FLUCTUATIONS FOR MATRIX-VALUED GAUSSIAN PROCESSES
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ABSTRACT. We consider a symmetric matrix-valued Gaussian process Y™ = (Y™ (¢);¢ >

0) and its empirical spectral measure process (™ = (y; ()4 > 0). Under some mild condi-
tions on the covariance function of Y (™, we find an exphc1t expression for the limit distri-

bution of
20 = (200, 20 (1):t 2 0).

where F' = (f1,..., f.), for r > 1, with each component belonging to a large class of test

functions, and
Z(n) —n/f d:r —nE[/f (n) ]

More precisely, we establish the stable convergence of ZI(, ") and determine its limiting distri-

bution. An upper bound for the total variation distance of the law of Z (")( t) to its limiting
distribution, for a test function f and ¢ > 0 fixed, is also given.

1. INTRODUCTION

For a given positive integer n, we denote by R™*™ the set of real matrices of dimension
n x n and consider a sequence of processes Y™ = (Y™ (¢); ¢t > 0), taking values in R™*",
defined in a given probability space (€2, F,P). Assume that for every n € N and ¢ > 0, the

random matrix Y (™ (¢) = [Y;(Jn) (t)]1<i j<n is real and symmetric whose entries are determined

by

=X, ,(t) if i<j
Y™y =2 v ’ 1.1
4 *) { %Xi,i(t) if i =7, (1.1)

where X, ; = (X;;(t); t > 0), for i < j, is a collection of i.i.d. centered Gaussian processes
with covariance function R(s,t). Namely, the processes {X; ;i < j} are jointly Gaussian,
centered and satisfy

E [Xi7j<t)Xl7k<S)] = 5i715j,kR<S,t), fOI‘ ) Sj and [ S ]{7,

where 6;; denotes the Kronecker delta, ie., §;; = 1 if ¢ = [ and §;; = 0 otherwise. For
convenience, we assume without loss of generality that R(1,1) = 1. Due to well known
distributional symmetries exhibited by Y™ (¢), see, e.g., [1, Sec. 2.5], in the sequel we refer
to Y™ as a Gaussian Orthogonal Ensemble process, or GOE process for short. We denote by
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A (1) > > A (8) the ordered eigenvalues of Y™ (¢) and by p™ its associated empirical
spectral distribution, defined by

1 n

where 0,(dz) denotes the Dirac measure centered at z, i.e., the probability measure charac-
terized by 6,({z}) = 1.

This manuscript extends to a second-order level the recent work by Jaramillo et al. [21] where
the convergence in probability, under the topology of uniform convergence over compact sets,
of the empirical spectral measure processes p(™ := (M,E”) t > 0) is established and its limit
is characterized in terms of its Cauchy transform. Our goal, here, is to provide a functional
central limit theorem for the process

(n /R Fa)u™ (dz) —nIE[ /R F(x)ugn)(dx)] ¢ > 0), (12)

where F' : R — R" is a sufficiently regular test function and » > 1. In order to setup an
appropriate context for stating our main results (see Section 2), we review briefly some of
the literature related to the study of the asymptotic properties of the process (1.2).

Our starting point is the celebrated Wigner Theorem [36, 37], which asserts that for every
e > 0 and every element f belonging to the set C,(R) of continuous and bounded functions,

nh_{roloIF’ ( )(dz) /f e) =0, (1.3)

where 112¢, for 0 > 0, denotes the scaled semicircle distribution

1
i (de) = (~20.20)(% )\/402 x2dx.

2mo?

In other words, we have that ,ugn) converges weakly in probability to the standard semicircle

distribution. Since its publication, Wigner’s theorem has been generalized and extended in
many different directions. Given that the aim of this paper is the study the asymptotic
law of (1.2), we now recall some developments regarding the fluctuations of [, f(x) ,ugn)(da:)
around its mean and those that describe the properties of the sequence of measure-valued
processes (/LE Mot > 0).

Despite the fact that our paper deals exclusively with GOE processes, we also mention
for the sake of completeness, some representative results on other type of ensembles, with
special emphasis on the Gaussian Unitary Ensemble process, GUE process for short. That
is to say, a matrix-valued process whose construction is analogous to that of Y™ with the
exception that Y (™(¢) is Hermitian for all ¢ > 0, the factor v/2 appearing in (1.1) is replaced
by 1 and the real Gaussian processes X, (t), for i < j, are replaced by complex Gaussian
processes whose real and imaginary parts are independent copies of X ;.

In the GOE case, the problem of studying ,ugn), as a function of the variable ¢ > 0, was

first addressed by Rogers and Shi [33], and Cépa and Lépingle [9] in the specific case when
the processes X, ;’s are standard Brownian motions. More recently, when the X;;’s are
Gaussian processes, Jaramillo et al. [21] proved that under some mild conditions on the
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covariance function R(s,t), the sequence of measure-valued processes (,LLE");t > () converges

in probability to the process (u;C(t t)%;t > 0), in the topology of uniform convergence over

)

compact sets.

The above results can be seen as a type of law of large numbers, thus it is natural to
ask about the fluctuations of random variables of the form [ f(z) ugn)(dx), with f: R =+ R
belonging to a set of suitable test functions. This problem was addressed by Girko in [15], by
employing martingale techniques to the study of Cauchy-Stieltjes transforms. Afterwards,
this result was extended by Lytova and Pastur [25] to general Wigner matrices satisfying a
Lindeberg type condition. In particular, the authors in [25] proved that

/f )(d) —nE[/f dx} i>./\f(0,0]2c), as n — 00, (1.4)

d . . . :
where — denotes convergence in law and N (0, 0]20) is a centered Gaussian random variable
with variance given by

2,_1 f(x)_f<y) 2 4_3:3/ S¢(da) 1SC
Uf'_4/RQ< pra—y )(4_x2)(4_y2)u1(d )ui(dy).

In addition to [25], there have been many results related to the study of the limit in dis-
tribution (1.4), for instance Anderson and Zeitouni [2], Bai and Yao [4], Cabanal-Duvillard
8], Chatterjee [10], Guionnet [16], Johansson [22], to name but a few. The techniques that
have been used for this purpose are quite diverse, for instance Johansson [22] addresses the

problem by using the joint density of Aﬁ”), ce A, Bai and Yao [4] used the Cauchy-Stieltjes
transform to reduce the problem to the case where

fla) = —

r—z
for z belonging to the upper complex plane. The approach followed by Lytova and Pastur
[25] consists on using the Fourier transform and an interpolation method, while the one
introduced by Cabanal-Duvillard [8] relies on stochastic calculus techniques.

On the other hand, the fluctuations of the process (1.2) with f : R — R belonging to a
set of suitable test functions have not been deeply studied. Indeed, the study of (1.2) in the
GOE regime has been restricted to the case where the entries of Y™ are Ornstein-Uhlenbeck
processes. For this case, it was proved by Israelson [18] that not only (1.2) converges weakly

to a Gaussian process, but also the process of signed measures (n( ,ugn) —p€); t > 0) converges
in law to a distribution-valued Gaussian process. Although [18] established existence and
uniqueness of the limit law, it was not characterized explicitly. This problem was addressed
by Bender [5] where the asymptotic covariance function for the limit of (n (Mﬁ”) — %), t>0)
was derived and its law was implicitly characterized. The case where the entries of Y™ are
Brownian motions has not been addressed yet in the GOE regime, although there are some

partial results for the GUE case, as discussed below.

For the GUE process, the problem of determining the limit of {(™ ; n > 1} has been only
explicitly addressed for the case where Y™ is a Dyson Brownian motion. That is to say,
when the X, ;’s, for i < j, are standard complex Brownian motions or equivalently, when
the covariance function of Xj ; is of the form R(s,t) = s A t. For this type of matrices, the

{eq:fluctus
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techniques from [33] and [9] can still be applied, leading to an analogous result as in the
GOE case (the reader is referred to [1, Section 4.3] for a complete proof of this fact).

The problem of studying the limiting distribution of (1.2) in the GUE regime has been ad-
dressed, simultaneously with the GOE case, in the aforementioned papers [2, 4, 3, 10, 16, 22].
Unfortunately, it has been restricted to the cases where Y™ is either a Dyson Brownian mo-
tion or an Ornstein Uhlenbeck matrix-valued process. For the Brownian motion case, it
was proved by Pérez-Abreu and Tudor in [32] that the sequence of processes (1.2) converges
towards a Gaussian process in the topology of uniform convergence over compact sets. How-
ever, the shape of the covariance function of the limiting process was not described in an
explicit closed form. The Ornstein Uhlenbeck matrix-valued case was addressed simultane-
ously with the GOE regime in the aforementioned paper [5].

Finally, we would like to mention some additional developments related to the fluctuations
of other random matrix ensembles. For instance, we mention the work of Guionnet [16],
where among other things, a central limit theorem for Gaussian band matrix models is
obtained. This result was later extended by Anderson and Zeitouni [2] to the more general
case of band matrix models whose on-or-above diagonal entries are independent but neither
necessarily identically distributed nor necessarily all with the same variance. The approach
used in [2] was based on combinatorial enumeration, generating functions and concentration
inequalities. Another related topic is the one introduced by Diaconis and Evans [12], and
further developed by Diaconis and Shahshahani in [13], which consists on the study of
fluctuations of orthogonal, unitary and symplectic Haar matrices. The main tool that was
used for solving this problem is the method of moments, but the computations are more
complicated in comparison to the GOE and GUE case due to the lack of independence
between the matrix entries. We would also like to mention the paper of Bai and Silverstein
[3] which is devoted to the study of the fluctuations of sample covariance matrices, as well
as the paper of Diaz et al. [14], where a central limit theorem for block Gaussian matrices is
derived by means of a combinatorial analysis of the second-order Cauchy transform. Last but
not least, we mention the work of Unterberger in [34], which is closely related to [18] and [5],
and deals with the problem of determining the asymptotic law of a suitable renormalization
of the empirical distribution process of a generalized Dyson Brownian motion. As in [18] and
[5], it is proved in [34] that the aforementioned renormalization converges to a distribution-
valued Gaussian process, although an explicit expression for the covariance of the limiting
Gaussian distribution was not provided.

2. MAIN RESULTS

As we mentioned before and motivated by the aforementioned results, we devote this man-
uscript to prove a central limit theorem for (1.2) which holds for GOE processes with a
general covariance function R(s,t), where the fluctuations are parametrized by a time vari-
able t and a general vector valued test function F. As a consequence, we also provide an
upper bound for the total variation distance of Z](c") (t) and its limit distribution. As an
additional improvement, all the limit theorems presented here are stated in the context of
stable convergence, which is an extension of the convergence in law and whose definition is
given below.
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Definition 2.1. Assume that {n,;n > 1} is a sequence of random variables defined on
(Q, F,P) with values on a complete and separable metric space S andn is an S-valued random
variable defined on the enlarged probability space (2,G,P). We say that n, converges stably
ton as n — oo, if for any continuous and bounded function g : S — R and any R-valued,
F-measurable bounded random variable M, we have

lim E[g(n,)M] = E[g(n)M].
We denote the stable convergence of {n,,n > 1} towards n by n, N 7.

By relaxing the strong symmetry properties considered in previous works (such as [5], [18],
[32] or [34]), the complexity of studying (1.2) considerably increases and the powerful tools
from martingale theory can not longer be applied. To overcome this difficulty, we use tech-
niques from the theory of Malliavin calculus which have been quite effective for studying
limit distributions of functionals of Gaussian processes, see for instance, the monograph of
Nourdin and Peccati [26] for a presentation of the recent advances in these topics. We would
also like to emphasize that the results here presented are only proved for real symmetric
matrices while those considered in [8] and [32] hold for complex Hermitian matrices. Un-
fortunately, our methodology cannot be directly applied to the GUE regime leaving this
problem for future research.

In order to present our main results, we introduce the following notation. For a fixed
covariance function R(s,t), we define its associated standard deviation o, and correlation
coefficient py,, by

os =/ R(s,s) and Pst 1= , for t,s>0. (2.1)

Consider the set of test functions
P .= {f €CR;R) : f¥ has polynomial growth}. (2.2)

For f € P, let Z](cn) = (Zj(cn) (t);t > 0) be given by

200 =n ([ ol an) -5 | [ fauan) ). (2.3

Similarly, if P" denotes the r-th cartesian product of P and F' := (f1,..., f.) € P", we define
the process ZW = (Z(t):t > 0), as follows

Z(t) = (zj:j (t),...,2" (t)) .

A key step in determining the limit law of Z}") (), as n increases, consists on describing the
asymptotic behaviour of the covariance
lim Cov [Z}n)(s), Z;”) (t)], (2.4)

n—o0

for f,g € P and s,t > 0. This problem was addressed by Pastur and Shcherbina in [31] for
the case s = t, where it was proved that

} 1 / Af Ag 402 — M\

T or

lim Cov[Z}n)(s), Zé")(s)

n—0o0

e} dydhs, (25
(—20s,20,]2 AA AN \/4a§ — )\%\/403 — N2 Bt (2:5)

{eq:Rfunct

{eq:Pmathcs

{eq:Ztfn}

{eq:1limitcc

{eq:Pasturs
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where Af := f(A) — f(A2) and AX := X\ — Ay. Up to our knowledge, there is no analog
of the formula (2.5) for s # t, so we have devoted Section 4 to the development of a new
technique for studying the limit (2.4). Our approach is also based on Malliavin calculus
together with properties of Chebyshev polynomials and free Wigner integrals. This novel
approach is interesting on its own right as it relies on Malliavin calculus to undertake non-
trivial random matrix theory calculations. In order to make this more precise, lets introduce
some notation. Let U, denote the ¢-th Chebyshev polynomial of second order in [—2,2],
characterized by the property

sin((q + 1)0)

U,(2 0)) = 2.6
((2eos(0)) = " (26)
In Lemma 7.3, we prove that for all —2 < z,y < 2 and 0 < z < 1, the series
K.(2,y) =) Uy(@)Uy(y)2", (2.7)
q=0
is absolutely convergent, non-negative, and satifies
1— 22
K. (z,y) = : 2.8
(#) 22(x —y)? —xyz(1 — 2)2 4 (1 — 22)? (28)
The limit (2.4) can then be expressed in terms of K, as it is indicated below.
Theorem 2.2. Let p,; and o5 be given as in (2.1). Then,
lim Cov|Z{"(s), Z0()| =2 [ f'(@)g (y)vizs, (A, dy), (2.9)
n—o0 R2 ’
where the measure V55, is absolutely continuous with respect to the Lebesque measure, with

density f2:5,(x,y). given by

1
\/ 402 —x2, /402 —y?2 .
- Y / K. (x)os,y/o)dz, if (z,y) € I,
0

Ps,t (l”y) = 2m20207

05,0t
0 otherwise,

where I, = [—205, 204 X [—20y, 204].

The proof of Theorem 2.2 is deferred to Section 4. It relies on tools from Malliavin calculus
and Voiculescu’s free probability theory, both subjects are reviewed in Section 3.

In the sequel, we assume that R satisfies the following regularity conditions:

(H1) There exists a > 1, such that for all 7" > 0 and ¢ € [0,7], the mapping s — R(s,1)
is absolutely continuous on [0, 77, and

/T OR
sup
0<t<T Jo

—(s,t
LT
(H2) The map s — o2 = R(s, s) is continuously differentiable in (0,00) and continuous
at zero. Moreover, there exists ¢ € (0,1), such that the mapping s — s' ¢ R/(s, s) is
bounded over compact intervals of R.

o

ds < 0.
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As a direct consequence of (H2), we have that |R/(s,s)| is integrable in a neighborhood
of zero. We observe that the conditions above are very mild, so the collection of processes
satisfying (H1) and (H2) includes processes with very rough trajectories, such as fractional
Brownian motion with Hurst parameter H € (0, 1), whose covariance function is of the form

1
R(s,t) = é(sw + 12—t — 52, (2.10)
and trajectories are Holder continuous of order o € (0, H).

In order to state our main result, which is a functional central limit theorem for Z}"), we
recall that the total variation distance between two probability measures 1 and v is defined
as follows

drv(p,v) = sup ‘M(A) —v(4)
AEB(R)

where B(R) denotes the Borel o-algebra of R.

Theorem 2.3. Suppose that the processes {X; ;31 < j} satisfy conditions (H1) and (H2).
Then, for every F := (f1,..., f.) € P", there exists a continuous R"-valued centered Gauss-
ian process Ap = ((Ag (t),...,As (t));t > 0), independent of {X; ;i < j}, defined on an
extended probability space (§2,G,P), such that

9

Z0 25 A,

in the topology of uniform convergence over compact sets. The law of the process Ap is
characterized by its covariance function, which is given by

B [An(s)A5 (0] =2 [ 7)o (e, dy),

where vy, is given as in Theorem 2.2. Moreover, for allt > 0 and f € P, there exists a
constant C' > 0 that only depends on t, f and the law of X, such that

drv (£(Z07 (1)), L(A;(1)) < %

where E(Zj(cn) (1)) and L(Af(t)) denote the distributions of Zj(cn) (t) and As(t), respectively.

We point out that Theorem 2.3 is stated in terms of stable convergence instead of conver-

gence in law to emphasize the fact that, as n goes to infinity, Zl(?”) becomes asymptotically
independent to any fixed event in F, namely,

lim E[(Z3") 1] = E[¢(Ar)]P[A],

for every A € F and every real-valued continuous functional 1, with respect to the topology
of uniform convergence over compact sets.

We also note that when H = 1/2 in (2.10) , the processes X;; are Brownian motions.
Hence, Theorem 2.3 can be thought of as a GOE version of Theorem 4.3 in [32]. However
the results in [32] holds only for the case when r = 1 and f is a polynomial, and moreover
the form of the limiting distribution is not explicit. On the other hand, Theorem 2.3 holds
for all » € N and we only require f to satisfy a polynomial growth condition. In addition,
the limiting distribution that we obtain is explicit.

{BMfrac}

{thm:main}
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To prove Theorem 2.3 we need to establish the convergence of the finite dimensional distri-
butions of Z}"), as well as the sequential compactness of ZI(T") with respect to the topology
of uniform convergence over compact sets, property that in the sequel will be referred to
as “tightness property”. These problems will be addressed in Sections 5 and 6 respectively.
The proof of the finite dimensional distributions relies on a multivariate central limit the-
orem, first presented in [27] by Nourdin, Peccati and Réveillac. This central limit theorem
is part of a series of very powerful techniques that provides convergence to Gaussian laws,
and combine Malliavin calculus and Stein’s method techniques. We refer the reader to [26]
for a comprehensive presentation of these type of results. On the other hand, due to the
generality of the covariance function R(s,t), the proof of the tightness property for Z}n) is a
challenging problem since Billingsley’s criterion (see Theorem 12.3 in [7]), a typical tool for

proving tightness, requires us to compute moments of large order for the increments of pr").
To overcome this difficulty, we use the results from [21], to write a Skorohod differential

equation for Zl(pn) of the type

t

Z?urzwummma“%»wgég@“%»m, (2.11)

for some functions h,g : R™*" — R depending on n and where 6* denotes the extended
divergence (see Section 3 for a proper definition). Then we use Malliavin calculus techniques
to estimate

E[|28 (1) - 2(s)

p] (2.12)

for t > s and p > 2 even, which gives the tightness property. Although the Malliavin cal-
culus perspective for proving tightness has already been explored in previous papers, see
for instance Jaramillo and Nualart [20] and Harnett et al. [17], its combination with a rep-
resentation of the type (2.11) for estimating the moments (2.12) is a new ingredient that
we have incorporated to our proof, and that seems to be quite effective in the context of
matrix-valued processes.

The remainder of this paper is organized as follows. In Section 3, we present some prelimi-
naries on classical Malliavin calculus, random matrices and free Wigner integrals. Section 4
is devoted to the proof of Theorem 2.2. In Section 5 we prove the convergence of the finite
dimensional distributions of Zl(;") and finally, in Section 6, we prove the tightness property

for Zl(w") .

3. PRELIMINARIES ON MALLIAVIN CALCULUS AND STOCHASTIC INTEGRATION

3.1. Malliavin calculus for classical Gaussian processes. In this section, we estab-
lish some notation and introduce the basic operators of the theory of Malliavin calculus.
Throughout this section X = (X3,t > 0) denotes a d-dimensional centered Gaussian process
where X; = (X},..., X?) for t > 0, which is defined on a probability space (2, F,P). Its
covariance function is given by

E [X!X]] = 6;;R(s, 1),
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for some non-negative definite function R(s,t) satisfying conditions (H1) and (H2) and
where 9, ; denotes the so-called Kronecker delta. We denote by $) the Hilbert space obtained
by taking the completion of the space & of step functions over [0, T], endowed with the inner
product

<ﬂ[0,s], ]1[0,1:}>jﬁ =E [X;th] , for 0<s,t.

For every 1 < j < d fixed, the mapping Lo, th can be extended to linear isometry
between §) and the linear Gaussian subspace of L?(Q) generated by the process X7. We
denote this isometry by X7(h), for h € §. If h € $? then is of the form h = (hq,..., hq),
with h; € 9, and we set X (h) := Z?Zl X7(h;). Then h — X (h) is a linear isometry between
$H? and the Gaussian subspace of L? () generated by X.

For any integer ¢ > 1, we denote by ($%)®? and ($?)®? the ¢-th tensor product of £,
and the ¢-th symmetric tensor product of $¢, respectively. The ¢g-th Wiener chaos of L2(€2),
denoted by H,, is the closed subspace of L*(Q) generated by the variables

d d
(H qu(Xj(Uj)> ‘ qu =gq, and vy,...,vq5 € 9, ||vj\|ﬁ = 1) 7
Jj=1 j=1

where H, is the g-th Hermite polynomial, defined by
2 df
Hy(z) = (—1)%> €

For ¢ € N, with ¢ > 1, and h € $? of the form h = (hy,...,hy), with |hjllg = 1, we can
write

ot

d
he — Z ili1®"‘®ih'q>

where h; = (0,...,0,h,0,...,0). For such h, we define the mapping
—— rf_/
i—1 times —1i times

where g;(1, . ..,1%,) denotes the number of indices in (1, . ..,%,) equal to j. The range of I, is
contained in H,. Furthermore, this mapping can be extended to a linear isometry between
$ (equipped with the norm /g!||-[| aye.) and H, (equipped with the L?(Q2)-norm).

Denote by F the o-algebra generated by X. By the celebrated chaos decomposition
theorem, every element F' € L?(£2, F) can be written as follows

A4S 1)

for some h, € (H9)®%. In what follows, for every integer ¢ > 1, we denote by

J,  LA(Q, F) — L*(Q, F),
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the projection over the g-th Wiener chaos H,. Let . denote the set of all cylindrical random
variables of the form

where g : R™ — R is an infinitely differentiable function with compact support, and h; € &
In the sequel, we refer to the elements of . as “smooth random variables”. For every r > 2,
the Malliavin derivative of order r of F with respect to X, is the element of L?(£2; (£%)°")
defined by

roo_ @rg
DF= ) go g, K)o X(au))hiy © - ® b

For p > 1 and r > 1, the space D™? denotes the closure of ./ with respect to the norm
I llpr.s» defined by

1Fllprs = <E I1FF]+ ) E [I!DiFH’Zm)@i]) R (3.1)

The operator D" can be extended to the space D™? by approximation with elements in ..
When we take p = 2 in the seminorm (3.1), we denote by  the adjoint of the operator
D, also called the divergence operator. We point out that every element F' € D2 satisfies
Poincaré’s inequality

Var[F] < E[|| DF |34, (3.2)
where Var[F] denotes the variance of F' under P.

Let L2(Q; $%) denote the space of square integrable random variables with values in <.
A random element u € L2(Q; $9) belongs to the domain of §, denoted by Dom §, if and only
if it satisfies

|E [(DF, u)y]| < CLE [F?]?, for every F € D'2,

where C,, is a constant only depending on u. If w € Dom d, then the random variable 6(u) is
defined by the duality relationship

E[Fo(u)] = E [(DF,u)y] , (3.3)
which holds for every F' € D2,

If X is a d-dimensional Brownian motion, thus R(s,t) = s At and $ = L2[0,7]. In this
case, the operator 0 is an extension of the It6 integral. Motivated by this fact, if u is a
random variable with values in (L[0,T])? N $H%, for some p > 1, we would like to interpret
d(u) as a stochastic integral. Nevertheless, the space §) turns out to be too small for this
purpose, as generally it doesn’t contain important elements u € (LP[0,7])%, for which we
would like §(u) to make sense. To be precise, in [11] it was shown that in the case where X
is a fractional Brownian motion with Hurst parameter 0 < H < %L, and covariance function

1
R(s,t) = §(t2H + 52— — s,

the trajectories of X do not belong to the space $, and in particular, non-trivial processes
of the form (h(us),s € [0,T7]), with h : R — R, do not belong to the domain of §. In order
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to overcome this difficulty, we extend the domain of § by following the approach presented
in [24] (see also [11]). The main idea consists on extending the definition of (p, %)y to the
case where ¢ € Lﬁ[O,T | for some o > 1, and v belongs to the space & of step functions
over [0, 7.

Let a > 1 be as in hypothesis (H1) and let & be the conjugate of a, defined by a := —%5.
For any pair of functions ¢ € L([0,T];R) and ¢ € & of the form ¢ = 377" ¢;Ljo,,), We
define

m

)= [ ()5 st (3.4)

=1
This expression is well defined since

T 4R T N
(o toa)y] = | | e 5es:05) < el s ([ as) " <o
0 O0s o<t<T \Jo

One should keep in mind that the notation used in definition (3.4), is the same one that we
use to describe the inner product of $). This abuse of notation is justified by the fact that
the bilinear function (3.4) coincides with the inner product in $, when ¢ € &. Indeed, for
@ € & of the form ¢ =" | a;1p4,), we have

= " % OR T OR
(#, Lpa )y, Zi:l a;R(t;, 1) ;Zlﬁaz/o B (s,t)ds /0 so(s)—as (s,t)ds

We define the extended domain of the divergence as follows.

Definition 3.1. Let (-, ) be the bilinear function defined by (3.4). We say that a stochastic
process u € LY(Q; L¥([0, T];RY)) belongs to the extended domain of the divergence, denoted
by Dom 0*, if there exists v > 1 such that

‘E [<DF, U),\ad” <y HFHLw(Q) y

for any smooth random variable F' € ., where C,, is some constant depending on u. In this
case, 0*(u) is defined by the duality relationship

E[F6*(u)] = E [(DF, u)g] .

It is important to note that for a general covariance function R(s,t) and 5 > 1, the
domains Dom™ ¢ and Dom § are not necessarily comparable (see Section 3 in [24] for further
details). We also note that along the paper we use of the notation

d t
Z / uld X! = 6*(ulpy), (3.5)
i=1 70

for u € Dom §* of the form u, = (u},...,ul).

Next, we introduce the operator £ which is an unbounded linear mapping, defined in a
suitable subdomain of L?(2, F), taking values in L?(Q2, ) and given by the formula

o0

LF:=) —qJ,F.

g=1

{def :extenc

{def :extenc

{eq:Skorohc
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Moreover, the operator £ coincides with the infinitesimal generator of the Ornstein-Uhlenbeck
semigroup (Py, 0 > 0), which is defined as follows

Py: LA(Q,F) — L*(Q, F)
F = Yaege I, F.

We also observe that a random variable F' belongs to the domain of £ if and only if F' € D42,
and DF € Domd, in which case

SDF = —LF. (3.6)
We also define the operator £7!: L*(Q, F) — L?(Q, F) by

_ — 1
LT =Y —-J,F
q=1 9

Notice that £7! is a bounded operator and satisfies LL™'F = F —E [F] for every F' € L?(),
so that £7! acts as a pseudo-inverse of £. The operator £~ satisfies the following contraction
property for every F € L?(Q) with E[F] =0,

E||DLF|[;,| <E[F?.

In addition, by Meyer’s inequalities (see for instance Proposition 1.5.8 in [29]), for every
p > 1 there exists a constant ¢, > 0 such that for all F' € D*? with E [F] =0,

I80L )y < o 10" Pl + IE (DL, ). 87

Assume that X is - an independent copy of X, such that both r.v.’s are defined in the product
space (2xQ, F&F, P@P). Given a random variable F € L2(€, F), we can write F = ¥ (X),
where U is a measurable mapping from RY to R, determined P-a.s. Then, for every 6§ > 0
we have Mehler’s formula

P)F —E [\I/F(e_eX /1= 6—29)?)] , (3.8)

where E denotes the expectation with respect to P. The operator —L£ ! can be expressed in
terms of Py, as follows

—£‘1F:/ PyFdo, for F st. E[F]=0. (3.9)
0

Formulas (3.6), (3.8) and (3.9), combined with Meyer’s inequality (3.7), allows us to write
the L?(Q2)-norm of any F' € D2, in the form
LP(Q;(YJd)m))

£ — E[F]HLP(Q) - ||_5D£_1(F F])”LP(Q)
/ e~ Py D*F]d# ,
0 Lp(;(59)©2)

/ h D?Py[F)dé

<o
<o

/0 ~ DRyFldo

Lr(Q;9%)

_l’_
Lr(2;9¢)

/ e ' Py[DF]d#
0




~edLpbound }
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where C), > 0 is a universal constant only depending on p. Thus, using Minkowski’s inequality
and the contraction property of Py with respect to L?(2), we have that

|F ~ ElF)llg < Gy / “(IPDF] sty + 1PoD? Fl oo, ) 40

< Op/ 6_6<HDFHLP(Q;S§‘1) + HD2F||LP(Q;(de)<X>2))d‘9
0

= Op (HDF”LP(Q;N) + ||D2F||LP(Q;(ﬁd)®2)) . (3-10)

Finally, we recall the notion of the contraction in . Let {b;,j > 1} C $H be a complete
orthonormal system of $?. Given f € (997, g € (H%)°? and r € {1,...,p A ¢}, the r-th
contraction of f and g is the element f ®, g € ($%)®P+9=2") defined by

oo

f TS Z <f, bi17 e bir>(f)d)®r & (g, bz’1; e bir>(ﬁd)®r

i1, in=1

3.2. Central limit theorem in the Wiener chaos. The proof of the stable convergence
of the finite dimensional distributions of Zl(;n) in Theorem 2.3, is based on Theorem 3.2 below,
which is a combination of the paper [28] by Nourdin, Peccati and Réveillac and the paper [27]
by Nourdin, Peccati and Reinert. The proofs of these results can be found in the monograph
of Nourdin and Pecatti [26] (see Theorems 5.3.3 and 6.1.3).

Theorem 3.2. Fiz d > 1 and consider the sequence of vectors {Z, = (Z1,...,2%), n > 1},
with B[Z] = 0 and Z¢, € D*>* for everyi € {1,...,d} andn > 1. Let N = (Ny,...,Ny) be a
centered Gaussian vector with covariance C' which is a symmetric and non-negative square
matrix of dimension d. If the following conditions are fulfilled

(i) for anyi,j € {1,...,d}, we have E[Z.Z!] — C(i,7), as n — oo;
(ii) for any i € {1,...,d}, we have sup, 5, E [HDZ;H;] < 00 and
(iii) for any i € {1,...,d}, we have E [HD2zfl ®1 DQZZH?W)@Q} — 0, as n — o0,

then Z,, {aw), —= Ny(0,C), as n — oo, and moreover

drv(£(2}), L(Ny)) < C{E [HDQZz ®1 DZ. || 5(1)@2] '
where Cy > 0 is a constant independent of n and L(Z!) and L(N;) denote the laws of Z!, and
N;, respectively.

Theorem 3.2 is closely related to the celebrated Fourth Moment Theorem, originally estab-
lished by Nualart and Peccati in [30] where convergence in distribution of multiple Wiener
integrals to the standard Gaussian law is stated, in the sense that it is equivalent to the
convergence of just the fourth moment. For further details about improvements and devel-
opments on this subject we refer to the monograph of Nourdin and Pecatti [26].

{thm:CLTWie
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3.3. Free independence and multiple Wigner integrals. The proof of Theorem 2.2,
uses the relation between classical independence of large symmetric random matrices and free
independence of non-commutative random variables, which was first explored by Voiculescu
in [35]. In this section we introduce some basic tools from free probability regarding analysis
in the Wigner space, which are very useful for our purposes. We closely follow Biane and
Speicher [6] and Kemp et al. [23].

A C*-probability space is a pair (A, 7) where A is a unital C*-algebra and 7 : 4 — C
is a positive unital linear functional. In the sequel, the involution associated to A will be
denoted by *. Two classical examples to keep in mind are the following,

(i) the algebra A of bounded C-valued random variables defined in a given probability
space, where 7 = E[-] is the expectation and % denotes the complex conjugation and

(ii) the algebra A of random matrices of dimension n, where 7 is the expected normalized
trace E[Tr(-)] and * denotes the conjugate transpose operation.

The elements of A are called non-commutative random variables. In the sequel we use
the symbol * to denote, both, the involution of a C*-probability space (when applied to a
non-commutative random variable) and the conjugate transpose operation (when applied to
a matrix). This abuse of notation is justified by the fact that, as mentioned in example (ii),
the set of random matrices of dimension n can be realized as a C*-probability space.

An element a € A such that a = a* is called self-adjoint. A W*-probability space is
a C*-probability space (A, 7) such that A is a Von Neumann algebra (i.e., an algebra of
operators on a separable Hilbert space, closed under adjoint and weak convergence) and 7
is weakly continuous, faithful (i.e., that if 7[Y'Y*] = 0, then Y = 0) and tracial (i.e., that
TIXY] = 7[YX] for all X,Y € A). The functional 7 should be understood as the analogue
of the expectation in classical probability. For aq,...,a;, € A, we refer to the values of
Tlai, -+ a;, ], for 1 <iy,...,i, <k and n > 1, as the mized moments of ay, ..., a.

For any self-adjoint element a € A, there exists a unique probability measure i, supported
over a compact subset of the reals numbers such that

/:rk,ua(dx) = 71[a¥], for keN.
R

The measure i, is often called the (analytical) distribution of a.

Even if we know the individual distribution of two self-adjoint elements a, b € A, their joint
distribution (mixed moments) can be quite arbitrary, unless some notion of independence is
assumed to hold between a and b. Here, we deal with free independence.

Definition 3.1. Let {A;,i € ¢} be a family of subalgebras of A and, for a € A, let a :=

a —7la]. We say that {A;,i € 1} are freely independent or free if

whenever k > 1, ay,...ar € A with aj € Ay for 1 < j <k, and i(1) # i(2) # --- # i(k).
We now introduce the notion of a free Brownian motion. Let S = (S;, t > 0) be a

one-parameter family of self-adjoint operators Sy, defined in a W* probability space (A, T)
satisfying

{sec:freem
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i) So =0,
ii) for all 0 < ¢; < t, the increment Sy, — Sy, possesses the same law as the semicircular
law with mean zero and variance ty — tq,
iii) and forall k and t; <ty < --- <tp_y <, the increments Sy, Sy, — S, - - -, Sty — Sty
are freely independent.

The family of self-adjoint operators S is known as free Brownian motion.
Let f € L2(R) be an off-diagonal indicator function of the form

f(xl, e ,xq) — ]]-[81,t1]<'r1) T :H‘[Sq7tq]<xq)7

where the intervals [s1,t1],...,[sq, t,] are pairwise disjoint. The Wigner integral I7(f) is
defined as

I(f(f) = (Stl - 551) T (Stq - SSq)’

and then extended linearly over the set of all off-diagonal step-functions, which is dense in
L?(R%). The Wigner integral satisfies the following relation

7[5 ()15 ()] = {f 9ra) (3.12)

Namely, I, qs is an isometry from the space of off-diagonal step functions into the Hilbert space
of operators generated by S, equipped with the inner product (X,Y) = 7[Y*X].

As a consequence, [ (}9 can be extended to the domain L*(R%). The Wigner integral has

the property that the image if I° is orthogonal to I for n # m. In the sequel, we use the
notation S(h) := I?(h), for every h € L2(R,).

Definition 3.3. Let m,n € N, f € L2(R"%) and g € L*(R}). For p < m An, we define the
p-th contraction f * g of f and g as the L2(RT™ ) function defined by

f N g(tl, PN 7tn+m—2p) = / f(tl, N 7tn—p7 S1y... ,Sp>
RE
X G(Spy -y 815 tnpiis-- s tnrm—gp)dsy - - - dsp.

The following result was proved in [6],

Proposition 3.4. Let n,m € N, f € L*(R"}) and g € L>(R7). Then,

nAm

L(NI9) =Y I8 0(f 5 9).
p=0

In the particular case when n =1, m > 2, ||f||L2(R) =1and g = f®" we get

S (FE™) = B (OIn(F) = L (f" D) + Loy (f20 D),

under the convention that I is the identity function defined over R. As a consequence, we
have the recursion

Loa (F500) = S(OIL(F5™) = Ln oy (f207Y),

{eq:isometr:
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with initial condition I3 (f®°) = 1 and I?(f) = S(f). Since Chebyshev polynomials of the
second kind are defined by the previous recursion, we conclude that

I3(f%) = Uy(S(f)), (3.13)

where U, denotes the g-th Chebyshev polynomial of second order in [—2, 2], given by (2.6).
Hence, using the orthogonality of IS and I°, as well as (3.12), we obtain the property

T [Un(S())Un(S(9))] = mn (f, 9)?2(]1@) ) (3.14)

where 0, , denotes the Kronecker delta. The previous equality shows that if @ and b are
jointly semicircular with mean zero and unit variance, then

7 [Un(@)Un(b)] = ST [aB™ (3.15)
Indeed, this is achieved by taking f = L and g = Lp_ra=p)2—r[e=p)] i (3.14), so that
(I1(f), I2(g)) and (a,b) are equal in distribution.

3.4. Eigenvalues of symmetric matrices. Define d(n) := n(n + 1)/2. In the sequel, we
identify the elements x = (z1,...,24m)) € R¥ ™ with the n-dimensional, square symmetric
matrix given by

\/5551

T T3 T Tp—2 Tpn-1 Tn
T2 \/§£Un+1 Tpt2 - Lon—3 Ton—2 Ton—1
T3 Tni2 \/§$2n e T3n—5 T3n—4 T3n—3
7= : ; . -
Tp—2 Ton—3 Typ—2 - \/ixd(n)—B Ld(n)—4 Ld(n)-3
Tp—1 Ton—2 T3n—1 - Td(n)—4 ﬁxd n)—2  Ld(n)-1
Tn Ton T3n T Ld(n)-3 Ld(n)—1 \/ixd(n)

For every z € R¥ ™ we denote by ®;(z) for the i-th largest eigenvalue of Z. By Lemma
2.5 in the monograph of Anderson et al. [1], there exists an open subset G C R¥™  with
|G| = 0, such that for every x € G, the matrix Z has a factorization of the form z = UDU*,
where D is a diagonal matrix with entries D;; = ®;(z) such that ®(z) > --- > ¢, (x), U is
an orthogonal matrix with U;; > 0 for all ¢, U; ; # 0 and all the minors of U have non zero
determinants. Furthermore, if O(n) denotes the orthogonal group of dimension n and D,, the
set of diagonal matrices of dimension n, there exist differentiable mappings 77 : G — O(n)
and Ty : G — D, such that T = T} (z)Ty(x)T1(z)* for all € G. For x € G , we denote by
U(z) for the orthogonal matrix U(z) = Ty (z).

Let us denote by %(x) the partial derivatives of ®; with respect to the (k, h)-component
of . In Lemma 7.1 in the appendix, it is shown that
0P,

Do (z) = Vi (o), (3.16)

where

V,j”,ﬂl(x) = (Ukﬂ'Uh’j + Uh,iUk,j) (x)]l{kih} + \/iUk,l(I)UkJ(l’)ﬂ{k:h} (317)

{eq:chebanc
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Next we prove some useful properties of the terms V,jfl(x) It is not difficult to deduce
that for every 1 < 7,5 < nand 1 < k < h < n, we have that V,;,Jl(x) = Vhli(x), and in
consequence, we have
o o 1 o o 1 o o
DV @)V () = 5 ) VET @VER @) + 5 ) Vi (@) ViR ()

k<h k<h k<h

+ZVI§1}:J1 %232( )

= % Z ‘/;,1(]]1 VZ2 J2 Z Vll J1 V”Lz 32( ).

PF£q

From here we obtain

i1, 1 12,72 1
Z Vk h] Vk h] ( ) = 5 Z (Up,il UQ:jl + Uq7i1 Up,jl) (.CIZ) (Upﬂ'z qu]é + Uq,iz UP7J2) ({E)

k<h p#q

+2 Z (Upﬂ'l UPJ& UP7Z'2 Up,jz ) (J})
p=1
1
= 9 Z (Up,th,ﬁ + quUpm) (7) (Up,i2 Ugio + Ugyiy Up,jz) (z).

1<p,g<n
Consequently, by the orthogonality of the columns of U(x), we have
Z ‘/kllh]l Vkuh”( ) - 5i1,i26j1,j2 + 5i17j25j1,i2' (318)
k<h

where we recall that ¢; ; denotes the Kronecker delta. Using identities (3.16) and (3.18), we
get that for every 1 <1iq,15 < n,

Z &vkh axkh( ) = 205y min, (3.19)

k<h

which in turn implies that for every function f: R — R, and = € G, the functionals

Wi nlf Zf 837k:h( ), (3.20)

Zf @) 22 (), (3.21)

8£L‘k h a’)ﬁnq

satisfy

> Walf@) =23 F(®@i(@)), (3.22)

k<h

DD [WN@] =43 (@) (3.23)

k<h p<q

{eq:

{eq:

{eq:

VandWw}
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isimetz

:isimet1
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On the other hand, from Lemma 7.1 (see Apendix) we know

0%, n 92
(@) = ) e~ L Vi @)V 3.24
8wk7h8xp7q ) ; (I)Z(iﬂ) o (I)J( ) {7#i} kh( ) ( ) ( )
Thus, we get that for every k < h, p < g,
y ) F(®(x) y
P,(2))=————(x) =2 V. VALY
YO s o ; B )
j (3.25)

(,()
=2 B0 -0,

From (3.17), we can easily check that Vkl,]l(a:) = V,g,i(:v) foralll <i,7 <nand1 <k <h<n,
which implies that identity (3.25) can be rewritten as follows

0*®;

Z )vm 2)Vii(z).

f(q)j(x))vi,j

_ f(®i(z)) — i,
Zf (®;(x) 8% haqu = ; Bi(x) = @) k,h(x)pr’q (). (3.26)
Thus, by (3.18), the functional
BAIf1() = 3 F(0(e) 5 (o (3.27)
satisfies
P f(®i,(2)) — f( (@) f(Piy(2)) — [(Ps(2))
LM = 3 3 T e #uw) - 6,0

2
X (51'1,2'25]'1,]'2 + 6i17j25j1,i2> )

2
Y,

We end this section by proving the following result, which will be repeatedly used through-
out the paper and holds for any standard Gaussian orthogonal ensamble.

which simplifies to

> D AL

k<h p<q

O =23 ( 8 éfé)( (3.28)

i#]

Lemma 3.5. Let A(n) be a standard Gaussian orthogonal ensamble of dimension n. Then,
for every v,v > 1, M > 0 satisfying v < vy, and every continuously differentiable function
f:R —= R such that f and f' have polynomial growth, there exists a constant C' > 0, such

that
swp sup Z £ (@AM 0 < C. (3.29)
and
sup sup F(@i(2A(n))) — F(@;(zAMn))\?||”
"Zli ZG[O}J)VI} n? Z < ®i(zA(n)) — ®;(2A(n)) ) L) <C (3.30)

i#]

{eq:D2part3
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Proof. First we prove (3.29). Since f has polynomial growth, there exists a € N and a
constant Cy > 0 that only depends on f, such that |f(zz)| < C¢(1+ |z|**). In other words,
it is enough to show that there is C; > 0 such that

Slill) - Z H HL,Y @ <y, (3.31) {ineq:lemm:
for all @ > 1. Notice that
(@A™}, 0 = BL@i(AMm))*]7,

which by Jensen’s inequality, leads to

%Z H((I)l(A(n)))QGHZ'Y(Q) = %ZEK@Z(A( 2a’Y % < ( ZE 2(17])7.

From [1, Lemma 2.1.6], it follows that for all positive integer £ € N, the sequence +E[Tr(A(n)")]
converges to the moment of order ¢ of the semicircle distribution pi°. As a consequence, the
term in the right-hand side of the previous inequality converges to

( / !xIQ‘”uiC(d@) |
[_272}

In order to prove (3.30), we use the identity

which gives the desired result.

v _ /1 (6 + (1= 0)y)dd,
to write
F@AM) ~ J@CEADD ] a1 o (1 010 Al
Ao )| < [ 17 (oo + 1= o) o
Since f € P, there exists a constant Ky > 0 and b € N, such that |f| < K(1 + |z|’). Thus,
[(@i(2A(n)) — [(®;(2A(n))) 00 _
e oGy | < 1+ K [ 10 + 1 -0y el

After applying the binomial theorem, integrating the variable # and using the bound |z| < T,
we deduce that there exist K > 0 such that

f(®i(zA(n))) = f(®;(24(n))) A 4 1D Al
Ao =ty | < K e+ faao]),

which implies that
'f(q%-(zA(n))) — f(®;(zAm) [
zA(n)) — ®;(zA(n))

for some constant Cy > 0 that only depending on 7" and f. The inequality in (3.30) then
follows from the inequality in (3.31). The proof is now complete. U

< 02<1 + @i (An)[* + |<I>;?(A<n>|2b)v
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4. ASYMPTOTIC BEHAVIOR OF THE COVARIANCE OF Xp

In this section we prove Theorem 2.2. To achieve this, we will first establish some smooth-
ness properties (in the Malliavin sense) for (®,(Y™(t)),...,®,(Y™(t))). Let us recall the
definition of the matrix valued Gaussian process Y™ in (1.1). Since we will constantly deal
with random variables involving the derivatives of the functions @4, ..., ®, (which are func-
tions only defined in the open dense subset G of R*™ with d(n) = n(n + 1)/2), we will use
the following notation: for every real function h : G — R, defined only in an open dense
subset G C R¥™ | we have that P[Y (™ (t) € G] = 1, and consequently, the random variable
h(Y™(t)) is well defined P-almost everywhere, provided that R(¢,t) > 0. This justifies the
use of the notation

ey = { MO AER

Lemma 4.1. For every 1 < i < n, the random variable ®;(Y ™ (t)) is twice Malliavin differ-
entiable. The first and second Malliavin derivatives of ®;(Y ™ (t)), are given by D®;(Y ™) (t)) =
{upn(t);k < h} and D?®,(Y (1)) = {uph(t);k < h, p < q}, where

0,
N &vm

P,
N a$k7ha$p7q

(Y ()l  and  uf(t) : (Y™ ()1,

Uth(t) . [07 }

Proof. Let A = {App;k < h} € L*(H"") and B = {BYj;k < h,p < q} € L*(H7™) be

defined as Ay 1= ug s (t) and By = upj (t). Let p. denote the d(n)-dimensional Gaussian
d(n)

kernel of variance ¢, defined by p.(x) := (2me)™ 2 exp{—%}. Then, the random variable
®; % p. (Y™ (t)) is infinitely Malliavin differentiable and satisfies

&, % p. (Y (1)) 2% @,y ™ (1)),

Thus, in order to prove the statement, it is enough to show that

L2(2;94) L2(Q;69)®2)
—_— T —

D®; x p. (Y™ (1)) A and D@ xp. (Y™ (1)) B. (4.1)

In order to do so, we observe that D®; * p.(Y (™ (t)) = {vpn(e;t) ; k < h} and D?*®; *
p-(Y (1) = {vfh(e5t) 5 k < h, p<q}, where

o O(®ixpe) (o (R Pe) oy vy g
wealei) = S PO, and o (est) = SO,
Hence, provided that we deduce
09; 0?2,
1) = —— * p (Y (1)1 d wiet) = ————xp (Y ()1T2, (4.2
U (€;1) Trn #pe (Y7 (8)) g, and vy (et) DOy * (Y (1)) 1y, (4.2)

we obtain (4.1) by using the well-known fact

e * f = flli2@am ) — 0,

{sec:covari
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as ¢ goes to 0, for every measure i defined in R4™ and every f € L2(R%™, ). Notice that
(4.2) is equlvalent to

8(<I>Z *pe) . 8(PZ 62(CI)Z *p€> o 32q)l

— * De, d = * De. 4.3

&rkﬁ 8xk,h pe a axkﬁal’p,q a’Ekﬁaan pe ( )

In order to show (4.3), we proceed as follows. Denote by P4 = {ef;1 < k < h < h}
the (k,h)-canonical element of R¥™  given by ei’ffl = Ok pOnq. For every y € RAM—1 of

the form y = {yxn;1 < k < h <n and (k,h) # (p,q)}, consider the linear mapping
P R — R, given by nP9¥(z) = {m/1Y(2); k < h}, with

TPV () 1= { Yk,h %f (k. h) # (p,q),

mh z it (kh)=(p.q)
Notice that for all 1 < ¢ < n, the function ®; is infinitely differentiable in the complement
of the set Sgeg of m X m symmetric matrices with at least one repeated eigenvalue. In [19,
Proposition 4.5.], it was shown that the set Sf., is contained in the image of a smooth
function defined over R¥4™=2 From this observation it easily follows that for almost all
y € RYW=1 the function ®; o m 4" is infinitely differentiable. As a consequence, for every

z € R4,

Wty - [ oo - 2 (e

8xk,h a’L‘kh

dp
khy —= (7" Y(2))dzd
/Rd(n)l/ (2) o ( (2))d2dy
/ / Wk’h’y(z))pg(ﬂk’h’y(z))dzdy.
Rd(n)—1 8£Ekh

where the integration by parts in the last equality, is justified by the fact that the mapping
z = bjomPY(z) is inﬁnitely differentiable for almost all ¥ € R*™. From here, it easily

follows that M(x) =

similarly, but replacing the function ®;, with 82?;1' 0

* pe(x). To prove the second inequality in (4.3), we proceed

azk h

Before proving Theorem 2.2, we establish the following auxiliary lemma.

Lemma 4.2. Assume that & and f are free standard semicircular non-commutative random
variables. If o, € C(R;R) and z € [0,1), then

T {90 (25 +V1- z2§) w@)} = /[2 ) ()Y (y) Kz, y)pi(de)pic(dy), (4.4)
with K,(x,y) defined as in (2.7).

Proof. For ease of notation, let a = z& + v/1 — 22¢ and b = €. Since both @ and b are (cor-
related) standard semicircular non-commutative random variables, a straightforward appli-
cation of functional calculus implies that ¢(a) = (¢ o Lj_99))(a) and ¥(b) = (¢ o L[_29])(b).
Similarly, observe that the right hand side of (4.4) remains the same if we replace ¢ with
@ ol and ¥ with ¢ o I|_ 9. Hence, without of generality, we can assume that both ¢
and 1 are supported over [—2,2].

{1lem: tauvo:

{eq:tauvoi
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Let Up,(x) denote the m-th Chebyshev polynomial of the second kind on [—2, 2], defined
by (2.6). By the Stone-Weierstrass theorem, we can assume without loss of generality that
o(x) = Up, (x) and Y(y) = Uy, (y) for some my, my € N. Since the Chebyshev polynomials
form an orthonormal system with respect to ui¢(dx), the measure k,(dz, dy) defined by

R (da, dy) o= g op (2, y) K (2, y) it (de)pi®(dy),
satisfies
[ e@itmdn,ay) = [ Un(@Uno)n.(e,dy) = Ga™. (45
On the other hand, by relation (3.15), we have
7 [V (26 + VI=22) Uy (©)] = oo [ (56 + VT 22) €] = buimsz™. (46)

By combining the identities (4.5) and (4.6), we get

[o(s6 - VI=RE)u(e)] = [ eawnlinay),

R2
as required. 0

We are now in position of proving Theorem 2.2.

Proof of Theorem 2.2. By (3.6), every centered random variables F, G € D2, satisfy
E[FG] = E[-§(DL'F)G] = E [(-DL*F, DG) ﬁd(n)} .

In particular, for every f,g € P and s,t > 0,

E [Z}”) (t)Zg”(s)] —E [<—DL—1Z}") (), DZén)(8)>ﬁd(n)] .

By (3.8) and (3.9), we get
~DL™'Z" (1) / DPRy[Z{"(#)]d0 = / e Py [DZV(t)]do.

On the other hand, Lemma 4.1 implies that DZ}”) (t) = {vrn(t); 1 < k,h < n}, with

Using equation (3.16) and denoting by U*(Y (™ (t)) the transpose of U(Y (™ (t)), we can
rewrite vy h(t) as

Vg (t) \/_ Z F(2:(Y ™ (1)) ((U;HU i+ UiUn) (Y () Ly
+ V20U, U, (Y™ (t))]l{kh}]) Tio.
((FEO s+ FEOE)kn) Loy + V2L YO O)eaL iy ) Lo

Si-
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Therefore, using Mehler’s formula (3.8) as well as the fact that f/(Y (™ (t)) is self-adjoint, we
deduce that —DLleJ(cn) (1) = {wrn(t); 1 < k,h <n}, where

T _9~[< 1( . —0v(n) 20y (n) > ]
t) := —= E Y\t 1— Y\t df1g 4,
Wk p(t) Jn /. e f (6 (t) + e ( )) . [0,1]

where Y™ is an independent copy of Yy, Mt = 2N gpzny + ﬂl{k:h} and E denotes the
expectation with respect to Y. Similarly, we deduce DZé”)(s) = {wrn(s);1 <k,h <n},
where

Win(s) = %<g’<y<n><s>>>k,hﬂ[o,s]-

As a consequence, we have

5®d(n):|

E [<—DL*12}”> (), DZg<">(s)>
E Z%(f’(e‘gY(”)(t)Jr 1—6—2617<n>(t)))

o
= / e 'E
0 k<h

=2 [ e (e Y + VT BT (v () | do.

k.h

(g(y™ (S)))k,h] ] do

Hence, making the change of variable z := e~

E [<—DL—IZ}"> (1), DZ;“>(5)>

, we get

yj®d(n)i|

, (4.8)

_z / 'E [ﬁ( f (zY(") (t) + VI— 227 ™ (t))g'(Y(”)(s)>>] dz.

n

Let A(n) and A(n) be two independent standard Gaussian orthogonal ensembles and recall
the definitions of o4 and p,, in (2.1). It is not difficult to deduce

d . e e . .
where “ @ » means identity in distribution. Thus, by Voiculescu theorem (see for instance

[1, Theorem 3.3]), we get

lim lE [Tr (f' (zY(") (t)+v1-— 22y ™ (t))) q (Y(")(S))}

= nhon %E [Tr (f' (Ut <ps,tZA(n) + mg(nD) g’(asA(n))ﬂ

B (4.9)
=7 (7 0ma) ()€ /1= o€ o ma O]

where m, denotes the multiplication function m,(y) := oy, and & ,E are self-adjoint free
random variables with standard semicircular distribution, defined on a non-commutative
probability space (A, 7). By Lemma 4.2

T {90 (25 +V1-— zQ?) ¢<s>} = /[ ()Y (y) K (2, y) iy (do) iy (dy).

,272]2

{eq:varDLir

{eq:tracel:
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In addition, by the Cauchy-Schwarz inequality and Wigner’s theorem,

%E [Tr (f’ (at (psﬁtzA(n) +4/1— pitZQZ(n») g'(JSA(n))>]
L 1

< (%E[Tr(f’(atA(n))z)})Q( E[Tr(g’(asA(n))z)])Q < Cu

for some constant C,s; > 0 independent of n. Therefore, using the dominated convergence
theorem, as well as (4.7), (4.8) and (4.9), we deduce that

n

lim E Z}m(t)Z(")(s)] — lim E[<—DL—1Z(")(t),DZ§">(3)>

n—oo 9 n—o0 f

5®d(n>]
1

=2 / /[ ]2f’(asfc)g’(aty)szs,t(x,y)uic(dfc)uic(dy)dZ-
0o J[-22

Making the changes of variable ¥ := o,z and y := oy, we obtain

n—oo

1
1m@¢%4%mﬂéRﬁ@MM%ﬁmwmﬁmmwma

Theorem 2.2 easily follows from the previous expression. The proof is now complete. 0

5. CONVERGENCE OF FINITE DIMENSIONAL DISTRIBUTIONS

In this section we prove the stable convergence of the finite dimensional distributions of

Zl(;n), to those of Ap, for F € P" with » > 1, and find bounds for the distance in total
variation of Z}(t) to its limit distribution, with f € P.

Proposition 5.1. For every r,y € N and F = (f1,...,f.) € P, and ty,...,t, > 0, there
exists C' > 0, such that

(Z&(t), . Z2 () = (Ap(th), ..., Ar(ts)).
Moreover, for f € P, we have
C
dry (MZ}M <t>7/1’/\f(t)) < %,
for some constant C' > 0 independent of n.
Proof. Let T' > 0 be fixed and denote by C[0, T the set of continuous functions in [0, 7). Let

us consider a function g : (R")* — R, as well as a bounded F-measurable random variable
M. We first show that

Tim B g(Z1(0), .., 28 (L) M] =Elg(A3(t), ... Ar(t))|E[M],  (5.1)
for all ¢1,...,t, >0, j € N. Since M is F-measurable and bounded, there exists a sequence

of natural numbers {l,,, ; m > 1}, as well as a collection of continuous and bounded functions
h,, : Rimd(ln) s R and random variables of the form

M, = hm<Xi,j(s§”), Xl y1<i<j< zm>,
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2
with s7", ..., s >0, such that M, Iﬁ)) M as m — oo. Hence, by applying an approxima-
tion argument, we deduce that it suffices to show relation (5.1) for M of the form M = h(n),
where h : R4E) 5 R, and

n= (Xi,j(sl)v o Xig(s1);1<i <5 < l>,

with [ € N and sq,...,s; > 0. Since Ap is independent of F, the problem is then reduced to
show that

(ZE (1), 257 ) m) 2 (Ap(t), -, Ar(te) ). (5:2)

To show the convergence (5.2), it suffices to verify the conditions of Theorem 3.2.

Condition (i) follows directly from Theorem 2.2. In order to prove condition (ii), notice
that by Lemma 4.1, for every ¢t > 0 and f € P we have that

Dz (t) = {n H0alF 1Y) L 1 < kb <, (5:3)
where Uy ,[f’] is defined by (3.20). Hence, by (3.22),

2 202

(n)
HDZf (t)’y,@d(n)_ n

Z F( @Y™ (1))

Therefore, using Lemma 3.5, we deduce that there exists a constant C' > 0, independent of
n, such that

4 2

<C,

HDZ}”) 0
L2(9)

<
)

TS @)

2
H®d(n)

Jlozp

LA(Q;90dm) L2(Q

which implies condition (ii).

In order to deduce condition (iii), we first use Lemma 4.1 to write

1

D2 (1) = {a (WRAL IO 0) + ALY 1) )45 1< khopg < ”} |

where Wi [f"] and I} [f] are given by (3.21) and (3.27). Therefore, by (3.23) and (3.28)

2 () 2,(n) |2
HD 2 () & D77 (t)H(y)am)@z

4
ag n
= O (W L L)+ T LI L) ()
21221 p<gq
2<ha

4
g n
* n_i1 D> (W R, L] + T2 IR, L) (Y O (2)).
21321 p<q
2312

(5.4)

{eq:stablec

{pz_£}

{ineq:D2XD:
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By applying the Cauchy-Schwarz inequality in (5.4), it is straightforward to see

HDZZ(”)(t)@) 2z
f 1

(§ye(m))@2
0_ n
0D D (R WL I, [+ T, ) (Y (8)),

k1<hi p<q

ko<hso
which in turn implies that

n " 20 n
|p2z ) @1 D22 Nt)H(ﬁdn) S (WA I (O (1),

k<h p<q

Relations (3.23) and (3.28) allow us to write the previous inequality as

2 r7(n 2 r7(n) t // (n)
HDZf e DZ; ()H(,ﬁd(n) <_Zf D)y

4} (= L@ D) — (@, (1))
! (Z (Y1) — 2;(Y (1)) )

Using the previous inequality, we deduce that if {A(n);n > 1} is a standard Gaussian
orthogonal ensemble, then

n
2 8ot

|2z 0 22200 L < SB[ @A)
4o F(@uoAMm)) = F(@5(0AM)
+ A ;E ( (I)Z(UtA(n)) —CI)j(JtA(TL) ) ]

Thus, by Lemma 3.5 we get that
2 C
77,_7

2 r7(n) 2 77(n)
HD Z;7(t) @1 D2Z;7(t) -

for some constant C' > 0 independent of n. Thus Proposition 5.1 follows directly from
Theorem 3.2. 0

6. TIGHTNESS PROPERTY FOR Z](c") (1)

Recall that the family of test functions P consists of functions with derivatives of order
fourth with polynomial growth, see (2.2).

Lemma 6.1. If f € P, then the process {Z(n); n > 1}, with Z}n) = (Z}n)(t);t > 0), is
tight.
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Proof. In [21, Lemma 3.1], it was proved that the random variable [ f (x),ugn) (dz) satisfies
the following stochastic equation

)™ 0P, o y
/f( )i (dz) 2;/ f(@ )))ayk,l(y ()5 X (w)
+%/(; /]R2 1{1"75;/}]”(12:zjjl(y)ugb)(d‘%)ugl)(dy U dw+_2/ f// n) )))U{wa,

(6.1)

where v, := ¢ and the Skorohod integration is understood in the generalized sense. Recall-

ing the definitions of Z](c") and Wy, which are given in (2.3) and (3.20) respectively, using
the previous equation, as well as the identity

f,<$:z : f/(y) _ /1 f”(@x + (1 _ Q)y)dg’ (6.2)

we deduce
Z{(t) = 6" (ul?) + GV, (6.3)

where

f’t' Qn/o

/ ( 00, (v () + (1 = 0) 3, (¥ ) (w)) )

1<i1,i2<n
—E [/ (09, (VP () + (1= )@,y (w))) | )U;Udedw, (6.4)
and u;t = (u;”t)( ),w > 0) € LA([0, 7], RU™) is the R*™-valued process defined by
uf(w) = {n B )1 Sk <h<n}, for we o],

and u f"t (w) := 0 otherwise. In order to prove our result, it suffices to show that for all 7" > 0,
the processes (5*(uft) t > 0) and (Gft ,t > 0) are tight in C[0, T|. Since 6*(uf0) GSZB =0,
by Billingsley’s criterion [7, Theorem 12.3], it is enough to show that for i = 1,2 there exist

C > 0, such that for all v > 1,

B o) - o)

where 3 = 2= for « given as in (H1) and ¢ is as in (H2).

} <Clt—s|? (6.5)

) _ )
E UGN -G

2
”} <Ot — s (6.6)

For simplicity on exposition, we divide the rest proof in two steps which correspond to
each of the previous inequalities.

Inequality (6.5). For s,t >0, n € N and f € P fixed, we introduce

AZ™ =20t = 28(s), A =) — ol and AGM =GV - GF. (6.7

{eq:differe

{eq:Xdecomg

{eq:Gdef}

{eq:Billing

{eq:Billing

{eq:XGZKdet
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In particular, we observe
Au™ (y) = {n’%\lfk,h[f’](Y(")(y)); 1<k<h< n} , for ye (s, (6.8) {eq:deltauc

and Au™(y) = 0 otherwise. Our goal is to find an upper bound for E [(5*(Au(™))?"] for
every v > . By Holder inequality, we deduce

E [(6"(Au™))] = E [(5°(Au™))? 16" (Au)
= (27 = DE [(6"(Au™))? 2 (D5" (Au™), M) ., |

< (2y - DE [(67(Au™))>]' 7 (Au™), A

o @)

where the second equality follows from (3.3). From the previous identity, it follows

|tamallmat} H((S*(Au HLW(Q) (2 — H<D(5*(Au(n)),Au(")>ﬁd(n> . (6.9)
By (6.3), we deduce 6*(Au™) = AZM™ — AG™. Hence, using (6.9), we get
* n 2 n
00l <30 g 150, .,
| tasupuXGK} (6.10)

+ sup H<DGf3],Au ")>ﬁd(n)

wel[0,T]

L7(Q)

Thus, it is enough to upper bound the two terms appearing in the right-hand side of the
previous inequality. To upper bound the first term, we recall the definition of DZJ(cn) in (5.3)
and observe from (6.8), the following

H <DZJ(0") (w), Au(")>

s 1L (@)
OR
< Uynlf Upnlf Y™ (g x,w)dx
Z/ (NPl 10O @) 5 ()|
<3 [ [ vl 0wy e . )|
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Let A(n) be a standard Gaussian orthogonal ensemble and define My := supy<;<r 0;. Using
the Cauchy-Schwarz inequality (twice), we get that

D U1 (@)UY ()

k<h L7(Q)
<[ @l @)’ | (Bl @)’
k<h Lv(Q) Hk<h LY (Q)
< s |13 (Wl )eAwm)
SESMT [ k<h L7(Q)
=2 IS (r@Gamn)|
=#=MT || =1 Lv(©)

where the last identity follows from (3.22). Using the previous inequality, as well as Lemma

3.5, we deduce that there exists a constant C' > 0, only depending on f, 7,0 and T', such
that

"1OR

<C —(z,w)| dz. 6.11

o 20 ) (6.11)

o 1

d

Ox :1:>

Hence, by Hélder inequality and condition (H1), we get
1 T @
§C]t—s\5( sup / d:c)
wel0,1] Jo

t ) t
/ dx§C|t—s|ﬂ(/

Combining (6.11) and (6.12), we deduce that there exists a constant C; > 0, independent of

s,t,w and n, such that

oo

yjd(n)

OR ¢ w)

ox

OR ¢ w)

(6.12)

Q=

<Cyft—s|7, (6.13)
L7 (Q)

(o200

$Hd(n)
which gives the desired bound for the first term in (6.10).

’ <DG§ZL, Au>
’ _ﬁd(n)

To simplify the notation, we introduce

we follow a similar approach as above.
L7()

In order to upper bound

Bia(n, 0, w) = 7 (00 (w)) + (1 = 0)@;(Y ™) (w)),

and
359 (.0, w) = 022 (YO () + (1 — 0) 2

(n)
o o (Y™ (w)).

{eq:DXFwuat

{eq:DXFwu}

{ineq:bounc
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Next, we observe that DGE{?U = {vgn;1 <k <h <n} with

is(n,0,7) 321,? (n,0,7)v,119,(-)dodr. (6.14)

0 1<i1,i2<n

Thus, by (6.8), we deduce

’<Dwa’ Au>gd(n>

2n2/ / /S Z Sirin(n, 0,7 ZJZ},? n,0,r) (6.15)

- IpDGFaux1}
1<i1,22<n k<h
OR
X \Ifk,h[f’](Y(")(x))a—(a:, r)u.dzdédr|.
x
Next we find suitable bounds for the summands appearing in the right hand side. To this
end, we define
T(n 0,r):= Z Sirin(n, 0,7 321}22(71,0,7“), and S,Ean(x) = Uy [F1(Y (),
1<i1,i2<n
so that inequality (6.15) can be rewritten as follows
- IpDGFaux2} ‘<DG Au / / / Z T (6 (n) )@(aj r)vl|dedfdr.  (6.16)
fw’ ﬁd<”) 2n2 k<h 81‘ ’ "
Using Minkowski and Cauchy inequalities in (6.15), we deduce
H (DGE, Au)
v 73 L7 ()
: : OR
<o / / / <ZTI<:(Z)(9’T)2> < s (x)) o, (w.r)v)|dedodr
k<h k<h L7 ()
[pDGFaux12} ) (6.17)
n 2 n 2 OR
< 2n2 / / / Zﬁ{h)(ﬁ,'r’f ZS,gh)(x)Q a—x(x,r)v; dzdédr.
k<h LY@ k<n L7(Q)
From identity (3.19), it follows that
Z 7;(,2)<97 T)Z =4 Z Sihiz (nv 07 7")%13,1’4 (TL, 97 ’l“)
[pDGFauxv2} hsh IStz st sn (6.18)

x (925i1,i3 +0(1 — 0)(0iy.0y + 0igis) + (1 — 9)2612,i4>-

{eq:DGform)
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Since f € P, there exist constants Cy > 0 and a € N, such that |f”(z)] < Cy(1 + |z]*).
Applying this inequality in (6.18), and using the fact that 0 < 6 < 1, we get

Srturea 5 (1o 0] )i hari)

k<h 1<i7,42,13,14<n

<8xCy Y (1 +Ki (@ie(y(n)(r))ya)

1<41,i2,i3<n
n 4a
<16 x Con® (1 + (@i(Y(”)(r))> )
i=1
Therefore, by Lemma 3.5,

< Cyn?, (6.19) {eq:IpGdu2c
17(Q)

DT 0.y

k<h

for some constant Cy > 0 independent of 0, r and n.
On the other hand, from the definition of Wy (see (3.20)), and identity (3.19), we get

Y S) —2Zf 7))
k<h

Similarly as above, applying the polynomial growth property of f’, combined with Lemma
3.5, we deduce the existence of a constant C3 > 0, such that

ZS&B < Csn. (6.20) {eq:IpGdu2c
k<h L7()
Next, we use (6.17), (6.19) and (6.20), to deduce
aR
H <DG(n) , Au> (x,r)v.| dadr,
fw y‘)d(n)

which by (6.12) and hypothesis (H2) , implies that

H <DG§£"w, >y,d<n>

for some constant C5 > 0, which is independent of n and w. This gives the desired bound
for the second term in (6.10).

Inequality (6.6). By inequality (3.10), we have that for all v > 1,

1
< Cs|t—s|5 6.21 ineq:b
Q) 5[t —s]7, ( ) {ineq:bounc

() _ o
o -t

< HDG;Q — DGV

2 ~(n) 2 ~(n)
+||p26t) - )

(6.22) {eq:GdfincI

L7(Q) L (Q;67(n) L'y(Q;(f]d(n))Z).

To bound the first term in the right hand side, we proceed as follows. Recall
DG = {vgps1 <k < h <},
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with vy, given by (6.14). Therefore,

HDG( — DGV

53d(n)

- \/[.;t /01 g’LA17’LA2(n70171'01)3‘7'17]’2(”; 027w2) (623) {quDGeXpl}

1<11,12,31,]2 <n

X Zjﬁj}? n, Hl,wl)ﬁﬁ;?(n, 02, wo) R(wq, we)v!, vl df;dfadwdws.

w1 C w2
k<h

Using (3.19), we deduce

E :~Z1 12 ~J1,J2
th n, 01,w1 J k. (H,GQ,U)Q)
k<h

):DGexp2ss} (6.24)

= 4<01925i1,j1 + 01(1 — 02)8i, j, + (1 — 01)0203, 5, + (1 — 01)(1 — 92)5z‘z,j2)
S 4((51'1,]'1 + 5i1,j2 + 51'2,]'1 + 5i27j2)'

Similarly as before, since f” € P there are constants Cy > 0 and a > 1, such that |f(z)| <
Co(1+|z|**), which in turn implies that there exists a constant Cg > 0, such that | f(x+y)| <
Co(1 + |x]** + |y|>*). Using this observation, as well as Minkowski inequality and identities
(6.23) and (6.24) we get

fs

CGT2H /
S
n [s,t]?

|pag - par

L7 (;94(n)

> (1 + (@il(yw(wl)))za + (@ig(wn)(wl)))%)

1<i1,i2,91,J2<n

(4 (2w (2400 (wa)) )

X [V, Vi | <5z‘1,jl + 0iy o + 0ig jy + 5z‘mz> dwidws
LY (2)
18CGT2H 2 4a 2 4a
< [ Y (X (™)) 3 (8,0 w) )
(581 || 1<y sig.g1jo<n =1 (=1

dwldwg .
L7 ()

X [V, Vi, | (51-1,]-1 + 0y o + Oig g1 + 5z‘2,j2>
We proceed similarly as in (6.19) to deduce

dwd
Ly (59dm)) — < Cr /[s,t]2 Vs, Vry, [dry duwg,

for some constant C; > 0, that depends only on a and supy<,,<7 0. Next, we use condition
(H2) to get

n ()
|pe) - pet|[

ysleyGprev} HDG; — DGV < Cg(te — 5%)?, (6.25)

L7 (;94(n)

fs
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for Cg > 0. Since € € (0,1), we have [t* — s°| < |t — s|%, and thus

. (n) _ (n)
s1leyGprev2} HDGf,t DGy

15

vy < Gyt — sl7, (6.26)
for Cy > 0, which gives a bound for the first term in the right-hand side of (6.22). To
handle the second term in (6.22), we follow a similar approach but we remark that the
computations are longer due to the appearance of terms involving the second derivatives
of the functions ®;, with i € {1,...,n}. We first observe from (6.4), that in order to
compute D?AG™, the knowledge of the second Malliavin derivative of variables of the form
F1(00;, (Y™ (w)) + (1 — 0)®,, (Y™ (w))), for w < T and 6 € [0,1], are necessary. To this
end, we introduce the notation

8i4(n,0,w) = f9 (00,(Y ) (1)) + (1 = 0)0,;(Y ) w)) ),

and
sz//(QCI)l-l (Y(n) (U))) + (1 — 8)@22 (Y(”) (w))) = [C,f:g(n, 7:1, ig, 9, U))i| 1<k<h<n’
1<p<qg<n
where
. . 1 ~T1,02 ~11,12
Cun(nyin, iz, 0,w) = ﬁﬁihh(n,@,w)%h (n,0,w)3; 3% (n, H,w)]l([%zw]
F 2l 0.u) (052 (0 w) + (- 0)5 S0 () ) 15
n Y hOYp.q OYr,nOYp.q

Next, by using (3.16) and (3.26), as well as identity (6.2), we have

Z D2f"(0%;, (Y™ (w)) + (1 = )23, (Y™ (w))) = O(1,w) + O(2,w) + O(3,w),

11,i2=1
where O((,w) = {075 (f,w); 1<k<h<n and 1<p<qg<n},forl=1273are given
by

O Z Rir,ia (0,0, w) OV (Y (w) + (1= )V52 (Y (w)))

11 i0=1

X (V" (VO w)) + (1= OV (v (w)) 1

[0,w]?

1
U S (§9¢il<y<n><w>>+<l—me@iswww»
’ n Eaan 0
1<i1,42,i3<n

i17i3
+(1- 9)@12(Y(”)(w))) Vi (Y O (w) Vs (Y ) (w))do1g?,

[0,w]?
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o) = L0 / c (%il(Y(”’(w)) +9(1 = )2, (Y (w))

0

1<i,i2,i3<n

io#i3
+<1—ﬁ)(l—e>@ig<y<"><w>>)v;z@3<y () V25 (7 ) (1)) 922

On the other hand, by applying Minkowski’s inequality, as well as the definition of GS&)U,
which is given by (6.4), we deduce

HD2 DQG(n)

<
_2n2/

1:D2Gftinc}
<o [ [ 3 10wl litiasa.

0 y—123

L27(Q)

D2f" (0@, (Y™ (w)) + (1 = 0)@4, (Y (w)))

/
P vy, |dOdw
(6.27)

Next we bound the terms ||©(¢, w)]|12v(q;sa)e2), for £ = 1,2,3. In order to handle the case
¢ =1, we first notice that by (3.18), for all 1 < iy, s, j2, jo < n,

STV + (- 0VER) (0VE 4 (1 0)Vizn)

1<k<h<n

1<p<g<n
X< (OVE + (L= 0VEP) 0V + (1= 0)Ve7)
— 4(06;, 5, + 0(1 — 0)5i, j, + 0(1 — 0)85, 5, + (1 — 0)26,,,)°
< 32(51'1,]'1 + 5i1,j2 + 512,]‘1 + 5i2,j2)~

Putting all pieces together, we have

n

3271
H@<1 w)” a)®2 < T Z ’ﬁil,h(nvevw)”’ﬁihh(nve’w)‘
i1,i2,j2=1

n
Z “ﬁilﬂé <n7 0, w) | |ﬁj1,i1 (n7 0, w)|
i1,02,1=1
n

Z |§’il7i2(n7evw)||§’i2,j2(n>97w)|

i1,12,j2=1

3274 L
+ 2 Z ‘ﬁ’il,iz(nvevw)Hﬁjl,iz(nv0>w>|'

11,82,J1=1

327
+ 2
n

3274
+ 2
n

n

Using the fact that f() has polynomial growth and 6 € [0, 1], we can easily deduce from the
previous inequality that there exists a € N, and a constant C';y > 0, than only depends on
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f, such that
T4H - n a n a n a
H@(Lw)uﬁﬁd)@?gcw? > (1+|<I>i1(y( J(w))[2 + |@s, (Y ()| + |y (Y (w0))] )
i1,i2,i3=1

which by Lemma 3.5, implies that there exist a constant C7; > 0, such that

n

> (1 1B (YO ()

11,i2,13=1

(YO )" + |<1>z-3<Y<"><w>>ra)

1©(L, w) [[F2+(q sy0y52) < 0107

(6.28)

L7(,(59)92)
< CllnT4H.
On the other hand, by (3.18), for all indices 1 < dy,ds, 1,13 < n, we deduce

di,liy yda,liyd2yley rde,le 2
Y VBVEAVERYELE — (54 0,010, + 0d1200.0)" < 4(0ay 40015 + Oy 1,00,.05)

p.q
1<k<h<n

1<p<g<n
which by an analogous argument to the proof of (6.28), leads to
1©(4, w) |72 (@ (gaye2y < Cran® T, (6.29)
where ¢ = 2,3 and C1, is a strictly positive constant. Therefore, by (6.27), we obtain

1 t

S 013—/ \v{v|dw,
n S

with C}3 > 0. Hence, using the condition (H2), we obtain

HD?GS{? — D*GY) oo = Cra(t5 — 5°) < Cha(t — ), (6.30)

2 ~(n) 2 ~(n)
HD G — pGh

L27(Q)

where C4 > 0. Finally, by (6.22), (6.26) and (6.30), we obtain

HG}’Q e < Cuslt — s,

L27(Q)

as required. This completes the proof.

7. APPENDIX

Here, we use the same notation as in Section 3.4. Recall that d(n) = n(n + 1)/2 and for
every € R¥™  ®;(x) denotes the i-th largest eigenvalue of the matrix 7.

Lemma 7.1. Let szfl(x) be as in (3.17). Then the first and second order partial derivatives
of ®;(x) are given by

Sore(a) = V(o) 7.
0°®; ~ 20z

—_— — I s S 2,] ij
g nOp,q ?) JZI ®,(r) — q>j(x)vlah<f”>vp,q(fﬁ) (7.2)

{eq: Thetaw!

{eq:Thetaw]

{eq:Billing

{lem:app}

{eq:D1PhiU]

{eq:D2part:



Hadamard1}

Hadamard?2}

{eq:Hadl}

:Hadlaux1}

idUiorthog}
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In order to deduce the previous Lemma, we show a similar result for any n-dimensional real
symmetric matrix A(6, 3) which is twice continuously differentiable over the real parameters
and 3. Assume that A(6, 3) possesses eigenvalues A\; (6, 5) > - -+ > A\, (0, §) with orthonormal
eigenvectors Uy (6, B),...,U,(0, ) of the form U;(0,8) = (U1.(0,0),...,U,i(0,8))", which
are continuously differentiable over ¢ and f.

Lemma 7.2. The following Hadamard variational formulas hold true

O\ Y
02\ 02A

(6.8) = U; 6, ﬁ)mw,mw, )
A

21541 (U7 (0, 8) % (0, B)U;(0, B)) (U (6, B) 256, B)U (6, B))
Z (0. 5) — A0, 5) - ()

Provided that we prove (7.3) and (7.4), we obtain (7.1) by taking 6 = x4, and (7.2) by
taking 0 = x5, and 8 = xp .

Proof. For simplicity of exposition, in what follows we omit the dependence on the parameters
0 and 8 of A(0,B), U;(0,5) and X;(0, B).
We first deduce identity (7.3). By taking the derivative with respect to 6 of AU; = \;U;,
we get
0A ou; o\ oU;
UL A — 2 Rl
o0V T g = eVt Mg
Multiplying (7.5) by U; from the left, and using the fact that U} = \;U; and |U;]? = 1, we
have

(7.5)

LO0A LU O\ LOU;
U, %Ui + /\iUz‘ W = 0 + /\zUi 90 (7'6)
On the other hand, if we take the derivative with respect to 6 of |U;|* = 1, we obtain
oU;
Ur—=0 7.7
? 89 ? ( )
thus, putting all pieces together, we deduce
LO0A o\
Uioe 00 200 = 90’

as required.
For identity (7.4), we first take the derivative with respect to 8 in (7.5), and obtain
0*A 0A0U; 0AJU; 0*U; 9%\ o\ OU; — O\; OU; 0*U;
Ui o b = T SO N
00003 08 0 0B 06 0008 0000 20 o 0B 00 06007
Again, we multiply by U} from the left and use the identities U A = \,U; and |U;|*> = 1, to
deduce

2 . ) 2. . )
;;Ui+U*8A8Uz (2 DAOU; _ PN 0N OU | 0N O

U*

‘o008 o300 9008 96 98 T ap" a0
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Next, simplifying the above identity and using (7.7), we get

o 0PA o %% n %8% PN
L0005 " "\ 00 05 0B 00 ) 0808
The term inside the parenthesis, in the left hand side, can be written by expanding 2
%Uel in terms of the basis Uy, ..., U,, as follows

DAOU, DAOU, <—~0A /U, 9A /U,
%aﬁ+%39_#i89U3<05’U3>+;aﬁUJ<ae’UJ>

0A oU; 0A oU;
+%Ui<%’“’> 8BU< U>

Hence, using again (7.7), we observe

0AQoU; 0AIU; 0A
9908 95 00 2 b UJ< >Z < >

37

(7.8)

l and

(7.9)

The inner products in the right hand side can be computed by multiplying (7.5) by U} from

the left for j # ¢, and using the fact that \;Ur = U A, to get

LOA LU LO0U;
U: %U + AU i 54 = NU; i 50
which implies that for every i # 7,

007 ) DYDY

Similarly, we have that
o’ Ai — A

Combining the previous relations with (7.9), we obtain

OAQU; | DAOU; _ 04, U; 53 Ui Z&A Uz 2,
00 0p 8589_#1.89 ])\—)\ ap ])\—)\
Multiplying by U] in the previous identity, we get

(OADUL 0RO, _ AUV U U)
o0 o5 195 a0 P V.

i
Therefore, identity (7.4) follows from (7.8) and (7.10). The proof is now complete.

Lemma 7.3. Consider the Kernel

Ky(z,y) = Z Uq(2)Uq(y)p".

(7.10)

U

{eq:Authets

{eq:Uipart

{lem:K}
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Then, for every z,y € (—2,2) and p € [0,1), the series defining K,(x,y) is absolutely
convergent and

1—p?
K = .
o(o:9) PP —y)? —wyp(l = p)? + (1 = p?)?

Furthermore, K,(z,y) > 0 for all x,y € (—2,2) and K, is integrable over (—2,2)%.

(7.11) {eq:Kform}

Proof. For x € (—1,1), define U,(z) := U, (2z). It is not hard to verify that (U, q € N) are
the Chebyshev polynomials of the second kind on [—1,1]. Using the well-known formula

~ (r+iv1 —22)7! — (z —iy/1 — 22)7T!
L) —

Uy(x) = ;
() 2iv/1 — a2
and defining a := x +iv1 — 22 and b := y + iy/1 — y?, we get
~ = —p! 1 _ g1y pa+l _ 7t
U,(x)U, 4 = al™ —a )T —b
DT = e X )
—1 o _
= ((abp)™* + (abp)™™" — (abp)™! — (@bp)*™").
4py/(1 = 2?)(1 —1?)
Observe that |a| = |b] = 1, and thus, since p € (0,1), we can compute the sum over ¢ by
means of the geometric series, i.e.
X~ = -1 abp abp abp abp
Uq(2)Uy(y)p* = ( +—— - F
o 0)Ualy) dp/(1—a?)(1—y2)\1—abp  1—abp 1—abp 1—Tabp
B -1 (ab—i—%—Qp_al_)—i-Eb—Qp)
4/0—22)(1—y?) \ |1 —abp]? 1 — abp|?

B -1 (%(ab) -p R(ab) — p)
2/ (1 =) (1 —y?) \ lab—=pl*>  ab—p]? )’
where 9R(z) means the real part of z. Indeed, we have that
S PER 2
rnelBound} q:zo U, (2)U,(y)p?| < N TR
i.e., the series defining K,(x,y) is absolutely convergent. We can also easily verify that
R(ab) = 2y — /(1 - 22)(1 - y?)
R(ab) = zy + /(1 — 22)(1 - ¢?),

(7.12)

and

jab = p|* = 1= 2wyp + 2p/(1 — 22)(1 — 42) + p?
jab — p> =1 = 2zyp — 2p/(1 = 22)(1 — ¢?) + p*.
Putting these identities together, we deduce

oo

_ 1-p
Uq(x)U, = '
Q(x) Q(y)p 4p2($2 + y2) — 4xyp(1 + p2) +1—-2p2 4 pt
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From the previous analysis, it easily follows

1—p?
K -
oo:9) PPz —y)? —ayp(l = p)* + (1 = p*)*’

from where we deduce the identity (7.11).

(7.13)

In order to establish positivity, assume that K,(xg,y) < 0 for some zo,y0 € (—2,2).
Observe that the denominator of the right hand side of (7.13) is a continuous function
w.rt. (z,y) € (—1,1)% Since K,(0,0) > 0, the denominator should vanish at some point
(z,y) € (—1,1)%. However, this contradicts the inequality in (7.12) as K,(z,y) should blow
up. Therefore, K,(z,y) > 0 for all z,y € (—2,2). Furthermore, by the bound in (7.12) we
conclude that K, is integrable over (—2,2). The proof is now complete. O
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