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Proof of the Equivalency of MSE-Constrained and
Rate-Constrained Power Optimization Approaches

to Distributed Bi-Directional Beamforming
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Abstract—Considered in this article is an asynchronous single-
carrier two-way relay network, where two transceivers aim to
communicate through a set of amplify-and-forward (AF) relays.
This network is asynchronous in the sense that the signal trans-
mitted by any of the two transceivers arrives the other transceiver
through different relaying paths, with possibly different propaga-
tion delays, thereby materializing a multipath channel. At suffi-
ciently high data rates, this multi-path end-to-end channel causes
inter-symbol-interference (ISI) in the received signals. Considering
such a network, this paper presents two contributions. The first
contribution is the rigorous characterization of the region of the
mean-squared errors (MSEs) of the symbol estimates at the two
transceivers under a total power budget, and when linear block
post-channel equalization is used at the receiver front-end of the two
transceivers. The importance of this MSE region characterization
resides in the fact that knowing this region allows for character-
ization the region of un-coded probabilities of error at the two
transceivers. Also, this MSE region characterization paves the way
towards presenting the second contribution in this paper. Indeed,
in the second contribution, this article relies on this MSE region
characterization to rigorously prove that an MSE-constrained total
power minimization approach and a rate-constrained total power
minimization approach to design transceiver power allocation and
distributed beamforming are equivalent, if the MSE thresholds in
the former approach and the rate thresholds in the latter approach
are properly chosen. The equivalence of these two approaches
implies that the un-coded MSE performance of the network can
be inferred from the rate-constrained problem, and conversely, the
coded rate performance of the network can be inferred from the
MSE-constrained total power minimization problem.

Index Terms—Asynchronous networks, cooperative
communications, distributed beamforming, power control,
power minimization, two-way relaying.
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I. INTRODUCTION

R ELAY-ASSISTED communication has been the center fo-
cus of numerous studies. Majority of the studies conducted

on relay networks assume that the signal transmitted by any
source in the network arrives at different relay nodes within the
network with the same delays and that signals transmitted by
different relay nodes arrive at any destination in the network
with the same delays [1]–[5]. Obviously such assumptions are
not realistic as source-relay and relay-destinations distances are
different for different relays. As a result, in practice, the signal
transmitted by a source arrives at different relays with different
delays and the signals transmitted by different relays arrive
at any destination with different delays. Hence, each relaying
path causes its own delay in the signal traveling from a source,
through the corresponding relay, to a destination. We herein
refer to such a network as an asynchronous relay network. In
an asynchronous relay network, the end-to-end channel is best
modeled as a multipath link, which can cause inter-symbol
interference. For example, in an LTE network with a rate of
20 Msymbols/second, only 15 meters difference between the
distances travelled by the signal through two different relay
nodes will cause one symbol difference in arrival times [6]–[8].
Larger distance differentials will cause longer delay spreads in
the end-to-end channel.

Another possible use-case for asynchronous two-way relay
networks is found in satellite communications. Satellites relay
uplink messages from ground based transmitters back to ground
based receivers. Large low-earth orbit (LEO) satellite constella-
tions are being considered to provide world-wide high-speed
internet access through mass produced and affordable satel-
lites [9]. The possibility of coordinated relay transmission by
several satellites can significantly improve link budgets, lower
power consumption, and increase the spectral efficiency of the
network [10].

Compared to the volume of studies conducted on synchronous
relay networks, the results published on asynchronous relay
networks are scarce. To put our work into the context of the
available literature, we briefly review some of these results.
The problem of timing estimation and relay synchronization
has been studied in [11]–[14]. The authors of [15] and [16]
develop a full-diversity achieving transmission scheme with
optimal coding gain for an asynchronous decode-and-forward
(DF) based relay network consisting of a source, a destination,
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and multiple relays. In [17], the authors consider an asyn-
chronous relay network, where each relay employs an FIR filter
to obtain a filtered version of the relay’s received signal, and
then, forwards the so-obtained signal as the transmit signal. The
authors of [17] also study the diversity of linear post-channel
equalization schemes, such as zero-forcing and minimum mean
squared error (MMSE) receivers. In [18], the authors consider
an asynchronous bidirectional relay network, where a single
multi-antenna relay enables a two-way information exchange
between two transceivers, and devise a channel and timing
offset estimation method to re-synchronize the relays. The study
in [19] considers a bi-directional relay network, with multiple
single-antenna relays. In the communication scheme of [19], the
transceivers insert cyclic prefix (CP) in their transmit signals
while each relay removes the CP from its received signal,
circularly shifts the residual signal, inserts the CP again, and
retransmits the so-obtained signal. The transceivers employ
linear post-channel equalization schemes (such as zero forcing
(ZF) and MMSE receivers) at their receiver front-ends. For such
a communication scheme, the authors of [19] study the bit error
rate (BER) performance and present a BER-optimal power allo-
cation method. In [20], the authors consider a bi-directional DF
relay network and present post-channel equalization schemes,
such as MMSE and MMSE decision feedback equalizers for
the case when multiple frequency offsets are present at the
relays. By modeling the end-to-end channel as a multi-path link,
the results in [6]–[8], [21]–[25] use different criteria to design
distributed beamforming techniques for asynchronous two-way
relay networks.

In this paper, we consider an asynchronous amplify-and-
forward (AF) two-way relay network, which consists of two
transceivers and multiple single-antenna relay nodes. For such
a network, we present the following contributions:
� As the first contribution, under a total power budget and

assuming linear post-channel block equalization at the
receiver front-end of the two transceivers, this paper solves
the problem of minimizing the mean-squared error (MSE)
of the symbol estimates at the output of the linear block
equalizer of one transceiver, while the MSE of the symbol
estimates at the output of the linear block equalizer at the
other transceiver is kept at a certain level. Carried over
the transceivers’ transmit powers and the relay complex
beamforming weights, this minimization allows us to char-
acterize the MSE region. This MSE region characterization
is important as characterizing this region allows us to char-
acterize the region of un-coded probabilities of error at the
two transceivers. Also, this MSE region characterization
paves the way towards presenting the next contribution in
this paper.

� The second contribution of this paper is optimally finding
the transceivers’ transmit powers and relay complex beam-
forming weights by solving the total power minimization
problem under MSE constraints and showing how this
solution is related to the solution of the rate-constrained
power minimization problem. More specifically, we rely on
our MSE region characterization to rigorously prove that
in designing transceiver power allocation and distributed

beamforming, our MSE-constrained total power minimiza-
tion approach and the rate-constrained power minimization
technique of [24] are equivalent, provided that the MSE
thresholds in the former approach and the rate thresholds in
the latter approach satisfy a logarithmic (or an exponential)
relationship. The equivalence of these two approaches al-
lows us to infer the un-coded MSE performance of the net-
work from the rate-constrained problem, and conversely,
the coded rate performance of the network can be in-
ferred from the MSE-constrained total power minimization
problem.

Presenting the above two contributions heavily rests on a new
formulation that we present for the end-to-end channel impulse
response (CIR) between the two transceivers. Different from
previous formulations appeared in [6]–[8], [21]–[25], this new
formulation orders the relays based on the end-to-end delay they
impose in the signal they are relaying. Doing so reveals a ceratin
structure for the matrix which dictates which relays contribute
to which tap of the end-to-end CIR. It is this interesting structure
which facilitates the derivation of the subsequent contributions.

In the sequel, we differentiate our work from the relevant
results on asynchronous relay networks. Unlike [11]–[14], we do
not perform relay synchronization, thereby avoiding complexity
at the relays. Indeed, as the relays use simple AF relaying proto-
cols, requiring relay synchronization will increase the process-
ing complexity at the relays. The networks considered in [15]
and [16] use a one-way DF-based scheme, which accounts only
for the different delays from different relays to the destination,
while we herein assume an asynchronous bi-directional AF relay
network, and thus, must and will take into account the delays
corresponding to the channels between both transceivers and the
relays. The relay network studied in [17] relies on a filter-and-
froward relaying scheme, whereas in this paper, the relay nodes
use simple AF relaying protocol. Moreover, the authors of [17]
study the diversity of linear post-channel equalization schemes,
such as zero forcing (ZF) and MMSE receivers, whereas in
our work, we focus on obtaining the MSE-constrained power-
optimal values of linear channel equalizers, the relays AF coef-
ficients, and the transceivers’ transmit powers with the aim to
show the relationship between these values and rate-constrained
power-optimal values of the same parameters. The goal in [18]
is to develop a channel and timing offset estimation method
that can be used to re-synchronization the relays, whereas we
herein do not re-synchronize the relays but employ post-channel
equalization to suppress the ISI at the two transceivers induced
by the relays. Unlike [19], which relies on circularly shifting
(cyclic delay) of the CP-free signal at the relays, we assume
AF relaying without any cyclic delay for the sake of relay
simplicity. The relaying scheme considered in [20] relies on
a decode-and-forward protocol while the relaying scheme in
this paper is an AF technique. The networks considered in [6],
[21], [22] rely on OFDM to diagonalize the end-to-end channel
(thereby eliminating ISI), while the scheme considered here uses
single-carrier transmission and linear post-channel equalization
to suppress ISI. In [7], [8], [25], the design approach is to
minimize the sum-MSE at the two transceivers subject to a
total power budget, while the results in this paper pertains to
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minimizing the total power subject to MSE constraints. Also [8],
[25] rely on pre-channel equalization and joint pre- and post-
channel equalization, respectively, while our study here focuses
only on post-channel equalization. The design approach in [23]
is sum-rate maximization method subject to a total power budget,
while we consider a total power minimization technique subject
to MSE constraints. In [24], the design approach is total power
minimization subject to rate constraints without assuming any
type of equalizations, while here, assuming linear post-channel
equalization, we study a total power minimization approach
subject to MSE constraints.

Organization: Section II reviews the system and data model
as well as the noise model, while presenting the new formulation
for the end-to-end CIR. The MSE region characterization is
presented in Section III. The MSE-constrained total power mini-
mization problem is considered in Section IV, where the solution
to this problem is carefully derived. The equivalence of the MSE-
based power minimization approach and the rate-constrained
power minimization technique is presented in Section V. The
power-constrained sum-MSE minimization problem is studied
in Section VI. Numerical results are presented in Section VII
The paper is concluded in Section VIII.

Notations: We use bold upper- and lower-case letters to denote
matrices and vectors, respectively. E{·} and tr(·) represent the
statistical expectation and the trace of a matrix, respectively.
Transpose, Hermitian transpose, and complex conjugate oper-
ations are denoted as (·)T , (·)H , and (·)∗, respectively. We use
‖ · ‖ to represent �2 norms. diag(w) yields a diagonal matrix
whose diagonal entries are the elements of the vector w. The
notation blkdiag{An}n∈N stands for a block diagonal matrix
whose diagonal blocks belong to the matrix set {An}n∈N , where
N is an integer set. Ir is used to represent the r × r identity
matrix, 0m×k is an m× k matrix with all zero entries, and the
(i, j)-th element of matrix A is denoted as [A]ij or A(i, j).
We also define [a]+ � max{0, a}. The principal eigenvalue and
the normalized principal eigenvector of matrix A is denoted as
λmax{A} andP{A}, respectively. Let the non-negative integers
{ln}N−1

n=0 be such that
∑N−1

n=0 ln = L and define the ln × L
matrix Sn, for ln �= 0, as

Sn � [0ln×in Iln 0ln×jn ] (1)

where we use the following definitions:

in �
n−1∑

k=0

lk, for n ≥ 1 and i0 � 0 (2)

jn �
N−1∑

k=n+1

lk, for n �= N − 1, and jN−1 � 0. (3)

Then for any L× L matrix A and when ln �= 0, the ma-
trix SnASH

n is an ln × ln matrix extracted from matrix A,
where the matrix extraction starts from and includes the entry
(in + 1, in + 1) of A and it ends at and includes the entry (in +
ln, in + ln) of A. That is, the upper-left and the lower-right
corners of the extracted matrix are given by A(in + 1, in + 1)
and A(in + ln, in + ln), respectively. Note that if A1 and A2

are two L× L block diagonal matrices whose diagonal block

sizes are {ln × ln}N−1
n=0 , then we can write

SnA1A2S
H
n = SnA1S

H
n SnA2S

H
n (4)

which is to say that, for n = 0, 1, . . . , N − 1, the (n+ 1)-th
diagonal block (which is of size ln × ln) of the product of A1

and A2 is the product of the (n+ 1)-th blocks (which are also
of size ln × ln) of A1 and A2. Note also that we can write

SnS
H
n = Iln . (5)

We can also write

Sn(A
−1)SH

n = (SnASH
n )−1 (6)

which is to say that, for n = 0, 1, . . . , N − 1, the (n+ 1)-th
diagonal block of the inverse of theL× L block diagonal matrix
A,whose diagonal block sizes are {ln × ln}N−1

n=0 , is equal to the
inverse of the (n+ 1)-th diagonal block of matrix A, which is
of size ln × ln.

II. PRELIMINARIES

Multipath Relay Channel: We consider a two-way
relay-assisted communication between two single-antenna
transceivers.1 In the absence of a direct link between the two
transceivers, the information exchange is materialized through
a set of single-antenna AF relays. This implies that each infor-
mation symbol transmitted by one of the transceivers travels
through different relaying paths, and thus, the same symbol
arrives at the other transceiver with different delays. Indeed
we herein assume that different relaying paths have different
propagation delays, implying that the end-to-end channel is
time-dispersive. Such a time-dispersive behavior of the end-to-
end channel causes different attenuated replicas of the signal
transmitted by one transceiver arrive at the other transceiver
with different delays. In other words, this asynchronous relay
channel is a multipath link. Thus, at sufficiently high data rates,
the inter-symbol interference (ISI) is inevitable in the received
signal. In a block transmission and reception scheme, the ISI
leads to inter-block-interference (IBI) and intra-block interfer-
ence, which can affect the performance of the system. The IBI
can be tackled using cyclic prefix (CP) insertion and removal at
the transmitter and receiver sides, respectively. Indeed inserting
a long enough CP ensures a sufficient guard time between two
consecutive blocks.2 In order to combat the intra-block interfer-
ence, we use linear channel equalizers at the receiver front-ends
of the transceivers. Fig. 1 depicts the considered two-way AF
relay network with ISI inducing end-to-end channel. In this
figure, CP insertion and removal operations are employed to
eliminate IBI. Using such a communication setting, our goal
is, to first find the achievable MSE region for a single-carrier
asynchronous bi-directional (two-way) AF relay network under
a total transmit budget, and then, use this region to solve the
problem of total power minimization under two constraints on

1The scheme we study in this paper can be used for multiple peer-to-peer two-
way relay-assisted communication between multiple transceiver pairs, provided
that each transceiver pair uses a dedicated time-frequency resource block.

2Using CP will convert the linear convolution of the finite impulse response
channel to the circular convolution.
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Fig. 1. System block diagram.

the mean squared error (MSE) at the two transceivers. We prove
rigorously that this power minimization leads to the very same
solution that minimizes the total power under two constraints on
the data rates at the two transceivers [24], if the MSE thresholds
in the MSE-constrained total power minimization and the rate
thresholds in the rate-constrained power minimization technique
satisfy a logarithmic (or an exponential) relationship. In our
study, we consider linear post-channel equalization and aim to
characterize the frontier of the MSE region through optimally
obtaining the relay beamforming weights, the transceivers’
transmit powers, and the post-channel equalizers. Doing so, we
implicitly tackle the intra-block-interference. In the sequel, we
present the end-to-end channel model and the received noise
model.

Transmitted Signal Modeling: As shown in Fig. 1, at each
transceiver, the sequences of the information symbols pass
through a serial-to-parallel conversion block, denoted as “S/P,”
and are thus converted into blocks ofNs symbols. The i-th block
of such information symbols at Transceiver q is represented as
the following Ns × 1 vector:

sq(i) = [sq[iNs] sq[iNs + 1] · · · sq[iNs + (Ns − 1)]]T (7)

where sq[iNs + k] is the k-th unit-norm (E{|sq[·]|2} = 1) sym-
bol transmitted by Transceiver q at the i-th transmission block.
The end-to-end channel is time-dispersive, and thus, results
in IBI between adjacent symbol blocks. Adding a CP to each
block can provide a guard interval between adjacent symbol
blocks, thereby avoiding IBI. The CP is added to each block via
multiplying that block by matrix Tcp � [ITcp ITNs

]T . Here, Icp
is a matrix consisting of the lastNcp rows of the identity matrix
INs

, where Ncp is the length of the CP. It is worth mentioning
that Ncp should be chosen at least equal to the length of the
end-to-end multi-path CIR. UsingNt to represent the total length
of each transmitted block (i.e.,Nt = Ns +Ncp), we can denote
the output vector of the CP insertion block at Transceiver q as
s̄q(i) and write it as

s̄q(i) � Tcpsq(i)

= [sq[(i+ 1)Ns −NCP] · · · sq[(i+ 1)Ns − 1] sq[iNs]

· · · sq[(i+ 1)Ns − 1]]T . (8)

These blocks of signals then pass through a parallel-to-serial
conversion block, denoted as “P/S,” which converts these blocks
to serial signals. These serial signals are then multiplied by

√
Pq

and are transmitted over the Transceiver’s antenna. Here, Pq

denotes the transmit power of Transceiver q.

Channel Modeling: We now model the end-to-end chan-
nels as linear time invariant (LTI) systems. To do so, we use
hpq[·] to denote the impulse response of the channel between
Transceivers p and q for p, q = 1, 2. Note that hpp[·] represents
the channel associated with the self-interference at Transceiver
p. As shown in Fig. 1, we use self-interference canceler block
to remove the effect of such channels. Let Ts denote the sym-
bol time duration, while τpql stands for the propagation delay
that the signal undergoes when traveling from Transceiver p
to Transceiver q through the l-th relay. Assuming different
propagation delays for different relaying paths between the
two transceivers, we can view the end-to-end CIR between
Transceivers p and q as a multi-tap channel. Doing so allows
us to write the Tap n of the discrete-time equivalent impulse
response hpq[·] as

hpq[n] =

L∑

l=1

ulglpglqδ[n−mpq
l ],

for p, q ∈ {1, 2}, 0 ≤ n ≤ N − 1, (9)

where we use the following definitions: δ[n] is the discrete-time
unit impulse response, i.e., δ[n] = 1, for n = 0; and δ[n] = 0,
for n �= 0; ul is the complex weight of the l-th relay; glp is a
complex coefficient representing the reciprocal frequency-flat
channel between Transceiver p and the l-th relay; the integer
mpq

l represents the discrete-time propagation delay of the path
between Transceivers p and q which goes through the l-th relay
and satisfies (mpq

l − 1)Ts < τpql ≤ mpq
l Ts; the integer N rep-

resents maximum of the lengths of the equivalent discrete-time
multi-tap end-to-end CIRs hpq[·], for p, q = 1, 2; that is,

N = 1 + max
p,q∈{1,2},1≤l≤L

�τpql /Ts	.

Note that Ncp should be chosen at least equal to N . To ensure
this, we choose Ncp = N . Let us index the relays, without loss
of generality, in an ascending order based on the relaying path
propagation delays they impose on the signal traveling from one
transceiver to the other one. That is, if l < l̃, then m12

l ≤ m12
l̃

.
Doing so, we can index the relays in such a way that the first l0
relays contribute to the first tap (n = 0) of the end-to-end CIR
(i.e., h12[·] which is equal3 to h21[·] due to the reciprocity of
relay-channel links), the next l1 relays contribute to the second
tap (n = 1) of the end-to-end CIR and so on. That is, ln is
the number of relays which contribute to the (n+ 1)-th tap
of the end-to-end CIR, for n = 0, 1, 2, . . . , N − 1. Note that

3We define h[·] � h21[·] = h12[·].
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∑N−1
n=0 ln = L, as L stands for the total number of the relays. It

is observed from (9) that the CIR depends on the relay weights
and that each relay contributes only to one tap of the end-to-end
CIR. In order to show this dependency explicitly, let us define
the relay weight vector u � [u1 u2 · · · uL]

T and represent
the vector of the multi-tap channel coefficients as

hpq(u) � [hpq[0] hpq[1] · · · hpq[N − 1]]T . (10)

Note that due to the reciprocity of the relay-transceiver links,
we have hpq(u) = hqp(u), and hence, we hereafter drop the
subscripts pq and use h(u) to represent the vector of the end-to-
end CIR taps. Hence, based on (10), the vector of the end-to-end
CIR taps is written as

h(u) = Cu. (11)

Here, the N × L matrix C is defined as

C � [c1 c2 · · · cN ]T (12)

where, for n ∈ {0, . . . , N − 1}, the 1× L vector cTn+1 is the
(n+ 1)-th row ofC. Note that if no relay contributes to the (n+
1)-th tap of the end-to-end CIR, then cTn+1 = 01×L, otherwise

cTn+1 = [01×in aTn+1 01×jn ]. (13)

Here, in and jn are defined in (2) and (3), respectively. With i0 =
0, for c1 and jN−1 = 0, for cN , we can write cT1 = [aT1 01×j0 ]
and cTN = [01×i(N−1)

aTN ]. The zero entries in cTn+1 correspond
to those relays which do not contribute to the (n+ 1)-th tap
of the end-to-end CIR. Moreover, an+1 is an ln × 1 vector of
the products of the coefficients of the channels between the two
transceivers and those relays which contribute to the (n+ 1)-th
tap of the end-to-end CIR. More specifically, the m-th entry of
an+1 is given as a(n+1),m = g(m+in),1 g(m+in),2, where m ∈
{1, 2, . . . , ln} and n ∈ {0, 1, . . . , N − 1}, only when ln �= 0. If
ln = 0, then an+1 will be an empty vector. Using the above
explanations, we can express C as in (14).4

Note that if no relay contributes to the (n+ 1)-th tap of h[·],
i.e., if ln = 0, then h[n] = 0, the ln × 1 vector an+1 will be an
empty vector, and hence, the (n+ 1)-th column block of C in
(14) shown at the bottom of this page, will disappear, and the
(n+ 1)-th row ofCwill be zero. In what follows, to deal with the
indices of the taps that can be non-zero, we use the following
definition: N � {n|ln �= 0} which represents a set consisting
solely of the tap indices that can be non-zero. In other words, N
is the set of the indices of those CIR taps to which at least one

4This novel expression of matrix C plays a key role in our derivations and is
what makes our model formulation different from the model formulation in [7].

relay contributes. Note that theL× 1 vectoru can be partitioned
into sub-vectors {un}n∈N , where un is an ln × 1 vector of the
beamforming weights of those relays which contribute to the
(n+ 1)-th tap of the end-to-end CIR. To clarify our definitions,
let us take a look at the following example for C:

C =

⎡

⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0
g11g12 g21g22 0 0 0 0

0 0 0 0 0 0
0 0 g31g32 g41g42 g51g52 0
0 0 0 0 0 g61g62

⎤

⎥
⎥
⎥
⎥
⎦

(15)

In this 6-relay example, Relays 1 and 2 contribute to Tap n = 1
of the end-to-end CIR h[·], Relays 3, 4, and 5 contribute to Tap
n = 3 of the end-to-end CIR h[·], and Relay 6 contributes to
Tap n = 4 of the end-to-end CIR h[·]. It can be observed that
since no relay contributes to the first or to the third taps (i.e.,
Tap n = 0 and Tap n = 2) of the end-to-end CIR h[·], we have
that l0 = l2 = 0, and thus, Rows 1 and 3 of C are zero. As a
result, the set of the non-zero tap indices of the end-to-end CIR
h[·] consists only of Taps 1, 3, and 4, that is N = {1, 3, 4},
with l1 = 2, l3 = 3, and l4 = 1. Moreover, the beamforming
weight vector u = [w1 w2 w3 w4 w5 w6]

T can be partitioned
into three sub-vectors: u1 = [w1 w2]

T , u3 = [w3 w4 w5]
T , and

u4 = [w6]
T , that is u = [uT

1 uT
3 uT

4 ]
T . Note that since no relay

contributes to Taps n = 0 and n = 2 of the end-to-end CIR h[·],
the corresponding sub-vectors are empty. That is, u0 = ∅ and
u2 = ∅. Also, for this example, we can write a1 = ∅, a3 = ∅,
a2 = [g11g12 g21g22]

T , a4 = [g31g32 g41g42 g51g52]
T , a5 =

[g61g62]
T . In general, we can write

an+1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∅, if n /∈ N
⎡

⎢
⎢
⎢
⎣

g(in+1),1g(in+1),2

g(in+2),1g(in+2),2

...
g(in+ln),1g(in+ln),2

⎤

⎥
⎥
⎥
⎦
, if n ∈ N .

(16)

Based on the definition of C in (12) and its expansion in (14),
we can write

CHC = [c∗1 c∗2 · · · c∗N ]

⎡

⎢
⎢
⎢
⎣

cT1
cT2
...

cTN

⎤

⎥
⎥
⎥
⎦
=

N−1∑

n=0

c∗n+1c
T
n+1

=
∑

n∈N
c∗n+1c

T
n+1 = blkdiag{a∗n+1a

T
n+1}n∈N (17)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

aT1 01×l1 01×l2 · · · 01×l(N−1)

01×l0 aT2 01×l2 · · · 01×l(N−1)

01×l0 01×l1 aT3 · · · 01×l(N−1)

...
...

...
. . .

...
01×l0︸ ︷︷ ︸

First Column Block

01×l1︸ ︷︷ ︸

Second Column Block

01×l2︸ ︷︷ ︸

Third Column Block

· · · aTN︸︷︷︸

Last Column Block

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14)
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where in the third equality, we use the fact that for n /∈ N ,
cn+1 = 0L×1, while the fourth equality follows from (13). The
way we define matrix C reveals the block diagonal structure of
CHC as in (17). This block diagonal structure of CHC plays
an important role in allowing us to solve the problems that are
of interest in this paper. Indeed, it is the revealing of this block
diagonal structure ofCHC that differentiates our channel model
formulation here from the one presented in [7].

Using (1), we can also write

SnC
HCSH

n = a∗n+1a
T
n+1, for n ∈ N . (18)

For the example in (15), we can write

CHC =

⎡

⎣
a∗1a

T
1 02×3 02×1

03×2 a∗3a
T
3 03×1

01×2 01×3 a∗4a
T
4

⎤

⎦

We later use (17) in the process of deriving the solution to the
optimization problems of interest in this paper.

Received Noise Model: Let zl[·] denote the temporally and
spatially white noise at the l-th relay. This noise is assumed
to be zero-mean with a variance of σ2. The superposition of the
amplified and delayed versions of the relay noises at Transceiver
q is represented as the noise process χq[·] and can be written as

χq[n] =

L∑

l=1

ulglqzl[n− m̂lq] = zHn,qQ̃qu,

where the following definitions are used zn,q � [z1[n−
m̂1q]z2[n− m̂2q] · · · zL[n− m̂Lq]]

T and Q̃q � diag{glq}Ll=1,
while m̂lq represents the sample delay between the l-th relay
and Transceiver q. Indeed, m̂lq is an integer value which satisfies
τ̂lq
Ts

≤ m̂lq <
τ̂lq
Ts

+ 1, and τ̂lq denotes the propagation delay
between the l-th relay and Transceiver q. Thus, the noise vector
received at Transceiver q that contaminates the i-th block of
information symbols is given as

υq(i) = χq(i) + υ̂q(i) = Zq(i)Q̃qu+ υ̂q(i),

where we used the following definitions: υq(i) � [υq[iNt]υq
[iNt + 1] · · · υq[iNt + (Nt − 1)]]T , χq(i) � [χq[iNt] χq[iNt

+ 1] · · · χq[iNt + (Nt − 1)]]T , υ̂q(i) � [υ̂q[iNt]υ̂q[iNt + 1]
· · · υ̂q[iNt + (Nt − 1)]]T , υq[n] = χq[n] + υ̂q[n]. Moreover,
Zq(i) � [ziNt,q ziNt+1,q · · · ziNt+(Nt−1),q]

T is defined as an
Nt × Lmatrix in which the l-th column represents the l-th relay
noise delayed by the corresponding delay (i.e., by m̂lq samples)
at the i-th received block. Also, υ̂q[n] is the n-th sample of the
receiver noise at Transceiver q.

Received Signal Model: At the receiver side of the
transceivers, the received signal first passes through the serial-
to-parallel conversion block, denoted as “S/P”. As a result, the
sequences of the received signals are transformed into blocks of
signals. Afterwards, the self-interference cancellation is applied
to the so-obtained blocks of signals. Using self-interference
cancellation, denoted as “SIC,” each transceiver can remove
its own transmitted signal which has been relayed back to that

transceiver. As explained before, due to the time dispersive na-
ture of the end-to-end channel, IBI occurs between two consec-
utive blocks of received signals. In order to remove the induced
IBI, r̄q(i) is passed through the CP removal block, represented
by matrix Rcp � [0Ns×Ncp

INs
]. Therefore, the signal vector

rq(i) at the output of the CP removal block can be written as [26]

rq(i) � Rcpr̄q(i) =
√
PpH̃(u)sp(i) + υ̌q(i). (19)

Here, we define υ̌q(i) � Rcpυq(i) and H̃(u) is an Ns ×
Ns circulant matrix whose (i, j)-th entry is given by h̃[(i−
j) mod Ns], where h̃[n] = h[n], for n = 0, 1, . . . , N − 1; and
h̃[n] = 0, for n = N,N + 1, . . . , Ns − 1. Indeed, h̃[·] is the
zero-padded version of h[·] which is obtained by zero-padding
h[·] withNs −N zeros. It is worth mentioning that the length of
each block (i.e., Ns), must be at least equal to the length of the
end-to-end CIRN . In order to suppress or eliminate the residual
ISI which still exists in each block of symbols, we multiply the
received vector rq(i) by the Ns ×Ns matrix Fq . Doing so, we
obtain aNs × 1 linear estimate of the symbol vector transmitted
by Transceiver p, denoted as ŝp(i), which can be written as

ŝp(i) � Fqrq(i) =
√
PpFqH̃(u)sp(i) + Fqυ̌q(i). (20)

Note that matrices {Fq}2q=1 along with u and {Pq}2q=1 are to
be determined optimally.

Calculation of the Total Transmit Power: We now express
the average total power, consumed in the entire network, in terms
of the relay beamforming vectoru and the transceivers’ transmit
powers P1 and P2. Let us define the Nt × 1 vector yl(i) as the
i-th block of the signals relayed by the l-th relay. Doing so, we
can write

yl(i) = ul

(√
P1gl1s̄1(i) +

√
P2gl2s̄2(i) + zl(i)

)
. (21)

Here, zl(i) � [zl(iNt) zl(iNt + 1) · · · zl(iNt +Nt − 1)]T is
defined as the i-th block of measurement noise at the l-th
relay, and each of its entries is assumed to be drawn from an
i.i.d. random process with zero-mean and a variance of σ2.
Furthermore, we assume that the vectors s̄1(i), s̄2(i) and zl(i)
are mutually independent stationary random processes. We can
use (21) to show that, the transmit power of the l-th relay is
given by5 |ul|2(P1|gl1|2 + P2|gl2|2 + σ2). Therefore, the total
transmit power consumed in the entire network can be expressed
as

Pt(P1, P2,u) � P1 + P2 +

L∑

l=1

|ul|2(|gl1|2P1+ |gl2|2P2 + σ2)

= P1h1(u) + P2h2(u) + σ2‖u‖2 (22)

where we define hq(u) � uHQqu+ 1, Qq � diag{|glq|2}Ll=1,
for q = 1, 2. In the next section, we use the data and channel
models presented in this section to formulate our optimization
problem for characterizing the MSE region, and then, show how
to solve this problem.

5Note that the derivation of (22) relies on the assumption that the commu-
nication time frame is much longer than the maximum of the time differences
between arrivals of transceiver signals at the relays [6].
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III. THE MSE REGION

Problem Formulation: In order to analytically find the
achievable MSE region, we solve the following optimization
problem:

min
P1≥0,P2≥0,u

min
F1,F2

MSE1(u,F1, P2)

s.t. MSE2(u,F2, P1) = ε2, Pt(P1, P2,u) ≤ P, (23)

where ε2 is the MSE at Transceiver 2, P is the total available
power budget and MSEq(u,Fq, Pp) is the normalized mean
squared error of symbol estimates at Transceiver q and is defined
as

MSEq(u,Fq, Pp) �
1

Ns
E
{‖eq(i)‖2

}
,

for p, q ∈ {1, 2}, p �= q. (24)

Here, eq(i) � ŝp(i)− sp(i) is the Ns × 1 vector of the symbol
estimation errors at Transceiver q. Solving (23) leads us to find
the range of the MSEs at the end-nodes under a total power
budget. In the rest of the paper, we use the convention that
q = 2, when p = 1; and q = 1, when p = 2. Note that solving
the optimization problem is important for three reasons: 1)
Solving (23) allows us to characterize the range of un-coded
probabilities of symbol error at the two transceivers under a
given total power budget. As the un-coded probability of error
at each transceiver is a monotonically non-decreasing function
of the MSE at that transceiver, solving (23) allows us to find out
what is the lowest un-coded probability of error at Transceiver
1, when the un-coded probability of error at Transceiver 2
is kept at a certain level (determined by ε2), under a total
power budget P . Indeed, under a given total power budget,
the boundary of the achievable MSE region determines the
boundary of the achievable region of the un-coded probabilities
of symbol error at the two transceivers. The latter boundary
allows us to design strong enough error correction codes. 2)
As shown in the next section, the solution to (23) allows us to
solve the MSE-constrained total power minimization problem
for the considered scheme. Solving this power minimization
problem in turn allows us to show the relationship between the
solution to this problem and the solution to the rate-constrained
power minimization problem. 3) Last but not least, having the
boundary of the achievable MSE region provides an easy way to
solve the problem of sum-MSE minimization under a total power
budget. Indeed, the minimization of the sum-MSE occurs on the
boundary of the achievable MSE region. This interesting result
is presented in Section VI.

One can easily show that the MSE in (24) can be written as

MSEq(u,Fq, Pp) = Ns
−1tr

{
FqRq(u, Pp)F

H
q

}
+ 1

−Ns
−1
√
Pptr

{
FqH̃(u) + H̃H(u)FH

q

}
, (25)

where the correlation matrix of the received signal Rq(Pp,u) is
given as

Rq(u, Pp) � E
{
rq(i)r

H
q (i)

}

= PpH̃(u)H̃H(u) + σ2hq(u)INs
. (26)

In the optimization problem (23), given P and ε2, we aim to
jointly optimize the post-channel equalization matrices, the relay
beamforming weights, and the power allocation schemes at the
two transceivers such that the MSE1 is minimized. Solving (23)
allows us to find the smallest possible value of the MSE at
Transceiver 1, for given P and ε2, thereby characterizing the
MSE region in terms of P and ε2. It is also worth stressing
that the applications and the advantages of using a total power
constraint in the context of asynchronous relay networks have
been well justified in the literature. We avoid repeating these
justifications for a total transmit power constraint and refer our
reader to [6]–[8], [21], [23], [25] for these justifications in the
context under consideration.

Optimal Channel Equalizer Design: For fixed u, P1, and
P2, let us consider the inner minimization in (23) as

η(u, P1, P2) = min
F1,F2

MSE1(u,F1, P2)

s.t. MSE2(u,F2, P1) = ε2 . (27)

To solve the inner minimization in (27), we can use Lagrange
multipliers method to find the optimal solution to this minimiza-
tion problem. To do so, we can write the Lagrangian function
as

L(F1,F2, ν) � MSE1(u,F1, P2)

+ ν (MSE2(u,F2, P1)− ε2) , (28)

where ν is the Lagrange multiplier. The optimal F1 and F2

(denoted as Fo
1 and Fo

2, respectively) can be obtained by differ-
entiating the Lagrangian function in (28) with respect to F1 and
F2 and equating these derivatives to zero, and then, solving for
F1 and F2. Doing so leads us to the following two Wiener filter
solutions:

Fo
1 =

√
P2H̃

H(u)R−1
1 (u, P2),F

o
2 =

√
P1H̃

H(u)R−1
2 (u, P1).

(29)

Note that Fo
2 must satisfy the constraint in (27). Inserting Fo

2 in
the constraint in (27) results in a constraint on P1 and u that has
to be taken into account when the outer minimization in (23) is
solved. The details of solving the outer minimization is provided
in the sequel.

Optimal Joint Relay Beamforming and Power Control:
Using (29), we show in Appendix A that η(u, P1, P2) can be
written as

η(u, P1, P2) = N−1
s

Ns∑

k=1

[
P2Nsαk(u)

σ2h1(u)
+ 1

]−1

(30)

where we use the following definitions: αk(u) � |fHk Cu|2,

fk � 1√
Ns

[1 ej
2π(k−1)

Ns · · · ej 2π(N−1)(k−1)
Ns ]T , for k = 1, 2, . . . ,

Ns. It is worth stressing that αk(u) is the magnitude-squared
of the frequency response of the end-to-end CIR h[·] at a nor-
malized, frequency of (k − 1)/Ns. Similarly, one can use (29)
and rewrite the first constraint in (23) as

N−1
s

Ns∑

k=1

[
P1Ns|fHk Cu|2
σ2h2(u)

+ 1

]−1

= ε2 . (31)
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Using (30) and (31), we can simplify the optimization problem
in (23) as

min
P1≥0,P2≥0,u

N−1
s

Ns∑

k=1

[
P2Nsαk(u)

σ2h1(u)
+ 1

]−1

s.t. N−1
s

Ns∑

k=1

[
P1Nsαk(u)

σ2h2(u)
+ 1

]−1

= ε2

P1h1(u) + P2h2(u) + σ2‖u‖2 ≤ P. (32)

Note that the first constraint in (32) is feasible only when
ε2 ∈ (0, 1]. The reason is that theNs terms under the summation
in the left-hand side (LHS) of this constraint are nonnegative
and less than 1 (see (31)). Similarly, the values of cost function
in (32) are in the interval (0, 1]. That is, the achievable MSE
region is restricted to a subset of the square area (0, 1]× (0, 1].
The optimization problem (32) amounts to designing jointly
optimal relay beamforming and transceiver power allocation. To
solve this problem, we first solve another optimization problem
which provides a lower bound to the optimum value of the
optimization problem (32). This new optimization problem is
obtained the by first replacing the objective function in (32)
with another function which is a lower bound to the objective
function in (32) and by then relaxing the second constraint in
(32). As a result, solving this new optimization problem yields
a lower bound to the optimization problem (32). Once the new
optimization problem is solved, we show that this lower bound
is tight, meaning that the solution to this problem is feasible
for the problem in (32), and that, for this solution, the objective
function in (32) touches the lower bound.

Relaxation: Using the fact that the arithmetic mean of any set
of positive real numbers is greater than or equal to their harmonic
mean, we can write

1

Ns

Ns∑

k=1

[
P1Nsαk(u)

σ2h2(u)
+ 1

]−1

≥ Ns

[
Ns∑

k=1

(
P1Nsαk(u)

σ2h2(u)
+ 1

)]−1

= Ns

[
P1Ns

σ2h2(u)

(
Ns∑

k=1

αk(u)

)

+Ns

]−1

= Ns

[
P1Ns‖Cu‖2
σ2h2(u)

+Ns

]−1

=

[
P1‖Cu‖2
σ2h2(u)

+ 1

]−1

(33)

where in the second equality in (33), we used Parseval’s theo-
rem, i.e.,

∑Ns

k=1 αk(u) =
∑Ns

k=1 |fHk Cu|2 = ‖Cu‖2. Note that
the inequality in (33) is satisfied with equality if and only if
αk(u) = αk̃(u) (or |fHk Cu| = |fH

k̃
Cu|) holds true, for k, k̃ ∈

{1, 2, . . . , Ns}. The right-hand side of (33) provides a lower
bound for the left-hand side of the first constraint in (32). In
a similar fashion, we can find a lower bound for the objective
function in (32) and write

1

Ns

Ns∑

k=1

[
P2Nsαk(u)

σ2h1(u)
+ 1

]−1

≥
[
P2‖Cu‖2
σ2h1(u)

+ 1

]−1

(34)

Using (33) and (34), we can write a relaxed form of the mini-
mization problem in (32) as

min
P1≥0,P2≥0,u

[
P2‖Cu‖2
σ2h1(u)

+ 1

]−1

s.t.

[
P1‖Cu‖2
σ2h2(u)

+ 1

]−1

≤ ε2

and P1h1(u) + P2h2(u) + σ2‖u‖2 ≤ P. (35)

Doing so, we now deal with a relaxed problem with a “larger”
feasible set. The solution to the relaxed problem in (35) yields
a lower bound for the optimum value of the objective function
of the original optimization problem in (32). The reason is that
in light of (34), the cost function in (35) is a lower bound to the
objective function in (32), and because of (33), the first constraint
in (35) is a relaxed version of the first constraint in (32). We
will later show that the solution to the relaxed problem in (35)
satisfies the inequalities in (33) and (34) with equality, that is, we
will show that at the optimum of (32), |fHk Cu| = |fH

k̃
Cu| holds

true, for k, k̃ ∈ {1, 2, . . . , Ns}. In other words, we later show
that the solution to the relaxed problem in (35) is a solution
to the original optimization problem in (32). To solve (35), we
can easily show that, at the optimum, both constraints in the
optimization problem (35) are satisfied with equality. As a result,
we can use the first constraint in (35) to express P1, in terms of
u, as

P1 =
σ2h2(u)

‖Cu‖2
(

1

ε2
− 1

)

≥ 0, (36)

where P1 ≥ 0 holds simply because we assumed that ε2 ≤ 1
holds. Using (36) and the second constraint in (35), one can
obtain a closed form for P2, in terms of u, as

P2 =
P − σ2‖u‖2

h2(u)
− σ2h1(u)

‖Cu‖2
(

1

ε2
− 1

)

≥ 0 (37)

Using (36) and (37), we can recast the problem in (35) as a
maximization problem written as

max
u

ψ(u)− 1

ε2
+ 2, s.t. to ψ(u)− 1

ε2
+ 1 > 0 (38)

where we define ψ(u) � ‖Cu‖2(P − σ2‖u‖2)
σ2h1(u)h2(u)

. Note that as

ε2 ≤ 1, the constraint in (38), requires that ψ(u) ≥ 0 hold true.
This in turn means that ‖u‖2 ≤ P must be ensured. Note that
if maxu ψ(u) <

1
ε2

− 1, then the optimization problem (38) is
not feasible. Hence, to solve the optimization problem (38), we
only need to solve the following optimization problem:

ρ � max
u

ψ(u) (39)

and verify whether the feasibility condition ρ ≥ 1

ε2
− 1 holds

true or not. If ρ <
1

ε2
− 1 holds true, then the relaxed lower

bound problem is infeasible, so is the original problem. In this
case, a maximum MSE of ε2 for Transceiver 2 can not be
guaranteed for the given total transmit power P . In other words,
the total available transmit power is not sufficient to ensure that
the MSE at Transceiver 2 is equal to ε2. In the sequel, we
solve (39).
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Solving the Relaxed Lower Bound Problem: Let us rewrite
the optimization problem (39) as

max
u

‖Cu‖2(P − σ2‖u‖2)
σ2h1(u)h2(u)

. (40)

Defining a new optimization variable z � P − σ2‖u‖2
h2(u)

=

P − σ2‖u‖2
uQ2u+ 1

, we write the optimization problem (40) as6

max
z≥0

z

(

max
u

uHCHCu

uHQ1u+ 1

)

s.t. uH(zQ2 + σ2IL)u ≤ P − z (41)

where the constraint z ≥ 0 follows from the condition‖u‖2 ≤ P
which must hold, as explained earlier. Let us define ũ as anL× 1
unit-norm (‖ũ‖2 = 1) vector and let p be a real positive scalar
playing the role of the normalization factor such that

B−1
1 (z)u =

√
pũ (42)

where we define the L× L diagonal matrix B1(z) as B1(z) �
(zQ2 + σ2IL)

− 1
2 .Doing so, we can rewrite the inner maximiza-

tion problem in (41) as

max
p,ũ

pũHB2(z)ũ

pũHB3(z)ũ+ 1
, s.t. ‖ũ‖2 = 1, 0 ≤ p ≤ P − z

(43)

where we used the following definitions:

B2(z) � B1(z)C
HCB1(z) (44)

B3(z) � B1(z)Q1B1(z) = B2
1(z)Q1 (45)

The second constraint in (43) is derived from the con-
straint in (41) as we can write 0 ≤ uH(zQ2u+ σ2IL)u =
uHB−2

1 (z)u = pũH ũ = p ≤ P − z. Note that B2(z) is an
L× L block diagonal matrix (because B1(z) is an L× L
block diagonal matrix and CHC is an L× L block diagonal
matrix (see (17)). The sizes of the diagonal blocks of B2(z) are
{ln × ln}n∈N . AlsoB3(z) is anL× Ldiagonal matrix (because
both B1(z) and Q1 are L× L diagonal matrices). Since for
any value of ũ, the objective function in (43) is monotonically
increasing with respect to p, the maximum value of the objective
function is attained whenp = P − z. Denoting the optimal value
of p as po � P − z, we can rewrite the maximization problem
in (43) as

max
ũ

poũHB2(z)ũ

ũH(IL + poB3(z))ũ
, subject to ‖ũ‖2 = 1 (46)

which is the well-known Rayleigh quotient problem and has a
closed-form solution for ũ. To present this solution, let us define
the L× L diagonal matrix B4(z) as

B4(z) � IL + poB3(z) = IL + (P − z)B3(z)

= IL + (P − z)B1(z)Q1B1(z) (47)

6Here, we drop the constant σ2 in the denominator of the objective function
without loss of optimality.

Denoting the largest eigenvalue of B−1
4 (z)B2(z) as λo(z), we

can express the objective function in (46), at the optimum, as
poλo(z), where

poλo(z) = max
‖ũ‖2=1

poũHB2(z)ũ

ũHB4(z)ũ
. (48)

Here, λo(z) is expressed as

λo(z) = λmax

{
B−1

4 (z)B2(z)
}

(49)

where λmax{·} is used to denote the principal eigenvalue of
a matrix. Moreover, for any given z, the optimal value of ũ,
denoted as ũo(z) is equal to the normalized principal eigenvector
of B−1

4 (z)B2(z). That is, we can express ũo(z) as

ũo(z) = P {B−1
4 (z)B2(z)

}
(50)

where P{·} denotes the normalized principal eigenvector of a
matrix. We show in Appendix B that

λo(z) = max
n∈N

aHn+1D
−1
n (z)an+1 (51)

where the following definitions are used: Dn(z) � zQn
2 +

σ2Iln + (P − z)Qn
1 , Qn

1 � SnQ1S
H
n , Qn

2 � SnQ2S
H
n . Note

that Qn
q is an ln × ln diagonal matrix whose diagonal en-

tries are amplitude-squared of the channel coefficients between
Transceiver q and those ln relays which contribute to the n-th
tap of the end-to-end CIR h[·]. That is

Qn
q � diag

({|glq|2
}in+ln
l=in+1

)
. (52)

Using (48) and (51), we can rewrite the optimization problem
(41) as

max
z

max
n∈N

φn(z), subject to 0 ≤ z ≤ P (53)

where we define φn(z) � z(P − z)aHn+1D
−1
n (z)an+1, for n ∈

N , and use the fact that po = P − z. Swapping the order of the
two maximizations, we can rewrite (53) as

max
n∈N

max
z

φn(z), subject to 0 ≤ z ≤ P . (54)

As shown in [27], for any n ∈ N , the objective function of the
inner maximization problem in (54) is guaranteed to have a
unique maximum. Note that when z = 0 or z = P , the objective
function in (54) is zero. As a result, the maximum of the objective
function of the inner maximization problem in (54) is attained
somewhere within the interval (0, P ), for any n ∈ N . To solve
the inner maximization problem in (54) for each n ∈ N , we
can equate the derivative of the objective function with respect
to z to zero. We can use a simple bisection method (or a
Newton-Raphson technique) to find the optimal value of z which
results in the value of the derivative of the function φn(z) being
equal to 0. The derivative of φn(z) with respect to z is given
by [27]

fn(z) �
∂φn(z)

∂z
=

aHn+1D
−2
n (z)

(
(P − 2z)σ2Iln + (P − z)2Qn

1 − z2Qn
2

)
an+1.

(55)
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Using a bisection method for each n ∈ N , we can obtain the
optimal value of z in the interval [0, P ] for that n. Denoting this
optimal value as zn, we can then write fn(zn) = 0. Denoting
the index of the optimal block as no, we can use (54) to obtain
no as

no = argmax
n∈N

φn(zn) (56)

and thus write

ρ = σ−2 φno
(zno

) (57)

Indeed, by conducting a search on N , we can find no as the
value of n which results in the maximum value of the objective
function in (56). Withno and zno

obtained, we show in Appendix
C that the optimal value of the relay beamforming weight vector,
denoted as uo, can be obtained as

uo = κ
√
P − zno

[
0T
ino×1 bT

no+1 0T
jno×1

]T
, (58)

where the following definitions are used:

bno+1 � D−1
no
(zno

)a∗no+1

κ = 1/
√

bH
no+1(σ

2Ilno
+ zno

Qno
2 )bno+1. (59)

To summarize, we note that uo is the optimal value of the
beamforming vector for the relaxed lower bound problem in
(35). In what follows, we prove that uo is the optimal value
of the beamforming weight vector for the original optimization
problem (23).

Solution to the Original Problem: It follows from the struc-
ture of uo in (58) that the first ino

relays and the last jno
relays

will have to be switched off and only the lno
relays which

contribute to Tap no of the end-to-end CIR h[·] will be active
and participate in the information exchange between the two
transceivers. This implies that only Tap no of the end-to-end
CIR h[·] is nonzero at the optimum and all other taps are zero.
Indeed, at the optimum, we can use (58) in (11) to write the
vector of the CIR taps as

h(uo) = Cuo

= κ
√
P − zno

[0T
(no−1)×1 aTno+1bno+1 0T

(N−no)×1 ]T .

(60)

As (60) implies, the optimal end-to-end channel has only one
non-zero tap, and thus, this channel will have a frequency-flat
amplitude response over the Ns-point DFT grid, that is

|fHk Cuo| = |fH
k̃
Cuo|, for k, k̃ ∈ {1, 2, . . . , Ns} (61)

It follows from (61) that at the optimum of the relaxed opti-
mization problem (35), the two inequalities in (33) and (34) are
satisfied with equality. As a result, the solution to the relaxed op-
timization problem (35) is feasible for the original optimization
problem in (32) and since the relaxed optimization problem (35)
yields a lower bound for the original optimization problem in
(32), we conclude that the solution to the relaxed problem (35)
for u, given in (58), is optimal for the original optimization
problem in (32). The optimal values of P1 and P2 can then be

obtained from (36) and (37), by replacing u with uo, as

P o
1 =

σ2h2(u
o)

‖Cuo‖2 (ε−1
2 − 1) (62)

P o
2 =

P − σ2‖uo‖2
h2(uo)

− σ2h1(u
o)

‖Cuo‖2
(
ε−1
2 − 1

)
. (63)

Next, we characterize the achievable MSE region.
MSE Region Characterization: With the results obtained so

far, we are now well-positioned to characterize the MSE region
and the boundary thereof. The minimum MSE of Transceiver 1
is the optimal value of the objective function of the optimization
problem (32), which is equal to the optimal value of the objective
function of the relaxed optimization problem (35), as proven
earlier. The minimum MSE at Transceiver 1 can be obtained by
replacing u and P2 in (35), respectively, with uo and P o

2 , given
in (58) and (63). That is

MSE1(u
o,Fo

1, P
o
2 )

=
1

1

σ2

(
(P − σ2‖uo‖2)‖Cuo‖2

h1(uo)h2(uo)
− σ2(

1

ε2
− 1)

)

+ 1

.

(64)

Note that it follows from (41) that by eliminating variable z we
can write

ρ = max
u

(P − σ2‖u‖2)‖Cu‖2
σ2(uHQ1u+ 1)(uHQ2u+ 1)

=
(P − σ2‖uo‖2)‖Cuo‖2

σ2h1(uo)h2(uo)
. (65)

Using (57) and (65), we can rewrite (64) as

MSE1(u
o,Fo

1, P
o
2 ) =

1

1

σ2

(

zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1 − σ2(
1

ε2
− 1)

)

+ 1

.

(66)

Given that MSE2(u
o,Fo

2, P
o
1 ) = ε2, we can rewrite (66) as

MSE−1
1 (uo,Fo

1, P
o
2 ) +MSE−1

2 (uo,Fo
2, P

o
1 )

= σ−2zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1 + 2 (67)

which describes the boundary of the MSE region. As proved
above, on this boundary the end-to-end CIR h[·] has only one
non-zero tap, and thus, is frequency-flat. That is, the set

RMSE �
{
(ε1, ε2) ∈ (0, 1]2

∣
∣
∣ε−1

1 + ε−1
2

≤ σ−2zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1 + 2
}

(68)

is the set of the values of (MSE1(u,F1, P2),MSE2(u,F2, P1))
that can be achieved with a given total transmit power budget P .
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IV. MSE-CONSTRAINED TOTAL POWER OPTIMIZATION

Problem Formulation:7 We now aim to solve the MSE-
constrained total power minimization problem, expressed as

min
P1≥0,P2≥0,u

min
F1,F2

Pt(P1, P2,u)

s.t. MSE1(u,F1, P2) ≤ ε1, MSE2(u,F2, P1) ≤ ε2 . (69)

Note that for fixed P1, P2 and u, the inner minimization in
(69) is convex in F1 and F2 due to the fact that the objective
function does not depend on F1 and F2, while the inequality
constraints are convex in F1 and F2 (see (25)). Indeed, this
inner minimization is a convex feasibility problem. Thus, we can
use Karush-Kuhn-Tucker (KKT) conditions to find the optimal
solution to this minimization problem. To do so, we can write
the Lagrangian function as

L(F1,F2, ν) � Pt(P1, P2,u) + ν1(MSE1(u,F1, P2)− ε1)

+ ν2(MSE2(u,F2, P2)− ε2). (70)

where ν1 and ν2 are the Lagrange multipliers. The optimal F1

and F2 (denoted as Fo
1 and Fo

2, respectively) can be obtained
by differentiating the Lagrangian function in (70) with respect
to F1 and F2 and equating these derivatives to zero, and then,
solving for F1 and F2. Doing so leads us to the following two
Wiener filter solutions:

Fo
1 =

√
P2H̃

H(u)R−1
1 (u), Fo

2 =
√
P1H̃

H(u)R−1
2 (u).

(71)

Note that for given P1, P2, and u, the values of Fo
1 and Fo

2 must
satisfy the constraints in (69), otherwise those values of P1, P2,
and u are not feasible. Inserting Fo

1 and Fo
2 into the constraints

in (69) results in two constraints, one on P2 and u, and one on
P1 and u, which have to be taken into account when the outer
minimization in (69) is solved. The details of solving the outer
minimization is provided in the sequel.

Optimal Relay Beamforming: Using (71), we show in
Appendix A that MSE1(u,F

o
1, P2) can be written as

MSE1(u,F
o
1, P2) = N−1

s

Ns∑

k=1

[
P2Ns|fHk Cu|2
σ2h1(u)

+ 1

]−1

, (72)

where fk � 1√
Ns

[1 ej
2π(k−1)

Ns · · · ej
2π(N−1)(k−1)

Ns ]T . Similarly,
one can use (71) to write

MSE2(u,F
o
2, P1) = N−1

s

Ns∑

k=1

[
P1Ns|fHk Cu|2
σ2h2(u)

+ 1

]−1

.

(73)

Note that the optimization problem (69) is feasible only when
ε1, ε2 ∈ (0, 1]. The reason is that each of theNs terms under the
summations in (72) and (73) is less than 1 (see also (68)). Using
MSE region characterization results from the previous section,
we can use the following lemma to solve the optimization
problem (69).

7We redefine some of the notations that we used in the previous section.

Lemma 1: Without loss of optimality, one can assume that at
the optimum of (69), |fkCu|2 = |fk̃Cu|2, holds true, for k, k̃ ∈
{1, 2, . . . , Ns}. That is, the optimal end-to-end channel has a
constant magnitude over the Ns-point DFT grid.

Proof: The proof relies on the results we presented in the
previous section, see Appendix D.

Based on Lemma 1 and using Parseval’s theorem,8

i.e.,
∑Ns

k=1 |fHk Cu|2 = ‖Cu‖2, we can write Ns|fHk Cu|2 =
‖Cu‖2, for k = 1, 2, . . . , Ns, and thus, rewrite the minimization
problem in (69) as

min
P1≥0,P2≥0,u

P1(u
HQ1u+ 1) + P2(u

HQ2u+ 1) + σ2‖u‖2

s.t.

[
P2‖Cu‖2
σ2h1(u)

+ 1

]−1

≤ ε1 ,

[
P1‖Cu‖2
σ2h2(u)

+ 1

]−1

≤ ε2.

(74)

One can easily prove that at the optimum, the two inequality
constraints in (74) must be satisfied with equality. Otherwise,
if any of the two constraints is satisfied with inequality, then
the corresponding power can be reduced without violating that
constraint while resulting in a lower value for the objective
function, thereby contradicting the optimality. Based on the fact
that at the optimum, the two inequality constraints in (74) must
be satisfied with equality, we can express P1 and P2, in terms of
u, as

P1 =
σ2h2(u)

‖Cu‖2 (ε−1
2 − 1), P2 =

σ2h1(u)

‖Cu‖2 (ε−1
1 − 1) . (75)

We now use (75) to eliminate P1 and P2 in the optimization
problem (74) and rewrite this problem as

min
u

σ2h1(u)h2(u)

‖Cu‖2 ((ε−1
1 + ε−1

2 )− 2) + σ2‖u‖2 . (76)

Let us define a new optimization variable z as z � h2(u)
‖Cu‖2 ((ε

−1
1 +

ε−1
2 )− 2) = (uHQ2u+1)

‖Cu‖2 ((ε−1
1 + ε−1

2 )− 2). Note that as ε1 and
ε2 are both smaller than 1 (see also (68)), z ≥ 0 holds true. As
a result, we can write the optimization problem (76) as

min
z≥0

min
u

(uHQ1u+ 1)z + ‖u‖2

subject to z =
(uHQ2u+ 1)

‖Cu‖2 ((ε−1
1 + ε−1

2 )− 2) (77)

or, equivalently, as

min
z≥0

z +min
u

uH(zQ1 + I)u, s.t. uH(zCHC− γQ2)u = γ,

(78)

where we define γ � ((ε−1
1 + ε−1

2 )− 2) ≥ 0. Note that we can

write the constraint in (78) asuHQ
H/2
2 (zQ

−H/2
2 CHCQ

−1/2
2 −

γI)Q
1/2
2 u = γ . As a result, the inner minimization in (78) is

feasible iff

λmax{zQ−H/2
2 CHCQ

−1/2
2 − γI} > 0 . (79)

8Note that fk � 1√
Ns

[1 e
j
2π(k−1)

Ns · · · e
j
2π(N−1)(k−1)

Ns ]T , for k =

1, 2, . . . ,Ns is the truncated version of k-th column of the Ns ×Ns unitary
inverse DFT matrix.
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Using the fact that CHC is a block diagonal matrix with rank-1
diagonal blocks (see (17)), we can show that (see Appendix E)

λmax{zQ−H/2
2 CHCQ

−1/2
2 − γI} =

max
n∈N

z aHn+1(Q
n
2 )

−1an+1 − γ. (80)

Hence, the feasibility condition in (79) is equivalent to

z >
γ

maxn∈N aHn+1(Q
n
2 )

−1an+1
=

γ

maxn∈N ‖gn
1 ‖2

. (81)

where we define gn
1 � [g(in+1),1 g(in+2),1 · · · g(in+ln),1]

T

and the equality follows from (16) and (52). Let ũ(z) repre-
sent the normalized (i.e., ‖ũ(z)‖2 = 1) principal eigenvector of
matrix

P(z) � (zQ1 + I)−1/2(zCHC− γQ2)(zQ1 + I)−1/2. (82)

That is, ũ(z) � P{P(z)}. Then, for any feasible z, the inner
minimization in (78) has a closed-form solution given by

uo(z) = κP {(zQ1 + I)−1(zCHC− γQ2)
}

= κ(zQ1 + I)−1/2P {P(z)} = κ(zQ1 + I)−1/2ũ(z).
(83)

Here, κ is a normalization factor which guarantees that the
constraint in (78) is satisfied, that is κ2 = γ

(ũH(z)P(z)ũ(z))
=

γ
λmax{P(z)} , Also, the optimum value of the inner minimization
in (77) is given by γ

λmax{P(z)} . Note that P(z) is a block diag-
onal matrix, because Q1 and Q2 are diagonal matrices, while
CHC = blkdiag{a∗n+1a

T
n+1}n∈N is a block diagonal matrix

(see (17)). Hence, the principal eigenvalue of P(z) is equal to
the largest of the principal eigenvalues of different blocks. That
is

λ(z) � λmax{P(z)} = max
n∈N

λmax{SnP(z)SH
n } = max

n∈N
λn(z)

(84)

where we define λn(z) � λmax{(zQn
1 + I)−1/2(za∗n+1a

T
n+1 −

γQn
2 )(zQ

n
1 + I)−1/2 }. Using (84), we can rewrite the optimiza-

tion problem (78) as minz≥0 z +
γ

maxn∈N λn(z)
or, equivalently,

as9 minz≥0 z +minn∈N γ
[λn(z)]+

or as

min
n∈N

min
z>0

z +
γ

[λn(z)]+
. (85)

For any n ∈ N , the solution to the inner minimization in (85)
occurs when λn(z) > 0 (i.e., when10 z > γ

‖gn
1 ‖2 ). The reason is

that when λn(z) ≤ 0, this cost function approaches +∞. We
can thus write (85) as

min
n∈N

min
z> γ

‖gn
1
‖2

z +
γ

λn(z)
. (86)

9Note that for any given z, λn(z) could be negative for some n but the
feasibility condition in (80) guarantees that λn(z) cannot be negative for all
n ∈ N .

10Note that λn(z) = λmax{(zQn
1 + I)−1/2(za∗

n+1a
T
n+1 −

γQn
2 )(zQ

n
1 + I)−1/2 } is positive only when λmax{(za∗

n+1a
T
n+1 −

γQn
2 ) } = z aH

n+1(Q
n
2 )

−1an+1 − γ > 0 holds true.

One can show that for any feasible z > γ
‖gn

1 ‖2 , the value of

λn(z) = λmax{(zQn
1 + I)−1/2(za∗n+1a

T
n+1 − γQn

2 )(zQ
n
1 +

I)−1/2} is equal to the provably unique positive value of λ

which satisfies the following equation:

zaHn+1A
−1
n (λ, z)an+1 = 1, (87)

where we define An(λ, z) � γQn
2 + λ(zQn

1 + Iln). Moreover,
the solution to the inner minimization in (86) in the interval
( γ
‖gn

1 ‖2 ,+∞) is provably unique and can be obtained as the root
of the following equation:

�n(z) �
1/z2 − λaHn+1A

−2
n (λ, z)Qn

1an+1

λ2aHn+1A
−2
n (λ, z)(zQn

1 + Iln)an+1
− 1

γ
= 0 (88)

where λ is obtained as the provably unique positive solution
to (87), for any z ∈ ( γ

‖gn
1 ‖2 ,+∞). Denoting the solution to the

inner minimization in (86) as zn, we can obtain the optimal value
of n, denoted as no, as

no = argmin
n∈N

zn +
γ

λn(zn)
. (89)

It is worth stressing that the value of no dictates which diago-
nal block of the block diagonal matrix P(zno

) has the largest
eigenvalue. This block in turn yields the value of the principal
eigenvector of matrix P(zno

). With no and zno
obtained, we

show in Appendix F that the optimal value of the relay beam-
forming weight vector, uo can be obtained as

uo =
[
0T
ino×1 bT

no+1 0T
jno×1

]T
(90)

where we used the following definitions:

bno+1 � κα
√
zno

h =

√
γ

√
λno

(zno
)hH(zno

Qno
1 + Ilno

)h
h

h = A−1
no
(λno

(zno
), zno

)a∗no+1 (91)

Using (90) in (11), we can obtain the vector of the end-to-end
CIR taps as

h(uo) = Cuo = [0T
(no−1)×1 aTno+1bno+1 0T

(N−no)×1 ]T .

(92)

It now becomes clear from (92) that at the optimum, the end-to-
end channel has only a single non-zero tap.

V. DISCUSSIONS

We now have all the derivations to show how the solution to
the MSE-constrained total power minimization problem (69) is
related to the solution to the rate-constrained power minimiza-
tion problem. The latter problem is expressed as

min
P1≥0,P2≥0,u

Pt(P1, P2,u)

subject to R1(u, P2) ≥ r1, R2(u, P1) > r2 . (93)

where R1(u, P2) (R2(u, P1)) is the achievable data rate at
Transceiver 1 (2) and r1 (r2) is the minimum required rate
data rate at Transceiver 1 (2). It needs to be stressed that the
MSE-constrained total power minimization (69) and the rate-
constrained total power minimization (93) have two important
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differences, as spelled out in the sequel: 1) While solving (93), no
linear receiver is assumed, rather the optimal decoder is assumed
at the receiving front-ends of the two transceivers. However,
in the MSE-constrained total power minimization (69), linear
receiver (equalizer) is assumed. 2) Moreover, the minimum re-
quired rates (93) are achieved only when infinitely long Gaussian
channel source codes are used at the two transceivers, while
the MSE constraints in (69) guarantees non-coded performance.
Note that in the existing literature, one can find the relationship
between MSE and the data rate when the data rate is measured
at the output of the linear receiver. Such a relationship between
the MSE at the output of a linear receiver and the data rate in the
absence of a linear receiver does not hold in general. Using the
notations used here, we can simplify the optimization problem
(93) as [24]

min
u

σ2h1(u)h2(u)

‖Cu‖2 (2
r1
Ns + 2

r2
Ns − 2) + σ2‖u‖2

s.t. u ∈
⋃

n∈N
Bn. (94)

Here, Bn is the set of those values of u which result in only
h[n] being non-zero, for some n ∈ N , while all other taps of
h[·] are zero.11 The sets {Bn}N−1

n=0 are mutually exclusive, that is
Bn1

⋂Bn2
= ∅, for n1 �= n2. The optimization problem (94) is

similar to the one in (76) except for the constraintu ∈ ⋃n∈N Bn,
which guarantees that the end-to-end CIR has only one non-
zero tap. Note however that, as shown in the previous section,
minimizing the cost function in (94) without this constraint
already leads to a single-tap end-to-end CIR. Hence, dropping
this constraint from (94) will not cause any loss of optimality. As
a result, the MSE-constrained total power minimization problem
(69) and the rate-constrained power minimization (93) lead to

the same result if we choose ε1 = 2
−r1
Ns and ε2 = 2

−r2
Ns . In other

words, the solution to the rate-constrained power minimization,
with threshold pair (r1, r2) is identical to the solution to the
MSE-constrained total power minimization problem with max-
imum MSE pair of (2−

r1
Ns , 2−

r2
Ns ). Such a relationship between

these two solutions is the direct result of the fact that at the
optimum, both solutions lead to a single-tap end-to-end channel,
and hence, the following relationship between the achieved rates
and the MSEs holds true:

rp = Ns log2 ε
−1
p , for p = 1, 2 (95)

Note that without going through the rigorous derivation pre-
sented in this paper, there was no way to conclude that choosing
r1 and r2 as in (95) and solving the rate-constrained power
minimization would be also power-optimal when the MSEs are
constrained to be less that ε1 and ε2.

Remark 1: In the studied scheme, it is assumed that the two
transceivers know which relays, if any, contribute to each tap of
the end-to-end CIR. This assumption is realistic as the propaga-
tion delay corresponding to each transceiver-relay link depends

11In other words, for u ∈
⋃

n∈N Bn, the end-to-end CIR h[·] has only a
single non-zero tap and the beamforming weights of those relays which do not
subscribe to this non-zero tap will be zero.

Fig. 2. The achievable MSE region RMSE.with with
a � (σ−2zno (P − zno )a

H
no+1D

−1
no

(zno )ano+1 + 2)−1.

on the geographical distance between the respective transceiver
and the relay. If, prior to data communication between the two
transceivers, each relay provides its own coordinates, through
a control channel, to each of the two transceivers, then each
transceiver can calculate the propagation delay between itself
and all relays. As a result, both transceivers can have the
knowledge of the propagation delays between both transceivers
and the relays, and thus, can reconstruct the end-to-end delay
corresponding to each relaying path. With the knowledge of
these relaying delays, each transceiver can find out which relays
contribute to each tap of the end-to-end CIR. Note also that
the calculation of the relaying delays can be performed at the
relays, provided that each relay acquires the coordinates of the
two transceivers over the control channel. Then, each relay can
send its corresponding relaying delay to the two transceivers.

VI. SUM-MSE MINIMIZATION

We now show how the characterization of the boundary of
the achievable MSE region can be used to solve the problem
of sum-MSE (or total MSE) minimization under a total power
budget. The latter minimization problem is formulated as

min
P1≥0,P2≥0,u

min
F1,F2

MSE1(u,F1, P2) +MSE2(u,F2, P1)

subject to Pt(P1, P2,u) ≤ P. (96)

The achievable MSE region RMSE, characterized in (68), is
shown in Fig. 2 as the area with light blue color. In this fig-
ure, we define a � (σ−2zno

(P − zno
)aHno+1D

−1
no
(zno

)ano+1 +
2)−1. As one can easily see from this figure, the minimum sum-
MSE is achieved, when the line ε1 + ε2 = c touches the bound-
ary at point A, where ε1 = ε2 = 2a holds true, i.e., when MSE
balancing occurs. As we proved in Section III, at any point on
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this boundary, the end-to-end channel will have only one single
non-zero tap, and thus, the sum-MSE-optimal value of the relay
beamforming vector is given as in (58). The corresponding opti-
mal value of the transceiver’s transmit powers can be obtained by
replacing ε1 and ε2 in (62) and (63) with 2a, thereby arriving at

P o
1 =

h2(u
o)

2‖Cuo‖2 (zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1)

P o
2 =

P − σ2‖uo‖2
h2(uo)

− σ2h1(u
o)

‖Cuo‖2
(
ε−1
2 − 1

)

=
σ2h1(u

o)

‖Cuo‖2 ×
(
(P − σ2‖uo‖2)‖Cuo‖2

h1(uo)h2(uo)
−

0.5σ−2zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1

)

=
h1(u

o)

2‖Cuo‖2 (zno
(P − zno

)aHno+1D
−1
no
(zno

)ano+1) (97)

where we have used (57) and (65) to arrive at (97).

VII. NUMERICAL RESULTS

The network consists of two transceivers which are located at
the Cartesian coordinates of (−1000, 0) m and (1000,0) m. The
relay nodes are randomly located over an area of 1000 meters by
1000 meters centered at (0,0) m. The small-scale fading coef-
ficients are modeled as independent and identically distributed
complex Gaussian random variables with zero mean and unit
variance. The Okumura-Hata model for urban environment is
used to model the path loss as 137.03 + 35 log10(distance),
with the path loss exponent being 3.5. We assume shadowing
standard deviation to be 8 dB. The small scale fading coefficients
are modeled as independent and identically distributed complex
Gaussian random variables with zero mean and unit variance.
The noise at the transceivers and the relays are also modeled
as zero-mean white Gaussian random variables with variance
σ2 = −104 dBm, which is equivalent to the noise level in a 10
MHz transmission bandwidth.

Fig. 3 shows two sets of curves: 1) the average minimum total
transmit power versus ε1 = ε2 (red curves and red axes), and 2)
average minimum total transmit power versus the rate thresholds
(black curves and axes). As can seen in these curves, doubling
the number of relays will reduce the average minimum total
power consumption by about 3.5 dB, while a 10 fold increase
in the number of relays, reduces the total power consumption
by 10 dB. The power-vs-rate curves also show that the power
increases exponentially with rate requirements for moderate to
high rate regimes.

VIII. CONCLUSION

A relay network is referred to as asynchronous, when the
signal travel times between any end-node (source or destination)
and different relays are significantly different from each other.
Such a relay channel will cause inter-symbol interference at the
receiving side of the link. Considering such asynchronous relay
networks, in this paper, we presented two contributions: 1) under
a total power constraint and using linear post-channel block
(single-carrier) equalization at the two transceivers, we solved

Fig. 3. Average minimum total transmit power versus ε1 = ε2 (red curves)
and average minimum total transmit power versus rate thresholds (black curves).

the problem of minimizing the MSE at the output of the linear
block equalizer of one transceiver, while the MSE at the output
of the linear block equalizer at the other transceiver is kept at
a certain level. Carried over the transceivers’ transmit powers,
the linear post-channel block equalizers and the relay complex
beamforming weights, this minimization aims to characterize
the MSE region. Such an MSE region characterization allows
us to characterize the region of un-coded probabilities of error
at the two transceivers. 2) As the second contribution, we opti-
mized the transceivers’ transmit powers, the linear post-channel
block equalizers, and the relay complex beamforming weights
by solving the total power minimization problem under MSE
constraints and proved how this solution is related to the solution
of the rate-constrained power minimization problem. To solve
this problem, we relied on our MSE region characterization
to rigorously prove that in designing transceiver power allo-
cation and distributed beamforming, our MSE-constrained total
power minimization approach and the rate-constrained power
minimization technique of [24] are equivalent, provided that the
MSE thresholds in the former approach and the rate thresholds
in the latter approach are properly chosen. The equivalence
of these two approaches allows us to infer the un-coded MSE
performance of the network from the rate-constrained problem,
and conversely, the coded rate performance of the network can
be inferred from the MSE-constrained total power minimization
problem.

APPENDIX A
DERIVATION OF (30)

In light of (29), η(u, P1, P2) = MSE1(u,F
o
1, P2) can be

written as in (A.1), shown at the bottom of the next page,
where the last equality follows from the fact that R1(u, P2) =
RH

1 (u, P2). Let W denote the Ns ×Ns inverse DFT ma-

trix and define fk � 1√
Ns

[1 ej
2π(k−1)

Ns · · · ej 2π(N−1)(k−1)
Ns ]T . Let

us now define the Ns ×Ns diagonal matrix J(u), whose
diagonal entries are the frequency response of the end-to-end
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channel given by H(ej2πf ) �
∑N−1

n=0 h[n]e
−j2πfn at normal-

ized frequencies of integer multiples of 1/Ns. Hence, we can
write

J(u) � diag{H(ej0), H(ej
2π
Ns ), . . . , H(ej

2π(Ns−1)
Ns )}

=
√
Nsdiag

{
fHk Cu

}Ns

k=1
. (A.2)

Note that the circulant matrix H̃(u) can be decomposed as
H̃(u) = WHJ(u)W, and hence, η(u, P1, P2) is written in
terms of W and J(u) as in (A.3), shown at the bottom of this
page. Now, using (A.2), we can simplify η(u, P1, P2) as in (A.4)
shown at the bottom of the next page.

APPENDIX B
DERIVATION OF (51)

As B2(z), given in (44), is a block diagonal matrix with
block sizes {ln × ln}n∈N , while B4(z) is a diagonal matrix,
B−1

4 (z)B2(z) is also a block-diagonal matrix with block sizes
{ln × ln}n∈N . Note that one can obtain the principal eigenvec-
tor and the largest eigenvalue of a block-diagonal matrix via
dealing with each block of such a matrix separately. That is,
aiming to find the principal eigenvalue as well as the principal
eigenvector of the block diagonal matrix B−1

4 (z)B2(z), we can
first obtain the principal eigenvalue of each block and then
introduce the largest of these principal eigenvalues, obtained for

different blocks, as the principal eigenvalue of the block diagonal
matrix B−1

4 (z)B2(z). One can then easily find the principal
eigenvector of the block diagonal matrixB−1

4 (z)B2(z) from the
principal eigenvector of that block of this matrix which has the
largest principal eigenvalue among all different blocks. Based
on these explanations and using the fact that different blocks
of B−1

4 (z)B2(z) can be extracted as SnB
−1
4 (z)B2(z)S

H
n , for

n ∈ N , we can rewrite (49) as12 in (B.1), shown at the bottom
of the next page, where in the second equality, we use (44); in
the third equality, we use (4); in the fourth equality we use (18);
and in the fifth equality, we use the fact that the only non-zero
eigenvalue of xyH is yHx; in the seventh equality, we use the
fact that B1(z) = (zQ2 + σ2IL)

− 1
2 ; and in the eighth equality,

we use (6). The derivation of (51) is now complete.

APPENDIX C
DERIVATION OF (58)

With no and Pno
2 obtained, we now use (50) to obtain the

optimal value of ũ as
ũo = ũ(zno

) = P {B−1
4 (zno

)B2(zno
)
}

=
[
0T
ino×1 PT

{
Sno

B−1
4 (zno

)B2(zno
)SH

no

}
0T
jno×1

]T

(C.1)

12Note that the sizes of the diagonal blocks of B−1
4 (z)B2(z) are dictated by

and are equal to the sizes of the diagonal blocks of CHC.

η(u, P1, P2) = MSE1(u,F
o
1, P2) = N−1

s tr
{
Fo

1R1(u, P2)F
o
1
H
}
−N−1

s

√
P2tr

{
Fo

1H̃(u) + H̃H(u)Fo
1
H
}
+ 1

= N−1
s tr

{
(
√
P2H̃

H(u)R−1
1 (u, P2))R1(u, P2)(

√
P2H̃

H(u)R−1
1 (u, P2))

H
}

−N−1
s

√
P2tr

{
(
√
P2H̃

H(u)R−1
1 (u, P2)H̃(u) + H̃H(u)(

√
P2H̃

H(u)R−1
1 (u, P2))

H
}
+ 1

= N−1
s P2tr

{
H̃H(u)R−1

1 (u, P2)R1(u, P2)R
−1
1 (u, P2)

H
H̃(u)

}
− 2N−1

s P2tr
{
H̃H(u)R−1

1 (u, P2)H̃(u)
}
+ 1

= 1−N−1
s P2tr

{
H̃H(u)R−1

1 (u, P2)H̃(u)
}
, (A.1)

η(u, P1, P2) = 1−N−1
s P2tr

{

WHJH(u)WR−1
1 (u, P2)W

HJ(u)W

}

= 1−N−1
s P2tr

{

WWH
︸ ︷︷ ︸

I

JH(u)WR−1
1 (u, P2)W

HJ(u)

}

= 1−N−1
s P2tr

{

JH(u)
(
WR1(u, P2)W

H
)−1

J(u)

}

= 1−N−1
s P2tr

{

JH(u)

(

W
(
P2H̃(u)H̃H(u) + σ2(‖Q1u‖2 + 1)INs

)
WH

)−1

J(u)

}

= 1−N−1
s P2tr

{

JH(u)

(

P2 WH̃(u)
︸ ︷︷ ︸
J(u)W

H̃H(u)WH

︸ ︷︷ ︸
WHJH(u)

+ σ2(‖Q1u‖2 + 1)WWH
︸ ︷︷ ︸

I

)−1

J(u)

}

= 1−N−1
s P2tr

{

JH(u)

(

P2J(u)J
H(u) + σ2(‖Q1u‖2 + 1)INs

)−1

J(u)

}

. (A.3)
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where the third equality follows from the fact that the principal
eigenvector of the block diagonal matrix B−1

4 (zno
)B2(zno

) can
be obtained from the principal eigenvector of the block which
has the largest principal eigenvalue among all blocks. To further
simplify (C.1), we can use (C.2), shown at the top of the next
page, where in the first equality, we use (44); in the second equal-
ity, we use (4); in the third equality, we use (18); and in the fourth
equality, we use the fact that the principal eigenvector of xyH

is x; and κ is a normalizing factor guaranteeing that ‖ũo‖2 = 1
holds true. More specifically, we obtain κ as in (C.3), shown at
the top of the next page, where the following definition is used:

bno+1�
(
zno

Qno
2 +σ2Ilno

+(P−zno
)Qno

1

)−1
a∗no+1. (C.4)

Using (C.1) and (C.2) in (42), we can obtain the optimal value
of u, denoted as uo, as in (C.5), shown at the top of the next
page, where in the third equality, we use (47); in the fourth
equality, we use the fact that B1(z) = (zQ2 + σ2IL)

− 1
2 ; in the

fifth equality, we use (6); and in the seventh equality, we use
(C.4). The derivation of (58) is now complete.

APPENDIX D
PROOF OF LEMMA 1

Let Pmin
t stand for the minimum value of Pt(P1, P2,u)

obtained by solving (69), while the corresponding optimal values

of the optimization variables are given by (P o
1 , P

o
2 ,u

o,Fo
1,F

o
2).

We now consider the following minimization problem:

min
P1≥0,P2≥0,u

min
F1,F2

MSE1(u,F1, P2)

subject to MSE2(u,F2, P1) = ε2, Pt(P1, P2,u) ≤ Pmin
t

(D.1)

Let (P̂ o
1 , P̂

o
2 , û

o, F̂o
1, F̂

o
2) be the solution to the optimization

problem (D.1), while ε̂1 denotes the minimum achievable value
for the MSE at Transceiver 1, obtained by solving (D.1),
for the given budget Pmin

t . We now show that ε̂1 = ε holds
true. To show this, we rely on contradiction: if ε̂1 > ε1, then
(P o

1 , P
o
2 ,u

o,Fo
1,F

o
2) leads to a smaller value for the cost

function in (D.1). Indeed, (P o
1 , P

o
2 ,u

o,Fo
1,F

o
2) being a solu-

tion to (69), leads to a smaller value for MSE, i.e., ε1, at
Transceiver 1, while the MSE at Transceiver 2 is equal to
ε2, and at the same time, Pt(P

o
1 , P

o
2 ,u

o) = Pmin
t and this

contradicts the optimality of (P̂ o
1 , P̂

o
2 , û

o, F̂o
1, F̂

o
2) for (D.1).

On the other hand, we can easily show that ε̂1 cannot be
smaller than ε1 either. Otherwise, if ε̂1 < ε1, then one can
scale down the optimal value P̂ ◦

2 by some real α < 1 (see
(72)) such that MSE1(û

o, F̂o
1, αP̂

o
2 ) = ε1 holds true, without

violating the constraint in (D.1), i.e., Pt(P̂
o
1 , αP̂

o
2 , û

o) < Pmin
t .

In other words, the tuple (P̂ o
1 , αP̂

o
2 , û

o,Fo
1,F

o
2)) results in a

lower total power, while satisfying the two constraints in (69).

η(u, P1, P2) = 1−N−1
s tr

{

diag

{
NsP2|fHk Cu|2

NsP2|fHk Cu|2 + σ2(‖Q1u‖2 + 1)

}Ns

k=1

}

= 1−N−1
s

Ns∑

k=1

NsP2|fHk Cu|2
NsP2|fHk Cu|2 + σ2(‖Q1u‖2 + 1)

=

Ns∑

k=1

(

N−1
s − P2|fHk Cu|2

NsP2|fHk Cu|2 + σ2(‖Q1u‖2 + 1)

)

=

Ns∑

k=1

N−1
s σ2(‖Q1u‖2 + 1)

NsP2|fHk Cu|2 + σ2(‖Q1u‖2 + 1)
= N−1

s

Ns∑

k=1

1
NsP2|fHk Cu|2
σ2(uHQ1u+1)

+ 1
(A.4)

λo(z) = max
n∈N

λmax

{
SnB

−1
4 (z)B2(z)S

H
n

}
= max

n∈N
λmax

{
SnB

−1
4 (z)B1(z)C

HCB1(z)S
H
n

}

= max
n∈N

λmax

{
SnB

−1
4 (z)B1(z)S

H
n SnC

HCSH
n SnB1(z)S

H
n

}
= max

n∈N
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SnB

−1
4 (z)B1(z)S

H
n a∗n+1a

T
n+1SnB1(z)S

H
n

}

= max
n∈N

aTn+1SnB1(z)S
H
n Sn
︸ ︷︷ ︸

Iln

(IL + poB1(z)Q1B1(z))
−1 B1(z)S

H
n a∗n+1 = max

n∈N
aTn+1Sn

(
B−2

1 (z) + poQ1

)−1
SH
n a∗n+1

= max
n∈N

aTn+1Sn

(
zQ2 + σ2IL + (P − z)Q1

)−1
SH
n a∗n+1

= max
n∈N

aTn+1

⎛

⎜
⎝z SnQ2S

H
n︸ ︷︷ ︸

Qn
2

+σ2SnS
H
n + (P − z)SnQ1S

H
n︸ ︷︷ ︸

Qn
1

⎞

⎟
⎠

−1

a∗n+1

= max
n∈N

aTn+1

⎛

⎜
⎜
⎝zQ

n
2 + σ2Iln + (P − z)Qn

1︸ ︷︷ ︸
�Dn(z)

⎞

⎟
⎟
⎠

−1

a∗n+1 = max
n∈N

aHn+1D
−1
n (z)an+1 (B.1)
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P {Sno
B−1

4 (zno
)B2(zno

)SH
no

}
= P {Sno

B−1
4 (zno

)B1(zno
)CHCB1(zno

)SH
no

}

= P {Sno
B−1

4 (zno
)B1(zno

)SH
no
Sno

CHCSH
no
Sno

B1(zno
)SH

no

}

= P {Sno
B−1

4 (zno
)B1(zno

)SH
no
a∗no+1a

T
no+1Sno

B1(zno
)SH

no

}
= κSno

B−1
4 (zno

)B1(zno
)SH

no
a∗no+1 (C.2)

κ = 1/
√

aTno+1Sno
B−2

4 (zno
)B2

1(zno
)SH

no
a∗no+1 = 1/

√

aTno+1Sno

(
B−1

1 (zno
) + (P − zno

)B1(zno
)Q1

)−2
SH
no
a∗no+1

= 1/

√

aTno+1Sno
B−2

1 (zno
)
(
B−2

1 (zno
) + (P − zno

)Q1

)−2
SH
no
a∗no+1

= 1/

√

aTno+1

(
σ2Ilno

+ zno
Qno

2

) (
zno

Qno
2 + σ2Ilno

+ (P − zno
)Qno

1
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a∗no+1 = 1/

√
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2Ilno
+ zno

Qno
2 )bno+1

(C.3)
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(C.5)

λmax{zQ−H/2
2 CHCQ

−1/2
2 − γI} = max

n∈N
λmax{Sn(zQ

−H/2
2 CHCQ

−1/2
2 − γI)SH

n } =

max
n∈N

λmax{z(Qn
2 )

−H/2a∗n+1a
T
n+1(Q

n
2 )

−1/2 − γIln} = max
n∈N

zaTn+1(Q
n
2 )

−1a∗n+1 − γ = max
n∈N

zaHn+1(Q
n
2 )

−1an+1 − γ (E.1)

This contradicts the optimality of (P o
1 , P

o
2 ,u

o,Fo
1,F

o
2) for (69).

Therefore, we can conclude that ε̂1 = ε1 holds true, meaning
that any solution to the optimization problem (D.1) is indeed a
solution to the optimization problem (69) and any solution to the
optimization (69) inherits all properties of the solutions to (D.1).
As shown in Section III, at the optimum of (D.1), the end-to-end
channel has only one non-zero tap, and therefore, this channel
will have a frequency-flat amplitude response over theNs-point
DFT grid (see (61), so will the end-to-end channel in (69). The
proof is complete.

APPENDIX E
DERIVATION OF (80)

Note that matrix Q2 is diagonal, while matrix CHC is block
diagonal (see (17)). Hence, matrix zQ−H/2

2 CHCQ
−1/2
2 − γI

is block diagonal as well, and thus, the principal eigenvalue of
this matrix is equal to the largest of the principal eigenvalues of
different blocks, that is, we can write as in (E.1) shown at the
top of this page. The derivation is complete.

APPENDIX F
DERIVATION OF (90)

With no and zno
obtained, we can use (83) to obtain the

optimal value of u as

uo = uo(zno
) = κ(zno

Q1 + I)−1/2P {P(zno
)} (F.1)

Note that matrix P(zno
), as defined in (82), is block diagonal.

The reason is that matricesQ1 andQ2 are diagonal while matrix
CHC is block diagonal, see (17). Hence, the principal eigen-
vector of P(z) can be obtained from the principal eigenvector
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w = P{Sno
(zno

Q1 + I)−1/2(zno
CHC− γQ2)(zno
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no
}
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Sno

(zno
Q1 + I)−1/2SH
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}
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w = α(B+ λno
(zno

)I)−1b = α
[
γQno

2 (zno
Qno

1 + Ilno
)−1 + λno
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)I
]−1 ×√
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√
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uo = uo(zno
) = κ(zno

Q1 + I)−1/2P {P(zno
)}

=

[
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ino×1 κα

√
zno

([
γQno

2 + λno
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no+1 0T
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(F.6)

of that block of P(z) which has the largest eigenvalue among
all blocks.13 Therefore, we can write (F.1) as

uo = uo(zno
) = κ(zno

Q1 + I)−1/2

ũ(z)
︷ ︸︸ ︷
P {P(zno

)} =

κ(zno
Q1 + I)−1/2

⎡

⎢
⎢
⎣0

T
ino×1 (P{Sno

P(zno
)SH

no
}

︸ ︷︷ ︸
�w

)T 0T
jno×1

⎤

⎥
⎥
⎦

T

(F.2)

where the second equality follows from the fact that the value
of no dictates which diagonal block of the block diagonal
matrix P(zno

) has the largest eigenvalue among all blocks. This
block in turn yields the value of the principal eigenvector of
matrix P(zno

). We can now write w as in (F.3), shown at the
top of this page, where we use (82) and (4) in the first and
second equalities, respectively. Using the following definitions:
b � √

zno
(zno

Qno
1 + Ilno

)−1/2a∗no+1, B = γQno
2 (zno

Qno
1 +

Ilno
)−1 , we can use (F.3) to write (bbH −B)w = λno

(zno
)w

or

bbHw = (B+ λno
(zno

)I)w . (F.4)

Using (F.4), we can write as in (F.5), shown at the top of this
page, where α is chosen such that ‖w‖2 = 1, that is α =

1√
znoa

T
no+1[γQ

no
2 +λno (zno )(znoQ

no
1 +Ilno

)]−2(znoQ
no
1 +Ilno

)a∗
no+1

.

We now use (F.5) in (F.2) to write as in (F.6), shown at the top
of this page, where we used the following definitions:

h =
[
γQno

2 + λno
(zno

)(zno
Qno

1 + Ilno
)
]−1

a∗no+1 (F.7)

13With An being an ln × ln matrix, for n ∈ N , the principal eigen-
vector of the block diagonal matrix blkdiag{An}n∈N is equal to
[0T

ino×1 (P{Ano})T 0jno×1]
T . Here, Ano is the block which has the

largest principal eigenvalue among all blocks {An}n∈N while ino and jno are
given as in (2) and (3), respectively.

bno+1 � κα
√
zno

h =

√
γ

√
λno

(zno
)hH(zno

Qno
1 + Ilno

)h
h.

(F.8)

The derivation of (90) is now complete.
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