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1. Introduction

In his seminal paper [Ste72], Charles Stein introduced a method for proving normal approximations and
obtained a bound on the speed of convergence to the standard normal distribution. Later, Barbour [Bar88§]
and Gotze [Got91] developed the so-called generator approach to finding Stein’s equation, which made it
possible to study approximations by many other probability laws. As a result, in [Bar90], the method was
adapted to approximations by the (infinite-dimensional) Wiener measure.

Moreover, the exchangeable-pair approach, first developed by Stein in his monograph [Ste86] in the
context of univariate normal approximations, has been at the heart of may results proved using Stein’s
method. It was extended by [RR97a] and used in the context of non-normal approximations in [CDMO05,
R6107, CFR11, D6bl5, DP18]. The publication of [CM08, RR09, Mec09] brought a breakthrough in the
understanding of the exchangeable-pair approach and made it available for applications to a wide array
of multivariate normal approximation problems. In [Kas20a] the method was applied to the study of
functional limit results and approximations by univariate Gaussian processes, using the setup of [Ste86,
RR97a] and [Bar90].

In this paper we combine the functional approximation of [Bar90] and the multivariate exchangeable-
pair method of [RR09, Mec09]. We obtain an abstract approximation theorem, which is applied in the
context of weighted degenerate U-statistics, a particularly interesting example of which are homogeneous
sums. The strength of the abstract approximation result is also presented in a random-graph-theoretic
application.
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1.1. Motivation

We are motivated by examples of multivariate quantities whose distance from the normal distribution
can be established using Stein’s method of exchangeable pairs, and whose functional equivalents have
not been studied yet. Functional limit results play an important role in applied fields. Scaling limits of
discrete processes can be studied using stochastic analysis and are often more robust to changes in the
local details than the discrete processes themselves. That is why researchers often choose to describe
discrete phenomena with continuous models. The error they make by doing this is measured by rates of
convergence in functional limit results. The current paper contributes to solving the problem of bounding
those rates.

The two main applications motivating the paper and considered therein are a continuous Gaussian-
process approximation of a rescaled weighted U-statistic and the study of an Erdés-Renyi random graph
process.

The first application deals with the approximation of so-called weighted U-processes, i.e. process ana-
logues of the class of weighted U-statistics. This class of processes is very wide, containing the so-called
homogeneous sum processes as well as symmetric, degenerate (complete or incomplete) U-processes. We
derive a general result and successfully apply it to the case of homogeneous sum processes in Subsection
5.5. As a concrete example, in Subsection 5.6, we provide a bound for a Gaussian approximation of a
process that is defined as a vector of success runs of different lengths. For functional limit theorems in-
volving the class of symmetric, degenerate U-processes, we refer the reader to the recent paper [DKP19].
Moreover, we remark that, even in the univariate case of weighted U-statistics, the literature about limit
theory for these random quantities is quite restricted. Indeed, apart from the abundance of references
on limit theorems for homogeneous sums, the majority of articles focus on the limiting behavior of so-
called reduced or incomplete U-statistics, i.e. weighted U-statistics whose weights only assume the values
0 and 1 (see e.g. [Blo76, Jan84, BK78]). Limit theorems for general weighted U-statistics can be found in
references [RR97b, OR93, Maj94]. We stress, however, that the last two references focus on non-normal
limiting distributions and that, in the degenerate case, [RR97b] only considers kernels of order 2.

The second example comes originally from [JN91] and was studied using exchangeable pairs in a finite-
dimensional context in [RR10]. We look at a (dynamic) Erdés-Renyi random graph with |nt| vertices,
where t denotes the time, and study the distance from the asymptotic distribution of the joint law of the
number of edges and the number of two-stars. Our approach can, however, be also extended to cover the
number of triangles. Those statistics are often used when approximating the clustering coefficient of a
network and applied in conditionally uniform graph tests.

1.2. Contribution of the paper

The main achievements of the paper are the following:

(a) An abstract approximation theorem (Theorem 4.1), bounding the distance between a stochastic
process Y, valued in R¢, for a fixed positive integer d, and a Gaussian mixture process. The estimate
is derived under the assumption that that the process Y, satisfies the linear regression condition

Df(Ya)[Ya] = 2B { DF(Y,) (Yo = Y/)A]

Yn} + Ry,

for all functions f in a certain class of test functions, some A,, € R%*¢ and some random variable
Ry = Rf(Y,). The class of test functions, with respect to which the bound is obtained, is so rich
that the bound approaching zero fast enough implies weak convergence of the law of Y, in the
Skorokhod and uniform topologies on the Skorokhod space. The exact conditions under which this
happens are stated in Proposition 2.2.

(b) A novel framework for continuous Gaussian process approximations of vectors of weighted, degener-
ate U-processes, presented in Section 5. Apart from proving a general result about those, we show
how it may be applied in examples involving non-degenerate U-processes. In order to study such
examples using our theory, one may decompose the given U-process into the vector of its degenerate
Hoeffding components and prove a multivariate Gaussian limit theorem for this vector. Then, by
applying a linear functional, one obtains a Gaussian limit for the original process. This strategy, in
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a quantified fashion, is exemplified by the application to the r-runs process, discussed in Subsection
5.6. We stress that, even in the case of just one r-run process, the results about univariate functional
approximations via exchangeable pairs from [Kas20a] would not be sufficient to obtain a Gaussian
approximation. Thus, in this example, the multidimensionality of our approach proves to be abso-
lutely vital. Moreover, both the kernels and the coefficients of the weighted U-processes we study in
our general result may (and will in most cases) depend on the sample size n, hence yielding Gaussian
limits even in degenerate situations. At the same time, our methods are flexible enough in order to
yield bounds for the classical results on asymptotic Gaussianity, in non-degenerate situations, when
the kernels are fixed.

(¢) A novel quantitative functional limit theorem for the edge counts and the number of two-stars in
an Erdés-Renyi random graph G(n,p) on n vertices with fixed edge probability p. Letting I; ;, for
1,7 = 1,--- ;n be the indicator that edge (i,7) is present in the graph, we consider the following
statistics:

Lmt]
[nt] —2 Z 1 Z
i,j=1 1<id,j,k<[nt]
1,7,k distinct

corresponding to the number of edges and the number of two-stars, respectively. Theorem 6.2 pro-
vides a bound on the distance between the law of the process

te (To(t) = ET(2), Va(t) —EVa(t)) t€]0,1] (L.1)

and the law of a piecewise constant Gaussian process. Theorem 6.4 estimates the distance between
the law of (1.1) and that of a continuous Gaussian process. These results extend the result of [Kas20a]
bounding the distance between the distribution of the edge counts and a univariate Gaussian process.
As a corollary to our results, we immediately obtain weak convergence of the law of (1.1) in the
Skorokhod and uniform topologies on the Skorokhod space to that of the continuous Gaussian
process.

1.3. Stein’s method in its generality

Stein’s method in its generality is a powerful technique used to obtain bounds on quantities of the form
|E,h — E,h|, where p is the target (known) distribution, v is an approximating measure and h is a real-
valued test function chosen from a suitable class H. The method is composed out of three main steps.
First, one needs to find an operator A acting on a class of real-valued functions, such that

(Vf € Domain(A) E,Af=0) <<= ==yu.
Second, for a given function h € H, one solves the following Stein equation:
Af =h—E,h.
Finally, for f = f5, solving the Stein equation, the following quantity:
IE,Afal (1.2)

needs to be bounded. This is achieved using various mathematical tools (Taylor’s expansions, Malliavin
calculus, as described in [NP12], coupling methods and others), applied in conjunction with smoothness
properties of fj,. For an accessible account of the method we recommend the surveys [LRS17] and [Ros11]
as well as the books [BHJ92] and [CGS11], which treat the cases of Poisson and normal approximation,
respectively, in detail. A database of information and publications connected to Stein’s method can also
be found in [Swal6].
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1.4. Stein’s method of exchangeable pairs

The exchangeable-pair approach to Stein’s method was first developed in [Ste86]. Therein, the author
considered the setup in which, for a random variable W, one can construct another random variable W’
such that (W, W') is an exchangeable pair and the following linear regression condition is satisfied

E[W' - W|W] = -\W (1.3)
for some A > 0. It follows from this assumption that
0=E[(f(W)+ f(W)(W = W")] =E[(f(W) = fFW))(W — W) + 2XE[W f(W)]

and so
B{W F(W)] = 5 BI(FW) — (W)W ~ ).

Therefore, using Taylor’s theorem, it can be proved that

|E[f/(W)] [Wf( ”f/‘OO\/V W W’) |W]] Hf//”oo

L OEW - W3,
which provides a bound on the quantity (1.2) for v = L(IW) and A being the canonical Stein operator
corresponding to the standard normal law.

A multivariate version of the method was first described in [CMO08] and then in [RR09]. In [RR09], for
an exchangeable pair of d-dimensional vectors (W, W’), the following condition is used:

E[W' — W|W] = —AW + R (1.4)

for some invertible matrix A and a remainder term R. The approach of [RR09] was further reinterpreted and
combined with the approach of [CM08] in [Mec09]. Extending this multivariate version of the exchangeable-
pair method to multivariate functional approximations, with the linear regression condition taking form
similar to (1.4), is the subject of the current paper.

1.5. Functional Stein’s method

Approximations by laws of stochastic processes using Stein’s method have been studied in [Bar90, BJ09,
Shill, CD13, CD14] and recently in [Kasl7, Kas20b, Kas20a, BDM18, CD19, BC19]. These references
can be divided into three groups.

The ones belonging to the first group, containing [Bar90, BJ09, Kas17, Kas20b, Kas20a], all use, adapt
and extend the setup of [Bar90]. Therein, the author studied the rate of convergence in the celebrated
functional central limit theorem, also called Donsker’s theorem. He considered test functions g acting on the
Skorokhod space D ([0, 1], R) of cadlag real-valued maps on [0, 1], such that g takes values in the reals, does
not grow faster than a cubic, is twice Fréchet differentiable and its second derivative is Lipschitz. For each
function g belonging to this class he provided a bound on the absolute difference between the expectation
of g with respect to the law of a rescaled random walk and the expectation of g with respect to the Wiener
measure. Crucially, he also proved that this class of functions ¢ is so rich that his bounds imply weak
convergence with respect to the Skorokhod topology of the considered rescaled random walk to Brownian
Motion. This last property is vital for most applications of the limit theory for stochastic processes and
may even be the main reason for the outstanding popularity of the Skorohod topology. Indeed, by means
of the continuous mapping theorem, limit theorems for many natural, non-linear functionals such as the
supremum over time, immediately follow from a weak limit theorem in the Skorohod topology.

On the other hand, the results of the second group of references, containing [CD13, CD14, BDM18,
CD19], develop Stein’s theory on a Hilbert space using a Besov-type topology. The bounds obtained
therein, however, do not imply weak convergence in the Skorokhod topology. Therefore, the continuous
mapping theorem does not apply in their setting. For instance, as opposed to the results of the first group
of references, one cannot study convergence of the supremum of a process using the analysis of the second
group of papers.
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Finally, [Shill] develops approximations by abstract Wiener measures on a real separable Banach space
and [BC19] proves bounds on measure-determining distances from Gaussian random variables valued in
Hilbert spaces. As for the second group, despite the elegant abstract theory used and developed in these
references, the results do not imply convergence in the Skorohod topology on D[0, 1].

In the current paper we shall follow the setup of the first group of references. We consider it more
flexible than the one of the second group and more suited for applications to processes belonging to the
widely-used (non-separable) Skorokhod space than the ones of the third group.

In the context of these three groups of references and the present paper, we also mention the recent
paper [DKP19] which, although not relying on functional approximation by Stein’s method, provides
functional limit theorems for the class of (degenerate and non-degenerate) symmetric U-processes with a
kernel that may depend on the sample size n. Since it implicitly relies on a multivariate Gaussian limit
theorem derived by Stein’s method from [DP19], it is also naturally related to Stein’s method.

Moreover, since one main class of applications in the present paper involves weighted U-processes, it
is worthwhile to compare our results and their applicability to those of [DKP19]. Firstly, as mentioned
above, the paper [DKP19] focuses on Gaussian limit theorems for symmetric U-processes, which constitute
a narrower class than the weighted U-processes considered in the present work. Moreover, thanks to the
finite-dimensional convergence results from [DP19], the conditions for convergence from [DKP19] are
phrased in term of L?-norms of contraction kernels and, as such, can be considered as fourth moment
conditions. Contrarily, as can be seen from the bounds and proofs of Section 5, the bounds and conditions
in the present paper involve third moment quantities. This distinction is also clearly reflected in the
respective applicability of the results proved in the present paper and those from [DKP19]. Indeed, whereas
the symmetric U-processes considered in [DKP19] possess a global dependency structure, the results in
Section 5 are most useful whenever the dependence of the weighted U-process is local in the sense that
the involved array of weighting coefficients (a ) is sparse in some sense. The runs example in Subsection
5.6 provides an instructive showcase for this observation. Moreover, the methods used in the proofs of the
main results necessitate that the quantities in the bounds involve the absolute values of both the kernels
and the coefficients. Hence, no cancellation effect, typically occuring under fourth moment conditions,
may be relied on in this case. We therefore consider our theorems as rather complementary to the ones in
[DKP19].

1.6. Structure of the paper

Section 2 includes some introductory remarks about notation and the spaces of test functions with respect
to which bounds on distances between probability laws in this paper will be derived. Section 3 gives a
general form of the pre-limiting process to which all the processes of interest will be compared using Stein’s
method. It also presents the corresponding Stein equation, its solution and the smoothness properties of
the solution. Section 4 contains the main abstract result of this paper providing a bound on the distance
between a process valued in the Skorokhod space D([0,1],IR%) and the pre-limiting process described in
the previous section. Section 5 discusses the application of the abstract theorem to weighted, degenerate
U-statistics and presents a bound on their distance from a continuous Gaussian process. It furthermore
explains how the bound simplifies in the context of homogeneous sums and applies it to the example of
r-runs on the line. Section 6 discusses the example concerning an Erdds-Renyi random graph process and
the bound on the distance between the number of its edges and two-stars and a continuous Gaussian
process. Technical details of some of the proofs in this paper are postponed to Section 7.

2. Notation and spaces M and M?°

The following notation, similar to the one of [Bar90] and [Kas20b], is used throughout the paper. For a
fixed positive integer d, let D? = D([0,1],IR?) be the Skorokhod space of cadlag R?-valued functions on
[0,1]. Fori =1,--- ,d, by e; we denote the ith unit vector of the canonical basis of RR¢. The ith component
of any z € R will be denoted by z(?, so that z = (x(l), e ,x(d)). For a function w defined on [0,1] and
taking values in a Euclidean space, we will also write

Jw] = sup |w(t)],
tel0,1]
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where | - | denotes the Euclidean norm. Moreover, the notation E"[-] will be used to represent E[- |[W].
By DFf we will always mean the k-th Fréchet derivative of f. The norm || - || of a k-linear form B on
L will be taken to be

|IB|| = sup |B[h1, ..., hg]ls
(Rl || <1Vi=1,...k}

where B[hy, ..., hi] denotes B applied to arguments hy, ..., hg.
Furthermore, we define
flw
£l = sup LU

wepa 1+ [lw][*’

and let L be the Banach space of continuous functions f : D? — R such that ||f||z < co. As in [Bar90],
we define M C L as a subspace of L consisting of the twice Fréchet differentiable functions f, such that:

1D?f(w + h) — D? f(w)|| < kyl|hll, (2.1)
for some constant ky, uniformly in w,h € D?. We have following lemma (whose proof we omit), which
may be proved in an analogous way to that used to show (2.6) and (2.7) of [Bar90]:

Lemma 2.1. For every f € M, let:

2 2 . 2
g = sup L WD D@ D2 o) = D )]
wepa L+ |Jwl]®  epa L+ w|?  yepa L+ |w|l o pepe 7]l

Then, for all f € M, we have ||f||am < oo.
We, furthermore, let M° be the class of functionals g € M such that:
[D?g(w + h) — D?g(w)]|

Igllaro := sup |g(w)| + sup |[Dg(w)||+ sup [[D*g(w)[|+ sup < o0
weD weDA weD2 w,heD? ||h||

and note that M° C M. Below, we present a d-dimensional version of [BJ09, Proposition 3.1] providing
conditions, under which weak convergence of the approximating measure to the target one may be deduced
from convergence of the corresponding expectations of functions g € MY. Its proof can be found in the
appendix of [Kas20b].

Proposition 2.2. Suppose that, for each n > 1, the random element Y,, of D? is piecewise constant
with intervals of constancy of length at least ry. Let (Zy),~, be random elements of DP converging in

distribution in D¢, with respect to the Skorokhod topology, to a random element Z € C ([07 1], IRd). 1If:
Eg(Yyn) — Eg(Zy)| < CTnllglaro (2.2)

for each g € M° and if F, log*(1/ry,) 270, then the law of Y, converges weakly to that of Z in D<,
in both the uniform and the Skorokhod topologies.

3. Setting up Stein’s method for the pre-limiting approximation

We set up Stein’s method in a fashion similar to [Bar90] and [Kas20b]. First, we define the process D,,
whose distribution will be treated as the target measure. We then construct a process (W, (-, u) : u > 0)
for which the target measure is stationary. We subsequently calculate its infinitesimal generator A,, and
take it as our Stein operator. Next, we solve the Stein equation A, f = g, using the analysis of [KDV17],
and prove several smoothness properties of the solution f, = ¢,(g).

3.1. Target measure

Let
~(d d
D)= Y (Zu’) T (@) 7Zz.(h)mJmJi(l,),,,,im(t)), teo,1], (3.1)

i1, im =1

where Z(k) -4, sfor k=1, d are centred Gaussian and:
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A) the covariance matrix %,, € R(?"dx(n"d) of Z is positive definite, for Z € R(™"® built out of the

Zz(lk) 4i,, 8 in such a way that they appear in the lexicographic order with Zl(lk) 4,, appearing before
Zj(i+1,)Jm’S for any k= 17 ad_ 1 and ila"' ai'majla"' 7j’m = 17 IR
B) functions Jz(lk)z € D([0,1],R), for iy, -+ ,im € {1,---,n}, k € {1,---,p}, are independent of
the Zz(lk) i ’s; a natural example of those would be Jff) i = 1 A for some measurable set
i1y im
(k)
Ail,“' 717”

Remark 3.1. It is worth noting that processes D, of the form (3.1) are often approzimations of interesting

)

continuous Gaussian processes. An example is Dy, of (3.1), where all the Zl(lk 4, § are standard normal

and independent, m = 1 and Ji(k) = 1ima) forallk =1,--- ,d andi=1,--- ,n. By Donsker’s theorem, it
approzimates the standard Brownian motion. By Proposition 2.2, under several assumptions, if a piecewise
constant process Y, is close enough to process D,,, then the law of Y, converges weakly to that of the
continuous process that D, approximates.

Now consider an array of i.i.d. Ornstein-Uhlenbeck processes with stationary law A(0,1), indepen-
dent of the ngﬁ),,,7im”s7 given by {(t%”lgk)lm(u),u >0) 41, b = 1,..,n, k= 1,...,d}. Let %(u) =
(Zn)1/2 Z (u), where 2 (u) € R™"? is a vector composed out of the Qflgk)lm (u)’s in such a way that

they are ordered exactly as Zz(lk)zm’s are ordered in Z. Write %Ek)lm (u) = (@(u))l(k ' - using
)7‘17“.77‘7”
the bijection I : {(k, i1, ,im) i1, yim =1,--+ ,n,k=1,--- d} = {1,---,dn™}, given by:
I(kyiy, - yim) = (k= D)™+ (i — D)n™ 4+ oo (i1 — D)0+ iy (3.2)

We will look at the process
Wn(ta u) = (ng)(ta u)a T 3W’£Ld) (ta ’LL)) , te [Oa 1]7 u >0,
where, for all k =1,--- ,d:

WHEwy = S w® I, (1), telo1]u>0.

21, ,imzl
It is easy to see that the stationary law of the process (W (-, u)),, is exactly the law of D,,.
3.2. Stein equation

The following result follows immediately from [Kas20b, Propositions 4.1 and 4.4]:

Proposition 3.2. The infinitesimal generator of the process (Wy(-,u)),~, acts on any f € M (for M
defined in Section 2) in the following way: a

A, f(w) = =D f(w)[w] + ED?f(w) [D,,,D,,] .
Moreover, for any g € M such that Eg(D,,) = 0, the Stein equation A, f, = g is solved by:
0

where (T, f)(w) = E [ f(we™ + /1 — e=2Dy,(-)]. Furthermore, for g € M:

A) 106 )] < gl (14 3 ll? + EIDLI?)

B) |D*6n(g)(w)ll < lgllas (1 el Eann) ;

2 3 3
C) | D én(g)(w +|}|Li)1||_ D2pn(g)(w)]]
< sup |D2(g + ¢)(w + h) — D*(g + c)(w)|| (3.4)

w,he DP 3[|A] ’



Ch. Débler and M.J. Kasprzak/Multivariate functional Stein’s method of exchangeable pairs 8

for any constant function ¢ : D* = R and for all w,h € D?.

4. An abstract approximation theorem

The following result provides an expression for a bound on the distance between a process Y,, and D,,,
defined by (3.1). It assumes that we can find some Y/, such that (Y,,Y],) is an exchangeable pair satisfying
an appropriate condition. We explain in Remark 4.5 how our condition is similar to that of [RR09, (1.7)].

Theorem 4.1. Assume that (Y,,Y}) is an exchangeable pair of D ([0,1],R?)-valued random vectors
such that:

where EYr [ := E[-|Y,], for all f € M, some A,, € R>*? and some random variable Ry = Ry(Y,,). Let
D,, be defined by (3.1). Then, for any g € M:

Eg(Y,) —Eg(D,)| <€ + e+ e,

where

llas
e = LB (Y, - Y AIY, - Y]

e = |ED*f(Y,n) [(Yn — Y, )AW, Y, = Y, ] —ED?f(Y,) [D,,D,]|,
€3 = [ERy|,

and f = ¢n(g), as defined by (3.5).

Remark 4.2 (Relevance of terms in the bound). Term e; measures how close Y, and Y|, are and how
small (in a certain sense) A, is. Term es quantifies the difference between the covariance structures of
Y, — Y/, and D,,. This term may be estimated in several applications (see Theorems 5.1 and 6.2 below),
yet this often requires some effort. Term e3 measures the error in the exchangeable-pair linear regression
condition (4.1).

Remark 4.3. Condition (4.1) is always satisfied, for example with A,, =0 and Ry = Df(Y,,)[Y,] for all
f € M. However, for the bound in Theorem 4.1 to be small, we require the expectation of Ry to be small
in absolute value.

Remark 4.4. The term
|ED*f(Y0) [(Yn = Y,)An, Y, = Y] —ED?*f(Y,,) [D,, D]

in the bound obtained in Theorem 4.1 is an analogue of the second condition in [Mec09, Theorem 3]. The
main result of that paper provides a bound on approzimation by N(0,%) of a d-dimensional vector X.
This is achieved by constructing an exchangeable pair (X, X') satisfying:

EXX' - X]=AX+E and E¥[(X -X)(X'-X)T|=2AX + F'

for some invertible matriz A and some remainder terms E and E'. In the same spirit, Theorem 4.1 could
be rewritten to assume (4.1) and:

EY”D2f(Yn) (Y, — Y;)Aann - Y;z] = DQf(Yn) Dy, Dy] + R}"
The bound would then take the form:

llgllaz
[Eg(Yn) = Eg(Dy)| <= B [|(Yn = YA Yn = Y7 %] + [BRy| + [ER}
Remark 4.5. The role of A, in condition (4.1) is equivalent to that played by A= in [RR09] for A
defined by (1.7) therein. In the functional setting, condition (4.1) is more appropriate than a straightfor-
ward adaptation of the setup of [RR09]. This is because, for general processes Y, the properties of the
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Fréchet derivative do not allow us to treat evaluating the derivative in the direction of Y, — Y/ as matriz
multiplication. Indeed, multiplying both sides of the hypothetical condition:

by A1 does not yield:
_Df(Yn)[Yn] = EY"Df(Yn)[Ail(Yn - Y"fl)]

Proof of Theorem 4.1. We will bound |Eg(Y,) — Eg(D,)| by bounding |EA, f(Y)|, where f is the so-
lution to the Stein equation:

for A,, defined in Proposition 3.2. Note that, by exchangeability of (Y,,Y]) and (4.1):
0=E(Df(Y,)+Df(Yn) [(Yn—Y,)A]
=E (Df(Y},) = Df(Y2)) [(Yn = Y )A] + 2E{EX"Df(Y,) (Y — Y1) An]}
=E(Df(Y,) = Df(Yn) (Yo = Y )A] + EDF(Y,)[Yn] — ER;
and so:
EDf(Yn)[Ys] = E(Df(Yn) = Df(Y) (Yo — Y5, )An] + ERy.
Therefore:
=[E(Df(Yn) = DF(Y;) [(Yn = Y;)An] = ED*f(Y,) [Dy, Do) + ERy|
<|E(Df(Yn) = DF(Y)) [(Yn = Y3)Au] —ED?F(Y;) (Yo — Y1) A, Y, — Y|
Mol ey, — v, 1Y — VI + R
+ |ED2f(Yn> [(Yn - Y;’L)AWJYTL - Y’:’L] - ED2f(Yn) [Dna Dn]

)

where the last inequality follows by Taylor’s theorem and Proposition 3.2. O

5. Weighted, degenerate U-statistics

In this Section we will apply Theorem 4.1 in order to prove bounds for the approximation of a vector of
weighted, degenerate U-processes by suitable Gaussian processes.

5.1. Introduction

The setup will be the following. We fix positive integers d, p1,...,pqs and consider a sequence (X;);en of
i.i.d. random variables with distribution y on some measurable space (E, £). Moreover, for 1 <14 < d, we
let (i) € L*(pP?) be a symmetric kernel such that E[y(i)*(X1,...,X,,)] > 0. We assume that (i) is
(completely) degenerate with respect to p, i.e. that

]E[w(l)(levXpl)| Xl,...,Xpifl] :O, a.s.

We denote by Dp(n) the collection of p-subsets of the set [n] :={1,...,n}.

Furthermore, we fix an integer n > max(p1,...,pq) and let {a;(3) : 1 < i < d,J € Dy, (n)}, be a
(given) set of real numbers (weights). We further let {o,,(¢) : 1 <4 < d} be a set of positive real numbers
and, for t € [0, 1], define

YO =— S ()X ).

T0(0) ern {nt))
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In some applications it may be natural to take

on()? = Y a;0)’ER>)*(Xy,..., X)), 1<i<d,
JE€Dp, (n)

i.e. equal to the variance of Yg )(1). This is, however, not necessary for our results.
With the above definitions , we let

Yn = (YSLI)v s aY7(1d)) )

which is, as one can easily observe, an element of D([0,1];RY). We will write X := (Xy,...,X,,) and
construct an X’ := (X{,...,X/) such that the pair (X, X’) is exchangeable. Specifically, we let X, be
another random variable with distribution g and let I be uniformly distributed on [n] in such a way that
I, Xo,(X;)jen are jointly independent. For 1 < j < n, we let

X, itj£T
X]/-:: 7 L

Xo, ifj=1.
Then, for ¢t € [0,1] and 1 < i < d, we define

1

on (1)

(YD) (t) = as (DY) (X}, 5 € J)

J€Dyp, (Int])

i

and
Y= (YD), (Y D).

The pair (Y,,Y,) is clearly exchangeable and, for f € M, similarly as in the proof of [DP17, Lemma
2.3], one can use degeneracy to show that

Df(Yn)[Ys] = 2BEY"Df(Y,) (Yo — Y7 )A],

where
A, = diag (” " ) . (5.1)

2p" " 2pa

Therefore condition (4.1) is satisfied for A, of (5.1) and Ry = 0. In what follows we will assume that
l<pi<ps<---<pa

5.2. A pre-limiting process

We will construct a pre-limiting Gaussian process D,, of the form (3.1) which has the same covariance
structure as Y,,. We take D,, = (D%l), o ,D%d)) for

; 1 ) .
D) (1) = o) Z ay(1)Z,(i),
"N JeD,, (Int])

where, for i =1,...,d and J € Dy, (n), Z;(i) are jointly Gaussian random variables that are independent
of X and satisfy

E[@)(Xq,. .., Xp)v)(X1,...,X},)], ifpi=p and K=J
0, otherwise,

EZ;(i)Zk()] = {

fori,1=1,...,d, J € Dp,(n) and K € D, (n).
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5.3. Distance from the pre-limiting process

Having established the setup and defined the pre-limiting process above, we prove the following result:

Theorem 5.1. Let Y,, be defined as in Section 5 and D,, be defined as in Section 5.2. Then, for any
geM,

3
2Vd|gllar = [P 5(ri) & .
E[¢(Y,)] — E[g(D,, ‘< ,
[Elg(¥a)] - Blo(D)]| < S5 TS a 2 ST ST et
i=1 =1 JEDm(n):
leJ
d . .
19 (@)l 3 o) 19 ()| 23 gy |10 (Rl 3 parn
+ llglla S lay(i)ar(j)ar (k).
m%::l on(1)on(j)on (k) Jegf‘(n)
KeD,, (n),
LeDPk(n):
JNK#),
LN(JUK)#0
Proof.
Step 1. First note that, for €; in Theorem 4.1,
e A o e e AR (52)

which follows directly from the definition of A,, in (5.1) and our assumption that p; < --- < ps. Now, note
that

2 273/2
Y~ Y* = sup [(Y&”(t)—(va”)'(t)) +~--+(Y;@(t)—(Yéd))'@))]

te[0,1]
3 3]

F YD) - (Y,(Ld))/ (t)

<Vd Sup} UYS)@) - (YS)>/ (t)

te0,1

/ 3 / 3
<V [HYS) = (YWY et HY,@ - (v 1 . (5.3)
Furthermore, for i =1,...,d,
3
- (o)
3

= E{ sup Z aJ(i)('l/)(i>(Xj7j € J) —¥(i)(Xo, Xj,j € J\{I}))l[%,l](ﬂ

onli)* | €011 | seny, sy
IeJ
3
=5 zi)?’]E o las@I[e)(X;,5 € T) = (i)(Xo, X;,5 € T\{T})]
" JED,, (n):
IeJ
= #@)3 Yoo Y laax@ar@)E{[¢0)(X;,5 € J) = (i) (Xo, X;,5 € T\ 1))

=1 J,K,LEDy, (n):
leJNKNL

[W()(X;,5 € K) = (i) (Xo, X, 5 € K\ {ID][¢()(X;,5 € L) = (i) (Xo, X;,5 € L\ {1})]
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§ E|¢(¢)(X1,...,Xpi)*#({j)@ﬁw-- pis1) Z > lasli)ak(i)as ()| (5-4)
noy, (i) I=1 J,K,LED,, (n):
leJﬁKﬁL
3

3 n
_ SE[() (X, X, ,
|9 (i) nal(z)3 pi) Z Z @) | (5.5)
=1 | JeD,, (n):
leJ

Combining (5.2) -(5.5) we obtain

d . :
o0 < Yol S~ EROX %) b0 Kl SN a0 (50

= 3

12p: i=1 on(i) I=1 J,K,LED,, (n):

leJNKNL

3
3 n
2Vdgllar <~ E[v(0) (X1, -, X)) |
- - ay(t . 5.7
T 3m 2_: on(i)? 2_: 2 ,‘J(” (5:7)
i=1 =1 JGDpi(n).

leJ

Step 2. We will now bound €5 of Theorem 4.1. Denoting by e; the ith element of the canonical basis of
RY, for i =1,...,d, for any f € M, we have

D2f(Yn) [(Yn - Y'/n) Anv Y, - Y, ]

=D2f(Y,) [g 2; (Y(z) _ (Y( ) > e, i ( (Y g )/> ei]

=1

- Z . Kygp _ (Ygd)’) . (ng _ (Y,@)l> ej} 58)

1]1

We now let f = ¢,(g), as defined by (3.3), and fix some 4, j € {1,...,d}. We have that

5, BD*1(Y) KYS’) - (YSP)') (Y,(f) - (Y,@)') } ~ED*f(Y,) [Dﬁﬁei,Dﬁf)ej]’

1 n . . . . /
= o | Jepzp;(n)’aJ(z)aK(j)IE[(z/)(z)(Xu,u € J) — (i) (X, u € J))
K€Dy, (n)

: (¢(])(Xua“ €K)— w(])(X;vu € K))sz(Yn)[]l[%(ﬂ,l]eiﬂ ]1[7“‘“’;(1(),1]%”

- Z ay(t)ar (1)L =y E[$() (X1, ..., Xp)v()(X, ... aij)}lE{sz(Yn) []l[mazu%l]ei, l[xna>;<f<>71]6jﬂ ‘
JED,, (n), )

KGDpj(n)
= Z > ar@ax (B[ ($00)(Xu, u € J) = 0(0)(Xo, Xoyu € I\ {1})
pion(i I=1 JED,,(n),
KEDp](n),
leJNK

: (w(j)<Xua u € K) - w(])(XO7Xua ue K \ {l})>D2f(Yn) []l[ma::}(J)J]ei, ]l[ma;;(x)yl]ej]}

2y 3 aJ(Z)aK(])]l{J_K}]E[z/J(z)(Xl,...,Xpi)w(j)(Xl,...,Xp].)]lE[DQf(Yn)[Il[mazu)’l]ei,Il[ma,;(x)’l]ej]]‘
=1 JeD,, (n),

KGDpj(n),

leJNK
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Z > ar@ax B[ ((0)(Xusu € J) = ()Xo, Xuyu € T\ {1}))
ke
leJNK

2pzan

(V) (Xusu € K) = 9(5)(Xos Xusu € K\ {1})) = 2L 1=y B[$()) (X1, - -+, Xp ) () (X1, - .- ,ij)])
.D2f(Yn)[]l[%@7uei, n[w,uej]w (5.9)

Now, we define
Y= ()Y () @)

via

; 1 . . . .
V)0 = Y eu@Xajel), 1<isdte).
"N LeD,, (Int)):
LN(JUK)=0

Then, using independence, we obtain that

. A\ / . 0\ / . .
%ED%(YH) KY;” - (YSZ)) > e, <Y§g> - (Y;ﬁ) > ej} _ED2f(Y,) Dgf)ei,Dsf)ej]’

Z > a@axE[(($0)(Xu,u € J) = 90 (X0, Xou € T\ {1}))
e,
leJNK

2ngn

: (w(j)(Xmu € K) - 1/J(j)(X07Xu7U EK \ {l})) - 21{J:K}E[w(i)(X17 s ?X;Di>’(/}(j)(X1a s ’ij)]>

. (sz(Yn) — D2f(Y7‘{7K)) I:]]_[m'cu;(.]) 71]61', ]].[may;(K) 71]6j]} ‘

o0 ol -
< i Z > lesax()E

=1 JeD,, (n),
KGDpj(n)
leJNK

|(V00) (X € J) = (i) (X, Xoru € T\ {1}))

: (1/}(])(Xuvu € K) - ¢(j)(X07Xuvu €K \ {l})) - 21{J:K}E[w(i)(le s '7Xpi)'¢}(j)(X17 ce 7ij)]‘”Yn - Yr{’Kl‘|'

(5.10)

Now, we observe that

d
1
Vo= Y < 37 s YD = (v )@
k=1 n (k)
4
<2 Yo las®)llw(k)(Xuu e L)),
k=1 " LED,, (n):
LN(JUK)#0

Hence,

%EDW(Yn) {(Yﬁg) _ (ng)') e, (ng _ (ng)') ej} _ED2f(Y,) [D%“Dg)ed’
d

<2 G ”“’”M Z > Y lw@ax(ark)E

=1 I=1 JeDy,(n), LEDy, (n):
KeD, (n) LN(JUK)#D
lEJﬁK

|($(0) (X € ) = $(0) (Xo, Xoyu € T\ {1}))
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(V) (Xu,u € K) = () (Xo, Xuyu € K\{1})) = 21—y B[y (i) (X1, ., Xp )0 (7)(X1, -, X)) ‘W’(k)(Xua S L)l]

d
3 ”g”M Z S Y Jas@arGan® ) |z I s [E ) s
=1

Pion(i l 1 JED,,(n), LED,, (n):
KerJ (n), LN(JUK)#0

leJNK
d .
gl 2o 119 G sy 19 (R e
o (j aj(i)ax (j)ar(k 5.11
2 0n ()0 () (F) Je;(n)l (Dar(j)ar (k) (5.11)
Py )
KEDT‘j(”)v
LeDy, (n):
JNK#0,
LO(JUK)#0

Hence, we obtain that

62<Z

[ (v (v0) Yeu (i = (v1) ) o] - B0, [P0, DY |

i,j=1
d
gl ae 19 (@) L2 (urey 1P G 25 (riy 190 ()| £ ey . |
: k). 5.12
‘Xk; 7 DonGon() > las@ax(Gar(k)] (5.12)
R Jeri(n);
KEDpj(”)7
LeDy, (n):
JNK#0,
LO(JUK) %0
O

5.4. Distance from a continuous process

We now prove a following theorem, which bounds the distance between the law of Y, and that of a
continuous Gaussian process. Let us introduce some notation first.

Theorem 5.2. Let 25{”) € R¥? be given by

e 2 es@as(DE[E) (X, .. Xp ) (O)(Xa, .., Xp)], if pi =pi
(E,'(,:n)) l: JEDy, (m):

) m=max(J)

0, otherwise,

foril=1,....d. Fori=1,...,d, let

5 = — sup Y ay()’E (i)’ (X, ..o, Xp,)]
(on(2))” mein) JED,, (m):
m=max(J)
and 1
IO =——— > a()E[p(i)*(X1,.... X,)]
(Un(z)) JEDy, (n)

Furthermore, let

and suppose that ¢ : [0,1] — R4 is such that, for alli,j =1,...,d,

nlggo‘/ol ‘(@n(s) —¢(s));,;| ds=0.
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Let || - || denote the Frobenius norm. Suppose that W is a d-dimensional standard Brownian motion.
Let

t
2() = [ els)iW(s)
and Y, be defined as in Section 5.1. Then, for any g € M,

Eg(Yn) —Eg(Z)] < llgllar(v1 + 72 + 73+ 72 +75),

and, for any g € M°,
Eg(Yn) — Eg(Z)] < |lgllaro (71 + 72 +73),

where

3

d
V()75 (uos
vlifz” ”“”Z S as@) |

i=1 =1 JEDPi(n):
leJ
d
1Y (@) L3 (uriy 1V G L3 ura) 10 Rl 3 )
= ay(t)a ar(k);
n= 2 ou@)on (7)o k) 2 aan®)
KeD,, (n),
LeD,, (n):
JNK#0,
LN(JUK)#0
d (i)
_ (i) 2T
(i) 27" i 4.t 2 i
Y4 = dz 8447 | 6,7 log 50 +44 Z/o {((pn(s)—go(s))”} ds ;
i=1 n j=1
(4) d 1
2T, 2
([ ) oo () e[ -
1= n Jj=

Proof. Let us write W = (W(l), . ,W(d)), where W ... W@ are iid. standard Brownian motions
in R.
Step 1. Consider process D,, defined in Section 5.2. Note that, for i = 1,...,d,

z) Z aJ(i>ZJ(i)

JED,, (|nt))

[t
) > as(i)Zs)
=p:i JED,, (Im)):

m=max(J)

DY(1) =

g

3

[

ag

m=

[nt]

= Zal0),

n m=p;

where {Z,,(i) : m € [n],i € [d]} is a jointly Gaussian collection of centred random variables with the
following covariance structure:

S dVdPE ) (X, . X)) 00 (X, -, X)), if pi = prand my = mg
N JED,, (Im1)):
E Zm1(Z)Zm2(l)} = !

my=max(J)

0, otherwise.
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Using this observation, note that D,, has the same distribution as Z, given by
. 1 & Lnt] 1/2
7o (1) = —— (2<m>) L dW(s), te[0,1],
0=y [ ) i @aw ), telo

whose distribution, by a simple change of variables, is equal to that of

L"tJ/n 1/2 Lntl/n
5 / £0) 1 s (W) = / ()W (s), 1€ [0.1]

n 'n
m=pi

Step 2. By Doob’s L? inequality and It6’s isometry, we note that

2
t 2 d t
E sup / (on(s) —p(s))dW(s)| =E | sup Z Z/ (nls) = @(s)); ; AW (5)
tefo,1] |Jo tef0,1] ;=5 \ j=1 70
2
d 1
<Y B[S [ tnle) — o)), WO o)
i=1 j=170
d 1 2
<1 S B [([ ol - ole), aW ) ]
ij=1
! 2
=4 [ len(s) = o(s)|wds (5.13)
0
Similarly, by Doob’s L? inequality, the formula for Gaussian moments and Ito’s isometry,
o\ 3/2
+ 3
E sup | [ (pu(s) ~ 9(5)) AW ()| =E | sup (s [ o) = ol WO
te[0,1] tel0.1] | 557 \j=1
4 3
2 .
MZE > / ou(s) — @(5));,; AW (5)
97\ 3/2
2TV & d /1 :
E (en(s) = @(5)); ; AW (s)
v | P2, ;
i J 4 3/2
27V/d 2
= n(s) —p(s)), ;| ds . 5.14
DD Z/ [(en(s) — o)), (5.14)
Step 3. We now apply an argument similar to that of [FN10, Theorem 1]. Note that
tAl
M) = [ als)AW () + (W) = WD) Loy
0
is a martingale vanishing at zero. In particular, so are the coordinate processes
) tal d ) ‘
MO0 = [ 3= (ol W)+ (WO = W) i
0
Note that, by the Dambis-Dubins-Schwarz theorem, for each i = 1,...,d, there exists a Wiener process

W(i), such that

MO0 = (0)). e,
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where <M$f)> is the quadratic variation of M(i) i.e.

n
t

d tAl
(M) =3 [ (Gui)?ds+ -1y vo.
j=1"9
Note that
1 1 n
<M(z>>1 _mz_,:,l/o (z; w)m Lt ) (5)ds = Emzpl (g(m))m — i)
and

(4) (4) 2
sup M}’ ) — (M, ) / ds
te[0,1] << >t < >Lntj/n 01] = Lntj/n (=)
2
= sup / ( 2<(Lntj+1)m))1/2> ds
te[0 1] |nt]/n i,j

3
~ sup (t— |nt J) (Egl(\_ntj-i-l)/\n))
tel0,1] n 1,3

1

<S—— sup Y as(i)’E [$6)* (X1, ..., Xp,)]
( (1)) me(n ]JEDpi(m):
m=max(J)
=50,

Therefore, using [FN10, Lemma 3], we have that

t
E sup / ©n(s)dW (s)
te[0,1] [nt]/n i

" vwe [o.(M?) ], fu—2l < 2o <<M5§>>t - <M$§>>w/n>}

- 2

<Esup { WO (4) — W(i)(v)‘

(4)
50 59 log 22
~2log 2 57(3)

and

t
E sup / Pn(s)dW (s)
te[0,1] [nt]/n i

<IE]sup{ WO (u) W(i)(v)’g Cuve [07 <M£Z)>1] ,Ju—v] < sup] <<M£f)>t - <M(i)>mtj/n>}

2

<Esup { WO (1) — WO ()

DU,V € {O,Ty)} Ju—v| < 59}

3

te(0,1

~ . ~ . 3 . .
<E Sup{ WO (y) — W(’)(v)‘ DU,V € [O,T,(L’)} ,Ju—ov] < 57(5)}

. 3/2
< 56 51 21 /
= Valog2)i2 \ B\ 50 ‘
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Finally, it follows that

t ( )
E sup / on()AW (s)| < 5 1og (5.15)
te[0,1] [ntJ/n 2log ;
3 , 3/2
! ! 5-63Vd <[ o1,
E sup / on($)dW(s)| <VdY E sup / ©n(s)dW (s) < ———7—> 6@ log , .
te(0,1] |/ [nt]|/n LZI te[0,1] |nt]/n i ﬁ(log 2)3/2 i=1 (57(1l)
(5.16)
Step 3. Using the calculations above, we note that
E||Z z) 3){(5 15) / I )|| ds + 6v/5 Xd: (5(i)1 QTr(li) .
" = #nls T Jaoga\[ & B\ G0 )
(5.14),(5.16) 20 63\/g QTU) 3/2 54[ 2 32
g3 e A0-0Tva e 2hn _ g

We furthermore note that, using Doob’s L? inequality, the formula for Gaussian moments and It&’s isom-
etry,

o\ 3/2
d d t 4
EIZ* =E | sup | S (S / (6(5));; AW (5)
tefo1] \ i \j=1 /o
\/‘ d d 1 3
27y d
VA Z/ ((5)); ; AWV (s)
i=1 j=170
3/2

3/2
27V A & [ 2
(X | et | as

Therefore, using the mean value theorem

[Eg(D,.) — Eg(Z)| <E | sup ||Dg(Z + c(Z, — Z)|||1Z - zn]

ce(0,1]

<llgllmE

sup (1+ 12+ (o, — 2)|) 12 - znn]
c€[0,1]

Holder 2y 2/3 an1/3
< lgllas {EIZ — Zll + 2BI1Z - Z | + 2 (ENZ)%)*" (BIZ - Z0 ") }
<llgllar(ys +va + 75)
and
[Eg(Da) ~ Eg(Z)| <lglaoE |Zn — Z] < lgllarors.

The result now follows by Theorem 5.1 and the triangle inequality. O
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Remark 5.3. The approzimation results in this Section are merely stated for wvectors of degenerate
weighted U -processes. In many applications, however, the given weighted U-process might involve non-
degenerate kernels. If

U,(t)= > anp(X;,jel)

Je€Dp(Int))

is such a non-degenerate, weighted U-process, then it can be written in its Hoeffding decompoition as a
sum of degenerate, weighted U -processes as follows:

Un(t) = /EP b Z aj+ Xp: Z ( Z aJ)wq(Xivi € K)

JeD,(|nt]) =1 KeD,(|nt]) JeDy(|nt)):
KCJ

P
=: duP Z aj+ Z U;Q) (t),

£ JeD,(nt)) =1

where the kernels ¢y, 1 < q¢ < p, are degenerate kernels which are expressible in terms of 1. Hence, the

results of this Section for the vector ( 511), .. .,USf)) together with the application of a linear functional
immediately yield bounds on the approximation of U, by a suitable Gaussian process. For simplicity we
do not state the resulting bounds explicitly but leave their derivation to the interested reader. In the very
particular example of d-runs on the line, however, we will work out this procedure in full detail.

5.5. Homogeneous sum processes

In this subsection we consider an important subclass of weighted degenerate U-statistics, namely the
processes given as so-called homogeneous sums. In this case, the random variables X;,7 € N, are real-
valued such that E|X1|? < oo, E[X;] = 0 and E[X?] = 1. Moreover, for each 1 < i < d, the kernel (i) is
given by

Ppi
Y(i) (@1, ap,) = [[ 25
j=1

In particular, ¥ (i) does not depend on n. Hence, for 1 <i < d and ¢ € [0, 1] we have that

YS) (t) = Unl(i) Z ay(i) H Xj,

JEDy, (Int)) jedJ

where the 0,(i) are positive reals and the random variables Z; (i) making up the processes D!, defined
in Subsection 5.2, are standard normally distributed. In this situation we have the following results, which
are direct consequences of Theorems 5.1 and 5.2, respectively.

Corollary 5.4. With the above definitions and notation we have that

d 3\Pi n
[Efg(va)] - Efg(D,))| < 2Ydlolar 5 BT sm | 5,

3
1 = on(d) =1 \ JeD,, (n)
leJ
d (pitpj+pr)/3
(E|X,]3)" , ,

+ llgllas : - ay(i)ar(j)ar(k)|.
LIHR= JEDp, (n),
KGDpj(n),
LeDy, (n):
JNK#0D,

LN(JUK)#0
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Corollary 5.5. Let Z;m) € R¥? be given by

e 2 es(Das(l), i pi=mp
(Z(m)) _ JGDPi(m):
™)

m=max(J)

0, otherwise,

foril=1,....d.
Fori=1,...,d, let

and

Furthermore, let
n

enl@) = 3 (207) 1o gy(0). s 01]

n
m=pi

and suppose that ¢ : [0,1] — R4 is such that, for any i,j =1,...,d,

Jm [ fion) — etons,

Let Y,, be defined as in Section 5.1 and || - || denote the Frobenius norm. Suppose that W is a d-
dimensional standard Brownian motion and

Z(t) = /0 o(s) AW (s).

2
ds =0,

Then, for any g € M,
Eg(Yn) — Eg(Z)| < llgllar(yr + 72 + 73 + 74 +75)
and for any g € M°,
Eg(Yn) — Eg(Z)] < llgllare (v + 72 +73),
where
3

d
w=mz E'Xl Sy won
=1

1=1 JEDy, (n):
leJ

IE|X ‘ )(p1+pg+pk)/3
on(j)on(k)

S
|
M a

Z lay(i)ar (j)ar(k)|;
JEDy, (n),
K€Dy, (n),
LeD,, (n):
JNK#),
LN(JUK)#£0

(1)
_ (i) 2Tn”
73—2\// Jouls) — ol ds 112, 360 (67@),

i=1
3/2

d : o\ \ 4 2
y=Vd) 8447 (555) 10g< 5(7) >> +4d Z/O [(wn(S) —sO(S))i,J} ds ;
j=1

=1 n

! , o (o
_ \/E</ ||@(s)||Fds> > |50 87108 (=
0 N N

> : ) +19 i / [on(s) — o), ] ds
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5.6. Example: runs on the line

Let &1,...,&, be i.id. random variables, such that P[¢; =1] =p=1—P[§ = 0], for p € (0,1). For any
1<r<mnlet op(r) =+/np(1 —p) and V; be the rescaled centred number of r-runs given by

V%T)(t) = g 1(7") Z (fm ' §m+1 et §m+7'—1 - pr) ) te [07 1];
n m=1

where we adopt the torus convention, i.e. that &£,11 = &1,&,4+2 = &2 and so on.
A similar setup was considered in [RR09], where the authors studied the rate of the (finite-dimensional)
weak convergence of the law of V{7(1) to the normal distribution. The authors of [RR09] note that the

standard exchangeable-pair construction of [RR97b] does not lead to a bound going to zero as n — oo.
In order to solve this problem, they apply their embedding method and study the joint convergence of

(V,(ll) (1),... ,V,(f) (1)) to a multivariate normal law, using a slightly unusual construction of the exchange-
able pair. Our propositions in this subsection provide bounds on the rate of the functional convergence of
(Vsl“), e ,Vg‘i)> to a Gaussian process for any collection {r1,...,7r4}. They implicitly use the standard

exchangeable-pair construction of Subsection 5.1. Our bounds are of the same order as the bound on the
rate of the (finite-dimensional) convergence provided in [RR09).
We start with the following result on the pre-limiting approximation:

Proposition 5.6. Adopt the notation from above. Let d > 1 and % >ry>re>--->rg> 1. Let

v, = (vgl),...,v;w)).

Let {Z; : J € Dj(n),j = 1,...,r1} be a collection of i.i.d. standard normal random wvariables. For
i=1,...,d, let furthermore
[nt] r;
D%Ti)(t) = TﬁjZm-‘rilw--,m-‘rij’ te [Ov 1]'

m=1 j=10<i; <---<i; <r;—1

and
D, = (D;n),...,Dw).

Then, for any g € M°,
Eg(Va) — Eg(Dy)] < llgllao (11 +72)n~ 2,

where

3/2
2V/dry (Zz 1 Tl) d i (14 p® — 2p*)Ip3ri/2=37 (p; — 1 3
x> (G-)

"= 3rq gt (1— p)3/2 j—1
d Ty T (J1+g2+33)/3 ot ) /2 iy — G — i
1 +p —2p p(Tu-i— v tTw)/2—j1—F2—73
noavi (Yn) 3 530S e -
i=1 u,v,w=1j;=1j2=1j3=1 p
) [ [V ]
Ji—1/\g2—1/\gz3—1
Proof.

Step 1. For i =1,2,..., let X; =¢&; — p. It is easy to prove, by induction on r, that

[nt] r

V( Z > > P Xonsiy - Xngiyy £ €[0,1] (5.17)

m=1 j=10<i1<-- c<i;<r—1

Indeed, for any m =1,...,n,

gmfp:Xm
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and, assuming that
fmgm—‘rl s §m+r—1 —-p' = Z Z prinm—&-il cee Xm+ij (518)
J=10<is < <iz<r—1
we have,
£m€m+1 cee €m+r - pr+1
= (fmgm—&-l oo Lmgr—1 — pr) (fm—i—'r - p) +p (fmgm—&-l v Emar—1 — pr) +p" (gm—&-r - p)

™ r
(5.18) Z Z P Xoniy -+ Xy Xomgr + Z Z P X iy o Xy + 0 Xonr

J=10<1 << <r—1 J=10<i1 <+ <i;<r—1
r+1 T
= Z Z pr+1_ij+il . Xerij + Z Z pT+1_ij+i1 ‘o Xerij + pTXerr
J=20<i1 < <ij=r j=10<i; < <i;<r—1
r+1

= Z Z pr+17ij+i1 . Xm+ij’

j=10<iy<---<ij<r

as required.
Step 2. Now, for any r =1,2,...,r; and j = 1,...,7, note that

r—j [nt]

> > Xonti -+ Xonevi,

m=1 0§i1<"'<ij§T—l

r—j [nt]

:f(r)z 3 Xy X,

b
on(r)

n m=1 m§i1<~~<ij§m+r—1
r—i
:f(T > ((r—ij +i1) VO) Xy, ... X3,
n 1<iy <--<i;<|nt]4r—1
p
= X PR X
on(r) > ay(r)Xi, - Xi;,

JeD;((Int]+r—1)An)
for

ay(r) =p" 7 max (r — max(J) + min(.J),0)
+p" 77 max (r + min(J N (n/2,n]) — max(J N [1,1/2)) = 1,0) L{ye,n/2)£0£70(n/2,0]} -

Furthermore, let

UW(t):L > am ][ X telon].

on(r) JeD;(|nt)) ieJ
and define function f : (D ([0,1],R))™ """ = D ([0,1],R%), given by

f($1,17~-~,$1,r17$2,27--'7962,”7-~-,$d,17-~~7$d,rd)
Tl r 1 d T 1
1— d —
= Z;.Z‘l,j <<t+ " )Al),...,z;xd,j <<t+ n )/\1) ,tE[O,l]
J= j=

Hence, note that, by (5.17),

g(Va) =go f(UD, Ul U, e
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It is proved in Lemma 7.1 in Section 7.1 of the Appendix that
d
g © fllaro < llgllaro/dri ) s (5.19)
i=1

Step 3. Now, note that, for r,ry,ry, 70 =1,2,...,71,

n n 1 3
3r—3;j r—1 _ o3r3j ("1
15 o1 I o] IS of U S (i ) IV (B
=1\ JeD;(n): =1 \m g
leJ

2) > as(ra)a(r)as(ry)]

JeDjl(n),

Ke,Djz(”)#

LeDj,(n):

JNK#),
LN(JUK)#0

p”‘u+Tu+Tw*j1*j2*j3 n l l I+r Vr,—1 k 1 1 1
: 2 2 2 2 2 <Jl_1><2_1><3_1>

Ty AT
u v =1 mi=l—ry+1mo=l—r,+1 k=l—r Vry,+1 mg=k—r,+1

+
o 1
S2pru+rv+rwfjlfj2fjsrw(ru \Vi Tv) ( ( 1) ( 1) (5.20)
J2 — J3 —

and so, using (5.20) and (5.19), for any g € M°,

3
\/27 d r; ]E|X1|3 i n
) g Sl V5SS BRI S S sl
i=1j=1 "™\ I=1 \ JeD;(n):
’ lé} )
d sz , .

lglre 22 (ZLim) O (L p = 2p ) IpP 273 (e = 1Ny
S 3 ;Fl (1—p)/? i)

d 3/2 ‘ .
2vdry (Zi:l ”) i ~ (L+p? — 2pt)pr /28 (ri - 1)3n—1/2.

<
<llgllaro 31y (1—p)3/2 j—1

Ty Ty Tw (E‘X | )(]1+]2+J3)/3

B) lgo fllaro Z 20D o et

u,v,w=1j1=1jo2=1j3=1

Z ‘aJ(ru)aK(Tv)aL(TWN

JGDH (n),
KGDjz (n),
LEDj4(n):
JNK#),
LN(JUK)#£0

d ( d > d Tu Ty Tw (1 +p3 _ 2p4) (jl+.j2+j3)/3p(ru+rv+’rw)/27j17j27j3
r

Z Z z_: z_: (1—p)3/2 ruo (T V 7).
GGG

Next, we deal with the continuous process approximation as given in Corollary 5.5. For this, we need to

either compute or estimate the quantities 57(10, Ty) and Zflm). After rearranging the entries of the random

vector according to their order as homogeneous sums, we can write E;m) as a block diagonal matrix. More
precisely, for 1 < ¢ < 7 letting

The result now follows by Corollary 5.4. O

N(g) =max{1<j<d:r;>q}, (5.21)
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we can write 30 as a block diagonal matrix with blocks Z(m)( 1),. L xim (r1), where, for fixed ¢ =
1,...,r, 20" )( ) is an N(q) x N(q) matrix, namely the covariance matrix of the random vector

(VAUG (/) — VRUG (m— 1)), ... AU (/) — RO (1) /m))

A simple computation shows that, for ¢ > 1 and r; Ary<m <n+1—r; A1,

() = S ag(ri)as(n)

In (7"7;)0” (7"[) JEDg(n):
max(J)=m

ity ri AT —1

2 )

L ri— k) (r — k).
> k;q_1 q_2( )(r1 — k)

Otherwise, forg >1land m>n+2—1r; Ary,

S0 =T | () e 2 (aoa)ermmeen),

1—
p k=q—1 u=n+2—r; A1 k=(q—1)V(n—u—1)

forg>1landm<r; Ar;—1,

)y PO RE (k-1
En (q)(%,l): 1— Z ( _2)(T1k)(7'lk),
P\
and, forall 1 <m <n
rifr
2 (1)(4,1 T
" i,0) = - T

Hence, we let ¥ be a block diagonal matrix with blocks ¥(1) € RNM*NM) 53(r) € RN)xN(r),
where

S 1) = fpirm (5.22)

and for any ¢ =2,...,r and i,l=1,...,N(q),

ritr o oriArg—1
. p =z ¢ k—1
)i, l) = ——— (

1—p

>(n— —k)(r; — k). (5.23)

m=1

1/2
Note that, for ¢(s) = £/2 and ¢, (s) = S _ (253")) ]l[mfl m](s), s € [0,1],

0
r1—1 2 n 2

2(ry — 1) [ SN2 RNV

<= [Z (zgm) " - w2 i > ()T e )

m=1 m=n+2—ry
d rg ry—1 n

7“1 — 1 m m
IS (|(m), | emal)+ > (), )
k=1i=1 Lm=1 n ment2—r iy

ri N(q) rj—1 L
24(r1)3 & : E—1 pri—a
< (r1) (( )]1[q>1]+]1[q 1]) p( ri — k).
i 1
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Furthermore, for ¢ > 1,

) 1
5,(;')(q) =——— sup aJ(i)2
(O-n(ri))2 meln] JG’DZq(m):

m=max(J)

A E ey 5 S e

k=q—1 u=n+2-r; k=(¢g—1)V(n—u—1
and .
W) = i r2
M n(1—p)
and so, for all g =1,...,7rq,

1 ) . r .
Lot gy < s® gy < T (),
~T (q) <4y (Q)_n ()

Thus, taking (5.19) into account, we note that

r1 N(a) () 1
lgo flle (12,323 6(a) ( 5@)(())) +2\/ lionts) — ol

q=1 i=1

d ri—1 d 1/2
Viegn : —ap, pri—!
SRSV W L0 o) ol ol (R A= TSRS ot S
j q=2 i=1 k=q—1 ]

= —-p) —~1-p
1/2
ri N(@) r;—1 d .
4\/6(7“1 3/2 * ( > —q ) pu 1 )
W (S8 S CRTRS praer
vn q=2 i=1 k=q—1 -p i:llip
d r N(@) il E—1\prid d priTl v 3vTogn + V6
Ngllaroavart [ S, e S
j=1 =2 i=1 ke=g1 1~ 2)1=p i=1 L=p Vv

Hence, using Corollary 5.5 and Proposition 5.6 (and noting that reordering the arguments of function f
does not change the bound on ||g o f||s;0 obtained in Lemma 7.1), we obtain the following result:

Proposition 5.7. Adopt the notation form above. In particular, let N be as in (5.21), V,, be defined
as in Proposition 5.6 and ¥ be the block diagonal matriz with blocks $(1) € RNWXNW si(r)) €
RN)XN) defined by (5.22) and (5.23). Let Z/ = X1/?°W, where W is a (Z?Zl r;)-dimensional standard
Brownian motion and write Z' = ((Z’)(l) , (Z’)(2) ,) Set N(0) = 0. Fori=1,...,d and t € [0,1],
define

; i i i o N(ri—1)+i i — 1
70 (1) = ((Z’)( ) Jr(Z/)(J\r(1)+ ) Jr(Z/)(J\r(1)+zv(2)+ d Ly (Z/)(N(1)+N(2)+ N (ri—1)+ )) <(t+ T - > /\1)

and let
7 — (z<1>,...,z<d>).

Then, for any g € M°, we have
[Eg(V2) = Eg(Z)] <™ 2lgllaro (11 + 72 + 75/ logn)
where 1 and o are as in Proposition 5.6 and
ry N(q) r—1

d g d g
=22va? (S ] (% 3 ( ) = b+ 3
=1 i

q=2 i=1 k=q—1
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Remark 5.8. Assuming that d,rq,...,rq are all fixed and do not depend on n, the bound in Proposition

5.7 1s of order 4/ 10%. Therefore, by Proposition 2.2, weak convergence of the law of V,, to that of Z, in both
the Skorokhod and the uniform topologies on the Skorokhod space, follows immediately from Proposition
5.7 as a corollary.

Remark 5.9. [t is possible to obtain bounds similar to those in Propositions 5.6 and 5.7 for the larger
class of test functions M. It would, however, require some more involved computations, which would make
the discussion of this example rather long.

6. Edge and two-star counts in Erdés-Renyi random graphs

In this section we study an Erdés-Renyi random graph with a fixed edge probability p and |nt| edges
for t € [0,1]. We analyse the asymptotic behaviour of the joint law of its (rescaled) number of edges and
its (rescaled) number of two-stars (i.e. subgraphs which are trees with one internal node and 2 leaves).
Hence, we extend the result of [Kas20a], where the univariate process convergence of the rescaled number
of edges is studied. We also extend the analysis of [RR10], whose authors provide a bound on the distance
between the (three-dimensional) joint law of the (rescaled) number of edges, two-stars and triangles in a
G(n,p) graph and a Gaussian vector. In Theorem 6.2, we establish a bound on the distance between our
process and a pre-limiting Gaussian processes with paths in D([0, 1], IR?). Then, in Theorem 6.4, a bound
on the quality of a continuous Gaussian process approximation is provided.

It is worth noting that the analysis of a three-dimensional process representing the number of edges,
triangles and two-stars in a G(|nt],p) graph does not pose any additional challenges except that it makes
the algebraic computations more involved. The only reason we do not do it here is that it would make
this section rather lengthy.

6.1. Introduction

Consider an Erdés-Renyi random graph G(|nt],p) on |nt] vertices, for ¢ € [0,1], with a fixed edge
probability p. Let I; j = I;;’s be i.i.d. Bernoulli(p) random variables indicating that edge (4, j) is present
in this graph. We consider the following process, representing the re-scaled total number of edges

[nt] —2 |nt] —2
T, (t) = o Z Li; = oz Z L ;, (6.1)
1<i#j<|nt) 1<i<j<|nt]
and a re-scaled statistic related to the number of two-stars
1 1
Vn(t) = 62 Z Liil, = oz Z (Iiﬂ'fj"k + 1 i1 + Ij,in,k) . (62)

1<4,5,k<|nt] 1<i<j<k<|nt]
1,7,k distinct

Furthermore, let Y, (t) = (Ty(t) — ET,(t), Vo (t) —IEV,(¢)) for t € [0, 1].

Remark 6.1. Note that, for all t € [0,1], ET,(t) = %(Lgﬂ)p and EV,(t) = n%(“;”)pz and, by an
argument similar to that of [RR10, Section 5], the covariance matriz of (T, (t) — ET,(t), Vi, (t) — EV, (1))
18 given by

() (lnt] —2) 2p(|nt] — 2)
3 734 p(1=p) ( 2p([nt] —2) 4p*([nt] —2) +p(1 —p) ) '

The scaling therefore ensures that the covariances are of the same order in n.

6.2. Exchangeable pair setup

In order to construct a suitable exchangeable pair, following [RR10], we pick (I, J) according to P[] =
i,J=j]= ﬁ for1<i<j<nIfI=1,J=j, wereplace I; ; = I;; by an independent copy sz’j =1
2

-
Jsi
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and set:
nt| —2
(0 = Tul) = 02 (11— 1) Vg om0
1
Vo () = Va(t) - 2 > Irg = 1I7g) Lik + Ir) Vg mjnga/m e/ (8-
kik£l,J

We, similarly, let Y/, (t) = (T, (¢t) — ET,(¢), V,,(t) — EV,(¢)) and note that, for Y, = (Y, (t),t € [0,1])
and Y, = (Y, (¢t),t € [0,1]), (Y., Y],) forms an exchangeable pair. Note that, for any m = 1,2, any f € M,
as defined in Section 2, and e, e5 denoting the canonical basis vectors (1,0) and (0,1), respectively, we
have

EY" {Df(Yn) [(T}, = Tn) em]}
—EY" {Df(Yn) {Ln'iz_ 2 (I1,5 = 11.1) 1[I/n,1Jﬁ[J/n’1lem} }

n — ]_ ZEY {Df n [ J - 2) (Iz{,j - I@j) l[i/n,l]ﬁ[j/n,l]enL} ‘I =1, J = ]}

=— (}l)Df(Yn)[Tnem] 3 pZDf = 2)1[i/n1)0 /n,1)Em)
(2)

Also:

EYan(Yn)[(Vn - V{n)em]

ZEYH { >, DY [ = I} ;) Uik + Tik) Ljifm)nfj/mainie/n,1)€m)]

z<] k:k#i,j

I:i,J:j}

ZTDf(Yn)[Vnem - = Z Z EY"Df(Yy) [(Zjk + Lik) Liijn1jn i /n 10 [k /n.1]€m)]
(2) n ( 1<J k:k#i,j

2
= DY) Vaem] = e S0 EY"DF(Y0) [LigLs/maings/mtinii/nnem]
(5) n?(3) 1<i g k<n

1,7,k distinct

= (Z) Df(Yn)[(Vn —EV,())em] — n;zn) Z ]EY"Df(Yn) [(Ii,j - p)l[i/n,l]ﬁ[j/ml]ﬁ[k/nJ]em]

2/} 1<ijk<n
1,5,k distinct
= 2 DF(Y)[(Va~ BVa()) en] ~ 22 DF(Y2) | s (T~ BT, () e (Z Lo/ — 2)]
(5) (5) 7] k=1
=(Z)Df<Yn>[<vn CEV,()) em] - (Qf)Df(Yn) (T — ETo())en]

Therefore, for any m =1, 2:

0 = D pYa (DF(Y,) [(Ty — T, )en]}

A) Df(Yn)[(Tn —ET,)en] =
B) DY) (Ve — BV, en] = "V EY e (D f(y,) (Ve = VE)ew] + pDF(Y,) (T — ET,) ]}

= MDY (Df(v,) (20T, — ) + Vi Vi) e}

and so
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where

8 0 1
Therefore, condition (4.1) is satisfied with A,, of (6.3) and Ry = 0.

An:n(n_l)(Q 27’). (6.3)

6.3. A pre-limiting process

Suppose that the collection {Zl(lj) 24,j € [nl,i < 4} U{ i k 24,J,k € [n],i < j < k} is jointly centred
Gaussian with the following covariance structure:

]EZ(l)Z(l) _ %, if (Za]) = (k,l)a
EALL 0, otherwise,

209 . ..
E7@ L0 _ JE i {lm) C {i k),
bkl 0, otherwise,

o M if (4,5, k) = (r,s,1),
IEZl(j)kZ7E 9)t = Wv if |{Za.77k} n {T’,S,t}| =2

0, otherwise.
Let D, = (DS)7 Dg)) be defined in the following way:

DO = (lnt] -2) Yz, teo]

1<i<j<|nt]
2
DA = > z?. tell
1<i<j<k<|nt]
Note that the covariance structure of the collection { 24,j € In],i < j}U {Z 2, g,k € [n]yi <

j < k} is the same as the covariance structure of the summands in the formulas (6. 1) and (6.2).

6.4. Distance from the pre-limiting process

We provide an estimate of the distance between Y,, and the pre-limiting piecewise constant Gaussian
process.

Theorem 6.2. Let Y, be defined as in Section 6.1 and D,, be defined as in Section 6.3. Then, for any
geM,

[Eg(Yn) — Bg(Dy)| < 23|lglan™"
Remark 6.3. Our bound in Theorem 6.2 is of the same order as the analogous bound obtained in [RR10]
on the distance between the (finite-dimensional) distributions of Y, (1) and D, (1).

The proof is based on Theorem 4.1. In Step 1 we estimate term €;, which involves bounding ||A,]|2 of
(6.3) and the third moment of ||[Y,, — Y/ ||. In Step 2 we treat ez, using involved computations, which
are, to a large extent, postponed to the appendix. Term €3 is equal to zero as Ry of Section 6.2 is equal
to zero.

Proof of Theorem 6.2. We adopt the notation of sections 6.1, 6.2, 6.3 and apply Theorem 4.1.
Step 1. First note that, for €; in Theorem 4.1,

|(Yn - Y;L)An| < HAn”QlYn - Y;z|7

where | - | denotes the Euclidean norm in R? and | - [|2 is the induced operator 2-norm. Furthermore,

3n(n—1
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for || - ||z denoting the Frobenius norm (which, for © € R4 42 is defined by ||O||r = \/Zj;1 2?2:1 [©i ).
Therefore:

E [[I(Yn — Y7) Al Y0 — Y[

-1
<Dy, - vy
97 3/2

3n(n—1 n— 2)2 9 1

3l g ) | { _ ) (Lo = 11.)" 4 = | D Tr = 115) (s + Irs)
k:k£I,J
3/2

e =) [(n=2)? (20 -2)°
- 8 TL4 n4
<2

n

where the third inequality follows because [I; ; — I} ;| <1 and |17 + I1 x| < 2 for all k& and

5]|gllar
< 6.4
€1 > 61 ( )
Step 2. In order to deal with €5 in Theorem 4.1, we need to bound
UEDQf(in) [(&n - i;)Ana Y, _Y;z] _]EDQf(Yn) [DnaDnH

=M = () [T, — 1), 20T ) + (Ve — V1) (T~ T, V= V)

~ED?f(Y,) [D,,D,]|

<8, + Sy + S5+ Sy, (6.5)
where:
S = n(nT_l)IEDQf(Yn) [(2(T, — T),0), (T, — T, 0)] — ED*f(Y.) [(Dg}), o) , (D;U, 0)} ’
5= | "= DED?(Y,) [0,20(T0 — T/) + V= VL), (T — T,0)]
0s0v [(0.08).(02.0)]
0= | "B D2 (V) (2T, - 0,00, 0.V, - Vo)l - EDA/(Y.) [(D.0). (0.0
8= | B0 £, (0, 20(T, — T) 4+ V= V1) 0.V~ V)
—ED%f(Y,) [(0,D53>) , (O,D,(f))} ( . (66)

In Lemma 7.2, in the appendix, we obtain the following estimates:

1 1 12 1
S < \/EHQHM, S, < \/78||9||M, 5y < VI8lgln o (VOI12+ VITS)|gllns 67)
12n 6n 6n 3n
Note that, therefore, by (6.5) and (6.7),
e2 = [ED*f(Y0n) (Yo = Y1), Yo = Y] = ED?*f(Y,,) [Da, Dy]| < 18]|g]larn™". (6.8)

Using Theorem 4.1 together with (6.8) and (6.4) gives the desired result. O



Ch. Débler and M.J. Kasprzak/Multivariate functional Stein’s method of exchangeable pairs 30
6.5. Distance from the continuous process

We now study the approximation of Y,, by a continuous Gaussian process with covariance equal to the
limit of the covariance of D,,. We obtain a bound on the quality of this approximation. This is achieved
by applying Theorem 6.2 and by bounding the distance between D,, and the continuous process via the
Brownian modulus of continuity.

Theorem 6.4. Let Y,, be defined as in Subsection 6.1 and let Z = (Z™M),Z?)) be defined by:

(1) () — vrl-p) 2 pv/2p(1-p) 2
Z00(t) = YEEDUB, (12) + DL By (12),
2 bl
ZO (1) = VR Php, () 4 VU Plp, (42)

V/1+4p? V/1+4p?

where By, By are independent standard Brownian Motions. Then, for any g € M :

IEg(Y,) — Eg(Z)| < ||g]lar (16422n_1/2«/10gn + 138n—1/2) .

Remark 6.5.
Theorem 6.4, together with Proposition 2.2, implies that Y,, converges to Z in distribution with respect to
the Skorokhod and uniform topologies.

Remark 6.6. Theorem 6.4 can be adapted to situations in which p = p, varies with n. More precisely, as
indicated by the necessary and sufficient conditions for approximate normality of the marginal distributions
given in [Ruc88], Theorem 6.4 can be modified to yield a quantitative functional CLT in the case that
n3p2 — oo and n?(1 — p,) — oco.

In Step 1 of the proof of Theorem 6.4, we use i.i.d standard Brownian Motions to construct a process
Z,, having the same distribution as D,,. In Step 2 we couple Z,, and Z and use the Brownian modulus
of continuity to bound moments of the supremum distance between them. In Step 3 we combine those
bounds with the mean value theorem to obtain the desired final estimate.

Proof of Theorem 6.4.
Step 1. Let B3 be another standard Brownian Motion, mutually independent with B; and Bs. Let
Z, — (z;”, z£3>) be defined by:

A) ZW(@) :(Lnti;\j%— P)B1 (Int](|nt] — 1)) + (LntJ;f}% —10)}32 (ot (k] — 1))
(|nt] — 2)py/2p(1 = p)
n2\/1 1 4p? B, ([nt](|nt] — 1))
(Lntl =222 BT
t e e (etlet - 1)

1—
17512\/5)133 ([nt]([nt] = 1)([nt] —2)).

Now, note that (D%l),DSE)) 2 (zﬁ}), ng)). To see this, observe that for all u,t € [0, 1],

B) Z{P(t) =

n

+

A) ED (DY (u)

= (nt) — (L) — 2)n(t A))(Ln(t A w)] ~ )PP

—EZ) ()2 (u);
B) EDP(®DY (u)
(L) 020 ) (e )

3 nt 2

4p*(1 —p)
n4

) [([nt] = 2)(lnu) = 2) = ([n(t A w)] = 2)]
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4p°(1 = p)(Int] — 2)(Inu] —2) + (In(t Aw)] — 2)p°(1 — p)?

—[n(t Aw))(In(t Aw)) — 1)

2n4
=EZ? ()2,
C) ED(t)DY (u)
~(Lnt) — 2)(Lnu) ~ 2) (e A ) ([n(e A )] ~ PP
=EZ) (1)Z) (u). (6.9)

Step 2. We now let Z be constructed as in Theorem 6.4, using the same Brownian Motions By, B, as
the ones used in the construction of Z,,. In Lemma 7.3, proved in the appendix, we obtain the following
bounds:

39F
E|Z, — Z| < osn
\/> \/>
s _ 49  8167(logn)3/?
E|z, - Z|]" < n3/2 n3/2
4
meﬁgg. (6.10)

Step 3. We note that, by (6.10):

MVT
[Eg(Z) - Eg(Dy)| < E

prDMZ+c@n—ZmHZ—Zn]
c€(0,1]

<llgllmE

wm}O+HZ+C( N)HZ—ZMW

ce
<lgIME [IZ = Zy|| + | ZIZ — Zu || + 1| Z — Zy|?]

2/3 1/3
<Nl [BIZ — Zo| + 282 — 2, |* +2 (B|ZI*)° (B]Z - Z,]) "]

115 16422+/logn
<|lglla + ],
NG vn

which, together with Theorem 6.2 gives the desired estimate. O

)

Remark 6.7. The representation of Z in terms of two independent Brownian Motions comes from a
careful analysis of the limiting covariance of D,,, which may be derived using (6.9).

7. Appendix - technical details of the proofs of Proposition 5.6 and Theorems 6.2 and 6.4
7.1. Technical details of the proof of Proposition 5.6

Lemma 7.1. Let n,d € N and r, > 1y > --- > rq > 1. Define function f : (D ([0,1],R))*+ " —
D ([0, 1],]Rd), given by

f(wlylv"‘"Tlﬂ’lvl’l%"'71'2,?”2’"~7xd717"'71’d77“d)

T1 1 Td _1
(S (00 oS () ) ) o
j=1 j=1

Then , for any g € M°,
d
9o fllar < gl v/ 3 7
i=1
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Proof. Note that function f is twice Fréchet differentiable with

(A) Df(w) [(:171,17 e 7:171,7”175132,17 o e 7x2,r23 e 73:(1,17 e 7xd,rd)]

(S (o) ) B (22 10) ) eron)

(B) D*f(w)a™,2?] =0

for all w, 2, 2@ (211, .., T10 Tods s Tamgs oo oy Tdds - - s Tdry) € (D ([0,1],R))™F 7, Furthermore,
for any w € (D ([0,1],R))"™*+F74,

2 2
1 7"1—1 rq Td—l
o o= (B (027 ) o e (0425 )

Z sup

i1 tel0.1] |}

IN

wa

d
b) [IDf(w)] < Zn

Therefore, for any w, h € (D ([0, 1]7R))r1+4..+7~d7
A) go f(w)l < llgllao;

d
B) 1D(go H)w)l| = [1Dg(f w)IDf () < Ngllaro 1D F ()] < llgllaro Zm;

C) ||D*(go Nw)|| = [|D*g(f (w)) [Df (w), Df )| < llgllare [DF(w)]* < llgllaso Zn,

D) |[D*(go f)w+h) - D(go f)(w)|
— || D?g(f(w + 1)) [Df (w + h»Df(w + 1)) = D%g(f(w))[Df W)
<||Dg(f(w + ) [Df (w + h), Df (w + 1)] — D?g(f (w)) [Df(w + h) Df(w+ h)]|
+ | D?g(f () [Df (w + h), Df (w + h)] — D*(f(w))[Df (w), Df (w)]]
<llgllgollf (w + ) = F(w) [ Df (w + )]

o\ 1/2
d Ti d
<llgllaro (Z Supl] > hij(t) ) > (7.1)
Al =1 i=1

i=11€
where D) follows from the fact that D f(w) = D f(w + h). Moreover,

d . 2\ 1/2 1/2
(Zi_l SUP¢eo,1] ‘Zj:l hi,j(t)‘ . SUDte(0,1] (dm Zz 1 Zj 1 h3 ](t))

/2 = 1/2
SUP¢eio,1] (Zz 1 Zg 1 ”( )) SUP¢el0,1] (Zz 1 Z; 1 ”( ))
Therefore, using (7.1) and (7.2),

=Vdr.  (72)

d
llg o fllare < llgllarov/dr Zﬁ‘.
=1
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7.2. Technical details of the proof of Theorem 6.2

Lemma 7.2. For S;,i=1,2,3,4 of (6.6), we have the following estimates:
5 178 178 612 178
s, < \fl“;HM’ 5y <V 6HgHM’ 5y <V 6||g”M’ S, < (v +V3 Mgllar
n n n n

Proof. For Sy, for fixed i,j € {1,---,n}, let Y% be equal to Y,, except for the fact that 1;; is replaced
by an independent copy, i.e. for all ¢ € [0, 1] let:

ii nt| —2
T4 (t) = To(t) — % (Zij = Ii5) Yimoajnti/n) (8)

V;j(t) - Vn(t) - ﬁ Z (I Il ) (Ijk + Ilk) ]]-[z/n 1]N[j/n,1]N[k/n, 1]( )
k:k#i,j
and let Y (t) = (T#(t) — ET,(t), Vi (t) — EV,(1)).
By noting that the mean zero Zl(lk) and Zl(,lz are independent for i # i/, we obtain:

S — ww FOY0) (T — T0)(2,0), (T, — T,,)(1,0)]

1
—ED*f(Y,) | > Zi(,lj)(l_n'J = 2)(L,0)Li/nnpi/nas D ZZ-(,]-)(L”'J = 2)(1,0)L i /n, 11005 /n1]

1<i<j<n 1<i<j<n

1
=34 > E{(Li; —2pIi; +p)

1<i<j<n

D*f(Y,) [(In-] = 2)(1,0) L /m 110 /) ([e] = 2)(1,0) L /m 1 /mn))

_ E(zY ?
1§;§” { ( " )
"ED?*f(Y5) [([n] = 2)(1,0) 1 1500 /n,1)0 (L] = 2)(1,0) 1 130 /1) } ‘

L (A"

1<i<j<n

-D?F(Y ) (-] = 2)(1,0) i/ 11 m1s (1] = 2)(1,0) L 13015 /mo11] } |

1
= > E{W(Ii,j_QpIi,j +p)

1<i<j<n

. (sz(Yn) — D2 (YU)) [(Lnj — 2)(1 0)]].[1/71 1]n[j/n,1)s (LTLJ — 2)(1,0)]].[1‘/”71]0[3-/”,1]} } ’

G2 llgllm

1<i<j<n

where (7.3) follows from Proposition 3.2. Now,

By 1
||Yn*Y2«f||§ﬁ (In] = 2)2(L; = 152+ | D0 iy — T (L + L)

k:k#i,j
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and so, by (7.3),

2
llgllas
S1<te D By =L+l | (0= 202 = T2+ | Y0 Iy = Ik + L)
1<i<j<n k#i,j
< llgllar 2
STend Z E < [Li; = 2pLi; +p| - \/( — 1)+ 1Ly — T (L + L))
1<i<j<n
V5lgllar
<— 7.4
- 12n '’ (7.4)
where the last inequality holds because |I;; — 2pI;; + p| < 1, |I;; — | < 1 and [j; + Iix, < 2 for all
ke{l,---,n}.

For Sy, let Y¥* equal to Y, except that I;;, Iy, I;; are replaced by I/ i Ij’k, I, ie. forall t € [0,1] let

y [nt] — 2
T8 =Ta(t) = = 5 [T = L) Lim i/ (0)

+Lik — L5315 /n 10 0k/n,1) () + ik = L) Liijn,1jnk/n,1 (£)]
1

VIRt =V, (t) — 3 > [(E = 1) Ui+ Ta) Vgmyng moiii/no ()
14,5,k
+ (Lie — L) (It + Txa) Lgym,1jngi/nogni/na (8) + T = Ti) (e + Tit) L pmtine/n,1jnii/n,1 (8)]

1
— — [T L = I ) + (LigLiw — T 1) + (T — T 1500 ] Liymaingg /moinie/nay (8- (7.5)

Let Yi7*(t) = (T#%(t) — ET,(t), Vi*(t) — EV,(t)) for all ¢ € [0, 1]. Then

5o =| " =g (D2 f(3,) (T, — T4)(0,29) + (Vi — VA)(O,1), (T, — T,)(1,0)])

2 1
—BDX(Yn) | Y. Z 0 ) e manpsms O Zeg (0] = 2)(1,0) L m g /my

1<i<j<k<n 1<i<j<n

> > B{[20(; —2pLi; +p) + (Iij — 2pIij +p) (I, + L) — 8p°(1 — )]

1<i<j<n 1<k<n
kg {i,j}

(D*f(Y5) = D F(Y3)) [0, 1)L iymajats/motjnti/mags (L] = 2)(1,0) L /m g mony) }

@9 gl
12n3 Z Z E {|2p (Iij — 2pLj + p) + (Li; — 2pLij + p) (Lix + L) Y0 — Y7*|}

1<i<j<n 1<k<n
kg{i,j}

”g”M > Y EIY. - Y (7.6)

1<i<j<n 1<k<n
kg{i,j}

Now, by (7.5), we note that:
1Y, = Y75

1
< 3 (n—2)*(|Lij — ;| + Lk — gl + L — L))
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+ 1> (I = T+ L) + gk — Tl (L + Twa) + i — Iyl (Lig + L) + [ Tiw — T | (Lo + Iin))

Ll#£i,5,k
oy 1/2
+ iy L = Ly Ll + g Log = T Lol + |1 L — 1T
< VA= 27F (Bn—3) T 3)?
<3
73n2 — 372 477
_VT3n ! n+477 (7.7)
n
where the second inequality follows from the fact that for all a,b,c € {1,--- ,n}, [lap—1),| < 1, (Iap+1pe) <
2 and |Ioplpe — I/, 1| < 1. Therefore, by (7.6):
g < lgllarn(n — 1)(n — 2)v/73n2 — 372n + 477 < V178||g|lar (7.8)
2= 6n® - 6n '
Similarly, for Ss,
n(n — 1) 2 / /
Sy = | =5 —E{D*f(Y,) [(Tn = T})(2,0), (V. = V3)(0, )]}

~ED*f(Y,) > Zq;(72j),k(031)]]-[i/n,l]ﬂ[j/n,l]ﬁ[k/n,l]7 > Z) (-] = 2)(1,0) L}/ 1)iy /o)

1<i<j<k<n 1<i<j<n

1
=t S Y EB{[2(L; — 2Ly + p) (I + Iix) — 8p*(1 — p)]
1<i<j<n 1<k<n
kg {i,j}

(D f(Yn) = D2F(Y)) [0, 1) Lpi 10t /mjnesmo)s (1) = 2)(1,0) i 1j0gs/moy) }

(3.4) )
= ng2|7\;\§ S Y E{2(5; - 205 + p) (Lik + Ti) | Y0 — YI7¥||}
1<i<j<n 1<k<n
ke {ig}

llgllas ij
<T3 > 2 EY.-Y

1<i<j<n 1<k<n
kg{i,j}

(1.7 /1
S 79)

Now, for Sy, let Yfﬂkl be equal to Y,, except that I;;, Iix, I, Ijx, I, Ii; are replaced with independent
copies I{j,ng,I;l,I;k,Iél,I,’gl7 i.e. for all t € [0,1] let

[nt] —2
— [(Ii' — Iz{j)]l[i/n,l]ﬂ[j/n,l] (t) + (Ii - Iz{k)]l[i/n,l}ﬂ[k/n,l] (t)

n
+ (L — L) Vi fngopyn () + Lk = L) L fninik/n, ()
+(Lit = L) L gnjni/ma) () + (T = L) Lk moajnp/na (8))
” 1
VIk(t) =V, (t) — = Z [(Ii; = Ii;) (Lim + Lim) Lin 110l /)0 im/n,1) (£)

m:m#i,j,k,l

TM(t) =Ta(t) -

+ (Iz - llk) (Izm + Ikm) ]]-[i/n,l]ﬂ[k/n,l]ﬂ[m/n,l] (t)
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+ (Izl Ill) (Izm + Ilm) ]]-[i/n,l]ﬂ[l/n,l]ﬂ[m/n 1]( )

+ (Lik — 1) (Ljm + Trem) L jn, 10k /m,100m /1) (£)

+ (Lt = Ijy) (Ljm + Lim) 1 1100/ a)00m/n,1 (£)

+ (It = I5) Tk + Dtm) Ligejn, )0 /o1 myn,1) (8)]
1

= 5 (il = Ti5) + (T e = T 30) + (Lo = Ti51530)] L pm i fm it/ ()
1

= 5 [y L = I 1) + (gL = T ) + (T = T 130) ] i gm it m pieie/mo ) (8)

1

3 (LinIer — I Ihy) + (L Ly — I, 10) + (L —
1

- [(LinLi — L I5y) + (L — Ly lyy) + (T Lk —

L Ii)) Vi 10k /1011 /m,1 (2)

LaL3)] L o /moinn/may () (7.10)

and for all t € [0,1] let Y¥*(t) = (Ti*!(t) — ET,, Vi*i(t) — EV,(t)) . Note that:

nin—1)

S4 - TE {D2f(Yn) [(Tn - T;)(O, 2p) + (Vn - V;)(Ov 1)7 (Vn - V’/rl)(()’ 1)]}

2 2
—ED*f(Y5,) Z ij)k(O D 1i/n1100 /ma]nk/m1]s Z ZZ(J)k(Oa1)l[i/n,l]ﬁ[j/n,l]ﬁ[k/n,l]

1<i<j<k<n 1<i<j<k<n
> > E{R2p(Ly —2pL; +p) Lk + Lik) + (1; — 2p1i; + p) (L Tu + L Ljt + LT + LiIj)
1<i<j<n 1<kAl<n

{k,1}n{i,5}=0

—16p*(1 — p)] - (D*f(Y,) — D2 F(YI*) [(0, D) Lii s 1yng fmgoi/m]s (0, 1)L minl fmiine/no ] }

+ 47714 Z Z E{[2p (IZ] — 2pIij +p) (Ijk + Izk) + (IZJ — 2pIij +p) (L,k + 2IZkIJk2 + I]k)

1<i<j<n 1<k<n
kg{i,j}

—4p*(142p — 3p*)] - (D f(Yn) — D2 F(YI%)) [(0, 1) Lji/m 1) /m 11k /1 (0 1) X 1 /)i fmn])

12”4 Z Z EA{|(Lij — 2pLij + p) (2pLk + 2pLi + Lidi + Lik Lk + Linli + Lig L)
1<i<j<n 1<k#I<n
{k.1}0{i,j}=0
Y = Y}
llgllar g
T > > EB{I(L; — 2pL; +p) (2pLik + 2pTin + T + 2L i + Li)| [Yn — Y51}
1<i<j<n 1<k<n
ke{ij}
< 2llgllar i 2||9||M i
<o > Y EIY. Y+ > D B, - Y (7.11)
1<i<j<n 1<k#I<n

1<i<j<n 1<k<n

{k,130{i,5}=0 kg{i,j}

Now, by (7.10), note that:
Y, = Y7M|
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1 2
<5 (- 2)% (ij = I + | Tie = Tig| + [T = I+ e — Tl + L — Tyl + [T — 1))

1> [y = Il Qo + L) + ik = Ll Tim + L) + i = T (Tim + L)
m:m#i,j,k,l

+ ‘Ijk — I]/k| (Ijm + Ikm) + |Ijl — Ij/'l‘ (Ijm + Ilm) + |Ikl — Il/ll (Ikm + Ilm)]
+ Lij L — I Ly |+ i L — I | 4 i L — L L | + [ Lo Ly — I 0|
+ i Ly — LD |+ Ly — I T+ ik D — Ly I | + [ Lie Lo — LI

+ iy — Ly Il + kL — L Iy + [ Lk — Ty Ly |+ [T Lk — T Ly

\/36 (n—2)2 4 (12(n — 4) 4+ 12)*
n2
~ /180n% — 10087 + 1440
— - ,

Therefore, by (7.11) and (7.7),

S < llgllar - v180m2 — 1008n + 1440 + +/73n2 — 372n + 477 - (V612 + V178) |||l

3n? - 3n (7.12)
The result now follows by (7.6), (7.8), (7.9), (7.12). O
7.3. Technical details of the proof of Theorem 6.
Lemma 7.3. Using the notation of Step 2 of the proof of Theorem 6.4,
39\/1
E|Z, - Z| < 8T
\/7 \/7
5 49  8167(logn)3/?
ElZ, - Z|" < n3/2 n3/2
4
E|Z]* < 7.
3
Proof. Note the following:
1. By Doob’s L? and L? inequalities,
2
t t —1 -2
9 5 [y (U000 =2) |y g, (it )
tE[O,l] 'I’l n
~1 —2) ~Dn-2)\’| _2
) & s [, (120 = ) 2y ‘BS (rin=in=2)] 20
te[0,1] n 8 n 8
(7.13)

2. By Doob’s L? and L? inequality,

E for all t € [0, 1].

sup |B1(t2)| <2, E
t€0,1]

. 2
sup |Bi(t?)?] < ’ and
t€0,1]

(7.14)
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3. Using [FN10, Lemma 3] and the fact that

[nt]([nt] —1) < (nt — [nt])(nt + WJ)‘+ 1 < §
we obtain
E | sup |B; (W) - B1(t2)] < 30/2\3/10?(7;))
te[0,1] n nl mlog(2
su [t (lnt] =) g o [*] - 1080 (3log (%))
E te[Ol,Dl] Bl( n? ) B1 () ] = n3/2 (7rlog(2))3/2 (7.15)
Now, we can bound E ||Z,, — Z|| in the following way:
E |z, - Z|
p(1—p) B N nt](lnt] —1)\ _ 2
: \/WE Le[oly)l} n B ( n? ) () ]
pyV2p( —p) || nt] —2 [nt|([nt] — 1)\ _ 2
- V1 + 4p? " [ [0p1] n B ( n? ) tBa(t )]
V20 —p) o || nt] —2 [nt|([nt] — 1)\ _ 2
* V1 + 4p? £ l [0p1] n B ( n? > tBa(t )1
2;0 2°V2p(A —p) o | | Int] —2 [nt]([nt] 1)\ 2
ﬁ T+ ip te[Opl] n B, ( n2 ) tBa(t%) 1
2plg [ (LntJ(LntJ — Dllnt] - 2>> H
(729 (1 + 4p + 4p°)\/p(1 — p) [nt] —2 [nt|([nt] — 1)\ _ 2 2p(1 —p)
< 182 E t:}g)ﬂ " B1< 2 > tBy(t°)|| + 172
(1+4p +4p°)/p(1 — p) [nt] —2 2
= V2 + 8p? (E te[0,1] ( n t) Ba () ‘|
nt|(|nt] —1 9 2p(1 —
(7:14)(715) (1 + 4p + 4p*) /p(1 —p) (6 L _30v3logn | 2p(1-p)
a V2 + 8p? no nl/2y/rlog(2) n'/?
<7 39\/@
f Vn
Similarly,
E|Z, - Z|®
p(1—p)\*"” [nt] =2, (nt)(lnt] = 1) ’
<4f< s 2) E e - B, ( o > — tB1(t?) ]
P -\ 5[ o [0t =2g (It -DY 5 ol
+4\f< + 4p? ) E te[Ol,)l] n B2 < n? > tB:(E%)
2°(1—p)\*? nt] =2 ( nt]((nt] 1) ’
o (52 e [ ()
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/2 3
8°(1—p)\’ [nt) =2, (|nt)([nt] - 1) 2
2 ) E B — tBy(t
+9\/§< e tzﬁ)?l] - 2 3 2(t7)
3(1—p)3 tl(Int] — D(|nt] —2)\|*
W Tl U wp1h<Mwa (] >>]
n t€[0,1) n
(7.13) 3/2(1 _ \3/2 3 6 _ _ 3
2 V6p3/2(1 — p)3/2(1 4 26p° + 126p )IEJ sup |nt| 2B1 [nt](|nt] — 1) B, ()
(1 + 4p?)3/2 te[0,1] n n?
243/3
512n3/2
3/2(1 _ »\3/2 3 6 . 3
g4\/619 (1-p) (124;226;9 +1260°) (o (LntJ 2 _t> By(12)
(1+4p?)3/ te[0,1] n
|nt|(|nt] — 1) Nk 243v/3
HE elo] B < n? B | )+ 5ianarz

(7.14>,<<7.15>4\/6p3/2(1 —p)*/2(1 4 26p* + 126p°) [ 81 . 1080 (3logn)*? 243/3

49 8167(logn)3/?
= n3/2 n3/2 :

Furthermore,

3
E||Z|* <V2E | sup (MtBl(t2)+p2p(1p)tB2(t2)>

te[0,1] \ /2 + 8p? v/ 1+ 4p?
3
py/2p(1 —p) o 20°V/2p(1 —p) 2
+V2E | sup | ee—=tB (12) + YL tBy(1?)
te[0,1] V14 4p? v/ 1+ 4p?
9 3/2 1— 3/2 1 27/2 3 211/2 6
AU U2 A2 TV | sup By (1)

(1 +4p?)3/ te[0,1]

<27p3/2(1 _ p)3/2(1 + 27/2p3 + 211/2p6) %
= A(1 + 4p2)372 3

IN

This finishes the proof. O
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