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We consider sequences of U-processes based on symmetric kernels of
a fixed order, that possibly depend on the sample size. Our main contribu-
tion is the derivation of a set of analytic sufficient conditions, under which
the aforementioned U-processes weakly converge to a linear combination of
time-changed independent Brownian motions. In view of the underlying sym-
metric structure, the involved time-changes and weights remarkably depend
only on the order of the U-statistic, and have consequently a universal nature.
Checking these sufficient conditions requires calculations that have roughly
the same complexity as those involved in the computation of fourth moments
and cumulants. As such, when applied to the degenerate case, our findings are
infinite-dimensional extensions of the central limit theorems (CLTs) proved
in de Jong (J. Multivariate Anal. 34 (1990) 275-289) and Dobler and Pec-
cati (Electron. J. Probab. 22 (2017) Paper No. 2). As important tools in our
analysis, we exploit the multidimensional central limit theorems established
in Dobler and Peccati (Electron. J. Probab. 24 (2019) Paper No. 5) together
with upper bounds on absolute moments of degenerate U -statistics by Ibragi-
mov and Sharakhmetov (Studia Sci. Math. Hungar. 39 (2002) 251-275), and
also prove some novel multiplication formulae for degenerate symmetric U -
statistics—allowing for different sample sizes—that are of independent in-
terest. We provide applications to random geometric graphs and to a class
of U-statistics of order two, whose Gaussian fluctuations have been recently
studied by Robins et al. (Stochastic Process. Appl. 126 (2016) 3733-3759),
in connection with quadratic estimators in nonparametric models. In particu-
lar, our application to random graphs yields a class of new functional central
limit theorems for subgraph counting statistics, extending previous findings in
the literature. Finally, some connections with invariance principles in change-
point analysis are established.
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1. Introduction.

1.1. Overview. Consider a sequence {X; : i = 1,2,...} of independent and identically
distributed (i.i.d.) random variables with values in some space (E, £). The aim of this paper
is to prove a class of Gaussian functional central limit theorems (FCLTs) involving general
sequences of sequential U-processes with symmetric kernels, that is, of cadlag processes
on the time interval [0, 1], obtained by progressively revealing the argument of a symmetric
U -statistic of order p > 1 based on the sample (X1, ..., X,;), for n > 1. The adjective sequen-
tial is meant to distinguish the main objects studied in the present paper from U -processes
indexed by abstract classes of kernels—see, for example, [1, 43]; for the sake of simplicity,
for the rest of the paper we will use indifferently the denomination “U -process” to indicate
sequential U -processes and function-indexed U -processes of the type described above.

The type of weak convergence we deal with is in the large sample limit » — oo, and
holds in the sense of the Skorohod space DIO0, 1] of cadlag mappings on [0, 1], endowed
with Skorohod’s J; topology (see, e.g., [7], page 123). The specific difficulty tackled in our
work—marking a difference with previous contributions (see, e.g., [1, 28, 40, 42, 43])—is
that we allow the kernels of the considered U -statistics to explicitly depend on the sample
size n, and we do not assume a priori any form of Hoeffding degeneracy.

Despite the generality of the above setup, the limit processes displayed in our results al-
ways have the form

p
(1.1) ZW)y=) ok pZip(1), tel0,1],
k=1
where each oy , € [0,00) is a constant depending on the sequence of U-statistics under
study, and {Z; ,(¢) :t € [0, 1], 1 < k < p} denotes a class of independent centered Gaussian
processes obtained as follows: first consider a sequence {By(t) : t € [0,1],1 < k < p} of
independent standard Brownian motions on [0, 1], and then set

(1.2) Zi (1) :=tP* B (1), re]0,1],
in such a way that
(1.3) Tip(s,0) :=E[Zik p(O Zk p(s)]| = (s AP (s V)PTF, 5,1 €0, 1],

and consequently

(1.4) F(s.)=E[Z"Z($)] =) of ,s A (s vDPT* 5.1€[0,1].
k=1
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Note that, in particular, the processes (Z(¥)):c[0,1] appearing in (1.1) all have continuous
paths. Such a rigid asymptotic structure originates from the fact that we exclusively focus on
symmetric U -statistics and i.i.d. samples: these strong assumptions yield then the emergence
of the “universal” time-changes ¢ — t* and time-dependent weights 7 — ?~% from purely
combinatorial considerations. One should compare this situation with the reference [4], where
a Gaussian FCLT is proved for sequences of nonsymmetric homogenous sums, displaying as
possible weak limits arbitrarily time-changed Brownian motions.

The sufficient conditions for weak convergence discussed above are stated in the forth-
coming Theorem 3.1 and Theorem 3.4, and are expressed in terms of the contraction kernels
canonically associated with a given U -statistic (see Section 2.2 for definitions). We will see
in Section 5 that the conditions derived in our paper are a slight strengthening of the suffi-
cient conditions for one-dimensional CLTs derived in [18], Section 3—see Remark 3.6 be-
low for a full discussion of this point. Some of the additional requirements with respect to
[18] (in particular, Assumption (a) in Theorem 3.1 and Assumption (a’) in Theorem 3.4) are
necessary and sufficient for the pointwise convergence of the covariance functions of the de-
generate U -processes associated with a generic U -statistic via its Hoeffding decompositon.
Such a technical assumption (that can in principle be relaxed at the cost of more technical
statements—see Remark 3.6(ii)) is unavoidable in the case of degenerate U -statistics, and is
automatically verified in the applications developed in Section 4.

As discussed in Section 5—and similar to the main findings of [18]—when applied to
Hoeffding degenerate U -processes (see Section 2), the conditions expressed in Theorems 3.1
and 3.4 are roughly equivalent to the requirement that the joint cumulants of order < 4 associ-
ated with the finite-dimensional restrictions of the U-processes under consideration converge
to those of an appropriate Gaussian limit, and that such a convergence takes place at a rate of
the type O(1/n%), where @ > 0. As such, our findings can be regarded as functional versions
of the well-known de Jong CLT for degenerate U -statistics, first proved in [15] and then sub-
stantially extended in [17] (to which we refer for an overview of the relevant literature). To
the best of our knowledge, apart from the reference [4] (that only deals with homogeneous
sums), ours is the first functional version of de Jong’s CLT proved in the literature.

The main findings of our paper also contain an invariance principle by Miller and Sen
[41], Theorem 1, which can be obtained from our results by considering symmetric kernels
of order p that do not depend on the sample size and are not degenerate in the sense of Ho-
effding, see Remark 3.5(v). In this case, when p > 2 the limiting process (1.1) is such that
ai,p=0fork=2,..., p and Z reduces to a multiple of tp_lB(t), where B is a standard
Brownian motion, thus yielding in particular a full version of Donsker’s theorem for sums of
i.i.d. random variables in the case p =1 (see [7], page 90). It is important to notice that this
result from [41] only requires the square-integrability of the involved U -statistics, whereas
our approach is originally best suitable to deal with U-statistics whose kernels satisfy some
higher moment assumptions. However, in this particular example, by means of a truncation
argument it is possible to reduce the assumptions to the minimal conditions of nondegeneracy
and square-integrability of the kernel. The stricter moment requirements emerging elsewhere
in our work are a direct emanation of the tools we chose to adopt, namely Stein’s method
and L? estimates on contraction kernels, which cannot be dropped without replacement, in
general. It is plausible that alternate statements requiring less stringent integrability assump-
tions could be obtained by following a different route—but this would demand a significant
amount of novel ideas. The reader is referred to [32] for generalizations of Miller and Sen’s
results and for a discussion of the relevant literature. See also Remark 3.8.

In the last four decades, numerous FCLTs for U-processes have been derived by sev-
eral groups of authors; yet—to the best of our knowledge and discounting Miller and Sen’s
result—none of them has a nature that is directly comparable to our findings. Among the
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large set of contributions in this domain, we refer the reader to the following relevant sample.
References [28, 40, 42] contain functional limit theorems for sequences of degenerate U -
statistics with a kernel independent of the sample size n: in such a framework, consistently
with the known one-dimensional results (see, e.g., [20]), the limit process lives in a Wiener
chaos of order > 1 and is therefore non-Gaussian. The already mentioned paper [4] proves
Gaussian FCLTs (in a spirit close to [15]) for sequences of homogeneous sums: in this case,
there is no overlap with our work since symmetric homogeneous sums (that are in princi-
ple contemplated in our setting) are necessarily multiples of degenerate U -statistics with a
kernel not depending on the sample size n, and their asymptotic behaviour is consequently
non-Gaussian (by virtue of [28, 42]). References [1, 43] are influential general contributions
to the theory of U-processes, containing uniform FCLTs for sequences of U-processes in-
dexed by function classes not depending on the sample size, both in the nondegenerate and
degenerate case. The recent contribution [11] deals with suprema of U-processes indexed
by nondegenerate symmetric function classes possibly depending on the sample size and not
necessarily verifying a FCLT, and also contains a detailed review of further relevant literature.
See also [10, 25], as well as [8, 16] for general references.

As discussed above, our main results are expressed in terms of explicit analytical quan-
tities (e.g., norms of contraction kernels), and they are therefore particularly well-adapted
to applications. As a demonstration of this fact, in Section 4 we deduce two new classes
of FCLTs, respectively related to subgraph counting in geometric random graphs (retrieving
novel functional versions of one-dimensional CLTs from [5, 18, 31, 46]), and to quadratic U -
statistics emerging, for example, in the nonparametric estimation of quadratic functionals of
compactly supported densities (see, e.g., [6, 38, 48]). In Section 3.2, we also illustrate some
connections with invariance principles related to changepoint analysis; see, for example, [13,
14, 26].

We eventually mention the challenging problem of deriving explicit rates of convergence
for the FCLTs derived in this paper. While some promising partial results seem to be obtain-
able by adapting the infinite-dimensional “generator approach” to Stein’s method developed
in [2, 3, 34], we prefer to consider this point as a separate issue, and leave it open for subse-
quent research.

1.2. Notation and tightness criteria. From now on, every random object considered in
the paper is assumed to be defined on a common probability space (2, F, P), with [E denoting
expectation with respect to IP. Given a collection of stochastic processes {X, X, : n > 1} with
values in D[0, 1], we write X,, = X to indicate that X,, weakly converges to X, meaning
that E[¢(X,)] — E[e(X)], as n — oo, for every bounded mapping ¢ : D[0, 1] — R which
is continuous with respect to the Skorohod topology. Given two positive sequences {ay,, b, },
we write a, ~ b, whenever a, /b, — 1, as n — 0o. We will also use the notation a, < b, to
indicate that there exists an absolute finite constant C such that a,, < Cb,, for every n.

In several places of the present paper, tightness in the space D[0, 1] is established by using
the following criterion. The argument in the proof reproduces the strategy adopted in [44],
Lemma 3.1, and is reported for the sake of completeness.

LEMMA 1.1. Let X,, ={X,(t):t € [0, 1]}, n € N, be a sequence of stochastic processes
with paths a.s. in D[0, 1]. Suppose that there is a stochastic process X = {X (t) : t € [0, 1]}
such that the finite-dimensional distributions of X,,, n € N, converge to those of X, as n — 00.
Then, the paths of X are a.s. continuous and we have X,, = X, if there are constants C > 0,
B > 0 and o > 0 such that, for all n € N sufficiently large and for all 0 <s <t <1,

_ 14+«
(1.5) E|X, (1) — X, (s)|* < C(Lmnﬂ) .

In particular, in this case the sequence (X,)neN is tight in D[0, 1].
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PROOF. We are going to use the following well-known criterion from [7]: let X, =
{X,(@) :te€]0,1]}, n € N, be a sequence of stochastic processes with paths a.s. in D[0, 1]
such that there is a stochastic process X = {X(¢) : ¢ € [0, 1]} whose paths are a.s. continuous
and such that the finite-dimensional distributions of X, n € N, converge to those of X, as
n — 00. Then, the sequence (X, ),cN, converges in distribution with respect to the Skorohod
topology to X, if there are finite and strictly positive constants C1, o and y such that, for all
n € N sufficiently large and forall 0 <r <s <7 <1,

(1.6) E[| X, (1) = Xu ()" | Xn(s) = Xp (D[] < C1(e — ).

Note that (1.6) is in fact a more specialized instance of formula (13.14) in [7]. Now assume
(1.5) and observe that

E[| X1 (1) — X ()% X0 (5) = X (r)[P?]

< VE[|Xa(®) — Xa(9)|* Y E[|Xa(5) — X ()]

5 \/C<LntJ - Lnsj>1+“\/C<LnSJ - LnrJ)“”"
n n

< 31+(¥C(t _ r)l-HX’

where the last inequality follows from an argument used in the proof of [44], Lemma 3.1.
Hence, we conclude that (1.6) holds true with y = 8/2 and with C; = 3'T%C. It remains
to show that (1.5) implies that X has a continuous modification. Indeed, from the con-
vergence of finite-dimensional distributions, the continuous mapping theorem and since
E|Y|" <liminf,_ o E|Y,|" for all r > 0, whenever Y, n € N, converges in distribution to
Y, we conclude from (1.5) that for all 0 < s < ¢t <1 we have that

E|X (1) — X (9)]” < liminfE| X, (1) — X, ()| < C(t —5)'*,

where C, o and B8 are as in (1.5). Thus, the continuity of X follows from the Kolmogorov—
Chentsov theorem. [

1.3. Plan. Section 2 contains some general information about U-statistics and U-
processes and several useful estimates for contraction operators. The main results of the
paper, which give sufficient conditions for functional convergence of U-processes, are pre-
sented in Section 3.1; some connections to changepoint analysis are described in Section 3.2,
whereas multidimensional extensions are discussed in Section 3.3. Section 4 deals with appli-
cations of our main results to subgraph counting in random geometric graphs and U -statistics
of order 2 with a dominant diagonal component. Finally, Section 5 contains some further an-
cillary results, as well as the proofs of the main results.

2. General setup.

2.1. Symmetric U -statistics and U -processes. As before, we assume that Xy, X», ... is
a sequence of i.i.d. random variables taking values in a measurable space (E, £) (that we fix
for the rest of this paper), and denote by p their common distribution. For a fixed p € N, let

v (EP,E%P) — (R, B(R))

be a symmetric and measurable kernel of order p. By “symmetric” we mean that, for all
x =(x1,...,xp) € EP and each 0 € S, (the symmetric group acting on {1, ..., p}), one has
that

VX1, Xp) =Y (Xo(1)s - - s Xo(p))-
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In general, the kernel ¥ = ¥ can (and will most of the time) depend on an additional
parameter n € N (the size of the sample in the argument of the associated U -statistic), but we
will often suppress such a dependence, in order to simplify the notation. We use the symbol
wu? to denote the pth power of p (which is a measure on (E?, £%7)). In what follows, we
will write X :={X; :i € N} and, for p, v, X as above and n € N, we define

QD IP) =N = Y X jel = Y Y(Xi..... Xi),
Je€Dp(n) I<ij<--<ip=n
where D), (n) indicates the subsets of size p of {1,...,n}. We say that the random variable

J;")(W) is the U -statistic of order p, based on X1, ..., X, and generated by the kernel .
For p = 0 and a constant ¢ € R we further let Jo(c) :=c.

Let p > 1, and let ¥ € L'(1?) be symmetric. The kernel v is called (completely) degen-
erate or canonical with respect to p, if

/w(xl,xz,...,xp)du(xl)zo for u?'-a.a. (xz,...,x,,)eEp_l,
E
or, equivalently, if

E[y(X1.....X)|X1.....X,_1]=0, P-as.

Now assume that ¢ € L!(u”) is a symmetric but not necessarily degenerate kernel. In this

case, the random variable J ,5")(1,0) can be written as the sum of its expectation and a linear
combination of symmetric U -statistics with degenerate kernels of respective orders 1, ..., p.

More precisely, one has the following Hoeffding decomposition of J ,(,") (¥):

P oin—k P in—k
@) =B+ (52 0) v = > (5= %) o,
where
k
(2.3) Yexn a0 =y DT @iy, x)
=0 1<ij<--<ij<k

and the symmetric functions g; : E! — R are defined by

(2.4) g1, ) =E[Y O,y X, Xpon)]

in such a way that, for 1 <k < p, ¥y is symmetric and degenerate of order k. In particular,
one has go = Yo =E[¥(Xy,...,X,)] and g, = . See, for example, [49, 50] for general
references on Hoeffding decompositions.

Similar to (2.1), we can naturally define a U -process

(2.5) U={U@):te<[0,1]}
as follows. For t € [0, 1], write U(t) := U, () := Jl(,LmJ)(w). Then, for every ¢ one has the
Hoeffding decomposition

D (] =k )
(2.6) U@ :=E[UDO]+ ) ( bk ) T ().
k=1

Whenever ¥ is a symmetric element of L?(uP), we will also make use of the notation
U@) —E[U®)]

On

2.7) W) :=W,(t) = t €0, 1],
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where

14 2
(2.8) oy := Var(U, (1)) = Var(J " () = Z( ) (Z) a2

k=1

(2.9) = (Z)é (’;) (’; :i) Var(gr (X1, ..., Xp).

Setting

n
QD(k) — g0(,,1’]{) — (p—k)v/k

one has that each <p(k) is a degenerate kernel and, using the notation Vi (¢) := Jk(LmD(w(k)),
one infers the following useful representation of W
p (Lntj—k)
Wn=y"
k=1 p—k)
It is immediately verified that, for each n € N, both W,, := {W,,(¢) : t € [0, 1]} and U}, :=
{U,(¢) : t €0, 1]} are random elements with values in D[0, 1]. As anticipated, the aim of this
paper is to deduce verifiable analytical conditions, under which the sequence {W, : n € N}

converges in distribution to some continuous Gaussian process Z = {Z(¢) : t € [0, 1]} of the
form (1.1).

Vi(@®), tel0,1].

2.2. Contractions. We will now define “contraction kernels” obtained from pairs of
square-integrable mappings. These are one of the principal analytical tools exploited in our
paper. Given integers p,g > 1,0 <[ <r < p A g and two symmetric kernels ¢ € Lz(ul’ )
and ¢ € L%(u?), we define the contraction kernel v *i ¢ on EPt4="=! by the relation

)
(w *r (P)(yl, ---syr—[stl, ---atp—r,sh ---’Sq—r)

::Al(w(xlv"’7xl,y17-",yr—l,t17"'7tl)—}")

(2.10) -<p(x1,...,xl,yl,...,yr_l,sl,...,sq_r))dul(xl,...,xl)
=E[Y(Xi, oo, X0 Yoy Vel Hlo oo Ep—y)

(2.11) QX1 XL V1 Vel ST s Sg—r) ],

forevery (y1,...,Yr—1,t1, ..., tp—r, S1, ..., Sq—r) belonging to the set Ag C EP*Ta—r=l guch

that the right-hand side of the previous equation is well defined and finite, and we conven-
tionally set it equal to zero otherwise. Given V¥, ¢, r, [ as above, we write that the kernel
v *lr @ is well defined if uP+4=" _’(Ag) = 0 (where Ay is the set defined above). Note that,
in general, it is not clear that i *l, ¢ is well defined in the sense specified above, or that the
obtained contraction is square-integrable.

If / =0, then (2.10) has to be understood as follows:

(w*gw)()’lv---a)’r»tl,---:tp—r:slwwysq—r)
=w(y1,---’yr»tl,---atp—r)ﬁl)()’l»---,)’r,sl’---asq—r)-

In particular, if / = r = 0, then ¢ *lr ¢ boils down to the tensor product @ ¢ : EPT4 — R
of ¢ and ¢, given by

(VI ®(p)(x17 ---,xp+q) :w(xl, .--,xP) go(x])+1, ...,xP+q).
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We observe that v * W = ¥ is square-integrable if and only if ¥ € L*(u”). As a conse-
quence, ¥ * %) mlght not be in L2(,up+‘1 =1y even though ¥ € L?(u?) and ¢ € L*(u9).
Moreover, 1fl =r = p, then ¢ *p U= ||W||L2(Mp) is constant. By Lemma 2.4 of [18] the in-

volved contraction kernels are always well defined. Moreover, the same lemma gives various
bounds on norms of contractions that are useful for the present paper.

In what follows, for p € N and a function f : E” — R we write f for its symmetrization,
that is,

- 1
f(xl, ...,xp) = —' Z f(xO'(l), ...,xg(p)), (xl, ...,xp) € Ep,
‘oeS,
where S, denotes the symmetric group acting on {1, ..., p}. Note that, if f € L9(u?), then
Il fllLa(ury < I fllLaur), by the triangle inequality.

3. Weak convergence of U-processes with symmetric kernels.

3.1. Main results. For the rest of this section, we let p > 1 be an integer. Moreover, for
positive integers 1 <r,i,k<pand0<I[<psuchthat 0 </ <r <i Ak,welet Q@, k,r,1)
be the set of quadruples (j, m, a, b) of nonnegative integers such that the following hold:

l.j<iandm <k, 2.b<a<r, 3.b<l, 4.a—-b<r-—I,
S5.j4m—a—-b<i4+k—-r—-I<i4+k—-1, 6.a<jAm,
7.if j=m=p,thenb=[landa=r > 1.

The next statement is the main result of the paper.
THEOREM 3.1 (Functional convergence of general U -statistics, [). Let the assumptions
and notation of Section 2 prevail, define the sequence
W, ={W,():t€[0,1]}, neN,

according to (2.7), and assume that the following three conditions (expressed by means of the
notation (2.4)) are satisfied:

(a) forall 1 <k < p, the real limit

2p—k
by = lim ——(llgk 1720, — E[¥ (X1, X)])°)
n2p—k
= nlggo Var(gk(Xl, R Xk))

n
exists;
() forall 1 <v <u < p and all pairs (I, r) and quadruples (j, m, a, b) of integers such
that1 <r <v,0<l<rAm+v—r—1)and (j,m,a,b) € Q(v,u,r,l) one has that

_utv4r—l
n2

Jim, 8 % 8l 2urm-os) = 0

(¢c) there exists some € > 0, such that, forall 1 <r < p,all 0 <l <r — 1 and all quadru-
ples (j,m,a,b) € Q(r,r,r1,1), the sequence

n2pfr7%+6 b

o2 &) *a &m ||L2(Mj+’"—“—b)

is bounded.
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Then, as n — oo, one has that W,, = Z, where Z is the centered Gaussian process defined
in (1.1), for
b2
2 _ k
%r= o [SE=P
REMARK 3.2. The contractions appearing at Point (c) of Theorem 3.1 also appear at
Point (b) of the same statement. In particular the requirement at Point (c) can be rephrased
by saying that, for all (j, m, a, b) € Q(r, r, r,[), the sequence

-1
n2rr="5

b
T”gj *, gmHLZ(Mijmfafb)’ n= ]7
n
converges to zero as O(1/n€), for some € > 0. A similar remark applies to Point (b’) and
Point (¢) of Theorem 3.4.

REMARK 3.3. In the case p =2, after removing redundant terms, verifying conditions
(b) and (c) of Theorem 3.1 boils down to checking that the following quantities converge to
Zero, as n — 00:

2 2 5/2
L. g—nzllgzlle(Mz)lEgz(Xl, Xl 2. 508140 g2l 22y, 3. 'ﬂ,—}%llgl *1 821l 22

O

32 0 2 1
4. naz ll g2 *} g2||L2(u3)’ 5. %HgZ * 82||L2(M2),

n n

3/2 0 3/2
0. n—anz ll g2 *q 81||L2(u3) = —nanZ g1 ||L2(M)||32||L2(p,2)7

and that the following sequences are bounded for some € > 0:

A 5/24€ .. 5/2+€

() n > *——(Ega (X1, X2))?, (i)n—> " o el L2y Ega (X1, Xo)I,
5/24€ . Ite

(i) n — = o2 llg1 ”%440/«)’ (iv) n = nanz ”g2”%4(#«2)'

Recall also that in this case we have that g, = .

When the Hoeffding decomposition of a given U -statistic is directly provided, it is more
convenient to work with the kernels {y;} defined in formula (2.3), rather than with the class
{gxr}. The next statement allows one to obtain the same conclusion as in Theorem 3.1 by
uniquely checking conditions related to the family {1} defined in (2.3).

THEOREM 3.4 (Functional convergence of general U -statistics, II). The conclusion of
Theorem 3.1 continues to hold if the following three conditions (a’), (b') and (') replace
conditions (a), (b) and (c):

(@) forall 1 <k < p, the real limit b} :=1im,_, oo %”W”izm exists;
() forall 1 <v <u < p and all pairs (I, r) of integers such that 1 <r <v,0<1[ <
rA(u+v—r—1),
. nzp_u+vzﬁrfl l
Jon e Yl gy =0

(c") there exists some € > 0 such that, forall 1 <r < pand 0 <[ <r — 1, the sequence

n2p—r—%+6 ;
T 52 |1V % ”Lz(;ﬂ—l)

n

is bounded.
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REMARK 3.5. 1In case p = 2, verifying conditions (b’) and (c") of Theorem 3.4 boils
down to checking that the following quantities converge to zero as n — 00:

2 5/

LSy vl zge), 22 Sl ) vall2g, 3. w 2 S Vallr2(3)s
2

4. 5192 %1 Y2l r2g2)s

and the following sequences are bounded for some € > O:

VUil 2, () ne " T Y2+ Vallr2(u2)s
n /2+

(iii) n — 192 % V2l 12 -

REMARK 3.6.

(i) By inspection of our proofs, one sees that Conditons (a) and (b) in Theorem 3.1 (resp.
conditions (a") and (b’) in Theorem 3.4) are sufficient conditions for the convergence of the
finite-dimensional distributions of W,, towards those of Z, whereas Conditons (c¢) and (c’)
therein imply tightness. Condition (b") in Theorem 3.4 implicitly appears in [18], Section 4
and Section 5, as an analytical sufficient condition ensuring that (in the notation of the present
paper) W, (1) converges in distribution to a one-dimensional standard Gaussian random vari-
able. On the other hand, condition (b) in Theorem 3.1 is a substantial improvement of the
sufficient conditions for one-dimensional asymptotic normality that can be deduced from
[18], Theorem 5.2. The difference between the conditions emerging from [18], Theorem 5.2,
and those deduced in the present paper is explained by the fact that our findings use instead
Lemma 5.7 below, which is a refined version of [18], Lemma 5.1.

(i) It will become clear from the discussion to follow that condition (a) in Theorem 3.1
and condition (a’) in Theorem 3.4 are equivalent for the same values of b2, that is: for every

k=1,...,p, the limit lim,_, o "2 ..., Xp)) exists and is finite if and only if

. 2p— L . .
the same holds for lim,, _, o % [k ||i2 ik’ and in this case the two limits coincide.

(iii) The proofs of Theorems 3.1 and 3.4 will show that conditions (b) and (c) in Theo-
rem 3.1 imply conditons (b’) and (c’) in Theorem 3.4, whereas the opposite implication does
not hold in general.

(iv) (Relaxing conditions (a) and (a’)) Suppose that all the assumptions of Theo-

rem 3.4 are verified, except for condition (a’). In such a situation, we can define b,%(n) =
2p k

IVell?5 o, k=1,..., p, and observe that, for every k, the mapping n — b2 (n) is
L= (p) k

bounded (by virtue of (2.8)). For every n > 1, we set Z, to be the Gaussian process obtained
from (1.1) by replacing the coefficient ak’ » with

b?(n)
k'(p — k)12’

A standard compactness argument now implies that, for every sequence {n,,} C N diverging
to infinity, there exists a subsequence {n),} C {n,,} such that a,% p(n;ﬂ) converges to a finite

o () = 1<k<p.

limit &,% p as n,, — oo (the value of b?,% » depending in general on the choice of the subse-
quence {n),}), so that Z,;, converges in distribution—as a random element with values in
DJ0, 1]—to the Gaussian process obtained from (1.1) by replacing the coefficient oz,%’ » with
62,% » Applying the triangle inequality together with Theorem 3.4 to each extracted subse-

quence n,,, we infer the following conclusion: if p is any distance metrizing weak conver-
gence on DI0, 1] (see, e.g., [19], Section 11.3), then for every sequence {n,,} C N diverging
to infinity there exists a subsequence {n),} C {n,,} such that

oWy s Zy )—>O asn — 00,
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where p(W,, Z,) is shorthand for the distance between the distributions of W,, and Z,, as
random elements with values in D[0, 1]; one sees immediately that this conclusion is equiv-
alent to the asymptotic relation

3.1 oW,,Z,) — 0 asn— o0.

By virtue of Points (ii)—(iii) of the present remark, the exact same conclusion holds if one sup-
poses that all assumptions of Theorem 3.1 are verified, except for condition (a). In view of the
content of Point (i) above, it follows that Theorem 3.1 and Theorem 3.4 contain and substan-
tially extend the one-dimensional qualitative CLT stated in [18], Section 5. One should notice
that the techniques developed in [18] also allow one to deduce explicit rates of convergence,
and that such a feature does not extend to our infinite-dimensional results.

(v) In [41], Theorem 1, Miller and Sen have proved an invariance principle for the situ-
ation of a nondegenerate kernel ¢ € L?(u”) of order p that does not depend on the sample
size n. This in particular implies that b% =(p—-D?>0and b =0forl=2,..., p. More-
over, (2.9) implies that

n2 p—1
O'n2 ~ W Var(gl(Xl)).
We now sketch an argument implying that this theorem can be deduced from our results
even though the norms of the involved contractions are in general only finite for kernels
in L4(,up ). In order to cope with this technical issue, for K € N we introduce the truncated
kernel ¥ &) := ¥ 1y <k} € L*(uP). It then easily follows from dominated convergence that,

with obvious notation, one has that gl(K) converges to g; as K — oo ul-ae. and in L2(ub),

[ =1,..., p. In particular, for large enough K, K > Ky say, it also holds that (bgm)2 =
(p—1D!1*>0and bl(K) =0forl/=2,..., p. Writing ,EK) = J,(,Lmj)(w(K)) for the U -process

induced by the kernel ¥ ) and

@) — B0 (1)

W @) = ©
On

for its normalized version, where (cr,gK))2 = Var(U,gK)(l)), we have

(K) (lnt]) ; (K)
o J
WO ool

n Op

(3.2) Wn() =

where p®) = Y1y k) — El¥ (X1, .o, Xp)Lgyx,y.... x,)|>k}]. Note that p®) converges
to 0 uP-a.e. and in L?(uP) as K — oo.
We will apply [7], Theorem 3.2, to the decomposition (3.2) of W,,. First, since

n2p—1
(p—DP

it is straightforward to check that all terms appearing in Theorem 3.1(b) for W,gK) are
o(n~12). Hence, from Theorem 3.1 and Slutsky’s lemma we conclude that

2
(03")" ~

var(g'® (x1)), K = Ko,

(K)
W,gK) n— Val‘(gl (Xl))tp_lB K;go tp_lB,
Var(g1(X1))
where B is a standard Brownian motion. For the remainder term

(Int]) ( (K)
Jp ()
R (1) = L

On
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observe that by Markov’s inequality, for fixed K > K¢y and € > 0 and with d denoting the
Skorohod metric as well as &) (x) = E|p &) (x, X, ..., X )|, we have
o) K K 1
]P’(d(Wn, W )) > e) <P(| R} )Hoo >¢€) <P(o, J;”)(|pk|) > €)

n

1
= m Var(JI(,”)(|pk|))

n

n2p71

< G e V) + 06 ).

Hence,

& (K)
\% X)) ko
imsup (W, 2 wi) > ¢) = YOO Koo
=0 On € Var(g1(X1))

since rK) converges to 0 in L2(,u) by the dominated convergence theorem. Thus, [7], Theo-
rem 3.2, implies that for a kernel ¢ € L?(u”) that does not depend on 1, the corresponding
normalized U-process W, converges weakly to tP~1B() if Var(g1(X1)) > 0 (for the ne-
cessity of the latter condition see also Remark 3.8 below). Selecting p = 1 in the previous
discussion allows one to recover a version of Donsker’s theorem [7], page 90. If ¥ may
depend on n, the situation is more complicated, since the contraction norms are no longer
constant. This applies even to the case of a first Hoeffding projection that is asymptotically
dominant.

The following corollary deals with the (simpler) situation of a degenerate kernel.

COROLLARY 3.7 (Degenerate kernels). Let the assumptions and notation of Section 2
prevail, define the sequence Wy, n € N, according to (2.7), and suppose in addition that the
kernel \ is degenerate. Assume that, for all pairs (L, r) of integers such that 1 <r < p and
O0<l<rnAnQ@p-—r-—1),

l
— [ % e
(3.3) lim o'z WV Vg
n—oo

2
||1ﬁ ||L2(/,L[’)
and that, for all 0 <[ < p — 1 and for some € > 0, the sequence
1
LP e Iy *p Wlle(prz)

3.4) ne—n
KA

is bounded. Then, as n — 00,
W, = {B(t") :t € [0, 11},
where B :={B(t) : t € [0, 1]} denotes a standard Brownian motion.

REMARK 3.8. If p > 2 and the degenerate kernel i does not depend on n, then condition
(3.3) is not satisfied for [ = r =1, since

) 1
) = | > Ul 2201y W * Yl 20,202
lim n 2 4 ZL(/L ) — ! ZL(“ )>0.
n— oo

||¢||L2(Mp) ”1//”[,2(#1))

This phenomenon is consistent with the known non-Gaussian fluctuations of degenerate U -
processes of orders p > 2 having a kernel ¥ independent of the sample size—see [20, 28,
40, 42].
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3.2. Connection to changepoint analysis. 'The techniques developed in the present paper
can be used to characterize the weak convergence of families of processes that are more
general than the ones defined in (2.7) and, in particular, to deal with limit theorems related
to changepoint analysis (see, e.g., [13, 14, 21, 24, 26, 27, 29, 47]). In order to illustrate
such a connection, we will show how to suitably adapt our results in order to generalise
an influential invariance principle for order 2 symmetric U -statistics, originally proved by
Csorgd and Horvath in [13]. As explained, for example, in [14, 26, 47] such an invariance
principle has been the starting point of a fruitful line of research, focussing on changepoint
testing procedures based on generalisations of Wilcoxon—-Mann—Whitney statistics. Further
possible extensions of the results of this section, involving in particular antisymmetric kernels
[13, 14, 24, 27] and rescaled U -processes [13, 21, 47], are outside the scope of the present
paper and will be investigated elsewhere.

As before, we start by fixing a sequence of i.i.d. random variables Xy, X», ... with val-
ues in (E, ), and with common distribution . We also consider a sequence of kernels
{¢™ :n > 1}, such that each mapping ¥ : E2 — R is symmetric and square-integrable
with respect to p2. For applications, ¥ is typically chosen in such a way that the quan-
tity " (x, y) is small whenever x, y are close, for example, ¥ (x,y) = |x — y||f, 8> 0
(assuming E is a normed space), but such a property has no impact on the convergence re-
sults discussed below. Here, to simplify the notation we assume from the start that each "
is centered, that is, E[w(”)(X 1, X2)] = 0 for every n. We are interested in the family of U-
processes {Y},, : n > 1} given by

L= >  y"Xi,X), telol1]

I<i<[nt]<j=<n
Defining wbsn), u = 1,2, according to (2.3) and writing y(n) := ||1ﬁ1(")||Lz(M) and y»(n) =
I wz(") 22,2, One deduces immediately that, for 0 <s <r <1
Cov(Y,(s), Y, (1))
(3.5) = () ns)(n — nt] + 1)+ y1(m)*{ns|(n — [nt] +1)(n — ns] + 1)
+ |ns)](n — |nt] + 1)(Int] — [ns] + 1) + |ns]|nt](n — [nt] +1)}.
We also set ynz := Var(¥,(1/ 2)),! and 17,1 := Y, /v»n. The next statement corresponds to one

of the main findings in [13].

THEOREM 3.9 (Csorg6 and Horvath [13]). Under the above assumptions, assume that
w(”) =y does not depend onn, and write y1 = y1(n), n > 1. Then, as n — 00, one has that
Vi ™~ y1n3/4 and moreover Y,, = 2A, where A = {A(¢) : t € [0, 1]} is defined as

A@t):=(—1)B(t)+t(B(1) — B(1)), t<]0,1],
with B a standard Brownian motion.
The following statement (containing Theorem 3.9 as a special case) shows that, by allow-
ing the kernels 1 to explicitly depend on 1, one can obtain a larger class of functional

limit theorems. We recall that a centered continuous Gaussian process b = {b(¢) : t € [0, 1]}
is called a (standard) Brownian bridge if E[b(¢)b(s)] =s At — st, forall s, ¢ € [0, 1].

I'The choice of ¢ = 1 /2 is arbitrary; one could set ynz := Var(Yy, (a)) any number a € (0, 1) without changing
the substance of the subsequent results.
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THEOREM 3.10. Let the above assumptions and notation prevail, and assume moreover
that: (1) the kernels wl("), 1//2(") verify the asymptotic relations expressed in conditions (b') and
(¢") of Theorem 3.4 for p =2, and (Il) as n — o0,

4_iYnl )2
n 2
Yn

Then, ynz ~ (c% + C%)*l (n3)/n(l)2 + nzy,, (2)2), and moreover ?n = c1A + cob, where b is
a Brownian bridge independent of A.

— ctef0,00), i=1,2.

Theorem 3.10 is proved in Section 5.5. An alternate class of FCLTs displaying Brownian
bridges as limits can be found in [27]. In the forthcoming Corollary 4.4, we will present a
direct application of Theorem 3.10 to edge counting in random geometric graphs.

3.3. Extension to vectors of U-processes. In this subsection we state multivariate ex-
tensions of Theorems 3.1 and 3.4. We first introduce the setup and some notation. Fix
a dimension d > 1 and, for 1 <i < d, let p; be a positive integer and suppose that
V(i) =y e Lz(up") is a symmetric kernel (that may again depend on the sample
size n). Define the corresponding kernels gi (i) and vs(i) (which may also depend on n)
forall 0 <k < p; and 1 <s < p; in the obvious way. Without loss of generality we may
assume that 1 < py < pp <--- < pg. Moreover, for 1 <i <d, t €[0,1] and n > pg, let

Ui(t) =I5 (wr (i),
Ui(t) —E[U; (1)]
Var(U; (1))
and W; := (W;(t))t¢[0.17- Then, with obvious notation we have that
Wi=W®" =W, ..., Wo)T e D([0, 1]; RY).

In this section, the vector-valued Gaussian limiting processes Z = (Zy, ..., Z)T will have
zero mean, and a covariance structure that is given by

Wi(t) =W (@) =

PiNDj
(3.6) Cov(Zi(s), Zj (1)) = Z (i, ) (s AD)ksPi—kepi=k

k=1
where 1 <i, j <d,s,t €[0, 1] and the ok (i, j), 1 <k < p; A pj, are real numbers such that
ak(i, i) > 0. Specializing (3.6) to the case i = j,i =1, ..., d, one sees immediately that each

process Z; has the form (1.1), for p = p; and a,% p=ak(i,i ), thus implying in particular that
Z takes a.s. values in C ([0, 1]; Rd). For 1 <i <d, we further write
o2(i) := Var(U; (1)).

The next two statements are multidimensional counterparts to Theorem 3.1 and Theo-
rem 3.4.

THEOREM 3.11 (Functional convergence of vectors of general U -statistics, I). Let the
assumptions and notation of this subsection prevail, and assume that the following three
conditions are satisfied:

(@) Foralll1 <i < j<dandforall 1 <k < p; A pj, the real limit
pPitpj—k
br(i,j):= lim —— ), j
k(. j) = lim an(i)on(j)((gk(l) 8k(N) 12k,

—E[y O X1, Xp) | E[Y (DX, -, X))

exists;
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(b) foralll <i<k<d,alll <v<p;,alll <u < py and all pairs (I, r) and quadruples
(j,m,a,b) ofintegers suchthat 1 <r <vAu,0<I<rAu+v—r—1)and (j,m,a,b) €
O, u,r,l) one has that

. npi+pk7u+v;rfl . )
Jim o (onk) |8 @) *g gm K| 12, im—a-y =0

(¢c) there exists some € > 0 such that, forall 1 <i <d,all 1 <r <p;,all0<l<r -1

and all quadruples (j,m,a,b) € Q(r,r,r,1), the sequence

n2pi—r—r—gl+e

0,(i)? ”gj (@) *Z gm (i) ||L2(ﬂj+m—a—b)
n

is bounded.

Then, as n — 0o, one has that W = Z, where Z = {Z(t) :t € [0, 1]} is the centered,
vector-valued Gaussian process defined by the covariance structure (3.6) and where, for 1 <
i, j <d,we have

b (i, j)
k'(pi —i)(pj — k)

ar(i, j) = 1<k=<pinpj.

THEOREM 3.12 (Functional convergence of vectors of general U -statistics, II). The con-
clusion of Theorem 3.11 continues to hold if the following three conditions (a'), (b") and (c’)
replace conditions (a), (b) and (c):

(@) Forall1 <i < j <d and forall 1 <k < pi A\ pj, the real limit

o . nPitrj—k . _
b (i, j) = lim m(lﬂk(l), V(D) 24k

exists;

() forall 1 <i<k<d,all1 <v<p;,all<u< pyand all pairs (I, r) of integers
suchthat 1 <r <vAu,0<I<rAu+4v—r-—1),

npi+pk7u+v+r—l l

nll>n(;o W “ WU (l) *r Wu (k) ||L2(Mv+u—r—l) - O,

(¢") there exists some € > 0 such that, forall 1 <i <d,all 1 <r < p; andall 0 <[ <
r — 1, the sequence

n2pi—r—r2;l+e

o2(i)

| @) % 9 D L2y
is bounded.
4. Applications.

4.1. Subgraph counting in random geometric graphs. Random geometric graphs are
graphs whose vertices are random points scattered on some Euclidean domain, and whose
edges are determined by some explicit geometric rule; in view of their wide applicability (for
instance, to the modelling of telecommunication networks), these objects represent a very
popular alternative to the combinatorial Erd6s—Rényi random graphs. We refer to the texts
[45, 46] for an introduction to this topic, and for an overview of related applications. Our aim
is to use our main findings (Theorem 3.1 and Theorem 3.4) in order to establish a new col-
lection of FCLTs for arbitrary subgraph counting statistics associated with generic sequences
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of random graphs. These FCLTs—whose statements appear in Theorem 4.2 below—hold
in full generality and with minimal restrictions with respect to the already existing one-
dimensional CLTs; as such, they substantially extend the one-dimensional CLTs proved in
[46], Section 3.5 and Section 3.4, as well as in [5, 18, 31].

We fix a dimension d > 1 as well as a bounded and Lebesgue almost everywhere continu-
ous probability density function f on R?. Let ju(dx) := f (x) dx be the corresponding prob-
ability measure on (R4, B(RY)) and suppose that X1, X», ... are i.i.d. with distribution .
Let X :={X; : j € N}. We denote by {1, : n € N} a sequence of radii in (0, 00) such that
lim,_, o t, = 0. Foreach n € N, we denote by G(X; t,,) the random geometric graph obtained
as follows. The vertices of G(X;t,) are given by the set V,, := {X1, ..., X;;}, which P-a.s.
has cardinality 7, and two vertices X;, X ; are connected if and only if 0 < || X; — X2 < t,.
Furthermore, let p > 2 be a fixed integer and suppose that I" is a fixed connected graph on p
vertices. For each n we denote by G, (I") the number of induced subgraphs of G (X; t,,) which
are isomorphic to I'. Recall that an induced subgraph of G (X; #,,) consists of a nonempty sub-
set V, C V, with an edge set precisely given by the set of edges of G (X ,,) whose endpoints
are both in V. We will also have to assume that I" is feasible for every n > p. This means

that the probability that the restriction of G (X 7,) to X1, ..., X, is isomorphic to I" is strictly
positive for n > p. Note that feasibility depends on the common distribution p of the points.
The quantity G, (I") is a symmetric U -statistic of X1, ..., X, since

GuD)= Y Yr,Xi, ..., Xi),

I<ij<--<ip=n

where Y-, (x1, ..., xp) equals 1 if the graph with vertices x1, ..., x, and edge set {{x;, x;} :
0 < [|xi —xjll2 < t,} is isomorphic to I', and equals O otherwise. We denote the corresponding
normalized U-process by {W,,(¢) : ¢t € [0, 1]}, that is,

Un(t) — E[Ux (1)]

W) = e G172

where

Un(1) := G ) (D) = > Yr, (X, ... Xi,), 0<t<1.
I<ij<--<ip=<|nt]
For obtaining asymptotic normality one typically distinguishes between three different
asymptotic regimes:

(R1) ntff — 0 and n”tff(p_l) — 00 as n — 00 (sparse regime)
(R2) nt,ﬁl — 00 as n — o0 (dense regime)
(R3) nt,‘f — p € (0, 00) as n — oo (thermodynamic regime)

Note that we could rephrase the regimes (R1) and (R2) as follows:

RD (O <l <}

n n n

R2) 1«1,

where, for positive sequence a, and b,, we write a, < b,, n € N, if and only if lim,,_, o0 an/
b, = 0. It turns out that, under regime (R2) one also has to take into account whether the
common distribution w of the X; is the uniform distribution /(M) on some Borel subset
M C R, 0 < A4(M) < oo with density f(x) = A%(M)~"17(x), or not. To deal with this
peculiarity, we will therefore distinguish between the following four cases:

(C1H nt,‘f — 0 and npt,f(p_l) — 00 as n — o0.
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(C2) nt,f — 00 as n — oo and u = U(M) for some Borel subset M C R? s.t. 0 <
A (M) < 0.

(C3) nt,‘f — 00 as n — 00, and u is not a uniform distribution.

(C4) nt? — p e (0,00) as n — oo.

The following important variance estimates will be needed. Except for the case (C2), which
needs a special consideration, these have already been derived in the book [46]. Since it does
not make the argument much longer, we provide the whole proof.

PROPOSITION 4.1. Under all regimes (R1), (R2) and (R3) it holds that E[G,(I")] ~

d .
cn’t, (= for a constant ¢ € (0, 00). Moreover, there exist constants ci, c2, ¢3, ¢4 € (0, 00)
such that, as n — oo,

(C1) Var(G, () ~ cj - nPt? P~V

(C2) Var(G,(I)) > ¢ - n2P~ ztd(ZP 3 forall n €N,
(C3) Var(G,(I)) ~ ¢3 - n?P~ 11 GP=2),

(C4) Var(Gp(I')) ~ ¢4 - n.

PROOF. For notational convenience, fork =0, 1, ..., p we simply denote by g the func-
tion
(15 x0) = By, (ens ook X, oo Xp—o)],

corresponding to the kernel Y ; , that is, we suppress the dependence on n and on the
graph I'. We will make use of formula (2.9). First note that, for 1 <k < p,

Var(ge(X1, -, X0)) = gkl 2 — E[Y (X1, ..., X))
Hence, by (2.9), we have

Var(Gu(r) = (1) > ( ) (520 Ukl = BV X1 X))

4.1)
D P ([ D)
~ (g3, x V(X1 ..., Xp)|)7).
(1 — N2 L p
= k((p =0 (1)
Fork=1,..., p, we have that (e.g., by dominated convergence)
2
”gk”LZ(Mk)
_ 2 5k
= gk(X1, ..., xp) dp” (x1, ..., Xk)
( d k

= (Rd)k <—/(‘]Rd)p—k WF,t,, (.XI, ey Xk

2
Vs ee s o) i O, ...,y,,_k>) ik (ers )

:_/;Rd)k /;Rd)P—kX(Rd)P—k WF,tn(xl, s Xks V1, ---,Yp—k)

'I//Ftn(xla"'7xkau19""u 7]{)
P

p—k
H fxj)dx; H fGpdy; H fup)du

j=1
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@2 = e [ g POz 2y
“Yr1(0, wa, o, WE, VL, L, Vpg)
k p—k
(> [/ +twpdw; [T F&n+tazi) dzi
j=2 i=1
p—k

T f&r+ ) dugdxy
I=1

(4.3) ~ di (t4)?P R,

where, for 1 <k < p,

doi= [ e ran [ f P10, W2, W 21, s Zpi)
R4 f (RAYk=1 J(RA)p—k x (Rd)P—k w ’ p

(4.4) k p—k  p—k
Y0, wa, . wi v, vp ) [ [ dwy [ dzi [ du
j=2 i=1 =1

Also, from [46], Proposition 3.1, we know that
n? .
E[G, ()] ~ Fz,;“l’ Dy,
where
@) v=vp D= [ Ferdr [ a0y ) dyaedyy >0
This implies that

40 E[Y (X1, ... X)) ~ 2 ()2,

n

Since 0 < t, < 1, for 2 < k < p, this yields that
Var(gk(Xl R Xk)) = ||gk||%2('uk) - (E[w(le R Xp)])2
~ di (i)

In order to discuss the case k = 1 we have to carefully compare d; to v. Note that we have

2
dy = /Rd fx)?P! dx(/(Rd)p_l Y100, y2, ..., yp)dys -+ dyp>

so that d; > v? if and only if

/Rd f)* ldx > (/Rd f(x)pdx>2.

By Jensen’s inequality we have

(/Rd f(x)de>2:(/Rd f(x)p_ldﬂ(x)>2§/;&d FEOP 2 du(x)

:/Rdf(x)zlj_] dx
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with equality, if and only if, f(x)?~! is u-a.s. constant, that is, if and only if s is a uniform
distribution on some Borel subset M C R s.t. 0 < A4(M) < oo. Thus, if 4 is not a uniform
distribution we obtain that

Var(g1 (X)) ~ (di — vZ) (td)Zp—Q’

n

whereas, if @ is a uniform distribution we can only conclude that
2p—2
Var(g1(X1) < (1)

but, in general, we cannot give any lower asymptotic bound on Var(g;(X1)). Note that, for
1 <k<p—1wehave

0  under (R1),

o0
2K (dy2p 2 =nt, —> 100 under (R2),
" p  under (R3).

2p—k (7d)2p—k—1
4.7) nl ()

This implies that there are positive constants c1, c3 and ¢4 such that

clnp(t,f)pfl in case (C1),
(4.8) Var(G, () ~ { c3n® 1 (?)* ™% in case (C3),
c4n in case (C4),

whereas, in case (C2) we can conclude (as claimed) that there is a positive constant ¢ such
that

var(G, ) = (5) (5 25) U, — ELw X1 . X))

~ P2 (14)?P 3,

4.9)
]

The next collection of FCLTs, extending the one-dimensional CLT proved in [18, 46],
is the main result of the section. Note that, in view of the large number of parameters, in
the forthcoming Theorem 4.2 we choose to express the distribution of the limit process Z
directly in terms of its covariance function (1.3), rather than using the representation (1.1). We
will also need the following definition: For fixed p € (0, 00), introduce the positive definite
function W : [0, 1] x [0, 1] — R : (s, t) — W(s, t) given by

(4.10)

P 2p-i—1 2\ 2 *
p2P=1=1(d; — 5, v )) (s AD)P(s V1P 2p=k=1 (g, — 5 102),

Wi 1)i= (Z INp—Dl(p—1D! Zk!(p—k)!(p—k)!p

=1 k=1

where di, 1 <k < p and v have been defined in (4.4) and (4.5), respectively.

THEOREM 4.2 (FCLTs for subgraph counting in random geometric graphs). Let the
above assumptions and notation prevail. Then, in the cases (C3) and (C4), the sequence
W, ={W,(@)) :t €0, 11}, n € Nis such that W, — Z, n — o0, for some continuous Gaus-
sian process Z. In the case (C1), this convergence holds if, additionally, there is a § > 0 such
that (%) 10 < t,f < % and in the case (C2), this convergence holds if, additionally, there is
a d > 0 such that % < t,‘f < n V28 gnd if the limits b% and b% do exist, where the parameters
b% and b% have been defined in Theorem 3.1). The covariance function I" : [0, 1] x [0, 1] = R
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of Z is given by

(sAt)P under (C1),
(sADP(VHP™Y  (sADP(s VP2
2
F(S,t): 1_’_)\‘71 1+)\. under(c )9
(s ADP(s v P! under (C3),
W(s, 1) under (C4),

where W (s, t) is defined in (4.10) and A € [0, +00] is given in (4.13) below. In particular, in
the case (C1) one has that W, =—> {B(t?) : t € [0, 1]}, where B denotes a standard Brownian
motion.

REMARK 4.3. Note that, interestingly, in the case (C4) the covariance function W of the
limiting process depends not only on p but also on the difference d; — v2. In particular, the
analytic properties of W depend on whether p is a uniform distribution or not.

PROOF OF THEOREM 4.2. Let us first disregard the case (C2). Then, by Proposition 4.1,
(4.2) and (4.6) we have
2p—k
n 2 2
0,12 (”gk”Lz(/Lk) - (E[w(Xh ey Xp)]) )

n2p—k (dk (trcli)Zp—k—l _ UZ(trLll)Zp—Z)

2p—1 N
Y1 neni= (@ D2 — w2 (i) 2r=2)

~

By relation (4.7) this implies that

2p—k

b7 = lim
n—o00 o-nZ

(18k 117 2y — (E[¥ (X1, ..., X )])?)

Pk, p, in case (C1),
(p—DUp— Dk in case (C3),
B R )

4.11)

o e, d) nease (C4).
2= TTGDIG-DT
In the case (C2), in general we only know that
n2p—1 n2p—2(t;li)2p—3

02

n” (p=—Dl(p—-D! Var(gl(Xl)) +dj

2(p =D p -2

where
Var(g1 (X)) < (1) 2.

Thus, using (4.7) we can conclude that

2p—k

(4.12) b? = lim

n—00 0-,12

(18117 2y — (E[Y (X1, ..., X)])}) =0, 3<k<p.

Hence, if both limits b% and b% do exist, depending on the precise order of Var(g;(X1)), the
three scenarios:

(@ b?=(p—D!(p—D'and b3 =0

(b) b3 =0and b3 =2(p —2)!(p —2)! and
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(© b3=(p—-DUp—DIA+21"H""and b2 =2(p —2)!(p — 2)!(A + 1)~ for some
A € (0, 00)
are possible, where

2p—1
(4.13) py

2p—2.d\2p-3 -1
) n n )
= lim Var(g1(X1)) - <d2 )

n=o (p — Dli(p — D! 2(p =D p -2
Note that (c) contains (a) and (b) if we allow for A = 0 and A = +o00 by adopting the conven-
tions that a/0 := oo and a/oc0 := 0 for a € (0, c0).

In particular, (4.11) and (4.12) make sure that condition (a) of Theorem 3.1 is always
satisfied in this example and that the covariance function I' of the potential limiting process
given by

PosAtP(svrk

r s =
60 =2 oo

coincides with the one in the statement. Now fix integers 1 < v <u < p and [, r such that
I<r<vand0<I!<r A (u+v—r—1). The computations on pages 4196-4197 of [35]
show that for all

(jom,a,b)ye P:=({(j,m,a,b):1<b<a<j<mandb<m}
U{(j,m,a,b): j=m=aandb=0})NQ(v,u,rl)

one has

||gJ *I; 8m ||iz(uj+m—a—b) = O(Ig(4p_(j+m+u_b)_l))
4.14
(4.14) — O(1dép=Grtvtr=D=1)y

where the second relation follows from 0 < 7, < 1 and the inequality j +m +a — b <
v+u+r —1 (we observe that the authors of [35] actually deal with the rescaled measure n - u,
which is why they obtain another power of n as a prefactor). Now suppose that (j, m, a, b) €
O, u,r, )N P. We are going to repeatedly use (4.14) and Proposition 4.1 for the following
estimates: In case (C1) we have

n4p+l—r—v—u

- 4 ||gj *Z 8m “iZ(Mj#mfafh) S
Oy

n4p+l—r—v—utlf(“l’—u—v—r'f‘l—l)

d2p-2
antn( r—2)
— n2p*(U+u+V*l)l,d(2p7(v+u+r,l)+1)
- n

d\2p—(+u+r—I)_d
< (nty) Iy

< (npt,‘f(p_l))_l,

where we have used that v + u + r — [ < 3p for the second inequality and, hence, under the
assumptions of the theorem it follows that

n4p+l—r—v—u

—————— 8 * gml T2 uremany SnPY.
On

In case (C2) we obtain

——y— —p—v—u, d@p—u—v—r+i—1
pAp+l—r—v—u pap+i—r—v utn(P u—v—r+l—1)

b 2
T ||gj *q 8m HLZ(M.H""—“—b) S n4p_4trzli(4p—6)

_ 4= (tu+r—1) ,d(5—(v+ut+r—I))
=n t,

<nt2,
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where we have used that (v 4+ u +r —[) > 3. Hence, under the assumptions of the theorem it
follows that
n4p+l —r—v—u

b 2
- 4 H g] *a 8m || Lz(/,bjﬂnfafb)
Gn

5 I’l_26.

In case (C3) we similarly obtain

pap+l—r—v—u n4p+lfrfvfutg(‘tp—u—v—r‘f'l—1)

2
0_4 ”gj *gbz 8m ||L2(Mj+m—a—b) S_,

d(4p—4
fh n4p—2tn( p—4)

_ 22— (v+u+r=1) . d3—(v+u+r—I))
=n L,

<nl,
where we have again used that (v 4+ u + r — [) > 3. Finally, in case (C4) we have

pipH—r—v—u n4p+l—r—v—ut’f(“P—M—U—H‘l—1)

2
T g *Z 8m ||L2(,u+m—a—h) S 2

=n—1(ntd)4p+l*r*l)*u*1 ~ 4p+l—r—v—u—1

=0(nh.

Eventually, we have to deal with the quadruples (j, m, a, b) € Q(v,u,r,l)\ P. In order to do
this, we first remark that we have the asymptotic relations

n_l,o

(4.15) lgml220my S (™" 1<m<p and
(4.16) mP(pr.g,) :=f Ve, dp? S ()77
(R4)P

Relation (4.15) follows from the computation

m
1813, = /( o ) [T £ d;
j=1

m
N /(Rd)m 1—[1 TG /(Rd)2p2m Yo, (1, Xp)
]:

p
YTy K1s e X Zmtts -0 2p) [ FOD) f@) dxidz
I=m+1

m
= )d / 0,1, (x1 —x2), .o 1 (1 —
/;Rd)m};[lf(xj) Xj (Rdy2p—2m wl“,l( n (X1 —x2) . (x xp))
e (0,7 0 = x2)s e 7 G — ) £ X = 2t ) 1 (1 — 2))

P
I fef@)dxdz

[=m+1

= [ penan [ TT @+ ay,
=2

p

S TT 760+ ) f 1+ tyu) dusd

I=m+1
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: wr,l(ov yzv '-'7ymyum+lv ---,up)WI’,l(Oa y2? "'vyM7 Um+1’ sy Up)

m 14
 (+d 2p—m—l/ 2p—m / /
t X dx | | d | | dujdv
( }’l) RA f( 1) 1 (Rd)mfl ]:2 y/ R2p—2m It l )

: WF,I(O, y2’ ---ayl’l’lv ”m+1’ ---,up)WF,l(O, )’27 ---,Ym, vm+1» e Up)
< (td)prmfl

~ n ’

where we made use of the translation invariance and scaling property of the kernel Y1 ; as
well as of the a.e.-continuity of f. The derivation of (4.16) is similar but easier and is for this
reason omitted.

First, if a = b =0 and j, m > 1, then we have

0 2 2 2
lgj 0 gm I 12quitmy = 18717201 - 18m 72 m

2p—j—1,.d\2p—m—1 4p—(j+m)—2
S R ) e ) R

Now note that by the definition of the set O (v, u, r, [) we further have that
jtm=j+m—a—-b<u+v—r—I,
which implies that

4p—(u+v—r—I1)—2 — (td)4p—(u+v+r—1)+2r—2

lgj %0 &m “LZ(MJ'H") < () n

< (t:ll)4p—(u+v+r—l) ’

sincer > 1.Ifa =b=j =m =0, then we have

||g0 *8 80 ||iZ(/LO) = Mp(‘//r,tn )4 S ([131)41)_4

< (tg)4p—(u+v+r—l)—l

9’

which provides a bound of the same order as (4.14). If a =b = j =0 and m > 1, then using
m=j+m—a—b<u+v—r—Ilandr>1,

|80 %0 &m | 720m) = 17 W) Ngm 7 2,
S =

< (l;li)4p—(u+v—r—l)—3 _ (t’ii)4p—(u+v+r—l)—3+2r

< (trtli)4p—(u+v+r—l)—1’

which again yields a bound of the same order as (4.14). The only remaining possibility is that
l1<a=b=m=j < p—1.Inthis case, we first claim that

2j+1<u4+v+r—1L.

Indeed, if j <u,then2j <u+v <u-+v+r —1[since j <v. On the other hand, if j = u,
then j = v and we must alsohave r = jand/ <r —1=j —1since j=a <r <v=j and
O<l<u4+v—r—1=j—1=r—1.Hence,u+v+r—101>2j+r—1>2j+ 1. Thus,
we obtain that
L 4
I, *j' 8j ”LZ(MO) = llg; ”L2(;41)
S R - R 7 At

< (td)4p—(u+v+r—l)—]

— n 9’
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which is the same bound as in (4.14). Since all these bounds are at most the same as the
bound in (4.14) we conclude that the above estimates continue to hold for all (j, m, a, b) €
Q(v,u,r, 1)\ P. Since the estimates just proven are independent of the variables v, u, [ and
r, this implies that conditions (b) and (c) of Theorem 3.1 are satisfied in the asserted cases.

O

As announced, the following statement is a consequence of Theorem 3.10 and provides a
changepoint counterpart to the previous theorem, in the special case of edge counting.

COROLLARY 4.4. Under the above assumptions and notation, suppose that the sequence
{t,} verifies condition (C1) for p =2, and write anz := Var(G, (edge)). Then, if there is a
8 > 0 such that (%)2_5 < t;‘f < %, the process T,, .= {T,(t) : t € [0, 1]} defined by

1
T,() == — Z Ljo<)ixi =Xl <tn) — M),

M 1<i<|nt]<j<n

1 n
=— D> Lo<ixi—Xjl<n) — 0—" lnt](n — [nt] +1),
n

On I<i<|nt]<j<n

where n, :=P[0 < || X1 — X2|| < t,], is such that T, — 2b, where b is a standard Brown-
ian bridge.

The proof of Corollary 4.4 (whose details are left to the reader) follows from the fact that,
under the regime (C1) and in the notation of Theorem 3.10, one has that y,2 ~ 5.2 /2, and also
c1 =0 and ¢» = 2—in such a way that the limiting process +/2b exclusively emerges from
the fluctuations of the second (degenerate) Hoeffding projections of the U -statistics T;,(t),
t € [0, 1]. Writing k := |nt] for a fixed ¢, the sum

Sm.= 3 Lo<ixi-x;l=u)

1<i<|nt]<j<n

counts the number of edges in G(X;¢?,) such that one endpoint belongs to the set
{X1,..., Xr} and the other belongs to {Xg+1,..., Xy}; a small value of S(n,t) implies
that most distances between the elements of the two blocks of variables are larger than ¢,.
The random variable S(n,t) is a special case of the family of U -statistics used for graph-
based changepoint detection defined, for example, in [12], formula (3.1), (for k = 0 and
G = G(X; t,)); we refer the reader to such a reference, as well as to the seminal contribu-
tion [9], for an overview of changepoint analysis techniques based on the use of random
geometric graphs. For testing procedures (see, e.g., [14, 24]), one is typically interested in
understanding the asymptotic distribution of quantities, such as

M, := max (—T,(t)) or A, :=argmax(—T,(1)),
tel0,1] t€[0,1]
where argmax; . 1;&(#) stands conventionally for the smallest maximizer of a function g
admitting a maximum.? Corollary 4.4 implies that M, and A, converge in distribution to
m = /2 max b; and a := argmax by, respectively. It is a well-known fact (see, e.g., [14, 22])

that m /+/2 is distributed according to the Kolmogorov—Smirnov law, whereas a is uniformly
distributed on [0, 1].

2The domain of the argmax operator can be extended to D[0, 1]—see, e.g., [24], page 491.
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REMARK 4.5. The fact that A, converges in distribution to argmax b; is justified by the
observation that, according, for example, to [23], Example 1.2, b is a continuous Gaussian
process having a.s. a unique maximizer in [0, 1], in such a way that the desired conclusion
can be deduced by an application of the continuous mapping theorem [7], Theorem 2.7,
analogous to [24], proof of Theorem 2.1.

More general limit theorems (involving in particular an independent process A, as in The-
orem 3.10) could be obtained by considering an adequately renormalized version of 7}, under
the remaining regimes (C2)—(C4).

4.2. U-Statistics of order 2 with a dominant diagonal component.

4.2.1. General statements. In the paper [48], a remarkable collection of one-dimensional
CLTs was proved for sequences of U-statistics of order 2 displaying size-dependent ker-
nels, as well as dominant nonlinear Hoeffding components. The Gaussian fluctuations of the
U -statistics considered in [48] emerge asymptotically from the fact that the corresponding
kernels tend to concentrate around a diagonal, a phenomenon leading to Gaussianity if one
assumes some additional Lyapounov-type condition. The scope of the applications developed
in [48] covers, for example, the estimation of quadratic functionals of densities and regression
functions, as well as the estimation of mean responses with missing data (see Section 4.2.2
below, as well as [48], Section 3, and [6, 36-38]).

Our aim in this section is to use our Theorem 3.1 in order to prove a functional version
of the forthcoming Theorem 4.6, corresponding to a special (but fundamental) case of [48],
Theorem 2.1. Two explicit examples related to kernels based on wavelets and on Fourier
bases, respectively, are studied in full detail in Section 4.2.2.

In order to state the announced results, we adopt a notation similar to [48] and consider a
sequence of i.i.d. random variables {X; : i > 1} with values in the measurable space (E, £)
and with common distribution . We also consider a sequence {K, : n > 1} C L*(u?) of
symmetric kernels

Ky EXE—->R:(x,y)—~ K,(x, V).

For every n, we define the constant o,, and the processes U, = {U,(¢) :t € [0, 1]} and W,, =
{W,(¢) : t €0, 1]} according to (2.5)—(2.9), in the special case p =2 and = K, that is,

Di<i<i<j<int) Kn(Xi, Xj) — [nt](Int] = DEK, (X1, X2)

4.17) Wu() = , tel0,1].
On
We write k;, .= IEK,%(Xl, Xo) =K, ||%2(M2), and assume that
k
(4.18) T oo,
n

and moreover
2
@19 s s [ ([ FOK @) wdn = sl I3, < .
n Hf“LZ(M)Zl E E n

where || @ ||op denotes the operator norm of the Hilbert—Schmidt operator f = [ K, (-, y) X
f(Mwu(dy), and

(4.20) [1Knlloo < kn-

Assumptions (4.18) and (4.19) are easily checkable conditions implying that the linear part
of the Hoeffding decomposition of W, (1) vanishes in L2(P) as n — 0o. Assumption (4.20)
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can be relaxed (see, e.g., formula (10) and Lemma 2.1 in [48]), but we decided to avoid such
a level of generality—which is not needed for the examples developed below—in order to
keep our paper within bounds.

THEOREM 4.6 (Theorem 2.1 and Lemma 2.1 in [48]). Assume that there exists a se-

quence of finite measurable partitions Py, :={X,,,, :m=1,..., M}, n > 1, of the set E
such that
1 n— 00
4.21 — / / K dpdpn == 1,
( ) kn ; Xn,m Xn,m ! pram
1
(4.22) — max[ / K2dpdu === 0,
kn m S, 0 I
kn n— o0
(4.23) mnellxM(Xn,m)— —=0,
n
4.24) lhrglgcl)fn n}lnlnu()t'n,m) > 0.
Then, as n — 0o, one has that crnz ~ ”2% and
Law
w,(1) — Z,

where Z is a standard Gaussian random variable.

The main abstract result of the present section is the following functional version of the
previous statement.

THEOREM 4.7. Let the setting and assumptions of Theorem 4.6 prevail. If, in addition,
one has that

(4.25) supn!/Zte mnz}xM(Xn,m) <00 forsome e >0,
n

kn
(sgpmn:ilx,u(/'l,’n,,,,)nlf62 <00 or

(4.26)
liminfn'—€ min u (X, ) >0 for some €3 > O>,
n—oo m
n1+(>11
(4.27) sup <00 forsome oy >0,
n n
Ly 1 Pu(dx)u(d
sup — K, (x, ¢ X
4.28) up s /E/E n 8 MGy eNXmx X)) | 1 (dx)n(dy)
< oo for some ay > 0,
then

W, = {B(r?):1€[0,1]}, n— oo,

where B is a standard Brownian motion issued from zero.

As we will point out in Remark 4.8 below each of the four assumptions (4.25), (4.26),
(4.27) and (4.28) plays a substantially different role in the proof.
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PROOF OF THEOREM 4.7. Using the notation introduced in this section, for every n we
define

My
Qn = U Xm,n X Xm,n - EZ’

m=1

and write Q¢ = ﬂ,};l;l()\,’m,n X Xm.n)€ in order to denote the complement of Q, in E%. We
set Ay, := K,1g, and B, := K, — A, = Ky1gc, and define T, := {T,(¢) : ¢ € [0, 1]} and
R, :={R,(t) :t €]0, 1]} as
Yi<i<i<j<int] An(Xi, Xj) — [nt|(Int] — DEA, (X1, X2)
on ’
R, (1) = Yi<i<i<j<int) Bn(Xi, Xj) — [nt](lnt] — DEB, (X1, X2)
n -— 9

On

T,(t) =

in such a way that W,, = T;, + R,,. Our first remark is that, for every f € Lz(,u) with unit
norm, one has that

_/E</E f(v)An(x,v)u(dv)>2M(dx)

2
( [ roKe, v)M(dv)) H(dx)

My )
= mXZ:l »/;?</.;('mn f(U)K” (x’ U)Iu(dv)) M(dX)

M,
<WKallp 3 [ FOOPRED) = Ko lop
m=1" Hmn

from which we infer that

(4.29) sup || Ap ||0p, sup || B, ||0p <00,
n n

where we have applied (4.19) and the triangle inequality in order to deal with B,,. Using the
identity (2.9) (in the case ¢ = Bj,) together with (4.29), with the relations 03 ~ n’k,/2 and
n/k, — 0 and with (4.21), shows immediately that, as n — oo, E[R,(1)?] = o(a,%) for every
t € [0, 1]. This in turn implies that 0,12 ~ Var(T,(1)). We will now study R, and T,, separately,
and prove that:

(i) the sequence {R;, : n > 1} is tight in DI[O, 1], so that R, = 0 (zero function of
DI0, 1]);

(i1) the sequence {7, : n > 1} verifies the assumptions of Theorem 3.1 in the case p =2,
with o » =0 and a2 » = 1, and therefore 7,, weakly converges to B(tz) in D[O0, 1].

PROOF OF (i). We first define the functions gg, g1, g2 according to (2.4), in the case
p =2 and ¢ = B, so that the Hoeffding decomposition of the U -statistic R, (¢), t € [0, 1],
is

—1 1
R,,,(r):&Z[gl(Xj)—goH— > [ea(Xi X)) — g1(Xi) — g1(X ) + o]
n j=1 M l<i<j<|nt]

=R, (t) + R, (1).
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Now fix 0 <s <t < 1. Then, writing g1 — go := V1, as before, and using as always the
symbol ¢ in order to denote an absolute finite constant whose exact value might change from
line to line,

E|R.(t) — R. (s)|*
sainz{E sl Y v

2
j +E’(Lntj — |ns)) Z V1
Ins|<j<lnt]
Y1+ Y2).

l<j=<|nt]

c
~ 52

i’l

We can assume without loss of generality that «; € (0, 1]; we have that
Y

A

E[ ) 1//1(X)]<—(LntJ Lns ) FOE [y (X1

lnsl<j=lnt]

C([mj — LnsJ)H"’”,

n

c
ky

SN

(4.30)

IA

where we have used (4.19) and (4.27) to deduce the last inequality. Analogously, one shows
that

_ 2 _ l+a
4.31) ﬁ<c(L””nﬂ) %MW%)\%%M) ]

2 f—
o
where the last inequality follows again from (4.19) and from (4.18), as well as from the fact
|nt]—|ns]|
that e [0, 1].

In order to deal with R”, we adopt as before the notation vp(X;, X j) =
82(Xi, Xj) — g1(Xi) — g1(Xj) + 8o, and observe that, for every a > 1, E[|¢2(X;, X;)|?] <
c[g [g|Bnl®d w?, for some absolute constant ¢ depending solely on a. For every n and every
0 <s <t <1, we define the set of integers

Hy(s, 1) :={@, j):0<i<j<[nt|]]\{G,j):0<i<j<|ns]}.

Clearly, |H, (s, )| = (“43) — (") = L(\nt ] + [ns) — 1) (|nt] — [ns]). For fixed 0 < s <t <
1, one has that

1 2

2

E[R,(t) — R/ ==E| Y  v2(Xi. X))
On NG, jyeH, (5,0

In order to bound such a quantity, we use orthogonality of the summands in the above sum,
fix an o > 0 such that condition (4.28) is satisfied, and note that

1
B[R0 -RI)[ =~ 3} E[a(Xi. Xi)’]

(i1,i2)€Hy (s,1)

¢ 2,2
sa—g}Hn<s,z)|fEfEBndu

(4.32)
- cfgfE B,%dpv2 . |nt] — |ns|
- ky n
_en® [y Jp Bidp® (LntJ — ns) >1+“2.
- ky, n

We have therefore shown (in (4.30), (4.31) and (4.32)) that {R,} satisfies the tightness crite-
rion of Lemma 1.1, for « = min(«1, o2) and 8 = 2, and the proof of Point (i) is concluded.



FUNCTIONAL CONVERGENCE OF SEQUENTIAL U-PROCESSES 579

PROOF OF (ii). In this part of the proof, we denote by go, g1, g2 the functions obtained
from (2.4) by selecting p =2 and { = A,,. Note that each of the three kernels g; implicitly
depends on n and that, by virtue of (4.29), one has

(4.33) sgp(E[ngl)z] + |gol) < 0.

Since go» = Ay, a,% ~ kn,n?/2 and (4.21) is in order, we see immediately that the constants
b1 and by appearing at Point (a) of Theorem 3.1 are such that by = 0 and b% = 2, yielding
a1,2 =0and oy » = 1. In order to conclude our proof, we have now to check that the quantities
appearing at Points 1.-6. of Remark 3.3 all converge to zero as n — oo and that the quantities
in points i)-iv) of the same remark are bounded for some € > 0. This is immediately done for
the quantities at Points 1., i) and ii), by virtue of (4.33). To deal with the quantity at Point iii),
we note that, for some € > 0,

n5/2 E ” ”2
- 5 &1
O’,,% g L4(M)

pl/2+e 1/2

[ 4
" T /;;(fg K”(x’y)l[(x’y)eUXn,m XXn,m}u(dy)) ,u(dx)}
[ 4 12
~ Tk Z/ (/X Kn(x,y)u(dy)> ,bb(dx)]
[ 2 2 12
k Z/ (X Kn(x,y)u(dy)> (/;( knu(dy)) u(dx)} , by (4.21)

1/2+
<n / Emna}xu(?(n,m)[;/%m(

S max u( Xy m), by (4.29),

=<

2 12
[ K y)u(dy)> M(dx)]

which is bounded by (4.25). On the other hand,

2 2 12
Z_,% lg1+) &2] 2 = Z_,% ( fE fE (81(x)g2(x, )’))zﬂ(dx),u(dy)>

- ki{fE/EUE Ko, 1 (0,2 € o % o |02

Kntet| e U = Xn,m])zu(dx)u(oly)}1/2

— é[;/ /m< s Kn(x,z)Mdz))ZK,%(x,y)u(dX)M(dy)]l/2

420) 1
<

2 1/2
= % [Z/ f (X Kn(x,z)u(dz)> k,z,u(dx)u(dy)]

2 172 e
< fmx k|2 [ ([ Kaou@n ) wan] =0,

by (4.25) and (4.29), showing that the quantity at Point 2. vanishes. We can deal at once
with the quantities at Point 3. and 5. by means of the following considerations. For a fixed
n, denote by {A; : j > 1} and {e; : j > 1}, respectively, the sequence of eigenvalues (taken
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in decreasing order) and eigenfunctions of the Hilbert-Schmidt operator on L%(i) given
by f— [ A.(,y) f(y)u(dy). Then, such eigenfunctions form an orthonormal system in
L?(w), and one has that A,, = g2 = ; Aie; @e;, with convergence in L?(?). Such a relation
yields that [| A, llop = A1, g2%1 g2 = >; A2e; ® e, g1 = Y_; hiftie; (Where y; = [z e; dp)and
g1 *} 8=, )Lizu,-e,-. Since |ui| <1 (by Cauchy-Schwarz), we infer that

82 *% 82 ”LZ(MZ) = IZ)\4 = ”An”op”An ”LZ(MZ)’
i

and the desired convergence to zero follows from (4.18), (4.21) and (4.29). The vanishing of
the quantity at Point 4. follows from
3/2
n 0
0—3 |82 %7 822

|1 *% gZHLZ(/L)’

1 1/2
e (S [ [ KK or@on@ua:)

<l S h o Kiwoman) ™

172

12
(L ﬁu@MMQ mwmmﬁ

1 1/2 27172
= 72k {Z(/X (X Ki(x,z)ﬂ(dX)) M(dZ)>}

1 M(Xm,n) 4 12 n—0o0
S A

n,m

where we have applied (4.20) and (4.23). One has also that, for some € > 0,

plte ) 1 A 1/2
—gwmmw~ﬁﬁﬂ;fmﬁwnamemwﬂ

1 w(X,m)
=n6{—max4’ /
R D

1
. nl/2 max, M(-Xn,m)]/2
is bounded, by (4.20), (4.21), (4.23), (4.24) and (4.26)—this yields the boundedness of the

sequence at Point iv). Finally, the convergence to zero of the quantity at Point 6. is a direct
consequence of (4.18) and (4.21). O

) 1/2
nwwmmmwﬂ

n,m Xn,m

REMARK 4.8. By inspection of the previous proof, one sees that Assumptions (4.27)
and (4.28) imply that the off-diagonal part of the U-process W, is tight in the space DO, 1].
On the other hand, Assumptions (4.25) and (4.26) are needed in order to ensure that the
(dominating) diagonal component of W,, meets the requirements of Theorem 3.1. Note that
Assumption (4.25) is such that (a) it does not appear in [48], and (b) it would be needed if
one wanted to prove a one-dimensional CLT for W,,(1) by using the techniques developed in
[18]. This slight discrepancy between the assumptions of [18] and [48] is explained by the
fact that the sufficient conditions discovered in [18] would imply not only a CLT for W, (1),
but also that E[W,,(1)*] — 3, and consequently need to be stronger.
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4.2.2. Two examples. As an application of Theorem 4.7, we will consider two families
of kernels satisfying the set of sufficient conditions for functional convergence pointed out in
the previous section. As explained in [48], Section 3, both types of U -statistics can be used
in the nonparametric estimation of quadratic functionals of densities—see also [6, 38].

(D) (Wavelet-based kernels) Following [48], Section 4.1, we consider expansions of func-
tions f € Ly(RY) on an orthonormal basis of compactly supported, bounded wavelets of the
form

F=Y" Y fAvi e, ,+d > D (A0

jezd ve(0,1}¢ i=0 jeZd ve{0,1)9\{0}
The functions ;" jare orthogonal for different indices (i, j, v) and given by scaled and trans-
lated versions of the 2¢ base functions V4o

20 =28 (2 — ).

We concentrate on functions f with support in £ = [0, 11¢. As noted in [48], Section 4.1, for
each resolution level i and vector v, only the order 2/¢ elements vy j are nonzero in E. We
denote the corresponding set of indices j by J;. We then truncate the expansion at the level
of resolution i = I and look at the kernel

1
Koo, )= D vo,000,0m+Y 2 D 0% 0.

j€Jove{o,1}4 i=0 jeJi ve{0,1}9\{0}

(II) (Kernels based on Fourier expansions) Any function f € Ly[—m, ] can be repre-
sented through the Fourier series f =} ;7 fje; fore;(x) = ¥V and fi=[", fejdx,
where A is the Lebesgue measure. We can write fi = Z‘ jl<k fjej to obtain an orthogonal
projection of f onto a 2k 4+ 1-dimensional space. Assuming that k£ depends on n, we can also
write down the corresponding kernel as:
sin((k + 3)(x — y))

27 sin(3(x — y))

Ko(x, )= Y ej(x)e;(y) =

ljl<k
and note that K, (x, y) = Dy(x — y), where Dy is the well-known Dirichlet kernel.

THEOREM 4.9. Let the above assumption and notation prevail.

1. Let u be any probability measure on [0, 11¢ with a Lebesgue density that is bounded
and bounded away from zero. The sequence of wavelet-based kernels {K,, : n > 1} defined
at Point (1) above satisfies the assumptions of Theorem 4.6, with respect to |, as soon as
n K k, < n?, for k, =24 Moreover, a sufficient condition for such a sequence to satisfy the
assumptions of Theorem 4.7 is n\t" <k, <n?>772, for some y1, y» > 0.

2. Let pu be any measure on R with a bounded Lebesgue density and k, = 2k + 1. The
sequence of Fourier-based kernels {K, : n > 1} defined at Point (1) above satisfies the as-
sumptions of Theorem 4.6 as soon as n < k, < n?. In addition, a sufficient condition for
such a sequence to meet the assumptions of Theorem 4.7 is n'™M < k, < n>="2, for some
ni, 2> 0.

PROOF. 1. Forn < k, < n? and K,, defined in point (I) above, the assumptions of The-
orem 4.6 are verified in [48], Proposition 4.1. The authors note that, by assumption, each
function ¥} F is supported within a set of the form 2=/(C + j) for a given cube C that

depends on the type of the wavelet, for any v. They take A}, ,, to be blocks (cubes) of l,‘f
adjacent cubes 21(C + J), giving M, = O (k,/ lff ) sets Xy . In order for the assumptions
(4.19)—(4.24) to be satisfied, the authors require that:
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(a) M, — oo,

(b) M}’l ~ 9

(c) kn" — 0,

(d) M; 'k, /n— 0.

Now assume n!*71 <k, < n2=72 for some i, y» > 0. Condition (4.27) is then automatrcally
satisfied. As noted in the proof of [48], Proposition 4.1, (X, ,) is of order V Now, it
is also noted in the proof of [48], Proposition 4.1, that, if K, (x1, x2) # O then there exists
some j such that x1,x; € 2™ e + J). Moreover, the set of (x1, x2) in the complement of
Um Xnm X Xn.m where K, (x1, x2) # 0 is contained in the union U of all cubes 2-1(C + J)
that intersect the boundary of some A&, ,,. It is also noted that the number of such cubes is
of order M,l,/dk,l,_l/d and that ©(2~1(C + j)) < -. Therefore, using || K, |0 < k,, we note

that, for any a» > 0,

2 ety

- n® anl/dkl 1/d< )2
k ky,

n

1/d
:na2<%> / .
kn

Condition (4.28) requires this quantity to be bounded for some ay > 0. It will indeed be

bounded for oy < 55 1f we choose M,, = k 172 . Moreover, for M, = kl/ 2 My 0. Also,

* T
12
Aj—’;n = k" — 0, as k « n?. Under the same assumption, M,, — oo and n!/>t"/2 < M, <

nl=r2/2 5 n and so conditions (4.25) and (4.26) are also satisfied (as (1 (X}, ) is of order M—).
Therefore all the conditions (a), (b), (c), (d) from above, as well as conditions (4.25)—(4.2@),
are satisfied. This finishes the proof.

2. For n < k, < n?, the assumptions (4.19)—(4.24) for kernel K, of Point (II) are Veriﬁed
in [48], Proposition 4.2. The authors take a partition (—m, 7] =UJ,, Xy.m in M 5 inter-

vals of length é for § — O for \/_ LIK L & and introduce an € > 0 such that \/— KL eK6.

Now, assume that n! 7 <k, < n2="_ for some 11, 72 > 0. This makes condition (4.27)

readily satisfied. In order for condition (4.25) to be satisfied, we require that nl/7tes is

6
” for some

bounded for some €; > 0. Moreover, condition (4.26) will be satisfied if § <
6 > 0.

The authors of [48] note that the complement of |,,, Xy m X Xy m is contained in {(x1, x2) :
|x1 — x2| > €} except for the set of 2(M,, — 1) triangles indicated in [48], Figure 3. Now, by

the argument of the proof of [48], Proposition 4.2, for any «» > 0,

o

n% rmw g > n
[ Al = vl IR ) Pty S en +
kn -7 J—7 Ekn

L .o n@2/2 . . .
which is bounded, if ”kl% < € < n~*2, Each of the remaining triangles in the complement of

Unm Xvm X X has sides of length of order €. Hence, for a typical triangle A and an interval
I of length of the order €,

@
(4.34) rl—f/|Kn(x,y)|2dxdy ,S // |D, (u)| dudv<—ekn=6n
kn A k kn

U=x—y
There are 2(M,, — 1) such triangles. Therefore, condition (4.27) will be satisfied if, in addition
to 2 12/ <e<n %, M,en*? = % is bounded, that is, en®? < 6.

~ ~
n
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Summing up, conditions (4.19)—(4.28) are satisfied if, for some 6, €, €1, €2, ap > 0,

30p/2 1 1—ep

n n

< a2 <5 < mi - -

1/2 ~ €n Néwmln(nl/z-’—fl’ kn >
n

Such choices of 8, €, €1, €2, ap > 0 exist. Indeed, let ap = M01-12)

1 in(71,
4 e = Jny — )
€ = %(;72 — W). Then, under the assumption n!'*" < k, < n>~", we have that

3y /2 . -y . 3y /2 /2 . .
I S mm(n,/z%q, *7—) and it suffices to choose § = ”kﬁ and € = ”k,ﬁ This finishes
n n

kn
the proof. [J

5. Technical results and proofs of main statements. Unless otherwise specified, for
the rest of the section we adopt the conventions and notation put forward in Section 2.

5.1. A new product formula. We start by proving a new product formula for symmetric
U -statistics with arguments of possibly different sizes. In order to state it, we need to recall
the Hoeffding decomposition of not necessarily symmetric kernel functions: Let f € L!(u?).

Then, f can be decomposed as follows: For all (x1, ..., x,) € E? one has
(5.1) ferxp) =Y fr((xies),
J<pl

where we follow the convention that in (x;);c; the coordinates i appear in increasing or-
der, that is, if J = {iy,...,ix} with k =|J| and 1 <i; <--- < i} < p, then (X;)icy =
(Xiy, ..., x;). The kernels f;, J C [p], are given by
(52 fr((xies) = Y (=DYITIKI fE g F o) dn T (i)

KCJ

and they are canonical with respect to u in the sense that for each @ £ J C p with |J| =k,
each j € J and all (x;)jes\(j} € E1=1 one has that

(53) \/;?f.]('xila"'axil_19y’xi]+17""xik)dll’l/(y)=07

where we again suppose that J = {i, ..., i}, ] <i; <--- <ix < p and where i; = j. For a
detailed discussion and proofs of these facts we refer the reader to [39], Chapter 9. Note that,
if the kernel f is symmetric as in Section 2, then we can define the (symmetric) functions gy,
0<k<pby

8k(y1,---,yk)=/Ep7kf(yl,---,yk,m,---,Xp—k)dup_k(m,---,Xp—k)

as before and we obtain that, for every subset J C [p] with 1 <k :=|J| < p,

FrGn o) =30 gy xi) = fi ),

=0 I<ii<---<ij<k

where the symmetric and degenerate kernel f; has been defined in (2.3).

For the statement of our product formula we have to fix some more notation: Let us fix two
positive integers p and g. Then, for nonnegative integers [, n, m, r suchthatn <m,r < pAgq,
> p+4q—2r andsets L C [m] with |L| =/, we denote by I, , (L) the collection of all
triples

(A,B,C)eDyyryi—p—gn) xDp_r(n) x Dy_r(m)
such that L is the disjoint union of A, B and C.
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PROPOSITION 5.1 (Product formula). Let p,q > 1 be positive integers and assume that
W € L2(uP) and ¢ € L*(u9) are degenerate, symmetric kernels of orders p and q respec-
tively. Moreover, let n > p and m > q be positive integers with m > n. Then, whenever
n > p + q we have the Hoeffding decomposition:

p+q grkA(m—n)

I @y =Y Uu= Y. Y. 3 Un.

MC[m]: k=|p—q| s=0 MC[m]:
IM|<p+q |M|=k,

where, for a set M C [m] withO<k:=|M|<p+qandO0<s:=MN{n+1,...,m} <
g Nk A (m —n), the Hoeffding component Uy is given by

pA(q—s)A(p+q—k)( n—k4s )
Uun =

e p+q—r—k

(5.4)

> (WK ) (Xdieas (Xiies, (Xdiec)-
(A,B,C)eIly ym(M)

Moreover, for such an M, we further have the bound

v Var(Uyy)

- pA(q_Sgﬁq_k)( n—k+s >( k—s )
(5.5 = iy p+q—r—k)\2r+k—p—q.p—r.q—r—s
—[otyk

v *Irnﬂ_r_k ‘P“LZ(Mk)-

REMARK 5.2. The above product formula is an extension of the one proved in
[18], Proposition 2.6, for symmetric and degenerate U -statistics based on the same range
X1, ..., X, of data. Indeed, suppose that n = m. Then, if |M| = k and (necessarily) s = 0 it
is not hard to verify that

> (W * T ) L (Xidiea, (Xiies. (Xiiec)
(A,B,C)elly nm(M)

_ k! p+q—r—k X ieM
S k=m0l -tV OhXi i €M)

and the product formula reduces to the one in [18], Proposition 2.6. The main difference in
general is that, in the situation of Proposition 5.1 and for n # m, the product is no longer
(in general) a finite sum of degenerate and symmetric U -statistics. However, its Hoeffding
decomposition (in the sense of not necessarily symmetric statistics—see, e.g., [17, 33]) is
still completely explicit and hence suitable for providing useful bounds.

PROOF OF PROPOSITION 5.1. Write

Wi=JP@= Y W oand Vi=J"@)= Y Vi
JeDp(n) K€Dy m)

for the respective Hoeffding decompositions of W and V, that is,

Wy=vy(X;,jelJ), JeDyn) and Vg =¢(X;,icK), K eDy(m).



FUNCTIONAL CONVERGENCE OF SEQUENTIAL U-PROCESSES 585

From Theorem 2.6 in [17] we know that the Hoeffding decomposition of V W is given by

VW= > Unm,
MC[m]:
IMI=p+q

where, for M C [m] with |M| < p 4 g, we have

(5.6) Uy= )Y (—DHM-IH > E[W, Vi |FL],
LCM J€D,(n),KeDy(m):
JAKCL,
MCJUK

where F ;=0 (X, j € L). Note that Uy = 0 whenever |[M| < |p — g| because |JAK| >
|p —q| forall J € Dy(n) and K € D,(m). Moreover, Uy =0if M N{n+1,...,m}| >q
sincc MN{n+1,...,m} C K and |K| = q. Hence, we have

p+q qnrk
6 vw= Y Uu= Y > Y Un
MC[m]: k=|p—q|s=0 MC[m]:
IM|<p+q, |M|=k,
IMN{n+1,...,m}|<q |MN{n+1,...,m}|=s

Since KN{n+1,.. m}CJAKCLCMandMNn+1,...m}CTKN{n+1,...,m}
this also implies that we can restrict our attention to sets M and L that satisfy

MN{n+1,....m}=LN{n+1,...m}=Kn{n+1,...,m}

Writing k := |M|, r:=|JNK]|,l:=|L|land s :=|M N{n+1,...,m}| it follows that r <
p A (g —s) and, since

(5.8) [JNK|=|J|+I|K|-|JUK|=p+qg—|JUK]|,

it follows from M € J U K thatr < p + g — k. Moreover, since |JUK|=|J N K|+ |JAK]
and JAK C L C M, it follows again from (5.8) that 2r > p4+¢g —I1 > p+qg —k. In particular,
we havel > |p —q| Vv (p +q — 2r) = p + g — 2r. Moreover, note that

IJNKNL|=|LI—|LN(JAK)|=|L|-|JAK|=l—(p+q—2r)=2r+1—p—q,
|(UNK\L|=|(UNK)—UNKNL|=r—Qr+l—p—q)=p+q—r—1 and
ILN\(UNK)|=|LI-|JNKNL|=l-Qr+l—p—q)=p+q—2r.
Note that we have
E[W;Vk|(Xdier] =E[v (X, j € Do(Xk, ke K)|X;,i€L]
= (Y T OV (XD ieLnink s (X)) jennk > (Xidkek\7)-
Let us now fix M and L. Then, for each (A, B, C) € I1,.,, ,, (L), there are precisely

( n—k+s )
p+q—r—k

pairs (J, K) € D,(n) x Dy(m) suchthat M C JUK, JNKNL=A,J\ K =B and
K \ J =C. Indeed, given these restrictions it only remains to choose the elements of (J N
K)\ L C [n] in such a way that

(5.9

M\LC(JNK)\L.
The claim now follows from the facts that |M N [n]| =k — s,

(UNK)\L)\M\L)=UJNK)\M
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and
|(JﬂK)\L|—|M\L|=p+q—r—l—(k—l)=p+q—r—k.

Thus we have proved that

k M-I PAG—)N(p+q—k) n—k4s
Un= 2 2, (=D 2 (p+q—r—k>

=|p—q| LCM: +q—1
I=|p qI\LLTi/lz' r=[ 2=l

> (Y *PF ) (Xi)ica, (Xi)iens (Xiiec)

(A,B,C)ellynm(L)

(5.10)
pA(g—s)N(p+q—k) n—k4s k IM|—|L|
= (p+q—r—k> 2 50
r=[ T4k, e iat
g L=

Z (¥ LT ) (Xi)ieas (XDien, (Xiiec)-
(A,B,C)ell; m(L)

Now, suppose that (A, B, C) € I, , m (M), so that, in particular, |A| =2r +k — p — q. More-
over, suppose that

TL(A, B, C) :==E[(y #/ Y~ 9)(XD)iea, (Xi)ien, (Xiiec)|FL] #0.
Then, it is easy to see that BU C C L, that
Te(A, B,C) = (¥« T~ o) (Xiieant, (Xiien, (Xiiec)
and that (AN L, B, C) € I, ,,»(L). Moreover, for each given (A, B, C) € 1, , (L), there

is a unique (A, B, C) € I, m (M) such that (A NL,B,C)=(A, B, C); namely one has to
take A= A U (M \ L). From these observations we infer that

> (W 2T ) (Xiiea, (Xiie, (Xiiec)
(A,B,C)eIl ,m(L)

= 3 T.(A, B, C).
(A,B,C)EM,p m(M)

(5.11)

Now, recall that by the Hoeffding decomposition for nonsymmetric kernels, for each
(A, B,C) €I, ,,m(M) we have that

(Y« o) (X)iea, (Xiiens (Xi)iec)

51 = > (DMHE[(y #2775 0) (Xi)ica. (Xi)ies. (Xiiec) | FL]
: LM

=Y (-nM-IHT (A, B, O).
LCM
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Thus, from (5.10), (5.11) and (5.12) we can conclude that

- —k
PAG=$)N(p+q )< n—k4s )

Uy =
e p+q—r—k
k
> 2 (=pMiiH > Tu(AB.C)
l=p+q-2r Ifl,g\yl (AsBsC)enr,n,m(M)

pA(q—s)A(p+q—k)< n—k4s )
(5.13) s, P TaTrk
- 2
> > (—nM=ItiT (A, B, ©)

(A,B,C)ell, ym(M) LCEM

pA(q—S)A(p+q—k)< n—k+s )
p+q—r—k

r=[2H=h
> (W * 2 ) (XDiea. (XDies. (Xi)iec),
(A,B,C)elly pn.m (M)
as claimed. The bound (5.5) then follows immediately from
—r—k —r—
| (P Fa=r (p)M||L2(,LLk) < |y #pFark ‘P”LZ(M)

and from the fact that

k—s
mr’mm(M)}=<2r+k—p—q,p—r,q—r—8)' -

In the next subsection, we focus on convergence of finite-dimensional distributions (f.d.d.)
for processes of the form (2.7). Our approach extends the general (quantitative) CLTs from
[18].

5.2. Fd.d. convergence.

5.2.1. A general qualitative multivariate CLT. Fix a positive integer d and, for 1 <i <d
and n € N, let p; <m, ; <n be positive integers. We will always assume that the sequences
{m, ; :n € N} diverge to co as n — oo, foreach i =1, ...,d, in such a way that there are
positive constants 0 < ¢; < 1 such that ¢;n <m, ; <nforall n € N, s.t. we have m, ; < n for
i=1,...,d. Moreover, let @ = ¢ &™) e L*(11P") be degenerate kernels. Define

i) | ‘/’(i)

Ci)

o =0

as well as
n,i ] i) 112
0y (i) := Var (Ipi I )(90(1))) = HW(Z)”H(M?U-
Fori=1,...,d write Y(i) := (m” ’)(w(’)) as well as

Y=Y, =,....Y)".
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Then, Y is a centered random vector with components in L*(P). We will write V=V, =
{vik 1 1 <i,k <d} for its covariance matrix. Throughout the section, we denote by Z =
Z,=(Z1,...,Zs)T ~ N4(0, V) a centered Gaussian vector with the same covariance matrix
as Y. Note that, due to degeneracy, we have v; y = 0 unless p; = pk. The following finite-
dimensional CLT is one of our crucial tools.

PROPOSITION 5.3. With the above notation and definitions, assume that C :=

lim,— 00 Vy, € R*4 exists. Then, Y, converges in distribution to Ny(0, C), provided con-
ditions (1)—(iii) below hold for all 1 <i <k <d:

(1) limy,_s oo n®/277 ||y @) *r w(k’”)IILz(Mpl-+pra) = 0 for all pairs (a,r) of integers
such that 1 <a <min(p; + pr — 1, 2(pi A pr)) and [%] <r<aAp;A pg,

(i) 1imys 00 227 Y O 2y [ 2™ Y EM o 2y = O for all for all pairs
(a, r) of integers such that 1 <a <2p; — 1 and (%1 <r<aApj,and

(i,n)
Vg _

(iii) limg,— oo NG

PrROOF. For 1l <i, k <d, we use the notation

Y ()Y (k) = > Unm (i, k)

MC[n]:\M|<pi+pk

to indicate the Hoeffding decomposition of Y (i)Y (k). The following bound is taken from
Lemma 4.1 in [18]: for & € C3(R?) whose partial derivatives up to order three are all
bounded, there exist constants M»>(h), M3(h) € (0, oo0) such that

1 - d 12
E[h(Y)] - E[h(2)]| < 4—Mz(h)2<p,-+pk>( > va(tuG.p))
ik=1

MC[n]:
IM|<pi+pr—1
2M3(h)Vd & , S\
+79 Zpian(z)( Z Var(UM(z,z)))
P MC[n):
[M|<2p;—1

\/_M3(h) 3/2
Opidn IZ; 0 (i) /K pr

and each finite constant «,, only depends on p;, 1 <i < d. We now apply Proposition 5.1 in
order to bound

( > Var(Uu(, k))) "

MC[n]:
IM|<pi+pr—1

for 1 <i <k <d. We will, for notational convenience, assume that m, ; < m, x. Moreover,
for integers p,q > 0 we will write M(p, g) := min(2(p A q), p + g — 1). From (5.5) we
know that for M C [m,, ] such that |M| = p; + px — a for some a € {1,..., M(p;, px)}
and [M N {mu; +1,....mup}l =5 €{0,1,..., pr A (pi + px —a) A (mpx —my;)} we
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have

Var(Up (i, k))

A

/\i/\( *)
anpi LPes <mn,i—Pi—Pk+a+s>< pi+pk—a )
p

(5.14) a—r i — T, pr—F2r —a

r=I$1
@ wi T p® | L2uritpi-ay
=:b;r(a,s).
Then, we have
> Var(Uy(i, k)

MC[n]:
IM|<pi+pr—1

M (pi, pr) PkN(Pi+pe—a) ANy g—mp ;)

= > > > Var(Up (i, k))
a=1 s=0 MC[my, k]
|M|=pi+pr—a,
IMN{mp i +1,....mp i }|=s

M (pi, pr) PkANPi+pe—a) Ny k—mp ;)

2
= 2. 2 b} i(a.s)
a=1 s=0 MC[my k]
|M|=pi+pr—a.
IMN{my i +1,....mp g }|=s

M(pi, pr) PkN(Pi+pe—a) Ny k—mp ;)

_ Y 3 (mn,k ; mm) ( My i )bik(a’ 5)

a=1 s=0 pi+Pk—a—S
M (pi,pk) M,k PkAPi+pk—a) Ny g—ny ;) 5
< " b7 (a,s).
6; (Pi + pr — a) sg(:) ik

Now, writing

, ._ pi+pr—a
K(plvpkaavr)'_ (pl_r’pk_r’2r_a>

and using the inequality (5.14), we obtain

( > Var(Uud, k))) "

MC|n]:
[M|<pi+pr—1

M(pi,pk) —_
< ,

PkAN(Pi+pr—a)Nmp gk —mp i) anp; AN(pr—s)

muyi—pi—prta+s
> Yo (M)

s=0 r=r41

K (pi, pa, D)0 % 9@ 2

M (pi,pr)
pr+1 a2

— - n,k
(VA Gy R
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anpi N(pk—s)
Z mZ;rK(p,-, Pk, 4, ’")”‘/’(l) ! y® ||L2(upi+pk*")
r=[51

M(pi.pi) ( )2 anpiApk 2y .
i—a a—r—pj —
= C(pi, px) Z mn{)k Z m, ; PR g @ &= € )||L2(Mf’i+1’k—a)

a=1 r=r41

M (p;, ; i
QL g\ A
< C(pi, pr) Z — my k Z ”W * HL2(MP1‘+Pk—”)’

Mo
a=l ot r=[51

where the finite constant C(p;, px) only depends on p; and py, as m, ; < my . Since we
also have that ¢;n <m, ; <m,  <n we can further bound

( > Var(Uu(, k))) v

MC|[n]:
IM|<pi+pr—1

o2 M (pi,pk) anpiApk .
=¢ b C(pi, pr) Z Z nd/2=r ||W(l) * W(k) ||L2(Mpi+1’k_”)’

a=1  r=[4]

and the desired conclusion follows immediately. [J

REMARK 5.4. Note that the conditions (i)—(iii) in Proposition 5.3 are the same as those
we would obtain in the case m, ; =n fori =1, ..., d. In particular they make sure that the
vector

T
Vi= (I (WD), ... 18 (D))

converges in distribution to N (0, I'), whenever I' := lim,,_, » E[VVT] exists.

REMARK 5.5. Let the integers {m, ;} and kernels {(p(i MY be defined as above. For each
i=1,...,dand n > 1 consider sets of pairs of integers of the type

A(i,n) C{kt,....kp): 1 <ki <--- <kp, <n},

and assume that, as n — oo and for every i = 1,...,d, |A(i,n)| ~ (ml;’;"). For every i =
1
1,...,d now set

H(i,n) = > "M (Xiys o Xiy)s
(k1s..kp; )EA(,N)

and write K;,, n > 1, to denote the covariance matrix of the vector H, = (H(1,n),...,
H (d, n)). Then, the proof of Proposition 5.3 can be straightforwardly adapted to show that,
if K,, converges to a positive definite matrix K, and conditions (i)—(iii) in Proposition 5.3 are
veirified, then H, converges in distribution to Z ~ N;(0, K, ). Such a conclusion plays a role
in the proof of Theorem 3.10.

5.2.2. Fd.d. convergence for general symmetric U-processes. Let ¥ : EP — R be a
symmetric kernel of order p which is not necessarily degenerate and which might explic-

itly depend on the sample size n. Fix time points 0 < #; < --- <, < 1. Then, for each

Jj=1,...,m, the random variable F; :=J ,(,Lmj D(lﬂ) has the Hoeffding decomposition

p e .
ry=mtr+ 3 (VL) A .
k=1
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where the symmetric and degenerate kernels v : EX — R of order k are given by

k

Y, x) =2 DY gy x)

1=0 1<ij<--<ij<k
and the symmetric functions g; : E/ — R are defined by

gty ) =EY s v X, Xpp) ]

Without loss of generality, we can thus assume that #; > 0 and also that 0 < ||/ || L2(ury < +00
which implies that

p 2
0<ap = Va0 = (5 1) () Il < +o0

k=1

for all n > p. We will further write

W . Fi —EILF)]
j=
On
for j =1,...,m. Our goal is to use Proposition 5.3 in order to find conditions ensuring that
the vector W := W,, .= (W, ..., W) T converges to some multivariate normal distribution

N, (0, D), which requires in particular that the limit D := lim,,_, & E[WWT] e R™¥™ exists.
Let us write d :=mp and fori =1,...,d leti =k;p + s;, where k; € {0,1,...,m — 1}

and s; € {1, ..., p} as well as m,, ; := [nty,+1]. Moreover, similarly as in [18], Section 5, we
define
mpy, l_sl
(p(l) . (p(n’i) — ( )v/?z and
On
v® .= l/,(n,i) — (mn ’)(p(’).
With this notation at hand, we define the random vector Y := (Y1, ..., Yd)T, where Y; :=

Js; (mn, ’)(<p(i)), 1 <i <d. In this way, our notation is fitted to the framework of Section 5.2.1.
We are going to reformulate the conditions from Proposition 5.3. First note that E[Y;Y;] =0
whenever s; # s, due to the degeneracy of the involved kernels. On the other hand, if s; =
sj=s, then

(m,,’,-/A\mn,j) (m,liiAS) (mn.i'A—S)
EY;Yj] = ————— =

n

Since m, ; = |nt;] for 1 <i <d, the covariance matrix of Y thus converges to some limit
I' € R¥*4 if and only if the real limit

2p—s

. n 2
(5.15) Jim 0——3”%”L2<w‘>
exists fors =1, ..., p. Moreover, for 1 <i, k <d we have

2 g gy

/mlll /mnk mnt sl mn,k_sk)
61/2 r sl Sk P Si P—Sk

” wsi *fir ‘ﬁsk ||L2(,ufi+sk*a)'
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Thus, limy, oo n2 77 | &M %877 &M | 15 45-a) = 0 if and only if

p2p+
i, T e g =0
n
Further, fori =1, ...,d, we have
(i,n) My i 3/2 Mp i —Si 3/2
||W ||L2(,LLSI _ ( S ) ( p—Si ) ”w ||3
J Jno3 sillz2gesny:
. lly ")Ile( i) . .
Hence, lim,,_, o 7’1" 0 if and only if
' n3p_39,+1 ‘ _1/3n2p—s,- ) 3/2
Jim g, = (fim o ) =0

n

which is implied by (5.15). Taking into account that, for j =1,...,m,

Jjp
j 2
1 =Var(J\V (Y/on)) = VarWpy = >~ "2
i=(j—1D)p+1
and that (W1, ..., W;,)T is obtained from (Y1, ..., Y;)” by applying a linear functional, from

Proposition 5.3 we thus deduce the following result. Note that we also apply the reindexing
li==a—r.

THEOREM 5.6.  With the above notation and definitions, the vector (Wy, ..., Wm)T con-
verges, as n — 00, to a multivariate normal distribution, whenever the following conditions
hold forall 1 <v <u < p:

(a) The real limit lim,,_, oo “—— p ’ ||1//U||L2( v does exist and

u+v+r -
(b) limy— oo X—5— ||1pv + Y ||L2(H_v+u -1y =0 for all pairs (1, r) of integers such that

1<r<vand0<l<r/\(u+v—r—1)

Due to the complicated expressions of the kernels v, the following result, which is a
rectified version of Lemma 5.1 of [18], is often useful for bounding the contraction norms
appearing in Theorem 5.6. Recall the definition of the set Q(i, k, r, ) given before Theo-
rem 3.1.

LEMMA 5.7. For positive integers 1 <r, i,k <pand 0 <l < p suchthat 0 <[ <r <
i Ak there exists a constant K (i, k,r,l) € (0, 00) which only depends on i, k, r and | such
that

” Vi *ﬁ Y ||L2(Mi+k—r—l) <K(@ k,rl) ||gj *Z 8m ||L2(Mj+m—a—h)-

max
(j,m,a,b)eQ(i,k,rl)

PROOF OF LEMMA 5.7. Recall that we have

(1//1 *i‘ K[/k)(x19-~~’xk+i72r’ yl+17 --'5yi’)
(5.16) =/;5]1pi(y1,...,yr,xl,...,xi_r)

YRV oo Yrs Ximrtds - os Xkti—20) A 1, . Y.
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Recall also the expression (2.3) of the kernels ¥; and ¥, respectively, and the fact that p is
a probability measure, as well as that, for k > s, the functions g; from (2.4) satsify

(5.17) [ 8l X AR G 00 = g )

By virtue of Fubini’s theorem, we see that (y; *lr i) (X1, « ooy Xkti—2rs Yi+1s - - -» Yr) 1S a linear
combination, with coefficients only depending on i, k, r and / but not on n, of expressions of
the form

Ga,b,jum)Kiys s Xij s Vi s Yaes Xkys - -+ s Xky_p_)
::/Etgj(ul,...,ub,yml,...,ymd,x,'l,...,xijfbfd)
. d Qb
gm(ul7"'7ub7y}’l1""7ynevxk1,”'9ka7b7g) l"L (u19""ub)
b
=(gj *, &m)(Xi,, - o Xi iy g Vaus e Yaes Xkys v+ s Xhop_p_o)s
where 0 < j<i,0<m=<k,0<b=<[,0<b<a=sr,1<ii<--<ijpg=<i-—r,
i—r+1<ky <---<ki_p_e <k+i—2r,so that, in particular, the sets {i1,...,i;;,} and
{k1, ..., km—s—p} are disjoint. Furthermore, we have [+ 1 <m| <--- <myg <r,[4+1<nj <
ce<n, <r,l+1<qgy<---<qc<rsuchthat{qgy,...,qc:} ={m1,....,mg}U{ny, ..., n.},
d<j—b,e<m—banda:=b+|{my,...,mg}N{ny,...,n.}| <b+c.Notethatc <r —1

and, hence, alsoa —b <c<r —laswellasa < (b+d) A (b+ e) < j A m. Moreover,
the number j +m — a — b of arguments of the function g; *Z gm 1s at most as large as the
number i + k — r — [ of arguments of the function ; *lr Yg. Finally, if j = m = p, then
i=k=pandg; =g, =¥. This also implies that b =/ and a = r. Hence, we conclude that
(j,m,a,b)e Q,k,r1).

Now, using the fact that w is a probability measure, we obtain that

2
/;k—}—i—r—l G(a,b,j’m)(xil IR xij,b,dv )’ql R Yq(,
i+k—1—
(5‘18) xkl""vxk,n,b,e)d/“L@lJr r(xl"“vxk-f‘i—zr’ yl+17""yr)
_ b 2 ®j+m—a—b __ b 2
= Jpiem—as (8) *a &m)~du = [ gj *q gm ||L2(,¢®f+m*a*b)~

Since ; *lr Y is a finite linear combination with coefficients depending uniquely on i, k, r
and [ of the G(4,p, j,m), the claim thus follows from (5.18) and Minkowski’s inequality. []

The next result is a direct consequence of Theorem 5.6, of Lemma 5.7 and of the fact that,
for all 1 <wv < p, we have

v

v Y BN
g =2 (1) D" 1810

=1

where g; := g — E[y (X4, ..., Xp)], 1 <1< p(see,e.g.,[50], Theorem 4.3).

COROLLARY 5.8. With the above notation and definitions, the vector (Wy, ..., Wm)T
converges, as n — 00, to a multivariate normal distribution if the following conditions hold
foralll <v<u<p:

(a) the real limit lim,_, o %’“(n gull2a) — EBLY (X1, X,))?) exists, and
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_utvtr—I
n2p ol

(b) lim,,_, o > llg; *f.‘ gmll L2(yitm—i-ky = 0 for all pairs (I,r) and quadruples
(j,m,i,k) of integers such that 1 <r <v,0<I<rA@m+v—r—1) and (j,m,i, k) €

O(v,u,rl).

REMARK 5.9.

(1) The conditions given in Theorem 5.6 and in Corollary 5.8 do not depend on the fi-
nite sequence 0 < f] < --- < t, < 1 used to define the vector (W1, ..., W,,)T. Hence, both
statements yield sufficient conditions for f.d.d. convergence of the sequence (W, (¢))s¢[0,1] of
processes.

(i) Note that the respective conditions (b) of Theorem 5.6 and of Corollary 5.8 are the
same as those we would get to obtain the asymptotic normality of the single U -statistic
T (W /o) (see [18], Section 5).

(ii1) It is easy to see from the following computation that the respective conditions (a)
in Theorem 5.6 and in Corollary 5.8 imply that the covariance function of W, converges
pointwise to an explicit limit. Such a condition was not necessary in the univariate case dealt
with in [18], Section 5, since there the U -statistic could simply be normalized to have variance
one. For 5,1 € [0, 1] we have

Cov (W, (s), Wa (1)) = E[W, (5) W, (1)]

72 Z <|_nsj > <|_ntJ__l l) E[Jk(l_nsj)(wk)-][(l_mj)(1//1)]

k,I=1 p

_2]; (LnsJ > (LFZJ_—kk> (LnsJ 2 Lan) ||1/fk||iz(uk)

Lns|P=K [nt]P=F (Lns] A [nt )

o2
Z:(P K)! (p —k)! k!

2
||1ﬂk ” L2(11k)

(s AP (s Vv 1)P—k 2Pk

Z =1l
k'(p —k)!(p—k)! o a

k=1

Note further that, using (2.8), we can conclude that for fixed s,¢ € [0, 1], the sequence
Cov(W,(s), W, (1)), n € N, is always bounded.

5.3. Criteria for tightness. We are going to establish tightness using Lemma 1.1 and, as
a result, obtain the following theorem:

THEOREM 5.10 (Tightness of general U-processes). Let p € N and suppose that
v = v@m) € L*(uP), n > p, is a sequence of symmetric kernels. For t € [0,1] let
Ut) := U, (1) := 3"V (W) and define W (1) = W, (t) by (2.7), where o2 := Var(U, (1)) =
Var(Jl(,")(V/)). Suppose that there is an a.s. continuous Gaussian process Z = (Z(t)):e[0,1]
such that the finite-dimensional distributions of W, n € N, converge to those of Z. Consider
the following conditions:

(1) Thereis an € > 0 such that forall 1 <r < pand all 0 <l <r — 1, the sequence

2p r—"5 e

0',, ” Yy * Yy || L2 (w1
is bounded.
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(i1) There is an € > 0 such that forall 1 <r < p,all 0 <l <r — 1 and for all quadruples

(j,m,a,b) e Q(r,r,r,l) the sequence
n2p—r—r—51+e b
o2 lgj %z gml L2(puJ+m—a—b)
n

is bounded.
Then, one has that (i) = (i), and also that (i) is sufficient in order for the sequence W,,
n €N, to be tight in D[0, 1].

The proof of Theorem 5.10 is detailed in the forthcoming Sections 5.3.1 and 5.3.2. There,
we are however not going to establish (1.6) directly, but will show that there is a finite constant
C1 > 0 such that, under the assumptions of Theorem 5.10, foralln e Nandall0 <s <t <1
we have the inequality

(5.19) E|W, () — W, (s)|* < €

’

(mu;mnyﬂ

where € is the same as in the statement of Theorem 5.10. This is sufficient by Lemma 1.1.

5.3.1. Proof of Theorem 5.10, I: Degenerate kernels. Throughout the present and subse-
quent section, we can assume without loss of generality that € € (0, 1]. Let us first assume
that W, is a U-process of order p based on a degenerate kernel ¢, that is, for 0 <r <1 we
have

W(t) = Wy (1) := J "D (g).
ForO<s<t<lletl(n,s,t):={lns]+1,...|nt]}and for J € D,(|nt]) write
Vi =1ynimsnzre1eXi, i € J).
Then we have that

Wa) = Wa(s)= YV

JeD,(Int))
is a degenerate (nonsymmetric) U -statistic of order p, based on X1, ..., X|;;. In [30], The-
orem 2, the following bounds are given:
(5.20)
2
A max max E[( E[VZ . 1 Xi ..., X )]
k:O,...,p1§j1<~.~<jk§p15ii <.§j <nt] iszlggp, [ {inseip} 0y l“]
! ‘ ST i),

I<ij<--<ip=<|nt]

<E|W, (1) — Wu(s)|*

2
2
< B max max E E{VS X, X ,
e mn % B[ X RV K]
I<ij <-<ij, <p,

I<ij<--<ip=<|nt]

where A and B are finite constants which only depend on p. We will now make use of the
upper bound in (5.20). Note that for each k =0, ..., p,eachlabelling 1 < ji <--- < jir <p
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and all choices 1 <i; <--- <ij < [nt]| we have that

| SEJ1e0 kb
< <
(521) <i|< <1p_|_ntj
2
2
EE[( Z E[V{ijl ..... ijk}UL|Xij1" 7lek]) :|
LeD,_k(|nt]):
LO{ij, iy }=2
and, that for each set L € D, _(|nt]) such that L N {i},...,i;} = and (L U {ij,...,

i) NI(n,s, t)# 3 we have
2 —k
IE[V{ij1 . }UL|X,~_/.l ). ..,Xi_/.]] = (¢ *Z go)(X,-jl ,. "’Xi.fk)'
Thus, we can further bound
E| W, (1) — W (s)[*

(5.22) < B max > E|:( > E[V,%ULI}"KDZ]

""" P K eDi(lnt)) LeD,_(|nt]):
LNK=2,
(LUK)NI (1,5.1) 22

= Bkmaxp< Z IE|:< (L}ZJ__kk) - (anSJ__kk))z((P *g_k (P)Z(Xi’i € K)]

T KeDy(|nt]):
KNI (n,s,t)y=9

2
nt] —k _ ;
> B et n))
KeDy(Int]):
KNI (n,s,t)#2

<B max (I_nksj> ((L’ZJ__kk) - (I_nsj B k)>2E[((p *g_k (P)Z(Xi’i € K)]

k=0,....p—1 p—k

w e ()= () (50) Bl o cxii e

o (2 (060 () (7))

- 2
) ||§0 *5 ¢ §0||L2(;Lk)

o ()0 () () (55 oo

|nt] — |ns|

2
2p—k —k 2
Skzg??,);—l( n ) n P ”Qﬁ*g ¢|‘L2(l/-k)

lnt] —Ins] 5, ko2
—n2p k”(P*g k(p”Lz(Mk)
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|nt] — |ns|
n k

Lnt] — |ns]
(e

2
2 4 2p—k k2
) r 1ol + max 2P H o b ol

(5.23) < (WJ;&

for each € € (0, 1]. Now, if, for some € € (0, 1], there is a C1 = C(¢) € (0, co) such that for
all n € N we have

_ - 2
(524) n2p ”gg”iz(up) + kzl?fili(pnzp k+e ”90 *5 k QDH L2 (k) = C]

we conclude from (5.23) that (5.19) is satisfied. This concludes the argument in the case of
degenerate kernels.

REMARK 5.11. Incidentally, one can show that inequality (5.22) also holds in the oppo-
site direction when the constant B appearing there is replaced with a small enough positive
constant C, which only depends on p. Our way of bounding E|W,,(t) — W, (s) |4 is therefore
optimal with respect to the order in 7.

5.3.2. Proof of Theorem 5.10, II: General kernels. Fort € [0, 1] recall the definition (2.7)
of W, (¢) and (2.8) of 2. Then, defining for 1 <r < p,
Ay

) .— go("’r) — ,

1

On

the (p(’ ) are degenerate kernels and, with the notation V,.(¢) := Jr( L””)(go(’)), we have
p (lntl—r

W)=Y —==V, ().

r=1 (p—r)

Since
\nt]—r
( p—r ) l’r
n—r
n— 00 (pfr)
foreachr =1,..., p, by an application of Prohorov’s theorem, it follows that the sequence

(Wi (2))ier0,11, 1 € N, is tight whenever (V- (1));¢[0,1] is tight forevery r =1, ..., p.
Sufficient conditions for this to hold were given in the previous subsection. Indeed,
(Vi-(t))ref0,1] 1s tight if for some € € (0, 1] the sequence

(5.25) n2r ”(p(r) ”iz(w) + kg}ax ) p2r—k+e ||g0(r) *:—k (p(r) HiZ(;ﬂ)

is bounded from above by a constant. Now, first note that from (2.8) we see that there is a
finite constant L, such that

2114 o =\ 112
(5.26) n ||¢ HLZ(Mr) =n <p _ r) T <L,
for all n € N. Moreover, for k =1, ..., r we have that
4 r—k 2
n2r—k+e ”(p(r) *r—k (p(r) ||22 — n2r_k+€ n—r ”1//,« *r Wr ”LZ(Mr)
r L=(u") p—r O-;ll
r—k 2
o aparir T g
— r 4 ’
o

n
where D, is a finite constant only depending on r. The proof is concluded by letting [ :=r —k
and by applying Lemma 5.7.
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5.4. Proofs of Theorem 3.1, Theorem 3.4, Corollary 3.7, Theorem 3.11 and Theorem 3.12.
PROOF OF THEOREM 3.1. It is well known that f.d.d. convergence and tightness together
imply weak convergence in D0, 1] (see, e.g., [7], Section 13). F.d.d. convergence and Gaus-
sianity of the limit process Z now follow from Corollary 5.8. Moreover, the needed formula
for the covariance I" of Z follows from Remark 5.9(iii) as

lim_Cov(W,(s), Wa(1))

P (s AD)Pn2P—k(s v r)P—k

— lim o2 )
=, kg o—oir —or "2
P —k k Pk )
(sADP(s V)P k L p?p
=Zk' ) 'Z<l> (—l)k ! lim 7 (”gl”iZ(Ml)_ (/ Wd,u,) )
k=1 (p—k)!(p—k)! -1 n—>00 g &
P

(SADP(svPF
,; A —lp o -

Since this is the same covariance function as that of the process given in (1.1) (with a,% p as
given in the statement) we conclude that the limiting process Z may be chosen to have a.s.
continuous paths. Now, tightness is implied by Theorem 5.10(ii). [J

PROOF OF THEOREM 3.4. The proof is similar to that of Theorem 3.1 and follows from
Theorems 5.6 and Theorem 5.10(1). I

PROOF OF COROLLARY 3.7. We directly use Theorem 3.1. In this case, we have gz =0
forall0 <k < p —1 and g, = ¥. Moreover,

2_(n 2 nro
72 = () 191~ S0 B

Hence, we have b,% =0foralll <k<p-—1and b?, = p!. From this, we obtain that I"(s, t) =
(s At)P, implying the result. [

OUTLINE OF THE PROOF OF THEOREM 3.12. Finite-dimensional convergence can
again be proved by means of Proposition 5.3 with the dimension d appearing there given
by m Z?Zl pj» where m is the number of points 0 <#; <1, <--- <1, <1 under consid-
eration. The computation in the proof of Theorem 3.1 can be easily generalized to yield the
claimed limiting covariance structure. Hence, as already pointed out, the vector-valued limit-
ing process Z is an element of C ([0, 1]; R?). Next, computations very similar to those leading
to Theorem 5.6 yield conditions (a") and (b’). Finally, condition (¢’) is obtained by observing
that the laws of the family {W® : n > 1} are tight whenever those of {W® (i) :n > 1} are
tight for each 1 <i < d; this last point is established by means of Theorem 5.10. [J

PROOF OF THEOREM 3.11. From the expresssion (2.3) it is a simple combinatorial ex-
ercise to deduce that

k
D U Dy = 2 -1 (5) e - 24l
P

k
g (kN jn oA
= Z(—l)k 1 (q)(gq(l),gq(J»szq)’
g=1
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where g, (i) = g,(i) —E[Y (i)(X1, ..., X,)]. Thus, condition (a) is yielded by condition (a’)
of Theorem 3.12. Finally, conditions (b) and (c) are derived from conditions (b’) and (¢’) of
Theorem 3.12 by an application of Lemma 5.7. [

5.5. Proof of Theorem 3.10. For every n, define m,, : [n] — [n] to be the bijection given
by m,(i) ;=n—i+1,i=1,...,n, and also set B(n,t) :=n — |nt] + 1. We define, for
te0,1],

U= > ¥"(Xi, X)),

l=i<j<|nt]

and

(1) := > (X, X)).

@ ))n (J)<mn (D) <B(n,1)

Then, one has that Y, (t) = U, (1) — U,(¢t) — I,(¢), in such a way that the tightness of {17,1} in
DJO0, 1] follows from a direct application of Theorem 5.10 first to U, /y,, and then to I,,/y;.
The asymptotic Gaussianity of the finite-dimensional distributions of ¥ ™ now follows from
Remark 5.5, and one can check that the covariance function of ¥ converges to that of
c1A + c2b by a direct computation.
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