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Abstract

We prove using an integral criterion the existence and completeness of the wave operators
W, (A?, AP Ig’,)l) corresponding to the Hodge-Laplacians A? acting on differential p-forms, for
v € {g,h}, induced by two quasi-isometric Riemannian metrics g and 4 on a complete open
smooth manifold M. In particular, this result provides a criterion for the absolutely continu-
ous spectra o-ac(A(g)) = o-ac(A(ﬁ)) of A? to coincide. The proof is based on gradient estimates
obtained by probabilistic Bismut-type formulae for the heat semigroup defined by spectral cal-
culus. By these localised formulae, the integral criterion only requires local curvature bounds
and some upper local control on the heat kernel acting on functions, but no control on the
injectivity radii. A consequence is a stability result of the absolutely continuous spectrum
under a Ricci flow. As an application we concentrate on the important case of conformal
perturbations.

Keywords  Scattering theory, Wave operators, Bismut type derivative formulae, Hodge-
Laplacian, Conformal perturbations

Mathematics Subject Classification (2010)  Primary: 58J50, 58)65, 58)35 - Secondary: 60J45, 53C44

Contents 1
1 Introduction . . . . . ... 1
2 Setting & Notation . . . . . . ... ... 5
3 Bismut-type Formulae & Gradient Estimates . . . . .. .................. 15
4  Mainresults . . .. .. 25
5 Proof of the mainresult . . . .. ... .. .. . .. .. ... 28
6  Applicationsand examples . . . . . ... L L 34
A Belopol’skii-Birman theorem . . ... ... . ... ... ... .. ... .. ... .. ... 39
References . . . . . . . . . 40

1 Introduction

Let (M, g) be a non-compact geodesically complete Riemannian manifold without boundary. The
Hodge-Laplacian A(fg’) acting on differential p-forms carries important geometric and topological
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information about M, of particular interest is the spectrum a(A(é’)) of A(é’). If M is compact, then
the spectrum consists of eigenvalues with finite multiplicity. If M is non-compact, then the
spectrum contains some absolutely continuous part (cf. [ ; ]). A natural questions to
ask is to what extent can we control the absolutely continuous part of o(A(g)) and under which
assumptions on the geometry of (M, g)?

A systematic approach to control the absolutely continuous part of the spectrum aaC(A(g)) is
inspired by quantum mechanics, namely scattering theory: Assume that there is another Rieman-
nian metric 2~ on M such that & is quasi-isometric to g, i.e. there exists a constant C > 1 such
that (1/C)g < h < Cg. We show that under suitable assumptions the wave operators

) AP
W AP AP 17) = s-lim e Sn 17 e P, (—A)

t—>+o00

exist and are complete, where the limit is taken in the strong sense, and
17 QL (M, g) — QF,(M, h)

denotes a bounded identification operator between the Hilbert spaces of equivalence classes
of square-integrable Borel p-forms on M corresponding to the metric g and & respectively (cf.
Theorem A in the Appendix and Section 2 for details). Then as well-known, it follows in particular
that

02 (A = 0, (AD).

In [ ], Miiller & Salomonsen considered Laplacians acting on 0-forms, i.e. functions, on
M. The authors assumed both metrics to have a C*-bounded geometry and a weighted integral
condition involving a second order deviation of the metrics. Later in [ ], Bei, Glineysu &
Miiller could generalise the previous result for conformally equivalent metrics on differential
forms under a mild first order control on the conformal factor. Hempel, Post & Weder [ ]
improved the result of [ 1 by assuming only a zeroth order deviation of the metric g from A
and a weighted integral condition involving a local lower bound of the injectivity radius and the
Ricci curvatures. However, detailed control on the sectional curvature is needed to get control
over the injectivity radii. In general, injectivity radii are hard to calculate.

Recently, Giineysu & Thalmaier [ | established a rather simple integral criterion induced
by two quasi-isometric Riemannian metrics only depending on a local upper bound on the heat
kernel and certain explicitly given local lower bound on the Ricci curvature using stochastic
methods, namely a Bismut-type formula for the derivative of the heat semigroup [ 1

Using a similar method, very recently Boldt & Giineysu [ ] extended the result to a non-
compact spin manifold with a fixed topological spin structure and two complete Riemannian
metrics with bounded sectional curvatures. As the metrics induce Dirac operators D, and D,
they can show existence and completeness of the wave operators corresponding to the Dirac
operators W, (D, D,, I, ;) and their squares W, (D7, D, I, ;).

In this paper, we address the natural question: Can we extend the results to the setting of differential
p-forms?
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We will show that previous results can be extended to the setting of differential p-forms, for
a large class of potentials assuming an integral criterion only depending on a local upper bound
on the heat kernel and certain explicitly given local curvature bounds. In addition, a necessary
assumption will be a bound on a weight function measuring the first order deviation of the
metrics in terms of the corresponding covariant derivatives V" and V¢ which is a one-form on
M with values in End TM.

Therefore, we consider the Hodge-Laplacian A,, also known as Laplace-de Rham operator, act-
ing on the full exterior bundle Q(M) = F(AT*M), i.e. the complex separable Hilbert space
of differential forms on M. The Hodge-Laplacian A, is related to the horizontal Laplacian
O, = (V8)*VE by the Weitzenbdck formula A, =0, - %, where Weitzenbdck curvature op-
erator £, € M(End Q(M)) is a symmetric field of endomorphisms. In particular, when acting on
1-forms, '%8|Q1(M,g) = Ric, and, acting on functions, '%g|QO(M,g) = 0. We assume that &, is in

the Kato class (cf. Definition 3.3). We are now in the position to state our main result.

Main result. Assume that g and h are two geodesically complete and quasi-isometric Riemannian
metrics on M, denoted g ~ h, such that &, is in the Kato class, for v € {g, h}, and assume that there
exists C < oo such that ‘(ngh| < C and that for the both v € {g, h}

Jmax {5g,h(x)5g(x, $).8Y () + Eg(x, ). B (x, s)} @ (x,5)vol,(dx) < o0, >0, (1)

where

« vol, denotes the Riemannian volume measure with respect to the metric v,

« B,(,5) : M — (0,) is a function explicitly given terms of local curvature bounds (cf. (3.13) in
Section 3),

« @ (,s): M — (0,) is a local upper bound on the heat kernel acting on functions on (M, v)
(cf. (2.11) in Section 2),

* 845 * M — (0,00) a zeroth order deviation of the metrics from each other (cf. (2.7) in Sec. 2),

. 5gvh : M — [0, ) a first order deviation of the metrics (cf. (2.8) in Section 2).

Then the wave operators W,(A,, A,, I, ) exists and are complete. In particular, 6,.(A,) = 6,.(Ap).

We will see that a zeroth order deviation &, , of the metrics from each other is induced by
quasi-isometry. In comparison to the case of 0-forms, i.e. functions, it turns out, working on
higher degree differential forms, also a first order deviation of the metrics ézh = |V" - Vg|§ is
necessary. But note that V" — V¢ is a one-form on M with values in End TM.

To this end, we first look at total differential forms and use probabilistic Bismut-type derivative
formulae for the exterior derivative, codifferential and covariant derivative of the heat equation
[ 1. Finally everything filters through the form degree to differential p-forms. The particularly
important case, in which two quasi-isometric Riemannian metrics differ by a conformal metric
change, is a direct consequence of our main result.

Because our result is independent of the injectivity radii we have the following application to
the Ricci flow. Let R, be the Riemannian curvature tensor with respect to the metric g.

Corollary 6.1. Let S > 0, 2 € R and assume that



(a) the family (g;)o<s<s C MetrM evolves under a Ricci-type flow
0,85 = ARicg , forall 0<s< S

(b) the initial metric g is geodesically complete

<C forall 0<s<S.

(c) there is some C > 0 such that ‘Rg | , |Vgs R,
*leg *leg

We set, for all x € M,
M, (x) := sup { |Ricgs(v, v)‘ 0<s<S, veT,M, Jul, < 1} ,
My (x) 1= sup { ‘vﬁs Ric,, (u, w) + V& Ric, (v, w) + V5 Ric, (u, u)| L 0<s<S,
w00 € T M, July . folg lwlg <17,

Let B,(x, R) denote the open geodesic ball. If
-1 . m
J vol,, (B,(x, 1))~ max {smh (ZS 14| M, (x)) ,Mz(x)} vol, (dx) < ,

then o,.(A, ) = 0,.(Ag) forall 0 < s < S.

Thereupon, we reify our main results to the case of global curvature bounds: The curvature
operator (with respect to the metric g) Q, is uniquely determined by the equation

(Q(XAY).UAV) = (R(X. 1)U, V),

for all smooth vector fields X,Y,U,V € lN«(TM). By the Gallot-Meyer estimate [ ], a global
bound 0, > -k, for some constant K > 0, already implies that the curvature endomorphism in
the Weitzenbock formula (3.1) is globally bounded by .%ép) > —Kp(m — p). In this case, our main
result reads as follows.

Theorem 6.7. Let Q, > —K, for some constant K > 0 (v € {g, h}). Let g, h € MetrM such that g ~ h
and assume that there exists C < co such that ‘6&‘ < C and that for some v € {g, h}

J max {5g’h(x)5g(x, $).87 () + Ey(x. 9). 5, (x, s)} @, (x, s)vol (dx) < co, 5> 0.

Then, the wave operators W,(A,, A, I) exist and are complete. Moreover, W, (A, A,, I) are partial
isometries with initial space ranP,(A,) and final space ranP,(A,), and we have
Gac(Ag) = Gac(Ah)'

A direct consequence and additional application is the particularly important case of conformal
perturbations under local and global curvature bounds, generalising the results in [ 1

A final application is provided through a result by Cheeger, Fukaya and Gromov [ ] known
as Cheeger-Gromov’s thick/thin decomposition: On any complete Riemannian m-manifold (M, g)
with bounded sectional curvature |Kg| < 1, there exists a Riemannian metric g, on M such that
g, is e-quasi-isometric to g and has bounded covariant derivatives. Hence, in this case, the
assumptions of our main result may be suitably relaxed, cf. Theorem 6.10.
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Let us end the introduction with a short outline of the paper. Section 2 introduces the ne-
cessary notation and deviation maps. In Section 3, we calculate bounds for exterior derivative,
codifferential and covariant derivative of the heat semigroup defined by spectral calculus using
Bismut-type derivative formulae. Our main results are explained in Section 4. After this, we prove
the main result in Section 5 by making use of a slight variant of the abstract Belopol’skii-Birman
theorem A. We close in Section 6 with applications to the Ricci flow 6.1, the particularly import-
ant cases of conformal perturbations 6.2, specify our results for global curvature bounds 6.3 and
e-close Riemannian metrics 6.4.

2 Setting & Notation

Let (M,g) be a complete smooth Riemannian manifold without boundary of dimension
m :=dimM > 2 and (-,-), its Riemannian metric. We write vol, for the corresponding volume
measure (with respect to the metric g) and denote by MetrM the set of all smooth Riemannian
metrics on M. All bundles will be understood complexified, e.g. the full exterior bundle

m
AT'M = @/\” T*M, with the usual convention A\’ T*M = C.
=0

Given smooth complex vector bundles E;, - M and E, —» M the complex linear space of smooth
linear partial differential operators from E, to E, of order < k € N, is denoted by @Y (M; E,, E,),
with shorthand notation @ (M E,) if E; = E,. On a vector bundle E - M (e.g. E = A\’ T*M)
the corresponding fibre norms are denoted by

lpl, := (g, @)y  for any section ¢ € I'(E),

where I'(E) :=Tc«(E) denotes all smooth sections of E and I > the L2-section of E.

In the case of E = A’ T*M, we indicate the corresponding form degree by an index: For
example, V&® or (., -)((g”) for some smooth function f : M — C etc.

We denote by Q2(M,g) := I2(/AT"M) the complex separable Hilbert space of equivalence
classes a of square-integrable Borel forms on M such that

||01||§ = ||06||§2L2(M’g) 1= JM Ia(x)lévolg(dx) < o0,
with inner product
(a,f), :=Aa, ﬂ>Q._2(M,g) 1= JM (a(x), B(x))g Vol (dx).

Analogously, we write Q‘L’Z(M, g) for the Hilbert space of Borel p-forms. In particular,
m
Q(M.9) = PO, (M. 0).
p=0
To relax notation, we set

Q(M.g) :=Qcx(M,g) and  Q°(M,g) :=Ql.(M,g).



for the set of all smooth forms, and smooth p-forms respectively, on (M, g).

Further, for some a € Q”(M), we denote by
ernae DOM; NP T*M)
the exterior product and its formal adjoint with respect to g, the interior multiplication, by
o a:=(eAa)s € DOM; NP T*M).

The interior multiplication corresponds to the contraction of @ € Q”(M) with a vector field
X elNTM), ie.

X—lg a(Xl, ’Xp—l) = a(X,Xl, ’Xp—l)’ for a" Xl’ ’Xp—l S r(TM),
and is an antiderivation, to wit

Xa(@anp)=X-2a)Af+ D an(X = p) forall a« € QP(M), p € Q(M).

We denote by
d? € 2OM; NP TM, NPT T M)
s(gp) c 9(1)(M, /\P T*M, /\P—l -I—*M)

the exterior derivative on p-forms and, respectively, the codifferential as the formal adjoint of
d?=D_ Then the Hodge-Laplacian can be written as the sum

(. (p+1) -1) &) 2 .
AY :=8]77dP +dP V8 € P (M NPT M),

and its Friedrichs realisation in Q’,(M, g) will be again denoted by A’ > 0. In particular, for p = 0,
we recover the special case of the Laplace-Beltrami operator acting on 0-forms, i.e. functions,

0 1
AY =80'd® € 2O (M),

Furthermore, we set

m
d :=@Pd” e VM \T* M)
p=0
5, ;=P s e 2VM AT M)
p=0

and define the underlying Dirac-type operator D,, and the (total) Hodge-Laplacian A,

D, :==d+8, € VM AT M)
A, :=D; € DOM; ANT*M)

where the Friedrichs realisation of A, in Q’EZ(M, g) will be again denoted by A, > 0. In particular,

_ A 2 .
Ag|Q,,(M,g) =AY € DM NPT M)



and

m
A, = @ A(gp) as self-adjoint operators.
p=0

Since g is (geodesically) complete, it follows that the operators Dg,Ag,A(g) are essentially self-
adjoint on the corresponding space of smooth compactly supported forms [ 1

Next, recall that for the p-fold exterior product of the vector space A\” T* M, we obtain a scalar
product (-,-), on A’ T*M by the bilinear extension of

(0 A Ay, By A A ﬂp)g = det (ak,ﬂ,)g : (2.1)
Any A € End(T*M) induces a linear map
N'AN"T"M > N"T*M
ay A...Aa, = Aap A ... A Aa,,.

As \" T*M is one-dimensional, the map A" A is given by multiplication with a unique number,
denoted by det A" A,

N"Ale; A...Ae,) =(det A)e A ... e,

where (e, ..., e,,) is a basis for A" T M.

A Riemannian metric (u, v), = g(u, v) foru,v € T, M gives by definition an inner product on each
tangent space T, M (x € M). By Riesz’ representation theorem, g provides a natural isomorphism
between tangent and cotangent bundle given by v = (v, -),,

bs
T™™ 2 T"M.
ng
More precisely, we define the sharp operator #¢ (with respect to g) by
B T°M > TM,  a(p) = g, p).
The Riemannian metric g defines a metric g on T*M, the cometric, via

g(a,p) =g, p*)  forall a,feT:M, xe M,

which extends to a metric on A’T*M according to (2.1).

Definition 2.1. A smooth Riemannian metric 2 € MetrM is called quasi-isometric to g, denoted
g ~ h, if there exists a constant C > 1 such that (to be understood pointwise, as bilinear forms)

1
—g<h<Cg.
Cg 4

Given g, h € MetrM, we define a vector bundle morphism
A=Ay, :TM —TM,  h@v)=gAuv), forall xe M, uveT M. (22

Note that the vector bundle morphism A = A, , induces a vector bundle morphism on the
cotangent bundle via

A:T"M — T*M, ar Aa i=ao A.



Lemma 2.2 (and Definition). In terms of the notations above, we have

h(a,p)=g(A \a,p) forall @, feTIM, xe M.
Extending A~! = A;’lh to a smooth vector bundle morphism by

A =d ) (x) = (NA,  NTM — AT*M, (2.3)
we obtain

g(‘dg,h(x)a’ﬁ) = h(a, p) for xe M, a,p € /\TiM

In the following the induced metrics will be understood complexified (conjugate-linear in the
first variable and linear in the second).

Remark 2.3. (i) By the positive-definiteness of & (or g), &, ,(x) has only positive eigenvalues
(x € M). By the symmetry of g and & the endomorphism &, , is fibrewise self-adjoint with
respect to g and h. Therefore, the fibrewise operator norm [-|, (or || ) induced by the metric
g (or h) of & is equivalent to absolute value of the largest eigenvalue on the given fibre for
both g and A. Thus to relax notation, we may suppress the metric and simply write |&|.

(ii) By the very definition, &'/ is a (pointwise) isometry from (A T*M, g) to (A T*M, h).

Proof of Lemma 2.2. We prove the Lemma in several steps.

1° We calculate the sharp operator in the new metric. Forx € M, let v € T,M and a € Ty M. By
duality,

g (aﬁg, v) =a()=nh (aﬁh, U) =g (Aaﬁh, U) e o’ = Aaﬁh, (2.4)
forallve T, M.
2° Let a,f € TiM, then

h(a,p) = h (aﬁ",ﬁﬁ")
=g (A ") = g@®', AP™) = g(A7' ", pF) = gl@e A7, ),

where we used that A~'a" = (a = A=')* in the last equality.

3° For any a,f € QP(M),
ha. ) =h(af" Ao nad B A A B
(2.7) h h
= det (ai ,ﬂf )h
— fh Htth
= det (Aak B )g

= det (aig, A_lﬂ?g>

A

g

det <A‘1a2g, ﬁf‘g)g

=g (A“a?g A AAT G BN A ﬂﬁg>

=g (ANPA™ (o Ao nay) B A AB,) = g(da, B) m



Obviously, denoting by 0 < p, , € C*(M) the Radon-Nikodym density, i.e.
dvol, = p, pdvol,,
the following identities hold

Phg = p;,lh, Ay, = d;,lh’ g = (det A2 0<inf Pgh < SUP pg pp < 0. (2.5)

The following estimates are necessary tools for the main proof noting that it is independent
of the quasi-isometry of g and 4. We point out that a similar argument was recently developed
in | 1

Lemma 24. Let o := o, be the smooth vector bundle morphism defined by (2.3). For any vector
field X € F(TM), we get

g _ h 4 h 4
Véd =V - V) + (V- Vi) d,
and the pointwise estimate

where ||, denotes the operator norm induced by the inner product g.

Proof. We divide the proof into two steps.

1° If we differentiate the identity

(@A) = (Ao, B,

in direction of X, we get on the one hand

X (a,p)p = (Vgl(“’ﬁ)h + (a, V?(ﬂ)h
- (,ggv’;(a,ﬁ)g + (da, vg;ﬂ)g

and on the other hand

X (da,p), = (Vy(da).p), + (Lo, V5P),

= ((Via.p), + (LVia.p), + (La. V5 P)

g

Hence,
(V5 A)a, ﬁ)g = (L(Vh - Vi)a, ﬂ)g + (a, (VA - V‘i)ﬂ)g.

using the self-adjointness of <.
2° We estimate
g
|VX.d|g < sup
o], lwl<1

< sup (‘(M(V?( - V4o, w)g’ + ’(U’ M(Vg( - Vi)w)g‘)

[v],|wl<1

<20 |V -V

((Vi&l)v, w)g‘

|g'
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Lemma 25. Llet o := 4, , be the smooth vector bundle morphism defined by (2.3). For any vector
field X € F(TM), we get the pointwise estimate

|V§(d1/2| < |d| |d—1/2| |Vh _ vg |
g
|V§(.szi'”2|g < |4 |.9!'1/2|3 |Vh R vE |

where |-|, denotes the operator norm induced by the inner product g.

Proof. We divide the proof into three steps.
1° Recall that &2 is an isometry, so that
(dl/za’ d]/za,)g = (a’ a)h .
If we differentiate the identity in the direction of X, we get on the one hand
12 12\ — g 712 12 12g8 12
X (A", A a)g =2(V5. " (a), oA a)g+2(.sz! Via, o a)g,
whereas, we have on the other hand
- h
X (a, a)h—Z(VXa a) (&lV a, a)g.
Thus,

(Ve " 2a, ot a) = ("2 e (Vi = V) 0 t"a)..

. (2.6)

2° Clearly, as o' is self-adjoint so is V4% So, let A be an eigenvalue of V5 &/'? with
Al = |V§(d”2|g at a fixed point x € M. Let v € T, M be a corresponding g-normalised
eigenvector. We estimate

‘(.si”ZVi.szil/zu, U)g‘ = 14l ‘(dl/ZU’ U)g‘ _ |V§(.5211/2|g ‘(dl/zv’ U)g‘ > |V§(&,1/z|g |.sz!‘1|_1/2

where we used that &, hence &2, has only (strictly) positive eigenvalues: More precisely,
since o !? is self-adjoint, there are eigenvalues A, and 4., of &!? such that

Amin(ef12) S (d 2y, u)g < max(.511/2)

By definition, the smooth vector bundle morphism & has only strictly positive eigenvalues,
so does &' and we have that (&f'"u,u) > 0. Moreover, the eigenvalues of &~ are just

given by m and thus

n ) 1 12171
|d1 | mln&{1 )_m_|d12| :
Hence the first estimate follows:
112
|V§(d1/2|g< |.91 1| liTg (dl/Zvidllzv’U)g‘
2" sup | (o (VE - V) vi0), |
o<1 &
< |7 |V - VS
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3° Covariantly differentiating the identity

d= 2o 12,

we get
0=V,a'2 o 12 1 2V =12
Thus,
VE A2 = g I2E 2 o 12
and the second estimate follows from by part 2°. [ |

We now define the zeroth order deviation of the two metrics (considered as multiplicative
perturbations of each other) as

AT 2751 M > (0,0, 27)

. m
6, n(x) :=2sinh|{ — max logil | = max
gn(%) (4 Aea(Ag’h(x))l £ l) A€o(Ag (%))

symmetric in g and & by quasi-isometry, i.e. 3,, = J,,. We will make use of the fact [ ,
Appendix A] that

SUpSg p(x) <0 = g~h.
The definition is becoming clearer in the Proof of the main result in Section 4. Moreover, let
67,(x) 1= |V" - vg|z(x) : M = [0, 00) (2.8)

be a weight function defined in terms of the corresponding covariant derivatives V”* and V&,
defined in terms of the operator norm induced by the inner product g.

Remark 2.6. Note that the difference of two connections V" — V8 is a one-form on M with
values in End TM, i.e.
V" - VE e (T"M ® End TM).

Example 2.7 (Conformal metric change). Let h := g, be a conformal perturbation of g, i.e. we
set g, :=e*g for some smooth function y : M — R. We take A :=e?,s0 A™! =e™* and

8, p(x) = 2sinh % lw(x)] .
Hence,
g~h < v bounded.
By (6.1c), for any smooth vector field X,Y € Mcw(TM),

(vi‘” - V‘;}) Y = dy(X)Y +dy(Y)X — (X,Y), grad, y.
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By norm equivalence on finite dimensional spaces, let us work with the Hilbert-Schmidt norm

for the calculation. Let (X;)T, a smooth local g-orthonormal frame of vector fields. Then in local
coordinates,

m

|dW|§®HS = Z |Xi‘//|2’

i=1
m
Ve = V2 ogs = 3 |V = VE) (X, X0

jk=1
m 2
= ) (XWX + X)X, =65 ) (X)X,
Jk=1 i

2

B

m
S 2|X X + XX+ Y | Xw
j<k i=1
so that

2 g 2 _ v
ldy 7 < |Vév — vg|g =Sy,

Next, we give a formula how to express the codifferential §, with respect the metric & in terms
of the codifferential 8, in terms of g.

Lemma 2.8. Let o :=d,, be the smooth vector bundle morphism defined by (2.3). Then the codif-
ferential with respect to the metric h is given by

8yn =" (8,(An) —dlogp -, (1)) for all 7 € Qcw(M).
Proof. For any n; € Qe (M), 1, € Qo (M), We calculate

d
(ny, ™" (8,(Any) —dlog p =, (), = <pdm, ! (sgmﬂz) - 7” Sy (dn2)>>
8

= (., p8y(ny) —dp =, (),

= (d(pn), dny), — (dp Any, ),

=(dp Any, Iny), + (pdny, dny), — (dp Any, ),
= (dn,m)p »

where we used that & is fibrewise self-adjoint. [ |

In the Proof of the main result, the gradient of the logarithm of the Radon-Nikodym density p, ,
can be estimated in terms of smooth vector bundle morphism &, , and 5th which is reflected
in the next Proposition 2.12. Therefore, we note two auxiliary lemmas.

Lemma 2.9. Let A, B be two complex m x m-matrices. Then,

[tr(AB)| < || Allgs l| Bllgs »

where ||-||ys denotes the Hilbert-Schmidt norm.
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Proof. Let A, B be two complex m x m-matrices with singular values

o1(A) > 05(A) > ... > 6,(A)  of Aand
6,(B)>0,(B)>...>0,(B)  of B.

Then, with the Hilbert-Schmidt norm ||-||gs,

lo(A)ll = 4| D 67(A) = Vir(A*A) = || Allys (2.9)
i=1

by norm equivalence on finite-dimensional vector spaces. By the well-known von Neumann trace

formula [ ], we get
|tr(AB)| < ) 6,(A)oy(B)
i=1
= (0(A), o(B))pn
< eIl llo(B)l = [ Allgs |1 Bllgs -
where we used Cauchy-Schwarz for the first inequality and (2.9) in the last equality. [ |

Lemma 2.10 (Classical Jacobi’s formula). Let A = A(f) an m x m-matrix parametrised by t. If A is
invertible, then

d

_ 14
< det A(®) = det A) tr (A(t) th(z)).

Lemma 2.1 (Jacobi’s formula). Let A := A, , be the smooth vector bundle morphism defined by (2.2)
(x € M). Then, forany X € (TM),
d(det A)X =det A tr (A7'VyA).

Proof. Fore > 0, let y : (—&,€) - M be a smooth curve on M such that y(0) = x and 7(0) = X.
Then, computing the differential using a velocity vector,

_d _ -1d
d(det A) X = T-det AG)| | = det 4G wr (40 0)” Tac@)|

= det A(Z(1) tr (AG®)™ Vy AG)]._,
= det A(x) tr (A(x)"'VyA®X)),

using Lemma 2.10 in the second step. [ |

Proposition 2.12. let o =, , be the smooth vector bundle morphism defined by (2.3) and
p = (det A)"? the Radon-Nikodym density defined by (2.5). Then we can estimate as follows:

|dlog pl, < C(m) || |VESL|, .

Proof. We first recall, that for x e M,

dim APTEM = (’") —  dimATIM =2" < oo,
p
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so dim AT;M is finite-dimensional (x € M). Recall that the Radon-Nikodym density p is given
by p = (det A)!2. By Jacobi’s formula, Lemma 2.11 above,

d(log p) X = %tr (A)'VxARX)) .
Hence, using Lemma 2.9,
1 _
| dtog 91X | < 3 A6 s [V x A g

<Cm) [A) ™| [V A,
< C(m) [ )7 |[Vy ()],

by norm equivalence on finite-dimensional spaces. [ ]
Next, we define the bounded identification operator

I = Ig,/’l : QLZ(M,g) - QL2(M, h)

I pa(x) = o2 (a(x),

well-defined by g ~ h.

Lemma 2.13. The adjoint I* of the bounded identification operator I is given by
l* = 1;7}1 . QLZ(M, h) - QLZ(M,g)

o (2.10)
I;ha(x) > pg’h(x)dg’h(x)a(x).

Proof. For compactly supported « € Q(M, h) and f € Q(M, g), we get

* _
<Ig,ha’ ﬁ>QL2(M,g) = (@, Ig,hﬁ>QL2(M,h)

-] (a, ,szfgj}{zﬁ)hdvolh
_ 12 g2 g=112
=, (.szlg,ha, dg,hdg,h ﬁ)gpg’hdvolg

8,

[ 172 -1
= Pl a,ﬂ) dvol, = <p 1 a,ﬁ) .
Im ( Shen ) s &g h™ P [ o Mg

For every g € MetrM,
(P)o0 i= (e_5A8> _, C L QM. g)
N

is the heat semigroup defined by the spectral theorem, choosing f : R — R, f(4) :=e 7?4 Let
us denote by

(0,00) X M x M 3 (5,x,y) = pS(x,3) 1= ¢ 2%¢(x, y) € Hom (A T:M, A TM)

the corresponding jointly smooth integral kernel of P¥. The smooth representative of P,a(x) is
given by

Pia(x) = [ e~ (x, y)a(y) vol,(dy).
M
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It is well-known [ , Theorem 11.1.] that we have

J |P§(X,y)|zvolg(dy) < 00, forall s>0, xe M.
M

The form degree p will be indicated again by round brackets o Finally, we set

0

D (x,s) = s;ppf( )(x, ), (2.11)

indicating the minimal heat kernel pf’(O) acting on O-forms, i.e. functions. Then it is well-known
that, for all (x,s) € M x (0, o), it follows that ®,(x,s) < co. One can even show [ ] that

sup D, (-, 5) < 00 forall s >0, K ¢ M compact.
K

3 Bismut-type Formulae & Gradient Estimates

In this section, we will omit the metric g in the notation if unambiguous. We first assume the form
a to be real-valued.

Let (Q, F, (F )50, P) be a filtered probability space satisfying the usual hypotheses, i.e. a prob-
ability space (Q, &, P) equipped with a filtration that is right-continuous

F.=F, = ﬂ&f’s forall >0,
s>t

and complete, i.e. & contains all subsets of P-null sets.

Let X(x) be a Brownian motion on M starting at x € M and {(x) its maximal lifetime, i.e. an

M -valued stochastic process (X, = X,(x)) such that X, = x € M and

0<sr<¢

t

N = F) = f) = 5 | Aura s o r<cwo)

is a real local martingale for all f € C*(M) and A,,; denoting the Laplace-Beltrami operator on
M. In other words, the process X(x) is a diffusion process in M starting at x € M which is
generated by %AM.

Further, let / be the stochastic parallel transport along X(x) and B the stochastic anti-
development of X to T, M, which is a standard Brownian motion on T,M = R™. For every
r>0let

ti=7(x,r) i=inf {r>0: X,(x) ¢ B(x,r)} : @ — [0, ]

be the first exit time of X from the open ball B(x, r).

Let E, E be two Riemannian vector bundles over M, endowed with a metric connection V£
and VE respectively. For a given multiplication map m € F(Hom(T*M Q E, ENV2MTM®E*®E),
we consider the Dirac-type operator
D, :=mVE : [(E) > I(E)

m

which is understood as the composition

r(E) >, NT*M ® E) — [(E).
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A multiplication map m is said to be compatible with V provided Vm =0, i.e.
VEmya) = mymuya+my(VEa)  forall UeF(TM), a e F(E), ve TM.

The horizontal Laplacian O is the second order differential operator given by the following de-
composition

"
E VT MQE

\% r
O:=-VV:[E) —-TMT"M®E) —— T(T"M T*"M Q E) iR ME).
Next, we consider two second order differential operators
L:=0-% onfl(E) and L:=0-Z on r(E),

obeying the commutation relation

In geometrically natural situations, we have ¢ = 0 or p € I(Hom(E, E)) is of zeroth order, and
% and & are zeroth order operators, provided m is compatible with the Levi-Civita connection.
Under those assumptions, Driver and Thalmaier [ ] can proof derivative formulae for the heat
semigroup in the general setting of vector bundles using martingale methods. For a detailed
discussion we refer the reader to [ l. Let us note two important examples.

Example 3.1. The exterior bundle of total forms E = A T*M — M with its natural connection
m
Vi=VATM .= @GVNTM
p=0

and Clifford action ¢ : TM — End(AT*M), c(@)B := a A f — a* 2 p. The Hodge-Laplacian A is
related to the horizontal Laplacian O by the Weitzenbock formula

A=0- %, (3.)

where Weitzenbock curvature operator & € IN(End Qc(M)) is a symmetric field of endomorph-

isms. Acting on p-forms, the field of endomorphisms is specified again by an index
R 1= Rlop o

In particular, note that 2 = Ric and Z© = 0. Moreover, it can be written explicitly (cf. e.g.
[ , Lemma A7]), for any orthonormal basis (e;) ;<

P — _ Z R(e;, ek)(e,b A o)(ey — o),
=1

where R(e;, ;) is the curvature tensor acting on p-forms (cf. [ , Lemma A.9]). Then
D,=D,=d+8 L=L=A, m=c and 0=0.
In particular, for E := AP T*M and E := A*"' T*M, then ¢=0 with
D, =d|,. L=-AP, L=-ArD = @=9V F=x)  m@ep=arp
If instead E := /\""' T*M, then again ¢=0 but with

D, =8|, L=-AP, L=-AD = R=9V F=RD  maep)=-("-p.
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Example 3.2 ([ , cf. Proposition 2.15]). Let E = T*M @ E and m = idg. For D,, = V and given
% € End E, we set

R =Ric" @1 — 2RF - 4170, ® & € End E, (3.2)
0=V -RE + VEYEG c M(Hom(E, E)), (3.3)
where RE denotes the Riemannian curvature tensor to V on E and
Ric" e FEndT*M)

denotes the transpose of the Ricci curvature tensor Ric € F(End TM) on M, and for any 5 € Ex,
veT .M, ac E, (¢) an orthonormal frame for T, M,

(RE 1) () : Z RE(v, e)n(e)).

(V-RFa) (v) : ZV RE(e;, v)a,

i=

(VRa) (v) = (V,R)a.

Choosing m =id, forL :=0- &, L=0- § it follows that ¢ € F(Hom(E, E)).

Next, we introduce the stochastic representation of the semigroup. To this end, recall that
/A SR Ey is the parallel transport along our diffusion X, = X,(x) started at x € M. We
define the linear operators on E, and E_, respectively,

Ry =W RIE and Ry =D R NE

along the paths of X(x) in the following way: Via the stochastic parallel transport we get to a
random point on the tangent space at X, and apply the curvature (in case p = 0 just Ric and
E = TM) considered as a linear transformation. Then we parallel transport back to where the
diffusion started. Thus, we get a linear mapping E, - E_ which now depends on random, i.e.

Let Q, be the End(E,)-valued, and Q, the End(fx)-valued respectively, pathwise solutions to the
ordinary differential equations

d 1 .
1@ = R,Q,. @y =idg,
AU (3.4)

%5;_— %//@ @0=ldf

The composition @ «/£~! maps from a random point X, back to the starting point x and is called
the (inverse) damped parallel transport along the paths of X (x).
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Given a potential w : M — C, the Feynman-Kac semigroup
1 s
PSLUf(x) =F (e_z Io W(Xr(X))drf(Xs(x))]]-{S<é‘(x)})

acts on (bounded) measurable functions f on M. Further, let ZF = ¢,,,(%F), i.e.

@E(x) = min{(%xv,v) ,ve E vl = 1}.

By uniform continuity, Z% is a continuous function on M. By Gronwall’s inequality,

@], < exp <—%[ @E(X,(x))dr> :
0

We have the following probabilistic representation of the semigroup, for all s > 0 and every
xXeM,

Pla(x) = J PE(x, y)a(y) vol (dy) = E¥ (Qs//f’_la(Xs)]l {Kc}) for all a € M>(E),
M

. . R . . N
provided the scalar semigroup P~ || (x) < o. In particular, we get semigroup domination
.%E
|Pfa(] < P lal (x).

To ensure the existence, we therefore always assume that @E € K(M) is in the Kato class.

Definition 3.3 (Kato class). Let w : M — C be a measurable function. Then w is said to be in
the contractive Dynkin class D(M) (also extended Kato class), if there is a 7 > 0 with

t
sup J E* (Lyyery |w(X))]) ds < 1,
xeM JO

and w is in the Kato class K(M), if

t
lim su E* (1 w(X,)|)ds =0.
lim sup L (Lsegy [0 (X))
The function w is said to be in the local Dynkin class D,,.(M) or local Kato class K;,.(M), if
1xw e D(M) or 1w € K(M), respectively, for all compact K c M.

Remark 3.4. (i) The Kato class K(M) plays an important role in the study of Schrodinger op-
erators and their associated semigroups, cf. [ . The contractive Dynkin class D(M)
appears in [ ] to study properties of semigroups associated to Schrodinger operators.
In the case of a non-compact manifold it is well-known that there are many technical diffi-
culties with the behaviour of the potentials at co. The Kato class defines a sufficiently rich
class of potentials for which we can still expect the Feynman-Kac formula to make sense
pointwise not only vol-a.e. x, but for all x € M.

(i) In particular (cf. [ , Remark VI.2.]), in the Euclidean space R™, we get LY(R™) c K(R™),
form>2and g > % Then it is well-known, that the Coulomb potential ﬁ is in K(R?).
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(iii) Clearly, all four classes depend on the Riemannian structure of M and we have
K(M)cD(M) and K.(M) C Dy,.(M).

In view of those implications and since it is more common to work with Kato classes, we note
that in what follows all assumptions may be relaxed from K(M) to D(M).

Lemma 3.5 ([ , Lemma V1.8.l). Forany w e K(M) andy > 1, there is ¢, = c,(w) > 0, such that
sup EX (]l{,<c}ej(;|w(xs)|ds> < 7e'r < 0, forall r>0.
xeM

Remark 3.6. The previous Lemma 3.5 can be elaborated in the case of potentials in the Dynkin

class (cf. [ , Lemma VL.8.]), namely: For any w € D(M) there are ¢, = ¢, (w) > 0, for k € {1,2},
such that

sup |Ex <ﬂ{t<§}ej(;|w(XS)|ds> < Cletcz < 00, for a” t> 0.

xeM

Following the ideas of [ ], we will write out the Bismut-type formulae derived for the spe-
cial cases in Example 3.1 and Example 3.2.

From now on, let E := \ T*M and, to shorten notation, we set & := RNTM.

By [ , Theorem 6.11], we get immediately the following Bismut-type derivative formulae.

Theorem 3.7. Llet a € Q (M) and R € K(M). Then for any v € A\ T, M, we have the following
Bismut-type formulae:

<(dPSa)x’ U) =—-[E <//S_IG(XS(X))]].{S<C(x)}, @S J @r_l(dBr — Qrer)> N
0

((SPSa)x, l)) =—-[E <//S_la(XS(X))]l{X<C(x)}, Qs J Qr_l(dBr A Qrfr)> .
0

where
o 7(x,r) < {(x) is the first exit time of X from the open ball B(x, r),

« dB := /7' o dX(x) is a Brownian motion in T, M, ie. the associated anti-development of the
Brownian motion X (x),

* ({,)re(0.5] is any adapted process in \ T, M with absolutely continuous paths such that for some
arbitrary small e > 0

(s—e)AT(x) . 12
E <J |/Zr| dr> < o0 and h=v, (=0 forall r> (s —ée) A(x).
0

If, in addition, « € Q 2(M) is bounded on this neighbourhood, we may take € = 0.

Note the remarkable facts in the formula above that curvature only enters locally around a
point x and there is no derivative on the righthand side. Moreover, the process { may be chosen
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nicely, as long as it starts in v and is zero when the process X exits from the open ball B(x, r)
(some relatively compact neighbourhood of x would be sufficient).

Next, we prove a covariant Bismut-type formula in the setting of Example 3.2. In the proof,
we briefly outline the strategy and refer the reader to Driver and Thalmaier [ Istudying the
theory in full generality, namely on vector bundles, for all the details. Their idea is to define
a suitable martingale, say N, and stay on the local martingale level as long as possible. Using
that a true martingale has constant expectation, one then shows that N is indeed a martingale
and takes expectations at times s = 0 and s = t A 7. Note that this method solely involves the
geometry and applies especially in the case of non-compact manifolds.

Theorem 3.8. Suppose a € Q:2(M), € KWM) and ¢ € Ej = T,M Q@ NT,M. Let
(),ef0.s) @ bounded adapted process with absolutely continuous paths in \T,.M such that

_ 12
E (]és_g)m(x’r) |€,|2dr> <ocoandly = & 4, = 0 forall r > (s — €) A 7(x,r) and some arbitrary
small € > 0. Then,

<VeAS/2(X(X),§> = —E¥ <@S//S_1a(Xs)]1{s<§}’ Uf/\7> ’
where

Ul = J @;'(dB, - @,1,) + 1 { @,) "o, @1, ds,
0 2 Jo ’
0y, 1= 17 0 Il with o given by (3.2), @ and @ are defined by (3.4) and & by (3.3).

Proof. According to [ , Proposition 3.2 & Theorem 3.7], the process
Nt := <(E;//;1VeMS—’)/za(X,(x)),2,) —{ @A g X, (x)), Ut )

is a local martingale. The existence of the scalar semigroup is provided by the assumption
R € K(M). By the Burkholder-Davis-Gundy inequality, N! is a true martingale and evaluat-
ing at the times s = 0 and s = 1 A 7 and taking expectations, we get by the martingale property
ENy =EN;

sAT?
(Ve a(x), &) = ~E (@ ;) ™" (X, (X)), Uy, ) -
Note that, by the strong Markov property,
@opelline (Proine) (Xone () = B (@17 (X, (DL s
which is by definition a bounded &, ,-measurable random variable. Hence,
(Ve Pa(x), &) = —E (@7 a(X ()1 s<q)- Uspe) - u

From now on, set D := B(x, R) to be a ball with small radius, say R = 1, and we define

K(x) := max {(.%(U), vy ive /\TyM, lv| =1,y € B(x, R)}, (3.5)
K(x) :=min {(R@),v) : ve AT, M,|v| =1,y €B(x,R)}. (3.6)
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Theorem 3.9. Llet a € Q2(M) and R € K(M). Then, for all s > 0,

2
|(dPa),|” < WCx. )0Cx. 5) llallg , ur) -

|GP@)|* < Wex )00k, ) Nl (37)
where
W, s) 1= %exp [Cs + <EW +22(m+5) + (K(x) + E(x))‘) %] . (39)
Proof. By Gronwall’s inequality, we have
|@,],, < exp <—% JO @(X,(x))dr> for all s> 0.
and hence
@, < K52, |@s_1|Op <eK®2  pas on {s<(x,R)}. (3.9)

Let ¢ € [2, ). By a proper choice of the Cameron-Martin space valued process {,, it is well-known
how to estimate the second factor (cf. [ , Proof of Corollary 5.1, [ , Remark 3.2], [ D),

SAT(x,R) . q Ya ~
|{] < |v], E <J |t | dr> < s712eCma.RED)SI2 1 (3.10)
0

( T ’ ) ) 2R ( ) 4R ( q )‘

By the Burkholder-Davis-Gundy inequality, we get

N q _ _ s ql2
E J @;'(dB, = @,4,)| < c3(qe? RS2 <J |€,|2dr> . (3.1)
0 0
By Lemma 3.5, for any y > 1, there is a constant ¢, =c,(R) such that
sup EX (]1{s<§}efg|2(XS)|ds> < ye'r < 0. (3.12)
xeM

Now, we can estimate as follows. Let |v| < 1, then using Holder and Cauchy-Schwarz inequality,

q] 1/q

1C2a) s 247 V20
1/p 2 — p
< [E a1y 1" [E7 (1€ 10t )] [[Ex <L @;'(dB, - @,m) ]

|@Pa),| < [E[aX L) [']” [[Ex

N
Q51{5<§} JO @;l(dBr - @rﬂr)

247 V20
(3.12) N » 1p w /g (RLK)"s/2 s
(fn) [[E (|a| (Xs)]l{s<§})] ye res(q) e = E |€,| dr
' 0

3.10 e — —
(<) eCl(yvasCS(Q)l/q)s + (K+K)"5/24Cm2q,RK)s/2 =172 U

1/p
,(0
22O, ) la)? volg<dy>]
M

< VY¥(x, 5){/D(x, 5) llallg ) -
where ¥(x, s) is given by (3.13). In particular, for p =2 = g the result follows.

By an analogous calculation, we obtain the estimate (3.7). Since complexifications are norm
preserving, the proof is complete. [ |
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Using similar techniques as in the Proof of the previous theorem, we can show the following
estimate.

Theorem 3.10. Let a € Q2(M) and R € K(M). Then, foralléE €e T.M @ AT, M and s > 0,

2 _
(VP &) < 1E17 2 9)0x, 9) lald )
where

B(x,s) 1= eC5 (K+K)~ 5/2[ COmRK )52 =1 | nélax IVR(y)| S]
ye

(3.13)
=Y(x,s)+ s”P(x,s) max |VR()|.
yeB(x,R)

Proof. Set

s N
0 0

. / - /

v 7
D e

As in the previous Proof of Theorem 3.9, we find

1/q

SAT(x,R) . q _
0 <lel. [E(J o] dr) < 57 IPCmaREDI 15|
0

Again using Gronwall’s inequality (3.9) and

|o(X ()| < ama. R)Io(y)l Jax, IVR(y)I P—as. on {s<7(x,R)},

we have

(K +K,)"s/2
< T2 max |VR
e Dax, [VR()| s €]

J@ Q”QEdS

By Lemma 3.5, for any y > 1, there is a constant ¢, = ¢, (£) such that
sup E* (1 C}emz(x“)lds) < ye’r < 0.
xeM

As in the proof of Theorem 3.9, a similar calculation shows, using Holder’s inequality and the
elementary inequality (a + b)° < 27 !(a® + b°),

[(VPa(x), &) = [EX (I a(X )1 (o). @,Usp, )|

<2

EX (//;1a(XS)11 s<chh (@Se§2,> +

E* <//;1a(XS)1{S<¢}, @ EEZA)T>

< [E o001l 1 (2] (@nat) ] + [ ()] )

1/2q)
S
1/ K. - 512
<€ [E* (lalP (X)L(segy)] 7 ve™res(q) e+ 75212 [[E <J It dr) ] +
0

+s max |VR
yeB(x,R)l W
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1/ = — —
< || 1@ s + (K+K) s/z[CC(m,zq,R,g )52 =1 o ( max |VR(y)|> s]x
y€B(x,R)

1/p
x UM P00, ) la)I? volg<dy>]

<IEV ECx 5) Y/ O(x, 5) Nlallg, o -

where E(x, s) is given by (3.13).
In particular, for p = 2 = q the result follows. Since complexification is norm preserving, the
proof is complete. [ ]

In the remaining part of this section, we will make use of Theorem 3.10 and derive similar
estimates for the exterior derivative and codifferential transformed by the smooth vector bundle
morphism &, , defined in (23). The key observation will be Proposition 3.15 showing how to
estimate the transformed codifferential 8, (with respect the metric g) applied to the semigroup
in terms of covariant derivative V¢ of g applied to the semigroup. In addition, using Lemma 2.8,
a direct consequence is an analogous result (cf. Corollary 3.18) in terms of the new metric, i.e.
for the transformed codifferential 8, (with respect the metric 4) applied to the semigroup.

To this end, we will make use of the well-known metric descriptions of the exterior derivative
d and the codifferential 8, (with respect the metric g), namely:

Lemma 3.1 ([ , Lemma 4.3.4]). Lete,,...,e, (Where m = dim M) be a local orthonormal frame
for T.M (x € M) and €', ..., €™ be its dual coframe, i.e. €/ (e;) = 5. Then

m m
d= Zl eAVS  and 8, =- Zl e, = Vs. (3.14)
= 1=

Let o := o, , be the smooth vector bundle morphism defined by (2.3).

Proposition 3.12. Let a € Q 2(M) and & € K(M). Then, for any orthonormal frame (el.):.“:1 forT .M
(x € M) and dual coframe (¢')".,, we decompose

=1’

d('"*Pa) =) (' AVEPa(Ad") + &' AP (VL))
i=1

Proof. From (3.14), we get for any n € Q(M)

m m
d(&il/z”]) — d(i’] o dl/Z) — Z 61' A Vf,ﬂ o dl/l + Z 61' INE Vgidl/l’
i=1 i=1

where (e¢;)”, denotes an orthonormal frame for T, M (x € M) and (£i);":1 the dual coframe. In
particular, for = P,a the claims follows. [ |

Corollary 3.13. Let a € Q2(M) and R € K(M). Then,

- 2 =
|&f 1/2d(&11/2PS(X(X))| < <5Zh(x) + Z(x, S)) D(x, s) ”a”éLz(M) .
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Proof. By Theorem 3.10, we have
2 -
|Ve, Pa(t )| < COm) | ()| Ex. $)0(x. 5) llallg, , )
and, combined with Lemma 3.5 and Lemma 2.4,
2 2
| P (Ve )" < Clm.y. ;) [VEL (0, @Cx. 5) llall, ,
2
S |00 8], 000k, 9) llllgy -
Thus the claim follows:
_ 2 _ 2 2 _
|~ 2d(t 2 Pa(x))|” < |~ 20| | 20| <5Zh(x) +E(x, s)) O, 5) el ur) - m

Remark 3.14. By a similar calculation the estimate also holds if we interchange the rdles of &'/
and &~'2 in the previous Corollary 3.13.

Proposition 3.15. Let a € Q (M) and R € K(M). Then, for any orthonormal basis (e;); for T, M
(x € M), we decompose

m
e; (VfiPsa) (A'?) - Z e; = Pa (Vfl_&fl/z) .
i=1 i=1

8,("*Pa) = —

m

Proof. Let # € Q(M) be arbitrary and (e;)", an orthonormal basis for T, M (x € M). By definition
of the codifferential, (3.14) in Lemma 3.11 above, we get

8, (A Py ==Y e, Vi (A" n)
i=1

m

== (e;=(A"2VER) +e; 2 (Vs AP)).

i=1

In particular, if we set n = P,a(x), then the following equalities hold:
Z e; — (.Qfl/ZV‘giPsa) = Z e; — (VfiPsa) (A2
i=1 i=1

and

Y e (VEAPa)= e = Pa(VEd"). .

i=1 i=1
Corollary 3.16. Let a € Q2(M) and R € K(M). Then,
_ 2 —_
|18, (2 Pao) [ 5 (87,60 + Ex,5) ) O, ) llall3 -

Proof. By Theorem 3.10 we have

2

z 2
D_ei= (Ve Pa) (') < Com) |00 Elx. )P(x. 5) llallg , u)
i=1
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and, combined with Lemma 3.5 and Lemma 2.4,
|e; = P (V5 ') |2 < C(m,y,c,,s) |Vg'd“2(x)|§ D(x; 5) ”a”é@(m
< |d“2(x)|2 87 ()D(x, 5) ”a”éLZ(M) .
Thus the claims follows:
| #7128 (A2 Pa(x))|” < | 20| | 20| <5Zh(x) +E(x, S)) O, 8) el ar) - "

Remark 3.17. By a similar calculation the estimate also holds if we interchange the rdles of &'/
and &2 in the previous Corollary 3.16.

Corollary 3.18. Let a € Q2(M) and R € K(M). Then,

—_— 2 =
|28, (A~ Pa(x))|” S <5gv,h(x) +E(x, s)> O(x,5) ”a”éLZ(M)'

Proof. By Lemma 2.8, recall that
8,(n) = A~ (8,(An) —dlogp -, (An))  forall ne€Qea(M),
so that
(28,972 (n) = oA~ (Sg(.szf”za) —dlogp =, (") .
Using Proposition 2.12 combined with Lemma 2.5, in addition

d—l/z |d10gp » (dl/Zn)|g < C(m) |d—1/2| |.d—l| |ng|g |d1/2| |7]|g
< Cm) | =2 |7 11|V = V|, |12 Inl,

h g
< Cm) |V = V&, Inl, -
Finally, combined with Corollary 3.16,
- 2 —_
|28, 2P|’ 5 (67,0 + B 9) ) ©x. ) lald ur

which proves the claim. [ ]

4 Main results

Let &, and #, be two Hilbert spaces. By &L(# |, #,) we denote the space of all bounded
operators P : &, — #,. For any q € [1, ), the operator P is a Schatten operator of class ¢
if tr |P*P|q < . For ¢ = 1 the operator P is trace class and for ¢ = 2 the operator P is in the
Hilbert-Schmidt class. Given two metric vector bundles E, E over M and a bounded operator

Pe Z(T2(M,E),T (M, E))
such that there exists a corresponding jointly smooth integral kernel p(x, y) of P

M x M 3 (x,y) = p,(x,y) € Hom (Ey,Ex> ,
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the uniquely determined map such that we have
Pa(x) = J p(x, y)a(y) vol,(dy).
M
Then P is Hilbert-Schmidyg, if

H |p(x, y)|? vol,(dx) vol,(dy) < 0.
MxM

In particular, it is well-known [ ] that Hilbert-Schmidt operators and the product of a bounded
operator with some Hilbert-Schmidt operator are compact, and that the product of two Hilbert-
Schmidt class operators is trace class.

Since we assume M to be geodesically complete, we can restrict ourselves to smooth compactly
supported differential forms. Using the common abuse of notation, the unique self-adjoint real-
isations of the exterior derivative d, the codifferential §, and Hodge-Laplacian A, will be denoted
by the same symbol.

In addition, we define the operators

(PH)ys0 = (A PE)sg € L(Q2(M, 8),Q2(M, g)),
(P)550 1= (8, PF)sn0 C L(Q2(M, 8),Q2(M, g)),

~g.h . _
(PE 550 1= (I 1 d I P g9 € L(Q(M, 8),Q22(M, 8)),
~o.h . _
(PE N0 1= Ug 811 P sso € L(Q(M, 8),Q2(M, 8)).

Let p5(x,y), B5(x,y), p¥"(x,y) and 5*"(x,) be the corresponding jointly smooth integral kernel
of P, P8, P*" and P&, respectively. For example, recall that this implies [ . Theorem 11.1]
that

(0,00)x M x M > (s,x,y) = py(x,y) € Hom (/\T;M,/\TiM)

is the uniquely determined map such that we have

Pla(x) = J P (x, va(y) vol,(dy) forall s>0, a € Q2(M,g), xE M.
M

By Riesz’ representation theorem, the next result follows from Theorem 3.9 for the exterior
derivative and the codifferential.

Theorem 4.1. For every g € MetrM, (s, x) € (0, 0) x M, we have

J |53 (x, y>|§ volg(dy) < Wy (x, )@, (x, 5), (4)

|

By Riesz’ representation theorem, the next result follows from Corollaries 3.13, 3.16 and 3.18 for

6, )| Vol (dy) < W, (x, )P, (x, 5). (42)

the transformed exterior derivative and for the transformed codifferential with respect to g, and
h, respectively.
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Theorem 4.2. For every g € MetrM, (s, x) € (0, ) x M, we have

i 2
pE" )| vol, (@) 5 (67,00 + E4(x.5)) 5. 9) (43)

i 2
B | vol, (@) 5 (67,00 + E4(x.5)) D x.9) (4.4)

2
B )| vol,(dn 5 (67,00 + B4, 5)) B (x.9) 45)

We can now state and prove the main result on the existence and completeness of the wave
operators W, (A, A,, I) implying the corresponding spectra to coincide.

Theorem 4.3. Let g,h € MetrM, g ~ h, and assume that there exists C < oo such that ‘55}1‘ <C
and for some v € {g, h}, we have R, € K(M) and

Jmax {5g’h(x)5g(x, $).87 () + Ey(x. 9). B, (x, s)} @, (x,s)vol (dx) < 00,  §>0. (4.6)
Then the wave operators
W (B, Ag, 1) = slim e"tnTe %P, (A,)

exist and are complete. Moreover, W_ (A, A,, I) are partial isometries with initial space ranP,.(A,)
and final space ranP,.(A,), and we have c,.(A,) = 6,.(A,).

Corollary 4.4. Let g,h € MetrM, g ~ h, and assume that there exists C < oo such that ‘6gvh| <C
and that for some v € {g, h}, we have &, € K(M) and

J max { 8, 4(OEY (5. ), 67,00 + (.9, BV (x,9) } ,(x, ) vol@v) < 00, 5> 0,
where
Ef,p)(x, s) 1= Ef,p)’+(x, S) A E(Vp)’_(x, s).
Forall0<p<m,let
10 =17 Q0 (M, g) > (M. h), ar N\ A™P()
be the bounded identification operator acting on p-forms. Then, for all 0 < p < m, the wave operators

AP A
W (AP, AP [P = slim "5 1725 P, (AT

t—>+00
exist and are complete. Moreover, Wi(A(p), A(é’), 1P) are partial isometries with initial space
ran P,.(A?) and final space ran PaC(A(}’i)), and we have c,,(A?") = aac(A(i)).
Proof. We omit the metric in the notation. Set

K" (x) := max {(RP0,0) : ve N'T,M,|v| =1,y € B(x, R)},
KP(x) 1= min { (BP0,0) : ve NPT, M, |v] = 1,y € B(x, R)},
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for the corresponding constants defined analogously to (3.5) and (3.6), respectively. By similar
calculations as in the proofs of Theorem 3.9 and 3.10, we see that for every a € Q’CZ(M),

® 2 =)+ 2
|dP Pa),|” < EPF(x, 5)@(x, 5) IIaIIQiz(M),

® 2 <5 2
|87 Py, |” < P (x, 5)D(x, ) iy ary

2 =)+ —(P).—
(VP o) < max {E7 (9,207 (. 9) f o, 9) lallZ, -
(M)

where

EPE(x, 5) 1= 5+ (E"’)<x>+§<”i”<x»—s/2[eC(m,R,E“)"(x))s/zS—l + max |VR(Y)| S]_
yeB(x,R)

Noticing that

A, = é AP and I= é ®

p=0 p=0
this completes the proof. [ |

In the special case of for 0-forms, i.e. functions, and the Hodge-Laplacian acting on 0-forms is
the Laplace-Beltrami operator, we recover the main result of [ , Theorem Al. Recall that
the Weitzenbdck curvature endomorphism %#® on 1-forms is given by the Ricci curvature,
2 = Ric.

Corollary 4.5. Let g,h € MetrM, g ~ h, and assume that for some s € (0, o) and for some v € {g, h}
satisfy (4.6). Let —A, > 0 be the unique self-adjoint extensions of the Laplace-Beltrami operator
for v € {g,h}. Then the wave operators W, (—A,,—A,,I) exist and are complete. Moreover,
W.(Ap, A, I) are partial isometries with initial space ranP,.(=A,) and final space ranP,.(=A), and
we have c,.(=A)) = 6, (=A,).

5 Proof of the main result

Our strategy is to show the assumptions given by a variant of the Belopol’skii-Birman theorem
A1 which is adapted to our special case of two Hilbert space scattering theory originally to be
found in [ 1

The next Lemma shows assumption (2) Belopol’skii-Birman theorem A.1. As we will see in its
proof, it therefore necessary for the potentials &, € K(M) to be in the Kato class, not only
R, € K(M), for v e {g,h}.

We denote by q, the nonnegative closed sesquilinear form corresponding to A,, i.e.
a,(@) = (A,a,a) = |D,a|’ with domgq, = dom /A, for any v € (g, h}.

Lemma 5.1. let g, h € MetrM, g ~ h, and assume that there exists C < co such that ‘(ngh‘ < C and
for some v € {g, h}, we have &, € K(M). Then

I, ,domq, = domg,.
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Proof. Note that, for any v € {g,h}, domq, is the closure of compactly supported forms
Qe (M, v) with respect to the Dirac graph norm

12
o (llall% + ||Dva||3> .

Moreover let q" be the nonnegative closed sesquilinear form corresponding to the horizontal
Laplacian O, = (V")*VY, i.e. qy(a) = (Oya,a), = ||VVa||3 with dom(q) its natural domain of
definition. Recall that by the Weitzenbdck formula, we thus have the relation

A=0,-R,.

As the Weitzenbdck curvature term &, is in the Kato class, it is well-known [ , Lemma VI11.4.]
that the corresponding form domains

domq, = domq
coincide. To this end, it suffices to show that
I dom qg = dom qZ.
For all compactly supported @ € Qc=(M, g), we write

Vi) = V(A a) = Vid (@) + A7V a
= (V"' = V&) () + VEL () + L2 (V! = VE) o + A 72 VE0.

Moreover,

(Vi = V) a2, = @' (v = v5) a7,
<[] [V~ V| |t~

and
|12 (VE = V), = V% = V.-
Thus we can estimate as follows

V') = {M VAt~ Pa)|? dvol,
= J |(V" = V&) (@) + VEL ™2 (@) + A7 (V! = VE) () + .d-“zvgaﬁl dvol,
M
< CJ < |(V" - V) .szi_”z(a)ﬁl + |ng_1/2(a)|i +
M
|'SZ"_1/2 (V" —ve) (“)li + |'d_1/zvg“|§l )pg,h dvolg
< CJ < | ' (V" - vE) ar“z(a)ﬁ + | 2ved @) +
M

|(V" - vE) (a)|§ +|VEal; >dvolg
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< CJM < 2" V" = Va2 Nl + | P |t |V = V[
V" - vg|z jal? + |VEal? >dvolg

< CJM (IV" = Va[; 102 + 1V2al} ) dvol,

<cj (”(sthH |a|§+|vga|§)dvolg
M ’ [e%)
< C (Il + 1VEal} ),

using the elementary inequality (a + b)° < 2°7'(a¢ + b°) multiple times and that 6" is bounded by
assumption.

Hence, we arrive at the estimate
2 hyo|l? 2 2
1 al? + [V 1a]l, < € (lall? + V5al?).
proving
I'domgq, c domgqy,.

Since I"! = 17! = I, and the arguments above are symmetric in g and A, this shows the

g.h
claim. [ ]
Next, we denote by |-| : C — R the absolute value function and by sgn : C — C the sign-
function with sgn(0) = 1. We note that [ 1if P is normal operator (e.g. positive or diagon-

alisable), we get the (pointwise) polar decomposition P = | P| (sgn P), where |P| (x) = |P(x)| = 0
and [sgn P(x)| = 1, and where |P|(x) is a non-negative endomorphism and sgn P(x) is unitary.
More precisely, by the spectral theorem choosing f(4) := ||, we have an endomophism

[ (Sen®) : AT"M > AT*M
giving rise to a decomposition
S () =[S, 4(0)|sgnS, ,(x) : AT*M > AT*M.
For the proof of Theorem 4.3, we now introduce sections
Sen M >R

- o1
Sea() 1= pg (0! = py (0712 = 25sinh > log(py (1)),

Sen: M —End(ATM)

8,1 (0) 1= (P () g (N2 = (pg () ¢ ()"

.1
= 2sinh 5 log(pg,h(x)'dg,h(x))a

A

Sg’h;v : QLZ(M, V) g QLZ(M, V)
A A 172
Sy (®) 1= S p(0)] T a(x),

Ug,h . QLZ(M,g) g QLZ(M, h)



- 31
U n(x) 1= o, (07 Pa(x),

O, 1 Q2(M,g) > Q2(M, h)
en(X) 1= (pg n () ()P a(x),

[

cl

ah - Q2(M,g) = Q(M, h)
g,h(x) = (sgn §g,h(x))(/’g,h(x)dg,h(x))_l/za(x),

cl

By quasi-isometry, g ~ h, the operators ég,h;v, U, s Ug,h and ﬁg,h are bounded. Moreover, we
get the pointwise estimate [ , Lemma 3.3], [ , (411

Lemma 5.2. Forv € {g, h}, we have the pointwise estimate

max {|S, ()|, Opmax (|Sen®)|)} <8,0(x)  forall xe M.
Proof. We write p = p, , and & = o, , for short. By definition, we have

8.l = 0at)™ — (ot 2] = 25inh | L0zt

and the ith eigenvalue of log(p&) is given by

~ log A
—Z 2% +log 4;.
= 2

, then

If we choose k, such that |log 4, | = max, |log 4,

m

log A
k=1 2

m
< ) ‘log /lko

Hence,

O max (|§g,h|) < ZSinhZ ‘log Ak,

= 5g,h('x)’
justifying the definition of &, ;. A similar calculation shows the assertion for S, ;. [ |

The following lemma provides the trace class operator required in the decomposition formula
in assumption (4) of the Belopol’skii-Birman Theorem A.

Lemma 5.3. Let g,h € MetrM, g ~ h. We define the unbounded operator
TE" - QL(M, g) » Q(M, h)
B a soh Ahg kY B « ~h, N N
TS = (Pl U, , PY" — (P#)*0, , Bf + (BY* U, , B — (PF")* 0, , Pf
— P8, .10, 18, g PE, AL PE

ghg” 512787 /20

Then we get, for a) € dom A,,a, € dom A, and s > 0,

h
<a2,T§ a1>h = (Apay, PITPSa;), — (ay, PITPEA ), .
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Proof. First note that
d>=0 and 8 =0. (5.1)

Since A, is essentially self-adjoint, for v € {g,h}, we can assume a; € Qc=(M,g) and
@, € Qcx(M, h) to be compactly supported. Then

(Dpag, PMIP{ay), — (ay, PMTP{Aay),
= (8 Play, IP{ay), — (AT Play, Piay ), — (Play, (I —(I7)*) PiAey ),
= ((d +8,)Play,(d +8,) I Pa; ), — ((d +8)I ' Play,(d +8,) P ),

—(Play, (I - (A7) PiAey ),

2 (d Play,d TPSa;), + (8,Play, 8,1 Pia,),
—(dI7'Play,d Piay), — (8,17 ' Play, 8, Piay ), (5.2)
—(Play, (I -(I7*) PEAey ), .

Let us treat the terms separately. For the last term in (5.2),

(Play, (I -(I™N*) PiAay),

= "M (Play, (72 = (o' ™12) PEA,a; ) dvol,
= :M (Play, (1-p7") A2 P{Aa; ) dvol,

= :M (Play,S, o~ 22 PEAa, ) dvol,

= NM <Psha2,

_ e 8
= <“2’ PSy pnUg pS

A 12 A _ A 172
Sen| (sgnS, (el 2|8, |

PSgAga1>dvolh
emg i P >h :
For the first and third term involving the exterior derivative d, we get
(dPlay,d1P{a;), — (dI7'Play,d P{a;),
= (d Play, IT7'd DPfe;), — (Ud T HYPlay, (I7")*d Piay ),
= (dPlay, 158" a) — (Play, (171 d PRy ).
- <(x2, (d Py 1PS" — (BIy+(1-1)d P§a1>h
- [ <a2, (d Py =12 p&" _ (plEy p=l o 112g Pl ) dvol,
- <a2, ((d PIY*U, , BE" — (BIE)*0, d PE ) a1>h
_ <a2, ((ﬁsh)*ug,hﬁf’h - (Psh’g)*ﬂg,hﬁf) a1>h.
Similarly, for the codifferential 6,

<8hPsha2,8hIP§a1 >h - <8gI_IPSha2,8ngal >h
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= (8, Play, II7'8,)P{a; ), — (I8, I ") Play, (178, Piay ),
= <8hPSha2, I}V’Sh’gal >h - <P§g,ha2, (I_l)*ﬁhPsgal >h
_ hyx 518 WEUNTY g
= <a2, ((ShPs) U, n Bl = (B5") 0,8, P! >a1>h
v <h, “ o R v
= <a29 <(Psh)*ug,hPs - (Pvg )*Ug,hPsg> a1>h . u
We are finally in the position to proof our main result.

Proof of Theorem 4.3. We check the assumptions of the Belopol’skii-Birman theorem A.1.

Since g ~ h, the operator I = I, is well-defined and bounded and has a bounded inverse
I'= I}, 4, 0 (1) follows. By Lemma 5.1, also assumption (2) is satisfied.
Recalling that by (2.10), I}, = Pg,hlg_,;ll» we see that the operator (I*I — 1)e™**¢ has the integral

kernel

[(1*1 = De™*2¢] (x,3) = (pyp — 1) P5(x.9)

172

= pg’h(sgn Sg.n) |Sg’h| 12

172

|Sg,h| pf(xv ¥).

Thus by Lemma 3.5 again, for some s > 0,
J [T = D)e™2] (x. )| vol, (dy) < ” p;{isg,h”w IS, J P (e, 9 vol,(dy)
<C ) |pY3S ] 18enl 4. J P20, y) vol,(dy),
and we arrive at the Hilbert-Schmidt estimate
” |[(T*1 = De™%] (x, y)|2 vol,(dy) voly(dx) < J 84 n(X)Bg(x, )@, (x, 5) vol,(dx) < 0.

So, the operator (I*I — 1)e™**s is Hilbert-Schmidt, hence compact, proving assumption (3).

Finally, we prove (4). Using Lemma 5.3 it remains to show that T5" is trace class. Since the
product of Hilbert-Schmidt operators is trace class, we prove that the operators Pf, P, P&" and
BE" are Hilbert-Schmidt, where v € {g, k). Recall that p5(x, y), 7(x. ), p"(x, y) and 5*"(x, y) are
the corresponding jointly smooth integral kernel of B, B, P&" and P#”, respectively.

Then, by (4.1),
H |y (x. y)|3 vol, (dy) vol, (dx) < J ¥ (x, 5)P,(x, s) vol (dx)
< J 2,(x, )P, (x,s)vol, (dx)

and, by (4.2),

|

S

Do(x, y)|3 vol, (dy) vol (dx) < J Y, (x, )P, (x,s)vol, (dx)
J =2, (x, )P, (x,s)vol, (dx).
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We recall that 5gvh is bounded by assumption, i.e. ‘5gvh‘ < C for some C < . So similarly, we

have by (4.3)
|

|

Finally, by (4.5),

J

This completes the proof. [ |

A8 2 v =
P, y)|g vol ,(dy) vol (dx) < J (67,00 + Eyx,5) ) By x, ) vol ()

and by (4.4)

2
P y)|g vol ,(dy) vol (dx) < J (67,00 + By, 5) ) By x. ) vol ()

58 (x )|2v01 (dy) vol. (dx) < (5V (x) +E, (x s))q> (x. 5) vol(dx)
Ps W6 Y)| VORI VOLAEXT S |\ O%n =g\ Xs g\ X g

6 Applications and examples

6.1 Ricci flow

We first generalise a result, given in [ ], concerning the stability of the absolutely continuous
spectrum of a family of metrics evolving under a Ricci flow. Let therefore R, be the Riemannian
curvature tensor with respect to the metric g.

Corollary 6.1. Let S > 0, A € R and assume that

(a) the family (g;)o<s<s C MetrM evolves under a Ricci-type flow
0,85 = ARicg , forall 0<s< S

(b) the initial metric g is geodesically complete

<C forall 0<s < S.

(c) there is some C > 0 such that ‘Rg | , |Vgs R,
*leg *leg

We set, for all x € M,
M, (x) := sup { |Ricgs(v, v)‘ 0S5 <S, veT,M, |vl, < 1} ,
My(x) = sup { ‘vﬁf Ric, (u, w) + V' Ric, (v, w) + V5 Ric, (u, u)| L 0<s<S,
w00 € TM, Julg ol Tl <1},

Let B,(x, R) denote the open geodesic ball. If

J vol, (B, (x, 1))~ max {sinh (%S 14| Ml(x)> ,Mz(x)} vol (dx) < oo,

then o,.(A, ) = 0,.(Ag) forall 0 < s < S.

Proof. The Ricci flow equation together with (i) implies that g, ~ g, for all 0 < s <5 and all g;
are complete. Assumption (c) assures that Z(x, s) is bounded. By the same arguments as in [ ,
Corollary B],

. m
g gy S sinh <ZS [A] Ml(x)>
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and as in the proof of [ , Theorem 6.1]
8y g(X) < CMy(x)

and so the claim follows. |

6.2 Conformal perturbations

We study the important case of conformally equivalent metrics: Given a smooth function
w : M — R, we define another metric by g, := e”¥g. Note that g and g, are quasi-isometric, if
and only if y is bounded (cf. Example 2.7 above).

The bounded identification operator is now given by

I = Ig,h . QLZ(M,g) - QLZ(M’gy/)
Iy () = A2 00n(x).

Given a smooth function v on M, we define
m
v 1= @Pm—2p)1pr 7y € DOM AT M),

p=0

m
eWT = @ e(m_zp)wl/\P T*M S 9(0)(M, /\ T*M).
p=0

Next, we collect some useful transformation rules for the conformal metric g, in terms of g.
A standard reference for various invariants of conformal metric change in part (a) is [ , 1159
Theoreml.

Proposition 6.2. Llety : M — R be smooth.

(a) We have
(g = () forall pe{0.....m} (6.12)
dvol, = e"dvol, (6.1b)
oy, a=ecV (0, a) forall a € Q'(M)

VYY = VEY +dy(X)Y +dy(Y)X — (X,Y), grad,y  forall X,Y € Few(TM) (6.1c)

8, a= eV@,a—tdy 2, )  forall @ € QX(M) (6.1d)

(b) If y is bounded, then

I*=em™r

Remark 6.3. We note that the canonical musical isomorphisms # and b between TM and T*M
do not agree for g and g,,.
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Proof. (a) We show (6.1d). Using (6.1a) and (6.1b), for any n, € Q*~'(M), n, € Q" (M),

<m, ﬁgwnz>gw = (1, e (8,1, + (m — 2p)dy 1) >gw
= (2w, g )+ (XD W (o — 2p)dy ),
= (d (e ¥y, '12>g + ((m = 2p)e™ 2PV y,, dy — ’12>g
= (" 2Wdny,my), + (d (V) Amyim ), = ((m—=2p)e" PPV dy Ay )

= (d’h,ﬂz)gw .

(b) Follows from (2.10). [ |

Theorem 6.4. Llety : M — R be smooth with y bounded, and assume that g,g,, € MetrM with

g, = e? g such that |5;gw‘ < C for some C < oo and that for some v € {g, h}, we have R, € K(M)
and

Jmax {sinh ’%u/(x) B (X, 5). 87, (x) + By (x, ). B, (x. s)} @, (x,5)vol (dx) < o0, 5> 0.

Then the wave operators
Y 7 G
Wo(B, . Ag. I) = s-lim "M [eT"BeP, (A)

t—>+00

exist and are complete. Moreover, Wi(AgW, A, I) are partial isometries with initial space ranP,.(A,)
and final space ran Pac(Bg, ), and we have c,.(A,) = 0,.(A,).

Proof. Using Example 2.7, we have 58’&/] = ZSinh% lw| and

g~ 8y = w bounded.
Hence the claim follows from our main result, Theorem 4.3. [ |

By the same argument as in the poof of Theorem 4.3, we get the following consequence for the
wave operators acting on p-forms but with appropriate localised constants respecting the degree
of the differential form (cf. Proof of Corollary 4.4 above).

Corollary 6.5. Lety : M — R be smooth with y bounded, and assume that g, g, € MetrM with
g, = e” g such that |5Zgu,’ < C for some C < oo and that for some v € {g, h}, we have &, € K(M)
and

J max {sinh |%u/(x)‘ Eg(x, s), 5Zh(x) + E(gp)(x, s), Ef,p)(x, s)} D, (x,s)vol,(dx) < oo, s> 0,
where
E2Px,5) := B2 (x, ) AEP T (x, 5).
Forall0<p<m,let

10 =10 Ol (M.g) - Q,(M.g,). a~ N\ A
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be the bounded identification operator acting on p-forms. Then, for all 0 < p < m, the wave operators

AP AP
WL (A2 AP 1P) = slim S0 e 45 p, (AD)

t—+00
exist and are complete. Moreover, Wi(A(gj, ,A(g),l(l’)) are partial isometries with initial space

ran P,.(A}) and final space ran P, (A} ), and we have o,,(A?)) = o,.(A7).

6.3 Global curvature bounds

Let R, be the Riemannian curvature tensor with respect to the metric v € {g,h}. Then the
curvature operator

0,e 2" (M;N\’ T M)
is self-adjoint and uniquely determined by the equation
(QXAY)L,UAV) =(RX.NU.V),

for all smooth vector fields X,Y,U,V € INco(TM).

By the Gallot-Meyer estimate [ ], a global bound Q, > —K, for some constant K > 0, already
implies that curvature endomorphism in the Weitzenbock formula (3.1) is globally bounded by

RP > —Kp(m - p).

Remark 6.6. In particular, if O, > —K, for some constant K > 0, then on 0-forms, i.e. functions,
Ric, > —K(m — 1).

Hence, the following two corollaries include the special case of 0-forms, i.e. functions.

Theorem 6.7. Let Q, > —K, for some constant K > 0 (v € {g, h}). Let g, h € MetrM such that g ~ h
and assume that there exists C < oo such that ‘6gvh‘ < C and that for some v € {g, h}

J max {5g’h(x)5g(x, $).87 () + Ey(x9). B, (x, s)} @, (x, s)vol (dx) < oo, 5> 0.

Then, the wave operators W,(A,, A,, I) exist and are complete. Moreover, W,(A,, A,, I) are partial
isometries with initial space ranP,(A,) and final space ranP,(A,), and we have
Gac(Ag) = Gac(Ah)'

Corollary 6.8. Let Q, > —K, for some constant K > 0 (v € {g, h}). Let g, h € MetrM such that
g ~ h and assume that there exists C < co such that ’csgvh‘ < C and that for some v € {g, h}

J max {5g,h(x)5g(x’ $), 87 4(0) + ¢ (x,5), B (x, s)} @, (x, s)vol (dx) < 00, s> 0,

where

- . =)+ —(p)—
:E,p)(x,s) .=_(Vp) (x,s)/\:f/p) (x, ).
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Then, for all 0 < p < m, the wave operators Wi(A(,’l’),A(é’),I (1)) exist and are complete. Moreover,
Wi(A(}[Z)’ AP 1W)) are partial isometries with initial space ran P, (A?") and final space ran PaC(A(g)), and
we have aaC(A(g)) = O-ac(A(ﬁ))'

Remark 6.9. Following the arguments in the previous Subsection 6.2, we may easily elaborate
Theorem 6.4 and Corollary 6.5 for the special case of conformal metric change in the same manner.

6.4 e-close Riemannian metrics

In this section, we denote by K, the sectional curvature with respect to a smooth, complete
Riemannian metric g.

In[ , Theorem 1.3 & 1.7], Cheeger, Fukaya and Gromov show what is also known as Cheeger-
GromoV’s thick/thin decomposition:

Theorem 6.10. For each m (= dim M) there is a constant C(m), such that for any 0 < € < C(m) and
any complete Riemannian m-manifold (M, g) with |Kg| < 1, there exists a Riemannian metric g, on M
such that

(i) the Riemannian metric g, is e-quasi-isometric to g, i.e. (1/C%)g, < g < Ctg,
(i) it has bounded covariant derivatives |V& — V&| < ¢

(iii) | (Vé’e)k R, | < C(m, k,€), where the constant C depends in addition on the order of derivative k
and €.

Assuming that the sectional curvature K, is bounded by 1, implies that the Riemannian curva-
ture tensor R, is bounded, and hence, the curvature operator 0, Following our results in section
6.3, we may get

Theorem 6.11. Let |Kg| < 1. For each m (= dim M) there is a constant C(m), such that for any
0 < € < C(m) and there exists a Riemannian metric g, that is e-quasi-isometric metric to g. If for some

Ve {g, gs}
J.5g7g6 (X)®,(x, s) vol (dx) < oo, s> 0,

then the wave operators W, (A, ,Ag, I) exist and are complete. Moreover, W, (A, ,Ag, 1) are partial
isometries with initial space ranP,.(A,) and final space ranP,(A,), and we have
Oac(Bg) = 0 (Ag ).

Proof. By the previous Theorem 6.10 (i), the assumption |1cg| < 1 assures that for any € > 0 there
exists a Riemannian metric g, that is e-quasi-isometric metric to g. Hence,

sup 6g,gf(x) <o &= g~g,.
By Theorem 6.10 (ii), the covariant derivatives are bounded so that

\
by = |VE — V8|, <e. ]
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A Belopol’skii-Birman theorem

We will use a variant of the Belopol'skii-Birman theorem [ ; 1 which is adapted to our
special case of two Hilbert space scattering theory originally to be found in [ 1

Given a self-adjoint operator H in a Hilbert space # with its operator valued spectral measure
Ey, one defines the H-absolutely continuous subspace #,.(H) of # to be the space of all
f € Z such that the Borel measure ||EH(-)f||2 on R is absolutely continuous with respect to the
Lebesgue measure. Then #,.(H) becomes a closed subspace of # and the restriction H,. of H
to #,.(H) is a well-defined self-adjoint operator. The absolutely continuous spectrum o,.(H)
of H is defined to be the spectrum of H,,.

Theorem A.1 (Belopol’skii-Birman). For k = 1,2, let H, > 0 be self-adjoint operators in a Hilbert
space 7, and P,.(H}) the projection onto the absolutely continuous subspace of # corresponding
to H,. Assume that I € L(H |, # ,) is a bounded operator such that the following assumptions hold:

(1) I has a two-sided bounded inverse
(2) We have either I dom \/H| = dom 1/H, or I dom H; = dom H,
(3) The operator (I*I — 1)e™*!1 . 9, — S, is compact for some s > 0

(4) There is a trace class operator T : | — F, and a number s > 0 such that for all «; € dom H,,
a, € dom H, we have

(0. Tay) g, = (Hymy,e™* 2™ May ) o) — (ay, e ™20 M Hyaty ) g
Then the wave operators
W (Hy, Hy, ) = s-lim etare="p (H,)

exist and are complete, where completeness means that

(ker Wi(HZ,Hl,I))l =ranP, (H,), ran W_(H,, H,, I) = ran P, (H,).

Moreover, W, (H,, H, I) are partial isometries with initial space ranP,.(H) and final space
ran P,.(H,), and we have ,.(H,) = 0,.(H,).

Proof. In view of Theorem XI.13 from [ ] and its proof, it remains to show that for every
bounded interval 1 the operator (I*I — 1)E;(l) is compact, and that there exists a trace class
operator D € F(%,, %) such that for every bounded interval I and all a, a, as above we have

(@, Day) gp, = (Hyoy, Ex(DTE\(Day) g, — (o, Ex(DITE{(DH 1) g, -

!’

However, using that for all self-adjoint operators A and all Borel functions ¢,¢’ : R - C we

have
P(A)p'(A) C (¢ - ¢')(A), dom(p(A)e’(A)) = dom(p(A)¢’(A)) N dom ¢'(A),
the required compactness becomes obvious, and furthermore it is easily justified that
D =" E,()IeST E (1)

has the required trace class property. [ ]
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