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ABSTRACT. LetK be a quadratic number field and let α ∈ K. We present an explicit
finite procedure to compute at once all Kummer degrees [K(ζm, n

√
α) : K(ζm)] for

n,m > 1 with n | m, where ζm denotes a primitive m-th root of unity. We can also
replace α by any finitely generated subgroup of K×.

1. INTRODUCTION

If K is a number field and α ∈ K, then a natural question in Kummer theory is
computing at once all Kummer degrees[

K(ζm,
n
√
α) : K(ζm)

]
for n,m > 1 with n | m, where ζm denotes a primitivem-th root of unity. Equivalently,
we compute the ratio

C(m,n) :=
n

[K(ζm, n
√
α) : K(ζm)]

,

which is a positive integer dividing n that is bounded independently of m and n (see
[8, Theorem 3.1] for a direct proof). If we consider the prime factorization n =

∏
` `
e,

then we easily get the following decomposition:

C(m,n) =
∏
`|n

C(`e, `e) ·B(m, `e) ,

where
B(m, `e) :=

[
K(ζ`e ,

`e
√
α) ∩K(ζm) : K(ζ`e)

]
.

The numbers C(`e, `e), which we call `-adic failure, can be computed at once for all
primes ` and all e > 1, see Remark 14, so we focus on the study of the `-adelic failure
B(m, `e). In [9] we have described an algorithm for the computation of the `-adelic
failure over Q. In this work we let K be any quadratic field: we present an explicit
finite procedure which, given any quadratic number field K and any element α ∈ K
(which is w.l.o.g. neither 0 nor a root of unity) computes the `-adelic failure B(m, `e)
for all m, `, e such that `e | m. Notice that the numbers B(m, `e) are 1 for K 6= Q(ζ3)

2010 Mathematics Subject Classification. Primary: 11R11; Secondary: 11R18, 11R21, 11Y40.
Key words and phrases. Kummer theory, Kummer extension, number field, cyclotomic field, quad-

ratic field, degree.
1
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if ` 6= 2, and for K = Q(ζ3) if ` 6= 2, 3 because the `-adelic failure is related to the
presence of `-th roots of unity in K, see [8, Lemma 3.5]. Since K is a quadratic field,
the degrees of the cyclotomic extensions of K are easy to compute, so we can also
compute at once the degrees of the fields K(ζm, n

√
α) over K (or over Q). Moreover,

we can replace α by a finitely generated subgroup G of K×, as explained in Section
8. Notice that applications of this work include problems related to the Artin primitive
root conjecture because families of Kummer degrees appear in this setting, see the
survey by Moree [6]. In particular, our results allow to compute explicit expressions
for several densities related to the Artin primitive root conjecture.

Acknowledgments. We thank Carlo Sircana for suggesting Lemma 5 and the referee
of another paper of ours for suggesting Remark 4.

2. PRELIMINARIES

2.1. Notation. Given two integers a, b we denote by [a, b] their least common mul-
tiple, and by (a, b) their greatest common divisor. Given a non-zero integer a we write
v2(a) for its 2-adic valuation. When we speak of divisors of an integer number, we
consider positive and negative divisors alike. Squarefree numbers can be negative, and
the same holds for the squarefree part of an integer (which is the unique squarefree
integer that multiplied by the given integer is a square in Z) and for the odd squarefree
part of an integer (by which we mean the squarefree part, divided by 2 if it is even).

For an integer n > 1 we denote by ζn a primitive n-th root of unity, and by µn the
multiplicative group of n-th roots of unity. We also make use of the following notation:
if K is a number field, then K(ζ∞) is the compositum of all cyclotomic extensions of
K, while K(ζ`∞) is the compositum of all fields K(ζ`n) for n > 1; OK is the ring of
integers of K and µK is the group of roots of unity in K; for a prime p of K and for
α ∈ K×, we denote by vp(α) the p-adic valuation of the fractional ideal generated by
α; after choosing an embedding of K in C, we write x for the complex conjugate of
an element x ∈ K. If L is a cyclic Kummer extension of K of degree m and ζm ∈ K,
then we call α ∈ K a Kummer generator for L if L = K( m

√
α).

If F is a number field which is abelian over Q, then we call the conductor of F the
smallest positive integer n such that F ⊆ Q(ζn): notice that we have F ⊆ Q(ζn) if
and only if n is a positive multiple of the conductor.

IfK is a number field and ` a prime number, then we call α ∈ K× strongly `-indivisible
if there is no root of unity ζ ∈ K (whose order we may suppose to be a power of `) such
that αζ ∈ K×`. If ζ` /∈ K, then strongly `-indivisible means not being an `-th power
in K×. In general, if α ∈ K× is not a root of unity, then we can write α = ζ`h · β`

d for
some β ∈ K× which is strongly `-indivisible, for some non-negative integer d, and for
some root of unity ζ`h in K.
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2.2. Quartic cyclic number fields. We will make use of the following classification
result for cyclic quartic extensions of Q, which is [3, Theorem 1 and the following
lines, Theorem 3]. Notice that in the following statement the condition that D is posit-
ive is no restriction because either a quartic cyclic extension is totally real or the only
quadratic subfield is the field fixed by the complex conjugation, which is a totally real
field.

Theorem 1. Let D be a positive squarefree integer, and let K = Q(
√
D). Then a

quadratic extension F/K is quartic cyclic over Q if and only if it is of the form

(1) F = Q
(√

A(D +B
√
D)
)
= Q

(√
A(D −B

√
D)
)

where A is an odd squarefree integer coprime to D and B is a positive integer such
that D−B2 is a square (in particular, we have D 6≡ 3 mod 4). Moreover, the integers
A and B satisfying the above conditions are uniquely determined. The conductor of
the quartic cyclic extension is

8|A|D if D ≡ 2 mod 8, or if D ≡ 1 mod 4 and B is odd
4|A|D if D ≡ 1 mod 4, B is even, and A+B ≡ 3 mod 4
|A|D if D ≡ 1 mod 4, B is even, and A+B ≡ 1 mod 4 .

2.3. Two general results. We will use in several occasions the following two results:

Lemma 2 ([4, Lemma C.1.7 and its proof]). Let K be a number field, and let n be a
positive integer such that ζn ∈ K. Let α ∈ K× and let p be a prime of K.

(1) If vp(α) is not divisible by n, then p ramifies in K( n
√
α).

(2) If vp(α) is divisible by n and the prime number below p is coprime to n, then p
does not ramify in K( n

√
α).

Proposition 3. Let K,F be two finite extensions of a field k contained in one same
field, and assume that K/k is Galois. Then there is a one-to-one correspondence
between the subextensions of KF/F and the subextensions of K/(K ∩ F ) that is
given by the following bijective maps (one is the inverse of the other):

for F ⊆ Y ⊆ KF , Y 7−→ Y ∩K ,
for K ∩ F ⊆ X ⊆ K , X 7−→ XF .

In particular, we have

[Y : F ] = [Y ∩K : K ∩ F ] and [X : K ∩ F ] = [XF : F ] .

Proof. This is a small exercise in Galois theory which we leave to the reader. �
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2.4. Computing a single Kummer degree. We now present a strategy to compute a
single Kummer degree, which is different from the one that we develop in this paper.
This allows us to compute all Kummer degrees because the results in [10] reduce the
computation of all Kummer degrees to the computation of finitely many such degrees.
However this strategy is more cumbersome than the one that we develop in this work.

Remark 4. Let K be a quadratic field, and let α1, . . . , αr be elements of K×. If
n1, . . . , nr are positive integers and m is a positive common multiple of them, then one
can compute the degree of K(ζm, n1

√
α1, . . . , nr

√
αr) over K. By [2, Lemma 19.2.1] K

is a presented field, and by [2, Lemma 19.2.2] K has a splitting algorithm because Q
does by [2, Lemma 19.1.3]. By [2, Lemma 19.3.2] it follows that given f ∈ K[x] with
splitting field L one can compute the Galois group of L/K as a permutation group
over the roots of f(x): it then suffices to apply this to

f(x) = (xm − 1)
r∏
i=1

(xni − αi) .

Notice that the above strategy can be applied as soon as K is a number field presented
through the minimal polynomial of a generator over Q. A similar strategy allows us
to compute the cyclotomic degree [K(ζm) : K], so we can also compute the degree of
K(ζm, n1

√
α1, . . . , nr

√
αr) over K(ζm).

3. QUADRATIC SUBEXTENSIONS INSIDE CYCLOTOMIC FIELDS

The following lemma is a criterion to determine whether the square root of an element
of a quadratic number field lies in a cyclotomic extension of Q.

Lemma 5. Let K be a quadratic number field, and let α ∈ K×. Then K(
√
α) is

contained in a cyclotomic extension of Q if and only if the norm NK/Q(α) is a square
in K.

Proof. The first condition means that K(
√
α)/Q is abelian, and the statement is evid-

ent ifK(
√
α) = K. Now suppose thatK(

√
α)/Q has degree 4, and notice that this ex-

tension is abelian if and only if it is normal. Let Q be an algebraic closure of Q contain-
ingK. Let σ be an automorphism in Gal(K|Q) and denote by σ̃ a field homomorphism
from K(

√
α) to Q extending σ. If σ is the identity, then σ̃(

√
α) = ±

√
α ∈ K(

√
α).

Now let σ be the non-trivial automorphism in Gal(K|Q). To prove the statement
we are left to show that σ̃(

√
α) ∈ K(

√
α) if and only if NK/Q(α) = α · σ(α) is a

square in K. If the latter condition holds, then K(
√
σ(α)) = K(

√
α) and we have

σ̃(
√
α) = ±

√
σ(α) ∈ K(

√
α). If the former condition holds, then the elements

σ̃(
√
α) = ±

√
σ(α) and

√
α generate the same extension of K, which implies by

Kummer theory that the product σ(α) · α is a square in K. �
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If K is a quadratic number field, then a quadratic extension of K which is abelian
over Q is either biquadratic or quartic cyclic. If it is biquadratic, then it is of the form
K(
√
b) for some squarefree integer b. The conductor of K(

√
b) over Q is the least

common multiple of the conductors of K and of Q(
√
b) (in particular, there are only

finitely many biquadratic fields with a given conductor). So if K = Q(
√
d) for some

squarefree integer d, then the odd part of the conductor of K(
√
b) is the odd part of

[b, d] while the 2-part of the conductor divides 8: it is 8 if and only if b or d are even,
it is 1 if both b and d are congruent to 1 modulo 4 and it is 4 otherwise. We can also
easily determine the integers n > 1 such that K(

√
b) ⊆ K(ζn):

Lemma 6. Let K = Q(
√
d), where d 6= 1 is a squarefree integer, and let α ∈ K be

such thatK(
√
α) is biquadratic. Then there is an integer b such thatK(

√
α) = K(

√
b)

(in particular b and bd are not squares in Z). Then for n > 1 we have
√
α ∈ K(ζn) if

and only if
√
b or
√
bd are in Q(ζn) (which means that n is a multiple of the conductor

of Q(
√
b) or of the conductor of Q(

√
bd)).

Proof. The first assertion and the ‘if’ implication are clear, so let n be such that
√
α ∈

K(ζn). We may suppose that
√
b /∈ Q(ζn) and in particular K 6⊆ Q(ζn). Then by

Proposition 3 the intersection K(
√
b) ∩Q(ζn) is quadratic over Q, so it is of the form

Q(
√
a) for some squarefree integer a. One can easily check that K(

√
b)×2 ∩ Q× =

〈Q×2, a, d〉. Since b is not a square in Q(
√
a), it is not in 〈Q×2, a〉. We deduce that√

bd is in Q(
√
a) ⊆ Q(ζn). �

There are only finitely many quartic cyclic number fields extensions with a given con-
ductor, and their generators are as in Theorem 1. Recall that the 2-part of the conductor
of a quartic cyclic number field divides 16.

Theorem 7. Let K be a quadratic field, and let α ∈ K× be such that K(
√
α) is

biquadratic or quartic cyclic. Then the odd part of the conductor of K(
√
α) is the

product of all odd primes that ramify inK(
√
α), namely the odd primes p which divide

the conductor of K or such that the primes p of K over p are such that vp(α) is odd.

Proof. The odd primes that ramify in K(
√
α) are those odd primes p which ramify in

K (equivalently, they divide the conductor of K) or such that the primes p of K over p
ramify in K(

√
α) (equivalently, by Lemma 2, vp(α) is odd). If an odd prime ramifies

in K(
√
α) then it clearly divides the conductor of this extension. Now suppose that

some odd prime p divides the conductor c of K(
√
α), and recall that the odd part of

c is squarefree because the degree of K(
√
α)/K is 4. Then we have K(

√
α, ζc/p) =

L(ζc/p) for some non-trivial subextension L of Q(ζp). Since L is ramified at p while
Q(ζc/p) is not, we deduce that K(

√
α, ζc/p)/Q(ζc/p) is ramified at the primes above p.

This implies that p ramifies in K(
√
α). �
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Lemma 8. Let K = Q(
√
d), where d 6= 1 is a squarefree integer, and let α ∈ K be

such that K(
√
α) is quartic cyclic. Then we have K(

√
α) = Q(

√
α), and we have√

α ∈ K(ζn) if and only if
√
α ∈ Q(ζn).

Proof. Since K(
√
α) is quartic cyclic, then we cannot have α ∈ Q and hence Q(

√
α)

contains K. The ‘if’ part of the second assertion is clear, so fix n such that
√
α ∈

K(ζn) and suppose that
√
α /∈ Q(ζn). Then K(ζn)/Q(ζn) is quadratic: we deduce

that K(
√
α) ∩Q(ζn) is a quadratic field, contradicting that K 6⊆ Q(ζn). �

4. CUBIC EXTENSIONS OF Q(ζ3)

We determine Kummer generators for all the cubic extensions of Q(ζ3) which are con-
tained in a cyclotomic extension of Q(ζ3). For every n > 2 the only cubic subextension
of Q(ζ3n)/Q(ζ3) is Q(ζ9), whose Kummer generator is ζ3. Moreover, if m = 3nm′,
where m′ is coprime to 3 and n > 0, then a cubic subextension of Q(ζ3m)/Q(ζ3) is
contained in Q(ζ3M), where M is the product of the prime divisors p of m′ such that
p 6≡ 2 (mod 3).

Theorem 9. Let M =
∏t

i=1 pi, where the pi’s are distinct prime numbers such that
pi 6≡ 2 (mod 3). Then Q(ζ3M)/Q(ζ3) has (3t − 1)/2 cubic subextensions, and their
Kummer generators are the elements

(2) γ :=
∏
i∈I

∅6=I⊆{1,...,t}

βeipi ,

where ei ∈ {1, 2}, and where β3 = ζ3 and βpi = πipi is as in [5, Theorem 1] for
pi ≡ 1 (mod 3) (notice that

∏
I β

ei
pi

and
∏

I β
3−ei
pi

give the same Kummer extension).
The positive integers m such that 3

√
γ ∈ Q(ζ3m) are the positive multiples of

∏
I pi.

Proof. Notice that the third roots of two elements α1, α2 in Q(ζ3)
× generate the same

extension of Q(ζ3) if and only if α1 · α2
2 or α1 · α2 is a cube in Q(ζ3).

If γ is as in (2), then 3
√
γ generates a cubic extension of Q(ζ3) inside Q(ζ3M) by [5,

Theorem 1]. Indeed, ζ3 and ζ23 are not cubes in Q(ζ3), whereas for pi 6= 3, the prime
ideals appearing in the factorization of the fractional ideal (βpi) all lie above pi, and
the element βpi is not a cube (as it generates a non-trivial Kummer extension of Q(ζ3)).

We have thus proven that there are (3t−1)/2 distinct cubic subextensions of Q(ζ3M)/Q(ζ3)
generated by the elements (2). We now show that Q(ζ3M)/Q(ζ3) has exactly (3t−1)/2
cubic subextensions. The Galois group G of Q(ζ3M)/Q(ζ3) is the product of t cyc-
lic groups of order divisible by 3. The quotient map to a quotient of order 3 factors
throughG/G3 ' (F3)

t, which is an F3-vector space. Then the kernels of the surjective
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maps (F3)
t → F3 are the vector subspaces of codimension 1, and hence by orthogon-

ality w.r.t. the standard scalar product (after having fixed a basis) they correspond to
the subspaces of dimension 1 of (F3)

t, which are (3t − 1)/2.

Let m0 :=
∏

I pi. Replacing M with m0, by the first part of the statement we have
3
√
γ ∈ Q(ζ3m0). Now suppose that 3

√
γ ∈ Q(ζ3m): we have to prove that pi | m for

every i ∈ I . If pi 6= 3, then pi ramifies in Q(ζ3, 3
√
γ) by Lemma 2 and we conclude.

If 3 | m0, then we have Q(ζ3(m0/3), 3
√
γ) = Q(ζ3(m0/3),

3
√
ζ3) = Q(ζ3m0). Thus ζ9 ∈

Q(ζ3m) and 3 | m. �

5. QUADRATIC AND QUARTIC CYCLIC EXTENSIONS OF Q(ζ4)

We determine Kummer generators for all the quadratic and quartic cyclic extensions
of Q(ζ4) which are contained in a cyclotomic extension of Q(ζ4).

The integer 2 is a Kummer generator for the quadratic extension Q(ζ8)/Q(ζ4), which
is the only quadratic extension of Q(ζ4) inside Q(ζ2∞). Moreover, if p is an odd prime,
then p is a Kummer generator for the quadratic extension of Q(ζ4) inside Q(ζ4p).

Any quadratic extension of Q(ζ4) inside Q(ζ∞) is biquadratic: the 2-part of its con-
ductor is either 4 or 8 while the odd part of its conductor is squarefree.

Proposition 10. Given a squarefree integer M > 2, the divisors of M greater than 1
are Kummer generators for the quadratic extensions of Q(ζ4) inside Q(ζ4M). Moreover,
if m is such a divisor, then the positive integers n such that

√
m ∈ Q(ζ4n) are the pos-

itive multiples of m.

Proof. The last assertion follows from the fact that the conductor of Q(
√
m) is |m| or

|4m| if m is odd, and |8m| otherwise. This also proves that square roots of distinct
divisors of M greater than 1 generate distinct quadratic extensions of Q(ζ4). So if
t is the number of prime factors of M , then we have found 2t − 1 quadratic subex-
tensions of Q(ζ4M)/Q(ζ4). We conclude by proving that there are at most 2t − 1
quadratic subextensions: the Galois group of such an extension is a quotient of order
2 of Gal(Q(ζ4M)|Q(ζ4)), and such a quotient factors through (Z/2Z)t. �

Now we study the subfields of Q(ζ∞) which are quartic cyclic over Q(ζ4). The
only such field contained in Q(ζ2∞) is Q(ζ16), and a Kummer generator for it is ζ4.
Moreover, any such field is contained in Q(ζ16M) for some odd squarefree integer M .

Theorem 11. Let M > 1 be an odd squarefree integer, and consider the following two
sets of prime numbers:

S1 = {p |M : p ≡ 1 (mod 4)} S3 = {p |M : p ≡ 3 (mod 4)} .
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The extension Q(ζ16M)/Q(ζ4) has (2 · 4]S1 − 2]S1)2]S3 quartic cyclic subextensions.
Kummer generators for these extensions are the elements

γ := ζx24 ·
∏
p∈S1

γxpp ·
∏
p∈S3

pyp(3)

for some choice of x2, xp ∈ {0, 1, 2, 3} and yp ∈ {0, 2} such that x2, xp are not all
even, and where γp is as in [5, Theorem 2] (notice that γ3 is, up to a fourth power,
again of the form (3) and it generates the same Kummer extension as γ). The positive
integers n such that 4

√
γ ∈ Q(ζ4n) are the positive multiples of

(4) ord(ζx24 ) ·
∏

p∈S1:xp 6=0

p ·
∏

p∈S3:yp 6=0

p ,

where ord denotes the order of a root of unity.

Proof. Notice that we have 4
√
γ ∈ Q(ζ4n) where n is as in (4) because 4

√
γp for p ∈ S1

such that xp 6= 0 and
√
p for p ∈ S3 such that yp 6= 0 are contained in this field.

To conclude the proof of the last assertion we first make sure (with a ramification
argument as in the proof of Theorem 9) that the odd part of (4) divides n, then it is
clear that the fourth root of ζx24 lies in Q(ζ4n) if and only if n is a positive multiple of
the order of ζx24 .

We have (4]S1+1 − 2]S1+1)2]S3 elements as in (3) where the exponents x2 and xp for
p ∈ S1 are not all even. These elements are all distinct modulo fourth powers in
Q(ζ4), and for each of them there is exactly another one (which coincides with its
cube modulo fourth powers) which generates the same quartic extension. Therefore
we find (2 · 4]S1 − 2]S1)2]S3 quartic cyclic extensions. We claim that this is the number
of quartic cyclic subextensions of Q(ζ16M)/Q(ζ4), which is the same as the number
of cyclic quotients of order 4 of the greatest subgroup G of Gal(Q(ζ16M)|Q(ζ4)) of
exponent 4, which is G = (Z/4Z)]S1+1 × (Z/2Z)]S3 . Since G is a finite abelian
group, it is isomorphic to its Pontryagin dual Hom(G,Q/Z). Cyclic subgroups of G
of order 4 correspond to cyclic quotients of order 4 of the dual but, because of the
isomorphism, they are in bijection with the cyclic quotients of order 4 of G. The
number of cyclic subgroups of order 4 can be computed as the number of elements of
G of order dividing 4 minus the number of elements of order at most 2 divided by 2,
which gives the desired formula. �

6. INTERSECTION OF CYCLOTOMIC-KUMMER EXTENSIONS WITH K(ζ∞)

Let ` be a prime number. To study the `-adelic failure we will apply the following
result. First recall that any element α ∈ K× which is not a root of unity can be written
as α = ζβ`

d where ζ is a root of unity of order `h, β is strongly `-indivisible in K, and
d > 0. Moreover, setting t := v`(]µK), by [1, Sect. 7.1] we may suppose that h = 0
or t > h > t− d, and in this case the parameters d, h are unique.
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Theorem 12. Let ` be a prime number and let K be a number field such that t :=
v`(]µK) ∈ {1, 2}. Let α ∈ K× be not a root of unity, and write α = ζ`hβ

`d where
β ∈ K is strongly `-indivisible, d > 0, and h = 0 or t − d < h 6 t. Let n > 1. We
have

K(ζ`n ,
`n
√
α) ∩K(ζ∞) = K(ζ`n+h) for 1 6 n 6 d .

If
√̀
β /∈ K(ζ∞), then we have:

K(ζ`n ,
`n
√
α) ∩K(ζ∞) =

{
K(ζ`n+1) if n = d+ 1, h = 2
K(ζ`n) if n > d+ h .

If
√̀
β ∈ K(ζ∞) and `2

√
β /∈ K(ζ∞), then we have:

K(ζ`n ,
`n
√
α) ∩K(ζ∞) =

 K(ζ`n , ζ`n+h

√̀
β) if n = d+ 1

K(ζ`n+1

√̀
β) if n = d+ 2, h = 2

K(ζ`n ,
√̀
β) if n > d+ 1 + h .

If `2
√
β ∈ K(ζ∞) and `3

√
β /∈ K(ζ∞) (which happens only if t = 2), then we have:

K(ζ`n ,
`n
√
α) ∩K(ζ∞) =


K(ζ`n , ζ`n+h

√̀
β) if n = d+ 1

K(ζ`n , ζ`n+h
`2
√
β) if n = d+ 2

K(ζ`n , ζ`n+1
`2
√
β) if n = d+ 3, h = 2

K(ζ`n ,
`2
√
β) if n > d+ 2 + h .

Proof. LetK ′ = K(ζ`n , `n
√
α)∩K(ζ∞) andL = K(ζ`n). All the fields in the statement

are contained in K ′, so we only need to prove the reverse inclusions. The field K ′ is a
finite abelian extension of L contained in L( `n

√
α) of exponent dividing `n and hence

by Kummer theory it is of the form L( `n
√
γ) for some γ ∈ 〈α,L×`n〉. Therefore it

is sufficient to determine under which conditions L( `n
√
α`e) ⊆ K(ζ∞), where e > 0.

Let t be as in the statement and notice that by Schinzel’s theorem on abelian radical
extensions [8, Theorem 3.3] the element `t+1√

β is never contained in K(ζ∞).

First of all, with α = ζ`hβ
`d and d, h as in the statement, if n 6 d, then `n

√
α equals

ζ`n+h times an element of K. From now on suppose that n > d+ 1.

Assume that α = β`
d . If

√̀
β /∈ K(ζ∞), then K ′ = L. If

√̀
β ∈ K(ζ∞) and `2

√
β /∈

K(ζ∞), then
√̀
β generates K ′ over L. If `2

√
β ∈ K(ζ∞), then

√̀
β generates K ′ over

L for n = d+ 1, and `2
√
β generates K ′ over L for n > d+ 2.

Next suppose that α = ζ`β
`d . If

√̀
β /∈ K(ζ∞), then K ′ = L. If

√̀
β ∈ K(ζ∞), then

for n = d + 1 we have that `n
√
α = ζ`n+1

√̀
β lies in K(ζ∞), while for n > d + 2 and

`2
√
β /∈ K(ζ∞) there is a power of `n

√
α which equals

√̀
β times an element of µ`n and

which generates K ′ over L. If `2
√
β ∈ K(ζ∞), then we have that K ′ is generated over

L by ζ`n+1
`2
√
β for n = d + 2, whereas for n > d + 3 there is a power of `n

√
α which

equals `2
√
β times an element of µ`n and which generates K ′ over L.
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We now deal with the case α = ζ`2β
`d (t = 2). If n = d + 1, then `n

√
α = ζ`n+2

√̀
β,

which generates K ′ over L if
√̀
β ∈ K(ζ∞), else its `-th power still lies in K(ζ∞). Let

n > d + 2. If
√̀
β /∈ K(ζ∞), then K ′ = L. If

√̀
β ∈ K(ζ∞) and `2

√
β /∈ K(ζ∞), then

`n
√
α = ζ`n+2

`n−d√
β has its `-th power in K(ζ∞) for n = d+2, and some higher power

equal to
√̀
β in K(ζ∞) for n > d + 3. If `2

√
β ∈ K(ζ∞), then `n

√
α lies in K(ζ∞) for

n = d+ 2, it has its `-th power in K(ζ∞) for n = d+ 3, and some higher power equal
to `2
√
β in K(ζ∞) for n > d+ 4. �

Remark 13. In the cases of Theorem 12 notice that K(ζ`n , `n
√
α) ∩ K(ζ∞)/K(ζ`n)

has as generator an element of the form ζ`n+x

√̀
β only when n+ x > t+ 2, and of the

form ζ`n+x
`2
√
β only when n+ x > 5 (and t = 2).

7. THE PROCEDURE TO COMPUTE THE KUMMER DEGREES

Let K be a quadratic number field, and let α ∈ K be an element which is w.l.o.g.
neither 0 nor a root of unity. Let M,N > 1 with N | M and write n = v`(N), where
` is a fixed prime number. As mentioned in the Introduction, the ratio

C(M,N) :=
N

[K(ζM , N
√
α) : K(ζM)]

can be decomposed in terms of the `-adic failure C(`n, `n) and the `-adelic failure

B(M, `n) :=
[
K(ζ`n ,

`n
√
α) ∩K(ζM) : K(ζ`n)

]
,

where ` runs through the prime divisors of N .

Remark 14. The numbers C(`n, `n) can be computed for all primes ` and all n > 1 by
the explicit formulas in [7, Section 3], and they are equal to 1 for almost all ` (see for
instance [8, Lemma 3.2]). In particular, the computation of the `-adic failure depends
on the `-divisibility of the considered element. Therefore we need to check if α is an
`-th power in K, up to a root of unity in K. Notice that, for K and α fixed, the finitely
many prime numbers ` for which C(`n, `n) might be greater than 1 can be determined
effectively (see [8, Section 2]).

We are left to compute the `-adelic failure B(M, `n), for all M and n, where `n | M ,
which equals 1 for all but finitely many primes ` (cf. [8, Lemma 3.5]). In particular,
we have B(M, `n) = 1 if ζ` 6∈ K.

7.1. The 2-adelic failure for the quadratic fields different from Q(ζ4). Let K be a
quadratic field different from Q(ζ4). The only roots of unity in K of order a power of
2 are ±1. Studying the 2-adelic failure for α in K amounts to computing all degrees

(5) [K(ζ2n ,
2n
√
α) ∩K(ζM) : K(ζ2n)]

where n,M > 1 and v2(M) > n, and where without loss of generality v2(M) 6= 1.
We may assume that α = ±β2d with β ∈ K strongly 2-indivisible. By Theorem



EXPLICIT KUMMER THEORY FOR QUADRATIC FIELDS 11

12 (applied with ` = 2, t = 1) and Propositions 15 and 16 we may suppose that
α is strongly 2-indivisible. Then by Schinzel’s Theorem [8, Theorem 3.3] we have
4
√
α /∈ Q(ζ∞) hence (5) is either 1 or 2. We are left to check whether

√
α ∈ Q(ζ∞)

by making use of Lemma 5, and if so we may find all the positive integers M such
that K(

√
α) ⊆ K(ζM) by Lemmas 6 and 8. Notice that in the following statement

the condition that d is positive is necessary to ensure that K is contained in a quartic
cyclic number field:

Proposition 15. Let K = Q(
√
d) where d 6= 1 is a positive and squarefree integer.

Let β ∈ K be a strongly 2-indivisible element such that K(
√
β) ⊆ Q(ζ∞) is quartic

cyclic over Q. Let N be the conductor of K(
√
β). For x > 3 the integers M > 1 such

that ζ2x
√
β ∈ K(ζM) are the positive multiples of [2x, N ] and the following integers:

if d ≡ 1 mod 4 and x = 3 and 8 | N , the positive multiples of N/2; if d ≡ 2 mod 8
and x = 4, the positive multiples of N/4.

Proof. We clearly have ζ2x
√
β ∈ K(ζM) if [2x, N ] divides M . Call n the odd part of

N .

If d ≡ 1 mod 4 and 8 | N (in this case v2(N) = 3 by Theorem 1), then
√
β and ζ8

both generate the quadratic extension Q(ζ8n)/Q(ζ4n) hence ζ8
√
β ∈ K(ζN/2). If d ≡

2 mod 8, then v2(N) = 4 (again by Theorem 1) and K(ζ4n) = Q(ζ8n): since ζ16 and√
β both generate the quadratic extension Q(ζ16n)/Q(ζ8n) we deduce that ζ16

√
β ∈

K(ζ4n).

Now let M be an integer such that ζ2x
√
β ∈ K(ζM), and notice that by Lemma 8 we

have n |M because
√
β ∈ K(ζ16M). Moreover, we must have ζ2x−1 ∈ K(ζM).

If x > 5, then we obtain that 2x−1 | M . However, ζ2x
√
β is not contained in

K(ζ2x−1ny) = Q(ζ2x−1ny) where y > 1 is any odd integer, as this field contains
√
β but

not ζ2x: we deduce that 2xn | M . The same holds if d ≡ 1 mod 4 and either x = 4 or
x = 3 and 8 - N . If d ≡ 1 mod 4 and x = 3 and v2(N) = 3, then ζ4 ∈ K(ζM) implies
that 4 |M hence (N/2) |M .

Now suppose that d ≡ 2 mod 8 and hence v2(N) = 4. The element ζ8
√
β is not

contained in K(ζ8ny) = Q(ζ8ny) where y > 1 is any odd integer, as this field contains
ζ8 but not

√
β: we deduce that N | M for x = 3 (in particular 8 | M ). Finally,

let x = 4. We have (d/2) ≡ 1 mod 4 and from n | M we deduce (d/2) | M .
Thus K(ζM) ⊆ Q(

√
2, ζM) and we must have 4 | M , else we would not have ζ8 ∈

K(ζM). �

Proposition 16. Let K = Q(
√
d) where d 6= 1 is a squarefree integer. Let β ∈

K be strongly 2-indivisible and such that K(
√
β) is biquadratic over Q. Let m be

a squarefree integer (which we assume to be odd if d is even) such that K(
√
β) =

K(
√
m), and set m′ to be the squarefree part of md.
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(1) For x > 4 the integers M > 1 such that ζ2x
√
β ∈ K(ζM) are the positive

multiples of [2x,m] or of [2x,m′].
(2) The integers M > 1 such that ζ8

√
β ∈ K(ζM) are those such that:

8m or 8m′ divide M , if m and d are odd;
2m or 2m′ divide M , if m is even and d ≡ 1 mod 4;
2m or 2m′ or [m,m′]/2 divide M , if m is even and d ≡ 3 mod 4;
8m or 2m′ divide M , if m is odd and d is even.

Proof. Call s the absolute value of [m,m′]. By assumption we haveK(
√
β) = K(

√
m) =

K(
√
m′). Thus for x > 3, if [2x,m] or [2x,m′] divide M , then ζ2x

√
β ∈ K(ζM). If m

is even and d is odd, then suppose that 2m or 2m′ divide M : we have ζ8
√
β ∈ K(ζM)

because ζ8
√
m ∈ Q(ζ2|m|) and ζ8

√
m′ ∈ Q(ζ2|m′|) as ζ8

√
2 = 1 + ζ4 and m,m′ are

even. If m is even and d ≡ 3 mod 4, then ζ8
√
β ∈ K(ζs/2) because this field equals

K(ζ2|m|). If m is odd and d is even, then m′ is even: supposing that 2m′ divides M ,
then 4 |M : we then have ζ8 ∈ K(ζM) and

√
β ∈ K(ζM) hence ζ8

√
β ∈ K(ζM).

Now let M be an integer such that ζ2x
√
β ∈ K(ζM). Since

√
β ∈ K(ζ[2x,M ]), by

Lemma 6 we obtain that m | 2M or m′ | 2M (as m and m′ are squarefree).

If x > 4, then we cannot have that ζ2x
√
β is contained inK(ζ[2x−1,s]y) ⊆ Q(ζ2x−1 , ζ4sy)

where y > 1 is any odd integer, as the latter field contains
√
β but not ζ2x . Hence we

must have 2x |M . This concludes the proof of (1).

If m and d are odd, then ζ8
√
β is not contained in K(ζ4, ζsy) ⊆ Q(ζ4sy), where y > 1

is any odd integer, as the latter field contains
√
β but not ζ8: thus we must have 8 | M

and we conclude.

If m is even and d ≡ 1 mod 4, then ζ8
√
β is not contained in K(ζsy) where y > 1 is

any odd integer because this field is contained in Q(
√
2, ζsy) or Q(

√
−2, ζsy) so it does

not contain ζ4: thus 4 |M and we deduce that 2m |M or 2m′ |M .

Now suppose that m is even and d ≡ 3 mod 4. If v2(M) > 2, then 2m or 2m′ divides
M . If v2(M) 6 1 (w.l.o.g. v2(M) = 0), then ζ4 ∈ K(ζM) implies by Lemma 6 that√
−d ∈ Q(ζM) and hence d | M . Thus the odd part of both m and m′ divides M ,

giving (s/2) |M .

Finally suppose that m is odd and d is even. Notice that ζ8
√
β is not contained in

K(ζsy), where y is any odd integer, because this field does not contain ζ4. Thus 4 |M .
If the odd part ofm′ dividesM we deduce that 2m′ |M . Ifm dividesM , then we have√
β ∈ K(ζM), hence ζ8 ∈ K(ζM). We conclude because, if 8m - M , then M = 4my

for some odd integer y hence m′ | 2my: indeed, we can have
√
2 ∈ K(ζ4my) only if

d/2 divides my by Lemma 6. �
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Example 17. Let K = Q(
√
5) and α = 15+5

√
5

2
=
(
−5+

√
5

2

)2
. As can easily be

seen by expressing the sine and cosine of 2π
5

in terms of
√
5, we have K(

√
−5+

√
5

2
) =

Q(ζ5). This implies

[K(ζ2n ,
2n
√
α) ∩K(ζM) : K(ζ2n)] =

{
2 if 5 |M and n > 2,

1 otherwise.

7.2. The 2-adelic failure for Q(ζ4). If α ∈ Q(ζ4), then we want to compute its 2-
adelic failure, namely the degrees

(6) [Q(ζ4,
√
α) ∩Q(ζM) : Q(ζ4)]

for M > 1 and 4 |M , and the degrees

(7) [Q(ζ2n ,
2n
√
α) ∩Q(ζM) : Q(ζ2n)]

for n > 2 and M > 1 with v2(M) > n. We may assume that α = ζβ2d , where ζ ∈ µ4

and β ∈ Q(ζ4) is strongly 2-indivisible. By Theorem 12 (applied with ` = 2, t = 2)
and by Proposition 18 we may reduce to the case where α is strongly 2-indivisible.
Then the above degrees divide 4 because by Schinzel’s Theorem [8, Theorem 3.3] we
have 8

√
α /∈ Q(ζ∞).

Notice that in Proposition 18 (2) if x = 3, then the conductor of Q(ζ4, ζ8
4
√
β) is simply

the conductor of Q(ζ4,
4
√
−β) (and −β is again strongly 2-indivisible).

Proposition 18. Let β ∈ Q(ζ4) be strongly 2-indivisible.

(1) If
√
β ∈ Q(ζ∞), let N be the conductor of Q(ζ4,

√
β). For x > 3 the conductor

of Q(ζ4, ζ2x
√
β) is [2x, N ], unless x = v2(N) = 3, in which case it is N/2.

(2) If 4
√
β ∈ Q(ζ∞), let N be the conductor of Q(ζ4,

4
√
β). For x > 4 the con-

ductor of Q(ζ4, ζ2x
4
√
β) is [2x, N ], unless x = v2(N) = 4: in this case one

of the conductors of Q(ζ4,
4
√
βζ416) = Q(ζ4, ζ16

4
√
β) and Q(ζ4,

4
√
βζ1216 ) is not

divisible by 8 while the other is, and the conductor of first field is N/4 or N/2
accordingly.

Proof. (1): By Proposition 10 we have β = mk2, where m is a positive squarefree
integer and k ∈ Q(ζ4), so that N = 4m. If M is the conductor of Q(ζ2x

√
β), then

ζ2x−1 ∈ Q(ζM) hence 2x−1 | M . Moreover, M divides [2x, N ] and N divides [2x,M ].
If m is odd we deduce that N | M and hence ζ2x ∈ Q(ζM), which gives also 2x | M .
If x > 4, then 8 |M : since 16 - N we deduce that N |M and may reason as above. If
m is even and x = 3, then the odd part of m divides M and 4 | M , thus (N/2) | M .
Finally we have ζ8

√
β ∈ Q(ζN/2) because ζ8

√
2 ∈ Q(ζ4).

(2): By Theorem 11 we have N = 2eN ′ where e ∈ {2, 3, 4} and N ′ is odd and
squarefree. Then M divides [2x, N ] = 2xN ′ and 2x−2 | M . Moreover, we have
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N ′ | M because N divides [2x,M ]. If x > 5, then we have 2x−1 | M because 2x−1

divides the conductor of Q(ζ2x−1

√
β) by part (1): thus N |M , hence ζ2x ∈ Q(ζM) and

we conclude that 2x |M .

By Theorem 11 there is a unique root of unity ζ ∈ µ4 such that 4
√
βζ ∈ Q(ζ4N ′). If

ζ has order 1 or 2 (which holds whenever v2(N) 6 3), then ζ16 4
√
β does not lie in

Q(ζ8N ′) hence M = 16N ′. If v2(N) = 4, then ζ has order 4: from ζ = ζ416 we deduce
ζ16

4
√
β ∈ Q(ζ4N ′) and from ζ = ζ1216 we deduce ζ8ζ16 4

√
β ∈ Q(ζ4N ′) hence one of the

conductors of the fields in the statement will be 4N ′ and the other will be 8N ′. �

Making use of Lemma 5 we can determine whether
√
α ∈ Q(ζ∞) and, in this case,

we may determine the smallest positive integer n such that
√
α ∈ Q(ζ4n). Indeed, by

Theorem 7 we can find the odd part m of n. Then to find n we only need to check
whether α/m or α/2m is a square in Q(ζ4), see Proposition 10.

Secondly, we check whether 4
√
α ∈ Q(ζ∞) and if so we find the smallest positive

integer N such that 4
√
β ∈ Q(ζ4N). Such an integer N exists if and only if α admits,

up to fourth powers in Q(ζ4), a decomposition of the form (3). Since Q(ζ4) has class
number 1 and its group of units is µ4, we may factor α as a product of prime elements
and a root of unity using its factorization in prime ideals (we may assume without
loss of generality that α is integral). We may then check if this factorization is of the
desired form, and if so Theorem 11 gives us such a minimal N .

Example 19. If α = 13(12ζ4+5), then α ∈ Q(ζ4) is strongly 2-indivisible and we have
NQ(ζ4)/Q(α) = 1692. By Lemma 5 we deduce

√
α ∈ Q(ζ∞). Since α/13 = (2ζ4+3)2

we have
√
α ∈ Q(ζ4·13). By [5, Theorem 2] we know that α is a Kummer generator

for the quartic subextension of Q(ζ4·13)/Q(ζ4). Then for n > 2 and M > 1 the degree

[Q(ζ2n ,
2n
√
α) ∩Q(ζM) : Q(ζ2n)]

is 4 if 13 |M and it is 1 otherwise, while for M > 1 the degree

[Q(ζ4,
√
α) ∩Q(ζM) : Q(ζ4)]

is 2 if 13 |M and it is 1 otherwise.

7.3. The 3-adelic failure for Q(ζ3). If α ∈ Q(ζ3), then we want to compute its 3-
adelic failure, namely all degrees

(8) [Q(ζ3n ,
3n
√
α) ∩Q(ζM) : Q(ζ3n)]

for all n,M > 1 with v3(M) > n. We may assume that α = ζβ3d , where ζ ∈ µ3 and
β ∈ Q(ζ3) is strongly 3-indivisible. By Theorem 12 (applied with ` = 3, t = 1) and
by Proposition 20 we may reduce to the case where α is strongly 3-indivisible.

Proposition 20. Let β ∈ Q(ζ3) be strongly 3-indivisible. Suppose that 3
√
β ∈ Q(ζ∞),

and letN be the conductor of Q(ζ3,
3
√
β). Then for x > 3 the conductor of Q(ζ3, ζ3x

3
√
β)

is [3x, N ].
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Proof. If M is the conductor of Q(ζ3, ζ3x
3
√
β), then Q(ζM) is contained in Q(ζ3x , ζN)

and contains Q(ζ3x−1). Thus M divides [3x, N ] and 9 | M . As remarked before
Theorem 9 we have v3(N) 6 2, so we deduce N | M . Thus ζ3x ∈ Q(ζM), so that
3x |M and we may conclude. �

Supposing that α is strongly 3-indivisible, by Schinzel’s Theorem [8, Theorem 3.3] we
have 9

√
α /∈ Q(ζ∞), hence (8) is either 1 or 3. So we are left to check if 3

√
α ∈ Q(ζ∞)

and if so find the smallest positive integer m such that 3
√
α ∈ Q(ζ3m). Such an integer

m exists if and only if α admits, up to cubes in Q(ζ3), a decomposition of the form
(2). Since Q(ζ3) has class number 1 and its group of units is µ6, we may factor α as
a product of prime elements and a root of unity using its factorization in prime ideals
(we may assume without loss of generality that α is integral). We may then check if
this factorization is of the desired form, and if so Theorem 9 gives us the minimal m
we need.

Example 21. If α = 21
√
−3−7
2

, then α is a Kummer generator for the cubic subex-
tension of Q(ζ21)/Q(ζ3), see [5, Theorem 1]. In particular, 7 is the smallest positive
integer m such that 3

√
α ∈ Q(ζ3m). So for n > 1 and 3n |M we have

[Q(ζ3n ,
3n
√
α) ∩Q(ζM) : Q(ζ3n)] =

{
3 if 7 |M,

1 otherwise.

8. THE CASE OF FINITE RANK

Let K be a number field, and let G be a subgroup of K× of positive finite rank r. We
explain how to compute the Kummer degrees [K(ζm,

n
√
G) : K(ζm)] for all n,m > 1

with n | m, provided that we can compute those degrees if the rank of G is 1, and that
we can compute the degrees of the cyclotomic extensions of K. We may suppose that
G is torsion-free:

Remark 22. If G is not torsion-free, write G = 〈ζ〉 ×G′, where G′ is torsion-free and
where ζ is a root of unity of order t > 1. Then we have

[K(ζm,
n
√
G) : K(ζm)] = [K(ζ[m,nt],

n
√
G′) : K(ζ[m,nt])] · [K(ζ[m,nt]) : K(ζm)] .

Notice that it suffices to compute

C(m,n) :=
nr

[K(ζm,
n
√
G) : K(ζm)]

and that we have the decomposition

C(m,n) =
∏
`|n

C(`e, `e) ·B(m, `e) ,
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where ` runs through the prime factors of n and e = v`(n), and where we call C(`e, `e)
the `-adic failure and

(9) B(m, `e) :=
[
K(ζ`e ,

`e
√
G) ∩K(ζm) : K(ζ`e)

]
the `-adelic failure. The `-adic failure can be computed by the explicit formulas of [1,
Theorem 18 and Lemma 19] and it is 1 for almost all ` by [8, Lemma 3.2] (and this set
of primes is computable).

We now focus on the `-adelic failure. By [8, Lemma 3.5] the integers B(m, `e) are
1 if ζ` /∈ K and, if s := v`(]µK), then we have B(m, `e) | `sr. Now consider some
` for which the `-adelic failure might be non-trivial. By [10, Theorem 5.3] there are
computable integers m0 and e0, which only depend on K, G and `, such that

(10) B(m, `e) = B((m,m0), (`
e, `e0)) ,

so we may suppose that m | m0 and e 6 e0. As an aside remark, notice that the integer
e0 as chosen in [10, Proof of Theorem 5.3] satisfies the equality of fields

K
(
ζ`E ,

`e
√
G
)
∩K(ζ∞) = K

(
ζ`E ,

`e0
√
G
)
∩K(ζ∞)

for all E > e > e0, see [10, Lemma 3.3]. Now fix e 6 e0, and suppose that for each
of the finitely many representants α of G modulo `e-th powers we can determine the
integers x such that

K
(
ζ`e ,

`e
√
α
)
∩K(ζ∞) ⊆ K(ζx) .

Then for all m | m0 and all e 6 e0 with `e | m we can write

K
(
ζ`e ,

`e
√
G
)
∩K(ζm) = K

(
ζ`e ,

`e
√
H
)
,

where H is a computable subgroup of G containing G`e (which depends on `, e, m).
We are left to compute the degree of the extension K

(
ζ`e ,

`e
√
H
)
/K
(
ζ`e
)
, which can

be done with the results of [1].
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