EXPLICIT KUMMER THEORY FOR ELLIPTIC CURVES
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ABSTRACT. Let E be an elliptic curve defined over a number field K, let o« € E(K) be a point
of infinite order, and let N ™'« be the set of N-division points of « in F (K). We prove strong
effective and uniform results for the degrees of the Kummer extensions [K (E[N], N ta) :
K(E[N])]. When K = Q, and under a minimal assumption on «, we show that the inequality
[Q(E[N], N~'a) : Q(E[N])] = ¢N? holds with a constant c independent of both £ and .

1. INTRODUCTION

1.1. Setting. Let E be an elliptic curve defined over a number field K (for which we fix an
algebraic closure K) and let o« € E(K) be a point of infinite order. The purpose of this paper
is to study the extensions of K generated by the division points of «; in order to formally
introduce these extensions we need to set some notation.

Given a positive integer M, we denote by F[M] the group of M -torsion points of F, that is,

the set {P € E(K) : MP = 0} equipped with the group law inherited from E. Moreover,
we denote by Ky the M-th torsion field K(E[M]) of E, namely, the finite extension of K
obtained by adjoining the coordinates of all the M -torsion points of E. For each positive
integer N dividing M, we let N~ ' := {8 € E(K) | N3 = a} denote the set of N-division
points of « and set

Ky y = K(E[M],N"'a).
The field Ky y is called the (M, N)-Kummer extension of K (related to «), and both K, and
K v are finite Galois extensions of K.

It is a classical question to study the degree of Ky ny over Ky as M, N vary, see for example
[4, Théoreme 5.2], [11, Lemme 14], or Ribet’s foundational paper [23]]. In particular, it is
known that there exists an integer C = C(E/ K, «), depending only on E/K and «, such that

N2
[KM,N : KM]

for every pair of positive integers (M, N) with N | M.

divides C

The aim of this paper is to give an explicit version of this result, and to show that it can
even be made uniform when the base field is K = Q. Our first result is that, under the
assumption Endg (E) = Z, the integer C' can be bounded (explicitly) in terms of the ¢-adic
Galois representations attached to E and of divisibility properties of the point «, and that this

statement becomes false if we remove the hypothesis Endg (E) = Z.
1
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On the other hand, the assumption Endg(E) = Z is always satisfied when K = Q, and we
show that in this case C' can be taken to be independent of E and «, provided that « and all its
translates by torsion points are not divisible by any n > 1 in the group E(Q). This is a rather
surprising statement, especially given that such a strong uniformity result is not known for the
closely connected problem of studying the degrees of the torsion fields K over K.

1.2. Main results. Our main results are the following.

Theorem 1.1. Assume that Endg (E) = Z. There is an explicit constant C, depending only
on « and on the {-adic torsion representations associated to E for all primes ¢, such that

N2
(KN K

for all pairs of positive integers (M, N') with N dividing M.

divides C

The proof gives an explicit expression for C' that depends on computable parameters associated
with £ and . We also show that all these quantities can be bounded effectively in terms of
standard invariants of the elliptic curve and of the height of «, see Remark[5.19]

Theorem 1.2. There is a universal constant C with the following property. Let E/Q be an
elliptic curve, and let o« € E(Q) be a point such that the class of « in the free abelian group
E(Q)/E(Q)tors is not divisible by any n > 1. Then

N2
[Qar,n = Qu]
for all pairs of positive integers (M, N') with N dividing M.

divides C

1.3. Structure of the paper. We start with some necessary general preliminaries in Section
leading up to a factorisation of the constant C' of Theorem|I.1]as a product of certain contri-
butions which we dub the ¢-adic and adelic failures (corresponding to F, v, and a fixed prime
£). In the same section we also introduce some of the main actors of this paper, in the form of
several Galois representations associated with the torsion and Kummer extensions. In Section
we then recall some important properties of the torsion representations that will be needed
in the rest of the paper. In Sections [ and 5| we study the /-adic and adelic failures respect-
ively. In Section [6] we show that one cannot hope to naively generalise some of the results in
section [ to CM curves. Finally, in Section [7] we prove Theorem by establishing several
auxiliary results about the Galois cohomology of the torsion modules E[M] that might have
an independent interest.

1.4. Acknowledgements. It is a pleasure to thank Antonella Perucca for suggesting the prob-
lem that led to this paper, for her constant support, and for her useful comments. We are grate-
ful to Peter Bruin for many interesting discussions, and to Peter Stevenhagen and Francesco
Campagna for useful correspondence about the results of section[5.1]
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2. PRELIMINARIES

2.1. Notation and definitions. The letter K will always denote a number field, £ an elliptic
curve defined over K, and « a point of infinite order in F(K).

For n a positive integer, we denote by (,, a primitive root of unity of order n.

Given a prime ¢, we denote by vy the usual ¢-adic valuation on Q and on Q. If X is a vector
in Zj or a matrix in Mat,,x»(Z¢), we call valuation of X, denoted by vy(X), the minimum of
the /-adic valuations of its coefficients.

We shall often use divisibility conditions involving the symbols /> (where ¢ is a prime) and
oo. Our convention is that every power of ¢ divides £°°, every positive integer divides oo, and
£°° divides oo.

Recall from the Introduction that we denote by K, the field K (E[M]) generated by the co-
ordinates of the M-torsion points of E, and by K x (for N | M) the field K (E[M], N 1a).
We extend this notation by setting K = J,, K¢, Koo = |J,; Knr, and more generally, for
M,N € Nyo U {£>*, 00} with N | M,

Ky = U Ky, Kyn= U U Kge

dM dM e|d
e|N

If H is a subgroup of GLy(Zy), we denote by Z,[H | the sub-Z,-algebra of Maty(Z) generated
by the elements of H.

Let G be a (profinite) group. We write G’ for its derived subgroup, namely, the subgroup of
G (topologically) generated by commutators, and G* = G//G’ for its abelianisation, namely,
its largest abelian (profinite) quotient. We say that a finite simple group S occurs in a profin-
ite group G if there are closed subgroups Hy, Hs of G, with Hy < Hy, such that Ho/H; is
isomorphic to .S. Finally, we denote by exp G the exponent of a finite group G, namely, the
smallest integer e > 1 such that g¢ = 1 for every g € G.

2.2. The (-adic and adelic failures. We start by observing that it is enough to restrict our
attention to the case N = M:

Remark 2.1. Suppose that there is a constant C' > 1 satisfying

M2

———— divides C
[KM,M : KM]

for all positive integers M. Then for any N | M, since [Kps s : K n] divides (M/N)?, we
have that
N? N Ky Kunl . . M?
= ’ : divides ————,
[KM,N3KM] [KM7M3KM} [KM,M:KM]

which in turn divides C.
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Elementary field theory gives

N? H f2ne
[Kn,N : Kn] a oI [Kn e : K] B
£ prime
_ H 6271@ ] [K£n£7ené :KZ"Z] B
N [KK"Z,IW : KE"Z] [KNJ”@ : KN]

£ prime

g?nz

g [Kgnzxng :KE”Z] [ L. fne 4]

£ prime

where ny = v¢(IV). To see why the first equality holds, recall that the degree [K y e : K] is
a power of /, so the fields Ky s, are linearly disjoint over K, and clearly they generate all
of K N,N-

Definition 2.2. Let ¢ be a prime and N a positive integer. Let n := vy(N). We call

8271
A(N) = ——
the (-adic failure at N and
BN::7—:K"7L K :Kn
o(N) Ky oo K] [Kn gn N KN 2 Kyn]

the adelic failure at N (related to £). Notice that both Ay(N) and By (V) are powers of £.

Example 2.3. It is clear that the ¢-adic failure A;(N) can be nontrivial, that is, different from
1. Suppose for example that o = ¢/3 for some 5 € E(K): then we have

Kgn’fn = Kf'n (ﬁfna) = Kgn (Zinﬁklﬁ),

and the degree of this field over Kyn is at most £2("~1), so ¢2 | A,(N). In Example 4.4 we
will show that the /-adic failure can be non-trivial also when « is strongly ¢-indivisible (see
Definition 4. 1)).

Example 2.4. We now show that the adelic failure B;(V) can be non-trivial as well. Consider
the elliptic curve F over QQ given by the equation

y? = 2%+ 2% — 44z — 84

and with Cremona label 624f2 (see [32, label 624f2]). One can show that £(Q) = Z @
(Z/27)?, so that the curve has full rational 2-torsion, and that a generator of the free part of
E(Q) is given by P = (—5,6). The 2-division points of P are given by (1 + v/—3, -3 +
7v—3), (—11 + 34/—3,27 + 154/—3), and their Galois conjugates, so they are defined over
Q(¢3) € Q3, and we have Ba(6) := [Q22 N Qs : Q2] = [Q(¢3) : Q] = 2.

These computations have been checked with SageMath [34].


http://www.lmfdb.org/EllipticCurve/Q/624f2/
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2.3. The torsion, Kummer and arboreal representations. In this section we introduce three
representations of the absolute Galois group of K that will be our main tool for studying the
extensions K . For further information about these representations see for example [12,
Section 3], [15]], and [IL7].

2.3.1. The torsion representation. Let N be a positive integer. The group E[N] of N-torsion
points of E is a free Z/N7Z-module of rank 2. Since the multiplication-by-N map is defined
over K, the absolute Galois group of K acts Z/NZ-linearly on E[N], and we get a homo-
morphism

7~ : Gal(K | K) — Aut(E[N]).

The field fixed by the kernel of 7,y is exactly the N-th torsion field K. Thus, after fixing
a Z/NZ-basis of E[N], the Galois group Gal(Ky | K) is identified with a subgroup of
GL2(Z/NZ) which we denote by Hy.

As N varies, and provided that we have made compatible choices of bases, these representa-
tions form a compatible projective system, so we can pass to the limit over powers of a fixed
prime ¢ to obtain the (-adic torsion representation Ty~ : Gal(K | K) — GLg(Z). We can
also take the limit over all integers [V (ordered by divisibility) to obtain the adelic torsion rep-
resentation T : Gal(K | K) — GLa(Z). We denote by Hyeo (resp. Hoo) the image of 7y
(resp. Too). The group Hyee (resp. Ho) is isomorphic to Gal( Ky~ | K) (resp. Gal(Ko | K)).

One can also pass to the limit on the torsion subgroups themselves, obtaining the ¢-adic Tate
module TyE = lim E[("] = Z? and the adelic Tate module TE = Im, ~E[M] = 72

[T,z

2.3.2. The Kummer representation. Let M and N be positive integers with N | M. Let
B € E(K) be a point such that N3 = «. For any o € Gal(K | Kjs) we have that o(3) — 3
is an N-torsion point, so the following map is well-defined:
ky: Gal(K | Ky) —  E[N]
o = o(8) - B

Since any other N-division point 3’ of « satisfies 3/ = 3 + T for some 7" € E[N], and the
coordinates of 7" belong to Ky C K}y, the map sy does not depend on the choice of 5. It
is also immediate to check that s is a group homomorphism, and that the field fixed by its
kernel is exactly the (M, N')-Kummer extension of K. Fixing a basis of E[N] we can identify
the Galois group Gal(K s n | Kpr) with a subgroup of (Z/NZ)%. 1t is then clear that Ky N
is an abelian extension of Kj; of degree dividing N2, and the Galois group of this extension
has exponent dividing V.

In the special case M = N we denote by Vi the image of Gal (Ky v | Ky) in (Z/NZ)2.
By passing to the limit in the previous constructions we also obtain the following:
e There is an /-adic Kummer representation o : Gal(K | Ky ) — Ty E which factors
via a map Gal(K oo goo | Kyoo) — Ty E (still denoted by ko).

o The image Voo Of Ky is a sub-Zy-module of Ty E/ = Z?, isomorphic to Gal(K e goo |
Ko<) as a profinite group. We therefore identify Gal(/ oo goo | Kyoo) With Vioo.
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e We can identify the Galois group Gal(K o s | Koo) With a Z,-submodule Wy of
Vi (hence also of Ty E) via the representation k.
e We can identify the Galois group Gal(K oo oo | Koo) With a sub-Z-module W of
TE =72
Notice that Wy is the projection of W, in Zf, and since Wy is a pro-¢ group and there are

no nontrivial continuous morphisms from a pro-¢ group to a pro-¢ group for ¢ # ¢’ we have
Woo =TT, Wie.

2.3.3. The arboreal representation. Fix a sequence {[3; };cn of points in E(K ) such that 8; =
aand N By = By for all pairs of positive integers (IV, M) with N | M. For every N > 1

fix furthermore a Z/NZ-basis {T{¥, Ty} of E[N] in such a way that NTM = IM /N and
NTM = T2M N for every pair of positive integers (N, M) with N | M. For every N > 1, the
map
wy : Gal(Ky y | K) = (Z/NZ)? x GLy (Z/NZ)
o= (o(Bn) — By, (0))
is an injective homomorphism (similarly to [12 Proposition 3.1]) and thus identifies the group
Gal(Ky | K) with a subgroup of (Z/NZ)* x GLy (Z/NZ).

It will be important for our applications to notice that Vjy comes equipped with an action of
H y coming from the fact that Vjy is the (abelian) kernel of the natural map Gal(Kny v | K) —
Hpy. More precisely, the action of h € Hy on v € Vi is given by conjugating the element
(v,1d) € (Z/NZ)? x GLo(Z/NZ) by (0, h). Explicitly, we have

(0, h)(v,1d)(0,h) "t = (hv, h)(0, A1) = (hw,1d),

so that the action of Hy on Vi is induced by the natural action of GLy(Z/NZ) on (Z/NZ)*.
We obtain similar statements by suitably passing to the limit in NV:

Lemma 2.5. For every positive integer N, the group Vi is an H-submodule of (Z./NZ)? for
the natural action of Hy < GLo(Z/NZ) on Vy < (Z/NZ)2. Similarly, both Vyss and Wye
are Hys-modules.

Remark 2.6. Let N € NU{¢{*°} and M € NU{¢*°, 0o} with N | M. Then Gal(Kn; v | Knr)
can be identified with a subgroup of Vj: this follows from inspection of the diagram

Kyn
Ky Ky N
Ky N KN,N

Ky
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which shows that Gal(K sy | Kjps) is isomorphic to Gal(Ky n | Ky N Ky n), which in
turn is clearly a subgroup of Gal(Ky v | Kn) = Vy.

2.4. Curves with complex multiplication. If End(E) # Z we say that I has complex
multiplication, or CM for short. In this case Endz(F) is an order in an imaginary quadratic
field, called the CM-field of E. The torsion representations in the CM case have been studied
for example in [9] and [10].

In this case, the image of the torsion representation 7y is closely related to the Cartan sub-
group of GLa(Zy) corresponding to Endz(E), defined as follows:

Definition 2.7. Let F be a reduced QQp-algebra of degree 2 and let Ay be a Zy-order in F'. The
Cartan subgroup corresponding to Ay is the group of units of .4,, which we embed in GL2(Zy)
by fixing a Z-basis of A, and considering the left multiplication action of A . If A is an order
in an imaginary quadratic number field, the Cartan subgroup of GLy(Z;) corresponding to A
is defined by taking A, = A ® Z, in the above.

More precisely, when F/K is an elliptic curve with CM, the image of the ¢-adic torsion repres-
entation 7y is always contained (up to conjugacy in GL2(Zy)) in the normaliser of the Cartan
subgroup corresponding to Endz(E), and is contained in the Cartan subgroup itself if and
only if the complex multiplication is defined over the base field K.

In order to have a practical representation of Cartan subgroups, we recall the following defini-
tion from [18]]:

Definition 2.8. Let C be a Cartan subgroup of GLy(Z;). We say that (v,8) € Z2 are para-
meters for C if C is conjugated in GLy(Z,) to the subgroup

x oy 9
1 2 x,y € Zy, ve(x(x + —dy)=0, .
0 (5, 20,) o e utate o) -5 = o}
Parameters for C' always exist, see [18], §2.3].
Remark 2.9 ([18, Remark 9]). One may always assume that -, § are integers. Furthermore,
one can always take v € {0,1}, and v = 0 if £ # 2.
We also recall the following explicit description of the normaliser of a Cartan subgroup [18}
Lemma 14]:
Lemma 2.10. A Cartan subgroup has index 2 in its normaliser. If C'is as in (1)), its normaliser
N in GLa(Zy) is the disjoint union of C and C' := <(1) _71> -C.

3. PROPERTIES OF THE TORSION REPRESENTATION

Torsion representations are studied extensively in the literature; we have in particular the fol-
lowing fundamental theorem of Serre [27]], which applies to all elliptic curves (defined over
number fields) without complex multiplication:

Theorem 3.1 (Serre). If Endz(E) = Z, then Hy, is open in GLy (Z). Equivalently, the index
of Hy in GLo(Z/NZ) is bounded independently of N.
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There is also a CM analogue of Theorem [3.1] which is more easily stated by introducing the
following definition:

Definition 3.2. Let £/ K be an elliptic curve and ¢ be a prime number. We say that the image
of the /-adic representation is maximal if one of the following holds:

e FE does not have CM over K and Hys = GLa(Zy).

e E has CM over K by an order A in the imaginary quadratic field F', the prime ¢ is
unramified in F' and does not divide [Of : A], and Hy is conjugated to the Cartan
subgroup of GLy(Z) corresponding to A.

e E has CM over K (but not over K) by an order A in the imaginary quadratic field F,
the prime / is unramified in F' and does not divide [OF : A], and Hy is conjugated to
the normaliser of the Cartan subgroup of GLy(Zy) corresponding to A.

Theorem 3.3 ([27, Corollaire on p.302]). Let E/K be an elliptic curve admitting CM over K.
Then the (-adic representation attached to E /K is maximal for all but finitely many primes /.

In the rest of this section we recall various important properties of the torsion representations:
we shall need results that describe both the asymptotic behaviour of the mod ¢™ torsion rep-
resentation as n — oo (§3.1 and and the possible images of the mod ¢ representations
attached to elliptic curves defined over the rationals (§3.3).

3.1. Maximal growth. We recall some results on the growth of the torsion extensions from
[17, §2.3].

Proposition 3.4. Let ¢ be a prime number. Let § = 2 if E has complex multiplication and
0 = 4 otherwise. There exists a positive integer ny such that

#Hypsr [#Hpm =00 foreveryn > ny.

Proof. This follows from Theorem in the non-CM case and from classical results in the
CM case. See also [17, Lemma 10 and Remark 13] for a more general result. O

Definition 3.5. We call an integer ny as in Proposition [3.4]a parameter of maximal growth for
the (-adic torsion representation. We say that it is minimal if ny — 1 is not a parameter of
maximal growth; when £ = 2, we require that the minimal parameter be at least 2.

Remark 3.6. The assumption ny > 2 when ¢ = 2 will be needed to apply [17, Theorem 12].

Remark 3.7. Given an explicit elliptic curve £/ K and a prime ¢, the problem of determining
the optimal value of n, can be solved effectively (see [[17, Remark 13]). However, computing
ng can be challenging in practice, because the naive algorithm requires the determination of
the Galois groups of the splitting fields of several large-degree polynomials. The situation is
usually better for smaller primes ¢, and especially for £ = 2, for which the 2-torsion tower is
known essentially explicitly (see [25]] for a complete classification result when K = Q, and
[35]] for a description of the 2-torsion tower of a given elliptic curve over a number field).

In Section [5] we will need to bound the minimal parameter of maximal growth for the /-adic
torsion representation defined over certain extensions of the base field. We will do so with the
help of the following Lemma:
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Lemma 3.8. Let K be a finite extension of K. Let ny (resp. iy) be the minimal parameter
of maximal growth for the (-adic torsion representation attached to E/K (resp. E/K). Then
ng < ng + ve([K : K).

Proof. Let ng :=ny + v¢([K : K]) + 1 and consider the following diagram:
K@no

KE”Z Kgﬂo

e

K Ko N Kyno

VRN
A4

KE”Z

N/

K N Kyne

K

Since clearly [K e N Kgno + K] divides [Kyne : Kyne], which in turn divides [K : K], and
since [K o K o] = [Kgno @ Kgne N Kynol, we have
Uy ([Kgno : Kgne]) = Uy ([Kgno Kgng N Kyno ) + vy ( Kgng N Kyno : Kgng])
< vy ([Kéno s Kyn ) ( K])

By [17, Theorem 12] we have vy ([Kyno : Kpme]) = d(ng — ng) = 6 (’Ug ([K
where ¢ is as in Proposition [3.4] and we get

e ([fqno : fqne]) >0+ (5 — Ly ([i{ : K]) > (8 — 1)(no — ng).

:K])+1),

Consider now the tower of extensions
Kpne € Kyngs1 C -+ C Kpno

and notice that by the pigeonhole principle for at least one n € {ne,ng+1,...,n90— 1} we
must have [Kyn+1 : K] > §. But then by [17, Theorem 12] we have maximal growth over K

from n < ng. Thus we get 7y < ny + vy ([f{ : K]) as claimed. O
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3.2. Uniform growth of /-adic representations. The results in this subsection and the next
will be needed in Section[7] We start by recalling the following result, due to Arai:

Theorem 3.9 ([2, Theorem 1.2]). Let K be a number field and let ¢ be a prime. Then there
exists an integer n > 0, depending only on K and {, such that for any elliptic curve E over K
with no complex multiplication over K we have

7o (Gal(K | K)) D {M € GL2(Z¢) : M =1d  (mod ¢")}.

For the next result we shall need a well-known Lemma about twists of elliptic curves:

Lemma 3.10. Let Ey, Es be elliptic curves over K such that (En)g is isomorphic to (E2)g.
There is an extension F' of K, of degree dividing 12, such that F/y and E5 become isomorphic
over F.

Proof. Fixing a Q-isomorphism between E; and E, allows us to attach to Fs a class in
H' (Gal(K | K), Aut(Ey)). Since H' (Gal(K | K), Aut(E)) = K*/K*™ for some n €
{2,4,6} (see [31} Proposition X.5.4]), the class of E5 corresponds to the class of a certain
[a] € K*/K*". Letting FF = K({/«), whose degree over K divides 12, it is clear that
[a] € F*/F*" is the trivial class, so the same is true for [Ey] € H(Gal(F | F), Aut(Ey)),
which means that F5 is isomorphic to F; over F' as desired. O

Corollary 3.11. Let K be a number field and ¢ be a prime number. There exists an integer ny
with the following property: for every elliptic curve E /K, the minimal parameter of maximal
growth for the {-adic representation attached to E is at most ny.

Proof. Let n be the integer whose existence is guaranteed by Theorem By the general
theory of CM elliptic curves, we know that there are finitely many values 71, ..., jx € Q such
that for every CM elliptic curve E/K we have j(E) € {j1,...,jx}. For each such j;, fix
an elliptic curve E;/K with j(E;) = j;. To every E;/K corresponds a minimal parameter
of maximal growth for the /-adic representation that we call m;. Let ny = max{n,m; + 2 }
i =1,...,k}: we claim that this value of n, satisfies the conclusion of the Corollary. Indeed,
let E/K be any elliptic curve. If E does not have CM, the minimal parameter of maximal
growth for its /-adic representation is at most n < ny. If E has CM, then there exists ¢ such
that j(E) = j; = j(E;), so E is a twist of E;. By Lemma [3.10]the curves E and E; become
isomorphic over an extension F'// K of degree dividing 12, so if m (resp. m, resp. m;) denotes
the minimal parameter of maximal growth for E/K (resp. for E/F, resp. for E;/F’) we have

m < m=m; <m;+ 2 < ny,

where the equality follows from the fact that ¥ and FE; are isomorphic over F', while the
inequality 1; < m; + 2 follows from Lemma [3.8|and the fact that v ([F : K]) < v,(12) < 2
for every prime /. U

3.3. Possible images of mod ¢ representations. We recall several results concerning the im-
ages of the mod £ representations attached to elliptic curves over Q.

We begin with a famous Theorem of Mazur. Let 7y := {p prime | p < 17} U {37}.
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Theorem 3.12 ([20, Theorem 1]). Let E/Q be an elliptic curve and assume that E has a @—
rational subgroup of order p. Then p € ToU{19,43,67,163}. If E does not have CM over Q,
then p € 7.

Theorem 3.13 ([36, Proposition 1.13]). Let E/Q be a non-CM elliptic curve and p & Ty be a
prime. Let Cys(p) be the subgroup of GLo(F)) consisting of all matrices of the form <Z l;e)

with (a,b) € IE']% \ {(0,0)} and € a fixed element of F \ IF;Q. Then H, is conjugate to one of
the following:

(i) GLo (Fp);
(ii) the normaliser Nys(p) of Cus(p);
(iii) the index 3 subgroup

D)= {a | a e Culo)} U{ (5 %)) e la€ Culi)}

of Nus(p).

Moreover, the last case can only occur if p = 2 (mod 3).

Corollary 3.14. Let E/Q be a non-CM elliptic curve and p ¢ 7To be a prime. The following
hold:

(1) The image H, of the modulo-p representation attached to E contains {\1d | A € F 5 }.
(2) Suppose H,, # GL3(FF,) and let g, € GLo(F)) be an element that normalises H,. Then
there is h € GLa(F,) such that h~'g,h € Nps(p) and h= Hyh C Nys(p).

Proof. (1) We apply Theorem If H), is either GL2(FF,) or conjugate to Nps(p), the
conclusion follows trivially, since Cps(p) contains all scalars. In case (iii) of Theorem
H,, contains the cubes of the scalars, hence all scalars since p = 2 (mod 3).

(2) We only have to consider cases (ii) and (iii) of Theorem [3.13] Up to conjugation, we may
assume that H,, C Ny4(p) and the claim becomes g, € Nyg(p).

In case (ii) it suffices to check that the normaliser of Nys(p) is Nys(p) itself. This holds
because Cyps(p), being the only cyclic subgroup of index 2 of Nys(p), is characteristic in
Nys(p); hence any element that normalises Nys(p) normalises Cys(p) as well, so it must
be in Nys(p). In case (iii), one similarly sees that {a3 | a € Cys(p)} is characteristic in
D(p) and that its normaliser is Nys(p), and the conclusion follows as above.

0

Lemma 3.15. Let ¢ be a prime number and let H be a closed subgroup of GLo (ZQ. Denote
by Hy the reduction of H modulo ¢ and suppose that Hy contains a scalar matrix A1d. Then

H contains a scalar matrix X1d for some X € Z; with A\ = X (mod ?).

Proof. Let h € H be any element that is congruent modulo ¢ to AId. Let A € Z; be the
Teichmiiller lift of A (that is, A* = £and A = X (mod ¢)) and write h = Ahj, where hy =
Id +/A for some A € Mata(Z,). The sequence h*" = X"h{" = AhY" converges to \1d,

because for every n we have h{" = (Id+£A)"" = 1d (mod £"). As H is closed, the limit of
this sequence, namely A Id, also belongs to H as claimed. g
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4. THE ¢-ADIC FAILURE

The aim of this section is to study the ¢-adic failure A;(/N) for a fixed prime ¢. The divisibility
properties of « in the group F/(K) play a crucial role in the study of this quantity, so we begin
with the following definition:

Definition 4.1. Let & € F(K) and let n be a positive integer. We say that « is n-indivisible
over K if there is no € E(K) such that nf3 = «; otherwise we say that « is n-divisible or
divisible by n over K. Let ¢ be a prime number. We say that « is strongly (-indivisible over
K if the point « + T is ¢-indivisible over K for every torsion point T € E(K) of ¢-power
order. Finally, we say that « is strongly indivisible over K if its image in the free abelian group
E(K)/E(K)tos is not divisible by any n > 1, or equivalently if « is strongly ¢-indivisible
over K for every prime /.

Our aim is to give an analogue of the following result, which bounds the index of the image of
the Kummer representation, in those cases when the torsion representation is not surjective.

Theorem (Jones-Rouse, [[12, Theorem 5.2]). Assume that the £-adic torsion representation
Tyoo : Gal(Kyoo | K) — GLa(Zy) is surjective. Assume that o is (-indivisible in E(K) and, if
¢ =2, that Ko 5 € K. Then the {-adic Kummer representation ke : Gal(Kyoo goo | Kpoo) —
Z? is surjective.

4.1. An exact sequence. We shall need to understand the divisibility properties of o not only
over the base field K, but also over the division fields of £. Thus we turn to studying how the
divisibility of the point o by powers of ¢ changes when passing to a field extension. Our main
tool will be the following Lemma.

Lemma 4.2. Let L be a finite Galois extension of K with Galois group G. For every m > 1
there is an exact sequence of abelian groups

0 — mE(K) —» E(K) NmE(L) — H'(G, Elm|(L)),

where the injective map on the left is the natural inclusion.

Proof. Consider the short exact sequence of G-modules

[m)]

0 — E[m|(L) —» E(L) — mE(L) — 0
and the beginning of the long exact sequence in cohomology,
0= (E[m](L))" = (B(L))Y = (mE(L) — H'(G, E[m](L)).
Noticing that
(E[m](L)® = Em|(K), (B(L)® = E(K), (mE(L)®=E(K)NmE(L)
and that

the lemma follows. OJ
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The quotient (E(K) NmE(L)) /mE(K) gives a measure of “how many” K-points of E are
m-divisible in E(L) but not m-divisible in £'(K'). We shall often use this Lemma in the special
case of m = (" being a power of ¢: in this context, the quotient (E(K)N("E(L)) /{("E(K)
is a subgroup of E(K)/{"E(K), so it has exponent dividing ¢". We conclude that if ¢ {
#H'(G, E[¢("](L)) then no (-indivisible K-point of E can become /-divisible in E(L). This
applies in particular when ¢ 1 #G, see [21, Proposition 1.6.2].

4.2. Divisibility in the (-torsion field. As an example, we investigate the situation of Lemma
M.2lwith m = ¢ and L = K. In this case the exact sequence becomes

0 = (B(K) — E(K)N(E(K,) — H'(Hy, E[()).

The following Lemma can also be found in [[13, Section 3].

Lemma 4.3. The cohomology group H'(Hy, E[{]) is either trivial or cyclic of order {. When
£ = 2 it is always trivial.

Proof. Since ¢E[(] = 0, we have (H'(Hy, E[{]) = 0. It follows from [28|, Theorem IX.4] that
we have an injective map H'(Hy, E[¢]) — H'(Sy, E[{]), where S; is an /-Sylow subgroup of
Hy. This is either trivial, in which case H'(Hy, E[¢]) = 0, or cyclic of order . In the latter

case, up to a change of basis for E[¢] we can assume that Sy is generated by o = < (1) 1 ) .

One can conclude the proof by explicitly computing the cohomology of the cyclic group (o)
as in [13, Lemma 7]. ]

In [13] the authors classify the cases when H'(Hy, E[(]) # 0 for K = Q and they give rather
complete results in case K is a number field with K N Q(¢{;) = Q. In particular, it turns out
that, for K = Q, the group H'(Hy, E[¢]) can be non-trivial only when ¢ = 3,5, 11, and only
when additional conditions are satisfied (see [[13, Theorem 1]).

The next Example shows that for X' = Q a point in F(Q) that is strongly 3-indivisible may
become 3-divisible over the 3-torsion field.

Example 4.4. Consider the elliptic curve E over Q given by the equation
y? +y =2 — 2162 — 1861

with Cremona label 17739¢g1 (see [32} label 17739g1]). We have E(Q) = Z & Z/37Z, with
a generator of the free part given by P = (%, %). One can show that P is strongly
3-indivisible.

Since the Q-isogeny class of F consists of exactly two curves, by [[13, Theorem 1] we have
H'(Hj, E[3]) = Z/3Z. The 3-torsion field is given by Q(z), where z is any root of 2® + 3.
Over this field the point

803 , 416 , 507 89133 , 199071 , 95323
= (oot - 22 2 = - cE
@ (4002 200~ T 200" 8000 © ~ 8000 © ~ 8000 (@(=))

is such that 3Q) = P.
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A computer search performed with the help of the LMFDB [32]] and of Pari/GP [33] shows
that there are only 20 elliptic curves with conductor less than 4 x 10° satisfying this property
for ¢ = 3, none of which has conductor less than 17739.

4.3. Divisibility in the /-adic torsion tower. As we have seen in the previous Section, the
£-divisibility of a point can increase when we move along the ¢-adic torsion field tower. We
would now like to give a bound on the extent of this phenomenon.

Our purpose in this section is to prove Proposition (essentially an application of Sah’s
lemma, see 26 Proposition 2.7 (b)] and [3, Lemma A.2]), which will allow us to give such a
bound in terms of the image of the torsion representation.

Lemma 4.5. Let L be a finite Galois extension of K containing K and let G := Gal(L|K).
Assume that (*H' (G, E[("]) = 0. If o € E(K) is strongly (-indivisible in E(K), then o is
not (**+1-divisible in E(L).

Proof. Applying Lemmawith M = ("1 we have that the quotient %&;{E)(L) embeds
in H'(G, E[(™)), so it is killed by ¢*. Therefore (¥ (E(K) N (*T1E(L)) C ("1 E(K). As-
suming by contradiction that o € (**1E(L) we get fFa = ¢¥+13 for some 3 € E(K). But
then T' = {3 — o € E[(¥](K) is such that a + T’ € ¢E(K), contradicting our assumption that
« is strongly -indivisible. O

Lemma 4.6. Assume that for some ny > 1 we have (1+0™)1d € Hyn (if n < ng the condition
is automatically satisfied). Then the exponent of H'(Hyn, E[(*]) divides £ for every k < n.

Proof. Let A\ = (14 ¢™)1d and let  : Hyn — E[¥] be a cocycle. Using that ) is central in
Hy» and that ¢ is a cocycle, for any g € Hy» we have
99(A) +¢(g9) = ©(9A) = v(Ag) = Ap(g) + ¢(N),
)
e(g) = (A =1)p(g) = gp(X) — p(N),
that is, £™ ¢ is a coboundary. This proves that "0 H'(Hyn, E[(*]) = 0 as claimed. O
Lemma 4.7. Assume that E does not have complex multiplication and let ny > 1 be a para-

meter of maximal growth for the (-adic torsion representation. Then for every n > ny and for
every g € Mata(Zy) we have that (Id +£™tg) mod £" is an element of Hyn.

Proof. We prove this by induction. For n = n, the statement is trivial, so suppose (Id +¢™¢g)
mod ¢" belongs to Hyn for some n > ny. Since the map Hyn+1 — Hyn is surjective we can
lift this element to an element of the form Id +¢"¢g + ("¢’ € Hyn+1, where g’ € Mata(FFy).
Since
ker(Hpm+1 — Hypm) = {Id+£"h | h € Maty(Fy)}
we have that Id —¢"¢’ is in Hyn+1, hence Hyn+1 contains the product
(Id =g )YAd +0" g + ("¢') = (Id+£Mg)  (mod 1),

where we use the fact that 2" (g')? = ("*™g¢'g = 0 since we are working modulo "+, [
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In the special case g = Id, the same result also holds for elliptic curves with complex multi-
plication:

Lemma 4.8. Let E be an arbitrary elliptic curve and let ny > 1 be a parameter of maximal
growth (in particular, ng > 2 if ¢ = 2). For every n > ny we have (1 + ™) 1d € Hyn.

Proof. In the light of the previous lemma we may assume that ' has complex multiplication, so
that the image of the torsion representation is contained in the normaliser of a Cartan subgroup
of GLa(Zy). The equality # Hyn+1 = £?4 Hyn for n > ny is equivalent to the fact that

ker (Hynt1 — Hpn) = 1d+0"T C {M € Mato(Z/("'Z) : M =1d (mod ¢™)},

where T is the tangent space to the image of the Galois representation as introduced in [[17,
Definition 9] and further studied in [[18, Definition 18]. We proceed by induction, the base case
n = ny being trivial. By surjectivity of Hy.+1 — Hy» and the inductive hypothesis, we know
that Hyn+1 contains an element reducing to (1 + £"¢) Id modulo ¢, that is, an element of the
form M,,+1 := (1 4 ¢™)Id +¢"t. Here ¢ is an element of T: to see this, notice that M, is
congruent to the identity modulo £™¢, so it cannot lie in the non-trivial coset of the normaliser
of a Cartan subgroup ([18, Theorem 40]), and therefore belongs to the Cartan subgroup itself.

But then M, is of the form <az 0y ) for appropriate parameters (+y, d), hence
Yy r+y
1l -1 oy
= (T ot T o) €V

belongs to T by the explicit description given in [18, Definition 18]. Using the equality
ker (Hyn+1 — Hyn) = Id +£"T we see that Hyn+1 also contains Id —¢"t, so it contains

(14 ) Id +£7) (Id —£"t) = 1d — 0242 " 1d —0"T"t = (14 £")1d  (mod ")
as claimed. ]

Proposition 4.9. Assume that « is strongly (-indivisible in E(K). Let ng be a parameter of
maximal growth for the (-adic torsion representation. Then for every n the point « is not
et _divisible in Kon; equivalently, o is not et divisible in K poo.

Proof. By Lemma the group Hy» contains (1 + ¢¢) Id, so by Lemma [4.6|the exponent of
H'(Hyn, E[f"]) divides £™. We conclude by Lemma O

4.4. The /-adic failure is bounded. In this section we establish some general results that will
form the basis of all subsequent arguments (in particular Lemma [4.10] and Proposition {.1T)
and use them to show that the ¢-adic failure A,(V) can be effectively bounded (Theorem@4.15)).

Lemma 4.10. Assume that for some d > 0 the point o € E(K) is not £4T'-divisible over
Kyo. Then Vs contains a vector of valuation at most d.

Similarly, if « € E(K) is not 03+ _divisible over Ko then Wis contains a vector of valuation
at most d.
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Proof. Assume by contradiction that every element of Vy has valuation at least d+1. Then the
image of Vieo in E[(?T!] = Ty(E) /t4T1Ty(E) is zero. As this image is exactly Gal(K oo ga+1 |
Koo ), we obtain Koo ga+1 = Koo, 50 v is (¥+1_divisible in Koo, a contradiction.

The second part can be proved in exactly the same way. O

The following group-theoretic Proposition will be applied in this section and in Section
In all of our applications the group H will be the image of the ¢-adic torsion representation
associated with some elliptic curve.

Proposition 4.11. Let ¢ be a prime number, d be a positive integer, H be a closed subgroup
of GLa(Zy), and A = Zy[H] be the sub-Z¢-algebra of Mato(Z,) generated by the elements of
H. Let V C Z? be an A-submodule of 7.2, and suppose that V' contains at least one vector of
L-adic valuation at most d.

(1) Suppose that H contains {M € Mats(Zy) : M = Id (mod ¢™)} for some n > 1.
Then'V contains (472,

(2) Suppose that the reduction of H modulo ¢ acts irreducibly on IE‘%. Then V' contains
72,

(3) Let C be a Cartan subgroup of GLa(Zy) with parameters (v, ) and let N be its nor-
maliser. Suppose that H is an open subgroup of N not contained in C, and that

H contains {M € C : M = Id (mod ¢™)} for some n > 1. Then V contains
£3n+d+w(46)Z%‘

Proof. The assumptions and the conclusions of the Proposition are invariant under changes of

.. .. 1
basis in Z?, so we may assume that v = ¢deq isin V, where e = <0>

(1) Ttis clear that A contains " Maty(Z), so we have
V D A-v D" Maty(Zy) - v = " Maty(Zy) - e; = 07972
Let H; denote the reduction of H modulo ¢. The condition that H, acts irreducibly

(1]) (mod /). Fix a lift

M € A of M, which exists because the natural reduction map A = Z,[H| — F,[H/]
is clearly surjective. Then Mv = (?Me; is a vector whose second coordinate has
valuation exactly d and whose first coordinate has valuation strictly larger than d. It is
then immediate to see that v and Mo, that are contained in V', generate Ede.

(2) Tt is enough to show that A contains ¢3"¢(49) Maty(Z;), and the conclusion follows
as in (1) above.

Suppose first that v = 0, and let My = <x0 _5y0> € H\C and M; =

Yo —Zo
1+ Mz oy
My 14+ Mz
from the assumptions and from the description of Cartan subgroups and their nor-
maliser given in Definition [2.8] and Lemma Then A contains My = My —

on FZ implies that there exists M € F¢[H] such that Me; = (

) € H. The existence and the form of such matrices follow
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Id +6" My = 20™ <§0 8> Let moreover M3 = (" (O 6), which is in A since it
0

10

n
can be written as < m 616> — Id, where both matrices are in H by assumption. Then
we have ) )
4 (“50 o 8) = (My — 290Ms) - My € A
and 23 — 0y2 = —det My € Z,). It follows that A contains 4¢2" (1] 8 , and

since Id € A we have that all diagonal matrices of valuation at least 2n + v,(4)

. . . 0 0 2ntued)
are in A, which therefore also contains o) o) = Ms 0 0 and

0 (ntues 0 0 . . :
0 0 = M3 0 2ntve) ) Together with the diagonal matrices found

above, these elements clearly generate ¢£3"1¢(49) Mat,(Z,), and we are done.
If v # 0, by Remark we may assume 7 = 1 and ¢ = 2. In this case let

M0:<x0+y0 5y0+x0+y0)EH\CandM1:Id+€”<x0 990 >6H.

—Yo —Zo — Yo Yo To+ Yo
Then A contains My = My — Id +£"My = /™ <2xOJ Yo 2040 +0x0 + y0>. Let
L (-1 0
moreover M3 = /¢ 1 0 € A. Then we have

10
M2(5M2 — (25y0 + x0 + yo)Mg) = _£2n det(MO)(l + 45) <O 0) €A,
and using the fact that det(My) € Z, (since My € H C GL2(Zy)) we obtain that A
contains all diagonal matrices of valuation at least 2n. We can then conclude as before.

O

Proposition 4.12. Assume that « is strongly (-indivisible in E(K) and let ng be a parameter
of maximal growth for the £-adic torsion representation.

(1) Assume that E does not have complex multiplication. Then for every k > 1 we have
E[ﬁk] - Vzlﬁ-zne.

(2) Assume that E has complex multiplication by A := Endz(E), and that K does not con-
tain the imaginary quadratic field A @7, Q. Let (v, ) be parameters for the Cartan sub-
group of GLa(Zy) corresponding to A. Then for all k > 1 we have E[(*] C Vit ang+vg(45)-

Proof. By Remark in order to show part (1) it is enough to prove (?“T)(E) C Vjeo. To see
that this holds, notice that by Lemma[4.10]and Proposition[4.9]there is an element of valuation
at most n¢ in Vyo. Now we just need to apply Proposition d.11[(1) with H = Hyeo, V = Vjo
and d = n = ny. Part (2) can be proved in the same way using Proposition .11{3). (Il

In §6] we will show that a naive analogue of Proposition does not hold in case E has
complex multiplication defined over K.
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Remark 4.13. Write « = (3 + Tj,, where 3 € E(K) is strongly /-indivisible and T}, €
E[¢"(K) is a point of order ¢*, for some h,d > 0. Notice that it is always possible to do so:
first, let 3 € E(K) and d be such that o = ¢?3 + T for some T € E(K) of order a power
of ¢, with d maximal. Assume then by contradiction that § is not strongly /-indivisible. This
means that there are v, S € F(K) with S of order a power of £ such that 5 = ¢+ S. But then
a =0y + S)+ T = ¢y 4+ (¢4S + T), contradicting the maximality of d.

Remark 4.14. Let / be the canonical (Néron-Tate) height on F, as described in [31, Section
VIIL9]. Following [22], it is possible to bound the divisibility parameters d and h in terms of
h(a), the degree of K over Q, the discriminant Ay of E over K and the Szpiro ratio

{1 if E/ has everywhere good reduction
0 = § log|Ng/o(AE)| .
Tog /o Nz )| otherwise

where N denotes the conductor of E over K. In fact, [22, Theorem 1] gives the bound
h <o lelK : Qlo? log (co[ K Q]O’Q)J
where ¢; = 134861 and co = 104613.

For the parameter d we can reason as follows. For a = (3 + T}, by [31, Theorem 9.3] we
have

h(er) = h(¢*B + Ty) = h(£?8) = (*h(B)

1 h
sowe getd < log | = () . Now in view of [22}, Theorem 2] for any non-torsion point
2log ¥ h(B)

B € E(K) we have

y log | Nrc/o(Agp)|
h(B) 2 B = 15 36/Q2 2y’
105K : Q305 log”(co[K : Q]o?)
1 h
2logt log (%)
Theorem 4.15. Let ¢ be a prime and assume that Endg (E) = Z (i.e. either E does not have
CM, or it has CM but the complex multiplication is not defined over K). There is an effect-

ively computable constant ay, depending only on o and on the (-adic torsion representation
associated to E, such that Ay(N) divides (** for all positive integers N.

where again co = 104613. We thus obtain the effective bound d <

Moreover, ay is zero for every odd prime £ such that o is £-indivisible and for which the (-adic
torsion representation associated with E is maximal (see Definition[3.2)). For the finitely many
remaining primes £ we can take ay as follows: let ny be a parameter of maximal growth for the
L-adic torsion representation and let d be as in Remark If E has CM over K, let (v,0)
be parameters for the Cartan subgroup of GLa(Zy) corresponding to End(E). Then:

e ay = 4ny + 2d if E does not have CM overK;
o ay = 8ny + 2vy(40) + 2d if E has CM over K.

Proof. Let o = (% + T}, as described above. Notice that if « is strongly /-indivisible we have
d = 0, and the conclusion follows from Proposition If the /-adic torsion representation is
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maximal, the fact that a, is zero in the cases stated follows from [12, Theorem 5.2 and Theorem
5.8].

We now study the ¢-adic failure Ay(V) in the general case. Let n = vy(/N) and notice that the
claim is trivial for n < d, so we may assume n > d. Since
[KZnJrh (g_n()é) : KgnJrh] == [Kgn (E_na)KenJrh . KgnKenJrh] divides [Kgn (E_TLO[) . Kgn]
£2n €2n
we have that divides , and since we have
[Kgn (6‘”a) : Kfn] [K£n+h (g_n()é) : Kgn+h]

Kpin(0770) = Kpupn (0~ )

we get
p2n _ €2d p2(n—d)
[Kgn+h (fﬁna) . Kgn+h] [Kgn+}z (E_(n_d)ﬁ) . Kgn+}z]
so in view of Remark [2.1| we are reduced to proving the statement for /3 instead of cv. Since
is strongly /-indivisible, we can conclude as stated at the beginning of the proof.

The fact that ay is effective follows from the fact that one can effectively compute a parameter
of maximal growth for the /-adic torsion representation (Remark [3.7)), an upper bound for the
value of d (Remark {4.14), and the endomorphism ring End(E) ([1l, [8], [16]). O

5. THE ADELIC FAILURE

In this section we study the adelic failure By(/V), that is, the degree of the intersection K n gn N
K over K. Notice that this intersection is a finite Galois extension of Kn.

5.1. Intersection of torsion fields in the non-CM case. We first aim to establish certain prop-
erties of the intersections of different torsion fields of F, assuming for this subsection that
does not have complex multiplication over . Our main tool (Theorem is a refinement of
[6, Theorem 3.3.1], and will appear in an upcoming paper of F. Campagna and P. Stevenhagen.
The proof of the stronger version we need requires only minor changes with respect to that of
[6} Theorem 3.3.1], and can be easily derived from it using the following well-known lemmas
(see [27] and [29]).

Lemma 5.1. Let p be a prime and let H be a subgroup of GLy(F)). Let S be a non-abelian
simple group that occurs in H. Then S is isomorphic either to As or to PSLy(F),); the latter
case is only possible if H contains SLa(F)).

Lemma 5.2 (Serre). Let { > 5 be a prime and let G C SLo(Z/0*Z) be a subgroup. Let
7 1 SLo(Z/t*7) — SLo(Z/LZ) be the reduction homomorphism and suppose that w(G) =
SLo(Z,/07.): then G = SLy(Z,/0%7).

Theorem 5.3. Assume that E does not have complex multiplication. Let S be the set consisting
of the primes { satisfying one or more of the following three conditions:

(i) ¢ ] 30disc(K | Q);

(ii) E has bad reduction at some prime of K above (;



20 DAVIDE LOMBARDO AND SEBASTIANO TRONTO

(iii) the modulo { torsion representation is not surjective.
For every { ¢ S we have Kyn N Ky = K forall M,n > 1 with {1 M.

Remark 5.4. The finite set S appearing in Theorem can be computed explicitly. In fact,
it is well known that one can compute the discriminant of K and the set of primes of bad
reduction of . An algorithm to compute the set of primes for which the mod ¢ representation
is not surjective is described in [37].

As a corollary, we give a slightly more precise version of [29, §3.4, Lemma 6].

Corollary 5.5. Assume that E does not have complex multiplication and let S be as in Theorem
Let M be a positive integer and write M = M Mo, where

M, = Hpep p prime, e, > 0,
pES

My = H g q prime, eq = 0.
q€eS

Then we have

Gal(Kys | K) 2 GLy (Z/MZ) x Gal (Kyy, | K) .

Proof. By Theorem we have that, for any p & S and any e > 0, the field K, is linearly
disjoint over K from K, and from K s for every ¢ # p and every f > 1. Moreover we have

GLy (Z/MZ) = || GL2(Z/pZ) = [ | Gal(Kper | K),
pES pgS
and the Corollary follows by standard Galois theory. g

Remark 5.6. Let K be the compositum of the fields K, for all p € S, where S is as in
Theorem 5.3} In the following section it will be important to notice that .S is stable under base
change to K. More precisely, let S be the set of all primes £ that satisfy one of the following:

(") ¢ 30disc(K | Q); )
(ii’) E has bad reduction at some prime of K above £;
(iii”) the modulo / torsion representation attached to £/ K is not surjective.

Then S = S.

Indeed, the inclusion S O S is easy to see: clearly conditions (i) and (iii) imply (i’) and (iii’)
respectively, so we only need to discuss (ii). Let p be a prime of K (of characteristic £) at which
E has bad reduction, and let q be a prime of K lying over p. We need to show that ¢ € S.If
E has bad reduction at q we have ¢ € S by (ii’), while if £/ has good reduction at q then p
ramifies in K by [31}, Proposition VIL.5.4 (a)], so we have ¢ | disc(f( | Q) and { is in S by (i°).

Conversely, let £ € S. If (ii") holds, then clearly also (ii) holds, and ¢ is in S. Suppose that
(i’) holds. If ¢ divides 30, then it is in S by (1). Otherwise ¢ divides disc(K | Q), which
by [28. 1IL§4, Proposition 8] is equal to disc(K | Q)& KN g disc(K | K); if ¢ divides
disc(K | @), then it is in S by (1), while if it divides disc(K | K) then we have £ € S by
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[31, Proposition VIII.1.5(b)]. We may therefore assume that (i’) and (ii’) do not hold. Since
lisin S , (iii”) must hold, that is, the modulo-¢ torsion representation attached to £/ K is not
surjective. We claim that the same is true for £/ K. Indeed, if £ is in S this is true by definition,
while if £ ¢ S the previous corollary shows that K is linearly disjoint from K, so the images
of the modulo-¢ representations over K and over K coincide.

5.2. The adelic failure is bounded. We now go back to the general case of E possibly ad-
mitting complex multiplication.

Fix an integer N > 1 and a prime number ¢ dividing N. Write N = ¢" R with ¢ t R and recall
that the adelic failure By (V) is defined to be the degree [Kn g N K : Kyn]. In this section
we study this failure for N = ¢" R, starting with a simple Lemma in Galois theory.

Lemma 5.7. Let L1, Lo and L3 be Galois extensions of K with L1 C Lo. Then the compositum
Li(La N Ls) is equal to the intersection Ly N (L1 Ls).

Proof. Fori = 1,2,3 let G; := Gal(K | L;). The claim is equivalent to G; N (G2 - G3) =
G2 - (G1NGj3), where the inclusion “D” is obvious. Let then g € G1 N (G2 - G3), so that there
are g1 € G, g2 € G and g3 € ('3 such that g = g1 = gogs3. But then g;lgl =g3 € G35 and,
since G5 C G, also g;lgl € (G1, so that g = gg(gglgl) € G- (G1 NGs). O

We now establish some properties of certain subfields of Knp ¢n.

Lemma 5.8. Setting
L:ZKer7ganN, FZ:LQKR:K[”’WLQKR, TI:FmK[n:KganR
we have:

(a) The compositum F Kyn is L.

(b) Gal(F | T') = Gal(L | Kn); in particular, Gal(F' | T') is an abelian (-group.

(c) F is the intersection of the maximal abelian extension of T' contained in Ky ¢n and
the maximal abelian extension of T' contained in Kr.

Proof. (a) By Lemma we have FKpm = Ky (Kgnjn N KR) = Kgnxn N Kpmpr = L. (b)
Follows from (a) and standard Galois theory. For (c), notice that F' is abelian over 1" by (b),
so it must be contained in the maximal abelian extension of 71" contained in Kyn y» and in the
maximal abelian extension of 7' contained in Kr. On the other hand, F' cannot be smaller
than the intersection of these abelian extensions, because by definition it is the intersection of
Kgnjn and KR. ]

Proposition 5.9. The adelic failure By(N) is equal to [F : T), where F' = K ¢gn N K and
T - Kgn N KR.

Proof. Let as above L = K[njn N Kpmp. We have Gal(Kgnjn | L) = Gal(KgnR75n | KgnR),
so we get

[Kgnln : Kgn] = [Kgnjn : L] [L : Kgn] == [KZ"R,K" : K[nR] [L : Kgn]
and we conclude by Lemma 5.8|b). O



22 DAVIDE LOMBARDO AND SEBASTIANO TRONTO

/\
\/

L = Kgnln N KgnR

Kpn / Kn
/

F .= Kgnjn NKp

K@nR!n

Kgnjn Knpg

T:=KmNKp

K

FIGURE 1. The situation described in Lemma [5.8]and Proposition

In what follows we will need to work over a certain extension K of K ; this extension will
depend on the prime ¢. More precisely, we give the following definition.

Definition 5.10. Let K be the finite extension of K defined as follows:

o If I/ has complex multiplication, we take K to be the compositum of K with the CM
field of E. This is an at most quadratic extension of K. Notice that in this case by [19,
Lemma 2.2] we have IN(n = K, foreveryn > 3.

e If E does not have CM and / is not one of the primes in the set S of Theorem[5.3] we
just let K’ = K. Notice that this happens for all but finitely many primes £.

e If £ does not have CM and £ is one of the primes in the set S of Theorem we let
K be the compositum of all the K, for p € S. Notice that in this case K, = K.

We shall use the notation K M (respectively K M, ) for the torsion (resp. Kummer) extensions
of K. We shall also write

Hpn = Im (Tgn - Gal(K | K) — Aut(Ew"])) >~ Gal (f(gn | f() ,

Vin == Im (W L Gal(K | Kpn) — E[en]> >~ Qal (fqn,gn | fgn)
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for the images of the ¢"-torsion representation and of the (¢", ¢™)-Kummer map attached to
E/ K. Finally, we let 71y be the minimal parameter of maximal growth for the ¢-adic torsion
representation over K. Notice that, thanks to Lemmam we have 1y < ny + w([K K)).

Proposition 5.11. The extension F' := K, o gn N K R is abelian over K.

Proof. This is well known if E has complex multiplication because then KR is itself abelian
over K, see for example [30, Theorem I1.2.3]. In case E does not have complex multiplication
and ¢ is not in the set S of Theorem [5.3] this follows easily by considering the diagram

K[njn

/“’\
N

In fact, singe K m N Fi =K b}i Theorem ﬂ (notice}hat in this case K = K ), we have that
Gal(F' | K) = Gal(Kq F' | Kym) is a quotient of Vyn, hence abelian. Thus we can assume
that F does not have CM and that / is in the set S of Theorem[3.3]

/

Notice that F” is a Galois extension of K with degree a power of /, since the same is true for
K o | Kand F' C K ¢n on. Letting r denote the radical of R, the degree of [F' : F' N K,],
which is still a power of ¢, divides [.f( R: .f(r], which is a product of primes dividing . So
since £ 1 R we obtain [F' : F' N f(,«] = 1, that is Rgnln NKg = f(gn,gn N K,, and we may
assume that R is squarefree. Write now & = R;Rs, where R; is the product of the prime
factors of R that are not in S and Rj is the product of the prime factors of R that belong to
S. By definition of K we have Kp = K Ry 80 we may further assume that no prime p € S
divides R. By Corollaryﬂwe then have Gal(Kr | K) = GLy(Z/RZ).

Since F' C Kp, there must be a normal subgroup D = Gal(Kg | F') < GLy(Z/RZ) of
index a power of {. In order to conclude we just need to show that D contains SLa(Z /RZ), for
then Gal(F' | K) = GLo(Z/RZ)/D is abelian.

Since SLa(Z/RZ) = [, SL2(Fp), we can consider the intersection D), := D N SLy([Fy),
which is a normal subgroup of SLy(IF,). Here we identify SLy(IF,) with the corresponding
direct factor of SLo(Z/RZ). The quotient SLy(FF,,)/ D,, cannot have order a power of ¢ unless

it is trivial (recall that in our case p > 5), so we deduce that D O SLy(IF,). As this is true for
every p | R, we have D D SLy(Z/RZ), and we are done. O

In what follows, whenever A is an abelian group and () is a group acting on A, we denote by
[A, Q] the subgroup of A generated by elements of the form gv — v forv € A and g € Q. For
example, we will consider the case A = Wn and () = H .
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Lemma 5.12. Let
1-A-G—->0Q—1

be a short exact sequence of groups, with A abelian, so that Q) acts naturally on A. Let G*®
and Q* be the maximal abelian quotients of G and Q respectively. Then A/[A, Q] surjects
onto ker(G®P — @Q2P).

Proof. We have an injective map of short exact sequences

1 — s AN el o 1

1 A G 0 1
from which we get the exact sequence

A -G QP 1
ANG
and since [4,Q] € AN G’ we get that A/[A, Q] surjects onto A/A N G’ = ker(G*> —
Qab)‘ 1
. o o Vin
Proposition 5.13. The adelic failure By(N ) divides K : K] - #m
gny L1gn

Proof. Let J; and J, be the maximal abelian extensions of K contained in K. o and K o o
respectively. Then we have Gal(J; | K) = H2P and Gal(Jo| K) = G%°, where G =
Gal(f(gn ¢ | K). Notice that [J2 Ji] = #W, where W = ker(G?,}f — H3P)isa quotient of
Vgn/[Vgn Hgn] by Lemma 2| Let moreover F' := Kyn o N Krand T’ := Ky N Kp. By
Proposmon we have F’ C J and clearly also T’ C Ji (indeed T” is abelian over K since
it is a sub-extension of F”). Consider the compositum .J; F” inside J5.

Jo

J1 F'
It is easy to check that~F’ NJi :NT’, so we have that [F” : T'] = [J1 F’ : Jy] divides [J5 : J1],
which in turn divides Vin /[Vin, Hyn].
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Now applying Proposition 5.9 with & in place of K we get that
[Kgn,en . Kgn]
[Kengm @ Kng]

divides  [F':T"],

and using that [f{ MR Km g) divides [Kynp ¢n : Kynp] it is easy to see that

[Kgnygn . K@n]
[KgnRxn . KgnR]

[I‘i’gn#gn : R—gn]
[Kengn : Kenp]

divides  [K : K]-

We conclude that
[Kgnjgn . Kgn]
[Kinpen © King]

Vi
[%n, ﬁgn] '

By(N) = divides  [K: K]-#

O

So we are left with giving an upper bound on the ratio #Vpn / #[f/gn, H ¢n]: this is achieved in
the following Proposition.

Proposition 5.14. For every n, the order of Vin /[Vin, Hyn| divides 12", where 7y is the min-
imal parameter of maximal growth for the (-adic torsion representation of E /K.

Proof. By Lemma the group Hyn contains (14-£7¢) Id. This implies that for every v € Vin
the group [Vyn, Hyn| contains

[v, (1 + o) Id] = (1+ ) Id v — v = Mo,

that is, [f/gn, H, ¢n] contains £ Vym. The claim now follows from the fact that Vpn is generated
over Z/{"7Z by at most two elements. O

Lemma 5.15. Assume that ¢ > 5 is unramified in K | Q and that the image of the mod ¢
torsion representation is GLa(Fy) (so in particular E does not have CM over K). Assume
moreover that o is {-indivisible. Then Vin = [Vin, Hyn].

Proof. Since H). is a closed subgroup of SLa(Z,) whose reduction modulo ¢ contains H; =
GL2(F,)" = SLg(Fy), by Lemma the group Hy~ contains SLo(Z,). The assumption
that ¢ is unramified in K implies that det(Hy~) = Z;, which together with the inclusion
SLa(Z¢) C Hy implies Hyo = GL2(Zy), and in particular Hyn = GLo(Z/¢"Z). By [12,
Theorem 5.2] we have Vyn = (Z/€"Z)2, so it is enough to consider

1 1 1 0 1
91:<0 1>€an7 92:<1 1>€Hf"7 U:<1>GW"

to conclude that
1 0
g ) =qv—ve [Vin, Hpn]  and | )= ov-ve [Vin, Hyn],

so that ‘/gn g [Wn,Hen] O
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Lemma 5.16. Let £/ K be an elliptic curve such that End(E) is an order A in the imaginary
quadratic field Q(v/—d). Let £ > 3 be a prime unramified both in K and in Q(/—d), and
suppose that E has good reduction at all places of K of characteristic £. Then Viyn = [Vin, Hyn|
and %n = [%n,ﬁgn].

Proof. By [15, Theorem 1.5], the image of the /-adic representations attached to both E/ K and
E/ K contains (A®Z¢)™, hence in particular it contains an operator that acts as multiplication
by 2 on E[¢"] for every n. Let X\ be such an operator: then [Vyn, Hp] contains [Vin, \] =
{Aw—v ‘ v € Vpn} = Vjm as claimed. The case of f/gn is similar. ]

Theorem 5.17. Let ¢ be a prime. There is a constant by, depending only on the p-adic torsion
representations associated with E for all the primes p, such that By(N) divides 0% for all
positive integers N. Moreover,

e Suppose that E does not have complex multiplication over Q. Then by is zero whenever
the following conditions all hold: « is (-indivisible, { > 5 is unramified in K | Q, the
mod ¢ torsion representation is surjective, and E has good reduction at all places of
K of characteristic {.

e Suppose that Endz=(E) is an order in the imaginary quadratic field Q(~/—d). Then b,
is zero whenever the following conditions all hold: ¢ > 3 is a prime unramified both in
K and in Q(v/—d), and E has good reduction at all places of K of characteristic .

Both in the CM and non-CM cases, for the finitely many remaining primes { we can take

by = 2nyp + 3vy <[I~( : K}) where K is as in Definition|5.10\and ny is a parameter of maximal

growth for the (-adic torsion part.

Proof. Let n be the ¢-adic valuation of N. By Proposition [S.13] the adelic failure By(N)

N Vin

divides [K : K] - #——0—.

[W"a Hf”]

e Suppose that E does not have CM over Q, that « is ¢-indivisible, that £ > 5 is un-
ramified in K | Q, that the mod/ torsion representation is surjective, and that F
has good reduction at all places of K of characteristic £. Under these assumptions,
the prime ¢ does not belong to the set .S of Theorem so we have K = K and

Vin .
————— is simply #
Hgn [

5 Vin
K : K|- =
K K]

W” ) Hf"]
trivial by Lemma B
e In the CM case, the conclusion follows from Lemma since /1 [K : K] < 2.

. We conclude because this quotient is

For all other primes, combining Proposition and Proposition we get that By(N)
divides [K : K] - £?™ and we conclude using Lemma O

Remark 5.18. The proof shows that the inequality ve(Be(N)) < 2n¢ + 3vg ([f( : K]) holds

for every prime ¢ and for every rational point « € E(K). In other words, for a fixed prime ¢
the adelic failure can be bounded independently of the rational point c.
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We can finally prove our first Theorem from the introduction:

Proof of Theorem By Remark Theorem I.1] follows from Theorems and by
taking C := [, (%0 O

Remark 5.19. Theorem is completely effective, in the following sense: the quantities ay
and b, can be computed in terms of [IN( : K|, ny, and the divisibility parameter d. The integer d
can be bounded effectively in terms of the height of o and of standard invariants of the elliptic
curve, as showed in Remark The remaining quantities [f( : K] and ny can be bounded
effectively in terms of [K : Q] and of the height of F, as shown in [14].

6. A COUNTEREXAMPLE IN THE CM CASE

We give an example showing that Proposition does not hold in the CM case when ¢ is
split in the field of complex multiplication, and that in fact in this case there can be no uniform
lower bound on the image of the Kummer representation depending only on the image of the
torsion representation, even when « is strongly ¢-indivisible.

Let £/Q be an elliptic curve with complex multiplication over Q by the imaginary quadratic
field F. Let @ € E(Q) be such that the ¢"-arboreal representation attached to (E, o) maps
onto (Z/ €”Z)2 X Ngn for every n > 1, where Ny» is the normaliser of a Cartan subgroup Cyn
of GL2(Z/¢"Z). Suppose furthermore that ¢ is split in F' and does not divide the conductor
of the order End@E C Op. Such triples (E, a, ¢) exist: by [12, Example 5.11] we can take
E : y?> = 23 + 3z (which has CM by Z[i]), a = (1,—2) and £ = 5 (which splits in Z[i]).
Notice that for this elliptic curve and this « the same property holds for every £ = 1 (mod 4):
[15, Theorem 1.5 (2)] implies that for all £ > 5 the image of the Galois representation is the
full normaliser of a Cartan subgroup, at which point surjectivity of the Kummer representation
follows from [[12, Theorem 5.8].

Consider now the image of the arboreal representation associated with the triple (E/F, «, ).
Base-changing E to F' has the effect of replacing the normaliser of the Cartan subgroup with
Cartan itself: more precisely we have wn (Gal(Fyn gn | F)) = (Z/0"Z)* x Cyn for every
n 2= 1. As £ is split in the quadratic ring End@(E), so is the Cartan subgroup Cyn, and
therefore we can assume — choosing a different basis for E[¢"] if necessary — that Cyn is the
subgroup of diagonal matrices in GLo(Z/¢"7Z). Fix now a large n and let

Ben = {(t, M) € (Z)I"Z)? % Cpm - t = (+,0) (mod en—l)}.

Using the explicit group law on (Z/¢"Z)? x Cyn one checks without difficulty that Byn is a
subgroup of (Z/¢"Z)* x Cyn: indeed, given two elements g; = (t1, M;) and go = (t2, M>) in
Byn, we have
g1 - g2 = (t1, My) - (ta, Ma) = (t1 + Myta, My Ms),

and (since M is diagonal) the second coordinate of ¢; + M;t9 is a linear combination (with
7./ 0™ Z-coefficients) of the second coordinates of ¢1, t2, hence is zero modulo -t Finally, let
K C Fyn gn be the field corresponding by Galois theory to the subgroup Byn of (Z/ "7)? %
an = Gal(anjn | F)
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We now study the situation of Proposition for the elliptic curve E//K and the point .
By construction, the image of the /" ~!-torsion representation attached to (E/K, () is Cyn-1,
so the parameter of maximal growth can be taken to be n, = 1. We claim that « € F(K)
is strongly /-indivisible. The modulo-¢ torsion representation is surjective onto Cy, so that in
particular no ¢-torsion point of F is defined over K, and strongly /-indivisible is equivalent
to /-indivisible. To see that this last condition holds, notice that if o« were ¢-divisible then we
would have K,, = K,. However this is not the case, because by construction Gal(K,, |
K¢) ={t € (Z/IZ)? : t = (%,0) (mod ¢)} has order . Finally, for k = n — 3 we have

Vs = Vot = {t € (Z/0"V2)? £ = (%,0) (mod € 1)},

which is very far from containing £[¢*] — in fact, the index of Vjx+2s, in E[¢*72"¢] can be made
arbitrarily large by choosing larger and larger values of n. Notice that in any such example the
¢-adic representation will be surjective onto a split Cartan subgroup of GLa(Zy).

7. UNIFORM BOUNDS FOR THE ADELIC KUMMER REPRESENTATION

Our aim in this section is to show:

Theorem 7.1. There is a positive integer C with the following property: for every elliptic curve
E/Q and every strongly indivisible point o € E(Q), the image W, = Gal(Koo 00 | Ko) of
the Kummer map associated with (E /Q, «) has index dividing C in [[,T;(E).

This result immediately implies Theorem [T.2}

N2
Proof of Theorem|[.2] By Remark , for every N | M the ratio ————— divides
[Qar,v : Q]
N2 A SN2
Y [(Z/NZ)? W /NWa| |
[@OO,N : @oo] |:( / ) OO/ >~
which in turn divides [Z2 : Wao]. O

As in Subsection [3.3] we will denote by 7y the finite set of primes
To :={pprime |p <17} U{37}.

7.1. Bounds on Cohomology Groups. Let £/Q be an elliptic curve and N, N3 be positive
integers with Ny | Na. The first step in the proof of Theoremis to bound the exponent of the
cohomology group H'(Hy,, E[N1]). In the course of the proof we shall need the following
technical result, which will be proved in Section

Proposition 7.2. There is a universal constant e satisfying the following property. Let E/Q
be a non-CM elliptic curve, N a positive integer and { a prime factor of N. Let (¥ be the
largest power of £ dividing N and J = Gal(Qy | Q) < Hy. Consider the action of Hy on
Hom(J, E[¢*]) defined by (hi))(x) = hap(h~‘xh) forall h € Hy, v : J — E[(*] and x € J.
Then the exponent of Hom (.J, E[fk])HN divides e.
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Proposition 7.3. There is a positive integer Cy with the following property. Let E/Q be
an elliptic curve, N1 and Ns be positive integers with N1 | Na. Then the exponent of
H'(Hy,, E[N1)) divides C4.

Proof. We can prove the statement separately for CM and non-CM curves, and then conclude
by taking the least common multiple of the two constants obtained in the two cases.

Assume first that £/Q has CM over Q. Let F be the CM field of E, OF the ring of integers of
F and Oy := Op ®y Zy. By [13, Theorem 1.5] we have d := [Hz O/ : He N, Oﬂ < 6.
In particular all the d-th powers of elements in [], O are in Hy, hence we have Zxd C
He C [1,GLa(Z) and H contains the nontrivial homothety A = ()\,), where Ay = 3¢ and
A = 24 for £ # 2. By Sah’s Lemma [3, Lemma A.2] we have (A — 1)H'(Hy,, E[N;]) = 0.
Notice that the image of A — 1 in Z; is nonzero for all ¢, and that it is invertible for almost all
£. The claim follows from the fact that d is bounded.

Assume now that E does not have complex multiplication over Q. As cohomology commutes
with finite direct products we have

H'(Hy,,E[M)) = H' | Hy,, @ E[¢"] | = @ H' (Hy,, E[¢*)).
ev\Nl ZU‘NI
Fix an / in this sum and let J = Gal(Qx, | Qu) < Hy,, where /¥ is the largest power of £
dividing N». By the inflation-restriction sequence we get
0 — H'(Hn,/J, B[t*)) — H'(Hy,, E[t*]) — H'(J, E[¢*]) "2,
since by definition J fixes E[¢"], this is the same as
0 — H'(Hpw, E[t"]) — H' (Hn,, E[¢*]) — Hom(J, E[¢*])"~2,

It is clear that the exponent of H'(Hy,, E[N1]) is the least common multiple of the expo-
nents of the direct summands H' (Hy,, E[¢(*]) for £ | Ny, so we can focus on one such
summand at a time. Furthermore, the above inflation-restriction exact sequence shows that
the exponent of H'(Hy,, E[¢*]) divides the product of the exponents of H'(H, E[¢*]) and
of Hom(J, E[E”})H%. It is enough to give a uniform bound for the exponents of these two
cohomology groups.

o | H'(Hy, E[¢"]) | Assume first that £ ¢ 7. By Theorem [3.12, H is not contained
in a Borel subgroup of GLy(Fy), so by [13, Lemma 4] it contains a nontrivial ho-
mothety. By Lemma the image Hy- of the f-adic representation contains a ho-
mothety that is non-trivial modulo ¢, so by Sah’s Lemma [3, Lemma A.2] we have
HY(Hu,E[*]) = 0. For £ € Ty let ny be a universal bound on the parameter of
maximal growth of the ¢-adic representation, as in Corollary By Lemma
we have (1 + ¢™)Id € Hy, and from Lemma we obtain that the exponent of
HY(Hp, E[°]) divides £,
e |Hom(J, E[¢(°])!™2 | As v < k, this group is contained in Hom(.J, E[¢¥])"V2, whose
exponent is uniformly bounded by Proposition Notice that the action of Hy,
on Hom(J, E[¢¥]) is precisely the one considered in Proposition [7.2| by well-known
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properties of the inflation-restriction exact sequence (see for example [24, Theorem
4.1.20)).

O

Corollary 7.4. Let C be as in Proposition[7.3} Let E /Q be an elliptic curve and let oo € E(Q)
be a strongly indivisible point. If « is divisible by n > 1 over Qo then n | C1.

Proof. Without loss of generality we can assume that n = ¢¢ is a power of a prime ¢. Since
Qo is the union of the torsion fields Q, there exists N such that « is divisible by £¢ over
Qn, and we may assume that ¢¢ divides N. The claim then follows from Lemma[4.5] since by
Proposition|[7.3]the exponent of H'(Gal(Qy | Q), E[¢¢]) is a power of ¢ that divides C;. O

Lemma 7.5. Let C1 be as in Proposition The following hold for every prime ¢:

(1) The Zy-module Wy, considered as a submodule of Z?, contains a vector of valuation
at most v(Ch).

(2) If E does not have CM over Q and ny is a parameter of maximal growth for the (-adic
torsion representation, then Weo contains {™+°((C)T,(E).

(3) If E[{] is an irreducible Hy-module, then W contains (**CVTy(E).

(4) If E has CM over Q, let (v, 0) be parameters for the Cartan subgroup of GLo(Zy)
corresponding to End@(E). If ng is a parameter of maximal growth for the {-adic

torsion representation, then Wys contains ¢3netve(45C) (E).

Proof. Part (1) follows from Lemma [4.10] since by Corollary [7.4] the point ¢ is not divisible
by ¢ve(COFL gyer Qoo Parts (2), (3) and (4) then follow from Proposition (for part (4)
observe that no elliptic curve over (Q has CM defined over Q). ]

We can now prove the main Theorem of this section.

Proof of Theorem[7.1] As already explained, we have W, = [[, Wy, so we obtain

[[7(E): WOO] = [[I7e(E) : Wew].
1

l

Let

T1 = To U {{ prime | ¢ divides C1} U {19, 43,67,163} .
Notice that by Theorem for £ ¢ T; there is no elliptic curve over (Q with a rational
subgroup of order /. By Lemma (3), for £ ¢ T; we have Wy = Ty(E), so

2

[[7(B): WOO] = [[[Tu(E) : We).
y4

teTh
Now it is enough to prove the Theorem separately in the CM and in the non-CM case, and then

take the least common multiple of the two constants obtained.

Suppose first that E does not have CM over Q. Applying Lemma 2) we see that [Ty(E) :
Wise| divides (2(etve(C1)) where ny is a parameter of maximal growth for the ¢-adic torsion
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for E. By Theorem [3.9| this can be bounded uniformly in £. Since C; does not depend on F,
each factor of the right hand side of (2)) is uniformly bounded.

Assume now that F has complex multiplication over Q and let (y, ) be parameters for the
Cartan subgroup of GLy(Z;) corresponding to Endg(E). Applying Lemma 4), we see
that [Ty(E) : Wye] divides ¢2(3netve(43C1)) where ny is a parameter of maximal growth for
the ¢-adic torsion representation for £, which is uniformly bounded by Corollary It
remains to show that v,(0) can be bounded uniformly as well. This follows from the fact that §
only depends on the Q-isomorphism class of E, and that there are only finitely many rational
j-invariants corresponding to CM elliptic curves. g

7.2. Proof of Proposition[7.2] Recall the setting of Proposition E/Qis anon-CM elliptic
curve, N is a positive integer, and ¢ is a prime factor of N. Let ¢” be the largest power of ¢
dividing N and J = Gal(Qu | Q) < Hy. The question is to study the exponent of the group
Hom (J , E[0F] ) "N In order to do this, we shall study the conjugation action of g € H on the

abelianisation of J. More generally, we shall also consider the conjugation action of elements
in GL2(Z/NZ) that normalise .J.

It will be useful to work with a certain subgroup J(2) of J. More generally, we introduce the
following notation.

Definition 7.6. Let GG be a group and M a positive integer. We denote by G(M ) the subgroup
of G generated by {¢" | g € G}.

Lemma 7.7. The subgroup J(2) is normal in J, the quotient group J/J(2) has exponent at
most 2, J(2) is stable under the conjugation action of Hy, and

exp Hom (J, E[Zk]) "1 9 exp Hom (J(z), E[Ek]) "

Proof. Clearly J(2) is a characteristic subgroup of .J, so it is normal in J and stable under
the conjugation action of Hy on J. Given a coset hJ(2) € J/J(2) we have (hJ(2))? =
h2J(2) = J(2) since h? € J(2) by definition, so the quotient .J/.J(2) is killed by 2. Finally,
take a homomorphism v : J — FE[¢*] stable under the conjugation action of H and denote
by d the exponent of the abelian group Hom (J(2), E[ﬁk])HN . The restriction of ¢ to J(2) is

an element of Hom (J(2), E[Ek])HN, so it satisfies di)| (o) = 0, and thus given any h € .J we
have dv| ;2)(h?) = 0. This implies that for every h € J we have 2dy(h) = 0, hence 1) is
killed by 2d. Since this is true for all 1, the claim follows. g

We will also need the following two simple lemmas:
Lemma 7.8. Let E/Q be an elliptic curve and let M > 37 be an integer. If ¢ > M + 1 is a
prime number, then Hy (M) contains a homothety \1d with A\ Z 1 (mod /).

Proof. By Corollary [3.14] since £ > M + 1 > 37, the image of the modulo-/ representation
contains all the homotheties. In particular, if 77 € F;* is a generator of the multiplicative group
IF, then Hy contains 1 Id, so by Lemma H oo contains p Id, where p € Z, is congruent
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to 72 modulo £. So Hy (M) contains 1 Id, which is nontrivial modulo ¢ since 7z has order
¢—1> M. O

Lemma 7.9. Let p be a prime and let n be a positive integer (with n = 2 if p = 2). For every
positive integer k let U, = {w €Zy|z=1 (mod pk)} Let M be a positive integer. Then

{J}M | S Un} 2 Un+vp(M)-

Proof. Lety € Uy, 1, (v and leta = y — 1. By [/, Corollary 4.2.17 and Corollary 4.2.18(1)],
the p-adic integer x = exp(M ~! log y) is well defined and satisfies v,(z — 1) > v,(M 1a) >
n. Therefore 2 € U,, and clearly zM = y. U

We will derive Proposition[7.2] from the following statement:

Proposition 7.10. There is a universal constant M with the following property. For every
elliptic curve E/Q, every positive integer N, every prime power ¢k dividing N, and every
g € Hy, the conjugation action of g™ on the abelianisation of J(2) is trivial.

Proof that Proposition implies Proposition By Lemma it suffices to prove Pro-
positionwith J replaced by J(2). Let t) € Hom (J(2), E[¢¥]): then as E[¢*] is abelian 1)
factors through J(2)2b.

For every g € Hy, every ¢ € Hom (J(2), E[Ek])HN and every h € J(2) we have

U(h) = g™ (g™ hg") = g - v (h),
where the first equality holds because ¢ is H-invariant and the second because the auto-
morphism induced by g on .J(2)?" is trivial by Proposition This means that the image
of 1) is contained in E[¢*]/~N (M) Since the action of Hy on E[¢¥] factors via the canonical pro-
jection Hy — GLo(Z/¢FZ), this is the same as saying that the image of ¢ is contained in the
subgroup of E[¢*] fixed under H,.(M). It remains to show that the exponent of E[¢¥]Hex (M)
is uniformly bounded, and trivial for ¢ sufficiently large.

To see this, recall that by Theorem [3.9]there exists an integer n > 1, independent of E, such that
H i contains Id +¢" Maty(Z/¢*7) (and we have n > 2 if £ = 2). By Lemma for every
E/Q the group H i (M) contains all scalar matrices in Mats(Z/¢7Z) that are congruent to the
identity modulo £"t%¢(M) We claim that the exponent of E[¢¥]Hex(M) divides ¢7+0e(M) I
fact, by what we have seen H,. (M) contains (1+¢"+2:(M))1d, so E[¢*]Hex (M) ig in particular
fixed by (1 4 ¢*+tv¢(M)) Id, hence it is contained E[¢"+ve(M)],

Finally, we show that Hom(.J, E[¢¥])#~ is trivial for £ > M + 1. Since ¢ > 2, by Lemma
it is enough to show that Hom(J(2), E[¢¥])f¥ is trivial. As above, the image of any H -
stable homomorphism from .J(2) to E[¢¥] is contained in the H (M )-fixed points of E[¢*].
By Lemma H (M) contains a homothety which is nontrivial modulo ¢, so we are done
since the only fixed point of this homothety is 0. U

We now turn to the proof of Proposition We start by showing that we may assume N
to be of the form ¢* - 1w pze p- To see this, let N = o+ [ 1, poze P be arbitrary and let

N’ .= (* leN’p# p. There is an obvious reduction map J — Gal(Qn~ | Q). The kernel
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KC of this map is a subgroup of J whose order is divisible only by primes p | N, p # £. Recall
that we will be considering Hom(J, E[¢*])I¥. Let ¢ : J — E[¢*] be a homomorphism: we
claim that ¢ factors via the quotient Gal(Qy- | Qg+ ). Indeed, all the elements in K have order
prime to £, hence they must go to zero in E[¢*]. Therefore we may assume N = N’, that is,

N =% TN ppe P

We identify Hy with a subgroup of GLg(Z/¢*Z) x 1~ pee GL2(Z/pZ) and J with the
subgroup of Hy consisting of elements having trivial first coordinate, and for g € H we write
g = (9¢,9pys-- - Gp,) With g, € GLo(Z/¢*Z) and g,, € GLa(Z/p;Z). Finally, for p | N,
p # ¢ we denote by m,, : Hy — GL2(Z/p;Z) the projection on the factor corresponding to
pi» and we denote by 7, : Hy — GLo(Z/¢*Z) the projection on the factor corresponding to .

Lemma 7.11. Let p be a prime factor of N withp > 7, p # L. Suppose that the modulo-p rep-
resentation attached to E /Q is surjective. Then J(2) contains {1} x - - - x {1} x SLa(Z/pZ) x

{1} x -+ x {1}.

Proof. Clearly PSLy(F),) occurs in Hy. Hence it must occur either in J or in Hy/J, but the
latter is isomorphic to a subgroup of GLo(Z/¢*7Z) with £ # p, so it must occur in .J. Consider
the kernel of the projection J — ] x 4, GL2(Z/qZ): then PSLy(FF;,) must occur either in
this kernel or in J[  y ., GL2(Z/qZ), but the latter case is impossible. Using Lemma , it
follows immediately that J contains {1} x --- x {1} x SLo(Z/pZ) x {1} x --- x {1}. We
conclude by noting that SLy(TF),) is generated by its squares. U

Lemma 7.12. Let g € Hy and h € J(2). Then gh € Hy, and the automorphisms of .J(2)*
induced by g and by gh coincide.

Proof. As J(2) is a subgroup of Hy, the fact that gh € Hy is obvious. For the second
statement, notice that for every x € J(2) the element (gh)~'z(gh) differs from g~tzg by
multiplication by h=(g~*x~tg)~th(g~t2x~tg), which is a commutator in J(2). Hence the
classes of (gh)~'z(gh) and g~ 'zg are equal in J(2)2P. O

Lemma 7.13. For each p | N,p # {, the component g, of g along GL2(Z/pZ) normalises
mp(J(2)) in GLo(Z/pZ).

Proof. Since Hy normalises J(2) by Lemma we have m,(g71J(2)g) = mp(J(2)). On
the other hand m,(g~'.J(2)g) = mp(9) ' mp(J(2))7p(9). s0 g5 ' mp(J(2))gp = mp(J(2)) as
desired. t

Corollary 7.14. Let p1,...,ps = 7 be primes all different from { and such that the mod-p;
representation attached to E /Q is surjective for each p;. Let g € Hy and let § be the element
of GLo(Z/NZ) obtained by replacing every p;-component (fori = 1,...,s) of g by 1d. Then
§* normalises J(2), and it induces on J(2)*® the same conjugation action as g>.

Proof. By Lemma (7.12] if we multiply g by any element of .J(2) the conjugation action on
J(2)2 does not change. By construction, the determinant of 7, (g?) = ggi is a square in I},

say AZ7. It follows that the determinant of g2 /X; is 1, so g2 /A; € SLa(Z/p;Z). By Lemma
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7.11|we have that J(2) contains h; = (1,1,...,1,g2 /A, 1,...,1). Letting h = hy - - - hy, we
obtain that the action of g?h~! is the same as that of ¢2. But the element

p=1,. L L1  D(1, A, 1 1)

is central in GL2(Z/NZ), so g*> = g?h~'1~! normalises J(2) and it induces the same action
as g2 on J(2)?P. O

Let M = lem{exp PGL2(F,) : p € To}, where exp PGL2(F,) denotes the exponent of the
group PGLy(F)).

Remark 7.15. Notice that M is even. Moreover, for any g € GLy(Z/NZ) and any p € Ty
with p | N and p # £ we have that 7,(g") is a scalar in GL2(F,), since it is trivial in
PGLy(F,).

We now prove Proposition[7.10] using the constant M just introduced.

Proof of Proposition Write as before g = (gp). We divide the prime factors of N differ-
ent from ¢ into three sets as follows:

Po={p| N such thatp € Tg, p # (},
P1 = {p | N such that H, = GLa(F,), p # ¢},
Py = {p | N such that H), is conjugate to a subgroup of Nys(p), p # ¢} .

Notice that by Theorem each prime factor of NV different from ¢ belongs to one of these
three sets.

We now apply Corollary with {p1,...,ps} = Pj to obtain an element § € GL2(Z/NZ)
such that 7,,(§) = Id for every p € Py and such that §2 induces on .J(2)2" the same conjugation
action as g2. In particular, 3 induces on J(2)2 the same conjugation as g (recall that M
is even).

We now prove that this conjugation action is trivial by showing that ¢ commutes with every
element of .J(2). It suffices to show that for each p | N the projection 7,(§*!) commutes with
every element of 7,(J(2)).

e Case p € Py: by Remark 7p(g™M) is a scalar, thus it commutes with all of
GLo(F)).

e Case p € Py: by construction m,(¢™) is trivial.

e Case p € Py: by Corollary applied to 7,(g), there is h € GL2(IF,) such that
7p(§) € hNns(p)h ™! and H, C hNys(p)h~L. Since M is even and Cps(p) has index
2 in Nys(p), mp(§™) € hCus(p)h ™! and 7,(J(2)) C (a® | a € H,) C hCys(p)h ™.
Since Cps(p) is abelian, 7,(§* ) commutes with every element of 7, (J(2)).

e Case p = {: by construction m,(.J(2)) is trivial.
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