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GALOIS THEORY FOR SETS OF OPERATIONS CLOSED
UNDER PERMUTATION, CYLINDRIFICATION AND
COMPOSITION

MIGUEL COUCEIRO AND ERKKO LEHTONEN

ABSTRACT. A set of operations on A is shown to be the set of linear term
operations of some algebra on A if and only if it is closed under permutation
of variables, addition of inessential variables and composition and it contains
all projections. A Galois framework is introduced to describe the sets of oper-
ations that are closed under the operations mentioned above, not necessarily
containing all projections. The dual objects of this Galois connection are
systems of pointed multisets, and the Galois closed sets of dual objects are de-
scribed accordingly. Moreover, the closure systems associated with this Galois
connection are shown to be uncountable (even if the closed sets of operations
are assumed to contain all projections).

1. INTRODUCTION

Read-once functions have been widely studied in computer science, in particular,
in machine learning. They are instances of linear term operations, i.e., operations
induced by terms in which no variable occurs more than once. For a recent general
reference, see [4].

Linear term operations of algebras are related to classes of operations that are
closed under permutation of variables, addition of inessential variables and compo-
sition in the same way as term operations of algebras are related to clones. Namely,
we show (see Theorem 2.1) that a set of operations on a set A is the set of linear
term operations of some algebra on A if and only if it is closed under the operations
mentioned above and contains all projections. In other words, the sets of linear term
operations of algebras on A are subuniverses of the reduct (O4;(,7,V,*) of the
full iterative algebra (Oa;(, 7, A, V,*) introduced by Mal’cev [13]. We then show
that the closure system of subuniverses of (O4;(,7,V,*) is uncountable, and we
describe it in terms of a Galois connection between operations and so-called systems
of pointed multisets.

This paper is structured as follows. In Section 2 we recall the notion of lin-
ear term operation, and we establish a connection between linear term opera-
tions and the subuniverses of the reduct (O4;(,7,V,*) of the full iterative al-
gebra (0a;(,7,A,V,*). We also show that the closure system of subuniverses
of (O4;¢,7,V,*) is uncountable whenever |A| > 2. In Section 3, we recall the
definition of Galois connection, and we discuss Galois theories for function alge-
bras. In Section 4, we define a polarity between operations and systems of pointed
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multisets, and we show that the Galois closed sets of operations coincide with the
subuniverses of (O4;¢,7,V,*). (Section 4 of the current paper is based on [3].)
In Section 5, we describe the Galois closed sets of systems of pointed multisets in
terms of necessary and sufficient closure conditions. Finally, in Section 6, we locate
our results among previous work done on this line of research and indicate possible
directions for future work.

2. LINEAR TERM OPERATIONS

Throughout this paper, we denote the set of natural numbers by w := {0,1,2,...}
and we let A be an arbitrary nonempty set. An operation on Aisamap f: A" — A
for some integer n > 1, called the arity of f. For n > 1, the set of all n-ary oper-
ations on A is denoted by 054”)7 and the set of all operations on A is denoted by
Oy = Un>1 (954”). For a subset F C O4 and an integer n > 1, the n-ary part of F

is defined as F™ := Fn 054”). For each n > 1 and 1 <4 < n, the n-ary operation

e on A defined by (a1,...,a,) — a; is called the i-th n-ary projection on A. We

3
denote the set of all projections on A by £4 := {e"* | 1 <i < n}.

We recall basic notions related to terms and term operations, following the
notation and terminology presented in [6]. For a natural number n > 1, let
Xn = {z1,...,2,} be a set of variables. Let {f; | i € I} be a set of operation
symbols, disjoint from the variables, and assign to each operation symbol f; a nat-
ural number n;, called the arity of f;. The sequence 7 := (n;);cs is called a type.
The n-ary terms of type 7 are defined in the following inductive way:

(i) Every variable x; € X,, is an n-ary term.
(ii) If f; is an n;-ary operation symbol and t1,...,t,, are n-ary terms, then
fi(t1, ..., ty,) is an n-ary term.
(iii) The set W,(X,,) of all n-ary terms is the smallest set which contains the
variables z1, ..., z, and which is closed under the finite application of (ii).

Every n-ary term is also an m-ary term for every m > n. Let X 1=+, Xn =
{z1,z9,...}. We denote by W, (X) the set of all terms of type 7 over the countably
infinite alphabet X:

Wo(X) = | Wi (X,).

n>1

A term is linear, if it contains no multiple occurrences of the same variable. We
denote by WHn(X,,) the set of all n-ary linear terms of type 7 over the alphabet
X,,, and we denote by W!"(X) the set of all linear terms of type 7 over X.

The number of occurrences of operation symbols in a term is called the complexity
of the term. A term s is a subterm of a term ¢ if ¢ = usv for some words v and v.
The subterms of a linear term are linear.

Let A = (A4; (f)ier) be an algebra of type 7, i.e., each fundamental operation
fi has arity n;, and let ¢ be an n-ary term of type 7 over X. The term ¢ induces an
n-ary operation t* on A (see Definition 5.2.1 in [6]). We call an operation induced
by a linear term a linear term operation. The set of all n-ary linear term operations
of the algebra A is denoted by Wir(X,)#, and the set of all finitary linear term
operations of the algebra A is denoted by Wn(X)A.
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Mal’cev [13] introduced the operations ¢, 7, A, V, x on the set O4 of all opera-

tions on A, defined as follows for arbitrary f € OXL), ge OX"):

(Cf) (@1, 22, .. 2p) == f(22,23,. .., T, 21),
(tf)(x1, 22, ..., 2y) = f(x2,21,23,...,Zn),
(Af)(x1,29, .., Xn_1) = f(X1,21, T2, ..., Tp_1)
forn>1,(f=7f=Af:= fforn=1, and
(V) (z1, 29, ... xny1) = f(x2, ...y Tng1),
(fxg)(x1, 22,y Tgn—1) = f(g(thg,...,xm),merh e 7mm+n,1).

The operations ( and 7 are collectively referred to as permutation of variables,
A is called identification of variables (also known as diagonalization), V is called
addition of a dummy variable (or cylindrification), and * is called composition. The
algebra (O4; ¢, 7,A,V, %) of type (1,1,1,1,2) is called the full iterative algebra on
A, and its subalgebras are called iterative algebras on A. A subset F C O, is
called a clone on A, if it is the universe of an iterative algebra on A that contains
all projections e:"A, 1<i<n.

This paper deals mainly with the reduct (O4;(,7,V,*) of the full iterative al-
gebra on A, where the diagonalization operation A is omitted. For a set F' C Oy,
the universe of the subalgebra of (O4;(,7,V,*) generated by F is denoted by
(F'). The following theorem shows that linear terms are related to subuniverses of
(O4;¢,7,V,%) much in the same way as terms are related to clones.

Theorem 2.1. Let A = (A; (f")icr) be an algebra of type 7, and let Wi (X) be
the set of all linear terms of type T over X. Then W (X)A is a subuniverse of
(O4;¢,7,V, %) that contains all projections on A. Moreover, Wi (X)A = ({f{* |
1e€IUE&4).

Proof. Since for all 1 < ¢ < n, z; € X,,, we have z7* = nA € Wlin(X)A. Thus
Whn(X)4 contains all projections on A. Let f,g € Whn ( )4, say f is n-ary, g
is m-ary. Then there exist linear terms t € Wi*(X,,), s € Wlr(X,,) such that
tA = f, sA = ¢. Then

o t(xo,23,..., 70, 21) € WI(X,,) and t(29, 23, ..., T, 1) = (f,
o t(xo,x1,73,...,2,) € WIN(X,,) and (29, 21, 23,...,2,)" = Tf,
o t(za,...,2ny1) € WH(X,,41) and t(xa, ..., Tpy1)? = VS,
® (S, Tmit, Tmi2y - s Tmin_1) € Wi (X, in_1) and

H(S, Tt 1, Tty s Tnan—1) = f * g.

Thus, (f,7f,Vf, f*xg € W;m( )4, Therefore, Win(X)4 is a subuniverse of
(OA; Ca T, va *)

It is clear that {fA | i € I}UE4 C WIN(X)A, and so ({fAA | i € [JUE4) C
Whn(X)4. We will show the converse inclusion by induction on the complexity
of a term t. If t = z; € X,,, then t4 = e € ({fA | i € I} UE4). Otherwise
t = fi(t1,...,t,,) is a linear term and ¢t € W} (X)A. Then there exist numbers
mq,..., My, > 1 and an injective map

o {{(k) cwxwl|l1<j<n;,1<k<m;}—{l,...,n}

such that the variables occurring in the linear term ¢; (1 < j < n;) are precisely
To(j1)s-- s To(jmy)- For 1 < j < mny, let u; be the mj-ary term that is obtained by
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replacing the occurrence of Ty (j,0) by z, for each 1 < £ < m;. Note that then we
have

tA A(en,A n,A

5= ui(eglay e Colimy)) = Wi(To(i1)s s Ta(im,))

It is clear that fA € ({fA|i € I} U&a), and by our induction hypothesis it also
holds that uf!, ... ,u;ﬁi € ({f|i € I}UE4). Repeated applications of ¢ and * then
show that

CICC (CCFr wuptywupt ) o) xug) suft € ({f | i € TYUEA).
Note that

¢(¢(--- (C(szA * uﬁz) * Uﬁi—l) oo ) x ug‘) * uf‘(al, cee am1+ﬂl2+-~+mn7¢) =
f;ﬁl(uf(a&? e 7am1)7u54(am1+17 R} anll+m2)7 ey
ufi (am1+m2+---+mni71+17 s Omy gt )

Furthermore, repeated applications of ¢, 7 and V yield that the n-ary function
g given by

g(alu ey an) = fiA(uiA(aU(l,lﬁ vy ao(l,ml))a ) 7uﬁi (aa'(ni,l)7 ey aa(ni,mni)))

is in ({fAA | i€ I} U&Ea). Tt is obvious that +*A = g. We conclude that {f* | €
IYUE4 D W (X)A and the claimed equality holds. O

As it is well known, there is a dichotomy of finite sets A with respect to the
number of clones on A: there are a countable infinity of clones on a two-element
set, whereas there are uncountably many clones on finite sets with at least three
elements. As the following theorem demonstrates, there is no such dichotomy with
the closure system of the subalgebras of (O4;¢, 7, V,*). Of course, since clones
are subuniverses of (O4;(,7,V, %), we already know that our closure system is
uncountable whenever |A| > 3. Perhaps surprisingly, this is also the case when
|A| = 2.

Theorem 2.2. Let |A| > 2.

(i) The set of subuniverses of (Oa;(,7,V,%) containing all projections is un-
countable.
(ii) The set of subuniverses of (Oa;(, T, V, %) is uncountable.

In order to prove Theorem 2.2, we will make use of the following extensions of
the Boolean functions introduced by Pippenger [15, Proposition 3.4]. Assume that
0 and 1 are distinct elements of A. For each integer n > 3, define the function
fn: A" — A by

1 if (a1,...,a,) € {0,1}™ and
pn(at,...,an) = {ie{l,....,n}:a;, =1} € {1,n -1},
0 otherwise.

Observe that i, (0,...,0) =0 for every n > 3.

Lemma 2.3. Let I C w\{0,1,2} and k € w\{0,1,2}. Then py € ({u; | i € ITUEA)
if and only if k € 1.
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Proof. If k € I, then obviously up € ({u; | i € I} U Ef1y). Assume then that
k¢ 1 Let A= (A;(ui)ier).- By Theorem 2.1, it is enough to show that there
is no linear term t of type 7 := (i);cs such that t* = . Thus, let t be a k-ary
linear term of type 7. It is clear that a k-ary linear term does not contain any
operation symbols of arity greater than k, and since k ¢ I, the operation symbols
occurring in ¢t have arity less than k. If ¢t has no occurrence of operation symbols,
ie., t = xj, then tA = e?’A. Since py is not a projection, we may assume that
t contains an occurrence of an operation symbol. Therefore, ¢ has a subterm p
of the form f;(z;,,...,x;,), where £ < k and i1,...,i, are pairwise distinct. Let
a € {0,1}* be a k-tuple with 1’s at exactly £ — 1 positions among i1, ...,4, and 0’s
at all remaining positions.

We will establish ¢4 # py, by showing that t(a) # ug(a). Since 3 < ¢ <k, i.e.,
1</f—1<k—1, wehave up(a) = 0. The equality t*(a) = 1 is entailed by the
following claim.

Claim. For every subterm s of ¢ that contains p as a subterm, s*(a) = 1.

Proof of Claim. We first define the depth d(s,t) of a subterm s in the linear term
t recursively as follows: d(t,t) = 0; and if s = f;(t1,...,t,,) is a subterm of ¢ with
d(s,t) =d, then d(t;,t) =d+ 1 for 1 <j <n,.

We proceed by induction on the depth d of the subterm p in s. If d = 0 then
s = p, and so s*(a) = pA(a) = ue(a) = 1. Assume that the claim holds for d = ¢
for some ¢ > 0. Let then d = g+ 1. Then s = f,,,(t1,...,tn) for some m < k, and
there is an n € {1,...,m} such that p is a subterm of ¢; and the depth of p in ¢; is
d. By the induction hypothesis, t*(a) = 1. Furthermore, for all p # n,

A _ A _
tA(a) = tA(0,...,0) =0,

where the first equality holds because the variables z;,,...,z;, do not occur in
t, since t is a linear term. The second equality holds because the fundamental
operations of A preserve 0; hence so do all term operations on .A. Thus,

sA(a) = fA(t(a),. ...t (a) = pm(0,...,0,1,0,...,0) =1,

as claimed. o
The Claim implies in particular that t4(a) = 1. Consequently, t* # . O

Proof of Theorem 2.2. (i) By Lemma 2.3, if I,J C w\ {0,1,2} and I # J, then
{ui | i€ IYUEA) # ({pi | i € J}UEL). Thus, there are uncountably many
subuniverses of (O4;¢, 7, V, *) containing all projections.

(ii) An immediate consequence of part (i). O

Theorem 2.2 refers to the size of the closure system of subuniverses of (O 4;¢, T,
V,x), but it does not address the lattice structure of this closure system. A con-
venient way to describe closure systems is via the notion of Galois connection,
which we will discuss in detail in the following section. Concerning the case of
Theorem 2.2 (i), i.e., the subuniverses of (O4;(, 7, V, %) containing all projections,
a Galois connection was introduced in [12], in which the defining dual objects are
so-called clusters. In this paper, we extend this Galois framework to the closure sys-
tem of Theorem 2.2 (ii) by considering more general dual objects, namely, systems
of pointed multisets.
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3. GALOIS CONNECTIONS FOR OPERATIONS

A Galois connection between sets A and B is a pair (o, ) of mappings o: P(A) —
P(B) and 7: P(B) — P(A) between the power sets P(A) and P(B) such that for
all X, X' C A and all Y, Y’ C B the following conditions are satisfied:

X CX' = o(X)2ao(X'),
YCY' = n(Y)2n(Y"),

and

or, equivalently,
XCnY)<=o(X)2Y.

Galois connections can be equivalently described as certain mappings induced
by polarities, i.e., relations R C A x B, as the following well-known theorem shows
(for early references, see [7, 14]; see also [5, 11]):

Theorem 3.1. Let A and B be nonempty sets and let R C A x B. Define the
mappings o: P(A) — P(B), n: P(B) = P(A) by

o(X):={yeB|VxeX: (x,y) € R},
7(Y):={z € A|VyeY: (x,y) € R}
Then the pair (o, ) is a Galois connection between A and B.

A well-known example of a Galois connection is the Pol-Inv theory of functions
and relations, which we now briefly recall. In order to facilitate the exposition,
we adopt the following formalism. We regard the elements of the set w of natural
numbers as ordinals, i.e., n € w is the set of lesser ordinals {0,1,...,n—1}. Thus, an
n-tuple a € A" is formally amap a: {0,1,...,n—1} — A. The notation (a; | i € n)
means the n-tuple mapping ¢ to a; for each i € n. The notation (aq,...,a,) means
the n-tuple mapping i to a;41 for each i € n.

We view an m x n matrix M € A™*" with entries in A as an n-tuple of m-tuples
M := (al,...,a"). The m-tuples al,... ,a" are called the columns of M. For
i € m, the n-tuple (a'(i),...,a"(i)) is called row i of M. If M, := (a},...,a! ) is
an m X n; matrix (1 < < p), then we denote by [M;|Ms|--- [M,] the mx > Y_ n;
matrix

1 1,2 2 P P
(al,...,anl,al,...,anz,...,al,...,a%).

An empty matriz has no columns and is denoted by ().

For a function f: A" — B and a matrix M := (al,...,a") € A™*" we denote
by fM the m-tuple (f(a'(i),...,a"(i)) | i € m) in B™, in other words, fM is the
m-~tuple obtained by applying f to the rows of M.

For m > 1, we denote

RU™ .= {R| RC A™} = P(A™)

and
RA = U Ri‘m).

m>1
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Let R € R(Am). For a matrix M € A™*™ we write M < R to mean that the
columns of M are m-tuples from the relation R. An operation f: A™ — A is said
to preserve R (or f is a polymorphism of R, or R is an invariant of f), denoted
f > R, if for all m x n matrices M € A™*"™

M < R implies fM € R.

For a relation R € R 4, we denote by Pol R the set of all operations f € O4 that
preserve the relation R. For a set R C R 4 of relations, we let Pol R := ﬂRGR Pol R.
The sets Pol R and PolR are called the sets of all polymorphisms of R and R,
respectively. Similarly, for an operation f € O4, we denote by Inv f the set of all
relations R € R 4 that are preserved by f. For a set F C O4 of functions, we let
Inv F:= feF Inv f. The sets Inv f and Inv F are called the sets of all invariants
of f and F, respectively.

By Theorem 3.1, (Inv, Pol) is the Galois connection induced by the polarity >
between the set O4 of all operations on A and the set R4 of all relations on A.
It was shown by Geiger [8] and independently by Bodnarcuk, Kaluznin, Kotov
and Romov [1] that for finite sets A, the closed subsets of O4 under this Galois
connection are exactly the clones on A. These authors also described the Galois
closed subsets of R4 for finite base sets A by defining an algebra on R4 and
showing that the closed sets of relations are exactly the relational clones, i.e., the
subuniverses of the aforementioned algebra on R 4.

Theorem 3.2 (Geiger [8]; Bodnar¢uk, Kaluznin, Kotov and Romov [1]). Let A be
a finite nonempty set.

(i) A set F C O4 of operations is the set of polymorphisms of some set R C R a
of relations if and only if F is a clone on A.

(ii) A set R C Ra of relations is the set of invariants of some set F C Oa of
operations if and only if R is a relational clone on A.

On arbitrary, possibly infinite sets A, the Galois closed sets of operations are the
locally closed clones, as shown by Szabd [19] and independently by Pdschel [16]. A
set F C O4 of operations is said to be locally closed, if it holds that for all f € Oy,
say of arity n, f € F whenever for all finite subsets ' C A™, there exists a function
g € F™ such that f|r = g|r.

These results were generalized to iterative algebras (with or without projections)
by Harnau [9] who defined a polarity between operations and relation pairs. An
m-ary relation pair on A is a pair (R, R') where R, R’ € R;m) for some m > 1 and
R’ C R. For m > 1, denote

#™ .= {(R,R') | R CRC A™}

and

Ha= U ,qum).

m>1

An operation f € Oy is said to preserve a relation pair (R, R') € ’Hfélm), denoted
f > (R, R), if for all matrices M € A™*" the condition M < R implies fM € R'.
In light of Theorem 3.1, the polarity > induces a Galois connection between the
sets O4 and H 4. Harnau showed that the closed sets of operations are exactly
the universes of iterative algebras. He defined certain operations on the set H 4
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of relation pairs and showed that the Galois closed subsets of relation pairs are
precisely the subsets that are closed under these operations.

A Galois theory for the subuniverses of (O4;(, 7, V, x) containing all projection
was proposed in [12]. Tts dual objects are so-called clusters. In analogy to Harnau’s
work [9], we propose in the current paper a Galois framework to characterize all
subuniverses of (O4;(, 7, V,*), not necessarily containing projections. The dual
objects are so-called systems of pointed multisets, which will be defined in the
following section. We will also describe the Galois closed sets of these dual objects
in terms of necessary and sufficient closure conditions.

Similar studies of other reducts of the full iterative algebra (Oa;(, 7, A, V, %)
have been carried out by several authors (see [1, 2, 8, 9, 10, 12, 15, 16, 19]; a brief
survey of the topic is provided in [12]; see also chapter “Galois connections for
operations and relations” by R. Poschel in [5], pp. 231-258).

4. SETS OF OPERATIONS CLOSED UNDER PERMUTATION, CYLINDRIFICATION AND
COMPOSITION

We now consider the problem of characterizing the sets of operations on an
arbitrary nonempty set A that are closed under permutation of variables, addition
of dummy variables, and composition (but not necessarily under identification of
variables).

A finite multiset S on a set A is a map vg: A — w, called a multiplicity function,
such that the set {x € A | vs(z) # 0} is finite. Then the sum ) _,vs(z) is a
well-defined natural number, and it is called the cardinality of S and denoted by
|S]. The number vg(x) is called the multiplicity of x in S. We may represent a finite
multiset S by giving a list enclosed in set brackets, i.e., {a,...,a,}, where each
element x € A occurs vg(x) times. If S’ is another multiset on A corresponding
to vg:: A — w, then we say that S’ is a submultiset of S, denoted S’ C S, if
vg(xz) < vg(x) for all z € A. We denote the set of all finite multisets on A by
M(A). We also denote, for each p > 0, by M®)(A) the set of all finite multisets
on A of cardinality at most p, i.e., M®P)(A) := {S € M(A) ||S| < p}.

The set M(A) is partially ordered by the multiset inclusion relation “C”. The
join SwWS’" and the difference S\ S’ of multisets S and S’ are determined by the
multiplicity functions

vsws (x) == vg(z) + ve (),
vs\sr(x) == max{vs(x) — vs: (x),0},

respectively. The empty multiset on A is the zero function, and it is denoted by €.
A partition of a finite multiset S on A is a multiset {S1,...,S,} (on the set of all
finite multisets on A) of nonempty finite multisets on A such that S = S;¥---W.S,,.

A pointed multiset on a set A is a pair (z,5) € A x M(A). The multiset
{z} W S is called the underlying multiset of (x,S). We define the cardinality of a
pointed multiset (x,.S) to be equal to the cardinality of its underlying multiset, i.e.,
|(z,9)] = [{z}wS|=|S|+1. If (z,5) and (2, 5) are pointed multisets on A, then
we say that (z,5) is a pointed submultiset of (z',S’), denoted (z,S) C (a/,57), if
x=212"and S C 9.

For an integer m an m-ary system of pointed multisets on A (a system

> 1,
for short) is a pair (@, ®’ ) P(M(A™)) x P(A™ x M(A™)), where the antecedent
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® C M(A™) is a set of finite multisets on A™ and the consequent ® C A™ X M(A™)
is a set of pointed multisets on A™, satisfying the following two conditions:

(1) (x,5) € @ and S’ C S imply (z,5") € ¥’;

(2) (x,5) € @ implies {z} WS € P.

For m > 1, we denote the set of all m-ary systems of pointed multisets on A by
ng), and we denote the set of all systems of pointed multisets on A by

Wy = U Wj(é‘m).
m>1

For (®,d"), (¥, ¥’) € P(M(A™)) x P(A™ x M(A™)), we write (®,d") C (¥, T’)
to mean componentwise inclusion, i.e., ® C ¥ and & C ¥'.

For an m x n matrix M € A™*"™ the multiset of columns of M is the multiset
M* on A™ defined by the function xnp which maps each m-tuple a € A™ to the
number of times a occurs as a column of M. A matrix N € A™*" is a submatriz
of M € A™*™ if N* C M*, ie., xn(a) < xm(a) for all a € A™.

If M € A™*™ and ® is a set of multisets over A™, we write M < ® to mean that
the multiset M* of columns of M is an element of ®. If M = (m;,...,m,) € A™*"
n > 1, and @’ is a set of pointed multisets (z,5) € A™ x M(A™), then we write
M < & to mean that (my, {ms,...,m,}) € . If f € O% and (®,%') € W™, we
say that f preserves (®,®’), denoted f > (®,®’), if for every matrix M € A™*P
for some p > 0, it holds that whenever M < ® and M = [M;|Ma] where M; has
n columns and My may be empty, we have that [fM;|Ma] < &’.

In light of Theorem 3.1, the polarity > establishes a Galois connection between
the sets O 4 and Wy. We say that a set F C O 4 of operations on A is characterized
by a set W C W, of systems of pointed multisets, if

F={f€04|¥(2,2) eW: fr> (2,0},

i.e., F is precisely the set of operations on A that preserve every system of pointed
multisets in W. Similarly, we say that W is characterized by F, if

W={(2,®) eWa|VfeF:[fr (22}

i.e., W is precisely the set of systems of pointed multisets that are preserved by
every operation in F. Thus, the Galois closed sets of operations (systems of pointed
multisets) are exactly those that are characterized by systems of pointed multisets
(operations, respectively).

FEzxample 4.1. Let p > 1 be an integer and consider the set quzp) =U (954”)
of operations on A of arity at least p. It is a subuniverse of (O4;(, 7, V, ) which
does not contain all projections. Let S be any multiset on A of cardinality p — 1.
It is easy to verify that the system ({S},0) € Wj(é‘l) characterizes ngp ). For, every
operation on A of arity at least p vacuously preserves ({S}, ), but no operation of
arity less than p can preserve ({S},0).

n>p

Example 4.2. Let R C A™ be an m-ary relation R on A. Let & be the set of all
finite multisets S on A™ such that vg(a) # O only if a € R, and let &, := RxDg. It
is easy to verify that f preserves the relation R if and only if f preserves the system
(DR, D;) of pointed multisets. Hence, if C is a clone on A such that C = Pol R for
some set R of relations on A, then C is characterized by the set {(®r, %) | R € R}
of systems of pointed multisets.
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As a corollary, for a clone C = PolR and an integer p > 1, the set C(ZP) =
cn Offp) of at least p-ary members of C is characterized by the set {(®gr, ®}) |
ReR}UI{({S},0)} of systems of pointed multisets, where S is any multiset on A
with [S|=p—1.

Lemma 4.3. Let F C Oy4 be a locally closed set of operations that is closed under
permutation of variables, addition of dummy variables, and composition. Then for
every g € Oa \ F, there exists a system (D, D') € Wy that is preserved by every
operation in F but not by g.

Proof. The statement is vacuously true for F = Oy, and it is easily seen to hold
for F = (). Thus, we can assume that ) C F C O4. Suppose that g € O4 \ F is
n-ary. Since F is locally closed, there is a finite subset F' C A™ such that g|r # f|r
for every f € F("). Clearly F is nonempty. Let M be a |F| x n matrix whose rows
are the elements of F' in some fixed order.

Let 4 be the smallest integer such that F(#*) #£ (). Note that since F is closed
under addition of dummy variables, F(") = ( for all m > pu. Let X be any
submultiset of M*. (Recall that M* denotes the multiset of columns of M.) Let
I := (My,...,M,) be a sequence of submatrices of M such that {Mj,..., M}
is a partition of M* \ X where each block M has cardinality at least u. For
1 <i<gq letd € FM;, and let D := (d,...,d?). (Note that each FM; is
nonempty, because F contains functions of arity M| > u. Observe also that if M;
is a submatrix of M;, then FM,; C FM;, because F is closed under permutation
of variables and addition of dummy variables; in particular, each FM; is a subset
of FM.) Denote [X,II,D] := D* W X, and for X # M*, denote

(X,I,D) := (d',{d?,...,d7} W X) € A™ x M(A™).
Note that if (X, I, D) = (z,S), then [X,I,D]| = {z} W S.

We define @’ to be the set of all (X, II, D) for all possible choices of X, II, and
D such that X # M*, and we define ® to be the set of all [ X, II, D| for all possible
choices of X, IT and D, i.e.,

O :={zwS|(z,5) € d}U{M*}.

We first verify that (®,®’) is indeed a system of pointed multisets. The first
condition in the definition of a system of pointed multisets is clearly satisfied, by
the definition of (®,®’). For the second condition, let (z,5) = (X,II,D) € @',
where II := (My,...,M,) and D := (d!,...,d?). A simple inductive argument
proves that (x,5") € ® for all S’ C S, and it suffices to show that (z,5") € ¢
whenever S = S5’ W {y} for somey € A™. If y € X, then we let

X=X \{y},
M = [Mily],
' := (M}, Mo, ...,M,).
Since F is closed under addition of dummy variables, we have that d' € FM}, and

hence we have (z,5’) = (X', 1I',D) € ®'. If y € {d?,...,d%}, say, y = d’, then we
let

M = [My|M],
= (My,....,M;_1,M,1,...,My),
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and again, since F is closed under addition of dummy variables, we have that
d! € FM/ and we can let

D = (d',...,d"" L &7, ... d9),

and we have (z,5") = (X,II',D’) € &'.

Observe first that g ¥ (®,®’). For, we have that M < ® by the definition of ®.
On the other hand, since gM ¢ FM, we have that gM is not the first component
of (X,II,D) for all X, II, D, and hence gM £ .

It remains to show that f > (®,®’) for all f € F. Assume that f is n-ary. If
N := [N;|Ng] < ®, where Ny has n columns, then N* = [X,II, D| for some

X, T:=(M,....M,), D:=(d!,...,d9),

where {MJ,..., M} is a partition of M*\ X and for 1 <i < ¢, d' € FM;. We
will show by induction on ¢ that for every f € F, there exist X'/, II', D’ such that
(fN1,N3) = (X', II',D’) and hence [fN;|Ng] < &’.

If ¢ = 0, then we have X = M*, II = (), D = (), and [X,II[, D] = M*, and the
condition N* = M* implies that N is a submatrix of M. Then fN; € FN; and

(fN1, N3) = (M"\ N7, (N1), (fN1)).

Assume that the claim holds for ¢ = k£ > 0, and consider the case that ¢ = k+ 1.
We assume that N = [N;|Ny] and N* = [X,I[,D|. If N} C X, then fN; € FN;
and

(fN1,N3) = (X \ N7, (My, ..., Mgy1,Nyp), (A, ..., d¥FE FNG)).

Otherwise, for some i € {1,...,k + 1}, d* is a column of Nj. Denote by N} the
matrix obtained from N; by deleting the column d’. Since F is closed under per-
mutation of variables, there is an operation f’ € F(™ such that fN; = f/[d?|N/].
By the definition of d?, there is an operation h € F such that hM; = d?, and we
have that

(4.1) FIIATING] = f/[AMGNY] = (f" * h)[M; NG

Since F is closed under composition, f’ x h € F. Furthermore,

[M;|N} [Na " =
[X &M, (My,..., M1, M1, ..., M),
(d@t,...,d"=t att, . dk ).
By the induction hypothesis, there exist X', II’, D’ such that
((f"* h)[M;N{],N3) = (X', 1", D).
By (4.1), we have that (f'+h)[M;|N}] = fNy, and hence (fN;,N3) = (X', II', D).
(]

Theorem 4.4. Let A be an arbitrary, possibly infinite nonempty set. For any set
F C Oy of operations, the following two conditions are equivalent:

(i) F is locally closed and closed under permutation of variables, addition of
dummy variables, and composition.
(ii) F is characterized by a set W C Wy of systems of pointed multisets.
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Proof. (ii) = (i): It is straightforward to verify that the set of operations preserving
a set of systems of pointed multisets is closed under permutation of variables and
addition of dummy variables. To see that it is closed under composition, let f €
F) and g € F®) and consider f  g: A"*P~1 — A, Let (®,®') € W, and let
M := [M;|M3|Mj3] < ®, where M; has p columns and My has n — 1 columns.
Since g > (@, ®’), we have that [gM;|Mz|Mjs] < &’ and hence, by property (2) of
the definition of a system of pointed multisets, we have [gM;|Msy|M3] < ®. Then
[gM1|Mz] has n columns, and since f &> (®,®’), we have that [ f[gM;|M]|Mj] <
d’. But

flgMi|[Ma] = (f * g)[M1|Ma],

so [(f * g)[M1|Ma]|M;] < @', and thus f * g > (@, ).

It remains to show that F is locally closed. It is clear that O 4 is locally closed, so
we may assume that F # O4. Suppose on the contrary that there is a g € O\ F,
say of arity n, such that for every finite subset F C A™, there is an f € F™
such that g|r = f|r. Since F is characterized by W and g ¢ F, there is a system
(®,®') € W such that g ¢ (@, '), and hence for some matrix M := [M;|Mz] < &
where M has n columns, we have that [¢M;|Ms] £ ®’. Let F be the finite set of
rows of M. By our assumption, there is an f € F( such that g|r = f|r, and
hence

My = f][pM; = g[rM; = gMy,
and so [fM;|Msy] £ @', which contradicts the assumption that f > (@, d’).

(i) = (ii): It follows from Lemma 4.3 that for every operation g € Oy \ F,
there exists a system (®,®’) € Wy that is preserved by every operation in F but
not by g. The set of all such “separating” systems of pointed multisets, for each
g € O4 \ F, characterizes F. O

5. CLOSURE CONDITIONS FOR SYSTEMS OF POINTED MULTISETS

In this section we will describe the sets of systems of pointed multisets that
are characterized by sets of operations in terms of explicit closure conditions. We
will follow Couceiro and Foldes’s [2] proof techniques and adapt their notion of
conjunctive minor to systems of pointed multisets. The plan is as follows. First, we
introduce conditions on systems of pointed multisets, which are immediately shown
to be necessary for a system’s being characterized by a set of operations. Then we
prove that, when put together, these conditions are sufficient. This proof follows
exactly the same general idea as in the proof of Theorem 4.4: assuming that a set
W C Wy fulfills the conditions, we show that for each system (®,®’) ¢ W, there
exists an operation that preserves every member of YW but does not preserve (@, ®’).
The set of all these “separating” operations, for each (®,®") ¢ W, constitutes a set
of operations that characterizes YW. We now introduce the technical notions and
definitions needed to express these necessary and sufficient conditions.

For maps f: A — B and g: C — D, the composition g o f is defined only if
B = C. Removing this restriction, the concatenation of f and g is defined to
be the map gf: f~'[BN C] — D given by the rule (¢9f)(a) = g(f(a)) for all
a € f71[BNC]. Clearly, if B = C, then gf = go f; thus functional composition
is subsumed and extended by concatenation. Concatenation is associative, i.e., for
any maps f, g, h, we have h(gf) = (hg)f.
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For a family (g;)ier of maps g;: A; — B, such that A;,NA; = () whenever i # j, we
define the (piecewise) sum of the family (g;)icr to be the map >, gi: U;ey Ai =
Uie ; Bi whose restriction to each A; coincides with g;. If I is a two-element set,
say I = {1,2}, then we write g1 + g2. Clearly, this operation is associative and
commutative.

Concatenation is distributive over summation, i.e., for any family (g;);cs of maps
on disjoint domains and any map f,

Oog)f=> (aif) and  FO_g)=> (fg:).

icl icl icl icl
In particular, if g1 and go are maps with disjoint domains, then

(91 +92)f = (91f) + (92f) and  f(g1+g2) = (fg1) + (fg2)-

Let g1,...,9, be maps from A to B. The n-tuple (g1,...,9,) determines a
vector-valued map g: A — B™, given by g(a) := (gl(a), e ,gn(a)) for every a €
A. For f: B™ — C, the composition f o g is a map from A to C, denoted by
f(g1,--,9n), and called the composition of f with gi,...,gn. Suppose that ANA" =
) and ¢f,..., g, are maps from A’ to B. Let g and g’ be the vector-valued maps
determined by (¢1,...,9,) and (g1, ...,g.,), respectively. We have that f(g+¢') =

(fg9) +(fg'), ie.,
F(lgr 491, (gn+90)) = Flg1, - 9n) + F(g1, - G0)-

For B C A, tsp denotes the canonical injection (inclusion map) from B to
A. Thus the restriction f|p of any map f: A — C to the subset B is given by

flB = fias.

Remark 5.1. Observe that the notation fM introduced in Section 3 is in accordance
with the notation for concatenation of mappings. Since a matrix M := (al,... a")
is an n-tuple of m-tuples a’: m — A, 1 < i < n, the composition of the vector-
valued map (al,...,a"): m — A" with f: A" — B gives rise to the m-tuple
f(al,...,a"): m — B.

Let m and n be positive integers (viewed as ordinals, i.e., m = {0,...,m — 1}).
Let h: n — mUV where V is an arbitrary set of symbols disjoint from the ordinals,
called existentially quantified indeterminate indices, or simply indeterminates, and
let 0: V' — A be any map, called a Skolem map. Then each m-tuple a € A™, being
a map a: m — A, gives rise to an n-tuple (a+ o)h =: (bo,...,b,—1) € A", where

. {ah(z), if h(i) € {0,1,...,m — 1},
" o(h(i), ifh(i)eV.

Let H := (h;)jes be a nonempty family of maps h;: n; — m UV, where each n;
is a positive integer. Then H is called a minor formation scheme with target m,
indeterminate set V', and source family (n;);es.

Let (®;)jes be a family of sets of multisets (or pointed multisets), each ®; on
the set A", and let ® be a set of multisets (or pointed multisets, respectively), on
A™. We say that ® is a restrictive conjunctive minor of the family (®,),c; via H,
if, for every m x n matrix M := (al,... a") € Am*x",

M=<® = [Jo1,...,0, € AV Vj € J: (@' +o1)hy,...,(@" + on)h;) < ®;].
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On the other hand, if, for every m x n matrix M := (al,... a") € A™*",
Fo1,...,0, € AVVj € J: ((@' +o1)hy,...,(@" + 0n)h;) < ®;] = M <,

then we say that ® is an extensive conjunctive minor of the family (®,),cs via H.
If @ is both a restrictive conjunctive minor and an extensive conjunctive minor of
the family (®;)jes via H, i.e., for every m x n matrix M := (al,...,a") € A™*"

M<d <— [301,...,0n€AVVj€J: ((a +01)hj7...,(a”—|—an)hj) <<I>j],

then @ is said to be a tight conjunctive minor of the family (®;),e; via H.

If (@, @) € Wy is a system of pointed multisets on A and (®;, ®%);e s is a family
of systems of pointed multisets on A (of various arities) such that ® is a restrictive
conjunctive minor of the family (®;);c; of multisets via a scheme H and @’ is an
extensive conjunctive minor of the family (® ) jeg of pointed multisets via the same
scheme H, then (®, ®’) is said to be a conjunctzve minor of the family (®;, ®}) e
via H. If both ® and &' are tight conjunctive minors of the respective families via
H, then (®,®') is said to be a tight conjunctive minor of the family (®;, ®});e s
via H. If the minor formation scheme H := (h;);c; and the family (®;, ®’) e are
indexed by a singleton J := {0}, then a tight conjunctive minor (®,®’) of a family
consisting of a single system of pointed multisets ($q, @) is called a simple minor
of ((I)Oa (I)/O)

Lemma 5.2. Let (®,9') be a conjunctive minor of a nonempty family
(@5, ®%)jes of members of Wa, and let f € Oa. If f > (®;,®) for all j € J,
then f > (®,9').

Proof. Let (®,®’) be an m-ary conjunctive minor of the family (®;, ®’) e via the
scheme H := (h;)jes, hj:n; — mUV. Let M := (a',...,a") be an arbitrary
m X n matrix such that M < ®. We want to prove that fM < ®'. Since @ is
a restrictive conjunctive minor of (®;);cs via H = (h;);cs, there exist Skolem
maps 0;: V — A, 1 < i < n, such that for every j € J, it holds that M; :=
(@' +o1)hj,...,(@" +0,)h;) < ;.

Since @’ is an extensive conjunctlve minor of (®));c; via the same scheme H =
(hj)jet, to prove that fM < @', it suffices to give a Skolem map o: V' — A such
that, for all j € J, (fM +0)h; < ®}. Let 0 := f(o1,...,0,). We have that, for
each j € J,

(fM+o)h :(fal, "+ f(o1,...,0 ))hj
= (fa +o01,...,a" +0n))hj
= f((@" +o1)hy, ..., (@" +0,)h;) = M.
By our assumption f > (®;, @), so we have fM; < ®’. O

Let (®,9), (U, %) € W{™. If ® C ¥ and & = ¥/, then we say that (®,d’)
is obtained from (¥, ¥’) by restricting the antecedent. If ® = ¥ and & D ¥/,
then we say that (®,®’) is obtained from (¥, ') by extending the consequent. The
formation of conjunctive minors subsumes the formation of simple minors as well as
the operations of restricting the antecedent and extending the consequent. Simple
minors in turn subsume permutation of arguments, projection, identification of
arguments, and addition of a dummy argument, operations which can be defined for
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systems of pointed multisets in an analogous way as for Pippenger’s [15] constraints
or Hellerstein’s [10] generalized constraints.

The m-ary trivial system of pointed multisets on A is Q,, = (M(A™), A™ x
M(Am)) For p > 0, the m-ary trivial system of pointed multisets on A of breadth
pis QF = (M@ (A™) A™ x MP~=D(A™)). The m-ary empty system on A is the
pair (0, U)). Note that Q' # (), because ({€}, ) is the unique member of 09 The
m-ary equality system on A, denoted E,,, is the system E,, := (Fy,, E},), where

mi={S € M(A™) |vs(al,...,am) #0 = a1 =+ = an},
={(a,...,a) e A™ |a € A} x E,,

Clearly, every set of systems of pointed multisets characterized by a set of opera-
tions contains all trivial systems, all equality systems, and all empty systems. This
necessary condition can be relaxed when closure under formation of conjunctive
minors is assumed.

Lemma 5.3. Let W C Wy be a set of systems of pointed multisets that contains the
binary equality system and the unary empty system. If W is closed under formation
of conjunctive minors, then it contains all trivial systems, all equality systems, and
all empty systems.

Proof. The unary trivial system is a simple minor of the binary equality system via
the scheme H := {h}, where h: 2 — 1 is given by h(0) = h(1) = 0 (by identification
of arguments). The m-ary trivial system is a simple minor of the unary trivial
system via the scheme H := {h}, where h: 1 — m is given by h(0) = 0 (by
addition of m — 1 dummy arguments).

For m > 2, the m-ary equality system is a conjunctive minor of the binary
equality system via the scheme H := (h;);em—1, where h;: 2 — m is given by
hi(0) =i, hy(1) = i + 1 (by addition of n — 2 dummy arguments, restricting the
antecedents and intersecting the consequents).

The m-ary empty system is a simple minor of the unary empty system via the
scheme H := {h}, where h: 1 — m is given by h(0) = 0 (by addition of m — 1
dummy arguments). O

We define the union of systems of pointed multisets componentwise, i.e., if
(@, ®})jes is a family of pointed multisets on A of a common arity m, then the

union of (®;, ®%);c; is
U@, @) = (| @5, | @)
je€J jeJ jeJ
Lemma 5.4. Let (®;,®})jcs be a nonempty family of m-ary systems of pointed
multisets on A. If f: A™ — A preserves (®;, @) for every j € J, then [ preserves
Jr =g

UjeJ((I)j’(I)})'
Proof. Let M := [Mi|Ms] < U;c; ®;. Then M < @; for some j € J. By the
assumption that f > (®;, ®}), we have [fM;|Maz] < <I>’, and hence [fM;|M;] <
Ues @) O
Let ® C M(A™), &' C A™ x M(A™), S € M(A™). The quotient of the set ®
of multisets by the multiset S is defined as
P/S :={S" e M(A™) | Sw S € d}.
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The quotient of the set ® of pointed multisets by the multiset S is defined as
/S = {(x,5) € A" x M(A™) | (z,S¥ S') € ®'}.

The quotient of the pair (®,®’) by S is defined componentwise, i.e., (®,®')/S
= (®/S,9'/S). It is easy to verify that if (, @) is a system of pointed multisets
on A, then so it (®,®’)/S for every S € M(A™).

Lemma 5.5. Let ®, ¥ C M(A™) and S € M(A™). Then

(i) X € ®/S if and only if X W S € ¥;
(i) (PUW)/S=(®/S)U(¥/S).

Proof. (i) Immediate from the definition.
(ii) By part (i) and the definition of union, we have

Xe(PUT)/S<=XWScPUT <= XSSPV XSl
= Xed/SVXeT/S<—= Xe(D/S)u(T/S).

The claimed equality thus follows. O

Lemma 5.6. Let (D, ®’) be an m-ary system of pointed multisets on A. If f: A™ —
A preserves (D, ®'), then [ preserves (®,®')/S for every multiset S € M(A™).

Proof. Let [M1|Ms3] < ®/S. Let N be a matrix such that N* = S. Then
[M;|M;|N] < ®. By our assumption that f > (®,®’), we have [fM;|M;|N] < &'
Thus, [fM;|My] < ®'/S, and we conclude that f > (®,®’)/S. O

Lemma 5.7. Assume that (®,9') is an m-ary system on A such that QP ¢
(®,9"). If f: A" — A preserves all quotients (®,®')/S where |S| > p, then f
preserves (@, D).

Proof. Let [M;|M3] < @, where M; has n columns and M has n’ columns. If n’ <
p, then the number of columns of [fM;|Ma] is n’ + 1 < p, and hence [fM;|Ma] <
®’. Otherwise n’ > p and, by our assumption, f > (®,®')/M3. Thus, since
M; < /M3, we have that fM; < ®'/M35. Therefore [fM;|Mz] < @, and we
conclude that f > (@, ®’). O

We say that a set W C W4 of systems of pointed multisets is

e closed under formation of conjunctive minors, if all conjunctive minors of
nonempty families of members of W are members of W;

e closed under unions, if J;c;(®;,®;) € W whenever (®;,®'j)jcs is a
nonempty family of m-ary systems in W;

e closed under quotients, if for any (®,®’) € W, every quotient (®,®")/S is
also in W;

e closed under dividends, if for every system (®,®’) € Wy, say of arity m,
it holds that (®, ') € W whenever Q) C (®,3') and (®,')/S € W for
every multiset S on A™ of cardinality at least p.

Note that by Lemmas 5.2, 5.4, 5.6, and 5.7, a set of systems of pointed multisets
characterized by a set of operations must be closed under formation of conjunctive
minors, unions, quotients, and dividends.
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For an m-ary system (&, ®’) € ng) and an integer p > 0, we define (®, ®)(P) :=
(@) &'®)) where

P .= >N MP(A™),
P = @' N (A™ x MPD(A™Y),

that is, (®,®)®) := (&, d') N QP We say that (®,®")P) is obtained from (@, d’)
by restricting the breadth to p.

Lemma 5.8. Let (®,P’) be an m-ary system of pointed multisets on A. Then
f: A" — A preserves (®,®') if and only if f preserves (®,®)P) for all p > 0.

Proof. Assume first that f > (®,®). Let [M;|My] < ®®). Since &) C &, we
have that [M;|Ms] < ®, and hence [fM;|Ms] < &' by our assumption. The
number of columns of [fM;|Mjy] is at most p, so we have that [fM;|Mz] < ®'(®),
Thus, f > (®,®")®).

Assume then that f > (®,®")® for all p > 0. Let M := [M;|M,] < &, and let
q be the number of columns in M. Then [M;|M;] < ®@, and hence [fM;|M,] <
®'(@) by our assumption. Since (9 C @', we have that [fM;|Ms] < @', and we
conclude that f > (@, ®’). O

We say that a set W C Wy of systems of pointed multisets is locally closed, if
(®,®') € W whenever (®,d")®) € W for all p > 0.

Lemma 5.9. Fvery set W C Wy characterized by a set of operations is locally
closed.

Proof. Suppose on the contrary that there is a system (®,®’) € W4 \ W, say of
arity m, such that (®, ®)®) = (&, d")N Q) e W for all p > 0. By our hypothesis,
there is an operation f: A™ — A that preserves every system in W but does not
preserve (®, ®’). Thus, there is a p > 0 and an m x p matrix M := [M;|Mg] < @
such that [fM;|M;] 4 ®. By our assumption, (®, ®)®) € W, but we have that
[M;|M,] < ®®) and [fM;|Ms] £ ®®)  which is a contradiction to the fact that
[ (2,0)®), O

We are now ready to state the main result of this section: the description of the
Galois closed sets of systems of pointed multisets.

Theorem 5.10. Let A be an arbitrary, possibly infinite nonempty set. For any set
W C Wy of systems of pointed multisets on A, the following two conditions are
equivalent:

(i) W is locally closed and contains the binary equality system, the unary empty
system, and all unary trivial systems of breadth p > 0, and it is closed under
formation of conjunctive minors, unions, quotients, and dividends.

(ii) W is characterized by some set F C O4 of operations.

We have already shown that (ii) = (i). The remainder of this section consti-
tutes the proof of (i) = (ii), which is rather technical. We need to extend the
notions of tuple and system of pointed multisets and allow them to have infinite
arities, as will be explained below. Functions remain finitary. These extended def-
initions have no bearing on Theorem 5.10 itself; they are only needed as a tool in
its proof.
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For any nonzero, possibly infinite ordinal m (an ordinal m is the set of lesser
ordinals), an m-tuple a € A™ is formally a map a: m — A. The arities of tuples
and systems of pointed multisets are thus allowed to be arbitrary nonzero, possibly
infinite ordinals. In minor formation schemes, the target m and the members n; of
the source family are also allowed to be arbitrary nonzero, possibly infinite ordinals.
For systems of pointed multisets, we shall use the terms restrictive conjunctive
oco-minor, extensive conjunctive co-minor, conjunctive oo-minor and simple oco-
minor to indicate a restrictive conjunctive minor, an extensive conjunctive minor,
a conjunctive minor, or a simple minor via a scheme whose target and source
ordinals may be infinite or finite. Thus in the sequel the use of the term “minor”
without the prefix “oc0” continues to mean the respective minor via a scheme whose
target and source ordinals are all finite. Matrices can also have infinitely many
rows but only a finite number of columns; an m x n matrix M € A™*", where n is
finite but m may be finite or infinite, is an n-tuple of m-tuples M := (al,... a")
where at: m — A for 1 < i < n.

Let H := (h;) ey be a minor formation scheme with target m, indeterminate set
V and source family (n;);cs, and, for each j € J, let H; := (h!)ier, be a scheme
with target n;, indeterminate set V; and source family (n;)le 1;- Assume that V' is
disjoint from the V;’s, and for distinct j’s the V;’s are also pairwise disjoint. Then
the composite scheme H(H; | j € J) is the scheme K := (k})jes ic, defined as
follows:

(i) the target of K is the target m of H,
(i) the source family of K is (n!);e, icr;,
(iif) the indeterminate set of K is U := V' U (U<, Vj),
(iv) Kj:n% = mUU is defined by k% := (h; + twv, )h’;, where 1yy, is the canonical
injection (inclusion map) from V; to U.

For a set W of systems of pointed multisets on A of arbitrary, possibly infinite
arities, we denote by W the set of those systems which are conjunctive oco-minors
of families of members of W. This set W is the smallest set of systems of pointed
multisets containing VW which is closed under formation of conjunctive co-minors,
and it is called the conjunctive co-minor closure of WW. Considering the formation
of repeated conjunctive co-minors, we can show that the following lemma and

corollary hold; these are analogues of Couceiro and Foldes’s Claim 1 and Fact 1 in
the proof of Theorem 3.2 in [2].

Lemma 5.11. If (®,9') is a conjunctive oo-minor of a monempty family
(@5, ®})jes of systems of pointed multisets on A via the scheme H, and, for each
J € J, (®,9)) is a conjunctive co-minor of a nonempty family (@i, ®%;)icr; via
the scheme Hj, then (®,®') is a conjunctive co-minor of the nonempty family

(@i, %) jer icr; via the composite scheme K := H(H; | j € J).

Corollary 5.12. Let W C Wy be a set of finitary systems of pointed multisets,
and let W™ be its conjunctive co-minor closure. If W is closed under formation of
conjunctive minors, then W is the set of all finitary systems belonging to W*°.

We are now ready to prove the key result needed in the proof of Theorem 5.10.

Lemma 5.13. Let A be an arbitrary, possibly infinite nonempty set. Let W C Wy
be a locally closed set of finitary systems of pointed multisets that contains the binary
equality system, the unary empty system, and all unary trivial systems of breadth
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p >0, and is closed under formation of conjunctive minors, unions, quotients, and
dividends. Let W™ be the conjunctive oo-minor closure of W. Let (®,®’) € Wa\W
be finitary. Then there exists a function in O 4 which preserves every system in VW™
but does not preserve (o, d').

Proof. We shall construct a function g that preserves all systems in W but does
not preserve (9, d’).

Note that, by Corollary 5.12, (®,®’) cannot be in W. Let m be the arity of
(®,®'). Since W is locally closed and (®, ') ¢ W, there is an integer p such that

(®,0)P) .= (D,d')N P ¢ W; let n be the smallest such integer. By Lemma 5.8,
each function not preserving (®,®')("™) does not preserve (®,®’) either, so we can
consider (®,®")(™) instead of (®,®’). Due to the minimality of n, the breadth of
(®, )™ is n. Observe that (®,®’) is not the trivial system of breadth n nor the
empty system, because these are members of W. Thus, n > 1.

We can assume that (®,®’) is a minimal nonmember of W with respect to
identification of rows, i.e., every simple minor of (®,®’) obtained by identifying
some rows of (®, ®’) is a member of W. If this is not the case, then we can identify
some rows of (®,®’) to obtain a minimal nonmember (®,®’) of W and consider
the system (®,®’) instead of (®,®’). Note that by Lemma 5.2, each function not
preserving (®, ®’) does not preserve (®, ') either.

We can also assume that (@, ®’) is a minimal nonmember of W with respect to
taking quotients, i.e., whenever S # ¢, we have that (®,®’)/S € K. If this is not
the case, then consider a minimal nonmember (®,®')/S of W instead of (®,®’).
By Lemma 5.6, each function not preserving (®,®’)/S does not preserve (®, d’)
either.

The fact that (®,®’) is a minimal nonmember of W with respect to taking
quotients implies that iy Z (®,®’). For, suppose, on the contrary, that iy -
(®,®’). Since all quotients (®, ®’)/S where |S| > 1 are in W and W is closed under
dividends, we have that (®,®’') € W, a contradiction.

Let (¢,9) := J{(P,P') e W | (P,P') C (D,9')}, i.e., (¥,¥) is the largest
system in W such that (¥, ¥’) C (®,d’). Note that this is not the empty union,
because the empty system is a member of W. It is clear that (¥, ') # (@,’).
Furthermore, ¥ C @, for if it were the case that ¥ = ®, then (P, d’) would be a
conjunctive minor of (¥, ¥’) by extending the consequent and hence (®, ') would
be a member of W, a contradiction. Since n was chosen to be the smallest integer
satisfying (@, ®")("™) ¢ W, we have that (®,®')"~1) € W and since (&, )"~ C
(®, @)™ it holds that (®,®')("~1 C (¥, ¥). Thus there is a multiset Q € &\ ¥
with |@Q| = n. Let D := (d?,...,d") be an m x n matrix whose multiset of columns
equals Q.

The rows of D are pairwise distinct. Suppose, for the sake of contradiction,
that rows ¢ and j of D coincide. Since (®,®’) is a minimal nonmember of W with
respect to identification of rows, by identifying rows ¢ and j of (®, ®’), we obtain a
system (<i>, <i>') that is in W. By adding a dummy row in the place of the row that
got deleted when we identified rows ¢ and j, and finally by intersecting with the
conjunctive minor of the binary equality system whose rows i and j are equal (the
overall effect of the operations performed above is the selection of exactly those
multisets in ® and pointed multisets in ' whose rows ¢ and j coincide), we obtain
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a system (@, ®') € W such that Q € ® and (¥, ®’) C (®,®’). But this is impossible
by the choice of Q.

Let (&, d') := (¥, ') U Q). We claim that for S # ¢, ($,8")/S = (®,")/S or
(®,8)/S = (®,9")/S U QY. For, by Lemma 5.5 we have

(8,8)/S = (@, @) UQD)/S = (2,8)/SUQD/S.

If [S| > 1, then Q4 /S = (0,0); hence (&, d') = (&, ®'). If |S| = 1, then Q) /S =
({e},0) = QY hence (d,8")/S = (@,8")/SU QLY.

Since (P, ®’) is a minimal nonmember of W with respect to quotients, Q£2> ew
and W is closed under unions, by the above claim we have that (®,®')/S € W
whenever |S| > 1. Since W is closed under dividends, we have that (&, ®') € W.

Let (T,Y") := N{(P,P) e W | Q € P}, ie., (T,Y’) is the smallest system in
W such that @ € Y. Note that this is not the empty intersection, because (<i>, <f>’)
is a member of W, as shown above, and Q € ®; thus (7, 1) C (<i>, <i>’)

We claim that Y/ ¢ ®’. Suppose, on the contrary, that Y/ C ®'. Then we
must have that ® ¢ Y. For, if it were the case that ® C T, then (®,d’) would
be a conjuctive minor of (T, Y’) (by restricting the antecedent and extending the
consequent) and hence (®, ®’) would be a member of W, a contradiction. Consider

(A, A) = (U, %) U (T N d,T).

Let us first verify that the pair (Y N®, Y’) is actually a system of pointed multisets.
Since (Y, Y") € Wy, it holds that Y’ is downward closed and {z} WS € T for every
(z,S) € T'. By the assumption that ¥/ C ® and by the fact that (®,d’) € Wy,
it also holds that {z} W S € ® for every (z,S) € Y’'. Indeed, (Y N ®,Y") € Wy as
claimed.

The system (Y N®,Y’) is a conjunctive minor of (T, Y’) € W (by restricting the
antecedent) and hence it is a member of W. Since (¥, ¥’) is also a member of W
and W is closed under unions, we have that (A, A’) € WW. We have that

(L, 0) C (A A) © (2, 9),

where the first inclusion clearly holds by the definition of (A, A’), and the inclusion
is strict, because @ € TN ® but Q ¢ V. The second inclusion holds, because
(¥, ¥) C (P,9') by the definition of (T, ¥"), Y N® C & by the definition of
intersection and T/ C @' by our assumption. The second inclusion is strict, because
(A, A) € W but (®,P') ¢ W. We have reached a contradiction, because (¥, ¥’) is
by definition the largest member of W that is componentwise included in (@, ®’).
This completes the proof of the claim that T/ ¢ &’.

We have shown above that Y/ C & but Y’ Z ®'. We conclude that there exists
an m-tuple s € A™ such that (s,e) € T'\ 9’

Let M := (m!,...,m") be a p X n matrix whose first m rows are the rows of
D (ie., (m'(i),...,m"(i)) = (d'(i),...,d"(i)) for every i € m) and whose other
rows are the remaining distinct n-tuples in A™; every n-tuple in A" is a row of M
and there is no repetition of rows in M. Note that m < g and g is infinite if and
only if A is infinite.

Let (0,0") := N{(P,P’) € W>® | M < P}. There must exist a y-tuple u :=
(ug | t € pu) in A* such that u(é) = s(i) for all ¢ € m and (u,e) € ©'. For, suppose
that this is not the case. Let (©,0’) be the projection of (©,0’) to its first m
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coordinates. Then (0,0') € W and Q € © but (s,e) ¢ ©’. This contradicts the
choice of s.

We can now define a function g: A™ — A by the rule gM = u. The definition
is valid, because every n-tuple in A™ occurs exactly once as a row of M. It is clear
that g ¢ (®,d’), because D < ® but gD =s £ 9'.

We need to show that every system in W is preserved by g. Suppose, on the
contrary, that there is a p-ary system (@, () € W, possibly infinitary, which
is not preserved by g. Thus, for some p x n’ matrix N := (cl,...,c”/) < &g,
with Ng := (c!,...,c"), Ny = (c"*! ... ¢"), we have [No|N;| £ ®). Let
(®1,®)) = (Do, P})/Nj. Since W is closed under quotients, (®1,P}) € W. We
have that Ny < ®; but gNg £ @/, so g does not preserve (®1,P/) either. Define
h: p — p to be any map such that

(cl(z‘), ., c™(@)) = ((m'R)(3),...,(m"h) (i)
for every i € p, i.e., row i of Ny is the same as row h(i) of M, for each i € p.
Let (&, ®},) be the p-ary simple co-minor of (®1,®7) via H := {h}. Note that
(®p, D)) € W™.
We claim that M < ®;. To prove this, by the definition of simple co-minor, it
is enough to show that (m'h,...,m"h) < ®;. In fact, we have for 1 < j < n,

mih = (mh(i) | i € p) = (I(i) |i € p) = ¢,

and (c!,...,c") =Ny < ;.
Next we claim that (u,e) ¢ ®}. For this, by the definition of simple co-minor,
it is enough to show that uh £ ®}. For every i € p, we have

(uh)(i) = (g(m',...,m™)h) (i)
= g((m'n)(i),...,(m"h)(5)) = g(c'(),...,c"(4)).
Thus uh = gNy. Since gNg £ @}, we conclude that (u,e) ¢ ®)..

Thus, (®p,?},) € W®, M < &, but (u,e) ¢ ®,. By the choice of u, this is
impossible, and we have reached a contradiction. [

Proof of Theorem 5.10. (ii) = (i): It is clear that every function preserves the
equality, empty, and trivial systems. By Lemmas 5.2, 5.4, 5.6, 5.7, and 5.9, W
is closed under formation of conjunctive minors, unions, quotients, and dividends,
and it is locally closed.

(i) = (ii): By Lemma 5.13, for every system (®,®’) € W4 \ W, there is a
function in @4 which preserves every system in W but does not preserve (&, ®’).
The set of these “separating” functions, for each (®,®") € W4 \ W, characterizes
W. O

6. CONCLUDING REMARKS

Table 1 summarizes the Galois connections that describe closure systems of sub-
universes of various reducts of (O 4;(, 7, A, V, %) considered in the literature, up to
our knowledge. It is well known that the closure system of line 2 of Table 1 (and,
in particular, that of line 1) is countably infinite in the case |A| = 2 (see, e.g., [11]).
Pippenger [15] showed that the closure system of line 3 is uncountable whenever
|A| > 2. By Theorem 2.2, this is also the case for the closure system of line 5.
From this it follows that the closure systems of lines 4 and 6 are uncountable as
well whenever |A| > 2.
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ALGEBRA DUAL OBJECTS REFERENCE
(OA7 Cv T, Av v7 *)
1 | — subalgebras relations R Geiger [8]; Bodnarcuk,
with projections Kaluznin, Kotov, Romov [1]
(clones) (finite domains),
Szabé [19]; Poschel [16]
(general)
2 | — all subalgebras | relation pairs (R, R') | Harnau [9] (finite domains)
with R' C R
31 (043¢, 7,A,V) constraints (R, S) Pippenger [15] (finite
domains),
Couceiro, Foldes [2] (general)
4| (0y;¢,7,V) generalized Hellerstein [10] (finite
constraints (¢, S) domains),
Lehtonen [12] (general)
(OA; ¢V, *)
5 | — subalgebras clusters ® Lehtonen [12] (general)

with projections
6 | — all subalgebras | systems of pointed Theorems 4.4, 5.10
multisets (®, ')

TABLE 1. Galois theories for function algebras.

Looking at possible directions for future work, we are inevitably drawn to con-
sider the remaining reducts of (O4;¢, 7, A, V, x). This asks for analogous descrip-
tions of the subuniverses of these reducts in terms of Galois connections and the
sizes of the respective closure systems.
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