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In this article, exponential contraction in Wasserstein distance for heat semigroups of
diffusion processes on Riemannian manifolds is established under curvature conditions
where Ricci curvature is not necessarily required to be non-negative. Compared to the
results of Wang (2016), we focus on explicit estimates for the exponential contraction
rate. Moreover, we show that our results extend to manifolds evolving under a geomet-
ric flow. As application, for the time-inhomogeneous semigroups, we obtain a gradient
estimate with an exponential contraction rate under weak curvature conditions, as well as
uniqueness of the corresponding evolution system of measures.
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1. INTRODUCTION

Let M be a d-dimensional connected complete Riemannian manifold and con-
sider the operator L = A+ Z where A is the Laplace-Beltrami operator and Z a C'-
vector field on M. We denote by X; the diffusion process with generator L, which is
characterized by the property that for any test function f on M, the relation

df(X;)—Lf(X;)dt =0, modulo differentials of martingals,

holds in the Itd sense. Throughout the paper we assume that the L-diffusion process is
non-explosive. This holds true, in particular, when the Bakry-Emery Ricci curvature
of M is bounded from below, that is, for some real constant K,

(1.1) Ric%(X,X) :=Ric(X,X) — (VxZ,X) > K|X|>, Xe€TM,xeM.

Let P, be the Markov transition semigroup associated to X; and uP; be the law of X,
with initial distribution p. It is well known that there are various functional inequal-
ities on P, which all give conditions equivalent to the curvature condition (1.1), see
[4, 15].
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In this article, we investigate L7-Wasserstein contraction inequalities (g > 1)
for uP,. Denote by &?(M) the set of probability measures on M. On Z(M) the
L9-Wasserstein distance is defined as

1/q
W(I(‘u’la.uQ) = inf // p(x7y)qd7t(xay) y M1, M € ‘@(M)v
TEE (11, 12) MxM

where p denotes the Riemannian distance on M and % (;, 1») consists of all cou-
plings of iy and u,. The Wasserstein distance has various characterizations and plays
an important role in the study of SDEs, partial differential equations, optimal trans-
portation problem, etc. For more background, one may consult [13, 10, 15] and the
references therein.

The L9-Wasserstein distance W, on (M) will be used to quantify the time
evolution of (UF;);>0, e 7(m)- A typical phenomenon of interest for the system

(WP i>0,ue 2(m)
is exponential contraction in the Wasserstein distance, i.e.
(12) Wq(,ulPta.LLZPZ) §ce_qu(/.L1,,u2), tZO, 512 17

with positive constants ¢ and kK. We refer the reader to [8, 9, 12, 17] for work in this
direction on the Euclidean space M = R?. When M is a Riemannian manifold, for
instance, under the curvature condition

(1.3) Ric%(X,X) > k|X|?

with k¥ > 0, the exponential contraction (1.2) holds with ¢ = 1 and « the curvature
bound in (1.3). Moreover, it is well-known that inequality (1.2) with ¢ = 1 is actually
equivalent to the lower curvature bound (1.3). For certain cases, when Ric? is not
bounded from below by zero, Wang [16] showed that the following inequality holds:
forany g > 1,

(1.4) Wy(8P 8,B) < ce ™ (p(x,) Vp(x,0) /)
for some constant ¢ > 1 and A > 0.
In order to weaken condition (1.3) as in [16], let us first recall the definition of
the index:
IZ('xuy) = I(X,y) + <Za Vp(7y)> + (Z,Vp(~,x)>, X,y € M;

where
plry)d-] , o
1) = [0 L AVAE = R0} (1) ds:
i=1

Here p is the distance function, R the Riemann curvature tensor, y: [0,p(x,y)] = M
the minimal geodesic from x to y with unit speed, (J;);—1.... 41 are Jacobi fields along
7Y such that

Ji(Y):Px,yJi(x), l'Zl,...,d—L
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for the parallel transport Py ,: T.M — T,M along the geodesic 7y, and
{’)7(5),]1'(5): I<i<d- 1}7 5s=0, p(x7y)7

is an orthonormal basis of the tangent space at x, respectively y. Note that when
(x,y) € Cut(M), that is if x is in the cut-locus of y, the minimal geodesic may be not
unique. As it is a common convention in the literature, all conditions on the index I*
are supposed to hold outside of Cut(M). If there exist positive constants K; and K;
such that

(1.5) F(x,y) < (K1 + K2)Lip(ay)<ry) — K2) p(x,3)

for some ro > 0 and if Ric” is bounded below, then (1.2) holds with ¥ > 0 and ¢ > 1
for any g > 1, see [16]. This is the case, for instance, when RicZ is bounded below
by a positive constant outside a compact set. It is crucial that the exponential rate A is
independent of p. Due to the equivalence of (1.2) with ¢ = 1 and (1.3), in the negative
curvature case it is essential that ¢ > 1.

In this paper, we give quantitative estimates of k and ¢ by constructing a suitable
auxiliary function. We begin the discussion with a more general condition (see As-
sumption (A1) below) which includes situation (1.5). Actually, we rewrite condition
(1.5) as follows:

“(x,y) < ki —kap(x,y),

for some constants k; > 0 and k, > 0. Then, for p > 1,1 > 0, and x,y € M, we obtain
(see Corollary 2.5 below) that

2k, (r—1)/p k% ks Up
W, (0cF, 6,P) < <1 + k2> exp (pk2 - Zpekf/bt) (P(xay) Vp(x,y) ) .

Note that the constant k» /(2¢ek1/%2) is independent of p.

Our approach to exponential contraction results relies in a crucial way on cou-
pling arguments for Brownian motions, resp. L-diffusion processes. To derive expo-
nential contraction of the Wasserstein distance we construct a coupling of L-diffusions
where we use coupling by reflection for short distance and coupling by parallel dis-
placement for long distance. Intuitively speaking, coupling by reflection is very pow-
erful; in particular when curvature is negative it prevents the coupled processes X; and
Y, from moving too far away from each other. On the other hand, parallel coupling
has the advantage that it leads to simpler calculations, since the martingale part of the
distance process p(X;,Y;) vanishes. This coupling works well under stronger lower
curvature bounds, for instance, if there is a positive lower bound of the Ricci curvature.
We will see in Section 2 that under our assumptions a mixture of the two couplings
is favorable and that from the constructed distance process sharp transportation-cost
inequalities can be derived.
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In the second part of the paper, we extend the results from Riemannian mani-
folds to the differentiable manifolds carrying a geometric flow of complete Rieman-
nian metrics. More precisely, for some 7, € (—eo, 0|, we consider the situation of a
d-dimensional differentiable manifold M equipped with a C' family of complete Rie-
mannian metrics (g,)te(,mjf). Let L, = A, + Z;, where A, is the Laplace-Beltrami op-
erator associated with the metric g, and (Z;),c(o,7,) isaC !_family of vector fields on M.
Assume that the diffusion process (X;) generated by L, is non-explosive before time 7
(see [1] for detailed construction). Let Py, be the corresponding time-inhomogeneous
semigroup.

It is shown in [2, Theorem 4.1 (b)] that if

(Rie? ~ 38 ) 0t 300) = X (o)

for some positive constant &, where RicZ is defined as in (1.1) for the manifold (M, g;),
then exponential contraction in L”-Wasserstein distance holds with respect to the g;-
Riemannian distance py, see also [5].

In this paper, we consider situations where Ric,Z — %8, g; is not necessarily bounded
below by zero. More precisely, assuming that there exists a real-valued function k such
that liminf, . k(r) > 0 and

. 1
(Rie? ~ 318, ) 0 X)0) = k(o ()X,
we prove that

~ 1A (—s) %
(16) Wp,s(ulps.,ty,uZPs,t> S ce pl(t 9 Wp,t(.ulmuZ)a tZ S, P Z 17

holds for some positive constants ¢ and A, where

1/p
Wp,t(“luuZ) = inf / pl(xvy)pvpt<x7y) 7[<dx7dy> .
neE (L1,2) \IMxM

Moreover, in Theorem 3.1 we give estimates for the constants ¢ and A and apply these
results to estimates of the semigroup.

Furthermore, we use the W ;-contraction property to prove uniqueness of the
evolution system of measures. It is well known that invariant measure provide impor-
tant tools in the study of the long behavior of diffusion processes. When it comes
to time-inhomogeneous diffusions, the evolution system of measures plays a role
similar to the invariant measure. In [6], the first two authors investigated existence
and uniqueness of evolution systems of measures. In particular, they found that W;-
contraction of the distance helps to prove uniqueness properties (see [6] for details).
Since now the Wj-contraction is established even in cases when the lower bound of
the curvature may be negative, this allows to improve the result in [6] where a uniform
lower curvature bound had been imposed for each time. Inspired by this, in Section
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4, we consider uniqueness of the evolution system of measures under a new relaxed
curvature condition which allows a lower bound of curvature depending on the radial
distance (see Theorem 3.5). It is surprising that under this new condition, a type of
dimension-free Harnack inequality can be derived which then may be used to obtain
supercontractivity of the semigroup Ps; (see Theorem 3.7).

The paper is structured as follows. In Section 2, we investigate (1.4) by con-
structing a suitable coupling (X,Y) and using a new auxiliary function to measure
the distance of X and Y. Our result in this section can be applied to the time-
inhomogeneous diffusion process on manifolds carrying geometric flows in Section 3.
Section 4 is devoted to the study of existence of evolution system of measures under
the new kind of curvature condition. Finally, supercontractivity of the semigroup Py,
with respect to the evolution system of measure is studied by establishing dimension-
free Harnack inequalities.

2. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE

We begin this section by specifying our assumptions.

ASSUMPTION (Al). There exist a non-negative continuous function ki on
(0,00), a positive constant ky and and a constant > 0 such that

2.1) F(x,y) <ki(p(x,y)) —kap (x,y)1+®

and such that for some positive constants ro and ks (with ks < ky) the following two
conditions hold:

(1) ki(r) —kor'™® < —ksr'*®, forr>ro,
(2) Joki(v)dv <eo,  foreachr> 0.

Remark 2.1. We denote by p (x) the distance of x € M to an arbitrary base point.
Note that if RicZ(x) > k(p(x)) for all x with liminf, ,..k(r) > 0, then there exist
constants k; and k; such that

22) #(x,y) < ki —kap(x,y).
In this case, Assumption (A1) is satisfied with k; a non-negative constant and 6 = 0.

We now state some exponential contraction inequalities for the Wasserstein dis-
tance with explicit estimates of the decay rate.

THEOREM 2.2. Suppose that Assumption (A1) holds. Then,
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(1) forp>1,t>0, and x,y € M, we have
Wy(8eP, 8,P;) < cpe™/P(p(x,y) V p(x,y)"/P),

where

_ 1 k>
cp=(1 —i—ro)(” ])/pexp <4p/o ki(r)dr+ 8pr(2)+0>

1 (7o k
A :k3rg exp <—4/0 ki(r)dr 82 (2)+9> ;

(i) fort >0, W, up € Z(M) and p > 1, we have
Wy (P 1o P) < cpe ™ MPW, (11, o),

and

where

1/p
W) = _inf ([ p(ey)vpey)a(dxdy) )
neC (U,12) \J MM

(iii) fort >0and W, ur € P (M), we have
Wi( P, maFB) <cj e MW, (M1, 12).
Remark 2.3. Since ry and k3 are independent of p, the constant A in Theorem

2.2 also does not depend on p. Moreover, although ¢, depends on p, it can be con-
trolled by a constant independent of p:

cp=(1+r) P~ ”’exp( / ki(r dr—|— k2 2+9)

(1—|—r0)exp< / ki(r dr+822+9>.

For the proof of Theorem 2.2, the function y defined below and its proper-
ties will be crucial. First let o € C!([0,%)) be a function satisfying 0 < o < 1 for
r€ (ro,ro+1), 6 =1 forr <ryand o =0 for r > ry+ 1. Furthermore, define

lo(r) = ap>PP=DIrg(r1/P)2,
G (r) = pr'= Pl (r17) = plor' 0P 1 dp(p — 1)r! o (PP,
and let

—14y(r)
) = plarrig g+ (22 00 ) 14,

Since 6 > 0, it is obvious that for r € (0, rp),
(2.3) ki(r) —kor®Tt > —korQr.
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We thus have ¢; 4 ¢ > 0, according to the definitions of ¢; and ¢. Next, consider the
function

(2.4) y(r)= /Orexp <—/r: de) du.

0

The following lemma collects properties of y.

LEMMA 2.4. Let ky,k,k3,0 and ro be given by Assumption (A1). The function
v in (2.4) is well defined, twice differentiable on (0,0), and satisfies y' > 0 and
v < 0. In addition,

(i) for r > 0, we have
L)y (r) +Lo(r)y" (r) = —L(r) ' (r);
(ii) there exist positive constants ¢| and ¢, such that
art’? <wy(r) < érl/r
where

s ] o ] Lo ky 210 .
¢ = pr§ and & = pr{  exp 2 kl(r)dr+§r0 ;

@iii) for any r >0,
Ur)y'(r) > Ay(r),

where

1 [ro
A= k3rg exp (—4/0 ki(r)dr— k82r(2)+6) .

Proof. The first assertion is immediate from the definition of y. For 0 < r < rg ,

we have o(r'/?) = 1 and then
246

r r - —1+2
/Z(V)+51(V)dv=/ (kl(vl/p) LGPl kv o +k2rgv +">d‘}.

7Y lo(v) 4 4pvi-1/p p 4p 4p
As ky,k; satisfy (2.3), we find
2.5) / O HO0) 4y o= !
m Lo(v)
and
(2.6)
r 4 1 7o
/ Mdv>lnr(p71)/1’_1nrp_l_ Okl(v/p)dv_/okvpdv.
rg EO(V) - 0 0 4pv1—1/p 0 4p
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Combining (2.5) and (2.6), we conclude that

_ 1 [ k _
P 1=PP <y (1) < exp (4/0 ki(r)dr+ 8’%) b =p)p
This implies
(2.7) art’? <wy(ry<éar'’?, 0o<r<ib,

where
—1 - 1 o k 2 —1
=pr} and & = pexp Z/ kl(r)dr—i—gro e
0
On the other hand, for r > r}j, we have

[t et

-1
= Inr— plnry
I by ( :

which gives

v(r) +/ exp( /{:’l Zl(z)?_f( )dv> du
= ‘l’(ro)+p (rl/prg : —rg> .
Moreover,
v (r) = rgflr(l_p)/p, r>rf.
In particular, y is well defined. Combining this with (2.7), we obtain, for all > 0,
art’t <wy(r) < &r'/?

where

~ _ .p—1
¢l =pry

1 [ k .
Ezzpexp<4/0 k](r)dr—i—gr(z)) b g

Using the condition k; () —kor'™® < —k3r!70 on [}, ) and the above estimates for
v and Y/, we arrive at

6
(r)y'(r) = (kZFOPr]l[orP)‘f‘kSP"H”]l oo)> v'(r)

> pry <k2roﬂ[0r +harg Lpp )rl/”

> min{ky, k3 }r exp (4/ ki(r)dr— lgr%) v(r)
0

=Ay(r). O
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Proof of Theorem 2.2. Consider the operator L = A+ Z where Z is a vector field
on M. Let d; denote the Itd differential on M. Then the L-diffusion process X; is
obtained as solution to the Ito6-SDE

(2.8) diX, = V2udB, +Z(X,)dt, Xo=ux,

where (B;);>0 is a d-dimensional standard Brownian motion on R? and (u; );>¢ a hor-
izontal lift of (X;),>0 to the orthonormal frame bundle over M. As explained in the
Introduction, our approach is to construct the coupling for short distance by reflec-
tion and for long distance by parallel displacement. To this end, we choose a cut-
off function ¢ € C'([0,0)) as before, that is a function o € C!([0,)) satisfying
0<o<Ilwhenre (rg,ro+1),and 6 =0whenr>ry+ 1 and 6 =1 when r < ry.
For (x,y) ¢ Cut(M), let

Myy: TM = oM, v Py = 2(n, 1) (%) 1Y)

be the mirror reflection, where ¥ is the minimal geodesic from x to y. We rewrite SDE
(2.8) as

diX, = V2 (G(p (X:,Y:)) u:dB; + \/1 B G(p(Xt,E))Qu,dB§’> +Z(X;)dt,

where B, and B; are two independent Brownian motions. Now define ¥; as solution to
the following SDE on M with initial condition Yy = y:

(2.9)
drY, = V2 (a(p(X,,me,,y,utdB; /1 O'(P(Xz;Yr))sz,,WtdBf’> +2(%)dr.

Since the coefficients of the SDE are at least C! outside the diagonal {(z,z): z € M},
there is a unique solution up to the coupling time
T:=inf{r >0: X, =Y, }.

As usual, we let X; =Y; for t > T. We ignore here technical difficulties related to
a possibly non-empty cut-locus Cut(M). It is well known how to deal with these
issues, see for instance [14, Chapt. 2] or [3, Sect. 3] for details. The presence of a cut-
locus actually facilitates the coupling; it decreases the distance of the two marginal
processes.

Next, we have by 1t6’s formula,

dp(X,,Y,) <2V20(p(X,,Y;)) db; + IZ(X,,Y,)dt
<2V20(p (X, Y,)) by + (ki (p (X, ¥)) — kap (%, %) *0 ) dr, 1< T,

where b; is a one-dimensional Brownian motion on R. Thus,

1
dp(X,,Y,)" < pp (X, Y)P ™' dp (X, Y;) + FP(p— Dp (X, Y,)" "2 d(p):
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< pp(X, X" {220 (p(X, Y)) dby + (ki (p (X, %) —ap (X, )"+ ) it}
+4p(p—1)0(p(X, X))’ p (X, X,)"2dt, t<T,

where (p); denote the quadratic variation of p(X;,Y;).
Taking this calculation into account, our next step is to look at properties of the
process Y (p(X;,Y;)?). First of all, by It6’s formula, we have

dy(p(X:,Y,)")
<V/(p(X,Y,)" (2fpp(x,,m” ' (p (X, X)) dby + 1 (p(X,, %))t

+ ¥ (p (X, Y)P)lo(p (X:, Yo)P) dt
—th—f(p(Xz,Yf) W (p(X,,Y)P)dt, 1<T,

where
dM; = 2v2py (p (X, Y:)")p (X, Y)' ™ o (p (X, Y;) ) dby.
By means of Lemma 2.4 (iii), we get
dy(p (X, Y1)") <dM; —Ay(p(X;,Y;)")dt, t<T.
Lett,={r>0:p(X;,Y;) ¢ [1/n,n]}. Then 7, T T as n — oo, and for s <1,
By (p” (Xirs,,Yins,))

(2.10) < Ey(p” (Xynz . Yons,)) — A / Ev(p(Xne,,Yons ) dr.

From now on, for the sake of brevity, we simply write p/ := p(X;,Y;)?. Since
y(0)=0and X; =Y, fort > T, we have

(2.11) Evw(p/.r) =E [w(p! ) yery] +E [w(o7) L=1y] = By (p!).
Letting n — oo of (2.10) and using (2.11), we conclude that

t
Ev(pf) <EV(p!) ~ 1 | Ey(p!)dr
Thus, letting
£(6) = Ey(pl),

—l/stf(r)dr

Ut) =e ™ y(p(x,y)P),

we obtain

For the function
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it is immediate that

U =U(s)-2 [ UC)dr U0 = w(p@ )
This implies
f&)<U(r), t>0.
Actually assume that there exists o > 0 such that f(¢y) > U (#y) and let
1 =sup{s <to: f(s) <U(s)}.

By the continuity of f and U, we obtain f(t;) =U(t;) and f(r) > U(r) for r € (t1,19).
From this we conclude that

fit) < f(r)—A tlf(r)dr<U(tl)—l/ttU(r)dr:U(t), t € (t1,0),

and hence ty = t;. Thus we have

(2.12) Ey(p(X,.%,)") <e M y(p(x,y)").

From Lemma 2.10 (i1) that there exist two constants ¢; and ¢, such that
(2.13) arlP <w(r) < ér'/r.

Combining (2.13) with (2.12) we obtain the estimate:

.14 Ep(X,.¥) < 2 EW(p(X. 1)) < 2 pay),
Recall that

dy(p(X,,Y,)") < aM, —L(p(X,,Y:)") ¥ (p(X,,Y:)P) dt.

Since o(p(X:,Y;)) = 0 for p(X;,Y;) > ro + 1 while dy(p(X;,Y;)?) < 0 if
p(X:,Y;) > ro+ 1, we have

v(p (X, X)) <y ((ro+ 1)V pP(x,y)),
which together with the fact that y' > 0 implies
P(X:,Y:) < (ro+1)Vp(x,y).
Combined with (2.14) this implies

E) [p(X,, Y] < ((1470) V()" Elp(X.1,)]

< %ef”(l+ro)"*lp(x7y)vp(x7y)p- -

According to Remark 2.1, under the assumption that

liminfRic?(x) > 0,

p(x)—o
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we can find positive constants k| and k, such that

Iz(xay) < kl _kzp(x7y)7

and then by Theorem 2.2, there exist constants ¢ and A such that (1.4) holds. More
precisely, we have now the following results with explicit values for ¢ and A.

COROLLARY 2.5. Assume that
(2.15) (x,y) < ki —kap (x,y),

for some constants ki > 0 and ky > 0. Then,

() forp>1,t>0,and x,y € M,

2k

(r=1)/p kZ k2
m@&@@s@+k) ew(l
2

% - 2pek%/k2

r) (p(x.y) V p () /7):

(i) forp>1,t>0and p, i € (M),

W, (P, 1P < 1+& (pil)/pex L 1) Wy( )
p [J,] lauz t) > k2 p ka 2pek%/k2 p .u17.u27

where

1/p
W) = _inf ([ p(ey)vp(ey)a(dxdy) )
TEE (U1, 12) MxM

(iii) in particular, fort > 0,
§ k
ky 2eki/k

EC9)p(X,,¥;) < exp ( r) p(x,y).

Proof. By assumption, we have
IZ(x,y) < kl - kzP(X,)’)-
Let ro = 2k /k. Then, for r > ro, we have k; < kpr/2, or equivalently,
1
ki —kor < —Ekzr.

Thus, we find k3 = k3 /2 and

1 o k k k3
A = ksexp (—4/0 kldr—gzr%) = 22exp <_k;>

Substituting the explicit constants in the results of Theorem 2.2, we complete the
proof. [
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COROLLARY 2.6. Keeping the assumptions as in Theorem 2.2, we have for any
t>0andany f € C5 (M),

IVBf| <cre ™ ||VS]..

where the constants ¢\ and A are given in Theorem 2.2.

Proof. For f € C; (M), according to the definition of |VP, f|, we have

Pf(x)=PRf (y)‘
p(x,y)
J(X) = f(%) p(Xz,Yt)}
p(X,Y:)  p(x,y)

VP fl(x) = lim
VRSl = tim

= lim E® [
p(x.y)—0

<cre M |Vf].

forr>0. O

3. EXPONENTIAL CONTRACTION IN WASSERSTEIN DISTANCE ON
EVOLVING MANIFOLDS

In this section, we deal with the case that the underlying manifold carries a
geometric flow of complete Riemannian metrics. More precisely, we consider a d-
dimensional differentiable manifold M equipped with a C' family of complete Rie-
mannian metrics (g )¢ (—e,7,) for some 7, € (—oo,00]. We denote the interval (—oo, T;.)
by 1.

We first give some quantitative results concerning exponential contraction in
Wasserstein distance over evolving manifolds. As application, we use the W;-contraction
inequality to derive a gradient inequality and uniqueness for the evolution system of
measure.

3.1. Main results

Let V' be the Levi-Civita connection and A, the Laplace-Beltrami operator as-
sociated with the Riemannian metric g. In addition, let (Z),c(07,) be a C _family of
vector fields on M. We set

IZ(t,x,y) - I(tvxvy) + <Z,,tht<~,y)>, + <Zf7vtpl('7x)>l

where

pt xy d 1
o) = [ T IV~ (R TAN (6) a3 () s
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Now p; is the Riemannian distance, R, the Riemann tensor, and y: [0, p;(x,y)] — M
the minimal geodesic from x to y with unit speed everything taken with respect to the
Riemannian metric g;; in addition, {J }d | are Jacobi fields along y such that

Ji(y) = P;vny(x), i=1,....d—1,
in terms of the parallel transport P;,y : TM — T,M along the geodesic ¥, and such that
{’JV(S),J,-[(S)I 1<i<d-— 1}a s =0, p,(X,y)

are orthonormal bases of the tangent spaces T.M, respectively T,M, with respect to g;.
We first give a precise formulation of our assumptions in the time-dependent
case.

ASSUMPTION (A2). There exist a non-negative continuous function k; € C(0,0),
a positive constant ky and a constant 8 > 0 such that

3.1) I#(1,x,y) < ki (pr(x,y)) — ko (x,3)'*°

and such that there exist positive constants k3 (ks < ky) and ro with the property:
ki(r) —k2r1+9 < —k3r1+9, r>ro,

and [y ki (v)dv < e for each r > 0.

Consider the operator L, = A; + Z; where Z; is a family of vector fields which
is C! in t. Let (X;) be the diffusion process generated by L, which is assumed to be
non-explosive up to time 7, and let P;; be the corresponding time-inhomogeneous
semigroup.

THEOREM 3.1. Assume that Assumption (A2) holds. Then
1) forx,yeM,p>lands<t<T,
Wp,t(SxPs,tv SyPs,t) S Cp eil(tis)/p (ps(xvy) \% pS (x,y) l/p)v

where
k
(3-2) cp=(147r9)"" /peXP< / ki(r)dr+ o X 2+9)
1 2
(3.3) x_k3rgexp<_4/0 (r)ar—2 3+e>’

(ii) fors <t <T, p>1land u;,uy € (M), we have
Wp,t(ulps,tauZPs,t) < Cp e—?L(t—s)/p Wp,s ([.11,[.12),

where

1/p
Wpulppo) = _inf ([ pea)vplxyadndy) )
TEE (U1,12) MxM
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(iii) fors <t <T,and U, € (M),
Wi (1 Pss, toPsy) < c1 e A=) Wi (s M2).

Proof. Let X; be the L;-diffusion process, which we assume to be non-explosive.
It is well known that the process X, solves the following SDE:
(3.4) diX, =V 2u,dB, + Z;(X,)dt, X, =x,

where (B;)>s is a d-dimensional Brownian motion on R?. Here (u; ), is a horizontal
lift of (X;);>s to the frame bundle over M such that the parallel transport

“t”;l (M, g5) — (Tx,M, g;)

along X; is isometric. We may rewrite SDE (3.4) as

d]Xz = \/5 <G(p,(X,,Yt))u,dB; + \/1 - 6(pt(Xt,Y,))2u,dB;/> +Zt(Xt)dt,

where B) and B! are two independent Brownian motion on R¢Y. Recall that ¢ €
C'([0,0)) is a function satisfying 0 < o < 1 when r € (ry, 79+ 1), and 6 = 0 when
r>rp+1and o =1 when r < ry. Let Y; solve the following SDE on M (with initial
condition Yy = y):

drY, = \[< (p,(X,,Y,))MX Y udB; + \/1 o(p:(X:,Y7))? Pttxu,dB;/) +7;(Y)dt,

where P)t(hyt and M&hyr denote respectively the parallel transport and the mirror reflec-
tion along the g;-geodesic connecting X; and ¥; with respect to the metric g;. Since
the coefficients of the SDE are at least C! outside the diagonal {(z,z): z € M}, it has
a unique solution up to the coupling time

T:=inf{t>s: X, =Y,}.
Let X; =Y, fort > T as usual. Then, by It6’s formula (see [5]), we have
dp,(X,,Y;) < 2V2db, + I (1,X,,Y,)dt
<2V2db; + (ki (pi (X0, Yh)) —kapi (X, Yi) ' *0)dt, 1< T,
where b, is a one-dimensional Brownian motion on R. Moreover,

1
dp,(X:,Y)” < ppi(X,, Y,)P  dpi(X,,Y,) + EP(P —1)pi(X, Y,)P2d(p),

< ppi (%, 1)~ {22, + (i (p(X,, Y1) — kapr (X, %) 0 e }
+4p(p—1)p,(X,,Y;)P 2 dt.
Then, by the It6 formula for y(p,(X;,Y;)?), we have

d(pi(X, 1)) < ¥/ (pi(X,1)") (2V2ppu (X, 1) dbi 401 (pi (X%, X0)) i
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+ 9 (P (X X)) o1 (X, X)) it
= dM, — €(pi(X,, Y))P )W (P (X, Y:)P) dt
where
dM, = 2v2py (01 (X,,%,)7)pi (X, Y )P~ dby.
The remaining steps are the same as in the proof of Theorem 2.2. We skip the details.

O

Remark 3.2. It is natural to ask whether contraction in Wasserstein distance
still holds when the curvature condition (3.1) is weakened as follows: there exist non-
negative functions ky,k, € C!(I) and ¢ € C([0,)) such that

(3.5) #(1,2,y) < ki (1) (i (x,)) — ke (1) pr (x,y) 7.

A possible way to deal with this case is to prove the result for each interval [s,z].
Assume that for an interval [s,7] C I,

IZ(”vxvy) <k (s,t)(b(pu(x,y)) _kQ(svt)pM(x>y)l+9’ uc [Svt}v
and there exist k3 (s,7) and ry(s,?) such that
ki(s,0)¢(r) —ka(s,0)r' ™0 < —k3(s,0)r'T0, 1> ro(s,1)

and [y ¢(u)du < e for r > 0. Then, by an analogous procedure as in the proof of
Theorem 3.1, we get

Wp,t(5xps,t7 any,t) < cp(s,t) e~ MeN=s)/p (Ps(x,)’) \ Ps(xy)’)l/p)-

Hence, if the coefficient ¢, (s,t) e A00=5)/P converges to 0, as t — s — oo, we still
have contraction of the Wasserstein distance Wp,t-

Assume that Ric? > k(p,) and liminf, .. k(r) > 0. Then there exist positive
constants k; and k; such that

1(t,x,y) < ki —kapi(x,y).
In this case, the following corollary follows directly from Theorem 3.1.
COROLLARY 3.3. Suppose that
(3.6) IA(t,x,y) <ki —kops(x,y), t€I
for some non-negative constant k| and positive constant k. Then,

(1) forp>1,s<t<T,andx,y e M,

2k (r—1)/p k% ko
Wp,t((sxps,h(sva,t) < <1 + k2> exXp % - zpek%/kz (t —S)

X (Ps(x,y)\/ps(x’y)l/p) ;
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(ii) fors <t <T, p>1land pu,u € M),

_ 2% (p—1)/p k2 k .
Wy (1 Py, o Py ) < <1 + 1) exp( : 2 (t—s)) Wp.s(t1, 12)

ks Pk 2pekik
where
_ 1/p
W)= it ([ ooV pisoa(dnay))
TEE (U1,12) MxM
(ii1) in particular, for s <t < T,
EXY)p,(X,,Y;) < ex Kk (t—s) ) ps(x,y)
3 1y4t) = P k2 zek%/kz S 7y .

We now apply Theorem 3.1 (iii) to derive gradient estimates for the 2-parameter
semigroup P ;.

COROLLARY 3.4. Under the same conditions as in Theorem 3.1, we have
VP fls < cre 09IV £l
for any s <t and any f € Cy (M), where c| and A are defined as in (3.2) and (3.3)
respectively.

Proof. For f € C5(M), according to the definition of V*P;, f, we have for s <t,

. Pstf(x)_Ps.tf(y)‘
VSPS s\X) = hIIl i ?
|VEP fs(x) o fim o)
m EEE) <f (X) — f(%,) pz(Xz,Y,)>
Ps(xy) =0 pe(Xe, ) ps(x,y)
<cre M1V AL - -

3.2. Applications

Let us first recall the notion of an evolution system of measures for a 2-parameter
semigroup. A family of Borel probability measures (L );c; on M is called an evolution
system of measures for P, (see [7]) if

| Pabd = [odu. o€z 0)

for s <t < T. In [6], we investigated existence and uniqueness of evolution systems
of measures. The condition for uniqueness (H3) in [6, Theorem 2.3] requires that
the lower bound of Ric,Z — %&g, depends only on time ¢ and satisfies an integrability
condition. Here we give another condition in terms of lower bounds on Ric,Z — %81 g
depending on the radial distance p;.
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THEOREM 3.5. Suppose that there exists a function k € C([0,)) with
lisrgioglfk(s) > 0 such that
3.7) Ric/ — 2 alg > K(p)
and that there exist € > 0 and xg € M such that for some constant C,

3ke(t)e+|Z|i(x0) <C, tel,

where
(3.8) ke (1) := sup{Ric,(x): p;(x0,x) < €}.
Then there exists a unique evolution system of measures (Us)ser for Py .

Proof. First of all, by [11, Lemma 9], we have

(L +3,)p} =2p/(Li + 0;)p, +2

<2(R(p) - [ Ko (o)) ds-+ )l ) prot 2
where
Fi(s) = Ve~ ) coth (k) /[d— 1) (s A€)) +ke(t)(s )

and kg (1) is given by Eq. (3.8). There exists a positive constant ¢ such that

P
— [ Koo s = = ["kiptriomas— [ kiputrts)as
< —olpi—ro)= | klpi(¥(5)ds

r
< _op+or— /0 k(pi (¥(s)))ds
—Op;tc.

AsRic/ — 19,8, > k(p;) and liminf,_,.. k(s) > 0, the function k is bounded below and
there exist constants o > 0 and k > 0 such that for r > ry,

k(r) > x>0.
By straightforward estimates, using the obvious inequality coth(x) < 1+ %, we obtain
(Li+0)p2 < 2d + (3ke(1)€ + |Zt|: (x0) +3(d — 1)e™") pr + cpr — 2Kp2.
Thus, if 3k (t)€ +|Z|;(x0) < C, we can find constants C; and C; such that
(Li+9)pf < C1 = Capy.
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Therefore, by [6, Theorem 2.3], there exists an evolution system of measures (L)
such that

C

b}
SE(_WJ] 2

Recall that Ric? — 1d,g; > k(p;) with k(r) > k > 0 for rp > 0. Moreover, given
condition (3.7), there exist positive constants k; and k, such that

 (x,5)
o) < = [ (Rie? = 53 ) (16).H6))ds < o o).

Hence condition (3.6) in Corollary 3.3 is satisfied, and by this corollary, there exist
constants ¢; and A depending on k; and k, such that

Rt o) =) = | B 60) = P ) )

—| [ £ pt()XhJ;f)mpmxf,n)}us<dy>|

< IV 7bl. f B0 lo0 08, 1) ()
<ore 9 [

<cpe M) H IV’flzlL\/m?

which implies
lim |2, (x0) =t (f)] = 0.
§——o00
If there is another evolution system of measures V;, then
() = ve(N) < lim ([P f (x0) = e (F)] + [Py f(x0) = vi()]) = O,
i.e. Uy = V;. This finishes the proof. [

Remark 3.6. Comparing the above conditions to [6, Theorem 2.3], we note that
the function k(r) is only required to be positive outside a compact set. If k(r) is not
bounded below by zero, the situation is not covered by [6, Theorem 2.3].

It is well known that evolution systems of measures play a similar role in the in-
homogeneous setting as invariant measures for homogeneous semigroups F;. Inspired
by this, we take the system (L )ses as reference measures and study the contraction
properties of the two-parameter semigroup F;.

THEOREM 3.7. We keep the assumptions of Theorem 3.5 and assume that
Us(e¥Ps) < oo for any € > 0. Then the semigroup Py, is supercontractive.

The idea is to first establish a dimension-free Harnack inequality under assump-
tion (3.9) below.
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LEMMA 3.8. Suppose that there exist constants ky,ky such that
(3.9) F(1,x,y) < ki —kapy (x,y).
Then, for any p > 1, the following dimension-free Harnack inequality holds:

4y ps (x, 2krps(x,y)?
B0 = P00 (5 (K09 + 020 b)) )

for any non-negative function f € B,(M) and s <t < T..

Proof. Let X; solve the stochastic differential equation
diX = 2u,dB, + Z,(X,)dt, X, =x,
and let ¥; solve the stochastic differential equation
diY, = V2P, yudB, + (Z,(Y) + & (1. X, o)) dr, Y, =,

where the function & € C'(I x M x M) will be specified later. Since the coefficients
of the coupled SDE are at least C' outside the diagonal {(z,z): z € M}, the coupled
SDE has a unique solution up to the coupling time

T:=inf{t >s: X, =Y, }.
Let X; =Y, for t > 7 as usual. By It6’s formula, we have
(3.10)  dpi(X,,Y,) < TP, X, Y,)dt — &dt < (ki — kapy(X,,Y;) = &)dt, 1<,
where & := £ (t,X;,Y;). Now, for a fixed constant T € (s,7,), let

2ky €207 pi(x,y)
G=h+ o2k (T—s) 1

, t>s.
Then

T
/ (ki = &) e dr = —py(x,y),

and

T
pT(XT,YT)—pxx,y)s/( _g)ekt) /pt X.Y,)d

< —Ps(X,y)_/ p(X:,Y;)dt.

From this, it is easy to see that T < T and hence X7 = Yr.
Now due to Girsanov’s theorem, Y is generated by L, under the weighted prob-
ability measure RP where the density R is given by

R =exp < / (EV'p(X:, ) (Yr), P ylutdBt / étzdt>
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Thus,
(Porf)? < (Por f7(x)) (ERP/P=D)P

Since T < T and

Ny = exp (ﬁ(ﬁ—l) &V 000 0, By ,), / 52dr)

is a martingale, we have EN; = 1 and hence,

ERP/(P=1) — R [Nfexp (liz /Térzdrﬂ
<o (g | )

_ L 2o Aaps(y) | 2kaps(x,y)?
—oP (4(17 —1)? (kl(T )+ Kl 1] ads_1))

It follows that

(Porf(x))?
Mapy(x,y)  2kaps(xy)?
< (Brff)exp <4( pp, 0 <k%(T —s)+ ekzl(f(s?_zi t eZkzzl()T(f)y_)l )) ’

as claimed. [

Proof of Theorem 3.7. As explained in the proof of Theorem 3.5, there exist
positive constants k; and k; such that (3.9) holds. Noting that () is the evolution
system of measures and using Lemma 3.8, we have

L= [ PalfP()us(ay)
X x,y)?
> a2 [ o (s (1094 20200 2R )

ekz(z—s) +1 eZkz(t—s) -1

= SJf|p(x>,/Bs(xo,l)exp< 4(p—1) (k%(t )
X X 2
4ky(ps(x)+1)  2ka(ps( )—i—:) >) (&)

eka(t—s) +1 e2ka(t—s) _

> 1Py 1P (6) 11y (B 1>>exp(pc<r s pkioka)
p(2ky e20=5) 4hy — 2ky) @
(- D@1 ")

where By (xo,1) = {x € M: ps(x) < 1} is the unit geodesic ball (with respect to g;)
centered at xo and C(¢ — s, p,k;,ky) is a constant depending on ¢t — s, p, k; and k.
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Letting
. 2k, ekz(tfs) +ky — 2k;
we get (oDt
Pusl() < SRCUZBPRLR)) g o0y =1,
; ]/
ts (Bs(xo,1)) "7

Therefore

(P fleye < SRCUZsDkk)) () cgptyyva,

, .US(BS(XO’l))l/p
Thus if us(e’l‘”’x ) < oo for some s € I, then Py, is supercontractive, i.e.,

HPSJ||(17J)—>(%S) <
forany l <p<g<o. [
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