. We define inference rules of norm-based sequent calculus as follows:

(p, ) €N
PN S )
N = (p,9) Y Ao ¢ N = (,9) Yoo
EQO N = (p,9) WO N —; (¢, )
N =i (¢, %) o ¢ ¢ N =i (@,7) N =i (¢,9)
Bl N s (6.0) OR N o (2 V 6.0)
- N = (¢,v) o T N = (¢, %) N = (¢, ¢)

We can define different derivation systems as before where —r= {ID, EQO}, =
{ID,EQI}, == {ID,SI,EQO}, ;1= {ID,WO, EQI}, —1= {ID,SI, WO}, o=
{ID,SI,WO, OR}, —3= {ID,SI,WO, T} and 4= {ID,SI, WO, OR, T}.

Definition 4.22 (Interpretation of sequents). For the interpretation of sequents N —; (i, )
we extend the valuation function from Fm(X) into Boolean algebra B over subsets N C
Fm(X) x Fm(X) such that V(N) = NV = {(V(¢),V(¥)|(¢,¥) € N}. So the sequent
N +; (p,v) can be interpreted as V(1) € outP(NV, {V(¢)}).

Theorem 4.23. Let X be a set of propositional variables and N C Fm(X)x Fm(X) . For
a given Boolean algebra B and a valuation V on B we define NV = {(V (), V (¥))|(p,%) € N}.

We can derive the sequent

if and only if

V() € outP(NV {V(p)}) for every B € BA, for every valuation V on B.
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Proof. The proof is similar to Theorem 4.10. Instead of induction on the length of proof
(p,0) € derwe m(X )( N) we do induction on the length of derivation for N —; (¢,%). So

we have the similar base case and inductive step in the induction. O

For an input set I' C Fm(X) we can extend the sequent calculus by another type of
sequent N +—; (I, q). We need to add a new rule to the system as follows:

N =i (p,0), el

tbb N = (I, 1))

This new sequent can be interpreted as V(1) € out?(NV,{V(¢)|V(¢) € V(I')}). More-
over, we can extend the sequent calculus systems by adding other rules such as AND

rule.

4.4.1 Nested norm-based conditional logic

Let X be a set of propositional variables and N C (Fm(X)x Fm(X))x(Fm(X)xFm(X)).

We can define input/output operations over each ;.

Definition 4.24. ((¢,), (¢,X)) € deriveN®*(N) if and only if ((¢,v), (¢, X)) is derivable
from N using SI,WO,T.5

- ((p, ), (¢, X)) ((¢,x), (v, 7))
((p,9), (9,%)) {(v,7)} =i (@, ) ((p, ), (v, 7))
(v, 1), (6, X))

SI

(e ), (9, x) (o)} =i (v, 7)

For A C Fm(X) x Fm(X), we define (A, (¢,x)) € deriveN*(N) if ((p,%), (¢,x)) €
deriveNe*(N) for some (p,1) € A. Put derivel¥es(N, A) = {((¢, %), (¢, X)) : (A4, ($,%)) €
derivelNes(N)}.

Theorem 4.25. ((p,v),(¢,x)) € deriveN*(N) iff (¢,x) € out; (N, {(p,¥)}), where
i€ {1,3}.

Proof. Since —; is a consequence relation over set of formulas (F'm(X) x Fm(X)) by using
Theorem 3.36, for N C (Fm(X)xFm(X))x(Fm(X)xFm(X)), we have: ((¢,1), (¢, X)) €
deriveNe (N) iff (¢, x) € out;” (N, {(,¥)}). O

5We can use other rules such as OR, if we find an interpolation for the logical connectives.
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4.5 1I/0 Mechanism over Heyting Algebras

Definition 4.26 (Heyting algebra). A structure H = (H, A,V,—,0, 1) is Heyting algebra
iff it satisfies following conditions for x,y,z € H:

e s Ny<z,zAy<y,z<zand z <y implies z <z Ay

e x<zVy y<zVy, z<zandy<zimplieszxVy<z

e r<1,0<z 2<(z—y)iff zAx <y

where x < y iff x Ay = xz. We can similarly define the set of Heyting-terms Ter(H) and
upward-closed set of A by Up(A).

4.5.1 Semantics

Definition 4.27 (Zero Heyting I/O operation). Given a Heyting algebra H, a normative
system N C Ter(H) x Ter(H) and an input set A C Ter(H), we define the zero Heyting
operation as follows:

e out®(N,A) = Eq(N(A))

e out(N,A) = N(Eq(A))

o outl'(N, A) = Eq(N(Eq(A)))
Definition 4.28 (Simple-minded Heyting I/O operation). Given a Heyting algebra #, a
normative system N C Ter(H) x Ter(H) and an input set A C Ter(H), we define the
simple-minded Heyting operation as follows:

o out}(N, A) = Eq(N(Up(A)))

o out}y(N, A) = Up(N(Eq(A)))

o out}(N, A) = Up(N(Up(A4)))

Definition 4.29 (Basic Heyting I/O operation). Given a Heyting algebra #, a normative
system N C Ter(H) x Ter(H) and an input set A C Ter(H), we define the basic Heyting

operation as follows:
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outlt (N, A) = {Up(N(V)), A C V, Vis saturated }
A set V is saturated in a Heyting algebra H iff

e ifaeVand b > a, then b e V;
eifavbeV, thenacVorbeV.

Definition 4.30 (Reusable Heyting I/O operation). Given a Heyting algebra H, a norma-
tive system N C Ter(H) x Ter(H) and an input set A C Ter(H), we define the reusable

Heyting operation as follows:

outl (N, A) = {Up(N(V)), ACV =Up(V) 2 N(V)}

4.5.2 Proof system

Given a Heyting algebra H and a normative system N C Ter(H) x Ter(H), we de-
fine (a,r) € derive (N) if and only if (a,z) is derivable from N using EQO, EQI,

i

SI,WO,OR,T as follows:

derivelt Rules EQO (a,2) rt=Y WO (a,2) TSy
derive’t {EQO} (a,9) (a,9)
derivet {EQI}

derivel  {EQI, EQO} (a,2) a—b (a,) (b, 7)
derivelt {SI, EQO} EQI (b, ) OR (aVb,2)
derivelt  {WO, EQI}

derive]t {SI, WO}

derivelt  {SI, WO, OR} - (a,x) b<a - (a,x) (z,y)
derive}t  {SI, WO, T} (b, ) (a,y)

We define (A,z) € derivel*(N) if (a,z) € derivel*(N) for some a € A C Ter(H). Put
derivel (N, A) = {x : (A, x) € derivel*(N)}.

7

Theorem 4.31. Given a Heyting algebra H and a normative system N C Ter(H) X
Ter(H), for an input set A C Ter(H) we have
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(A, z) € derive¥(N) iff © € out’(N, A) (A, z) € derivelt(N) iff z € out? (N, A)

(A, z) € derivel*(N) iff x € out’(N, A) (A, ) € derivel'(N) iff x € out]!(N, A)
(A,z) € derivel(N) iff = € out(N, A) (A, z) € derivelt(N) iff x € outdt (N, A)
(A, z) € derive]'(N) iff x € out}'(N, A) (A, z) € derivel!(N) iff x € out}(N, A)

Proof. Use the usual ordering in the given Heyting algebra H by <. The proofs are same

as soundness and completeness theorems in Section 3.2. O

4.6 Intuitionistic Norm-based Conditional Logic

For the language of intuitionistic propositional logic Lrpc = {A,V,—, T, L} , the algebra
of formulas over a set of variables X is the Heyting algebra as follows (for more details see
Section 4.2):

Fm(X) — <Fm(X)’/\Fm(X)’\/Fm(X)’_>Fm(X)’—|—Fm(X)7LFm(X)>

We can represent an intuitionistic propositional logic as a pair (Fm(X),Frpc). Let H
be a Heyting algebra and X be a set of propositional variables. A valuation on H is a
function from X into the universe of 4. Any valuation on H can be extended in a unique
way to a homomorphism from the algebra Fm(X) into H. A valuation V on H satisfies a

formula if V' (p) = 1y and it satisfies a set of formulas if it satisfies all its elements [115].
Definition 4.32. For any Heyting algebra H, we can define the consequence relation Fy
as follows:

I' By ¢ if and only if any valuation on H that V(I") = 13 then V(¢) = 1y
Definition 4.33. Let HA be the class of all Boolean algebras. We can define the conse-
quence relation Fga as follows:

I' Fraa ¢ if and only if for any Heyting algebra H, I' Fy ¢

Theorem 4.34. For every set of formulas I' and every formula v,
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I' Fga ¢ if and only if I' Frpo .

Proof. See [46, 115]. O

Definition 4.35. Let N C Fm(X) x Fm(X) where X is a set of propositional vari-
ables. (a,x) € derivefm(X)(N) if and only if (a, ) is derivable from N using EQO, EQI,
SI,WO,OR,T as follows:

dem’vefm(X) Rules

dem’vegm(x) {EQO} EQO (e.4) ¥ ¥iro ¢ WO (#,9) Yrrec ¢
dem’velzm(x) {EQI} () (#.9)
dem’vegm(x) {EQI, EQO}

derivet™) (ST, EQO} sop 29 e og ¥ (&)
derives ™) (WO, EQI} (6, 0) (o V¢,0)
dem’vefm(X) {SI, WO}

derives ™) {SI, WO, OR} g BV ohiro o (o) (@9)
derz'vegm(x) {SI, WO, T} (¢,%) (0, 9)

We define (I',v) € derivefm(x)(N) if (p,v) € derz’vefm(X)(N) for some ¢ € I' C Fm(X).

Put dem’vefm(x)(N, I ={y: () e derivefm(x)(N)}.

Theorem 4.36. Let X be a set of propositional variables and N C Fm(X) x Fm(X). For
a given Heyting algebra H and valuation V. on H we define NV = {(V (), V(¥)|(p, ) €
N}. We have

(p,9) € dem’vefm(x)(]\f)
if and only if
V() € out?(NV,{V(¢)}) for every H € HA for every valuation V on H.

Proof. The proof is similar to Theorem 4.10 by induction on the length of proof (¢,1) €
derivefm(x)(N) and Theorem 4.31. By definition of derivefm(x)(N) we can extend the

theorem for the case (I',¢) € deriveiFm(X)(N) where I' C Fm(X). O

Like classical propositional logic, we can add other rules or introduce constraints, pref-
erence, and premise sets to the intuitionistic one as well as sequent calculus and nested

conditionals.
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4.7 Conclusion

We have introduced a compositional (norm-based) conditional logic, for obligation and per-
mission, by adding a set of explicitly giving conditional norms to classical and intuitionistic
propositional logic. The evaluation of conditionals is by referring to a set of norms and a
preference order. The presented framework is capable of resolving contrary-to-duties para-
doxes. Moreover, sequent calculus and counterpart neighborhood semantics were given.
The system can represent nested conditionals that would be a good linguistic property.
The proof system of the new compositional system is based on the included I/O proof sys-
tem and the dyadic operator. For example, since the identity, (¢, p) € derivefm(x)(N )
does not generally hold in the I/O proof systems, the proposed compositional system does
not satisfy this property. More specifically, suppose there are no specific properties over
the preference relation; the related axiomatization is the logical system E studied in Chap-
ter 6. If we combine the simple-minded output operation with the preference relation, the
resulting compositional operator satisfies weakening of the output (WO). Furthermore,
since the dyadic operator validates reasoning by cases (OR), the compositional system, in-
cluded the basic output operation, verifies this rule as a theorem. It is open to characterize

and find the limit of the axiomatization of this framework.



Chapter 5

Norms, Semantics, and

Computation

“deontic logic has fallen into ruts. The older rut is the axiomatic
approach, with its succession of propositional and occasionally quantified
calculi. The newer one is possible worlds semantics, with endless minor

variations in the details.”

(Makinson [138])

In this chapter we have devised an indirect and a direct approach for semantical embedding

of input/output logic into HOL.

Indirect approach We propose a deontic reasoner based on 1/0 logic. Basic Output
and Basic Reusable Output are two important 1/O semantics that can be formulated with
possible worlds semantics. We encode these two I/O semantics in classical higher-order
logic (HOL). For the embeddings of Basic Output and Basic Reusable Output in HOL,
we use the shallow semantical embedding of Kripke semantics (K and KT) in classical

higher-order logic. Both of the semantical embeddings are faithful.

Theorem 5.1. = € outy(G, A) if and only if x € Cn(G(L)) and G° U A +g Oz for any
modal logic S with Ko C 8 C K45.1

1See Subsection 2.2.2 for definitions. Ko is a subsystem of system K with axiom K, modus ponens
and the inference rule “from 4, infer O, for all tautologies in propositional logic”. G denotes the set
containing all modal formulas of the form b — Oy, such that (b,y) € G. We have that G U A g Oz if for
a finite subset Y of G° U 4, it holds that (A Y — Oz) € S. The notation A\ Y stands for the conjunction
of all the elements y1, y2, ..., yn in Y, ie, y1 Aya A= Ayn

86
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Theorem 5.2. = € outy(G, A) if and only if x € Cn(G(L)) and G° U A +g Oz for any
modal logic S with KT C SC KT45.

The embeddings have been encoded in Isabelle/HOL to enable experiments for deontic
reasoning frameworks. We have examined an application of General Data Protection
Regulation (GDPR) and Moral luck as a practical examples [154] in our implementation.
The experiments with this environment provide evidence that the logic’s implementation
fruitfully enables interactive and automated reasoning at the meta-level and the object

level.

Direct approach There are precise semantical embeddings of Boolean algebras into
HOL. By building the I/O mechanism over Boolean algebras, we can make a direct em-

bedding of the I/O mechanism in HOL in a straightway.

The chapter is structured as follows: The semantical embeddings of Basic Output and
Basic Reusable Output in HOL are then devised and studied in Section 5.1. This section
also shows the faithfulness (viz. soundness and completeness) of the embeddings. In
Section 5.2, we use GDPR as a use-case example for our deontic reasoning framework. In
Section 5.3, we apply the framework to the Drink and Drive example. In Section 5.4, we
introduce our direct semantical embedding of I/O mechanism over Boolean algebras into
HOL, that includes soundness and completeness (faithfulness). In Section 5.5, the direct

semantical embedding is implemented in Isabelle/HOl. Section 5.6 concludes the chapter.

5.1 Semantical Embedding of I/O Logic in HOL

This section presents shallow semantical embeddings of the I/O operators outy and outy
in HOL and provides proofs for the soundness and completeness of both operators. To

realize these embeddings, we use the provided modal formulations of the operators.

Given a finite set of conditional norms G and an input set A of propositional formulas.
For the embeddings of outy and outy, we first use the corresponding translation into modal
logic and afterwards we apply above theorem, respectively, in order to prove faithfulness.

First we need to mention the theorem about faithful embedding of System KT in HOL.

Theorem 5.3 (Faithfulness of the embedding of system KT in HOL).

F=c.r ¢ if and only if {REF'} )ZHOL vld [ o]
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Proof. See [39, 40] for a proof of the faithfulness of the embedding of modal logic K in
HOL. In system KT the class of Kripke models satisfies the property of reflexivity, which
corresponds to axiom T. The higher-order counter part of this property is represented as
REF : VX;(ri»i—»oX;X;) and has to be satisfied by the constant r;_,;,. The result for

logic KT follows as a simple corollary; see also Section 3.3 in [35]. O

Theorem 5.4 (Faithfulness of the embedding of outs in HOL).
€ outa(G, A)
if and only if
=A% wid| \(G™ U A) = Op| and =79 vld| \ G(£) — ¢
Proof. We choose S = K in Theorem 5.1 and then apply Theorem 2.4.
» € outa(G, A)

if and only if
G UA gk Op and ¢ € Cn(G(L))

if and only if
e \(GZUA) = Opand \G(L)F ¢

if and only if
Fexe \(GTUA) = Dp and ¢, \G(L) = ¢

if and only if

=108 wid | \(G° U A) = Op| and =798 wid| \ G(£) — ¢

Theorem 5.5 (Faithfulness of the embedding of outs in HOL).
© € outy(G, A)
if and only if

{REF} =700 0id | \(GW U A) - Ogp| and {REF} E"OF vld | \ G(L) — ¢
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Proof. We choose S = KT in Theorem 5.2 and then apply Theorem 5.3.
@ € outs(G, A)

if and only if
G" U Akt Op and ¢ € Cn(G(L))

if and only if
Eer \(GPUA) = Opand \G(L)F o

if and only if
Ferr \N(GTUA) = Op and e, \G(L) = ¢

if and only if

{REF} =M% wld | \(G7 U A) — D] and {REF} ="OF vld [\ G(L) — ¢

5.1.1 Implementation of I/0 logic in Isabelle/HOL

The semantical embeddings of the operations outs and outy in HOL have been implemented
in the higher-order proof assistant tool Isabelle/HOL [156], see Fig. 5.1. We declare the

type ¢ to denote possible worlds and introduce the relevant connectives in lines 6-12.

Let the set of conditional norms G be composed of the elements (a,e) and (b, e), where
a, b and e are propositional symbols, and let the input set A correspond to the singleton
set containing a V' b. By the rule of disjunction (OR), we should have that e € outa(G, A).
According to the provided translation, e € outs(G, A) if and only if G¥ U A bk Oe and
e € Cn(G(L)). Theorem 5.4 provides us now with higher-order formulations for both
of these statements, i.e., =700 vld [ \(GP U A) — Oe| and =HOF wld|\G(L) — e,
respectively. Regarding the implementation, the propositional symbols a, b and e have to
be declared as constants of type 7. The framework’s integrated automatic theorem provers
(ATPs), called via the Sledgehammer tool [45], are able to prove both statements. This is
shown in Fig. 5.1, lines 22-23 and 26.

Consider the set of conditional norms G = {(a,b), (a A b,e)} with the input set A = {a}.
The rule of cumulative transitivity (CT) is not satisfied by the operation outy. This can

also be verified with our implementation. The model finder Nitpick [44] is able to generate
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90

i[theory IOL_out2 imports Main

z|begin

a[typedecl i (* type for possible worlds *)
otype_synonym v = "(i=bool)"

sjconsts r ::
&
7
g
8

definition knot "=t ("=_"[52]153)
definition kor "r=r=7" (Infixr "v"50)
definition kand "r=r=7" (infixr "A"51)
definition kimp "r=r=1" (infixr "—"49)
ojdefinition kbox =" ("OE")
n|definition ktrue :: "7 ("T")
1z|definition kfalse :: "7 ("L1")
13|definition kvalid :: "r=-bool™ (*|_|"[8]1109)

(* x € out2(G,A) iff G"UA F¢ Ox A x € Cn(G(L))

1jconsts a::7 b7 e::7

a|(* 6"U{avb} F¢ Oe *)

(* e € Cn(G(L)) *)

where
where
where
where

where
where
where
where

*)

(* OR example: G = {(a,e), (b,e)}, e € out2(G, {avb}) *)

"i=i=bool" (infixr "r"70) (* relation for a modal logic K *)
'ap = AW, —p(w) "

eV = AW, plw) vV gr(w)"

PAP = Aw. p(w) A P(w)"

p—) = AW, p(w) — P(w)"

"Opp = M. YV, wr v — pfv)"

T = Aw. True"

1 = Aw. False"

lp] = Yw. p(w)" (* global validity *)

lemma "|[((a—0Oie) A(b—DOie)Alavb)) — Oie|" sledgehammer
using kand_def kimp_def kor_def kvalid_def by auto

lemma "|(eAe) — e|" sledgehammer by (simp add: kand_def kimp_def kvalid_def)

FIGURE 5.1: Semantical embedding of outs in Isabelle/HOL

i3 Isabelle2018/HOL - 100 _out2.thy
File Edit Search Markers Folding View Utilities Macros Plugins Help

z98
20 (¥ GYU{a} k¢ Ce *)

32
33

u(*ec (G(L)) *)

Ch
(

<

<

B w | Output | Query | Sledgehammer || Symbols

32,7 (1256/2988)

z8 (* CT example: G = {(a,b), (arb,e)}, e € out2(G,{a}) *)

s Llemma " [ ((a—Ob) A((aAb) —DOe)A(a)) — Oye|"
nitp:i.Ek[user_axioms,show_a'L'L,card=2,format=2] oops (* Countermodel found *)

35 Llemma "| (bAe) — e|" sledgehammer by (simp add: kand_def kimp_def kvalid_def)

Proof state Auto update Update | Search: w|E85% o
? Nitpick found a counterexample for card i = 2: A~
Skolem constants:
?7 . kbox.v = i;
??.kvalid.w = iz
Constants:
a = (Ax. _) (i1 := False, iz := True)
b = {Ax. _)(i1 := True, i, := False)
e = (Ax. _)(i1 := False, i := False]
(rl = {Ah«. )(({i1, 1) := True, (1., iz) := False, (iaz, 1) := True, (i, i) := False)

[m]
*

>
20E15 | BRI | uojejuswniog | 4 B

<

>

(isabelle, isabelle, UTF-8-Isabelle) | nm o UG [FEO/S28ME 12:34 PM

FIGURE 5.2: Failure of CT for outs

a countermodel for the statement G U A Fx Oe and therefore we were able to show

that e ¢ oute(G,A). In particular, Nitpick came up with a model M consisting of two



Chapter 5. Norms, Semantics, and Computation 91

possible worlds i1 and is. We have that V(a) = {iz2}, V(b) = {i1} and V(e) = 0. And
R = {(41,%1), (i2,41)}. The formula ((a — Ob) A ((a A b) — Oe) A a) — Oe is not valid
in this model. The formulation of the example and the generation of the countermodel is

illustrated in Fig. 5.2.

theory IOL_out4 imports Main

1

z|begin

s|typedecl i (* type for possible worlds *)

adtype_synonym v = "(i=bool)"

sjconsts r_t :: "i=i=bool" (infixr "rt"70) (* relation for a modal logic KT *)
s|labbreviation reflexive where "reflexive r = (¥x. r x x)"

s|laxiomatization where ax_reflex_rt : “"reflexive r_t"

gldefinition knot 1 "r=r" (" "[52]153) where "—p = Aw. —p(w)"

g|definition kor 1 "r=r=7" (infixr "Vv"50) where "V = dw. p(w) V (w)"
wo|definition kand 1 "r=r=7" (infixr "A"51) where "gAyp = M. p(w) A P(w)"
u|definition kimp :: "r=7=7" (infixr "—"49) where "p— = . p(w) — Y(w)"
1zldefinition kbox "=t ("Oe") where "Opip = Mw. ¥v. w rt v.— p(v)"
wz|definition ktrue :: "7 ("T") where "T = M. True"

wdefinition kfalse :: "7" ("L1") where "1 = \w. False"

1s|definition kvalid :: "r=bool" ("|_|"[8]1109) where "[p] = Ww. p(w)" (* global validity *)

w|(* x € outd(G,A) iff GUUA by Ox A x £ Cn(G(L)) *)
wjconsts a::7 b::7 e::7

20|

2| (* CT example: G = {(a,b), (arb,e)}, e ¢ outd(G, {a}) *)
23| (% G U{a} by De *)

2glemma | ((a—Oy:b) A((anb) —DOyie) Ala)) — Oyiel”

25| sledgehammer by (simp add: ax_reflex_rt kand_def kbox_def kimp_def kvalid_def)
26|

ol (* e € C_I"I(G(L)) *)

8

g

ze/Llemma "| (bAe) — e|" sledgehammer by (simp add: kand_def kimp_def kvalid_def)
z2s|end

FIGURE 5.3: Semantical embedding of outy in Isabelle/HOL

The embedding of the operation out, refers to system KT which means that the corre-
sponding class of Kripke models satisfies the property of reflexivity. In our implementation,
the accessibility relation for this system is denoted by the constant r_t which we declare
as reflexive. Due to this property, the Sledgehammer tool is able to prove the statement
G"” U A bkt Oe and thus we can verify that e € outs(G, A). Fig. 5.3 shows the encoding
of the operation outy in Isabelle/HOL and the verification of the CT example.

5.2 Application in Legal Reasoning

The paper [36] already documents some practical experiments of automated 1/0O logic in
the domain of legal reasoning. In particular, General Data Protection Regulation (GDPR,
Regulation EU 2016/679) is used as an application scenario. By this regulation, the

European Parliament, the Council of the European Union and the European Commission
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aim to strengthen and unify data protection for all the individuals within the European

Union. The following two norms are part of GDPR:

1. Personal data shall be processed lawfully (Art. 5). For example, the data subject
must have given consent to the processing of his or her personal data for one or more

specific purposes (Art. 6/1.a).

2. If the personal data have been processed unlawfully (none of the requirements for
a lawful processing applies), the controller has the obligation to erase the personal

data in question without delay (Art. 17.d, right to be forgotten).

The authors [36] added the following two knowledge units. This establishes a typical
contrary-to-duty (CTD) scenario which was then analyzed in the context of I/O logic.

3. It is obligatory (e.g. as part of a respective agreement between a customer and a
company) to keep the personal data (as relevant to the agreement) provided that it

is processed lawfully.

4. Some data in the context of such an agreement has been processed unlawfully.

We formulated this GDPR scenario in Isabelle/HOL as an application scenario for the
embedded outs operator; cf. Figure 5.4. The lines 48-50 show the set of Norms which is

composed of:

o (T,process_data_law fully)

This norm states that it is obligatory to process data lawfully.

o (—process_data_law fully, erase_data)
This norms states that if the data was not processed lawfully then it is obligatory

to erase the data.

o (process_data_law fully, —erase_data)
This norms states that if the data has been processed lawfully then it is obligatory
to keep the data.

Line 51 shows the Input set. We assume a situation where the data has not been pro-

cessed lawfully, formally Input = {-process_data_law fully}. At line 54, we introduce
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@ |sabelle2018/HOL - 10L_out2 thy — O X
File Edit Search Markers Folding View Utilities Macros Plugins Help

C@®dE & % ¢ X0 @ "TEEE 3 # 0 €9

[ IOL_out2.thy (%USERPROFILEY:\Dropbox\IOC I Isabells File|) -
g (* GDPR *) ”
a7
2| (* Norms = { (T, proccess_data_lawfully)

43 (—process_data_lawfully, erase_data)
50 (process_data_lawfully, —erase_data) }
51 Input = { —process_data_lawfully} *)

consts process_data_lawfully :: + erase_data :: + kill_boss :: +

tn
B

sal0aYL  23LI5 PIpRpIs uoneuswnieg 4 B

se| (* erase_data ¢ out2(Norms, Input) *)

sg| (¥ Norms"” A Input ¢ Oerase_data *)
lemma "| ((T — Oyprocess_data_lawfully) A

i
tn
r:]

60 (—process_data_lawfully — O,erase_data) A
L 61 (process_data_lawfully — O, (-erase_data)) A

62 —-process_data_lawfully ) — Oierase_data |" unfolding Defs
L &3 by simp

gs| (* erase_data < C_n(Norms(L)) *)
o ¢g7|lemma "| (process_data_lawfully A erase_data A -erase_data) — erase_data |"
| es| by (simp add: kand_def kimp_def kvalid_def)

&g ©
< >

B+ || Output || Query || Sledgehammer | Symbols
57,5 (1425[3140) (isabelle,isabelle, UTF-E-Tsabelle) | im0 UG 3(S7IMB 10:42 AM|

FIGURE 5.4: GDPR scenario in Isabelle/HOL

the constants symbols which are representing the propositions. Just like for the previ-
ous examples, each proposition is declared as a constant of type 7. Next, we want to
check that erase_data is outputted in the context of —process_data_law fully, meaning
that the data should be erased in the situation when the data has not been processed
lawfully. So we have to verify that erase_data € outa(Norms,Input). By the modal
translation of this operator, we have to check that Norms" U Input -k Oerase_data and
earse_data € Cn(Norms(L)). The lines 59-62 and 67 show the formulations for those
statements, respectively. Both of them could be by proven by the integrated ATPs of
Isabelle/HOL.

Like in a related paper [36], we also showed that we are not able to derive any weird or
unethical conclusions such as killing the boss, cf. Figure 5.5. The model finder Nitpick is

able to generate a countermodel for the following statement:

Norms® U Input Fx Okill_boss

Therefore it showed that kill_boss ¢ oute(Norms, Input). Nitpick found a model M

consisting of two possible worlds i1 and i5. For the valuation function V', we have that
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4§ Isabelle2018/HOL - 0L _out2thy - O X
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[110L_out2.thy (%USERPROFILES\Dropbox|I0C | Isabelle fils)) -
73] (* kill_boss ¢ out2(Norms, Input) *) "
7] (* Norms" A Input ¢ Okill_boss *)
75| lemma "| ((T — O.process_data_lawfully) A

[x]

g

76 (—process_data_lawfully — O,erase_data) A E
7 (process_data_lawfully — O,(—erase_data)) A E
78 -process_data_lawfully ) — O/kill_boss |" unfolding Defs §
|  nitpifk[user_axioms,card=2,show_all] oops &
< > %
Proof state Auto update Update | Search: * 100% g

Nitpicking goal: a

Ww. (True — 0O, process_data_lawfully w) A
(— process_data_lawfully w — 0O, erase_data w) A
(process_data_lawfully w — O, (Aw. — erase_data w) w) A
- process_data_lawfully w —
Oy kill_boss w
Kodkod warning: cannot launch SAT solver, falling back on "DefaultSAT41"
Nitpick found a counterexample for card i = 2:

] Skolem constants:

??.kbox.v = i;
w =i
Constants:

erase_data = (Ax. _)(i, := True, i, := False)

kill_bess = (Ax. _)(i, := False, i, := True)

process_data_lawfully = (Ax. _)(i; := True, i, := False)
2] (r) =

Ox. )
L (i; := (Ax. _)(i; := True, i, := False), i, := (Ax. _)(i; := True, i, := False))
< >

(x]i5d Query | Sledgehammer | Symbols
79,8 (2749/3140) (isabelle,isabelle, UTF-8-Isabelle) | nm r o UG = 1/546MB 10:44 AM

FIGURE 5.5: Further experiments with the GDPR scenario in Isabelle/HOL

V(erase_data) = {i1}, V(proccess_data_law fully) = {i1} and V (kill_boss) = {is} and for
the relation R, we have that R = {(i1,1), (i2,41)}. The world is satisfies the following

formulas:

T — Oprocess_data_law fully

e —process_data_law fully — Oerase_data

process_data_law fully — O—erase_data

—process_data_law fully

However, the formula Okill_boss is not satisfied in the possible world is.
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5.3 Application in Moral Luck

The literature on moral luck [154] is addressing the question whether luck can ever make
a moral difference or not. Examples involving moral luck are typical scenarios in which an
agent is held accountable for his actions and its consequences even though it is clear that
the agent was neither in full control of his actions nor its consequences. These examples
are thus in conflict with the ethical principle that agents are not morally responsible for

actions that they are unable to control.

The Drink and Drive [150] example highlights a classical scenario of moral luck. There
exist many different variations of this example and a possible variant can be formulated

as follows:

Assume a situation where two persons, Ali and Paul, go out for a drink in the evening.
Both of them go to the same bar, consume the same amount of alcoholic drinks and
end up pretty drunk. At one point during the night, they both decide to leave the
place. So they go to their own individual vehicles and hit the road in order to drive
home. The roads are pretty deserted at that time and Ali manages to drive home
safely even with the high percentage of alcohol in his blood. Paul, in contrast, is
facing something unexpected. Out of nowhere, a child appears in front of his car.
Since he had a few drinks too much, his reaction time is impaired by the alcohol and

it makes it impossible for him to stop and swerve to avoid hitting and killing the child.

Both Ali and Paul, made the blameworthy decision of driving while being drunk. But
neither one of them had the intention to hit and kill anyone. Nevertheless, most people
would tend to judge Paul more guilty than Ali simply because in his case a child got
killed. However, both of them violated the same obligation, namely that one should not
drive while being intoxicated and it was only a matter of luck that nobody got harmed or

killed in the case of Ali. Therefore we say that Ali got morally lucky.

To formulate the Drink and Drive example in Isabelle/HOL, we first import the Is-
abelle/HOL file containing the implementation of the operation outs. This can be done
using the Isabelle/HOL command imports (cf. Fig. 5.6, line 1). Next, we have to declare
three individuals, namely Ali and Paul, representing the two drivers, and Child, repre-
senting the child in the scenario (cf. Fig. 5.6, line 3). In lines 4-5, we define the constant

symbols for the relevant propositions (state of affairs or action).

One associates with each driver a set of Norms and an Input. For the individual Paul, the
set of Norms G is defined as follows: (cf. Fig. 5.6, lines 9-11)
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e (T,-Kill Child N ~Hurt Child)
This norm states that it is forbidden to kill or even hurt the child.

e (T, Drive_carefully Paul)

This norm states that Paul is obligated to drive carefully in any situation.

e (=Drive_carefully Paul, StayPaul)
This norm states that if Paul does not drive carefully, he should stay (at his current

location).

To complete the formalization for the individual Paul, we need to add the following facts

to the Input set A: (cf. Fig. 5.6, lines 13-17)

o Drunk Paul; Drive Paul; Jump Child
Paul is actually drunk; Paul drives home; The child jumps.

o Drunk Paul — - Drive_carefully Paul

If Paul is drunk then he drives not carefully.

e (=Drive_carefullyPaul A DrivePaul A JumpChild)
— (KillChild vV HurtChild)
If Paul drives, but does not do it carefully, and the child jumps in front of his car

then Paul will kill or hurt the child.

Since Nitpick finds a model satisfying our statements, the formalization of the Drink and

Drive is consistent; cf. Fig. 5.6, line 20.

Actually, we are able to derive the obligation that Paul should stay (at his current position)
by using the norm A2 and the facts A3 and A6, meaning that we can derive GZ U A Fg
OStay_Paul and Stay_Paul € Cn(G(L)). The first statement is proven by Sledgeham-
mer tool; cf. Fig. 5.6, line 22. In this example, we skip checking the following (trivial)
statements X € Cn(G(L)) for X € {Stay_Paul, Drive_carefully_Paul, ~KillChild N
- HurtChild} in Isabelle/HOL.

Furthermore, our implementation is capable of recognizing violations to norms, formally
written as « € oute(G, A) and ~a € Cn(A). In particular, Paul violated the norms A0 and
Al. For instance, the violation to A1 is proven by Sledgehammer; cf. Fig. 5.6, lines 24-25.
Paul did not drive carefully even though there is an obligation to do so, meaning that we
have G U A g ODrive_carefully_Paul (using A1), Drive_care fully_Paul € Cn(G(L))
and —Drive_care fully_Paul € Cn(A) (using A3 and AG6).
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itheory Drink_and_Drive imports IOL_out2

z|begin

sjdatatype indiv = Ali | Paul | Child (* Represent individuals Ali, Paul and Child *)
gconsts Kill::"indiv=-7" Hurt::"indiv=7" Drive_carefully::"indiv=-7" Stay::"indiv=7"
s[Drunk::"indiv=-7" Jump::"indiv=-7" Drive::"indiv=7"
[
7
8
gl

axiomatization where

(* Norms *)

AQ: "|T — O(= Kill Child A = Hurt Child)|" and
w|Al: "|T — O, (Drive_carefully Paul)|" and

1[(A2: "|[- Drive_carefully Paul — 0O, (Stay Paul)|"and
17| (* Input set *)

13(A3: "[Drunk Paul|" and

14(A4: "|Drive Paul|" and

15(A5: "[Jump Child|" and

1e/A6: "|Drunk Paul — = Drive_carefully Paul|" and
17|A7: "| (= Drive_carefully Paul A Drive Paul A Jump Child) — (Kill Child V Hurt Child) "

15| (* Consistency is confirmed by nitpick *)
zo[Lemma True nitpick [satisfy,user_axioms,show_all,expect=genuine] oops

2z[lemma "| O, (Stay Paul)|" using A2 A3 A6 sledgehammer by (simp add: kimp_def kvalid_def)

2q[lemma "|[O,(Drive_carefully Paul) A - Drive_carefully Paul|" using Al A3 A6
25 sledgehammer by (simp add: kand_def kimp_def ktrue_def kvalid_def)

a7{lemma "[O, (= Kill Child A = Hurt Child) A (Kill Child V Hurt Child)|" using AD A3 A4 A5 A6 A7
zs| sledgehammer by (simp add: kand_def kimp_def ktrue_def kvalid_def)
=s/end

FIGURE 5.6: Drink and Drive scenario for Paul in Isabelle/HOL

For the individual Ali, the set of Norms remains the same except that we adapted the
name of the individual accordingly. However, in Ali’s case, the child was not involved.
Therefore, the Input set only consists of our facts: A3, A4, A6 and A7 (cf. Fig. 5.7, lines
13-16).

The formalization of Ali’s scenario is consistent, again proven by Nitpick (cf. Figure 5.7,
line 19). In contrast to Paul, Ali did not violated the norm A0 as Nitpick find a counter
model for the corresponding statement (cf. Fig. 5.7, lines 27-28).
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i[theory Drink_and_Drive imports IOL_out2

z2(begin

s|datatype indiv = Ali | Paul | Child (* Represent individuals Ali, Paul and Child *)
aconsts Kill::"indiv=-7" Hurt::"indiv=-7" Drive_carefully::"indiv=7" Stay::"indiv=-+"
siDrunk::"indiv=-7" Jump::"indiv=-7" Drive::"indiv=1"
(3
7
8
)

axiomatization where

(* Norms *)

AO: "|T — Op(- Kill Child A = Hurt Child)|" and

w|/Al: “|T — Oy(Drive_carefully Ali)|" and

1n|A2: “[= Drive_carefully Ali — O, (Stay Ali)|"and

1z| (¥ Input set *)

13(A3: "[Drunk Ali|" and

14{A4: "[Drive Ali|" and

15/A6: "|Drunk Ali — - Drive_carefully Ali|" and

1e|A7: "[ (= Drive_carefully Ali A Drive Ali A Jump Child) — (Kill Child Vv Hurt Child)|"

18| (¥ Consistency is confirmed by nitpick *)
1s[Lemma True nitpick [satisfy,user_axioms,show_all,expect=genuine] oops

zuflemma "|O,(Stay Ali)|"
22| using A2 A3 A6 sledgehammer by (simp add: kimp_def kvalid_def)

zaflemma "|O,(Drive_carefully Ali) A — Drive_carefully Ali|" wusing Al A3 A6
25| sledgehammer by (simp add: kand_def kimp_def ktrue_def kvalid_def)

z7/Llemma” | O, (= Kill Child A = Hurt Child) A (Kill Child V Hurt Child)|"
28| nitpick [user_axioms,show_all,expect=genuine] oops
zs|end

FIGURE 5.7: Drink and Drive scenario for Ali in Isabelle/HOL

5.4 Semantical Embedding of I/O Mechanism over Boolean
Algebras in HOL

The direct semantical embedding of 1/O operations are based on Theorem 4.10.

Let X be a set of propositional variables and N C Fm(X) x Fm(X). It has been shown
that (Theorem 4.10)

(p,0) € dem’vefm(x)(]\f)
if and only if
V(1) € outB(NV {V(p)}) for every B € BA, for every valuation V on B.
If we call the structure A = (B, V, NV') a Boolean normative model, (¢, 1)) € derivefm(x) (N)
holds if and only if V(¢) € out?(NV,{V(¢)}) holds in all Boolean normative models. In

the reminder of this chapter we show how the direct embedding works for Fm(X). Type

i — o is abbreviated as 7 in the remainder. The HOL signature is assumed to contain
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the constant symbols N; .-, =i, Visisi, Nisisi, 14 and 1; . Moreover, for each atomic
propositional symbol p? € X of Fm(X), the HOL signature must contain a respective
constant symbol p{ Without loss of generality, we assume that besides those symbols
and the primitive logical connectives of HOL, no other constant symbols are given in the

signature of HOL.

The mapping |-| translates element ¢ € Fm(X) into HOL terms |¢]| of type i. The

mapping is recursively defined:

] = p pPeXx

L T] Ti

[-L] L

L] = —isi(le])

lp V] = Visisile][¥]

Lo A = Nisisile] ]

L[di(N) (e, )] = (Oi(N)r=r{le]}) [¥]

Or(N)rory O11(N)rory, O1(N)rsry, O2(N)7or and Os(N), thereby abbreviate the
following HOL terms:

Or(N)rar  =MAX;QU (BY BZ(AZANZ=Y ANYUAU < X))))
On(N)rar =MAX;QU @Y (3Z(AZANZ<YANYUAU = X))))
O1(N)rr = MAX;QU (BY BZ(AZANZ <Y ANYUAU < X))))

O2(N)ror = AANX;(VV (SaturatedV A\NYU(AU — V U)
LAY BZ(Z<XANYZAVY))))

O3(N)rar = MAX;(VWVUAU - VU)AV =UpV
ANYWEY (VY ANYW) = VIV)
S EZ(Z<XANYZAVY))))

where
< = AXGAY (X Nisini Vi = X;)
Saturated = M NA;(VXVY((A(XVY) - AXVAY)
MAXANX <Y — AY))
Up — AMNX;(3Z(AZ A Z < X))

No more specification is needed for N;_r, —ioi, Visisi, Nisisi, 14 and L;.
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5.4.1 Soundness and completeness

To prove the soundness and completeness, that is, faithfulness, of the above embedding, a

mapping from Boolean normative systems into Henkin models is employed.

Definition 5.6 (Henkin model H* for Boolean normative model A/ ). For any Boolean
normative model N' = (B, V, NV), we define corresponding Henkin model HV. Thus, let
a Boolean normative model N' = (B,V, NV) be given. Moreover, assume the finite set
X = {p',,...,p™}, for m > 1, are the only atomic symbols of Fm(X). The embedding

requires the corresponding signature of HOL to provide constant symbols pg such that
lP) =p]

A Henkin model HY = ({Dgy}acr, I) for N is now defined as follows: Dj; is chosen as the
set of B ; all other sets D,_.3 are chosen as (not necessarily full) sets of functions from
D, to Dg. For all D,_g the rule that every term ¢,_.3 must have a denotation in D,_g
must be obeyed (Denotatpflicht). In particular, it is required that D, D;_ and D,
contain the elements ng, IT;, I, I—; ., IV, IN;Si-; and IN;_... The interpretation
function I of HV is defined as follows:

1. For j =1,...,m, ng € D; is chosen such that ng =V(p/) in N.
2. IT; € D; is chosen such that IT; =V(T) in N.
3. I1; € D; is chosen such that I L; = V(L) in NV.

4. I-;.; € Dj_; is chosen such that I(—;_; @) = iff =V (p) =V (¢) in N.

5. IVisini € Disis; is chosen such that I V;;—; o = ¢ iff V(p)V V() =V (¢) in N.
V(¢) in N.

7. IN;.; € D;., is chosen such that IN;_,(p,%) = T iff (V(p),V())) € NV in V.

6. INisisi € Disisi is chosen such that I A o0 = ¢ iff V(o) AV (1)

8. For the logical connectives —,A, V, II and = of HOL the interpretation function I is

defined as usual (see the previous section).

Existence of the valuation V', which is a Boolean homomorphism, from the Boolean alge-
bra Fm(X) into the Boolean algebra B guarantee the existence of I and its mentioned
requirements. Since we assume that there are no other symbols (besides the T;, L;, =i,
Visisi, Nisisi, Nisr and; o, V, [] and =) in the signature of HOL, I is a total func-
tion. Moreover, the above construction guarantees that HV is a Henkin model: (D, I)
is a frame, and the choice of I in combination with the Denotatpflicht ensures that for

M
1

arbitrary assignments g, "9 is an total evaluation function.
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Lemma 5.7. Let H™ = ({Da}aer, ) be a Henkin model for a Boolean normative model
N. We have HVN =HOLS for all & € {COMV,COMA, ASSV, ASSA, IDEV, IDEA,
COMPV, COMPA,DisV A, Dis AV}, where

COMV is VX;Y; (XVY =Y VX)

COMN is ¥X;Y; (XANY =Y AX)

ASSvV is VX;ViZ, ( XV VZ)=(XVY)VZ)

ASSN is VXoViZi XANYANZ)=(XANY)NZ)

IDEV s YX; (XV1=X)

IDEN is VX; (XANT=X)

COMPV is VX; (XV-X=T)

COMPA is VX; (X AN-X=1)

DisvVA is VX;Y:Z; ( XVIYANZ)=(XVY)AN(XVZ))

Disnv is VX;YV,Z; XANYVZ)=(XANY)V(XAZ))

Proof. The proof is straightforward, for example for COM V we have

COM v:

For all a,b € D;: IV;,in; ab=1V;_;,.; ba (by definition of IV;_;-; and V )
< For all assignments g, for all a,b € D;
X VY =Y v X|H"gla/Xi]lb/Yi] — T
For all g, we have |[VXVY(X VY =Y v X)|#"9 =T
HN EHOL coMyv

Tt ¢

O]

Lemma 5.8. Let HV be a Henkin model for a Boolean normative model N' = (B,V,NV).

For all conditional norms (p,v), arbitrary variable assignments g it holds: V(¢) €
. . N
out? (N, {V(¢)}) if and only if ||| di(N) (g, ) |79 =T.

Proof. Fact: We should notice that for all ¢ € Fm(X) and for all assignments g by
induction on the structure of ¢ we have ||| ]| ||HN79 = V(). For simplification we use the
term abbreviations for saturated set, the ordering < and upward set. It is easy to see that
these terms abbreviations have the same corresponding sets in the corresponding Henkin

model as the Boolean algebra.
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(d1(N))

ILdi(N) (g, ) |9 =T

i
HO1 M) rr{ LI DLW] |17 = T
IAAANX,(BU (Y BZ(AZAZ <Y ANYUAU < X)){le) L) |79 =T

I0XEU BY BZ({lel} ZAZ <Y ANYUAU < X)) |0 =T
13U @Y GZ({le)} ZAZ <Y ANYUAU < [0 =T

I3V Y (lp] SYANYUAU < [T 9 =T

There are elements b and ¢ such that b,c € D; and

o] SYANYUAU < o] ||F"9b/Uile/Yi] =

There are elements b, c € B such that

V() <cANYebAD < V(3)

V() € Up(NY (Up({V (9)})

V() € autB (N {V(2)})

¢ to 0T

T ¢

(d2(N))

lLda(N) (o, )]0 = T

I(O2(N)rr{ L D) |79 = T
I AAAX;(YV (Saturated V ANNU(AU — V U)

LAY AZ(Z < XANY ZAVY)HIeI D)0 =T
< ||AX;(YV (SaturatedV AVU({|¢]} U — V U)
S EZ(ZSXANYZAVY)))|)||E 9 =T
& ||VV (Saturated V AYU({ @]} U — V U)
S EZ(Z < W ANY ZAVY))|HY 9 =T
< There are elements b and ¢ such that b,c € D; and
IVV (Saturated V AVU({|¢|} U — V U)
S (Z< W] ANY ZAVY))|EY alb/Yile/Z] — 7
< For every saturated set V that {V(p)} CV
there are elements b, c € B such that
c<VW)ANYbeAVD
< For every saturated set V such that {V(p)} CV
we have V (v) € Up(NV(V)))
& V() €outfy(NY {V(p)})

T ¢
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(d3(N))

I ds(N) (e, ) |10 = T
1(Qa(W)rar{ll L) T0 = T
IAANX; (VW (YU (AU — VU)AV =UpV
ANYWEY (VY ANYW) - VW)
LAY (BZ(Z< X ANY ZAVY)) (e DIw)I# e =T
s [|0X( WU |p)}U - VU)AV =UpV
ANYWEY (VY ANYW) — VIV)
LIV (FZ(Z<XANY ZAVY) ]9 =T
< |VWWNVU{ e} U = VU)AV =UpV
AW EY (VY ANYW) = VIV)
IV (BZ(Z <[ ANY ZAVY)) |9 =T
< There are elements b and ¢ such that b, ¢ € D, and
INVVVU (YU = VU)AV = UpV
AWV (3Y (VY ANYW) — VIV)
S (Z< W] ANY ZAVY))|EY alb/Yile/Z] = 7
& For every set V that Up(V) =V, {V(p)} CV and NV(V)CV
there are elements b, c € B such that
c<VW)ANYbeAVD
& For every set V that Up(V) =V, {V(p)} CV and NV(V)CV
we have V (v) € Up(NV(V)))
& V() €ouBIN, {V(p)})

T ¢

O]

Lemma 5.9. For every Henkin model H = ({Da}aer,I) such that H =101 for all ¥ €
{COMV,COMN,ASSV,ASSN,IDEV,IDEN,COMPN,COMPA, Dis \V A\, Dis AV },
there exists a corresponding Boolean normative model N'. Corresponding means that for

all conditional norms (p,1)) and for all assignment g, |||d:(N)(p,¥)]|||#9 = T if and only
if V(¥) € out? (NV, {V(0)}).

Proof. Suppose that H = ({Dg}aer, I) is a Henkin model such that H =10V % for all
X e {COMV,...,Dis AN\ V}. Without loss of generality, we can assume that the domains of
H are denumerable [110]. We construct the corresponding Boolean normative model N

as follows:
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° B:Dl
L4 1:IT1
.OZIJ_l

e aVb=cforabceBiff I v, ;_; ab=rc.

e aANb=cforabce Biff I Nj_;_; ab=c.

e g=-bfora,be Biff I-,;a=05.

e The valuation on B is defined such that for all p’ € X, V(p/) = I(pz)

e (a,b) € NV for a,b € B iff IN;.,(a,b) =T.

Since H =10V X for all ¥ € {COMV, ..., Dis AV}, it is straightforward (but tedious) to

verify that A, V, =, 0 and 1 satisfy the conditions as required for a Boolean algebra .

Moreover, the above construction ensures that H is a Henkin model HN for Boolean
normative system N. Hence, Lemma 5.8 applies. This ensures that for all conditional
norms (¢, 1), for all assignment g we have |||d;(N)(p,)|||"*9 = T if and only if V (¢) €
outB(NV, {V(¢)}). =

Theorem 5.10 (Soundness and Completeness of the Embedding).

For every Boolean normative model N V(1) € out?(NV, {V(¢)})

if and only if
{COMV, ..., Dis AV} EHOL |d;(N) (g, )|

Proof. (Soundness, <) The proof is by contraposition. Suppose for a Boolean normative
model (B, NV) we have V(v) ¢ outB?(NV,{V(¢))}) Now let HN be a Henkin model for
Boolean normative model /. Then by Lemma 5.8 for an arbitrary assignment g, it holds
that |||di(N)(p, ¥)] |9 = F, but [|[COM Vv ||[EY9 = T ... |Dis A V|HY9 = T that is

contradiction.

(Completeness, —) The proof is again by contraposition. Assume {COMV, ..., Dis A
v} EHOL 14, (N)(p,4)] then there is a Henkin model H = ({D4}acr,I) such that
H POV Y for all & € {COMV,...,Dis AV}, but ||[di(N)(p,)]|#9 = F for some
assignment g. By Lemma 5.9, there is a Boolean normative model N such that
V() ¢ outP(NV,{V(p)}), that is contradiction.



Chapter 5. Norms, Semantics, and Computation 105

5.5 Implementation in Isabelle/HOL

The semantical embedding as devised in last section has been implemented in the higher-
order proof assistant Isabelle/HOL [156]. Figures 5.8 and 5.9 display the respective en-
coding. In Figure 5.8, after introducing type i for representing the elements of Boolean
algebra, we introduced the algebraic operators as constants in higher-order logic. Also the

algebraic operators are characterized according to the definition of Boolean algebra.

theory I0Boolean
imports Main

begin

typedecl 1 (* type for boolean elements *)

type_synonym 7 = "(i=-bool)"

type_synonym o« = " (i=-i=-bool)"

consts N :: "i=i=bool"” ("N") (* Normative system *)
consts dis :: "i=i=i" (infixr"v"50)

consts con :: "i=i=i" (infixr"A"60)

consts neg :: "i=i" ("= _"[52]53)

consts top :: 1 ("T")

consts bot :: 1 ("L")

axiomatization where

COMdis : "¥X. ¥Y. (X V Y) = (Y V X)" and

COMcon = "¥X. WY. (X A Y) = (Y A X)" and

ASSdis : "VWX. WY. ¥ Z. (X V (Y V Z)) = (X V (Y V Z))" and
ASScon : "WX. WY. ¥ Z. (X A (Y A Z)) = (X A (Y A Z))" and
IDEdis : "¥X. (X V 1) = X" and

IDEcon : "¥X. (X A T) = X" and

COMPdis : "¥X. (X V =X) = T" and

COMPcon : "¥X. (X A (X)) ) = L" and

Ddiscon : "¥X. ¥Y. ¥V Z. (X V (Y A Z)) = ((X VvV Y) A (X V Z))" and
Dcondis : "wX. WY. ¥ Z. (X A (Y V Z)) (X AY) V (XA Z))

FIGURE 5.8: Semantical embedding of Boolean algebra in Isabelle/HOL

Figure 5.9 displays the semantical embedding of I/O operations in HOL, upward operator,
and the property of saturated set.

Figure 5.10 shows some experiments, models and counter models finding, and some theo-

rems about I/O operations.
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definition ordeIOB :: "i=7" (infixr"<"80) where "X € Y = ((X A Y) = X)"
definition satulOB :: "r = bool" ("Saturated") where

"Saturated V = ¥X. ¥Y. (((V (X V ¥})— (VX v VY)) A (VXA (XSY)) — VY))"
definition UpwardIOB :: "r = 7" ("Up") where " Up V = AX. (3Z . (VZ A Z < X))"
definition outl :: "a = 7 = 7 ("Ci<_; =")

where “Or<M;A> = AX. JU. (3Y. (FZ. (A Z A (Z=Y) AMY U A (U< X)) ) )"

definition outII :: "a = 7 = 7 ("Or<_; _>")
where "C1r<M;A> = AX. JU. (FY. (FZ. (A Z A (Z<Y) A MY U A (U=X) ) ) )"

definition outl :: "o = 7 = 7" ("Ci<_; >")
where "C1<M;A> AX. JU. (AY. (FZ. (A Z A (ZLY) AMY U A (U X)) ) )"

definition out2 :: "a =7 = " ("Ca<_; >")
where "(2<M;A> = AX. (VV. ( (Saturated V) A (WU. (AU — V U ))
— (3Y. (FZ. ( (VY) A MY Z) A (Z2X)) )) N

definition out3 :: "o = 7 = " ("Ci<_; >")
where "C3<M;A> = XX, (W. ( ((V=Up V) A (VU. (AU — VU )AL (IY.(VY A (MY W)))—V W))
— (Y. (L. ((Z< X)A NY 2 ANV Y)Y b)Y "

FIGURE 5.9: Semantical embedding of out; in Isabelle/HOL

consts a ::
consts b ::
consts ¢ ::
consts W ::

S e

lemma "Ci=N; ((AX. X = a))= a" nitpick [user axloms,expect=genulne,show all] oops

lemma "{Cw<N;((AX. X = a))> x A (b < a)) — oO=<N; {{XX. X = b))=> x"
nitpick [satisfy,user axioms,show all,expect=genulne,card=4] oops

lemma "{Ca<N; ((AX. X= a))= x A OwmN; {{AX. X= b))> x) — O=N; ({AX. X= (avb)))> x"
nitpick [user axioms,expect=genulne,show all] oops

Lemma "{Ow<N; ((AX. X= a))> x A OwN; ({(M. X= a))> y) — OwxN; ([(M. X=a))> (x A y)"
nitpick [user axioms,expect=genulne,show all] oops

Lemma "{CO3=<N; ((AX. X= a))= x) — (Cz<N;((MX. X=a ))= x)"
nitpick [user axioms,expect=genulne,show all] oops

Lemma "{C<N; ((AX. X= a))= x) — (Oz=<N;((AX. X= a))= x)" unfolding Defs by auto
Llemma "{Cw=<N; ((AX. X= a))= x) — (O3=<N;((AX. X= a))> x)" unfolding Defs by meson

Llemma "(C3<N; ((AX. X= a))= x) — (o=N; ((AX. X= a))= x)"
nitpick [user axioms,expect=genuine,show all] oops

FIGURE 5.10: Some experiments about out; in Isabelle/HOL
The first two lemmas prove the soundness of outy, cf. Fig. 5.11. The next two lemmas

show the factual detachment of this output operation. The last two lemmas illustrate the

soundness for the out; and out;; where the depth of inference is one.

Moreover, Figure 5.12 shows the soundness of outs and outs for the depth one.
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(*Soundness for Qutl*)
lemma "(C1<N; ({AX. X= a))> x A (x € y)) — O1=<N; ((MX. X= a))> y" unfolding Defs
by (metis COMPcon COMPdis COMcon COMdis Dcondis Ddiscon IDEcon IDEdis ordeIOB_def)
lemma "(O1<N; ({(AX. X= a))> x A (b < a)) — ©1<N; ((AX. X= b))> x" unfolding Defs
by (metis COMPcon COMPdis COMcon COMdis Dcondis Ddiscon IDEcon IDEdis)

lemma "(N a b) — (C1<N;((AX. X= a))= b)"
unfolding Defs
by (metis COMPcon COMcon COMdis Dcondis Ddiscon IDEdis)

lemma "(N a b A Wa) — (Ci<N;W= b)"
unfolding Defs
by (metis COMPcon COMcon COMdis Dcondis Ddiscon IDEdis)

lemma "((N a b A (b < c)) — (Ci<N; ((AX. X=a))= c))"
unfolding Defs
by (metis COMPdis COMcon COMdis Dcondis Ddiscon IDEcon)

lemma "((N a b A (c € a)) — (Ci<N; ((AX. X= c))= b))"
unfolding Defs
by (metis COMPcon COMcon COMdis Dcondis Ddiscon IDEdis)

lemma "((Nab A (b <c)) — (Cr<N; ((AX. X= a))> c))"
unfolding Defs using ordeIOB def outI def by auto

lemma “"((N a b A (c € a)) — (Cm=<N; ((M. X= ¢))= b))"
unfolding Defs using ordeIOB def outII def by auto

FIGURE 5.11: Soundness of out; in Isabelle/HOL

(* out2 depthl-soundness *)
Llemma “((N a b ~ (b < c)) — (oz=<N;(({AX. ¥= a))= c))"
unfolding Defs by auto

Llemma “((N a b » (c < a)) — (oz=<N;({{AX. ¥=c))= b))"
unfolding Defs
by (metis COMPcon COMcon COMdis Dcondis Ddiscon IDEdis)

Llemma "(N a b A N c b) — (Oz=N;(({MX. X= (a v c}))= b)"
unfolding Defs
by (metis COMPdis COMcon COMdis Dcondis Ddiscon IDEcon)

(* out3 depthl-soundness *)
Llemma “((N a b ~ (b < c)) — (oOz=N;(({AX. ¥= a))= c))"
unfolding Defs by auto

Llemma "((N a b ~ (c < a)) — (C=N;{{AX. ¥=c))= b))"

unfolding Defs
by (metis COMPdis COMcon COMdis Dcondis Ddiscon IDEcon)

lemma "{(N a b A Nbc) — (OzN;{(M\. X=a))= c)"

unfolding Defs
by (metis COMPcon COMcon COMdis Dcondls Ddiscon IDEdis)

FIGURE 5.12: Soundness of outy and outs in Isabelle/HOL

The output operations are implemented in Figure 5.13. The implementations are based

on reversibility of rules in the derivation systems. We built the four output operations,
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introduced by Makinson and van der Torre [140], over the simple-minded output operation,

see Section 3.3.

1
2
3
4
5
B
7
8
9

16|
11]
12
13
14
15
16
17]
18]
19
20|
21]
22
23
24
25
26

theory outoperation imports IOBoolean
begin
definition Rout :: "o = 7=i=+i=tbool" ("Rout< ; >"

where "Rout<M;A> = AZ. M. FU. (3I¥. { (A Z A (Z<Y) A MY U A (U < X)) ) D"
definition Sub rel :: "w=o=-bool" where "Sub rel RQ =% uv. Ruv — Q uv"
(* OUT1 orginal *)
definition Close AND :: "o = bool" where "Close AND 0 = Wu v w.(Quv A Quw— (QuilvAw)"
definition TCAND :: "o = o" where "TCAND R = A X Y. ¥ Q. Close AND Q — (Sub relRQ — Q X Y)"
definition outAND :: "a= 7 = 7" ("OAND<_; =") where "COAND<M;A> = MX. 3Y. TCAND (Rout<M;A=) ¥ X"
(* 0UTZ orginal *)
definition Close OR :: "a = bool" where "Close OR Q =Y u v w. (QvunrQwu— (0 (vvw u)"
definition TCOR :: "o = o" where "TCOR R = A X Y. ¥ Q. Close OR Q — (Sub rel R Q — Q X Y)"
definition outOR :: “"a=+ 7 = 7" ("COR< ; >") where "OOR<M;A= = AX. 3JY. TCOR (Rout<M;A=) Y X"
definition outORAND :: "a= 7 = 7" ("COORAND< ; >"

where "CORAND=M;A= = AX. 3¥. TCAND (TCOR (Rout=M;A=)) ¥ X "
(* OUT3 orginal *)

definition Close CT :: "o = bool" where "Close CTQ =V uwvw. (QvuarQ(vAuw—(Qvw)"
definition TCCT :: "o = o" where "TCCT R = A X Y. ¥ Q. Close CT Q — (Sub_rel R Q — Q X Y)"
definition outCT :! "a= 7 = " ("0OCT<_; =") where "OCT<M;A= = AX. 3I¥. TCCT (Rout<M;A>) Y X"
definition outCTAND :: "a= 7 = 7" ("OCTAND=_; =")

where "COCTAND<M;A= = AX. JY. TCAND (TCCT (Rout<M;A=)) Y X"
(* 0UT4 orginal *)
definition outCTORAND :: "a= 7 = 7" ("OCTORAND= ; =")

where "CCTORAND<M;A> = AX. 3Y. TCAND (TCOR (TCCT (Rout<M;A=}}) ¥ X"

FIGURE 5.13: Semantical embedding of initial output operations in Isabelle/HOL

Following lemmas (cf. Fig. 5.14) shows the automation capability of implemented output

operations, case of outy.

ge{lemma 1mp : "Ou=N; ((AX. X=a)) = b — AND=N; ((MX. X= a)) = b"
87| wusing outl def Rout def Sub rel def Close AND def TCAND def unfolding Defst outAND def
88| by auto

89|

gg[lemma "(N a b) — (CAND<N;((AX. X= a))> b)"
91/ wusing 1mp Rout def Sub rel def Close AND def TCAND def unfolding Defst outAND def

92
93|

by (metis COMPcon COMPdis COMcon COMdis Dcondis IDEcon IDEdis ordeIOB def )

g4{lemma "(N a b A N a ¢) — (CAND<N;((MX. X= a))= (b A C))"

95

using 1mp  Rout_def Sub_rel def Close AND_def TCAND def

96| wunfolding Defst outAND def TCAND def
97| by (metis COMPcon COMPdis Dcondis IDEcon IDEdis ordeIOB def)

98|

go|lemma imp2 : "Ca<N; ((AX. X= a))> b — CAND<N; ((AX. X= a))= b"
100| using outl def Rout def Sub_rel def Close OR_def TCOR_def unfolding Defst outOR_def
181] by auto

102

103|lemma "((Cw=N; ((AX. X=a ))= b) A (Ow=N;{(AX. X= a))> ¢)) — OAND=<N;{(AX. X=a))= (b A c)"
104| unfolding Defst outAND def TCAND def Close AND def outl def

105

by metis

FIGURE 5.14: Semantical embedding of initial output operations in Isabelle/HOL

Finally, we can implement the proof system of input /output logic directly in Isabelle/HOL,

cf. Fig. 5.15 and 5.16. The idea is based on (universal) order of rules in a derivation.
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Ordering of rules and closure operation of syntactical properties of proof systems are the

main trick for defining the derivation systems. For more details see Section 3.3.

1|theory outsystems imports IOBoolean

2|begin
3
4ldefinition
sldefinition
gldefinition
7|ldefinition
gldefinition
gldefinition
10|definition
11
12|definition
13|definition
14|definition
15|definition
16|definition
17|definition
18|definition
19|definition
20|
21|definition
22|definition
23|definition
24|definition
25|definition

Close EQO :: "o = bool" where "Close EQO Q
Close EQI :: "o = bool" where "Close EQI Q
Close SI :: "o =+ bool" where “"Close SI Q =
Close WO :: "o = bool" where "Close WO 0 =
Close AND :: "o = bool" where "Close AND O
Close OR :: "a = bool" where "Close OR Q =
Close CT :: "a = bool" where "Close CT Q =
Sub rel :: "a=ra=-bool" where "Sub rel R 0

TCEQD i "o = o" where "TCEQO R = A X Y. ¥
TCEQIL :: "o = o" where "TCEQI R = A X Y. ¥
TCSI ! "o = " where "TCSI R = A X Y. ¥ Q.
TCWO :: "o = o" where "TCWO R = A X Y. ¥ 0.
TCAND :: "o = o" where "TCAND R = A X Y. ¥
TCOR i "o = o" where "TCOR R = A X Y. ¥ Q.
TCCT it "a = o" where "TCCT R = A X Y. ¥ Q.
derSI :: "a=a" ("derSI< >") where "derSI<M>

derwd :: "a=sa" ("derW0< >") where "derWO<M=
derAND i: "a=a" ("derAND< =") where "derAND
derOR :: "a=a" ("derOR< =") where "derOR<M=
derCT :: "a=a" ("derCT< =") where "derCT<M=>

=Y uwv.

w.(Q =
w.(Q
.{Qu
.{Qu
w. (0
Qv
Qv

Alv=w) — (Quw))"
Afu=w) — (Qwuv))"

(w <u) — (Qww))"

(v €w) — (Quw)"
AQuw — (Qu{vAw))"
Qwu — (Q (vvw u)"
Q (vAauw—(Qvw)"

< < Il = = Il
c = s = =L
S s << £ c
E = < = E = <
EEE == £
> = > > =<

Ruv — Quv"
0. Close EQD 0 — (Sub rel R 0
Q. Close EQI 0 — (Sub rel R 0Q
Close ST Q — (Sub rel R 0 —
Close WO 0 — (Sub rel R 0 —
0. Close AND 0 — (Sub_rel R Q — 0Q X Y)"
Close OR 0 — (Sub_rel R Q0 — 0Q X ¥)"
Close CT Q — (Sub_rel RQ — Q X Y)"

TCSI (M)
TCWO (M) "
= TCAND (M)"
TCOR (M)"
TCCT (M) "

=

==

FIGURE 5.15: Semantical embedding of I/O proof systems in Isabelle/HOL

For example in the line 27 in Fig. 5.16, derSIEQQO introduce the derivation system derivey
with rules of {ST, FQO} and lines 51-52 derSIWOCTORAND the derivation system derivey,
with rules of {SI,WO,CT,OR,AND}

TCSI (TCEQD (M))"
TCWO (TCEQI (M))™

TCWO (TCSI (M))"
=TCSI (TCWO (M))"

definition derSIWOAND :: "a=ra" ("derSIWOAND= >") where "derSIWOAND<M= = TCAND (TCWO (TCSI (M)))"

"a=so" ("derSIW00R< ="} where "derSIWOOR<M> = TCOR (TCWO (TCSI (M)))"

27|definition derSIEQO :: "a=+a" ("derSIEQO< >") where "derSIEQO<M=
2g|definition derWOEQI :: "a=:a" ("derWOEQI< >") where "derWOEQI<M=
29

30| (*Derivel-Per*)

31|definition derSIWO :: "a=a" ("derSIW0< =") where "derSIWO<M=
32|definition derW0SI :: "a=ra" ("derW0SI< >") where "derW0SI<M-
33|

34| (*Derivel-0b*)

35

36|

37| (*Derive2-Per*)

3g|definition derSIWOOR ::

39

40 (*Derive2-0b*)

41|definition derSIWOORAND :: "a=-a" ("derSIWOORAND= =")

42| where "derSIWOORAND<M= = TCAND (TCOR (TCWO (TCSI (M))))"

43

44 (*Derive3-0b*)

45|definition derSIWOCT :: "a=a" ("derSIWOCT< ="}

46| where "derSIWOCT<=M= = TCCT (TCWO (TCSI (M)))"

47|definition derSIWOCTAND :: "a=:a" ("derSIWOCTAND< >")

48| where "derSIWOCTAND<M> = TCAND (TCCT (TCwO (TCSI (M))))"

49

50| (*Derived-0b*)

s1|definition derSIWOCTORAND :: "a=ra" ("derSIWOCTORAND= =")

52| where "derSIWOCTORAND<M= = TCAND (TCOR (TCCT (TCWO (TCSI (M)))))"

FIGURE 5.16: Semantical embedding of I/O proof systems in Isabelle/HOL
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The advantage of implementing the proof system of I/O logic besides the output operations
is possibility to check completeness theorems. For example, it is checked the completeness
of outl as figured in Fig. 5.17, lines 70-73. Lines 61 and 62 shows the AND closure is
closed under AND. Lines 6467 prove the capability of the implementation for a normative

system M.

61| lemma "Close AND (TCAND N)" unfolding Defst TCAND def
62| by metis

63|
g4/lemma "(Mab v (3 y. My b A (a8 < y))) — derSI<M> a b"
65|using  Sub_rel def Close SI def TCSI def

66] wunfolding Defst and Defs derSI def

67] by metis

69| (*0UT1 completness®)
7o[lemma "(cw<N; ((AX. X = a))= y — derSIWO<N= a y)"

71| wusing Sub rel def Close SI def Close WO def TCSI def  TCWO def
72| wunfolding Defst and Defs derSI_def Sub_rel def TCWO def TCSI def
73| by metis

FIGURE 5.17: Completeness checking of outl in Isabelle/HOL

Moreover, we can examine the proof theoretical difference of I/O systems (cf. Fig. 5.18).
For example lines 81-85 show that the implemented derivation system derSIWOOR (derives)
is sound, for the rule of OR, for the depth one.

75/lemma "((Nab ANac)an(Nxy — (NabwvNac))

76, —+ derSIWOAND<N> a (baAc)" (* AND Closed *)

77| wusing Sub_rel_def Close SI def TCSI def  TCWO_def

78| unfolding Defst and Defs derSI def Sub rel def TCWO def

79| by auto

80

g1|lemma "((Nab A Ncb) An(Nxy — (NabwvNcal)
82 —+ derSIWODR=N> (a Vv c) b" (*OR Closed *)

83| wusing Sub_rel def Close SI def TCSI def  TCWO def
84| unfolding Defst and Defs derSI def Sub rel def TCWO def

85| by auto

86

g7/lemma "((N a b ~ N (aab) ¢) ~ (Nxy — (N ab v Nfaab) c)))
88 —  derSIWOCT=N> a c" (*CT Closed *)

ga| wusing Sub_rel def Close SI def TCSI def  TCWO def
90| wunfolding Defst and Defs derSI def Sub rel def TCWO def
o1f by (smt Close CT def Sub_rel def TCCT def TCWO_def derSIWOCT def)

92
o3|lemma "((N a b A N {anb) ¢) A (Nxy — (N ab v N(aab) c)))
94 —  derSIWOCTAND=N> a c" (*CT Closed *)

95| wusing Close CT def Sub rel def TCCT def TCWO def derSIWOCT def
96| wunfolding Defst and Defs derSI def Sub rel def TCWO def TCOR def
97 by (metis (no types, hide lams) Sub rel def TCSI def)

FIGURE 5.18: Some experiments about I/O proof systems in Isabelle/HOL
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5.6 Conclusion

We have presented an (indirect) embedding of two I/O operations in HOL, and we have
shown that each embedding is faithful. The implementation already supports non-trivial
applications in legal reasoning (GDPR) and moral theory (Moral luck). Moreover, we

could similarly implement the intuitionistic I/O logic [162].

Also, a direct embedding of 1/O operators in HOL is devised and shown that those embed-
dings are sound and complete, i.e., faithful. Moreover, based on the (universal) order of
derivation, we have implemented the proof system of input/output logic in Isabelle/HOL.
We have employed our implementation to systematically study some meta-logical prop-
erties of I/O logic, such as soundness and completeness for the simple-minded output

operation within Isabelle/HOL.



Chapter 6

Deontic Modals, Preferences, and

Computation

Preferences figure in our everyday language and actions. For example, economists invoke
preferences to explain, predict, and assess economic outcomes. Preferences are subjective

attitudes that determine how agents rank alternatives and can serve as reasons for actions.

A landmark and historically important family of dyadic deontic logics has been proposed by
B. Hansson [109]. These logics have been recast in the framework of possible world seman-
tics by Aqvist [12]. They come with a preference semantics, in which a binary preference
relation ranks the possible words in terms of betterness. The framework was motivated
by the well-known paradoxes of contrary-to-duty (CTD) reasoning like Chisholm [72]’s
paradox. In this thesis, we focus on the class of all preference models, in which no specific
properties (like reflexivity or transitivity) are required of the betterness relation. This

class of models has a known axiomatic characterization, given by Aqvist’s system E [161].

The chapter is structured as follows: Section 6.1 describes system E. The semantical
embedding of E in HOL is then devised and studied in Section 6.2. This section also
shows the faithfulness (viz. soundness and completeness) of the embedding. Section 6.3
discusses the implementation in Isabelle/HOL [156] and Section 6.4 compares system E

and the Kratzerian framework. Section 6.5 concludes the chapter.

112
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6.1 Dyadic Deontic Logic E

6.1.1 Syntax

The language of E is obtained by adding the following operators to the language of proposi-
tional logic: O (for necessity); < (for possibility); and ()(_/_) (for conditional obligation);
P(_/-) (for conditional permission). (O(¢/¢) is read “If ¢, then 1 is obligatory”, and
P(¢/p) is read “If ¢, then v is permitted’. The set of well-formed formulas (wffs) is
defined in the straightforward way. Iteration of the modal and deontic operators is per-
mitted, and so are “mixed” formulas, e.g., O(¥/p) A p. We put T := —q V ¢, for some
atomic wff ¢, and L := —T. < is the dual of O, viz. $p := =O-¢. P is also the dual of
O, viz. P(¢/¢) === (- /¢). System E is defined by the following axioms and rules:

Axiom schemata for propositional logic (PL)
SH-schemata for O and < (S5)
O (b1 = h2/p) = (OWr1/p) = O¥2/¢)) (COK)
O@W/e) = DO W/ (Abs)
Oy = O¥/¢) (Nec)
D(p1 ¢ ¢2) = (O(W/¢1) < O(W/¢2)) (Ext)
O (¢/¢) (1)
O (/1 A p2) = Olp2 = ¢/p1) (Sh)
If Fpand F¢ — 9 then ¢ (MP)
If F¢then FDOp (N)

The notions of theoremhood, deducibility and consistency are defined as usual.

6.1.2 Semantics

A preference model is a structure M = (W, >, V') where:

e W is a non-empty set of possible worlds (W is called “universe”);

e = C W x W (intuitively, > is a betterness or comparative goodness relation; “s = t”

can be read as “world s is at least as good as world ¢”);



Chapter 6. Deontic Modals, Preferences, and Computation 114

e V is a function assigning to each atomic wff a set of worlds, i.e., V(p) C W (intu-

itively, V(p) is the set of worlds at which p is true).

No specific properties (like reflexivity or transitivity) are required of the betterness relation.

Given a preference model M = (W, =, V) and a world s € W, we define the satisfaction
relation M, s E ¢ (read as “world s satisfies ¢ in model M”) by induction on the structure
of ¢ as described below. Intuitively, the evaluation rule for the dyadic obligation operator
puts O(1/¢) true whenever all the best p-worlds are ¢-worlds. Here, best is defined
in terms of optimality rather than maximality [161]. A @-world is optimal if it is at
least as good as any other p-world. We define VM (p) = {s € W | M,s = ¢} and
opt (VM(p)) = {s € VM(p) | Vi(t F ¢ — s = t)}. Whenever the model M is obvious

from context, we write V (y) instead of VM ().

M, s |= pif and only if s € V(p)

M, s = -y if and only if M, s £ ¢ (that is, not M, s = @)
M,s = ¢V if and only if M,s =@ or M,s =¥

M, s = Ogpif and only if V(p) =W

M,s = O (/) if and only it opty. (V(¢)) € V(1)

As usual, a formula ¢ is valid in a preference model M = (W, =, V) (notation: M = ¢)
if and only if, for all worlds s € W, M,s = ¢. A formula ¢ is valid (notation: = ¢) if
and only if it is valid in every preference model. The notions of semantic consequence and

satisfiability in a model are defined as usual.

Theorem 6.1. System E is sound and complete with respect to the class of all preference
models. System E is also sound and complete with respect to the class of those in which
= is reflexive, and with respect to the class of those in which > is total (for all s,t € W,
s=tort=s).

Proof. See Parent [161]. O

We can put more properties on the preference relation > such as

e limitedness: if V(¢) # 0, then opt, (V(¢)) # 0.

e transitivity: if s > ¢ and ¢ > z, then s > z.
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F is the proof system obtained by supplementing E with (D*) and G is the proof system
obtained by supplementing F with (Sp).

Cp = (OW/e) = P(¥/¢)) (D)
(P(/e) NO((W = x) /) = O/ (e A1) (Sp)

Under the opt, evaluation rule, F' (G) is strongly sound and complete with respect to the

class of preference models in which > is limited (limited and transitive).

6.2 Embedding E into HOL

6.2.1 Semantical embedding

The formulas of E are identified in our semantical embedding with certain HOL terms
(predicates) of type i — o. They can be applied to terms of type i, which are assumed
to denote possible worlds. That is, the HOL type i is now identified with a (non-empty)
set of worlds. Type ¢ — o is abbreviated as 7 in the remainder. The HOL signature is
assumed to contain the constant symbol r;.. Moreover, for each atomic propositional
symbol p’ of E, the HOL signature must contain the corresponding constant symbol p]}.
Without loss of generality, we assume that besides those symbols and the primitive logical

connectives of HOL, no other constant symbols are given in the signature of HOL.

The mapping |-| translates a formula ¢ of E into a term || of HOL of type 7. The

mapping is defined recursively:

id = p}

[~ ] = o o]
leVY] = Vearar @] (Y]
[O¢) = O, o]
[OW/p)] = Ororar lo] 9]

“rory Visror, Oy and (Oror-, abbreviate the following terms of HOL:

ot = A AX;-(AX)
Visrsr = AAABAX;(AX VBX)
O, = M IX VY (AY)

Ororar = AMABAXNYWi((AVi(AV A (VY(AY = 1., VY)W = BW)!
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Analyzing the truth of formula ¢, represented by the HOL term [¢], in a particular world
w, represented by the term w;, corresponds to evaluating the application (|¢] w;). In line
with previous work [40], we define vld,, = AA;VS;(AS). With this definition, validity
of a formula s in E corresponds to the validity of the formula (vid |¢]) in HOL, and vice

versa.

6.2.2 Soundness and completeness

To prove the soundness and completeness, that is, faithfulness, of the above embedding, a

mapping from preference models into Henkin models is employed.

Definition 6.2 (Preference model = Henkin model). Let M = (W, =, V) be a preference
model. Let p',...,p™ for m > 1 be atomic propositional symbols and |p/| = pi for
§ =1,..,m. A Henkin model H™ = ({D4}acr, I) for M is defined as follows: D is chosen
as the set of possible worlds W and all other sets D,_g are chosen as (not necessarily full)
sets of functions from D, to Dg. For all D,_g the rule that every term ¢,_3 must have a
denotation in D,_3 must be obeyed, in particular, it is required that D, and D;_,, contain

the elements I pi and Ir;_.. Interpretation I is constructed as follows:
1. For 1 < i< m, Ip} € D, is chosen such that Ip’(s) =T iff s € V(p’) in M.
2. Iri; € D7 is chosen such that Ir;(s,u) =T iff s = u in M.
Since we assume that there are no other symbols (besides the 7, the p’ and the primitive

logical connectives) in the signature of HOL, I is a total function. Moreover, the above

construction guarantees that H is a Henkin model: (D, I) is a frame, and the choice of T

in combination with the Denotatpflicht ensures that for arbitrary assignments g, ||.|| Mg

is a total evaluation function.

Lemma 6.3. Let HM be o Henkin model for a preference model M. For all formulas 6

of E, all assignments g and worlds s it holds:

M, s =0 if and only if ||| 4] SiHHMvQ[S/Si] -7

Proof. See Appendix A.1. O

1t opty (A) is taken as a abbreviation for AV;(AV A (VY;(AY — 7,V Y'))), then this can be simplified
to Ororor = M AB-AX; (opty (4) C B).
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Lemma 6.4 (Henkin model = Preference model). For every Henkin model H = ({Dq}aer, I)
there exists a corresponding preference model M. Corresponding here means that for all

formulas & of E and for all assignments g and worlds s,
116).85]| #9175 = T if and only if M, s E &

Proof. Suppose that H = ({Dg}aer, I) is a Henkin model. Without loss of generality, we
can assume that the domains of H are denumerable [110]. We construct the corresponding

preference model M as follows:

o W =0D,.
o s ufor s,u e Wiff Iri-(s,u) =T.

o s V(pl)iff Ipl(s) =T for all p/.

Moreover, the above construction ensures that H is a Henkin model for M. Hence, Lemma
6.3 applies. This ensures that for all formulas § of E, for all assignments g and all worlds
s we have ||[5]S;||91/5i] = T if and only if M, sk 4. O

Theorem 6.5 (Soundness and completeness of the embedding).
= ¢ if and only if =10 vid|p)

Proof. (Soundness, <) The proof is by contraposition. Assume [~ ¢, i.e, there is a pref-
erence model M = (W, =, V), and a world s € W, such that M,s [~ ¢. By Lemma
6.3 for an arbitrary assignment ¢ it holds that ||[¢] S;||? Mgls/Si] = F in Henkin model
HM = ({Dy}aer,I). Thus, by definition of ||.||, it holds that [[VSi(|e]Sy)|H" ¢ =
[vid @] ||[H"9 = F. Hence, HM HOL 4id |y]. By definition KHOL vld |y ].

(Completeness, —) The proof is again by contraposition. Assume F=7OF vid ||, i.e., there
is a Henkin model H = ({D4}aer,I) and an assignment g such that |vid |¢]||#9 = F.
By Lemma 6.4, there is a preference model M such that M ¥ ¢. Hence, [~ ¢. O

Remark: In contrast to a deep logical embedding, in which the syntactical structure and
the semantics of logic L would be formalized in full detail (using e.g., structural induction
and recursion), only the core differences in the semantics of both system E and meta-logic
HOL have been explicitly encoded in our shallow semantical embedding. In a certain sense
we have thus shown, that system E can, in fact, be identified and handled as a natural

fragment of HOL.
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6.3 Implementation in Isabelle/HOL

6.3.1 Implementation

The semantical embedding as devised in Section 6.2 has been implemented in the higher-

order proof assistant Isabelle/HOL [156]. Figure 6.1 displays the respective encoding.

theory DDLE imports Main

1

2|begin

stypedecl i (* type for possible worlds *)

dtype_synonym 7 = "(i=+bool)" (* type for propositions *)

sjconsts aw::i (* actual world *)

glconsts r :: "i=s" (infixr "r" 70) (* comparative goodness relation *)

7

gldefinition ddetop (T where "T = Mw. True"
s|definition ddebot (L") where "L = Aw. False"
w|definition ddeneg r r=rt ("= "[52]153) where "—p = Aw. —p(w)"
u|definition ddeand 1r "r=r=" (Anfixr'A"51) where "pAy = dw. p(w) A (w)"
1z|definition ddeor 1r "r=r=" (Anfixrtv"50) where "oV = dw. o (w)Vai(w)"
1z|definition ddeimp 1 "r=r=r" (Anfixrt—"49) where "p—i = Aw. (W) —(w)"
1s|definition ddeequivt 1 "r=r=rt (Anfixrt—"48) where “pery = Aw. (W)= (w) "
15

1e|definition ddebox :: "r=7" ("O") where "O = Ag w. Wv. @(v)"

7|definition ddediomond :: "r=7" ("<") where "¢ = Ap w. v, wo(v)"

18

1|definition ddeopt :: "r=7" ("opt<_>") (* obligation/permission operators *)

2| where "opt<p> = (Av., ( (@) (v) A (Vxo ((p)(x) — v rx)) ) )"
zilabbreviation(input) msubset :: "r=7t=bool" (infix "C" 53)

2z| where "o C ¢ = ¥X. ¢ X — 7 x"

as|ldefinition ddecond :: "r=g=7" ("O<_|_>")

za where "O<i'|p= = Aw. opt<p> C "

s|definition ddeperm :: “r=7=7" ("P<_|_>")

2| where "P<if|p> = a0<)| ="

27|

ss(definition ddevalid :: "r=-bool® (" _|"[8]109) (* global validity *)

s| where "[p| = ¥w. p w"

s;o|definition ddeactual :: "r=bool" ("|_|1"[71105) (* local validity *)

s where "[p|1 = plaw)"

3z

ss|Lemma True nitpick [satisfy,user_axioms,show_all,expect=genuine] oops (* consistency check *)
salend

FIGURE 6.1: Shallow semantical embedding of system E in Isabelle/HOL

On line 3, the primitive type ¢ for possible words is introduced.

On line 4, the type 7 for formulas is introduced.

On line 5, a designated constant for the actual world (aw) is introduced.

On line 6, the constant r is introduced. r is used to define the preference relation .

Lines 814 define the Boolean logical connectives in the usual way.

Lines 16 and 17 introduce the alethic operators O and <.
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e The dyadic deontic operators are defined in lines 19-26. Lines 19-20 introduce the
notion of optimal -world, and lines 23-26 define the dyadic operators using this
notion.

e Lines 28-31 introduce the notion of global validity (i.e, truth in all worlds) and local

validity (truth at the actual world).

In the remainder of this chapter, we illustrate how the implementation in Isabelle/HOL

can be used.

6.3.2 Contrary-to-duty scenarios

Chisholm’s scenario We have discussed this paradox in Subsection 2.2.3. Figure 6.2

applies our implementation to Chisholm’s scenario (cf. [72]).

1. Tt ought to be that a certain man goes (to the assistance of his neighbours).
2. It ought to be that if he goes he tells them he is coming.
3. If he does not go, he ought not to tell them he is coming.

4. He does not go.

These statements can be given a consistent formalisation in system E; cf. Figure 6.2.
This is confirmed by the model finder Nitpick [44] integrated with Isabelle/HOL. Nitpick
computes (cf. Figure 6.2, line 16) an intuitive, small model M; for the scenario consisting
a set of possible worlds {i1,142,13,74} and the actual world ;. The preference relation in
this model is == {(i1,142), (i1,14), (i2,12), (i2,13), (i3,11), (4,%2), (i4,74)}. In addition, the
valuation function is V(go) = V (tell) = {i4}. In the actual world the man doesn’t go to
help his neighbors and doesn’t tell them that he is coming. Also, we have opt, (V(T)) = 0.
So, M1,i1 = O(go/T) by the evaluation rule for O. Similarly, opt, (V (—go)) = @ implies
My, i1 = O(—tell/—go). Moreover, since opt, (V(go)) = {is} and V (tell) = {is} we have
M, 11 = Oftell/go).
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4 Isabelle2018/HOL - Chisholm_Scenario.thy - [m] *
File Edit Search Markers Folding View Utilities Macros Plugins Help
Db&@\@\ G}Ih DDl@@l_ BE\%lC}l@l € »
(] Chisholm_Scenario.thy (%USERPROFILE%!Dropbox\Mirellisabellel2-CTDY)
i[theory Chisholm_Scenaric imports DDLE
begin
(*Defining some parameters for Nitpick*)
nitpick_params [user_axioms,show_all,expect=genuine,format=2]

> <

salioayL || 23235 [pejapis || uoeyuawnsoa| [ 4 (B

3
4
5
[ (*Constants for the Chisholm Scenario*)
7| consts go :: "' tell :: "

8

slcontext (*Chisholm Scenario is formalized*)

10] assumes

u| axl: "| O<go|T> |" (*It ought to be that a certain man go to help his neighbours.*) and

1zl ax2: "| O<tell|go > |"(*It ought to be that if he goes he tells them he is coming.*) and

13| ax3: "| O<-tell|-go> |" (*If he does not go, he ought not to tell them he is coming.*) and
lisf ax4 : "|-go|1" (*He does not go.*)

c1s| begin (* Consistency is confirmed by Nitpick *)

1] lemma True nitpﬂck [satisfy,card=4] oops

17l lemma assumes

18 "< (go A tell)|" and "[<¢(go A —tell) " and "¢ (—go A tell)|" and "[<(—-go A —tell) "
15 and limited: "(Vy. (Ix. (p)x) — (Ix. opt<p>x))" .
[#] Procf state  [] Auto update | Update | Search: v 100%

T Nitpick found a model for card i = 4:

B Constants:

go = (Ax. _)(i, := False, i; := False, i; := False, i, := True)
tell = (Ax. _)(i, := False, i; := False, i; := False, i, := True)
aw = i;
(=] (r) =
(Ax. _)
((i,, i,) := False, (i, i;) := True, (i, i3) := False, (i;, i4) := True,
(i, i;) := False, (i, 1i;) := True, (i, 1i3) := True, (i, 1i,) := False,
(i3, i) := True, (i;, i) := False, (i;, i3) := False, (i3, 1) := False,
(i4, i) := False, (i4, iz) := True, (i4, i3) := False, (i4, i) := True) =
<€ >
||+ [output || Query | sledgehammer | Symbols
16,18 (669/1371) (isabelle, isabelle, UTF-8-Isabelle) | nm r o UG }S07MB 3:21 PM)

FI1GURE 6.2: The Chisholm’s scenario encoded in system E

We can add more assumptions to the Chisholm’s scenario (&(go A tell), O(go A —tell),
O(—go A tell), O(—go A —tell) and the limitedness) as displayed in Figure 6.3, lines 18
and 19. In this case, Nitpick finds a more intuitive model My with four possible worlds
{i1,42, 43,44} such that == {(i1, 1), (i1,42), (ia, 32), (i2,43), (i2,44), (i3, 1), (i3,i2), (i3,i3),
(i3,44), (i4,71), (i4,72), (i4,74)}. The valuation function is V' (go) = {iz,i4} and V(tell) =
{i2,i3}. Since opty (V(T)) = {iz} C V(go) = {iz,is}, we have Ms,iz = O(go/T).
Similarly, opty (V' (go)) = {i3} C V(tell) = {i2,i3} and opty (V(—go)) = {i1} C V(—tell) =
{i1} implies My, ia = O(tell/go) and Mas,is = O(—tell/—go) by the evaluation rule for
dyadic obligation ().

Moreover, the lines 24 to 27 in Figure 6.3 confirm that Chisholm’s sentences are log-
ically independent in system E. For example, in the line 25 Nitpick finds a counter-

models that state formula ()(go/T) is logically independent from the set of formulas



Chapter 6. Deontic Modals, Preferences, and Computation 121

{O(tell/go), O(~tell/=go), ~go}.

¥ Isabelle2018/HOL - Chishelm_Scenario.thy - m] x

File Edit Search Markers Folding View Utilities Macros Plugins Help

NE@E & ¢ o & O DERE AE # @ 49

(1 Chisholm_Scenario.thy {%USERPROFILE % Cropbox|Mirel|isabelle\2-CTOY) “
leg lemma True nitpick [satisfy,card=4] oops A
-17| lemma assumes

18 "|©¢(go A tell)|" and "[<(go A —tell)|" and "[C(—go A tell) " and "|[C(—-go A —tell)|"

L1g and limited: "(¥po. (Ix. (p)x) — (3x. opt<y=x))"

L20 shows True nitpiflk [satisfy,card=4] oops

21| end

23| (* Independence results are confirmed by Nitpick; countermodels are produced *)

22flemma assumes "|O<go|T> A O<tell|go> A O<-tell|-go>|i" shows "|-go|" nitpick oops
2s[lemma assumes “|O<tell|go> A CO<-tell|-go> A —go|" shows "|O<go|T>|," nitpick oops
ze[lemma assumes "|O<go|T> A O<-tell|-go> A -go|," shows "|[C<tell|go>|," nitpick oops
lz7|Llemma assumes "|O<go|T> A O<tell|go>A —go|," shows "|O<—tell|-go>|," nitpick oops

S20YL 23935 INEPIS UoEIURWNIO] | 4

zs|end v
< >
[AProof state [ Auto update | Update | Search: w | 100% .
T Nitpick found a model for card i = 4: "
=) Constants:
go = (Ax. _)(i, := False, i, := False, i3 := True, i, := True)
tell = (Ax. _) (i, := False, i; := True, i; := True, i, := False)
aw = i,
=] (r) =
(Ax. _)
((i,, i,) := True, (i, i) := True, (i,, i) := False, (i, i,) := False,
(i, 1)) := False, (i, 1) := True, (i, 1i3) := True, (i 14) := True,
(ig, 1) := True, (iz, 1iz) := True, (is, 1i3) := True, (i3, i4) := True,
(i4, 1) := True, (i4, 1iz) := True, (i, 1i3) := False, (i, 1i4) := True) =
< >

[x]|Rd Query | Sledgehammer || Symbols

120,23 (B92/1371) (isabelle, isabelle, UTF-8-Isabelle) | nmro UG 1 02/528MB 3:23 PM

FIGURE 6.3: The logically independence of Chisholm’s statements in E

Reykjavic’s scenario We look at another CTD example, due to Belzer [18]:

1. You should not tell the secret to Reagan.

2. You should not tell the secret to Gorbachev.

3. You should tell Reagan if you tell Gorbachev.

4. You should tell Gorbachev if you tell Reagan.

5. You told the secret to Gorbachev.
There are two interpretations fo this paradox. Obligations 3 and 4 can be considered as
overridden or CTD obligations [210]. We consider second interpretation here. Obliga-

tion O(tell_Reagan/tell_Gorbachev) is a CTD obligation of ((—tell_Gorbachev/T) and
obligation () (tell_Gorbachev /tell_Reagan) is a CTD obligation of ()(—tell_Reagan/T).
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b lsabelle2013/HOL - Reykjavic_Scenario.thy - m] %
File Edit Search Markers Folding View Utilities Macros Plugins Help

Ned@Eo @ 9 ¢ X P BG CDEE FE & @ @

] Reylgavic_Scenario thy (%USERPROFILE%\Dropbox|Mirellisabelle\2-CTD{) -
iltheory Reykjavic_Scenario imports DDLE A [H
= z|begin =
o ofconsts (*We introduce special constants*) %
s| tell_Reagan:: "r" B
. | tell_Gorbachev:: "7 §
0 7lcontext (*Reykjavic Scenario*) i
5| assumes &
sl axl:"|O<- tell_Reagan|T=>|" and (*You should not tell the secret to Reagan.*) El

1] ax2:"|O<-tell_Gorbachev|T=>|"and (*You should not tell the secret to Gorbachev.*)

11| ax3:"[O< tell_Reagan |tell_Gorbachev >|"and (*You should tell Reagan if you tell Gorbachev.*)
12| ax4:"|[O<tell_Gorbachev | tell_Reagan >|"and (*You should tell Gorbachev if you tell Reagan.*)
3] ax5:"[tell_Gorbachev|i" (*You told the secret to Gorbachev.*)

14  begin

L1s lemma True nitmick [satisfy,user_axioms,show_all,expect=genuine,card=2,format=2] oops

1] (* Consistency is confirmed by Nitpick *)

Li7lend
18 ©
< >
[ Proof state  [/] Auto update Update | Search: - 100%
T Nitpick found a model for card i = 2: ~
Constants:
aw = i
(r) =
(Ax. _)((i,, i,) := True, (i,, i) := False, (i,, i,) := False, (i,, i;) := False)

tell_Gorbachev = (Ax. _)(i; := True, i, := False)
tell_Reagan = (Ax. _)(i; := True, i, := False)

v

< >
£ w |[output | Query || Sledgehammer | Symbols
15,19 (633/759) (isabelle, isabelle, UTF-8-Isabelle) | nm r o UG~ 3/604MB 9:11 AM

FIGURE 6.4: The Reykjavic’s scenario encoded in system E

In Figure 6.4 Nitpick computes a model M consisting a set of possible words {i;,i2} and the
preference relation == {(i1,41)} in the line 15. The valuation function is V' (tell_Reagan)
= V(tell_Gorbachev) = {i1}.

In this model, we have opt. (V(T)) = 0. So, M,i; |= O(-tell_Reagan/ T) and M,i; =
O(—tell_Gorbachev/T) by the evaluation rule for O). Moreover, opt, (V (tell_Reagan))
= opty (V(tell_Gorbachev)) = {i1}. So M,i1 = O(tell_Reagan/ tell Gorbachev) and
M,i1 = O(tell_Gorbachev [tell_Reagan).

6.3.3 Automatic verification of validities

Automatic verification of valid formulas is also possible. In Figure 6.5 Isabelle/HOL
confirms the validity of each and every axiom and primitive rule of E by using the Sledge-

hammer tool [45] that gives access to automatic theorem provers (ATPs).
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theory Axioms imports DDLE

begin

Lemma COK:"|O<(i1—=12) > = (O<¢1|p> — O<tha]|p>)]" sledgehammer
by (simp add: ddecond_def ddeimp_def ddevalid_def)

Lemma Abs:"|O<¢|p> — O0<y|p>|" sledgehammer
by (simp add: ddebox_def ddecond_def ddeimp_def ddevalid_def)

lemma Nec:"|Oy¥ — O<i|p>|" sledgehammer
w| by (simp add: ddebox_def ddecond_def ddeimp_def ddevalid_def)

1z{lemma Ext:"|O(p1o0p02) — (O<tf|g1> « O<ti|pz>)]|" unfolding Defs sledgehammer
13) by (simp add: ddecond_def ddeopt_def)

1s|lemma Id:"|O<g|e>|" sledgehammer
16| by (simp add: ddecond_def ddeopt_def ddevalid_def)

ie|Lemma Sh:"|O<y)|p1Ap> — O<(po—=19) |¢1>]" sledgehammer
15| by (simp add: ddeand_def ddecond_def ddeimp_def ddeopt_def ddevalid_def)

z{lemma MP:"(|pw|A|p—v|)=|¢|" unfolding Defs sledgehammer by simp

zz|lemma N:"|p|=|0¢|" unfolding Defs sledgehammer by simp
zalend

FIGURE 6.5: Verifying the validity of the axioms and rules of system E
6.3.4 Nested dyadic deontic operator in system E

A particular focus of our experiments is on nested dyadic obligations. Belanyek et al. [17]
proved any formula in system G is equivalent to some formula with no nesting based on
the similar result for epistemic logic [148]. This is done based on the definition of the
unnested disjunctive normal form (UDNF) of formulas [148], the following lemmas, and
the reduction of a modal operator to a dyadic obligation operator as a particular case
in system G. Similarly, by using the same form of formulas (UDNF), we can show that

nested dyadic obligations in system E also can be eliminated by the help of Isabelle/HOL.

Here, we show that the reduction laws for nesting dyadic deontic logic hold for system E

also.

Definition 6.6 (Unnested disjunctive normal form (UDNF)). Let £ be the sublanguage
of £ (for system E) without formula containing the O-operator. We say that a formula ¢ €
£9 is in Unnested Disjunctive Normal Form (UDNF) if it is a disjunction of conjunctions
of the form

d=aNO@W1/e1) A AOWn/en) A= O (Uny1/ent1) Ao A2 O (Yngk/Ontk)

where n;k € N and all of the formula «, @, ¥m(m < n + k) are propositional formulas
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(L and T are considered propositional formula). The formula ¢ is called a canonical

conjunction and the formula O (¢, /¢om) is called prenex formula [148].

Lemma 6.7 (Meyer and van der Hoek [148] Lemma 1.7.6.2). If ¢ is in UDNF and
contains a prenex formula o, then ¥ is equivalent to a formula of the form p =7V (x Ao)
where m,x, and o are all in UDNF.

Proof. See [17] or Lemma 1.7.6.2 [148]. O

Lemma 6.8. For arbitrary formula ¢, 7, x,v and n in system E we have:

™V (x AOWO/n))) < (Ov/n) AO(e/(mV X))V (= O (v/n) A Ole/m)))
™™V (xA=O /) < (O (v/m) AO(e/ (Vv X)) vV (Or/n) AO(e/)))
™V (x ANOO/m)/¥) < (O0v/m) AO(r vV x/¥) V(= O (v/n) AO(r/4)))

TV (X A= OO/m)/Y) < (O /n) AO(V x/¥)) V(O /n) AO(/¢)))

Belanyek et al. [45] showed that these reduction laws hold in system G. Isabelle/HOL
confirms that they also hold in the system E.

Proof. The proof is confirmed by using the Sledgehammer tool [45] that give access to
automatic theorem provers (ATPs) in Isabelle/HOL; cf. Fig. 6.6. Figure 6.6 gives the ex-
ample of four “reduction” laws identified by Belanyek et al. [17]. They use these reduction
laws to establish a more general result concerning iterated modalities in G, to the effect
that any formula containing nested modal operators is equivalent to some formula with
no nesting. On lines 3-13 in Figure 6.6, Isabelle/HOL confirms that the proofs of these

equivalences carry over from G to E. O

i|theory Reduction_laws imports DDLE

z|begin

sllemma "|O<g| (7V(xAC<y =) )> « ((O<y|n=AC<p | (7Vx) =) V(=0<y | n>AC<g |m=) ) | "

a unfolding Defs sledgehammer by (smt ddecond def ddeopt_def)

&

gllemma "|O<p| (7VI(XA-O<y =) )= o ((-O<y|[p=AC<p | (V) =) VIO<y | n=AO<p | =) ) | "
7| unfolding Defs sledgehammer by (smt ddecond_def ddeopt_def)

8

sllemma "|O<(aV(xAC<y|n>)) |[U> & ((O<y]n>AC<(nVY) [¢=) V(mO<y | n> A< =) ) | "
o] unfolding Defs sledgehammer using ddecond_def by auto

11
wizllemma "|O<(aV(YA-O<y|n>)) [¢> & ((20<y|n=AO< (V) [U=) VIO<y | n=AO<T =) ) | "
13| unfolding Defs sledgehammer using ddecond_def by auto

14
sllemma "|Op < O<Ll|-p=]
1slend

=

nitpick [satisfy,user_axioms,show_all,expect=genuinel oops

=

FIGURE 6.6: Reduction laws in system E



Chapter 6. Deontic Modals, Preferences, and Computation 125

Theorem 6.9. For every A € LO, there exist a formula X' such that X' is in UDNF and
FAe A,

Proof. See [17]. O

However, the more general result concerning iterated modalities does not. To establish
that one, the authors appeal to the fact that in G, O is definable in terms of (O(_/-):
Op <> O(L/—¢). Nitpick confirms that this equivalence is falsifiable in the class of all

preference models (line 15).

6.3.5 Correspondence theory

The aim of correspondence theory is to establish connections between properties of Kripke
frames and the formulas in modal logic that are true in all Kripke frames with these
properties. Figure 6.7 shows some experimentations in correspondence theory. Lines 8-9
tell us that limitedness is equivalent with (and thus corresponds to) D*. Lines 11-13 tell us
that limitedness and transitivity are conjointly enough to get both D* and Sp. However, on
lines 15-16, Isabelle/HOL fails to show that they are necessary conditions. The problem
is with the proof of the property of transitivity (lines 23-24). The good news is: we do
not get a counter-model to the implication (calls for countermodel search with nitpick are

not displayed here).
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theory Correspondence_theory imports DDLE

begin

abbreviation limitedness where "limitedness = (V. (3x. (p)x) — (Ix. opt<p>x))"
abbreviation Dstar_valid where "Dstar_valid = (Vp . |[Cp — (O<tt|p> — =0<=w|e>)])"
abbreviation transitivity where "transitivity = (vx y z. (x ry Ay rz) — x r z)"
abbreviation Sp_valid where "Sp_valid = (Vp o y. | (20<=wi|p> A O<ip—x|p=) — O<y|pAyp=])"

lemma "limitedness «— Dstar_valid"
unfolding ddecond_def ddediomond_def ddeimp_def ddeneg_def ddevalid_def by auto

W @ Mmoo s W ow e

-

iLemma "(limitedness A transitivity) — (Sp_valid A Dstar_valid)"

12{ unfolding ddecond_def ddediomond_def ddeimp_def ddeneg_def ddeand def ddevalid_def ddeopt_def
3| sledgehammer by smt (*This direction is provable*)

14

—

lemma "(Sp_valid A Dstar_valid) —— (limitedness » transitivity)"
5| unfolding ddecond_def ddediomond_def ddeimp_def ddeneg_def ddeand_def ddevalid_def ddeopt_def oops
17| (*This direction unfortunately not yet, but we also do not get a countermodel*)

-
@«

-

—
@

lemma "(Sp_valid A Dstar_valid) — limitedness"
unfolding ddecond_def ddediomond_def ddeimp_def ddeneg_def ddeand_def ddevalid_def ddeopt_def
sledgehammer by auto (*Splitting the conjunction, limitednedd is easy for the ATPs*)

—
w

1
=)

ta

lemma "(Sp_valid A Dstar_valid) — transitivity"

unfolding ddecond_def ddediomond_def ddeimp_def ddeneg_def ddeand_def ddevalid_def oops
(*Splitting the conjunction, transitivity is too hard for the ATPs*)

(*This direction unfortunately not yet, but we also do not get a countermodel*)

end

w

o

o

I I R B TR T T
F

i

FIGURE 6.7: Experiments in correspondence theory

6.4 A Brief Study of Unification Problem in Deontic Logic

We are interested in studying and comparing the implemented logics in this thesis with
the semantics introduced by Kratzer, which seems is one of the best options for deontic
semantic unification. Horty [112] compared Kratzer semantics to SDL and van Fraassen
[216] system and found some connections between them. Comparison of the Kratzerian
framework with other well-known deontic logics such as dyadic deontic logic by Aqvist is
open. In this section, we study and compare Aqvist dyadic deontic logic with Kratzer’s

system KD [112]. Horty [112] found the relation between Kratzer’s system KD and SDL.

6.4.1 Kratzer’s system KD

We discussed Kratzer semantics in Section 1.3 and Section 3.1. A Kratzer model is a
structure M = (W, f, g,v), where f and g are functions from worlds to set of propositions.
f is the modal base function, and g is the ordering source function. g ranks the worlds as

follows:

s Zg(w) t iff, for all X € g(w), if £ € X, then s € X.
(S >'g(w) tiff s tg(w) t and ¢ %g(w) S )
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Best worlds are defined as usual : Besty, (X) = {s € X : =3t € X(t =yu) s)}. In
this chapter we restrict Kratzer model with stoppered property. A Kratzer model is
stoppered if and only if for all w if s € [ f(w) then s € Best,,, () f(w)) or 3.t €
Bestg,, (N f(w)) At =gw) s (moreover, we can add the consistency condition () f(w) # 0).

The satisfaction relation for monadic obligation [112] can be defined as follows:

M,w = Qg ifand only if Besty) () f(w)) € V(p)
and for dyadic obligation [112] as follows:

M,w k= O(/e) if and only if  Best,,) (N f(w) NV (p)) € V(¢)

Kratzer’s system classical logical operators is implemented in Isabelle/HOL (cf. Fig. 6.8).

1|theory Unification Problem dimperts Maln

2|begin typedecl 1 — <type for possible worlds:

3|type_synonym = = "(1=+bool)" consts aw::1 (* actual world *)

Aldefinition ddetop HEE S o where "T = Aw. True"

s|definition ddebot HHELE O Y where "1 = Aw. False"

g|definition ddeneg i1 "r=7" ("= "[52]53) where "-p = Aw. —p(w)"
7|definition ddeand 11 ==t (Infixr®A"51) where "pAY = . p{w) Ag(w) "
gldefinition ddeor 11 "r=r=r" (Infixr"v"58) where "V = dw. p{w)vaii(w) "
g|definition ddeimp 11 "r=r=rt (Infixrt—"49) where "p—y = Aw. (W) —g(w)"
10|definition ddeequivt 11 "=yt (Infixrt—t48) where "pey = AWl plw)e—y(w)"
11

12|consts fii "1=((1=+bool)=+bool)" consts g:i: "1=((1=bool)=+bool)"

13

14|definition mmodalrelation :: "1=+1=:1=+bool" (infix "=-g< =" 53)

15| where "s =g<w> t = ¥X.{gw X — (Xt — X s))"

16|definition mmodalrelations :: "i1=1=1=bool" (infix "-g=< =" 54)

17| where "s ~g<w> t = (s =g<w= t) A —(t =g<w=> s)"

18]

19|definition preferelation :: "1=7" ("[|f< ="[9]110) where "MNf<w= = As. ¥X. (f w X — X s5)"

FIGURE 6.8: Semantical embedding of Kratzer’s system KD in Isabelle/HOL

Moreover, we can define Kratzer style monadic and dyadic deontic operators in HOL and
consequently in Isabelle/HOL (cf. Fig. 6.9).

6.4.2 Comparing system E and Kratzer’s system KD

We can characterize system E within the Kratzerian framework. It is based on using
opt, operator for defining both modal and ordering sources. The natural modal base
for the current world is the most preferable accessible worlds i.e. [ f(w) = opty (R(w))
(cf. Fig. 6.10, line 35).
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21|definition Bestfunction ::i"i=r=7" ("Bestg<_><_>")

22| where "Bestgews<X= = As. (X s A —(3t. (X t A (t =g=w> s))))"
23|
24|axiomatization where

25|stoppered : "ww.

26|vs. (([(f=w= ) s — ((Bestgew=<( [|f<w> )> )(s) v (3t. (Bestgews<( [(f<w > )= )(t) A t =g<w= s5)))"
27

2g8|definition Kratzobliga :: "r=1" ("0kc")

29| where "okt = Aw. (¥s. ((Bestg<w=< { [f=w= ) = )(5) — (&)(s) N)"

30

31|abbreviation(input) msubintert :: “"r=r=7" (infix "nN" 54) where " N ¢ =\, » X A ¢ X"
32

33|definition kratzdyadic :: "r=r=r" ("Okc=<_| ="}

34| where "Oke<yp|e> = Aw. (¥s. ((Bestg<ws< ({ (f<w= ) N () > )(s) — {w)(s) )"

FIGURE 6.9: Semantical embedding of Kratzer’s system KD in Isabelle/HOL

Moreover, there are two suggested ways of defining ordering sources (cf. Fig. 6.10, lines 37
and 38).

e Entailment : g(w) = {X : opty (R(w)) € X'}

e Compatibility: g(w) = {X : opty (R(w)) N X # 0}

3s|definition preferelation :: "i=s" { "[|f< ="[9]118) where "[f<w= = As. opt<R w= s"

36

37|definition normalitysource :i: "i=sr=+bool " ("gn< =") where "gn<w= = AX. opt<R w= € X"
3g|definition practicalsource :: "i=sr=:bool " ("gp< =") where "gp<w= = AX. (3s. opt<R w= 5 A X 5)"
39

4p(definition nmmodalrelation :: "i=si=+i=+bool" (infix "=gn< =" 53}

41| where "s =gnew> t = ¥X. (gnew> X — (X t —X s))"

42(definition nmmodalrelations :: "i=1=r1=:bool" (infix "-gn< =" 54)

43| where "s >gn<w> t = (5 =gnew> t) A —(t =gn<w> s)"

44

45(definition pmmodalrelation :: "i=1=r1=rbool" (infix "-gp< =" 53}

46| where "s =gp<w= t = WX. (gp=w> X — (X t —X s))"

47|definition pmmodalrelations :: "1=1=+1=+bool" (infix "-gp= >" 54)

48] where "s s>gpew> t = (s =gpew> t) & —(t =gp<w> s)"

FIGURE 6.10: Comparing system E and Kratzer’s system KD in Isabelle/HOL

We can define two different monadic and dyadic deontic operators (cf. Fig. 6.11 lines 62-65

and 67-70) based on two various ordering sources.

Identity property fails for both monadic operators and factual detachment holds for both
dyadic operators (cf. Fig. 6.12).

Isabelle/HOL shows that the initial dyadic operator in system E is the same as both
newly introduced dyadic operators in each world. This guaranty our approach as a faithful
generalization of Aqvist dyadic deontic logic in the Kratzerian framework (cf. Fig. 6.13).

The results hold with removing the stoppered property.

The last interesting point is that both different ordering sources define the same monadic

and dyadic deontic operators (cf. Fig. 6.14).
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soldefinition BestfunctionN ::"i=r=7" ("Bestgns >< ="}

51| where "Bestgnew=<X= = As. (X s A —(3t. (X t A (t =gn<w> s)))})"
52|definition BestfunctionP ::"i=m=>" ("Bestgp< >< >")

53| where "Bestgp<w=<X> = As. (X s A —(3t. (X t A {t =gp<w> s)}))"
54

s5/axiomatization where

s|stopperedN @ " Ww. ¥s.

57[(([1f<w=> ) 5 — ((Bestgnew>< ( [|f<w> ) > )(s) v (3It. (Bestgnew=< ( [|f<w= ) > )(t) A T =gn<w=> s)))"
sg|and

s9|stopperedP : " Ww. Vs.

60| ( ((f<w= ) 5 — ((Bestgp=w=< { (f=w= ) = )(s) v (It. (Bestgp=w=< ( [f<w= ) = }(t) A t =gp=<w= s5)))"
61

gz|definition KratzobligaN :: "r=7" ("C k")

63| where "Oken o = Aw. (¥s. ((Bestgnew=< { [f<w> ) = )(s) — (z)(s) ))"
g4|definition KratzobligaP :: "r=r" ("Ckce")

65| where "okery = aw. (¥s. ((Bestgpews< ( f<w= ) = ){s) — (p)(s) ))"

66

67|definition kratzdyadicN i: "r=r=r" ("Okene | =")

68| where "Okoney| > = Aw. (Ws. ((Bestgnews< ({ (f<w=) N (L)) > ){s) — (¥)(s) ))"
ga|definition kratzdyadicP :i: "r=pr=sr" ("COkcre | =")

70| where "Oke<y|p> = Aw. (¥s. ((Bestgp=w=< (( Mf<w> ) N () > ){s) — (w)(s) ))"
FIGURE 6.11: Comparing system E and Kratzer’s system KD in Isabelle/HOL

lemma "|p — -::kC”\,cj " nitpick [satisfy, user axioms, show all, expect=genuine] oops
lemma "|p — -::kCD\,cj " nitpick [satisfy, user axioms, show all, expect=genuine] oops

lemma "|OkeP<yp| p>ACKDPE — (Chepy) "
by(simp add: BestfunctionP_def KratzobligaP_def ddeand_def ddeimp_def ddevalid_def kratzdyadicP_def)
lemma " \_t'3kcn<".‘£’|\;§>/\u':k(”¢ — (,::kcnw”u

by(simp add: BestfunctionN def KratzobligaN_def ddeand_def ddeimp_def ddevalid_def kratzdyadicN_def)

FIGURE 6.12: Comparing system E and Kratzer’s system KD in Isabelle/HOL

lemma " |C<t|pAf<aw=> > — (Ok<y|g> ) |1"

by (simp add: BestfunctionN def ddeactual def ddeand def ddecond def ddeimp def ddeopt def
kratzdyadicN def preferelation def)
lemma "|C<p|pAf<aw=> > — (OkeP<yp|p> )|1"

by (simp add: BestfunctionP def ddeactual def ddeand def ddecond def ddeimp def ddeopt def
kratzdyadicP def preferelation def)
lemma " [(Okr<yp|> ) — O<y| oA |f<aw> >|1"

by (smt BestfunctionN def ddeactual def ddeand def ddecond def ddeimp def ddeopt def
kratzdyadicN def nmmodalrelation def nmmodalrelations def normalitysource def preferelation def)
lemma "|(OKP<ip|p> ) — O<p|pA|f<aw= >|"

by (smt BestfunctionP def ddeactual def ddeand def ddecond def ddeimp def ddeopt def
kratzdyadicP def pmmodalrelation def pmmodalrelations def practicalsource def preferelation def)

FIGURE 6.13: Comparing system E and Kratzer’s system KD in Isabelle/HOL

lemma "|Okeng) — Okepg|®
using BestfunctionN_def BestfunctionP_def KratzobligaN def KratzobligaP_def ddeimp def
ddevalid def nmmodalrelation def nmmodalrelations def normalitysource def preferelation def
by fastforce
lemma " \_ﬂ”'kml&‘ — L--_kcn.&.J "
by (smt BestfunctionN_def BestfunctionP_def KratzobligaN def KratzobligaP_def ddeimp def
ddevalid_def pmmodalrelation _def practicalsource_def preferelation_def stopperedP)
lemma "|OkeP<yf|p> — Oken<y|p=]"
by (smt BestfunctionN def BestfunctionP def ddeimp def ddevalid def kratzdyadicN def
kratzdyadicP def pmmodalrelation def pmmodalrelations def practicalsource def preferelation def)
lemma "|OK"<yp|p> — OKP<yh|p> "
using BestfunctionN_def BestfunctionP_def ddeimp def ddevalid def kratzdyadicN_def
kratzdyadicP_def nmmodalrelation def nmmodalrelations_def normalitysource_def preferelation_def
by fastforce

FIGURE 6.14: Comparing system E and Kratzer’s system KD in Isabelle/HOL
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6.5 Conclusion

A shallow semantical embedding of Aqvist’s dyadic deontic logic E in classical higher-order
logic has been presented and shown to be faithful (sound an complete). We have studied
some meta-theoretical properties of systems E. A particular study was the characterization

of the system E within the Kratzerian framework.

We end this chapter by listing a number of topics for future research. First, it would be
worthwhile to study the shallow semantical embedding of the stronger systems F and G in
HOL, and look at the three systems from the point of view of a semantics defining best in
terms of maximality rather than optimality [164, 161]. We need to represent limitedness
assumption into higher-order logic for a semantical embedding of system F and G in HOL.
The translation of the limitedness assumption into HOL is not straightforward. We have
suggested a replacement for this assumption that can easily be translated in HOL. The
details are discussed in Appendix A.1. Second, we could employ our implementation to
systematically study some meta-logical properties of these systems within Isabelle/HOL.
Third, it would be interesting to consider the quantified extensions of system E, F, and

G; previous work has focused on monadic modal logic and conditional logic [22, 23, 40].



Chapter 7

Deontic Modals, Circumstances,

and Computation

“Our judgments about our actual duty in concrete situations, have none
of the certainty that attaches to our recognition of general principles of
duty [...] Where a possible act is seen to have two characteristics in
virtue of one of which it is prima facie right and in virtue of the other
prima facie wrong we are well aware that we are not certain whether
we ought or ought not to do it. Whether we do it or not we are taking

a moral risk.”

(Ross [81], p. 30)

A normative system generates prima facie obligations for agents. Normative systems for
ideal agents may conflict in non-ideal circumstances. Then it is impossible to meet all the
prima facie obligations they generate. Uncertainty is increased as to whether, in choosing
x over y, the agent has done the right thing in facing a dilemma generated by prima facie

obligations. As Carmo and Jones [67] put it

“We need to be able to integrate in a single logical framework the ability to
make deductions at two different levels: on the level of what ideally should
be the case, and on the level of what actually should be the case, given the
circumstances (where, of course, the circumstances might include the fact that

what has happened deviates from the ideal). The simultaneous specification

131



Chapter 7. Deontic Modals, Circumstances, and Computation 132

of both ideal behavior and of what to do when actual behavior deviates from

the ideal is a central task of deontic logic.”

A particular dyadic deontic logic, tailored to so-called prima facie and actual obligations
has been proposed by Carmo and Jones [67]. We shall refer to it as CJL in the remainder.
CJL comes with a neighborhood semantics and a weakly complete axiomatization over
the class of finite models. The framework is immune to the well-known contrary-to-duty

paradoxes.

The chapter is structured as follows: Section 7.1 outlines CJL. The semantical embedding
of CJL in HOL is then devised and studied in Section 7.2. This section also addresses
soundness and completeness. Section 7.3 discusses the implementation and automation of
the embedding in Isabelle/HOL [156] and Section 7.4 concludes the chapter.

7.1 The Dyadic Deontic Logic of Carmo and Jones

This section provides a concise introduction of CJL, the dyadic deontic logic proposed by
Carmo and Jones. Definitions as required for the remainder are presented. For further

details we refer to the literature [67, 66].

To define the formulas of CJL we start with an countable set of propositional symbols P,

and we choose — and V as the only primitive connectives.

The set of CJL formulas is given as the smallest set of formulas obeying the following

conditions:

e Each p' € P is an (atomic) CJL formula.

e Given two arbitrary CJL formulas ¢ and 1, then

- —  classical negation,

oV —  classical disjunction,

OW/e) — dyadic deontic obligation: “it ought to be 1, given 7,

Oy — in all worlds,

O. — in all actual versions (open alternatives) of the current world,
Opp — in all potential versions of the current world,

Oaly) — monadic deontic operator for actual obligation, and

Ople) — monadic deontic operator for primary obligation

are also CJL formulas.
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Further logical connectives can be defined as usual. For example, we may define p A :=
(V) o = P = mp VY, @ = b = (= Y)A (P = ), Op = a0,
Cap = 2047, Opp = =0,=p, T := =gV q, for some propositional symbol ¢, and
1 :==T.

7.1.1 Semantics

A CJL model is a structure M = (S, av, pv,ob, V), where S is a non empty set of items
called possible worlds, V is a function assigning a set of worlds to each atomic formula,
that is, V(p’) C S. av: S — P(S), where P(S) denotes the power set of S, is a function
mapping worlds to sets of worlds such that av(s) # 0. av(s) denotes the set of actual
versions of the world s. pv: S — P(5) is another, similar mapping such that av(s) C pv(s)
and s € pu(s). pv(s) denotes the set of potential versions of the world s. ob: P(S) —
P(P(S)), which denotes the set of propositions that are obligatory in context X C S, is a
function mapping set of worlds to sets of sets of worlds. The following conditions hold for

ob (where X,Y, Z designate arbitrary subsets of S):
1. 0 ¢ ob(X).

2. fYNX=2ZnNX, then Y € ob(X) if and only if Z € ob(X).

3. Let B Cob(X)and B # (0. If (NB)NX #0
(where N3 = {s € S | for all Z € 3 we have s € Z}), then (N3) € ob(X).

4. If

=
N
S

and Y € ob(X) and X C Z, then (Z ~ X)UY € ob(Z).
5. If Y C X and Z € ob(X) and Y N Z # (), then Z € ob(Y).
Satisfiability of a formula ¢ for a model M = (S av,pv,0b,V) and a world s € S is

denoted by M, s = ¢ and we define VM(p) = {s € S | M, s |= ¢}. In order to simplify

the presentation, whenever the model M is obvious from context, we write V' (¢) instead
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of VM (). Moreover, we often use “iff” as shorthand for “if and only if”.

M,s = p/ iff seV(p?)

M,s = —p iff M, s [~ ¢ (that is, not M, s = ¢)

M,skE= oV ifft M,sEpor M,skE=1

M,s = Op iff V(p)=S

M,s k= Oup iff av(s) CV(p)

M,s | Opp iff  pu(s) € V(p)

Mysk OW/e) it V($) € ob(V(g))

M,s = Qap iff V(p) € ob(av(s)) and av(s) NV (=p) # 0
Mysk Opp it V(p) € ob(pu(s)) and pu(s) N V() £ 0

Our evaluation rule for ()(_/-) is a simplified version of the one used by Carmo and Jones.

Given the constraints placed on ob, both rules are equivalent (cf. [23, result II-2-2]).

As usual, a CJL formula ¢ is valid in a CJL model M = (S, av,pv,o0b, V), denoted as
M 7L o if and only if for all worlds s € S holds M,s = . A formula ¢ is valid,
denoted =7 o, if and only if it is valid in every CJL model.

7.1.2 Axiomatization

Carmo and Jones provided an axiomatization [67] for their semantics as follows:

e Characterization of O:

(1) O is a normal modal operator of type S5

e Characterization of O: Reference label
(2) OW/p) = Sl AY) (O—=9)
(3) Sl AP AX)ANO[/ ) ANOX/P) = O A x/e) (O-0)

e (4) The principle of strengthening of the antecedent:
O(e = ¥) AO(e Ax) AOX/¥P) = Ox/®) (O —54)

e (5) The RE-axiom wrt the antecedent:
O(p < ¥) = (Ox/¢) & O/¥)) (O - REA)
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(6) the contextual RE-axiom wrt the consequent:

O(x — (¢ < ¥)) = (Ole/x) < OW/x)) (O~ CONT — REC)
(1) OW/e) =8O (/) (O —00)
(8) OW/p) = Ol = /T) (O—=0—)

Characterization of O, :

(9) O, is a normal modal operator of type KT

Characterization of O,:

(10) O, is a normal modal operator of type KD

Relationships between O, O, and O,:
(11) Op — Opp (0 —0Op) (12) Opp — Ogp (O, = Og)

Relationships between ()q(O)p) and O (0,)

(13)8ap = (7 Oa 9 A= Oa ~9) (=Oa)
Opp = (2 Op e A Op 79) (=Op)
(14) Ba(e < ) = (Oa ¢ Oa?) (+» Oa)
Op(p <> ) = (Opp ¢ Opy) (< Op)

Relationships between O, Oq (Op) and O, (O,) - factual detachment axioms:
(15) O /@) ADap A Catp A Cath = Oath (Oa — FD)
OW/e) AOpp A Opth A Cp=th = Optp (Op — FD)

(16) Rules to consistently add (O(-/-) formulas:

(Oa — O4Q)- rule: if the propositional symbol ¢ does not occur in any of the
formulas 1, ..., ¥y, @
and  F 1 A A = 20(Oap = Oag A Ol9/q))
then FYi A APy, = 20 Qg (ie. FU1 Ao Ay — 0204 @)

(Op — 8,0)- rule: if the propositional symbol ¢ does not occure in any of the
formulas 91, ..., ¥n, ¢

and 1 A A = 20(Opp — Tpa A O(9/q))
then F Y1 A AY, = =00 .
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7.2 Modeling CJL as a Fragment of HOL

This section, as the core contribution of this article, presents a shallow semantical embed-

ding of CJL in HOL and proves its soundness and completeness.

7.2.1 Semantical embedding

CJL formulas are identified in our semantical embedding with certain HOL terms (predi-
cates) of type i — o. They can be applied to terms of type i, which are assumed to denote
possible worlds. That is, the HOL type ¢ is now identified with a (non-empty) set of worlds.
The HOL signature is assumed to contain the constant symbol av;_,, pv;~r and 0b;__,.
Moreover, for each propositional symbol p/ of CJL, the HOL signature must contain a
respective constant symbols p]}. Without loss of generality, we assume that besides those
symbols and the primitive logical connectives of HOL, no other constant symbols are given

in the signature of HOL.

The mapping | -] translates CJL formulas s into HOL terms [¢]| of type 7. The mapping
is recursively defined:

J = 7

—)] = —ror o)
eVY] = Ve e[
O = Orr o)
OW/o)] = Orsrar Lo 1¥]
Oap] = 07, e

Oy = Ofr |

Q] = Of-r e
Oy = Of-rlel

<
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oty Vaosrors Orar s Ororor , 0%, 08, O%,, and OF-; thereby abbreviate the

following HOL terms:

s = AAXIH(AX)
Vioror = MABAX;(AX V B X)
Oy = AMAXVY(AY)
Orrr = AABAX;(0b A B)
os_ = A ANXVY(-(av XY)V AY)
0P, = A AXVY(-(pr XY)VAY)
¢ =AAAX((ob(av X) A) AFY(av XY A =(AY)))
s = MAAX;((0b(po X) A) A F¥i(pu X Y A (AY)))

Analyzing the truth of a translated formula [¢] in a world represented by term wj; corre-
sponds to evaluating the application (|¢]w;). In line with previous work [40], we define
vld;o = MNA;VS;(AS). With this definition, validity of a CJL formula s in CJL corre-
sponds to the validity of formula (vld [¢]) in HOL, and vice versa.

7.2.2 Soundness and completeness

To prove the soundness and completeness, that is, faithfulness, of the above embedding, a

mapping from CJL models into Henkin models is employed.

Definition 7.1 (Henkin model H™ for CJL model M). For any CJL model M =
(S, av,pv,0b, V), we define corresponding Henkin models H™. Thus, let a CJL model
M = (S,av,pv,0b, V) be given. Moreover, assume that p!,...,p™ € P, for m > 1, are
the only propositional symbols of CJL. Remember that our embedding requires the cor-
responding signature of HOL to provide constant symbols p; such that |p/| = p; for

j=1...,m.

A Henkin model HM = ({DyYaer,I) for M is now defined as follows: D; is chosen
as the set of possible worlds S; all other sets D,_3 are chosen as (not necessarily full)
sets of functions from D, to Dg. For all D,_.g the rule that every term t,.3 must
have a denotation in D,_3 must be obeyed (Denotatpflicht). In particular, it is required
that D,, D; ., and D._., contain the elements [ p]}, Tav;,, Ipv;_ and Iob;_._,. The

interpretation function I of HM is defined as follows:

1. For j =1,...,m, Ipl € D, is chosen such that Ipl(s) = T iff s € V(p/) in M.
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2. Iav;~; € D;_; is chosen such that Tav;,(s,u) =T iff u € av(s) in M.
3. Ipvi; € Dj,; is chosen such that Ipv;.,(s,u) =T iff u € pv(s) in M.
4. I0ob; s € Drr ., is chosen such that Tob, ., .(X,Y) =T iff Y € ob(X) in M.

5. For the logical connectives -, V, II and = of HOL the interpretation function I is

defined as usual (see the previous section).

Since we assume that there are no other symbols (besides the pi, av, pv, ob and =, V, II,
and =) in the signature of HOL, I is a total function. Moreover, the above construction
guarantees that H" is a Henkin model: (D, I) is a frame, and the choice of I in combina-
tion with the Denotatpflicht ensures that for arbitrary assignments g, |.||" .9 is an total

evaluation function.

Lemma 7.2. Let HM be a Henkin model for a CJL model M. In HM we have for all
s€D; and all X,Y,Z € D, (cf. the conditions CJL models as stated on page 3):'

(av)  Tavi,.(s) # 0.

(pvl) Iavi.,(s) C Ipvi,,(s).

(pv2) s € Ipvir(s).

(0b1) 0 ¢ Iob,.ro(X).

(0b2) IfYNX=2ZNX, then (Y € I0br—r—0o(X) iff Z € 10br-r-0(X)).

(0b3) Let B C Iob;.r0o(X) and B # 0.
If (NB)N X # B, where NB = {s € S | for all Z € B we have s € Z},
then (NB) € Tobr—r—o(X).

(ob4) IfY C X andY € Iob,.,.o(X) and X C Z,
then (Z\ X)UY € I0br_r—o(Z).
(ob5) IfY C X and Z € Iob;ro(X) and Y N Z # (),

then Z € Iobrr_o(Y).

Proof. Each statement follows by construction of HM for M.

(av): By definition of av for s € S in M, av(s) # 0; hence, there is u € S such that u €
av(s). By definition of HM, Iav;..(s,u) = T, so u € Iav;_,(s) and hence Iav;_,(s) # ()
in HM

(pvl): By definition of av and pv for s € S in M, av(s) C pv(s); hence, for every u € av(s)
we have u € pv(s). In HM this means, if Tav;.,(s,u) = T, then Ipv;.,(s,u) = T. So,
Tavi..(s) C Ipvi..(s) in HM,

'In the proof we implicitly employ currying and uncurrying, and we associate sets with their character-
istic functions. This analogously applies to the remainder of this article.
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(pv2): This case is similar to (av).

(obl): By definition of ob, we have () ¢ ob(X); hence, in H™, Iob, .._(X,0) = F, that is
0 ¢ T0brr0(X).

(ob2): Suppose Y N X = ZN X. In M we have Y € ob(X) iff Z € ob(X). By definition
of HM we have Iob, ...o(X,Y) = T iff Iob; ., .o(X,Z) = T. Hence, Y € Iob,.,,(X) iff
Z € Iobyro(X) in HM,

(ob3): Suppose B C Iob,..o(X) and 3 # (). If (NB)N X # (), by definition of ob in M we
have (N3) € ob(X). Hence, in HM, Iob, .._,(X,(NB)) = T and then (NB) € I0b;_r—o(X).
(ob4) and (obb) are similar to (ob2). O O

Lemma 7.3. Let HM = ({D,}oer, I) be a Henkin model for a CJL model M. We have
HM =HOL'S) for all ¥ € {AV, PV1,PV2,0B1,...,0B5}, where

AV is YWAVi(avis Wi Vi)
PV1 is VYWVVi(avisW;Vi = puisW; Vi)
PV2 is VYWi(pvimW;W;)
OBI is VX, —0brroXr(AX, L)
0B2 is VX;Y:Z:( (YWi((YaWi A XoWi) <— (Z: Wi A XoW5)))
= (0br o X7 Yy 4 Obr s 0 X1 Z1))
OB3 is VB,.r.0V X,
(V2o BroorZy — ObraraoXs Z2)) N 3Zr (Broran )
o ( QYW Ze (Bror o Ze — ZWi)) Vi) A X,Y5)
= Obr i o Xr (AW Zr (Brsr o Zr — Z:W5))))
OB} is VX.Y,Z,
( (Wi (Yo Wi = XoWi) A 0byro Xo Yy AV (Xo Wi — Z: W)
= 0br o Zr (AW ((Z: Wi A X W5) VY2 W)))
OB5 is VX,Y.Z,
( (VWi(YaWi — XoWi) A 0brrso Xo Ze N AW (Yo Wi N Z:W5))
— Obr s Y7 Z7)

Proof. See Appendix A.2. O

Lemma 7.4. Let HM be a Henkin model for a CJL model M. For all CJL formulas 6,

arbitrary variable assignments g and worlds s it holds:

M, s =6 if and only if |||4] SiHHIMvg[S/Si] T

Proof. See Appendix A.2. O
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Lemma 7.5. For every Henkin model H = ({Dg}aer,I) such that H =500 S for all
¥ € {AV, PV1, PV2, OBl,..., OB5}, there ezists a corresponding CJL model M. Cor-

responding means that for all CJL formulas 6 and for all assignment g and worlds s,

|16]S||H9l/9:) = T if and only if M, s E 6.

Proof. Suppose that H = ({Dy}aer, I) is a Henkin model such that H =HOT 3 for all
¥ € {AV, PV1, PV2 OBIL,..,0B5}. Without loss of generality, we can assume that the

domains of H are denumerable [110]. We construct the corresponding CJL model M as

follows:
e S = 1)Z
o u € av(s) for s,u € S iff Tav,.(s,u) ="T.
o u € pu(s) for s,u € S iff Ipv;-(s,u) =T.

o Y cob(X) for X,Y € D; — D, iff Iob,.ro(X,Y)=T.

o s V(ph)iff Ipl(s) =T for all p/.

Since H =10 % for all ¥ € {AV, PV1, PV2, OB, .., OB5}, it is straightforward (but

tedious) to verify that av, pv and ob satisfy the conditions as required for a CJL model.

Moreover, the above construction ensures that H is a Henkin model HM for CJL model
M. Hence, Lemma 7.4 applies. This ensures that for all CJL formulas 9, for all assignment
g and all worlds s we have |||§]S|H915/Si] = T if and only if M, s & 4. O

Theorem 7.6 (Soundness and Completeness of the Embedding).

=YL o if and only if {AV, PV1, PV2, OB1,..,0B5} =10 yid ||

Proof. (Soundness, <) The proof is by contraposition. Assume [E¢/% ¢, that is, there
is a CJL model M = (S,av,pv,0b,V), and world s € S, such that M,s [~ ¢. Now
let HM be a Henkin model for CJL model M. By Lemma 7.4, for an arbitrary as-
signment g, it holds that ||[¢] S||#"9(5/S] = F. Thus, by definition of |.||, it holds
that [|[VS;([¢] S)|[HF" 9 = |vid |¢]||#"9 = F. Hence, HY HOL vid|p|. Further-
more, HM EHOL 33 for all ¥ € {AV, PV1, PV2, OBl1,...,0B5} by Lemma 7.3. Thus,
{AV, PV1, PV2, OBL,..,0B5} MOl vid |¢].

(Completeness, —) The proof is again by contraposition. Assume
{AV, PV1, PV2, OBL,..,0B5} HOT vid ||, that is, there is a Henkin model H =
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({Do}aer,I) such that H EHOL 3 for all © € {AV, PVI1, PV2, OB1,..,0B5}, but
|vid |@]||#9 = F for some assignment g . By Lemma 7.5, there is a CJL model M
such that M 7L . Hence, 71 .

The theorem characterizes CJL as a natural fragment of HOL.

7.3 Implementation in Isabelle/HOL

The semantical embedding as devised in Section 7.2 has been implemented in the higher-

order proof assistant Isabelle/HOL [156]. Figure 7.1 displays the respective encoding.

1|theory DDL imports Main

2|begin

3| typedecl 1 (* type for possible worlds *) type synonym o = "{i=-bool)"

4lconsts av:: "1=s" pvi: "1=o" ob:: "g=(s=bool)" cw::l (*Current world#)

5

6| axiomatization where

7] ax 3a: "Ix. aviw)(x)" and ax_da: "vw. ¥x. aviw)(x) — pviw)(x}" and ax_4b: "pv(w)(w)" and
g ax 5a: "vX. -ob(X)(Ax. False)" and

9] ax 5b: "(ww. ((¥Y(w) A X(w)) — (Z(w) A X{w}}}) — (ob(X} (¥} — ob(X)}(Z)}" and

18] ax_5c: "((WZ. FZ) — ob(XMZ}) A (3Z. 3(Z))) —

11 (((Fy. ((aw. ¥Z. (F Z2) — (Z whd(y) A X(y))) — ob(X){Aw. ¥Z. (F Z) — (Z w))))" and
12| ax_5d: "((ww. Y{w) — Xi{w)) A ob{X)(Y} A (%w. X(w) — Z(w}))

13 — ob{Z) (Aw. (Ziw) A =X(w)) v Y{w))" and

14 ax_Se: "({ww. Y(w) — Xi{w)) A ob(X)(Z) A (Jw. Y(w) A Ziw))) — ob(Y)(Z)}"

15

16| definition ddlneg::"e=-o" ("-_"[52]53) where "-yp = Aw. —p(w)"

17| definition ddland::"s=o=0" (infixr"a"51) where "pAY = Aw. p{whagp(w)”

18| definition ddlor::"s=o=c" (infixr"v"50}) where "pviy = Aw. p{whvi(w)"

19| definition ddlimp::"e=o=¢" (infixr"—"489) where "p—
28| definition ddlequiv::"s=ro=o" (infixr"—"48) where "o

AW, o (w) —ai{w) "
Aw. i lw)e—ap{w)"

21| definition ddlbox::"s=o" ("0O") where "Op = dw.Wv. 2(v)"  (*A = (Aw. True)*)
22| definition ddlboxa::"e=o" ("0.") where "Oap = Aw. (¥x. av(w){x) — o{x))"

23| definition ddlboxp::"o=o" ("Oy") where "Opy = Aw. (¥x. pv{w){x) — o{x))"

24| definition ddldia::"e=o" ("<") where "¢y = -0(-p)"

25| definition ddldiaa::"o=o" ("<3") where "©ap = —Dal-p)"

26| definition ddldiap::"o=-o" ("<p") where "Opp = —0Op(—p)"

27| definition ddlo::"o=o=o" ("0{_|_}"[52]53) where "0{/]|s} = dw. ob(p) ()"

28| definition ddloa::"o=a" ("0:") where "0z = Aw. oblav(w))(yp) A (Ix. aviw)(x) A —p(x))"
29| definition ddlop::"o=s" ("0,") where "Ops = Aw. ob(pw(w)) () A (Ix. pviw)x) A —p(x))"
30| definition ddltop::"s" ("T") where "T = Aw. True"

31| definition ddlbot::"s" ("L") where "L = Aw. False"

32| definition ddlos::"o=o" ("0( )") where "0{2}) = 0{o|T)"

33| definition ddlvalid::"s = bool™ ("| |"[7]1105) where "|p| = %w. p w" (*Global validity.*)
34| definition ddlvalidew::"s = bool” (*|_|cw"[7]1105) where "|p|cw = p cw" (*Validity in cw.*)

36|lemma True nitpick [satisfy,user_axioms,expect=genuine,show all,format=2] cops (*Consistency.*)

FIGURE 7.1: Shallow semantical embedding of CJL in Isabelle/HOL
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e Line 3: the primitive type ¢ for possible words and the derived type o for formulas
is introduced.

e Line 4: the constants av, pv, ob and cw are introduced. av and pv are the HOL
counterparts of the accessibility relations used to define O,, O,. ob is used to define
dyadic obligation operator. the constant cw encodes the current world.

e Lines 6-14: the axioms for the accessibility relation av, pv and ob are postulated.

e Lines 16-20: the Boolean logical connectives are defined.

e Lines 21-23: the three necessity operators O, O,, and O, are introduced.

e Lines 24-26: the three possibility operators ¢, ¢4, and <&, are introduced.

e Line 27: the dyadic obligation operator is defined.

e Lines 28 and 29: the actual and primary obligation operators O, and (), are intro-
duced.

e Line 32: the monadic obligation operator is defined.

e Lines 33-34: the notions of global validity (i.e, truth in all worlds) and local validity
(truth at the actual world) are introduced.

e Line 36: the model finder Nitpick [44] confirms the consistency of the logical system.

In Figure 7.2 Isabelle/HOL confirms the validity of some axioms by using the access to

automated theorem provers.

(* Characterisation of "0" *)

lemma "|0{y|p) — ©{p A 4)|" by (metis ax 5a ax 5b)

lemma "|[{C{e A ¥ A x) A O ]e) A O{x]e) ) — O{{«» A x)|g}|" using ax 5¢ by auto
lemma "[(O(y — v) A (&g A x)) A Oy |¥)) — O{y|p}" using ax_5e by blast
lemma "[O(y < ¥) — (0{y|y} < O{x|v))|" by presburger

lemma "[O(y — (¢ < o)) — (0{s]x) « O{w]|x})|" by {(smt ax_5b)

lemma "[0{y']¢) — O(0{w]|})|" by blast

lemma "|Op — |" by simp (* "O" 1s an 55 modality *)
lemma "|Opp — |" by (simp add: ax 4b) (* "DOp" 1s a KT modality *)
lemma "|Dzp — ©ap|" by (simp add: ax 3a) (* "DO." 1s a KD modality *)

(* Relationship between "O,Da, Op" *)
lemma "|Oy — Opp|" by simp
lemma "|[Opp — DOap|" using ax_4a by auto

(* Relationship between "0.,0p, 0., 0" *)

lemma "|Dzp — (=020 A =0:2(=p))|" by (metis (full types) ax 5a ax 5b)
lemma "|Opp — (=0pp A =0p(=p)) " by (metis (full types) ax 5a ax 5b)
lemma "|Da{yp < ) — (02p < 020} |" by (metils ax 5b)

lemma "|Opl{y < ¥) — (0pp < Omd)|" by (metis ax 5b)

(* Relationship between "0,0s,04, 05, 0p" *)
Llemma "[(0{v|¢) A Do A €20 A ©a(p)) — 0«0|" using ax_5e by blast
lemma "[(0{v']) A Ope A Cpp A Opl=1)) — O0p|" using ax 5e by blast

FIGURE 7.2: Some validities in CJL
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Figure 7.3 applies this encoding to Chisholm’s scenario (cf. [72]). Chisholm’s statements
can be given a consistent formalisation in CJL, see Fig. 7.3. This is confirmed by the
model finder Nitpick [44] integrated with Isabelle/HOL. Nitpick computes an intuitive,

small model for the scenario consisting of two possible worlds i1 and is.

@ Isabelle2019/HOL - DDL.thy ] >
File Edit Search Markers Folding View Utilities Macros Plugins Help
47|consts gotio telliis ~
£ -48|context (* Chisholm Example *) (x]
| | 49| assumes =
5| (58] axl: "[0(go|T)|" and A
5| 51| ax2: "[0(tell|go)|" and %
2| |52| ax3: "[0(-tell|-go)|" and L
E 53| ax4:" | Oa00|c” §
54
3|c155| begin g
% 56| lemma True nifipick [satisfy,user_axioms,show_all,expect=genuine] oops v |3
» < b3 L]
T
-] Proof state [ Auto update Update  Search hd
T Nitpick found a model for card i = 2: ~
=1 Constants:
av = (M. J(i1 := (M. _)(i:1 := False, iz := True), iz := (Ax. _)(i: := True, i := False))
o = 11
go = {Ax. _)(i1 := False, iz := True)
B ob = (Ax. )
((Ax. _){i1 := True, 1z := True) := (Ax. _)
((Ax. )(11 := True, 1z := True) := True, (Ax. )(11 := True, 1: := False) := False,
(Ax. _)(11 := False, 12 := True) := True, {Ax. _)({1. := False, 1; := False) := False),
(Ax. )iy := True, iz := False) := (ix. _)
({Ax. _)(i1 := True, iz := True) := True, {Ax. _)(i1 := True, i: := False) := True,
(Ax. _)(11 := False, 1z := True) := False, (Ax. _)(i1 := False, 1z := False) := False),
(Ax. _){i1 := False, iz := True) := (Ax. _)
((Ax. )(11 := True, 1z := True) := True, (Ax. )(11 := True, 1: := False) := False,
(Ax. )(11 := False, 1z := True) := True, (Ax. _){11 := False, 1; := False) := False),
(Ax. _)(i1 := False, 1z := False) := (Ax. _)
({Ax. _)(i1 := True, iz := True) := False, (Ax. _){i1 := True, i: := False) := False,
L (Ax. _)(11 := False, iz := True) := False, (Ax. _)(11 := False, 12 := False) := False))
pv = {dx. )1 := (ax. _){i1 := True, iz := True), iz := (Ax. _){i1 := True, iz := True))
tell = (Ax. ){i: := False. 1> := True) v
< >
B - Query || Sledgehammer | Symbols
56,16 (3132/4825) lisabelle isabelle, UTF-B-Isabelle) | n..rol . IMB 10:59 AM

FIGURE 7.3: The Chisholm’s scenario encoded in CJL

Function ob is interpreted in this model as: ob({i1,i2}) = {{i1,i2},{i2}}, ob({i1}) =
{{i1,i2},{i1}}, ob({i2}) = {{i1, 12}, {i2}} and 0b(D) = 0. The designated current world in
the given model is i1, in which Jones doesn’t go to assist his neighbors and doesn’t tell
them that he is coming. In the other possible world io, Jones is going to assist them and
he also tells them that he his coming. That is, V(go) = V(tell) = {i2}. Also, we have
{ia} € ob({i1,i2}). So, i1 = Ogo by the evaluation rule for (). Similarly, {i1} € ob({i1})
implies i1 |= O(tell/go), and {iz} € ob({i2}) implies i1 = O(—tell/—go).
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7.3.1 Comparing CJL system and Kratzer’s system KD

In this section we study and compare Carmo and Jones deontic system with Kratzerain

framework.

First scenario: In the first scenario, we consider actual and potential accessibility rela-
tions as two different modal bases. Moreover, we define two different ordering sources by
means of application dyadic operation ob on the actual versions of current world ob(av(w))
(cf. Fig. 7.4, lines 3-6) or potential versions of current world ob(pv(w)) (cf. Fig. 7.4, lines
7-10). We have two kinds of monadic and dyadic deontic operators that could play the

same role as actual and potential obligations in the initial CJL system.

1|theory Unification ProblemC] dimports DDL

2|begin

3|definition ammodalrelation :: "i=1=+1=+bool"(infix "ga< =" 53}
4] where "s =ga=w> t = ¥X. (oblav(w)) X — (X t —X s))"
sjdefinition ammodalrelations :: "i=i=+i=sbool" (infix "-ga< =" 54)
6] where "s =ga<w= t = (5 =ga<w= t) A -{t =ga<w= s)"

7|definition pmmodalrelation :: "i=1=+1=+bool"(infix "-gp< =" 53}
8] where "s =gp<w= t = ¥X. (ob{pv(w)) X — (X t —X s))"
oldefinition pmmodalrelations :: "1=1=1=+bool" (infix "-gp< =" 54}
18| where "s =gp<w= t = (s =gp<w> t) A —(t =gp<w= s}"

11

12|definition aBestfunction i:"i=o=c" ("Bestga< =< ="}

13| where "Bestga=w=<X= = As. (X s A —(3t. (X t A (t =ga=w= s5))))"
14|definition pBestfunction ::"i=o=c" ("Bestgp<_ =< =")

15| where "Bestgp<ws<X> = As. (X s A —(3t. (X t A (t ~gpew> s))))"
16

17|axiomatization where

it
[==]

astoppered :" Yw. ¥s.

(av(w) s — ((Bestga<w=<av(w)> )(s) v (3t. (Bestga<w=<av(w)> )(t) A T =ga<w= s)))" and
20/pstoppered :" Ww. ¥s.

21| (pv(w) s — ((Bestgp<w=<pv(w)= )(s) v (3t. (Bestgp<w=<pv(w)= )(t) A t =gp<w= s5)))"

22

[
[T=]

23|definition aKratzobliga :: "o=o" ("Ckca")

24] where "0Ok=p = Aw. (¥s. ((Bestga<w=<av(w)= )(s) — (g)(s) ))"

25|definition pKratzobliga :: "o=-o" ("COkcr")

26| where "Okcrp = Aw. (W¥s. ((Bestgpews<pv(w)= )(s) — (g)(s) ))"

27|

2g|abbreviation{input) msubintert :! “"g=eo=cs" (infix "nN" 54) where "yx N v = M. o X A ¥ X"
29|

so|definition akratzdyadic :: "e=o=c" ("OksE< | 2")

31| where "Oksa<y| > = Aw. (¥s. ((Bestga<ws<(av(w) n {g))= ){s5) — (uv)(s) ))"
32|definition pkratzdyadic :: "g=po=bc" ("OkP< | 2")

33| where "OkeP<y|g> = dw. (¥s. ((Bestgp<ws<(pv(w) n (2))> )(s) — (¥)(s) ))"

FIGURE 7.4: Comparing CJL and Kratzer’s system KD in Isabelle/HOL (scenario-1)

Nitpick confirms that the identity condition does not hold for both new monadic deontic
operators. Also, Isabelle/HOL proves factual detachment property for both dyadic deontic
operators (cf. Fig. 7.5).



Chapter 7. Deontic Modals, Circumstances, and Computation 145

nitpick oops
nitpick oops

lemma "|[p — (Ck<Ep|"
lemma "[p — CkePp|"
lemma “|(Ckea<y| p=ACkeep) — Okeag|”
by(simp add: aBestfunction_def aKratzobliga_def akratzdyadic_def ddland_def ddlimp_def ddlvalid_def)
lemma "‘( k‘D<-f_‘.'~|.‘;;>A k(p‘?,;) - k(D".-""JH
using ddland_def ddlimp_def ddlvalid_def pBestfunction_def pKratzobliga_def pkratzdyadic_def by auto

lemma " |[CKeP<yh|p> — CkCa<y)
lemma “|Ckea<y| > — OkeP<y)

nitpick oops

[ &
| i nitpick oops

>|"
="

FIGURE 7.5: Comparing CJL and Kratzer’s system KD in Isabelle/HOL (scenario-1)

Second scenario: In the second scenario, the actual and potential accessibility relations
only play a role in the ordering source. The application of dyadic operation on av and pv
provide two different ordering sources (cf. Fig. 7.6, lines 4-7 and 9-12). We have fixed the
modal base source by a given modal base function f (cf. Fig. 7.6, line 2) (same as primary

modal base function in the Kratzer’s system) with consistency condition.

theory Unification ProblemC] dimports DDL
begin consts fi: "i=((1=+bool)=:bool)"

definition ammodalrelation :: "i1=1=i=+bool"(infix "=-ga< =" 53)
where "s =ga<w= t = ¥X. (ob(av(w)) X — (Xt —X s ))"

definition ammodalrelations :: "i=+i=ri=-bool" {infix "-ga< =" 54)
where "s -ga<w> t = (5 ~ga<w> t) A —(t ~ga<w> s5)"

W~ O U xR

definition pmmedalrelation i: "i=i=i=bool"(infix “~gp< >" 53)

18] where "s =gp=w= t = ¥X. (ob(pv{w)) X — (X t —X s))"
11|definition pmmodalrelations :: "i=i=i=+bool" (infix "-gp< =" 54)
12| where "s >gp<w> t = (s =gp<w> t) A —-(t =gp<w> s5)"

13
14|definition preferelation :: "i=s" ("[|f< ="[9]110) where "[|f<w= = As. ¥X. (f w X — X s)"
15|axiomatization where consistency : "ww. (3s. ( [f<w= ) s)"

16
17|definition Bestfunctiona ::"l=so=+c" ("Bestga<_>< >")

18| where "Bestga=w=<X> = As. (X s A —(3t. (X t A (t =ga=<w= s))))"
19|definition Bestfunctionp ::"i=o=sc" ("Bestgp<_»< =")

20 where "Bestgp=ws<X= = As.{X 5 A —(3t. (X t A (t =gp=w> 5))))"

FIGURE 7.6: Comparing CJL and Kratzer’s system KD in Isabelle/HOL (scenario-2)

We have defined two monadic and dyadic deontic operators that are different only in
the ordering sources. So the distinguishing feature of the actual obligation and potential

obligations is their ordering sources (cf. Fig. 7.7).

Factual detachment holds for both operators in these new systems, and identity condition

fails for actual and potential obligations (cf. Fig. 7.8).



Chapter 7. Deontic Modals, Circumstances, and Computation 146
2?|axiomatization where
23|stoppereda :"vw. Ys.
24| ({ Nfew> ) s — ((Bestga<w=<( [|f<w> )> ){s) v (3t.(Bestga<w><( [f<w> )= )(t) A t=ga<a>s)})" and
25|stopperedp :"Ww. ¥s.
26/ (( Mf<w= ) s — ((Bestgp=w=<( [f<w= )= ){(s) v (3t.(Bestgp=w=<{ [f=w= )= ) (t) A t=gp=<a=s)))"
27
28|definition Kratzobligaa :: "o=o" ("Ckea")
29| where "Okcay = dw. (¥s. ((Bestga=ws<{ [fews }> )(s) — {(p)(s) )"
jo|definition Kratzobligap :: "o=ro" ("0 ker")
31 where "okerp = Aw. (¥s. ((Bestgp<we<( [(f<w= )> )(5) — (x)(5) ))"
32
33|abbreviation{input) msubintert :: "o=g=s" (infix "n" 54)
34| where "o N v = A, o X A X"
35
36|definition kratzdyadica :: "o=so=pc" "0k < | ")
37| where "Ok= <y|p> = Aw. (¥s. ((Bestga<w=<(( Mf<w> ) N (¢))= )(s) — (@) (s) ))"
3g/definition kratzdyadicp :: "o=tg=scg" ("OkP< | =")
39| where "OktP<y|= = M. (¥s. ((Bestgp=w=<(( [f<w= ) n {p))= )(5) — {(«I(s) )"
FIGURE 7.7: Comparing CJL and Kratzer’s system KD in Isabelle/HOL (scenario-2)
lemma "|p — CK®p|" nitpick oops

]
lemma "|p — OKCPp

nitpick oops

lemma " | (OKCae)|@=ACKS2p) — Ckoag|"
by(simp add: Bestfunctiona_def Kratzobligaa_def ddland_def ddlimp_def ddlvalid_def kratzdyadica_def)
lemma " | (OKeP<)| @>ACKPR) — CKoRy|"

by(simp add: Bestfunctionp_def Kratzobligap_def ddland_def ddlimp_def ddlvalid_def kratzdyadicp_def)

lemma "|CkcP<yi|p> — Okca<y|z>|" nitpick oops
lemma "|CKca<y| > — OkeP<yi|>|" nitpick oops

7.

FIGURE 7.8: Comparing CJL and Kratzer’s system KD in Isabelle/HOL (scenario-2)

4 Conclusion

A shallow semantical embedding of Carmo and Jones’s logic of contrary-to-duty condition-

als in classical higher-order logic has been presented, and shown to be faithful (sound an

complete). This implementation constitutes the first work in part of the larger LogiKEy

project [37]. The introduced framework used to systematically analyses the properties of

Carmo and Jones’s dyadic deontic logic within Isabelle/HOL. A particular study was ex-

ploring Carmo and Jones’s neighborhood semantics within the Kratzerian framework. The

provided framework could be extended to study and support first-order and higher-order

variants of the framework [91].



Chapter 8

Conclusion and Further Work

In this section, we summarize the result of this thesis and give a couple of suggestions for

further research.

8.1 Discursive Input/Output Logic

In this thesis, we have introduced a non-adjunctive variant of input/output logic. Non-
adjunctive logical systems are those where deriving the conjunctive formula ¢ A 1 from
the set {p, 9} fails [77, 78]. These systems are especially suited for modeling discur-
sive reasoning because joining the discourse participants’ opinions is not always possi-
ble. We build two groups of I/O operations for deriving permissions and obligations over
Boolean algebras. The main difference between the two operations is similar to the possi-
ble world semantics characterization of box and diamond, where box is closed under AND,
((OpA O9) — O(p A 1)), and diamond not. The new framework is a unification of the
two main approaches for deontic logic: modal logic and norm-based approaches. There are
other frameworks, such as adaptive logic [197, 198], that combine both approaches. The
novelty of our approach is semantical unification. The semantical unification is based on

bringing the core semantical elements of both approaches into a single unit.

8.1.1 Input/output logic for permission: Removing AND rule

Von Wright [220] defined permission as the primitive concept and obligation as the dual

of it. Later, in the main literature of deontic logic, obligation introduced as the primitive

147
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concept and permission defined as the dual concept, as well in the original input/output
logic for permission [142]. Moreover, in the I/O literature, permission based on derogation

is studied by Stople [195, 194] and based on constraints by Boella and van der Torre [54].

In the main literature of input/output logic developed by Makinson and van der Torre
[140], Parent, Gabbay, and van der Torre [163], Parent and van der Torre [165, 167, 169],
and Stolpe [192, 193, 196] at least one form of AND inference rule is present (see the related
table in Subsection 2.2.2). Sun [199] analyzed norms derivations rules of input/output logic
in isolation. Still, it is not clear how we can combine them and build new logical systems,
specifically systems that do not admit the rule of AND. For building a primitive operation
for producing permissible propositions, we need to remove the AND rule from the proof
system. We have characterized a class of proof systems over Boolean algebras, Heyting
algebras, and any abstract logic where the rule of AND is absent for a sat of explicitly

given norms as follows:

derive; Rules EQO (a, ) r=Y WO (a, ) Ty
derivep {EQO} (a,9) (a,9)
deriver, {EQI}

deriveg {EQI, EQO} (a,2) a—b (a,2) (b, 2)
derivey {SI, EQO} EQI (b, ) OR (aVb,z)
derivery {WO, EQI}

derivey {SI, WO}

derivea  {SI, WO, OR} s1 (a,x) b<a - (a,x) (z,y)
derives {SI, WO, T} (b, ) (a,y)

The corresponding output operations are defined as follows:

1. outr(N,A) = Eq(N(A))

2. out,(N,A) = N(Eq(A))

3. outy(N, A) = Eg(N(Eq(A))

1. outs(N, A) = Bq(N(Up(A)))

5. outr (N, A) = Up(N(Eq(A)))

6. outy (N, A) = Up(N(Up(A))

7. outa(N,A) = ({Up(N(V)),A CV,Vis saturated }

8. outz(N,A) = (W{Up(N(V)),ACV =Up(V) 2 N((V)}

The main characteristic difference in the new output operations and old ones [140] are us-

ing “Up” and “Eq” operators instead of “Cn” and saturated sets instead of complete sets.
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There are other approaches that do not validate deontic aggregation principles. More inter-
estingly, Ciabattoni et al. [76] introduced a proof-theoretic approach for reasoning about
deontic modals and handling specificity that does not validate AND. It is an extension of
minimal deontic logic [71]. A limitation of this approach is that the underlying non-normal
deontic logics are relatively weak. As an advantage of our approach, we can add the rule

of AND and cumulative transitivity (CT) to our system; see the next subsection.

8.1.2 Input/output logic for obligation: Adding AND rule

) . . . CT,AND
We have shown how we can rebuild four systems derwe‘f‘N D, derweé‘w D demvelc ’

and derivelcT’OR’AND are introduced by Makinson and van der Torre [140] for reasoning

about obligatory norms.

dem’veZX Rules AND (a,z) (a,y)
derive'ND {SI, WO, AND } (a2 Ay)
derives NP {SI, WO, OR, AND }

deriveSTANP {SI, WO, CT, AND }

deriveSTOAND (g1 WO, CT, OR, AND} CT (a,7) " y(?”’y)

The output characterization, for instance in the case AND, has the following form:

outiANDO(N, A) = out;(N,A)
outhDnH(N, A) = out!NP" (N, A) U

{ynz:y,z € outNP" (N, {a}), a € A}
OUt?ND(Nv A) = UneN OUtiANDn (Na A)

The proof is based on the reversibility of inference rules [140]. The same method can be

used to define and characterize other rule-based systems.

deriveX Rules deriveX Rules

derivefNP {WO, EQI, AND} derive Tt {SI, EQO, OR}

deriveN D {SI, WO, AND} dem’veICT’OR {SI, EQO, CT, OR}
derives NP {SI, WO, OR, AND} deriveS O {SI, WO, CT, OR}
derive§T {SI, EQO, CT} deriveSTORAND L] WO, CT, OR, AND}
derive§T {WO, EQI, CT}

derive§'T {SI, WO, CT}

deriveS NP (ST WO, CT, AND}
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8.1.3 Semantic unification: Integrating input/output logic into the Kratze-

rian framework

Kratzerian framework has two contextual components: a modal base and an ordering
source. Formally these are both functions, called conversational background, from evalua-
tion worlds to sets of propositions. The modal base determines the set of accessible worlds
and the ordering source induces the ordering on worlds [128, 218]. We employ these con-
textual components, the modal base and ordering source functions, from the Kratzerian
framework [128, 129] and the detachment approach [164] from I/O framework, instead of
quantification, for deriving deontic modals. As an advantage of the detachment approach,
we can characterize derivation systems that do not admit, for example, weakening of the

output (WO) or strengthening of the input (SI).

In input /output logic, the main semantical construct for normative propositions is the out-
put operation, which represents the set of normative propositions related to the normative
system N, regarding the state of affairs A, namely out(N, A). Detachment is the basic
idea of the semantics of input/output logic [164]. The interpretation of “z is obligatory if
a” is that “x can be detached in context a”. In a discourse, the context is represented by
a modal base or an ordering source in the Kratzerian framework. To unify the norm-based
semantics with the classic semantics, in each world w, we can detach what we allowed to
or have to as the output of what we know (as the input set) represented as () f(w), the
intersection of the propositions given by the modal base, and the corresponding normative

system .

Consistent premise sets: Suppose () f(w) # 0
[[be-allowed-to]|*/ = ANP Az (x € out(NT, { f(w)}))

[[have-to]]”»f = ANO\z (z € out(NO, { f(w)}))

In this case, deontic modals are evaluated with reference to a set of propositions given
by the modal base and a normative system in each possible world. The modal bases are
always factual. Whenever there are possible inconsistencies, we can take the content as an
ordering source. If the set of g(w) is not consistent, we can draw conclusions by looking

at maximal consistent subsets.
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Inconsistent premise sets: Suppose () g(w) =0,

and Maxfamily')(g(w)) = {1 A|A C g(w) and A is consistent and maximal}
[[be-allowed-to]]* = ANFAz (z € out(NF, Maxfamily(g(w))))
[[have-to]]*9 = ANOXz (z € out(N©, Maxfamily)(g(w))))

Horty [112] raised the issue of unification for deontic logic. For example, he showed how van
Fraassen’s account [217] (as a norm-based approach) and SDL could be interpreted within
the Kratzerian framework. He tried to show the norm-based approach’s advantages, such
as resolving normative conflicts and handling specificity, compared to the apparent advan-
tages of modal logic, such as compositionality. We are still missing a semantics based on
both the modal logic and the norm-based approaches. Our semantical unification is based
on bringing the core semantical elements of both approaches into a single unit. For deriv-
ing (monadic) deontic modals the fragment is input/output logic based on the interaction
between normative reasoning and informational and motivational modalities. We use the
Kratzerian framework for representing different sets of information and motivation. For
dyadic obligations and permissions, we add another fragment besides input/output logic
based on the basic idea in classical semantics (or the Kratzerian framework): a preference
ordering on possible worlds, and what ought to be the case, is determined by what is the
case in all the best of the accessible worlds. Horty [112] pointed that with conditional
obligations, at last, there is a real difference between the norm-based and modal logic
approaches. As he discussed, there are two senses for conditional obligations: constrained
mazimization sense (classical semantics) and resultant sense (norm-based semantics) [112].

Our introduced compositional framework combines these two senses; see the next section.

8.1.4 Input/output methodology: Secretarial assistant

Makinson and van der Torre [140] introduced input/output logic as “secretarial assistant
to an arbitrary process transforming propositional inputs into propositional outputs.” The
only input/output logics investigated in the literature so far are built on top of classical
propositional logic [140] and intuitionist propositional logic [163]. It has been shown that
we can build the input/output version of any abstract logic. An abstract logic [87] is a
pair A = (£, C) where £ = (L, ...) is an algebra and C is a closure operator defined on the

power set of its universe, that means for all A, B C L:

e ACC(A)

e AC B= C(A) CC(B)
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There is a similar result for building the simple-minded I/O operation over Tarskian con-

sequence relations [68] (see the discussion about abstract input/output logic [199]).

There are important similarities between input/output logic and the theory of joining
systems, such as: studying normative systems as deductive systems and representing norms
as ordered pairs. Moreover, both frameworks can generally be built on top of algebraic
structures such as Boolean algebras and lattices. While the focus in input/output logic
is deontic and factual detachment in the theory of joining systems, the central theme is
intermediate concepts and representing normative systems as a network of subsystems and

relations between them; for more detail, see [136].

8.2 A Compositional Theory of Conditional Obligation and

Permission

Following Thomason [204] and Bonevac [57], we have introduced a compositional theory

of conditional obligation which separate the contributions of if and ought.

“At the very least, a theorist using a conditional obligation operator owes us
an explanation of how the semantics of the operator depends on the semantics
for obligation and the conditional simpliciter. Sentences expressing conditional
obligations are intelligible to anyone understanding should (or ought to) and
if. The combination of these words is no idiom. The meanings of such sen-
tences, therefore, should be explicable in terms of the meanings of if and should

construed independently.” (Bonevac [57], p. 37)

First, based on our results for building I/O operations over Boolean algebras, I/O opera-

tions’ neighborhood characterization was presented.

It is a well-known fact that Boolean algebras are the algebraic models of (classical) propo-
sitional logic. We proved that the extension of propositional logic with a set of conditional
norms is sound and complete respect to the class of Boolean algebras that the correspond-

ing I/O operation holds through all of them.
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(p,0) € derivefm(x)(N)
if and only if
V() € outP(NV, {V(p)}) for every B € BA, for every valuation V on B

The valuation functions from propositional logic Fm(X) into the class of Boolean alge-
bras B play the role of possible worlds, and the order over them supports the theory of

conditionals.

We have analyzed conditional obligation sentences which have the form a > (Ox, where
> is a classic conditional connective [131]. Given the set of obligatory norms N© and

suppose (a,z) € N9, we defined the new conditionals as follows:
a > Oz holds iff (a,z) € derive;(N?) and a > = holds

where derive;(N O) is an appropriate derivation system for obligation. The proof system
of the new compositional system is based on the included I/O proof system and the
dyadic operator. For example, if we combine simple-minded output operation with the

preference relation, the resulting compositional operator satisfies the rule of WO since both
)

components satisfy this rule. More specifically, the set of new conditionals, derive;’, is not
reflexive, it is not necessary that a > Qx € derive® (N©), for (a,r) € NY. Moreover, it
does not validate the rule of SI due to the dyadic operator. Draping these two properties
makes more intuitive input/output logic in facing contrary-to-duty statements, for the full

discussion see Section 4.1.

For a given set of permissive norms N, by choosing a plausible derivation system derive;(NT)
for permission similar to the definition of conditional obligation, we can define the condi-

tional permission.
a > Pz holds iff (a, ) € derive;(N¥) and —(a > —z) holds

The following theorems show that how the proposed system compose the theory of condi-
tionals and our input/output logic for reasoning about conditional obligation and permis-

sion.
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© > O € derive® (NO) © > Py € derivel (NT)
if and only if if and only if
(p,9) € dem’veiFm(X)(No) and (p,0) € derivefm(x)(NP) and
For every preference Boolean algebra For every preference Boolean algebra
M = (B,V, =), M =(B,V,=y),
for every valuation V; € opt-,(p) we have there is a valuation V; € opts () such that
Vi) =15 Vi) = 15

We have presented a semantical characterization for constrained 1/O logic. Here, con-
straints are preferences. There are syntactical ([141], Section 6) and proof theoretical
([198], Section 3) characterizations for constrained I/O logic. Our semantical characteri-
zation is more flexible than the syntactical characterization since our approach does not
necessarily depend on the rules AND, SI, and (EQI, EQO) required for syntactic charac-
terization of the I/O operations in modal logic [198].

Moreover, we can use input/output logic as a non-monotonic defeat mechanism with
Hansson and Lewis’s conditional theory [109, 132] to detect dilemmas. A problem in
most solutions (see [214, 213]) for detecting dilemmas is that the set of formulas N =
{OY/p1), O(¥/p2)} is inconsistent or p1 A g is impossible [213]. In our setting the set
of formulas N is not necessary inconsistent, given {1, @2} consistent. We detect dilemmas

by using detachment in the output operations.

8.3 A Computational Tool for Deontic Reasoning

8.3.1 Faithful embedding of some deontic logics in HOL

Another technical achievement of this paper is faithful embeddings of some deontic logics
in higher-order logic. We have aligned Henkin models with neighborhood and preference

models besides Kripke models.

Henkin models Kripke models

Henkin models Neighborhood models

Henkin models Preference models

We studied how for a logical language LLs based on Kripke, neighborhood, and preference

semantics, we could align these models with Henkin models such that:
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VI C L, € Ly (T,9) €E4 if and only if (vld(|T']),vld(|¥])) €Enor.

vld : HOL — HOL is higher-order equivalent term of validity and |.| : Ly — HOL is the

translation function.

Moreover, it has been shown (Theorem 4.10) that for input/output derivation systems over
propositional logic, (, ) € dem’vefm(X)(N) holds if and only if V (1) € out?(NV, {V(p)})
holds in all Boolean normative models (N = (B,V, NV)). It has been proven that we can
align Boolean normative models and Henkin models. In this way, we have introduced a

faithful embedding of input/output logics in HOL.

8.3.2 Isabelle/HOL: An infrastructure for deontic reasoning

Deontic logic is developed within three fundamental frameworks: Modal-based deontic
logic, Preference-based deontic logic, and Norm-based deontic logic. We presented the
automation of at least one instance of each category that determines how each framework’s
automation will work. In Isabelle/HOL, we have provided a dataset of deontic logic

implementations for legal and ethical reasoning tasks [27].

8.4 Future Work Through Discursive Input/Output Logic

8.4.1 A full characterization of rule-based logics

Makinson [139], in his seminal book Bridges from Classical to Nonmonotonic Logic, sys-
tematically shows that how we can, by using additional assumption, restrict valuations,
and using additional rules define new consequence relations from classical consequence re-
lation. In this thesis, we have defined a couple of different input/output rule-based logical
systems, given an abstract logic A = (£, C) and a set of rules R C £Lx L. It is worth study-
ing the limits of these kinds of rule-based logical systems and finding full characterization
for them. We pose combining I/O operations with consequence relations that do not sat-
isfy inclusion or idempotence property [139] as a further research question. For example,
combining the original I/O framework with a consequence relation that does not satisfy
inclusion where the consequence relation is an input/output closure (A € out(N, A) is not
necessary) was explored by Sun and van der Torre [201]. Moreover, we showed how we
can add rules and restrict valuations simultaneously. It is worth studying the limitations

and advantages of combining these three approaches.
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8.4.2 Toward a unified logical framework for deontic reasoning

The thesis introduced a new logical framework for normative reasoning. It is a unification
of the two main approaches for deontic logic: modal logic and norm-based approaches, see
Section 1.3 and Section 2.2. An advantage of the modal logic approach is the capability to
extend with other modalities such as epistemic or temporal operators, and advantages of
the norm-based approach include the ability to explicitly represent normative codes such
as legal systems and using non-monotonic logic techniques of common sense reasoning. For
example, we can design a normative temporal system, which changes over time. The tem-
poral reasoning comes from the advantage of the modal logic part and changes operators
(expansion, contraction) from the norm-based part. For example, we have implemented a
temporal logic in which the normative system expands over time. The formulation of the
example is illustrated in Fig. 8.1. Lines 2627 is used for defining the expansion function.
Lines 23-24 and 29-30 define the input/output operation for permission over time. A
further research area is exploring the expressivity power of the introduced unified seman-
tics. Moreover, it is worth investigating the philosophical and conceptual advantages of

integrating the norm-based semantics into the classic semantics [218, 112].

1|theory IOEXTE dimports Main

2| begin

3| typedecl 1 — <type for possible worlds >

4| type_synonym r = “(i=-bool}"

5/ consts N ::i "i=r=7=bool" ("N< >") (* Normative system for actual world *)

6| consts expN :: "i=r=r=bool" ("expN= =") (* Normative system for actual world *)
7| consts aw :: "1" (*actual world*)

8| consts r_t :: "iI=+1=+bool" (* Relation for temporal logic *)

9| abbreviation irreflexivity where "irreflexivity r = (¥x.—- r x x)"

16| abbreviation transtivity where "transtivity r = (vx y z. ({(rxy ary z) — rxz))"
11| axiomatization where ax_ irreflexivity rt : "irreflexivity r t" and

12| ax transtivity rt i “"transtivity r t"

13| definition TEnot :: “"r=+7" ("= "[52]53) where "-y = Aw. —plw) "

14| definition TEor :: "r=7=7" (infixr "v"58) where "oviy = Aw. olw) v ¢ (w)"

15| definition TEand :: "s=7=7" (infixr "A"51) where "pAy = Aw. @lw) A o(w)"

16| definition TEimp :: "r=7=7" (infixr "—" 49) where "y—¢ = M. p{w) — w(w)"
17| definition TEtrue :: "7" ("T") where "T = Aw. True"

18| definition TEfalse :: "7" ("L1") where "L = Aw. False"

19| definition TEvalid :: "r=bool" ("| |" [8]109) where "[p| = Yw. p(w)"

20| definition TEactualvalid :: "r=+bool" ("| |=u" [8]1183) where "|p|aw = pl aw)"”

21| definition ordeIOB :: "r=-r=bool" (infixr"<"80) where "X < ¥ = ((X A Y) = X) "
22

23| definition outl :: "({r=r=bool)=(r=bool)=(r=bool)" ("C1=_; =")

24| where "On<MjA> = A UL (AY. (FZ. (AZ A (ZZY ) ANY U A (U ESX) ) ) )"
25

26| definition expa :: "l=br=br=(r=>r=bool)}" ("N< >H< , =")
27| where "Ne<w>@P<p,u> = A, AY. [ Nw X Y v (X=p A Y=¢0) )"
28

29| definition permission :: “"i=(r=bool)}" ("Perm= =")

30| where "Perm<ti = O N ti ; N { X=(r_t ti) ) ="

FIGURE 8.1: A temporal normative system in Isabelle/HOL



Chapter 8. Conclusion and Further Work 157

8.5 Further Work Through Logical Implementations

A direct application of implementing logical systems in theorem provers is studying the
source logic’s meta-logical properties. For example, we proved that nested dyadic obli-
gations in system E can be eliminated by the help of Isabelle/HOL. This result is just
a piece of evidence for studying embedded logics within theorem provers; another one is
cut-elimination for quantified conditional logic by Benzmiiller [23]. Combing deontic logics
with other implemented logical systems in HOL, such as temporal and epistemic logics and
studying some meta-logical properties of these combinations, are other important research
directions. So, we can study possible developments of deontic logical systems based on
using HOL theorem provers and the logical implementations. Moreover, we can extend
the expressivity of the implemented deontic logics in HOL by using the expressive power

of HOL. Here we mention two possible directions.

8.5.1 Improving normative expressivity of the implemented logics in
HOL

In the modern approach of studying deontic logic, the concentration is on the inference

patterns in normative systems [166].

pattern names
O¢1, Ow2/ O (1 A Op2) AND
Ow1/ O (¢1V ¢2) W
OW/e1)/ O (/1 A p2) SA
OW/eAx), Ole/x)/ O (¥/x) CT

“Inference pattern” comes to the more general term of “property”.

“An inference pattern describes a property of a certain form.” [166]

“Properties” are the main difference of normative systems. Parent and van der Torre [166]

categorized the main deontic properties as follows:
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Basic Properties of nor- | Factual detachment and Violation detec-
mative systems tion: These two basic properties distin-
guish deontic logic from other intentional

logics

Logical properties of nor- | Substitution, Replacements of logical

mative systems equivalence, Implication, Paraconsistency

Methodological proper- | Aggregation, Factual monotony, Norm

ties of normative systems | monotony, Norm induction

Parent and van der Torre [166] argued that the most fundamental properties of normative

systems are factual detachment and violation detection.

Factual detachment Violation detection
e Weak sense: “if there is a norm e “Violation is the distinctive feature
with precisely the context as an- of norms and obligations with re-
tecedent, then the output contains spect to other types intentional con-
the consequent.” [166] cepts. Violation detection is a prop-

erty to make sure that violated obli-

e Strong sense: “imposing detach- ]
gations do not drown.” [166]

ment when the antecedent is implied

by the context.”[166]

Deontic properties as HOL terms The main dark side of preference-based deontic
logic is the lack of factual detachment and violation detection properties. We can added
these two properties as higher-order terms to our logical implementation.Van der Torre
[210] inspiring KLM recognized the two most basic (violation detection) inference patterns

in defeasible dyadic deontic logic.

e O(Y/p) is an overriding obligation (based on specificity) of O(x/d) iff ¥ A x is
inconsistent, and ¢ is more specific than §.
e O(®/¢) is a contrary-to-duty obligation of (O)(x/0) iff ¢ A x is inconsistent.

We could represent overriding obligation and contrary-to-duty obligation as higher-order

terms.
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e Overiding-obligation(O(1/¢), O(x/9))

iff (WAx—= L)YA( — p)

e Contrary-to-duty-obligation(O(v/¢), O(x/9))

iff oAx =1L

Which could represented in HOL as follows:

e Overiding-obligation = AMp.Ap. Ax.A0. O (¥/©) AO(x/I) A (v Ax) = L)A(d = @)

e Contrary-to-duty-obligation = M) Ap.Ax. 0. O (¥/©) A O(x/0) A (¢ Ax) — L)

Also

, we could represent the property of factual detachment as follows:

Factual-detachment(Ov, O(¥/p)) iff OW/e) A

We have implemented both definitions of overriding obligation and contrary-to-duty for
the Chisholm’s scenario in Isabelle/HOL, cf. Fig. 8.2.

abbreviation overridenobigation :: “"r=r=r=t7=-r" ("0vOb")

where "0vOb = M. Ap. Ay, M. O<i|e=AO<x|d= A ({UAx)—=L) Aldop)"
abbreviation cotrarytodutyobligation :: “r=r=r=sr=7" ("CtOb")

where "CtOb = M. Ap. Ay. M. O<|e>AO<y|d> A ({pAx)—1)"

consts go :: "7" tell :: "¢"

context (*Chisholm Scenmario*)

assumes
axl: "|O<go|T= |" (*It ought to be that a certaln man go to help his neighbours.*) and
ax2: "| o<tell|go = |"(*It ought to be that i1f he goes he tells them he is coming.*) and
ax3: "| o=-tell|-go= |" (*If he does not go, he ought not to tell them he is coming.*) and
ax4 1 "|-go/\" (*He does not go.*)

begin

lemma True nitpick [satisfy, user axioms, show all,expect=genuine] oops

lemma "[CtOb T (go) (=go) (=tell)|." nitpick [satisfy, user axloms, show all, expect=genulne] oops

lemma "[0vOb T (go) (=go) (=tell) )" nitpick [user_axioms, show_all, expect=genuine] oops

lemma "[0vOb T go go tell|:" nitpick [user_axloms, show all, expect=genuine] oops

end

FiGURE 8.2: Improving dyadic deontic logic
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8.5.2 Higher-order deontic logic

“[...] quantifiers seem to me indispensable for any satis-
factory analysis of the notions with which every system of

deontic logic is likely to be concerned.”

(Hintikka [111], p.4)

Adding quantifier improve the expressivity of deontic logic. For example, we use

quantifiers for most ethical and legal sentences.

Ethical expressions Legal expresions
e Everyone ought to tell the truth. e Everyone ought to pay the tax.
e Everyone ought to be honest. e Everyone ought to pay the insur-
ance.

Most presentations of deontic logic are restricted to propositional logic. For building

a quantified deontic logic, there are some natural and essential questions.

The scope of ‘Ought’
e Dere (3z) O ¢(x)
e De dicto O(Fz)p(x)

Substitution From t; = t3 and Qlt1] to infer Op[ta/t1]

Rules of extensional

generalization e From Qglt] to infer 3z O p(z)

e From Vz O ¢(x) to infer Qplt]

Goble [99] argues that obligations, unlike epistemic concepts such as “Knows that”

and other modal concepts is an extensional concept.

“Obligation, what one ought to do, pertains to individuals and their rela-
tions to others, and that seems to be independent of how these individuals

are described or conceived.” (Goble [99])
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The definition of extensionality [19, 63] is based on the concept of equality. In simple

type theory, there are two ways to introduce the equation.

e We could start with only primitive equality in the signature (for all types «)

and introduce all other logical connectives as abbreviations based on it.

e We could remove primitive equality from the above signature since equality
can be defined in HOL from these other logical connectives by exploiting Leib-
niz’s principle, expressing that two objects are equal if they share the same

properties.

= 1= (AXQYoVPo(PasoXa = PasioYa))

In the second way in order to ensure the Henkin completeness [110], we need the

functional extensionality axiom:

V fass8V9ams (VT3 (famsp®s = gamsp®s) = foosp = Gasp)

and the axiom for Boolean extensionality:

VPOVQO((po <~ QO) — Do = QO)

Our deontic logic embeddings are faithful for both simple type theory with or without
extensionality. There are implemented theorem provers such as LEO-II and Leo-III

based on simple type theory with extensionality axiom.

As we have seen during the chapters, we have presented the different deontic op-
erators as higher-order terms. So, in the HOL systems that we have the axiom of
extensionality, our deontic operator should be extensional. Therefore, it could be

reasonable that we add quantifiers over embedded deontic logics in HOL.

Also, for reasoning about individuals, we could add one more domain for individuals.
Fuenmayor and Benzmiiller [91] extended the CJL logic presented in Chapter 7
with a domain of individuals and a domain of context and presented some deontic

quantified formulas for representing the Principle of Generic Consistency.

Moreover, the application of quantifiers could provide robust hybrid systems for legal
and ethical knowledge representation. Following, we mention two examples from the

literature that specify some ethical and legal procedures or concepts.
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Example 1: Supported computer ethics Hoven and Lokhorst [209] presented
a hybrid system for moral discourse, which makes use of deontic, epistemic, and
action logic. The following are four axioms for this logical model that combine
deontic operator (), epistemic operator K, and action operator [aSTIT : ¢] by

using quantifier over the domain of individuals.
o O(Kup — VaK,p): it ought to be the case that everybody knows what a
knows.
e O[aSTIT : VxK,p]: a ought to see to it that everybody knows that .

o [aSTIT : Vz(Fx — B, O ¢)]: a sees to it that everybody who is F' believes
that ¢ is obligatory.

e —(P[aSTIT : ¢] — VaP[xSTIT : ¢])

Example 2: Relativised deontic modalities for legal concepts Royakkers [183]
extended deontic logic with a domain for individuals and introduced three kinds of
obligations. Relativised deontic modalities are useful for expressing legal concepts
such as right and power.

e a personal obligation: an obligation for a specific individual i: O);(¢p)

e a general obligation: an obligation for all individuals: Vi € I (; (¢)
(Vi € IP,(p))

e an unspecific obligation: an obligation for some individual: 30 € I O); (¢)
(Ji € IPi(p))

Fo example, this formula

~(Qile) AT € T O; (—p))

express that “all obligations for all individuals can jointly be realised and that a

permission for some individual should not be in conflict with his obligations.”
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8.6 Further Work Through Technological Developments

In this section we discuss a couple of related interdisciplinary domains such as nor-
mative multi-agent systems [73, 170], security [53], rational architecture [60, 61, 50],
and artificial intelligence [37], how and why this thesis can contribute to them. This
is mainly can be done by using theorem provers for deontic logic and introduced

discursive input/output logic.

Logical, and mathematical frameworks, in general, have been shown to be useful for
the design, specification, and for verification of systems. In particular, normative
reasoning is essential in the development of ethical and legal systems where viola-
tion or exception of rules could happen. In this section, we review some possible
technological environments that could be developed based on the expressivity power

of normative systems.

8.6.1 A knowledge representation technology for normative multi-agent

systems

“Deontic logic is one of the formal tools needed in the de-
sign and specification of normative systems, where the lat-
ter are understood to be sets of agents (human or artifi-
cial) whose interactions can fruitfully be regarded as norm-
governed; the norms prescribe how the agents ideally should
and should not behave, [...] Importantly, the norms allow
for the possibility that actual behavior may at times devi-
ate from the ideal, i.e., that violations of obligations, or of

agents’ rights, may occur”

(Carmo and Jones [66])

A multi-agent system (MAS) is a system that involves several autonomous entities

that act in the same environment. The entities are called agents.

“A normative multiagent system is a multiagent system organized by
means of mechanisms to represent, communicate, distribute, detect, cre-
ate, modify, and enforce norms, and mechanisms to deliberate about

norms and detect norm violation and fulfillment.” [55]
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Rules are tools for collaboration and coordination for agents.

“Some rules regulate antecedently existing forms of behaviour. For exam-
ple, the rules of polite table behaviour regulate eating, but eating exists
independently of these rules. Some rules, on the other hand, do not merely
regulate an antecedently existing activity called playing chess; they, as it
were, create the possibility of or define that activity. The activity of
playing chess is constituted by action in accordance with these rules. The
institutions of marriage, money, and promising are like the institutions of
baseball and chess in that they are systems of such constitutive rules or
conventions” (Searle [187], p. 131)

Constitutive norms are “count as” conditionals for the legal specification of con-
cepts, for example, paper as money. Constitutive norms describe the creation of

institutional facts like property, marriage.

Regulative norms are conditionals that refer to the legal classification of con-
cepts and the exceptions in classifications. Regulative norms describe obligations,

prohibitions, and permissions.

Deontic logic is useful for designing normative multi-agent systems [211, 170]. 1/O
mechanism can be used for designing the internal mechanism of multi-agent systems.
Boella and van der Torre represented both constitutive and regulative norms in I/0
setting [51, 170]. It is a direct research question to check the application of new
input/output systems for multi-agent normative reasoning. Moreover, we can use
the proposed logical implementations for automating the interaction of normative

agents in computer.

8.6.2 A knowledge representation technology for privacy policies

Knowledge management (KM) is a crucial requirement of managing social networks

and virtual communities [53].

“Knowledge management is the systematic, holistic approach for sustain-

ably improving the handling of knowledge on all levels of an organization
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(individual, group, organizational and inter-organizational level) in order
to support the organization’s business goals, such innovation, quality, cost

effectiveness, etc.” [215]

Beolla and van der Torre represented members of virtual communities as normative
systems that interact with each other and poses prohibitions and permissions about
access to their knowledge [53]. For sharing the knowledge between members of a
virtual community, we need to distribute the security also. The past ten years have
witnessed a considerable increase of attention to privacy in the media and, as a
result, a massive increase in privacy policies with increasing complexity. Beolla and
van der Torre based on normative multi-agent systems developed a model secure

KM system with following requirements [53]:

e “First, participants should not give up their autonomy to prohibit
access to knowledge to users they do not trust, even when the users

satisfy the security rules of the virtual community.”

e “Second, the rules of policies for managing knowledge in a secure
way do not concern only what knowledge the users are prohibited or
permitted to access, but they also concern which regulations their

members are allowed or obliged to enforce.”

The agents should decide to respect norms or not, according to rational balance
between the advantage of not respecting a norm and the disadvantage of being
sanctioned. Beolle and van der Torre developed a formal game-theoretic model using
I/O framework for representing access control in KM. Another approach is based
on developing deontic logic in a dynamic setting by using an epistemic operator
for representing privacy policies [14]. We can implement both approaches in HOL
and Isabelle/HOL. Moreover, we can explore the expressivity of 1/O framework for

knowledge management systems through discursive I/O operations.
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8.6.3 A knowledge representation technology for rational architecture

BOID architecture

The BOID architecture is based on the cooperation and conflicts between beliefs,

obligations, intentions, and desires, which represent the following mental states |60,

61].

Beliefs “represent the information of an agent
about the current state of the world. All ob-

servations are turned into beliefs.”

Obligations “represent attitudes that reflect
the social nature of agents. Obligations can

be violated, because agents are autonomous.”

Intentions “are considered here as the gen-
erated goals that the agent has selected in its

previous deliberations.”

Desires “are long term preferences, and when
a desire is triggered by an observation or be-

lief, then a short-term desire is turned into a

goal.”

Agent architecture can be classified according to agent types. For example, an agent
is realistic if the agent’s beliefs override its obligations, intentions, or desires. BOID
architecture use I/O mechanism for representing and resolving the conflicts among

mental attitudes.

BOID Architecture
Mental attitudes

input-output components

Conditionals

Goal generation Extension generation

Overriding priority function

Normative architecture

“a norm is that kind of guide to action that is supported

by social sanctions.”

(Goffman [104])

Normative systems for the capability of controlling and regulating its behavior is
autonomous and may be called a normative agent. We can attribute mental attitudes

to normative systems [49, 50].
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Regulative norms as desires: “obligations of the agents can be for-
malized as desires or goals of the normative agent. This representation
may be paraphrased as “Your wish is my command”, because the de-
sires or wishes of the normative agent are the obligations or commands
of the other agents. The goals of the normative system describe the ideal

behavior of the system.” [56]

Constitutive norms as beliefs: “we believe that the role of constitutive
rules is not limited to the creation of an activity and the construction of
new abstract categories. Constitutive norms specify both the behavior of
a system and the evolution of the system: the normative system n itself
specifies by means of its belief rules how its beliefs, desires and goals can
be changed, who can change them, and the limits of the possible changes

depending on the role played by an agent.” [56]

As an advantage of attributing mental attitudes, we can model the interaction of an

agent and a normative system as a game [50, 212].

“If agent A is obliged to a, then agent N may decide that the absence of a
counts as a violation of some norm n and that agent A must be sanctioned,

and:
1 Agent A believes that agent N desires that A does a.

2 Agent A believes that agent N desires =V (n), that there is no violation
of norm n, but if agent N believes —a then it has the goal V(n), it counts

as a violation.

3 Agent A believes that agent N desires —s, not to sanction, but if agent NV
decides V'(n) then it has as a goal that it sanctions agent A by doing s.
Agent N only sanctions in case of violation. Moreover, agent A believes

that agent IV has a way to apply the sanction.
4 Agent A desires —s: it does not like the sanction.

Symmetrically, permission can be modeled as an exceptional situation which

does not count as a violation.” [50]

The application of non-adjunctive input/output logic for representing and imple-
mentation the normative architecture is a further research area. For example, we
have characterized different derivation systems including EQO or EQI (the rules for

logical equivalences) that are basic rules for constitutive norms [120, 52]. As an
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example, we can characterize the system of rules {AND, EQI} according to the
reversibility of AND and EQI.

8.6.4 Online legal guidance systems

Artificial intelligence is growing up fast, and this leads to developing human-like
intelligence technologies. According to the capabilities of Al systems for searching
and giving advice, lawyers need new directions. This point is mentioned by Susskind
[202].

“what if we could find new, innovative ways of allowing our clients to tap
into our knowledge and expertise? In particular, of course, what if we,
as lawyers, could make our knowledge and expertise available through a
wide range of online legal services, whether for the drafting of documents
or for the resolution of disputes? If we can find online methods of en-
abling access to our experience and the service is thereby less costly, less
cumbersome, more convenient, and quicker, then I suggest that clients,
oppressed as they are by the more-for-less challenge, would welcome these

services with arms flung open.” (Susskind [202])

Our deontic infrastructure could be a means of legal reasoning. Recently, Libal
and Steen [134] developed an online website for legal reasoning based on theorem
provers and deontic logic. Therefore, using deontic logic in automated deduction
systems for designing legal systems in computers is a possible way for lawyers to
use the advantages of new developments in Al. More specifically, input /output logic
can be used for legal reasoning tasks. For example, reified input/output logic is a
suitable formalism for expressing legal statements like those in the General Data
Protection Regulation, for more details see the DAPRECO knowledge base [179]. It
is promising to use the I/O framework within semantic web technologies, and the
HOL theorem proves to build, in a reasonable time, extensive knowledge bases of

formulas from legal texts.

In addition, the transparency of a legal system can be related to the capacity of
exemplification of the laws that characterize that legal system. What we find in
practicing a legal system are often specific rules. We need to find a reasoning pat-

tern that allows us to deduce a general rule from each legal act’s specific rules. For
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example, in Islamic law (within figh) giyas, known as correlational inference, pro-
vide a rational ground for the application of a juridical ruling to a given case not
yet considered by the original juridical sources similar to the civil law. The method-
ology is studied in the computational framework of constructive type theory (CTT)
by Shahid Rahman and his students [177]. CTT is expressive enough formalizing
obligation [176] as the normative agent’s goals, which conceptually is very similar
to [50, 212]. It would be interesting to apply correlational inference for input/out-
put framework with an appropriate computational framework such as CTT. Where
logical systems provide a top-down approach for computational laws, correlational

inference provides a bottom-up vision for the computational framework.

8.6.5 Autonomous cars

1 “A robot may not injure a human being or, through

inaction, allow a human being to come to harm.

2 A robot must obey the orders given to it by human
beings, except where such orders would conflict with
the First Law.

3 A robot must protect its own existence, as long as such

protection does not conflict with the First or Second

Law.”

(Isaac Asimov [13])

Autonomous vehicles are designed based on the control system. The classic paradigm

for the control system is the optimal theory.

“Optimal control deals with the problem of finding a control law for a
given system such that a certain optimality criterion is achieved. A con-
trol problem includes a cost functional that is a function of state and
control variables. An optimal control is a set of differential equations
describing the paths of the control variables that minimize the cost func-
tion.” (Wikipedia)
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Deontic logic can be used to represent both deontological®, and utilitarian® ethical
frameworks. Ethics can be used positively as a control system for human behavior.
Therefore, deontology and utilitarianism (or consequentialism) provide two types of
algorithms for our reaction in ethical situations. We can draw an analogy between

cast functions for an optimal control system and consequentialism.

Cost Functions Consequentialism

Minimizing the error between the path | Minimizing the hazard of all objects in
taken by the vehicle and the desired | the environment present to the vehicle
path [98] [98]

In dilemma situations, we need to prioritize the cost functions. Some cost functions
have higher priority than others (not comparable) cost functions such as human life.
So we could consider these functions as constraints for the system. Vehicles should
satisfy the required constraints, but sometimes these constraints need to be violated.

Some of these constraints are:

1. “An automated vehicle should not collide with a pedestrian or cyclist.

2. An automated vehicle should not collide with another vehicle, except

where avoiding such a collision would conflict with the First Law.

3. An automated vehicle should not collide with any other object in the
environment, except where avoiding such a collision would conflict
with the First or Second Law.” [97]

It makes sense that we draw an analogy between cost functions and deontology
[97]. For example, stop signs and speed limits are deontological constraints for the
traffic law, but they can be violated by ambulances in the emergency. However,
we need to make a utilitarian decision for the smooth traffic flow or efficiency of
traffic. It is open that how could we put the ethical and legal frameworks as control
algorithms for autonomous vehicles? [97]. A possible way of combining deontology

and consequentialism based on deontic logical systems is suggested by Baniasadi et

!Deontology is an approach to ethics that focuses on the rightness or wrongness of actions themselves,
as opposed to the rightness or wrongness of the consequences of those actions. Modal-based deontic logic
and norm-based deontic logic are base on deontology.

2Utilitarianism or consequentialism is an approach to ethics that argues that the morality of an action
is contingent on the action’s outcome or consequence [85]. Preference-based deontic logic is base on
utilitarianism.
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al. [16]. The LogiKEy methodology can be used for designing and implementing

such kinds of systems.

8.6.6 Further feasible technologies

Communication Systems Jones and Parent presented a convention-based formal
setting for communication [118]. They provide a multi-modal framework with dox-
astic and normative operators. This system can be implemented in the proposed

deontic infrastructure and used for analyzing the communication networks.

Health-care advisor A theory of diagnosis is used for reasoning about violations.
In particular, it reasons about the past with incomplete knowledge. A theory of
diagnosis uses deontic logic to represent system rules and violations of these system
rules. Sadeghzadeh argues that diagnostic-therapeutic knowledge is a kind of prac-
tical knowledge consisting of conditional obligations, and clinical medicine belongs

to the realm of medical deontic [186].

“Clinical-practical knowledge is deontic-procedural knowledge concerned
with diagnosis, therapy, and prevention. [...] Diagnostic-therapeutic
knowledge of this type is representable by conditional obligations. A
conditional obligation, as an ought-to-do action rule, does not logically
follow from descriptive or explanatory research that describes how things
are, and explains why they occur. It is not justified by purely empirical
research and evidence either. It comes from social institutions, i.e., med-
ical communities in the present case, and is justified in comparison with
alternative action rules by demonstrating that it is better than the latter.
The comparative predicate “is better than”, however, is an evaluative
one and has something to do with human values, intentions, and goals.
Based on the considerations above, medical practice and research may
be viewed as deontic disciplines that necessitate appropriate methods of
inquiry termed medical deontics in preceding sections. The deontic char-
acter of medicine is exemplified by demonstrating that prototype diseases
are deontic-social constructs. They are delimited as out-to-be-treated cat-

egories of states of affairs on the basis of common morality that requires
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the members of a society to charitably act in humanitarian emergency

situations.” (Sadegh-Zadeh [186])

Health technologies are enhancing by AI. Our implemented deontic logic dataset
could be used for diagnostic-therapeutic knowledge representation for health care

reasoning.

Fault-tolerant systems Deontic logic is a logical setting for the specification of
normal and abnormal behavior. Abnormal behavior is the result of a violation.
Faults in software systems may produce incorrect behavior, and therefore, corrective
or recovery actions are needed. Deontic logic can specify fault-tolerant systems that
can be executed adequately despite the occurrence of logic faults [69]. The presented
deontic infrastructure and dataset could be used to detect faults of systems and

specifications of fault-tolerant systems.

Verification tool for rule-based systems Input/output logic is a symbolic theory
for the specification of rule-based systems. Logic programming is a rule-based system

with the following rules based on a given language L:

© 4 Y1, ..., ¥y, MOt O1, ... NOL Oy,

where ¢, 1, ..., Y, 01, ..., 0 € L.

The stable model semantics [95] is an important semantics for logic programming.
Gongalves and Alferes [105] provide a corresponding between I/0O logic semantics
and stable model semantics. Therefore, the implementation of I/0 logic in theorem

provers can be used as a verification tool for this class of logic programming.
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Proofs

A.1 Appendix for Chapter 6

Proof for Lemma 6.3

The proof is similar to Lemma 7.4. We just check the case 6 = O(¢/¢). We have

the following chain of equivalences:

ILOW/p) S| o/50 = T

S |JJAXYW(( AV (] VANY (o] Y = r VY)W — |¢] W))S\|HM79[S/SZ-] -7
& IVWAV([e] VAY (L] Y = r VY)W — [ W)|[ 7 als/5] = T
& For all w € D; we have:

AV (L] VA (Y (@] Y = r VY)W — [¢) W[ als/Sille/Wil = 7
& For all w € D; we have:
V(L) VA (Y (L) Y = r VY)W b/l — 7,
then ||| |W||H"" ols/Sille/Wi] — T
< For all ©u € D; we have:
IF || [ W[ lo/SiE/W] = T and
IVY (L) Y = r W) [ slo/sillawil —
then ||| |V ||/ ols/Sillw/Wil — T
& For all w € D; we have:
If | [ |7 /50 = T and
for all t € D; we have |||@|Y — ¢ W Y || ols/Sillu/Willt/Yi] —
then ||| |W||H" ols/Sillw/Wi) — T

173
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< For all u € D; we have:
I || Lo W[ ol/ S0/ = T and
for all t € D; we have ||[@|Y||H#" 9ls/Sille/Willt/Yi] — T implies Ir;,(u,t) = T,
then ||y W |[#*sle/S% = 7
< For all ©w € D; we have:
If u e V(p) and
for all t € D; we have t € V(¢) implies u = t,
then u € V(¢) (see the justification *)
& optu(V(9) C V()
& MsEOW/e)

Justification *: What we need to show is: ||[@]||7"91/5i] is identified with V()
(analogously v). By induction hypothesis, for all assignments g and states s, we
have ||| ] S||"" 915/ = T if and only if M,s E ¢. Expanding the details of this

equivalence we have: for all assignments g and states s

s elllelI” M g(s/Si] (functions to type o are associated with sets)
& Nl oe/5)(s) = 7
& ||[) | M olsr )| g HM ols/ S = 0
& lllp) S| oSt = 1
S M,sE @
e seVip)

Hence, s € ||[¢]||""91#/5:] if and only if s € V().
By extensionality we thus know that ||| 915/5] is identified with V(). More-
over, since HM obeys the Denotatpflicht we know that V(p) € D,.

Dyadic deontic logic F and G in HOL

The main challenge for a faithfulness semantical embedding of system F and G in

higher-order logic is translating limitedness assumption into HOL.
e limitedness: if V/(¢) # 0; then opt, (V(¢)) # 0

By replacing limitedness assumption with the stronger assumption (LIM) we could

easily show the faithfulness of same shallow semantical embedding of system E that
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we provided in Section 6.2 for both systems F and G. But it is open that system F
and G are sound and complete with respect of this new constraint for the preference

models. In following with this conjecture we prove faithfulness of the embedding.

o LIM: if X C P(W) # (; then opt, (X) # 0

Lemma A.1. Let HM = ({D,}aer, I) be a Henkin model for a preference model
M = (W, =, V) in which = is limited and transitive. We have H™ 1L TRA A
LMA, where :

(LIM) VX, @W;(X.W:) = 3ZAVi(X, Vi A (WYi(X,Y; = 1, ViY)) Z)

(TRA) VXY Zi((rier XiYi A1 Yo Zs) = 1507 X Z)
Proof. (LIM )

Given arbitary assignment g, and arbitary X € D. such that
30 (X W)t = 7
There exists w € D; such that || XW||H#" 9lX/X-]lw/Wi] — T
| X[# 915 = X ¢ P(W)
opt, (X) #0 (by limitedness of )
{u € || X||#"9X/XA) For all ¢ (t € | X |9/ X implies Ity (u, t) = T)} # 0
< There exists u € D; such that
INWV(XVANY (XY = rVY))Z||FolX /X2 —
& |IZAWVXVANY (XY = rVY))Z||F"elX/Xd =1

Tt

Hence by definition of ||.||, for all assignments g, for all X € D, we have

[3V(XW) = 3ZAWV(XV ANY (XY = rVY)Z||F"9X/X] =
< For all assignments g we have

IVXEW(XW) = IZOWWV(XVANY (XY - r VY29 =T
& HM =IOV LI

(TRA)
Given arbitary assignment g, and arbitary s,¢,u € D; such that

|r XY ArY Z||H"ols/Xillt/Yillw/2:]) —
< Iri.(s,t) =T and Ir;, (t,u) =T
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& Iri(s,u) =T (by transitivity of »=)
||TXZHHAqg[s/Xi][t/Yi}[u/Zi] - T

¢

Hence by definition of ||.||, for all assignments g, for all s,¢,u € D; we have
|(r XY ArY Z) — ¢ X z|/ " ols/Xillt/Yillw/Z:) —

< For all assignments g we have
VXY Z(r XY ArY Z) = r X Z|F"9 =T

& HM EHOLTRA

Theorem A.2 (Soundness and Completeness of the Embedding).

=¥ o if and only if { LIM} = vld | ¢

=S ¢ if and only if {LIM, TRA} ="°F vld | ¢ |

Proof. We can prove Lemma 6.3 and 6.4 for system F and G and similarly prove

soundness and completeness for system F and G. ]

A.2 Appendix for Chapter 7

Proof for Lemma 7.3

We present detailed arguments for most cases.

AV:
For all s € D;: Tav,_.(s) # () (by Lemma 1 (av))
< For all s € D;, there exists u € D; such that lav;,(s,u) =T
< For all assignments g, for all s € D;, there exists u € D; such that

|av W V|| H" ols/Willw/Vi] —
& For all g, all s € Dz we have ||E|V(CLUWV)||HM,Q[S/WZ'] 7
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& For all g we have VW3V (ao W V)||E"9 = T
o= HM |:HOL AV

PV1:

Given an arbitary assignment g, and arbitary s, u € D; such that
||lav W V||HM=9[8/W1'Hu/Vi] T
Ipvi o (s,u) =T (Iavi-,(s) C Ipv;.,(s), by Lemma 1 (pvl))
v W V|| als/Willu/Vil — T

Tt 49

Hence by definition of ||.||, for all g, for all s,u € D; we have:
\|av W V|[HYols/Willw/Vi] — T implies ||pv W V||H*ols/Willw/Vil —

& Forall g, all s,u € D; we have ||[av WV — po W V|| als/Willw/Vi} — T
< For all g, all s € D; we have |VV (av WV — vaV)HHM’g[S/Wi] =T
& For all g we have VWYV (av WV — poW V))||[H"9 =T

= HM |:HOL PVl

PV2:

This case is analogous to AV.

OB1:

For all X € D, : () ¢ Tob,.._,(X) (by Lemma 1 (obl))
For all g, all X € D, we have ||-0ob X (AX.L)||7"9X/X:] = T

(3

& For all g we have [|[VX —(ob X (AX,L))||#"9X/X] =1
& HM POt OBl
OB2:

Given an arbitary assignment ¢, and arbitary X,Y,Z € D, such that
IVW (Y W AX W) = (ZW AXW))||FolX/ XAV /¥2112/27) —

& For all s € D; we have
(YW AXW) +— (ZW A X W)|[E" 91X/ XAT/Y112/2:s/ Wil = T

< For all s € D; we have
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Y W A X W||H" oK/ XAV /Y-Z/Z:0/Wi] = 7 i
|1 ZW A X W |H" alX/XAW/YA)[Z)2:s/ Wil —

Forallse D, wehave se YNXif se ZNnX

YNX=2ZnX

I0b, ro(X,Y) =T iff I0b,.,.,(X,Z) =T (by Lemma 1 (0b2))
l|ob X Y)||H" olX/ XA /¥-11Z/2:) — T iff

llob X Z||HolX/ XA ¥:1Z/2) —

o obXY s ob X Z||H"IX/XAV /Y2122 —

t 40

Hence, by definition of ||.||, for all g, for all X, Y, Z € D, we have:
|VW((YWAXW)+— (ZWAXW))
— (b XY «— ob X Z2))||#" 9X/XAN/Y=12/2:] —
& For all g we have
IVXYZ(YW (Y WAXW) +— (ZW AXW))
— (bXY +— obX Z))||H" 9 =T
& HM EHOL OB2

OB3:

Given an arbitary assignment g, and arbitary 3 € D,_,, X € D,
such that
IVZ(BZ — ob X Z)||F"9l8/B=ellX/X) — T and
132(8 )| 91#5~] =T and
1Y (AWYZ(BZ = ZW)Y)AXY)||F9B/BreolX/X] —
& For all Z € D, we have
|8 Z|| " 918/ Br=ollX/XAZ/22) — T implies
|ob X Z||H"9lB/Br=ollX/X11Z/2:) — T and
there exists Z € D, such that ||§ Z||7"9lf/Br=ollZ/Z:] = T and
there exists s € D; such that
|ANWNVZ(BZ — ZW))Y A XY || 9B/BreollX/XA)ls/Yi] — T
& Forall Z € D, we have Z € 3 implies Z € Iob, .,.,(X) and
there exists Z € D, such that Z € 5 and
there exists s € D; such that s € NFand s € X  (see *)
B C I0obs.ro(X) and B # () and (NB) N X # ()
Tob, ...o(X,(NB)) =T (by Lemma 1 (ob3))
lob X NWYZ(BZ — ZW))||H"0lB/Br=ollX/X-] —

(NI
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Hence by definition of ||.||, for all g, all 3 € D,_,, all X € D, we have:
W((VZ(BZ —obX Z))N(3Z(BZ)))
— (Y (MWNVZ(BZ —ZW))Y)ANXY))
— 0b X (A\WVZ(BZ — ZW)))||l1"9l8/Br=el X/ = T
& For all g, we have
IVBVYX((VZ(BZ — ob X Z)) N (3Z(B Z)))
— (Y (M\WVZ(BZ - ZW))Y)NXY))
—ob X AWYZ(BZ — ZW))|#"9 =T
& HM =MoL 0p3

Justification  *: By definition of |||, [|AWVZ (Br-0Z. @ —
Z W) || 918/ 8ol X/XA1ls/Yi] i denoting the function f from D; to D, such
that for all d € D;, f(d) = |[VZ,(Bro0Zr — Z,W;)||H" 018/ 8r=ol X/ X]ls/Yilld/Wi],
By definition of ||.||, |VZr(BraoZy — Z,W;)||/ 1918/ Brel X/ Xrlls/Yilld/ Wi — T
iff forall Z € fwehaved € Z. Thus, f is the characteristic function of
the set NB. By the Denotatpflicht, which is obeyed in HM, we know that

f(=nB) € D..

OB4:

Given an arbitary assignment ¢, and arbitary X,Y,Z € D, such that
IVW(Y W — XW)AobX YA
VIV (X W — ZW)|[E"elX /XA /Y:112/2:) —
s VWY W — X W)||HF" X/ XAV /Y22 — 7 and
|ob X Y || 9lX XAV Y-AZ/Z) — 7 and
VW (X W — Z W)|| 1" alX/ XA Y12/2:) —
& For all s € D; we have
(s € Y implies s € X) and Y € Iob,.,.,(X) and (s € X implies s € Z)
Y CXandY € Iob,,.,(X)and X C Z
(Z\X)UY € Iob,...o(Z) (by Lemma 1 (ob4))
lob Z AW ((ZW A =X W) VY W) 9X/ XAV YZ/2:] = T (see **)

t 49

Hence by definition of ||.|| for all g, all X,Y,Z € D, we have
VIV W - XW)ANob XY ANYW(XW — ZW))
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—obZ(AW((ZW A-X W) VY W))||H"9lX/ XA /¥-)12/27) —
& For all g we have

VXY Z(YW (YW = XW)Aob XY AVW(XW — ZW))

— b Z(WW((ZW A-XW)VY W))||#"9 =T
&  HM |ZHOL OBy

* we can convince ourselves that

Justification **: Similar to justification
INW(ZW A=X W) VY W)||I"9X/XAN/Y-2/2:1Z/2] §g denoting the char-
acteristic function f of the set (Z\ X)UY. By the Denotatpflicht, which is

obeyed in HM, we know that f(= (Z\ X)UY) € D,.

OB5:

This case is analogous to OBA4.

Proof for Lemma 7.4

In the proof we implicitly employ curring and uncurring, and we associate sets with
their characteristic functions. Throughout the proof whenever possible we omit types
in order to avoid making the notation too cumbersome. The proof of Lemma 2.2 is

by induction on the structure of §. We start with the case where § is p’. We have

L) S| sb/) = 7

o pS|Etess] = 7

& Ipi(s)=T

& seV(p') (by definition of HM)
& M,skEp’

In the inductive cases we make use of the following induction hypothesis: For

sentences 0" structurally smaller than § we have: For all assignments g and states
s, |[[6'| S| 9ls/S1 = T if and only if M, s E .

We consider each inductive case in turn:
(a) 6 = ¢ V. In this case:
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I v o s|*sbrsl =T

& (L) Vemrar [w))S|T b5 = T
& ILe)S) V(RIS =T (| @] Vrsrar [91)S =5y (L) S) V (129))
& L) S| als/S) = T or |||4p) S| ols/S] = T

& M,skEg@or M,skFE1 (by induction hypothesis)

& M,skEoVy

(b) d = —¢. In this case:

IL-g S| sl/sd = 1

I(mrar L)) S| 7005 = T

I=(LeDS)F/5 =T (=727 [9))S =3y ~(L0)S))
L)) i) = F

M,s¥ ¢ (by induction hypothesis)

M,sE —p

I R R

0 = Op. We have the following chain of equivalences:

—~
o
~—

(D) 5| al/) =

& XYY (p]Y))S||"o/5] =T
& MY (L))l =
& For all a € D; we have ||| @|Y||F"9ls/Silla/Yi] — T
& Forall a € D; we have |||V |[F"9le/Yl =T (S ¢ free(|e]) = 0)
< For all a € D; we have M,a |= ¢  (by induction hypothesis)
& M,s = 0Op
(d) 0 = Oagp:

I[Bap) S| slrs1 = T

| (AXVY (mav XYV [p]Y)) S| ols/S] = T
& For all a € D; we have ||[—av SY V ] V||F"9ls/Sille/Yil — T
& For all a € D; we have |Jav SY|[H"9ls/Silla/Yil = F or

I LSOJY”HM»Q[S/S'LMQ/YA =T
< For all a € D; we have Iav;.(s,a) = F or
Il |55l =T (S ¢ free(le)))
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< For all @ € S we have a € av(s) or
M,a k=@ (by induction hypothesis)
& M,s = Oup

(e) 0 = Oyp.

The argument is analogous to § = O,p.
(f) 0 = OW/¢):

ILOW /) |S|[H* /51 — 7
[(AX (oblo] L))" st = 7
loblas] i) #9115 = 7

Tob,.—o(]|[¥] ||HM,g[s/Si})(H o] ||HM,g[s/si]) _T
[Lp | [|F*915/5:) € Tob,po(|| |40 )] H™ 015/5i1)
V(@) € 10b,r—o(V (1)) (see **%*)
V(g) € ob(V(¥))

M,s = O/e)

(A O R

Justification ***: We need to show that ||[¢]||7" 9/5] is identified with
V(e) = {s € S| M,s = ¢} (analogous for ¢). By induction hypothesis, for
all assignment g and world s, we have ||[@]S||7"95/5] = T if and only if
M, s E ¢. We expand the details of this equivalence. For all assignment g and

all worlds s € D; we have

s € ||le]|| 7" 9ls/5]  (charact. functions are associated with sets)

& |lLp)| oS (s) = T

& LIl s et/ STy = T

& llpls|sirsd =1

& M,skEo (induction hypothesis)
& seV(p)

Hence, s € ||[]||#"9+/5] if and only if s € V(¢). By extensionality we
thus know that ||[@]||#"95/51 = V(). Moreover, since H™ obeys the Deno-
tatpflicht we know that V(y) € D;.

(2) 0 = Qup:
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M s X
Q) S le/5) = 7

& |(OX(0b(av X) @] AIY (av XY A —([p]Y))S|H"als/Si] = T
& ob(av S)[@) ATV (av SY A =(|p|V))|H" 9ls/5) = T
& |lob(av S)|p] || 9s/51 =T and

13Y (av S Y A=(p]¥))|[F* 005/ = T
& |lob(av S)|p] || 9ls/S) = T and
there exists a € D; such that |jav SY A —(|p] V)| 9ls/Sile/Yil = T
& Lobrroo([lav SIS (||| 05 = T and
there exists a € D; such that
|av X Y| ols/Silla/Yi) — T and ||| @Y || ols/Silla/Yi] —
S LIS € Tobypo(flav S|PTo/50) - and
there exists a € D; such that
|av X Y |[H"ols/Silla/Yil — T and |||V || ols/Sille/Yi] — R
& V(@) € Tobsro(|lav S| 9ls/51)  and (similar to ***)
there exists a € D; such that
lav X Y[/ — T and | [y sl = F
< V(p) € Lob,.r-o(av(s)) and (similar to ***)
there exists a € D; such that
Jaw X Y [500 = T and ||| ] Y |75 = F (S ¢ free(|])
& V() € oblav(s)) and
there exists a € S such that
a € av(s) and M,a l~ ¢  (by induction hypothesis)
& V() € oblav(s)) and
there exists a € S such that a € av(s) and a ¢ V(p)
< V() € oblav(s)) and
there exists a € S such that a € av(s) NV (=)

< V() € oblav(s)) and av(s) NV (=p) # 0
& M, s Qayp
(h) 6 = Op@i

The argument is analogous to 0 = (.. O
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