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Abstract

A quantum master equation has been derived recently by Esposito and Gaspard [Phys. Rev. E 68 (2003) 066112] to study
the dynamics of a quantum subsystem weakly interacting with another system which has a dense spectrum. This equation takes
into account the fact that, because of energy conservation in the total system, the energy of the system with the dense spectrun
is affected by the dynamics of the subsystem. We argue that such a situation can often be encountered in quantum nanosystem
and we apply this equation to a nanosystem composed of a spin interacting with some remainder. By doing this, we demonstrate
that quantum decoherence may already manifest itself in isolated nanosystems.
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A small quantum subsystem interacting with its environment undergoes irreversible processes such as relaxation
and decoherence. Relaxation is the decay of the populations of the energy levels, while decoherence is the damping
of the off-diagonal elements of the density matrix of the subsy$8niThese decay processes are well known if
the environment is an infinite thermal reservoir at a given temperature. Today, advances in nanoscience enable us tc
study isolated quantum systems of hanometric size containing a finite number of particles. In these nanosystems, &
spin or a two-level subsystem may interact with the other degrees of freedom, which play the role of an environment
and which we call theemainder of the system. In such isolated nanosystems, the total energy is conserved so that
the dynamics takes place at fixed energy instead of fixed temperature.
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Fig. 1. Schematic representation of an electronic spin in a chaotic billiard quantum dot with a magnetic field perpendicular to the plane of the
dot and interacting with a magnetic dipole—dipole potential due to a classical ferromagnetic impurity.

The aim of the present Letter is to show that the irreversible processes of relaxation and decoherence already
emerge in such isolated nanosystems. An example is given by an electronic spin traveling in a semiconducting
quantum dot with a chaotic billiard shape and submitted to a magnetic field. The quantum dot contains a localized
ferromagnetic impurity with which a classical magnetic dipole is associated. The two spin levels of the traveling
electron are split by the magnetic field and interact with the ferromagnetic impurity by the magnetic dipole—dipole
potential. This system is schematically depictedrig. 1L Such devices are currently envisaged for understanding
dissipation in quantum systeri§], as well as in the field of spintronics where spin relaxation and decoherence is
ubiquitoug[4]. Similar examples appear in the problem of decoherence of a qubit interacting with a couple of other
qubits in devices for quantum information procesdibg Related relaxation and decoherence processes are also
observed in the dynamics of molecules or nanoclusters after their excitation by femtosecond lasd6p8]ses
Such systems are described by the total Hamiltonian

I:Itot:I:Is+ I:Ir+)\.§R€, (1)

where As (respectivelyH,) is the subsystem (respectively remainder) Hamiltonian &ufigéspectivelyR) is the
subsystem (respectively remainder) coupling operator.

We have derived in Refl] a quantum master equation to describe the time evolution of the populations and
coherences of a subsystem weakly interacting with the remainder of a total system where energy is conserved. This
equation generalizes the weak-coupling master equations for the reduced density matrix of the subsystem (the so-
called Redfield equatiorj9—12]). This generalization is performed by describing the time evolution as a function
of the energy of the remainder. Our goal is to show that this master equation applies to quantum nanosystems anc
allows us to understand the decoherence processes which are internal to the nanosystem. For this purpose, we fir:
summarize previous results.

The starting point of our description is the von Neumann equation ruling the time evolution of the density matrix
of the total system. We suppose that the Hamiltorfirof the remainder has a sufficiently dense spectrum that
its level density is well represented by the smooth funcii@n. The central quantity of our theory is an operator
acting on the subsystem state space and depending on the remainderetiagygefined as

P(e;1) =Tr8(e — Hp)p(1), (2

wherep(¢) is the density matrix of the total system. The reduced density matrix of the subsystem can be given in
terms of this quantity as(r) = Try 5(1) = [ de P(e; 1). This shows that the quantitg) distributes the populations

and coherences of the subsystem over the eneafyhe remainder. The dynamics of the quantit; 1) is ruled

by an equation which is different from the usual perturbative master equation for the dynamics of the reduced
density matrixos(¢) of the subsystem. For this reason, our equation keeps important information on the remainder
time evolution. In order to get a closed evolution equation for the central quattityr) of our theory, one needs

to expands the complete von Neumann equation for the total system to second order in the coupling parameter
and use Eq(2) [1,13] One then gets the fundamental non-Markovian master equation of our theory
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Ié‘(e; t)= —i[I:IS, 13(6; t)]
1
+k2/dtfdw{—&(e; —w)€TSS(—1)P(e;t) —ale; —w)e T Pe; )S(—1)S
0
+ (e — w; )" SP(e — w; 1)S(=1) +a(e — w; w)e T S(—1)P(e — w; I)S‘}. 3)

The dynamics off (¢; 1) involves different values of the remainder energy, correlating the subsystem state with
the remainder state. The coupling to the remainder is fully characterized by the Fourier transform of the mi-
crocanonical correlation functiofi(e; w) = n(e + w)F (€, € + w) = f+°° %e“‘”a(e; t) defined asu(e;r) =

—0oQ
Tre s R(DR(0) = [de' €€=n(e')F (e, €'), wherepr = 8(e — Hy)/n(Hy) and F (e, €') = |(e|R|€’)|2. The over-
line denotes a smoothing over the dense spectrum of the remainder. We notice that the derivati(3) oé&ajres
to assumée|R|e) = 0. Let us mention that 2.2a(e; w) is the Fermi golden rule transition probability rate of the
remainder to jump from the remainder enekgio the remainder energy+ w. By integrating Eq(3) over the
remainder energy, our equation reduces to the Redfield equation under the condition that the remainder correla-
tion functiona(e; w) does not vary too much over energy scales of the order of the subsystem efhergjes
a(e; w) ~ a(e £ hwg y; w). This condition is only satisfied when the remainder is large enough to be unaffected
by the subsystem dynamics. In such cases the remainder becomes a heat bath. It is worth noting that this conditior
is similar to the requirement of equivalence between the microcanonical and the canonical enfiedhbles

We now consider a two-level system inside a nanosystem at fixed energy. We assume that the two-level system
interacts in a non-diagonal way with the remainder of the nanosystem. We call this model the spin-remainder
model. The total Hamiltonian is given it = 46, + Hr + A6, R. We remark that it has the same form as the
famous spin-boson Hamiltonidh2]. The subsystem density matrix has the form

A Pii(e;t) Pi_(e51)
= [ae (o poln), @

Eq. (3) takes the simple form

. 2 . sin(w £ A)t
Pii(e;t) =—2)° | dwa(e; —w) Pri(e;t) ———
wx A
- Sin(w + A)t
22 | dod(e — ;) Pyple — o) ———— 5
+ / wa(€ —w; ) Prs(e —w;t) Y (5)
for the distributions of the populations and
t
PijF(e; 1) =FiAPir(e;1) — AZ/dw&(e; —) Py (€; t)/dr [ei(“’iA)’ + e_’.(‘”A)’]
0
t
+ Az/dw&(e — w; 0)Pr1(e — w; 1) / dt [ei(w:FA)T + e_i(wiA)T] (6)
0

for the distributions of the coherences. These equations are nhon-Markovian because of the time integral in the
right-hand side. We notice that the non-Markovian E&$.and (6)couple together the distributionB(e; 1) at

different remainder energies. This means that the distributions of populations or coherences, if initially localized at
a given remainder energy, can spread over the remainder energy during the time evolution. For time scales longer
than the remainder correlation time (typically the time over whi¢ ) goes to zero), we can use thtarkovian
approximation, that consists in putting the upper bound of the time integral to infinity. The Markovian population
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dynamics is given by
Pii(e;1) = —2m)2G(e; £A) Pri(e; 1) 4+ 2mA2& (e + A; TA) Pr(e + Ast) (7)

and the Markovian coherence dynamics by
Py (e;0) = [Fi(A = T') = yeon| Pes(€: 1), ®)

whereycon = mA2[@(e; A) + a(e; —A)] and ™ = ZAAZ]de%. The Markovian dynamics can be well de-
scribed in terms of the quantities

Cle;ty=Pri(e;t) + P__(e+ Asp),

Z(e;t) = Pri(e;t) — P__(e + A1),

X(e;t)=Pr_(e;1) + P4 (e; 1),

Y(e;st)=iPi_(e;1) —iP_4(€;1), 9)

whereC(e; t) and Z(e; t) characterize the subsystem populations Ariel; 1) and Y (¢; ¢) the subsystem coher-
ences. Using Eq$7) and (8) one gets

C(e;1) =C(g;0),
Z(e:1) = Z(e; 00) + [ Z (€3 0) — Z(e; 00) &7,
X(e;1)=[X(e;0)coLA — I')t — Y (€; 0) SIN(A — I")t|e Vel

Y(e;1) =[X(e;0)SiN(A — I')t + Y (€; 0) COY A — I')r]e™ oo, (10)
whereypop = 2722[a(€; A) + @(e + A; —A)] and Z(e; 00) = %C(e; 0). The two-level subsystem dy-
namics is fully described in terms of these quantities because= Tr 5(1)6,, = [ de’ W(€'; t), wherew = x, y, z
andW = X, Y, Z. If we choose the initial condition as the product of a general subsystem density matrix with a
microcanonical distribution at energyfor the remainderp (¢; 0) = 0s(0)8(¢’ — €), the two-level subsystem has
a biexponential relaxation for the populations and an oscillatory exponential relaxation for the coherences:

2z =Z(e;t)+ Z(e — A;t), x(t)=X(e; 1), y()=Y(e;t). (12)

Indeed, the populations decay at the raiep(e) andypop(e — A) and the coherences at the raggn(e). In contrast

to the usual approach where the remainder is a heat bath, we here have, in isolated nanosystems, two relaxatiol
rates for the populations instead of one. Each of these rates corresponds to a pair of remainder energies, shifted on
with respect to the other by an amoufif and between which the system undergoes transitions.

In order to illustrate the time evolution of the distribution functidhg; 7) of the subsystem, we consider a spin-
remainder model in which the remainder operators are taken as Gaussian orthogonal random matrices (GORM).
The motivation for such an assumption is that in some nanosystems, the degrees of freedom playing the role of
the remainder may be classically chaotic and form a complex quantum system. In such systems, some statistical
properties can be modeled by random matrices according to the Bohigas—Giannoni—Schmit cqajéctBreh
assumptions are considered for nanosystgi&k In the example ofig. 1, the spatial motion of the electron is
classically chaotic and its Hamiltonian operator as well as the other operators of the coupling with the magnetic
field can therefore be modeled by random matrices. For this so-called spin-GORM ﬁpdey%)? andR =
«/%va(/’ whereX and X’ are two statistically independest x & random matrices. The elements Xfand X’
are independent Gaussian random real numbers with mean zero and standard deviations 1 for the off-diagonal
elements, and/2 for the diagonal elementa//2 is the number of states of the remainder and is here assumed
large. Using the conventiog/x = 0 if x < 0, we find for the spin-GORM model thate) = 47’\’\/1/4— €2 and

F(e,€') = g, and therefore thak(e; ) = 5=+/1/4 — (e + w)2. Notice that the width of the density of states of
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Fig. 2. Time evolution of the populatiom3; 4 (¢; t) and P—_(¢; t) for A =0.1025,¢ = 0.25,A» = 0.1.

Fig. 3. Time evolution of the real and imaginary partsfaf_ (e; ) for A =0.1025,¢ = 0.25, > = 0.1. The small features in the wings of the
real part are due to non-Markovian effects.

the remainder is not affected by the limit of largye so that the limit of a dense spectrum does not correspond to
the limit of a remainder with an infinite number of degrees of freedom and is thus compatible with the fact that the
total system is a nanosystem. Similar models have been studigd®jh3,16—-20Q]

In the spin-GORM model, the non-Markovian dynamicsiik; 1) can be studied by numerical integration of
Egs.(5) and (6) The numerical results are depictedrigs. 2 and 3where the initial condition of the system is

the pure statés(0) = (5_5’3 \/1%3) The initial distribution of the remainder energy is taken as a Gaussian centered

ate = 0.25 and with standard deviationdl. We observe ifrig. 2, that the probability disappearing iy (¢; 1)
reappears irP__(e + A; t) due to the closed dynamics df(¢; ) on the total energy sheg + € and, similarly,

for the probability disappearing iR__ (e + A; t) and reappearing i (¢; t) on the total energy she#% +e.

In Fig. 3 we see that the distribution of the coherences has an oscillating decay essentially on the initial remainder
energy shell with very small non-Markovian effects at other energies. The decBigsof and $redicted by our
guantum master equati@B) are in excellent agreement with the decays calculated with the exact von Neumann
equation13].

In conclusion, we have shown that relaxation and decoherence can already emerge in finite quantum systems
such as a nanosystem made of a subsystem interacting with the remainder of the nanosystem. In such systems er
ergy is conserved and dissipation only occurs between the subsystem and the other degrees of freedom constituting
the remainder. The description of such irreversible processes can be carried out thanks to a special quantum maste
equation which rules the distributions of the populations and coherences of the subsystem over the energy of the
remainder. This master equation describes the exchange of energy between the subsystem and the remainder i
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agreement with the exact dynamics and generalizes the approaches where the remainder is considered as a he
bath. We showed that the subsystem populations relax according to a biexponential as a consequence of the tota
energy conservation (although the heat bath approach predicts a single exponential decay). Moreover, the quantun
coherences can also be distributed on the energy of the remainder and their time evolution presents an oscillatory
damping characteristic of decoherence with small additional features due to non-Markovian effects. We believe
that this new way of describing the time evolution of a quantum subsystem inside a nanosystem can be of interest
for understanding recent experiments in hanotechnology.
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