[math.PR] 13 Dec 2019

v:1912.02705v2

arX

FuNncTiIONAL CONVERGENCE OF U-PROCESSES
WITH SI1ZE-DEPENDENT KERNELS

Christian Dobler, Mikolaj Kasprzak and Giovanni Peccati

Unité de Recherche en Mathématiques, Université du Luzembourg

December 16, 2019

Abstract

We consider sequences of U-processes based on symmetric kernels of a fixed order, that possibly
depend on the sample size. Our main contribution is the derivation of a set of analytic sufficient
conditions, under which the aforementioned U-processes weakly converge to a linear combination of
time-changed independent Brownian motions. In view of the underlying symmetric structure, the
involved time-changes and weights remarkably depend only on the order of the U-statistic, and have
consequently a universal nature. Checking these sufficient conditions requires calculations that have
roughly the same complexity as those involved in the computation of fourth moments and cumulants.
As such, when applied to the degenerate case, our findings are infinite-dimensional extensions of the
central limit theorems (CLTs) proved in de Jong (1990) and Débler and Peccati (2017). As important
tools in our analysis, we exploit the multidimensional central limit theorems established in Dd&bler
and Peccati (2019) together with upper bounds on absolute moments of degenerate U-statistics by
Ibragimov and Sharakhmetov (2002), and also prove some novel multiplication formulae for degenerate
symmetric U-statistics — allowing for different sample sizes — that are of independent interest. We
provide applications to random geometric graphs and to a class of U-statistics of order two, whose
Gaussian fluctuations have been recently studied by Robins et al. (2016), in connection with quadratic
estimators in non-parametric models. In particular, our application to random graphs yields a class of
new functional central limit theorems for subgraph counting statistics, extending previous findings in the
literature. Finally, some connections with invariance principles in changepoint analysis are established.
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1 Introduction

1.1 Overview

Consider a sequence {X; : ¢ = 1,2,...} of independent and identically distributed (i.i.d.) random variables
with values in some space (E,&). The aim of this paper is to prove a class of Gaussian functional
central limit theorems (FCLTs) involving general sequences of U-processes with symmetric kernels, that
is, of cadlag processes on the time interval [0, 1], obtained by progressively revealing the argument of a
symmetric U-statistic of order p > 1 based on the sample (X7, ..., X;,), for n > 1.

The type of weak convergence we deal with is in the large sample limit n — oo, and holds in the
sense of the Skorohod space DJ0,1] of cadlag mappings on [0, 1], endowed with Skorohod’s J; topology
(see e.g. [Bil99, p. 123]). The specific difficulty tackled in our work — marking a difference with
previous contributions (see e.g. [Neu77, Hal79, MT84, NP87, AG93]) — is that we allow the kernels of
the considered U-statistics to explicitly depend on the sample size n, and we do not assume a priori any
form of Hoeffding degeneracy.

Despite the generality of the above setup, the limit processes displayed in our results always have the
form

Z(t) =Y onpZip(t), tel01], (1.1)
k=1



where each ay, ;, € [0, 00) is a constant depending on the sequence of U-statistics under study, and {Z, ,,(t) :
t €[0,1], 1 < k < p} denotes a class of independent centered Gaussian processes obtained as follows: first
consider a sequence {By(t) : t € [0,1], 1 < k < p} of independent standard Brownian motions on [0, 1],
and then set

Zip(t) =t FBy(t%), te]0,1], (1.2)
in such a way that
Tip(s,t) = E[Zk (1) Zrp(s)] = (s AP (s VPR st €[0,1], (1.3)
and consequently
P
T(s,t) :=E[Z()Z(s)] =Y _op, (s At)P(s V)", s,te(01]. (1.4)
k=1

Note that, in particular, the processes (Z(t));e[o,1] appearing in (1.1) all have continuous paths. Such a
rigid asymptotic structure originates from the fact that we exclusively focus on symmetric U-statistics and
i.i.d. samples: these strong assumptions yield then the emergence of the ‘universal’ time-changes t s t*
and time-dependent weights ¢ — t?~* from purely combinatorial considerations. One should compare this
situation with the reference [Bas94], where a Gaussian FCLT is proved for sequences of non-symmetric
homogenous sums, displaying as possible weak limits arbitrarily time-changed Brownian motions. We will
see in Section 3 that our results contain a (weaker) version of Donsker’s Theorem for sums of i.i.d. random
variables — see [Bil99, p. 90].

The sufficient conditions for weak convergence discussed above are stated in the forthcoming Theorem
3.1 and Theorem 3.4, and are expressed in terms of the contraction kernels canonically associated with
a given U-statistic (see Section 2.2 for definitions). We will see in Section 5 that the conditions derived
in our paper are a slight strengthening of the sufficient conditions for one-dimensional CLTs derived in
[DP19, Section 3] — see Remark 3.6 below for a full discussion of this point. Some of the additional
requirements with respect to [DP19] (in particular, Assumption (a) in Theorem 3.1 and Assumption (a’)
in Theorem 3.4) are necessary and sufficient for the pointwise convergence of the covariance functions of
the degenerate U-processes associated with a generic U-statistic via its Hoeffding decompositon: such a
technical assumption (that can in principle be relaxed at the cost of more technical statements — see
Remark 3.6-(ii)) is unavoidable in the case of degenerate U-statistics, and is automatically verified in the
applications developed in Section 4.

As discussed in Section 5 — and similarly to the main findings of [DP19] — when applied to Hoeffding
degenerate U-processes (see Section 2), the conditions expressed in Theorems 3.1 and 3.4 are roughly
equivalent to the requirement that the joint cumulants of order < 4 associated with the finite-dimensional
restrictions of the U-processes under consideration converge to those of an appropriate Gaussian limit,
and that such a convergence takes place at a rate of the type O(1/n®), where a > 0. As such, our findings
can be regarded as functional versions of the well-known de Jong CLT for degenerate U-statistics, first
proved in [dJ90] and then substantially extended in [DP17] (to which we refer for an overview of the
relevant literature). To the best of our knowledge, apart from the reference [Bas94] (that only deals with
homogeneous sums), ours is the first functional version of de Jong’s CLT proved in the literature.

In the last four decades, numerous FCLTs for U-processes have been derived by several groups of
authors; yet — to the best of our knowledge — none of them have a nature that is directly comparable
to our findings. Among the large set of contributions in this domain, we refer the reader to the following
relevant sample. References [Neu77, Hal79, MT84] contain functional limit theorems for sequences of
degenerate U-statistics with a kernel independent on the sample size n: in such a framework, consistently
with the known one-dimensional results (see e.g. [DMS83]), the limit process lives in a Wiener chaos
of order > 1 and it is therefore non-Gaussian. The already mentioned paper [Bas94] proves Gaussian
FCLTSs (in a spirit close to [dJ90]) for sequences of homogeneous sums: in this case, there is no overlap
with our work since symmetric homogeneous sums (that are in principle contemplated in our setting)
are necessarily multiples of degenerate U-statistics with a kernel not depending on the sample size n,
and their asymptotic behaviour is consequently non-Gaussian (by virtue of [Neu77, Hal79]). References
[NP87, AG93]| are influential general contributions to the theory of U-processes, containing uniform FCLTs



for sequences of U-processes indexed by function classes not depending on the sample size, both in the
non-degenerate and degenerate case. The recent contribution [CK17] deals with suprema of U-processes
indexed by non-degenerate symmetric function classes possibly depending on the sample size and not
necessarily verifying a FCLT, and also contains a detailed review of further relevant literature. See also
[GMO07, Chel8], as well as [Bor96, DIPG99] for general references.

As discussed above, our main results are expressed in terms of explicit analytical quantities (e.g. norms
of contraction kernels), and they are therefore particularly well-adapted to applications. As a demonstra-
tion of this fact, in Section 4 we deduce two new classes of FCLTSs, respectively related to subgraph
counting in geometric random graphs (retrieving novel functional versions of one-dimensional CLTs from
[JJ86, Pen04, BG92, DP19])), and to quadratic U-statistics emerging e.g. in the non-parametric estima-
tion of quadratic functionals of compactly supported densities (see e.g. [BR88, LM00, RLTvdV16]). In
Section 3.2, we also illustrate some connections with invariance principles related to changepoint analysis,
see e.g. [CH88, CHI7, Gom04].

We eventually mention the challenging problem of deriving explicit rates of convergence for the FCLT's
derived in this paper. While some promising partial results seem to be obtainable by adapting the
infinite-dimensional ‘generator approach’ to Stein’s method developed in [Bar90, BJ09, Kas17], we prefer
to consider this point as a separate issue, and leave it open for subsequent research.

1.2 Notation and tightness criteria

From now on, every random object considered in the paper is assumed to be defined on a common
probability space (£2, F,P), with E denoting expectation with respect to P. Given a collection of stochastic
processes {X, X,, : n > 1} with values in D[0, 1], we write X,, = X to indicate that X, weakly
converges to X, meaning that E[p(X,)] — E[p(X)], as n — oo, for every bounded mapping ¢ : D|0, 1] —
R which is continuous with respect to the Skorohod topology. Given two positive sequences {ay, by}, we
write a, ~ b, whenever a,/b, — 1, as n — co. We will also use the notation a,, < b, to indicate that
there exists an absolute finite constant C' such that a,, < C'b,, for every n.

In several places of the present paper, tightness in the space D0, 1] is established by using the following
criterion. The argument in the proof reproduces the strategy adopted in [NN18, Lemma 3.1], and is
reported for the sake of completeness.

Lemma 1.1. Let X,, = {X,,(t) : t € [0,1]}, n € N, be a sequence of stochastic processes with paths a.s. in
DI0,1]. Suppose that there is a stochastic process X = {X(t) : t € [0,1]} whose paths are a.s. continuous
and such that the finite-dimensional distributions of X,, n € N, converge to those of X, asn — oco. Then,
we have X, => X, if there are constants C' > 0, § > 0 and o > 0 such that, for all n € N sufficiently
large and for all 0 < s <t <1,

n

E| X () — Xu(s)|” < 0(“‘”‘“”)1%. (15)

In particular, in this case the sequence (Xp)nen s tight in D0, 1].

Proof. We are going to use the following well-known criterion from [Bil99]: let X,, = {X,,(¢) : t € [0,1]},
n € N, be a sequence of stochastic processes with paths a.s. in D[0, 1] such that there is a stochastic
process X = {X(t) : t € [0,1]} whose paths are a.s. continuous and such that the finite-dimensional
distributions of X,,, n € N, converge to those of X, as n — co. Then, the sequence (X, )nen, converges in
distribution with respect to the Skorohod topology to X, if there are finite and strictly positive constants
C1, o and ~y such that, for all n € N sufficiently large and for all 0 <r < s <t <1,

E [}Xn(t) — X, (5)|"| Xn(s) — Xn(r)ﬂ < Oy(t —r)ite, (1.6)

Note that (1.6) is in fact a more specialized instance of formula (13.14) in [Bil99]. Now assume (1.5) and



observe that

E[|Xa(t) = Xa(s)|*/* | Xa(s) = Xa(r)|*"?]

< \/E[’Xn(t) ~ Xu(s)|”] \/JE“Xn(S) — Xa(r)|”]

< \/0<WJ—W>1M\/C<M_LM>HQ

< 3tteg(t — rytte (1.7)

where the last inequality follows from an argument used in the proof of [NN18, Lemma 3.1]. Hence, we
conclude that (1.6) holds true with v = /2 and with Cy = 31T*C. O
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1.4 Plan

Section 2 contains some general information about U-statistics and U-processes and several useful estimates
for contraction operators. The main results of the paper, which give sufficient conditions for functional
convergence of U-processes, are presented in Section 3.1; some connections to changepoint analysis are
described in Section 3.2, whereas multidimensional extensions are discussed in Section 3.3. Section 4 deals
with applications of our main results to subgraph counting in random geometric graphs and U-statistics
of order 2 with a dominant diagonal component. Finally, Section 5 contains some further ancillary results,
as well as the proofs of the main results.

2 General setup

2.1 Symmetric U-statistcs and U-processes

As before, we assume that X1, Xo,... is a sequence of i.i.d. random variables taking values in a measurable
space (E, &) (that we fix for the rest of this paper), and denote by p their common distribution. For a
fixed p € N, let

¢ (EP,E¥P) — (R, B(R))

be a symmetric and measurable kernel of order p. By “symmetric” we mean that, for all x = (z1,...,2p) €
EP and each o € S, (the symmetric group acting on {1,...,p}), one has that

w(-rl, R xp) = 7vb(xa(l)v s axa(p)) :

In general, the kernel ¢ = v, can (and will most of the time) depend on an additional parameter n € N
(the size of the sample in the argument of the associated U-statistic), but we will often suppress such a
dependence, in order to simplify the notation. We use the symbol pP to denote the p-th power of p (which
is a measure on (EP, E®P)).

In what follows, we will write X := {X; : i € N} and, for p,¢, X as above and n € N, we define

Tw) =T w) = Y wXpied) = > (X, X,). (2.1)

JeDy(n) 1<i1 <. <ip<n

where Dy (n) indicates the subsets of size p of {1,...,n}. We say that the random variable J;(,n) (1) is the
U-statistic of order p, based on Xi,...,X, and generated by the kernel . For p = 0 and a
constant ¢ € R we further let Jy(c) := c.



Let p > 1, and let ¢ € L'(uP) be symmetric. The kernel ¢ is called (completely) degenerate or
canonical with respect to p, if

/ (21,2, . xp)du(r) =0 for pP~-a.a. (zo,...,z,) € BP7L,
E

or, equivalently, if
E[’(/J(Xl,...,Xp)‘Xl,...,Xp_l] :0, P-a.s..

Now assume that v € L!'(uP) is a symmetric but not necessarily degenerate kernel. In this case,
the random variable Jén) (1) can be written as the sum of its expectation and a linear combination of

symmetric U-statistics with degenerate kernels of respective orders 1,...,p. More precisely, one has the
following Hoeffding decomposition of ngn) (v):

" n—k " in—k
Jp() = E[Jp(4)] + ; (p B k:) Je(Vr) = kzo <p B k:) Je(Vk) , (2.2)
where
k
Urn, . om) = (D YT gy, a) (2.3)
1=0 1<iy<..<i <k

and the symmetric functions ¢; : E! — R are defined by

gl(y17 tee 7yl) = E[w(ylﬂ e 7yl7X17 s 7Xp*l)] ) (24)

in such a way that, for 1 < k < p, ¢y is symmetric and degenerate of order k. In particular, one has
go = Yo = E[¢(X1,...,Xp)] and g, = ¢. See e.g. [Ser80, Vit92] for general references on Hoeffding
decompositions.

Similarly to (2.1), we can naturally define a U-process
U=A{U(t):te€[0,1]} (2.5)

as follows. For t € [0,1], write U(t) := Up(t) := Jétn”)(qb). Then, for every ¢ one has the Hoeffding
decomposition

P
nt| — k n
U(t) ==EU )]+ (LPJ_ k )J,EL D). (2.6)
k=1
Whenever 1) is a symmetric element of L?(uP), we will also make use of the notation
W(t) = W) = CO=ETOL oo gy 2.7
On
where
P im—k\?(n
o2 = Var(Uy(1)) = Var(J{" (4)) = kz <p B k) <k> k172 by (2.8)
=1
p
n p\(n—p
= X X 2
<p> ; <k> <p - k) Ver(gi(X,- X)) (2.9)
Setting
n—k
o) = k) i) , 1<k<p,

one has that each p*) is a degenerate kernel and, using the notation Vi (t) := JIEWJ)(QO(I“)), one infers the
following useful representation of W
P (L"ﬂ;k)
W(t) = Z (Z—k) Vk(t) , e [07 1]

p—k

5



It is immediately verified that, for each n € N, both W,, := {W,,(t) : t € [0,1]} and U,, := {U,(¢) :
t € [0,1]} are random elements with values in D0, 1]. As anticipated, the aim of this paper is to deduce
verifiable analytical conditions, under which the sequence {W,, : n € N} converges in distribution to some
continuous Gaussian process Z = {Z(t) : t € [0,1]} of the form (1.1).

2.2 Contractions

We will now define “contraction kernels” obtained from pairs of square-integrable mappings. These are
one of the principal analytical tools exploited in our paper. Given integers p,q > 1,0 <[ <r <pAq and
two symmetric kernels ¢ € L?(uP) and ¢ € L?(u9), we define the contraction kernel ¢« ¢ on EP+a—7—
by the relation

(11/)*?;” @)(yla e 7yT—l7t17 e 7tp7r,81, .. ‘?S(I*T‘)
= /l(¢($1,. - X Y1, - ..,yrfl,tl,. "?tp—r)
E

.<p(a:1, ST YLy e ey Yr—ly ST, - .,sq_r)>d,ul(a:1, ) (2.10)
= E[¢(Xla s XYLy Yyt 7tp77')
' SO(Xla s 7Xl7y17 cees Yr—1,815 - - - 78(1—7‘)] ) (211)

for every (yi,...,Yr—1,t1,- -, tp—r,S1,...,5q—r) belonging to the set Ay C EPta=7=l guch that the right-
hand side of the previous equation is well-defined and finite, and we conventionally set it equal to zero
otherwise. Given 1, p,r,[ as above, we write that the kernel ¥ % ¢ is well-defined if pPT47"~!(A§) = 0
(where Ay is the set defined above). Note that, in general, it is not clear that ¢ . ¢ is well-defined in the
sense specified above, or that the obtained contraction is square-integrable.

If I = 0, then (2.10) has to be understood as follows:
(R @)W1y Yty bpery ST, - Sqr)
=Vt Yy sy b )@Yty ooy Ury S15- -+ Sq—r) -
In particular, if I = r = 0, then 1 +. ¢ boils down to the tensor product
Y®p: EPTT 5 R

of ¢ and ¢, given by

(Y ® ‘P)(fUl?--'aprrq) =(z1,.. .,xp) : ‘P(%Hv e vxp+q)-

We observe that *2 Y = ? is square-integrable if and only if ¢» € L*(uP). As a consequence, ¢ «. ¢
might not be in L?(uP*7 1) even though v € L?(uP) and ¢ € L?(u9). Moreover, if [ = r = p, then
) *h = Hz/;H%QW,) is constant.

The next result, taken from [DP19], lists the properties of contraction kernels that are useful for the
present work.

Lemma 2.1 ([DP19], Lemma 2.4). Let p,q > 1 be integers and fix two symmetric kernels 1 € L?(uP) and
p € L*(u9).

(i) For all0 <1 <1 <pAq the function ¥ L ¢ given by (2.10) is well-defined, in the sense specified at
the beginning of the present subsection.

(ii) For all0 <1 <r <pAq one has that
4 . 80||%2(Mp+q—r—1) < K| Loty - o x| Lo,

where both sides of the inequality might assume the value +0o.



(iii) For all0 <1 <7 <pAq one has that
6 4L 2 gra ety < 16427 ll gy - 048 Pl
where both sides of the inequality might assume the value +oo.
(iv) If € LA(pP) and o € L*(u?), then, for all0 <1 <r <pAgq, one has P *. o € L?(uPT977=Y) and
9 %5 @1l 2 upra—rty < N9l [0l 1 o
(v) For all 0 <r < pAq the function 1+~ ¢ is in L*(uP*?) and
19 xr @l L2(upra—2ry < 1Yl L2 (ury 10l L2 (o)

vi If; fOT’allOSlSp—l, w*l ﬂ)EL2 'up—l and, fO’I’CL”OﬁkSq—l, SO*kQDEL2 :uq_k 7 then, fO’/’
P q
all0 <1 <71 <pAgq, one has Y xL ¢ € L2(uP+97"=Y) and

Io2 - -
4 12 a1y = (642 s 940 ) gt
! 1
< [ x Yl p2u2e—r—ty -l % @l L2(u20-r-1) < 00
In what follows, for p € N and a function f : EP — R we write f for its symmetrization, i.e.
f(.%’l,..., p : 'Zf p))v (LUl,...,JJp)EEp,
P oESy

where S, denotes the symmetric group acting on {1,...,p}. Note that, if f € LI(uP), then ||f||Lq(up) <
| f1| za(upy, by the triangle inequality.

3 Weak convergence of U-processes with symmetric kernels

3.1 Main results

For the rest of this section, we let p > 1 be an integer. Moreover, for positive integers 1 < 7,4,k < p and
0 <l<psuchthat 0 <l <r <iAk, welet Q(i,k,r 1) be the set of quadruples (j, m, a,b) of nonnegative
integers such that the following hold:

1) j<iand m < k.
2

3
5 j+m—a—-b<i+k—-r—-I1<i+k-1
6

T Ifj=m=p, thenb=1land a=1r > 1.

(1)
(2)
(3) b
(4) a=b<r—I.
(5)
(6)
(7)
The next statement is the main result of the paper.

Theorem 3.1 (Functional convergence of general U-statistics, I). Let the assumptions and notation
of Section 2 prevail, define the sequence

W, ={W,(t) :t€[0,1]}, neN,

according to (2.7), and assume that the following three conditions (expressed by means of the notation
(2.4)) are satisfied:



(a) for all 1 <k < p, the real limit

o p2k . n2pk
bi = nll_{{.lo o2 (Hgk”%?(uk) — (E[p(X, ... aXp)])Q) = lim

exists;

(b) for all 1 < v < u < p and all pairs (I,r) and quadruples (j,m,a,b) of integers such that 1 < r < v,
0<i<rA(ut+v—r—1)and (j,m,a,b) € Q(v,u,r 1) one has that

2p7 utv+r—I

2
. b —_0N-
dim, =z g % gmlluauren-a-sy = 0;

(c) there exists some € > 0, such that, for all1 <r <p, all0 <1 <71 —1 and all quadruples (j,m,a,b) €
Q(r,r,1 1), the sequence
n2p7r7TTfl+e

b
2 Hg] *a gm"LQ(uj+m—a—b)
O-TL

1s bounded.

Then, as n — oo, one has that W,, = Z, where Z = {Z(t) : t € [0, 1]} is the centered Gaussian process
defined in (1.1), for
> b

ak,p:W, 1<EkE<p.

Remark 3.2. The contractions appearing at Point (c¢) of Theorem 3.1 also appear at Point (b) of the
same statement. In particular the requirement at Point (c) can be rephrased by saying that, for all
(j,m,a,b) € Q(r,r,71), the sequence

n2p—r—%7l b
I ng *q 9m||L2(Mj+mfafb), n=>1,
Un

converges to zero as O(1/n¢), for some € > 0. A similar remark applies to Point (b’) and Point (c¢’) of
Theorem 3.4.

Remark 3.3. In the case p = 2, after removing redundant terms, verifying conditions (b) and (c) of
Theorem 3.1 boils down to checking that the following quantities converge to zero, as n — co:

L e loellzagey [Eg>(X1, Xo)
2. %lgr ) g2l 12
3. 5 g1+t gall 2
4.5 g2 %9 goll 12y

2
5. 2zllg2 % g2llr2(e)

3/2 3/2
6. 23 llg2 %0 g1llr2(u8) = Sz llgnll 2 llozll 2z

and that the following sequences are bounded for some € > 0:

n5/2+e
on

i) n— (Ega(X1, X))

n5/2+e

i) n— sy
n

911l L2y [Ega (X1, X2)

5/2+€
iii) n +— nggl HQIH%AL(M)




) 1+
iv) n— n0%6||92||%4(“2)‘

Recall also that in this case we have that go = .

When the Hoeffding decomposition of a given U-statistic is directly provided, it is more convenient to
work with the kernels {1} defined in formula (2.3), rather than with the class {gr}. The next statement

allows one to obtain the same conclusion as in Theorem 3.1 by uniquely checking conditions related to
the family {ty} defined in (2.3).

Theorem 3.4 (Functional convergence of general U-statistics, II). The conclusion of Theorem 3.1
continues to hold if the following three conditions (a’), (b’) and (c’) replace conditions (a), (b) and (c):

(a’) for all 1 <k < p, the real limit b2 := lim,_ "t}:k ||¢k||%2(uk) exists;

(b)) for all1 <v <wu<p and all pairs (I,r) of integers such that 1 <r <v, 0<I<rA(u+v—r—1),
2p_ utv+r—I

2
: l
Jim = [y kg Y| L2 oty = 03

(¢’) there exists some € > 0, such that, for all 1 <r <p and 0 <1 <r —1, the sequence

r—1
n2p77'77+e

gl 5 el 2y
On

1s bounded.

Remark 3.5. In case p = 2, verifying conditions (b’) and (c’) of Theorem 3.4 boils down to checking that
the following quantities converge to zero as n — co:

2
L 2zl +] ol

nb/2

2. "+ ¥l

3/2
225 ol 2 e

2
4. Zrllvba *1 ollrz(ue)

and the following sequences are bounded for some € > 0:

. 5/24e€
i) no B [l ]z

.. 1+
i) n— nU%E [|42 *g w2||L2(u2)

3/24e€
iii) n— - = |12 %3 ¢2||L2(u)-

Remark 3.6. (i) By inspection of pur proofs, one sees that Conditons (a) and (b) in Theorem 3.1
(resp. Conditions (a’) and (b’) in Theorem 3.4) are sufficient conditions for the convergence of the
finite-dimensional distributions of W,, towards those of Z, whereas Conditons (c¢) and (c’) therein
imply tightness. Condition (b’) in Theorem 3.4 implicitly appears in [DP19, Section 4 and Section
5], as an analytical sufficient condition ensuring that (in the notation of the present paper) W, (1)
converges in distribution to a one-dimensional standard Gaussian random variable. On the other
hand, Condition (b) in Theorem 3.1 is a substantial improvement of the sufficient conditions for one-
dimensional asymptotic normality that can be deduced from [DP19, Theorem 5.2]. The difference
between the conditions emerging from [DP19, Theorem 5.2] and those deduced in the present paper
is explained by the fact that our findings use instead Lemma 5.7 below, which is a refined version
of [DP19, Lemma 5.1].



(ii) It will become clear from the discussion to follow that Condition (a) in Theorem 3.1 and Condi-
tion (a’) in Theorem 3.4 are equivalent for the same values of bi, that is: for every k£ = 1,...,p,
the limit lim,,— oo %%Var(gk(Xl, .. Xk)) exists and is finite if and only if the same holds for

2pk

limy, 00 0 = |4k |1? 72(ury> @nd in this case the two limits coincide.

(iii) The proofs of Theorems 3.1 and 3.4 will show that Conditions (b) and (c) in Theorem 3.1 imply
Conditons (b’) and (c¢’) in Theorem 3.4, whereas the opposite implication does not hold in general.

(iv) (Relazing Conditions (a) and (a’)) Suppose that all the assumptions of Theorem 3.4 are verified,

2 k
p HwkH k)7 = 17"'7p7

and observe that, for every k, the mapping n + b2 (n) is bounded (by Vlrtue of (2 8)). For every
n > 1, we set moreover Z,, to be the Gaussian process obtained from (1.1), by replacing the coefficient
ai » with

except for Condition (a’). In such a situation, we can define b7 (n) :=

bi(n)

2 — k
(M) = p, e
Then, a standard compactness argument combined with Theorem 3.1 yields the following conclusion:
if p is any distance metrizing weak convergence on D]0, 1] (see e.g. [Dud02, Section 11.3]), one has
that

1<k<np.

p(Wy, Zp) — 0, n— o0, (3.1)

where p(W,, Z,,) is shorthand for the distance between the distributions of W,, and Z,,, as random
elements with values in DJ[0,1]. By virtue of Points (ii)-(iii) of the present remark, the exact same
conclusion holds if one supposes that all assumptions of Theorem 3.1 are verified, except for Con-
dition (a). In view of the content of Point (i) above, it follows that Theorem 3.1 and Theorem 3.4
contain and substantially extend the one-dimensional qualitative CLT stated in [DP19, Section 5].
One should notice that the techniques developed in [DP19] also allow one to deduce explicit rates
of convergence, and that such a feature does not extend to our infinite-dimensional results.

The following corollary deals with the (simpler) situation of a degenerate kernel.

Corollary 3.7 (Degenerate kernels). Let the assumptions and notation of Section 2 prevail, define the
sequence Wy, n € N, according to (2.7), and suppose in addition that the kernel 1 is degenerate. Assume
that, for all pairs (I,r) of integers such that 1 <r <p and 0 <I<rA2p—r—1),

N

lim n 2 =0 (3.2)
=00 ||¢||L2(Mp

and that, for all 0 <1 < p—1 and for some € > 0, the sequence

l
. R
101

(3.3)

is bounded. Then, as n — oo,

W, = {B(t") : t € [0,1]},

where B :={B(t) : t € [0,1]} denotes a standard Brownian motion.

Remark 3.8. (i) Corollary 3.7 immediately implies (an L*-version of) Donsker’s theorem [Bil99, p.
90]. Indeed, for p = 1 and a kernel ¢ not depending on n, conditions (3.2) and (3.3) are always
satisfied since . )

i o2 llegy n—l/QHT’Z)HL‘l(M) _
L T A LU P75

and, for any € € (O, %], the sequence

—1/2+6|W*(1)¢”L2 () _ n—1/2+eH¢H%4(#)
||1/)||L2(M ‘|¢‘|%2(M)

n—n
is bounded.
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(ii) If p > 2 and the degenerate kernel 1) does not depend on n, then condition (3.2) is not satisfied for
l=r =1, since

T [ L w”m(,ﬂp r=ly [ *1 Yl L2 (u2e-2)

n—00 HszLz (uP) B Hw”L?(uP

> 0.

This phenomenon is consistent with the known non-Gaussian fluctuations of degenerate U-processes
of orders p > 2 having a kernel ¥ independent of the sample size — see [Neu77, Hal79, DM83, MT84].

3.2 Connection to changepoint analysis

The techniques developed in the present paper can be used to characterize the weak convergence of families
of processes that are more general than the ones defined in (2.7) and, in particular, to deal with limit
theorems related to changepoint analysis (see e.g. [CH88, Fer94, GH95, CH97, Fer01, Gom04, HR14,
RW19)).

In order to illustrate such a connection, we will show how to suitably adapt our results in order
to generalise an influential invariance principle for order 2 symmetric U-statistics, originally proved by
Csorgd and Horvath in [CH88]. As explained e.g. in [CH97, Gom04, RW19] such an invariance principle
has been the starting point of a fruitful line of research, focussing on changepoint testing procedures
based on generalisations of Wilcoxon-Mann-Whitney statistics. Further possible extensions of the results
of this section, involving in particular antisymmetric kernels [CH88, GH95, CH97, Fer01] and rescaled
U-processes [CH88, Fer94, RW19], are outside the scope of the present paper and will be investigated
elsewhere.

As before, we start by fixing a sequence of i.i.d. random variables X, Xo,... with values in (E,€&),
and with common distribution u. We also consider a sequence of kernels {1,!)(”) : n > 1}, such that
each mapping 1/1(”) : B2 — R is symmetric and square-integrable with respect to u?. For applications,
(" is typically chosen in such a way that the quantity (™ (z,y) is small whenever z,y are close, e.g.
w(") (z,y) = ||z — yHB, B > 0 (assuming F is a normed space), but such a property has no impact on the
convergence results discussed below. Here, to simplify the notation we assume from the start that each
Y™ is centered, that is, E[t)(™ (X1, X5)] = 0 for every n. We are interested in the family of U-processes
{Y,, : n > 1} given by

Yat):= Y M(X,X;), telo].

1<i<|nt]<j<n

Defining o u=1,2, according to (2.3) and writing v1(n) := ngn)HLQ(H) and ya(n) := Hwé”)HLg(“g), one
deduces immediately that, for 0 < s <t <1

Cov(Yp(s), Yo(t)) (3.4)
= 72(n)2[ns) (n — [nt] +1) + 31 ()*{ Lns)(n = [nt] +1)(n = [ns] + 1)
tlns|(n— [nt] +1)(|[nt] — [ns] + 1)+ [ns||[nt](n — |nt] +1)}.

We also set 72 := Var(Y,,(1/2)) !, and Y,, := Y;,/yn. The next statement corresponds to one of the main
findings in [CHSS].

Theorem 3.9 (Cs6rgd and Horvath [CHSS]). Under the above assumptions, assume that (™ =1 does
not depend on n, and write y1 = y1(n), n > 1. Then, as n — oo, one has that ~y, ~ y1in3/4 and moreover
Y, = 2A, where A = {A(t) : t € [0,1]} is defined as

A(t) == (1 - t)B(t) + t(B(1) — B(t)), te[0,1],

with B a standard Brownian motion.

!The choice of t = 1/2 is arbitrary; one could set v2 := Var(Y,(a)) any number a € (0, 1) without changing the substance
of the subsequent results.
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The following statement (containing Theorem 3.9 as a special case) shows that, by allowing the kernels
™ to explicitly depend on n, one can obtain a larger class of functional limit theorems. We recall
that a centered Gaussian process b = {b(t) : ¢ € [0,1]} is called a (standard) Brownian bridge if
E[b(t)b(s)] = s At — st, for all s,t € [0,1].

Theorem 3.10. Let the above assumptions and notation prevail, and assume moreover that: (1) the
kernels wgn), én) verify the asymptotic relations expressed in Conditions (b’) and (¢’) of Theorem 3.4 for
p=2, and (II) as n — oo,

pd—i Y (8)°

S~ —c €[0,00), i=1,2
Vi

Then, 72 ~ (2 + c3) " (n3y, (1) + n%7,(2)?), and moreover Y, = c1 A+ cob, where b is a Brownian
bridge independent of A.

Theorem 3.10 is proved in Section 5.5. An alternate class of FCLTs displaying Brownian bridges as
limits can be found in [GH95]. In the forthcoming Corollary 4.4, we will present a direct application of
Theorem 3.10 to edge counting in random geometric graphs.

3.3 Extension to vectors of U-processes

In this subsection we state multivariate extensions of Theorems 3.1 and 3.4. We first introduce the setup
and some notation: Fix a dimension d > 1 and, for 1 < i < d, let p; be a positive integer and suppose that
Y(i) = Y™ (i) € L?(P) is a symmetric kernel (that may again depend on the sample size n). Define the
corresponding kernels g (i) and () (which may also depend on n) for all 0 < k < p; and 1 < s < p; in
the obvious way. W.l.o.g. we may assume that 1 < p; < py <... < pg. Moreover, for 1 <i <d,t € [0, 1]
and n > pg, let Uy(t) == JS"D (0 (4)),

. Ui(t) — E[U;(t)]
! Var(U;(1))

and W; := (W;(t))iep,1)- Then, with obvious notation we have that

W=Wwm .= (W,...,Wy)" € D([0,1];R?) .
In this section, the vector-valued Gaussian limiting processes Z = (Z1,. .., Z;)" will have zero mean, and
a covariance structure that is given by

Pi\Dj

Cov(Zi(s), Z;(t)) = Y _ onli, j)(s At)FsPiFeps=h, (3.5)
k=1

where 1 <i,j <d, s,t € [0,1] and the (i, ), 1 < k < p; A pj, are real numbers such that ay(i,7) > 0.
Specializing (3.5) to the case i = j, i = 1,...,d, one sees immediately that each process Z; has the form
(1.1), for p = p; and O‘%,p = ay(i, ), thus implying in particular that Z takes a.s. values in C([0, 1]; R?).
For 1 <i < d, we further write

02(i) := Var(U;(1)) .

The next two statements are multidimensional counterparts to Theorem 3.1 and Theorem 3.4.

Theorem 3.11 (Functional convergence of vectors of general U-statistics, I). Let the assumptions
and notation of this subsection prevail, and assume that the following three conditions are satisfied:

(a) Forall1 <i<j<d and for all1 <k < p; A\ pj, the real limit

bi(i,7) == lim .7<<9k(i)=gk(j)>L2(uk) —E[(i) (X1, ..., Xp,)] 'E[w(j)(Xla”-vij)])

n—=00 0 (1)o7 (J)
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(b) forall1 <i<k<d, alll <v<p; alll <u <pg and all pairs (I,r) and quadruples (j, m,a,b) of
integers such that 1 <r <vAu, 0<I<rA(u+v—r—1) and (j,m,a,b) € Q(v,u,r,1) one has that

—1
npier’“*%

. N b —_0-
nhj;o W 1195 (2) *q gm(k)”m(wm—a—b) =0;

(c) there exists some € > 0, such that, for all1 <i <d, all1 <r < p;, all0 <1 <r—1 and all quadruples
(j,m,a,b) € Q(r,r,1,1), the sequence

n2pi—r— %_l +e

N EE 1195 () % Gm (8) | 2 -+ —a—by

1s bounded.

Then, as n — oo, one has that W = Z, where Z = {Z(t) : t € [0,1]} is the centered, vector-valued
Gaussian process defined by the covariance structure (3.5) and where, for 1 <i,j < d, we have

kl(pi — k)l(p; — k)!
Theorem 3.12 (Functional convergence of vectors of general U-statistics, II). The conclusion

of Theorem 3.11 continues to hold if the following three conditions (a’), (b’) and (¢’) replace conditions

(a), (b) and (c):

ai(i, j) = 1<k <p;Apj.

(@) Foralll1 <i<j<d and for all1 <k < p; A pj, the real limit

bk(l,]) = lim 7)<wk(7')7'¢k(])>L2(uk)

n—00 0y, (i) o (J
exists;

(b)) foralll < i<k <d,all <v <p all <u < pr and all pairs (I,7) of integers such that
1<r<ovAu,0<I<rA(ut+v—r—1),

] nPitPE— 7“_”5”4 o 1
A oy 1 By =05

(¢’) there exists some € > 0, such that, for all1 < i <d, all1 <r <p; and all0 <1 <r—1, the sequence

n2pi_r_%_l+€ AN/ .
WWM(Z) *p @Z’r(l)HL?(;ﬂ*l)

n

1s bounded.

4 Applications

4.1 Subgraph counting in random geometric graphs

Random geometric graphs are graphs whose vertices are random points scattered on some Euclidean
domain, and whose edges are determined by some explicit geometric rule; in view of their wide applicability
(for instance, to the modelling of telecommunication networks), these objects represent a very popular
alternative to the combinatorial Erd6s-Rényi random graphs. We refer to the texts [Pen04, PR16] for an
introduction to this topic, and for an overview of related applications. Our aim is to use our main findings
(Theorem 3.1 and Theorem 3.4) in order to establish a new collection of FCLTs for arbitrary subgraph
counting statistics associated with generic sequences of random graphs. These FCLTs — whose statements
appear in Theorem 4.2 below — hold in full generality and with minimal restrictions with respect to
the already existing one-dimensional CLTs; as such, they substantially extend the one-dimensional CLTs
proved in [Pen04, Section 3.5 and Section 3.4], as well as in [JJ86, BG92, DP19).
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We fix a dimension d > 1 as well as a bounded and Lebesgue almost everywhere continuous probability
density function f on R?. Let u(dz) := f(x)dz be the corresponding probability measure on (R, B(R?))
and suppose that X, Xo,... are i.i.d. with distribution p. Let X := {X; : j € N}. We denote by
{tn, : n € N} a sequence of radii in (0,00) such that lim,, ,. ¢, = 0. For each n € N, we denote by
G(X;t,) the random geometric graph obtained as follows. The vertices of G(X;t,) are given by the
set Vi, := {X1,..., Xn}, which P-a.s. has cardinality n, and two vertices X;, X; are connected if and only
if 0 < [|X; — Xjl|2 < t. Furthermore, let p > 2 be a fixed integer and suppose that I" is a fixed connected
graph on p vertices. For each n we denote by G, (I") the number of induced subgraphs of G(X;t,) which
are isomorphic to I'. Recall that an induced subgraph of G(X;t,) consists of a non-empty subset V! C V,,
with an edge set precisely given by the set of edges of G(X;t,) whose endpoints are both in V. We
will also have to assume that I' is feasible for every n > p. This means that the probability that the
restriction of G(X;t,) to Xi,..., X, is isomorphic to I' is strictly positive for n > p. Note that feasibility
depends on the common distribution p of the points. The quantity G, (") is a symmetric U-statistic of
Xq,...,Xy, since

G = > tre(Xi,...,X5,),

1<i1<...<ip<n

where Yr4, (21,...,2p) equals 1 if the graph with vertices z1,..., 2, and edge set {{z;,z;} : 0 < [jz; —
xjll2 < tn} is isomorphic to I', and equals 0 otherwise. We denote the corresponding normalized U-process
by {Wy(t) : t € [0, 1]}, i.e.

Un(t) — E[Un(t)]

Wn(t): Var(Gn(F))l/Q )

where

Un(s) = Gy (T) = > Ura, (Xins -, Xi,), 0<t<1.

1<) <...<ip<|nt]

For obtaining asymptotic normality one typically distinguishes between three different asymptotic
regimes:

(R1) ntd — 0 and nPt®=Y 5 o6 as n — oo (sparse regime)
(R2) nt? — 0o as n — oo (dense regime)
(R3) ntd — p € (0,00) as n — oo (thermodynamic regime)

Note that we could rephrase the regimes (R1) and (R2) as follows:
I\ 75 1
(R1) (—)” Tl < =
n n
(R2) Loy
n "

where, for positive sequence a,, and b, we write a, < by, n € N, if and only if lim,, o a, /b, = 0. It
turns out that, under regime (R2) one also has to take into account whether the common distribution g
of the X is the uniform distribution 2/(M) on some Borel subset M C R%, 0 < A4(M) < oo with density
f(z) = X(M)~' 1p(z), or not. To deal with this peculiarity, we will therefore distinguish between the
following four cases:

(C1) nt? — 0 and nPt®=Y 5 o6 as n — oo

(C2) nt? — 0o as n — oo and p = U(M) for some Borel subset M C R? s.t. 0 < A (M) < oo.
(C3) nt? — 0o as n — oo, and p is not a uniform distribution.

(C4) ntd — p € (0,00) as n — oo.

The following important variance estimates will be needed. Except for the case (C2), which needs a
special consideration, these have already been derived in the book [Pen04]. Since it does not make the
argument much longer, we provide the whole proof.

14



Proposition 4.1. Under all regimes (R1), (R2) and (R3) it holds that
E[G,(T)] ~ cnptd(p for a constant ¢ € (0,00). Moreover, there exist constants ci,ca,c3,cq € (0,00)

such that, as n — oo,

~cy - nptd(p 1)

d(2p—2)

)
(1) > c2- n2p=2¢3%P=3) for alln € N,
(1)) ~ cg - n?~ 1y ;

(C4) Var(G,(I')) ~ cq - n.

Proof. For notational convenience, for k = 0,1,...,p we simply denote by gi the function
(xl, . ,.%'k) — E[iﬁntn(.’ﬂl, - ,xk,Xl, - 7Xp—k)]7

corresponding to the kernel v¢r;, , i.e. we suppress the dependence on n and on the graph I". We will
make use of formula (2.9). First note that, for 1 < k < p,

Var (gr(X1, - Xn)) = lgrll3 () — El0(X1, . X))

Hence, by (2.9), we have

P

n p 2

@) = (552 (1) (1) (et - et 5"

k=1

p n2p—k 9

3wt = Ul = (Bl X)) (4.1)
k=1
For k =1,...,p, we have that (e.g. by dominated convergence)

2 27k
= PR ) d g ey
HngLzmk) /(Rd)kgk(l’l xk) m (551 «Tk)
2
:\/(\Rd)k(/(\]]{d) ¢Ftn($17"'7xkay17“'7yp*k:)dﬂpik(y1,--.,ypfk)> d,uk(xl,...,xk)
:/]Rd /de ) (Rd)p_kwF,tn(eTh...,$k;y1,...,ypfk)wf‘,tn(xl,...,$k,ul,...,up,k)

k p—k p—k
11 f@pda; TT £w)dy; [T £w)dw
j=1 i=1 =1

—/ f(l‘l)/ / T/Jnl(o,wg...,wk,zl,...,Zp,k)lbnl(o,wg,...,wk,’ul,...,?}p,k)
Rd (]Rd k—1 Rd p—kx (Rd) p—k

p—k p—k
() 2—k= 1Hf 1 + thw;)dw; Hf (71 + tnzi dzZHf r1 + thup)du do
Jj=2 i=1 =1
~ dy(#y2h (4.2)
where, for 1 < k < p,
dy == f(x1)2p_kd$1/ / Yra(0,wa ..., Wk, 21, - - Zp_) X (4.3)
Rd (Rd)k—l (Rd)p k (]Rd) k

X Yr1(0,wa, ..., Wk, V1, ..., Up—k HdeHdzszul
=1

Also, from [Pen04, Proposition 3.1] we know that



where
=v(p,I):= / f(x)pdx/ Yra(0,y2, ..., yp)dya...dy, > 0. (4.4)
Rd (Rd)pfl

This implies that
2 _
(E[(Xa, ., Xp)])™ ~ v2(10) 7% (4.5)
Since 0 < t,, < 1, for 2 < k < p, this yields that

Var k(X1 X3) = lgrll3 ) — Blo(X1, ., X))
~ (e

In order to discuss the case k = 1 we have to carefully compare d; to v. Note that we have

2
y f(x)2p—1dgg </(Rd) » Yra(0,y2, ..., yp)dys. .. dyp>

so that d; > v2 if and only if
2
fx)? tde > < f(x)pda:) .
Rd Rd

By Jensen’s inequality we have

([ s pdw) ([ s pldu) < [ s@P2aua)

f@)> de

with equality, if and only if, f(x)P~! is p-a.s. constant, i.e., if and only if x is a uniform distribution on
some Borel subset M C R? s.t. 0 < A4(M) < co. Thus, if p is not a uniform distribution we obtain that

Var(g1(X1)) ~ (di = v2)(t5)* 2,
whereas, if u is a uniform distribution we can only conclude that
Var(g1(X1)) S (¢)% 2

but, in general, we cannot give any lower asymptotic bound on Var (gl(X 1)) Note that, for 1 <k <p-—1
we have

0, under (R1)
d n—o0

— 00, under (R2) (4.6)
p, under (R3).

n2pfk (tg)prkfl
n2p—k—1 (td )2p—k—2
n

=nt

This implies that there are positive constants c1, c3 and ¢4 such that

cinP(td)p=1 in case (C1)
Var(G,(T)) ~ < c3n??~1(t4)2P=2  in case (C3) (4.7)
eqn, in case (C4),

whereas, in case (C2) we can conclude (as claimed) that there is a positive constant ¢z such that

Var(Gy () > (‘2) (Z - g) (l92122) = (B (X, 0, X,)])7) o can 222 (4.8)

O
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The next collection of FCLTSs, extending the one-dimensional CLT proved in [Pen04, DP19], is the
main result of the section. Note that, in view of the large number of parameters, in the forthcoming
Theorem 4.2 we choose to express the distribution of the limit process Z directly in terms of its covariance
function (1.3), rather than using the representation (1.1). We will also need the following definition: For
fixed p € (0,00), introduce the positive definite function ¥ : [0,1] x [0,1] — R : (s,) — U(s,t) given by

(=TI d = 0a?) T s (s AP(s VPR pk—1(g _ 5 2
Y= <; T~ Dl(p— 1) ) - -k ()

where dj,, 1 < k < p, and v have been defined in (4.3) and (4.4), respectively.

Theorem 4.2 (FCLTs for subgraph counting in random geometric graphs). Let the above as-
sumptions and notation prevail. Then, in the cases (C3) and (C4), the sequence W,, = {Wy(t)) :
t €[0,1]}, n € N is such that W,, = Z, n — oo, for some continuous Gaussian process Z. In the case

1\ ;59 1
(C1), this convergence holds if, additionally, there is a 6 > 0 such that (—) o« t;i < — and in the
n n

1
case (C2), this convergence holds if, additionally, there is a § > 0 such that — < tfl < n Y70 and if
n

the limits b} and b3 do exist, where the parameters b3 and b3 have been defined in Theorem 5.1). The
covariance function I : [0,1] x [0,1] = R of Z is given by

(s NE)P, under (C1)
—1 _o
Doyt) = P + ORI ander (C2)
7 (sAt)P(s Vi)t under (C3) ’
U(s,t), under (C4)

where (s, t) is defined in (4.9) and X € [0, +00] is given in (4.12) below. In particular, in the case (C1)
one has that W,, = {B(tP) : t € [0, 1]}, where B denotes a standard Brownian motion.

Remark 4.3. Note that, interestingly, in the case (C4) the covariance function ¥ of the limiting process
depends not only on p but also on the difference d; — 2. In particular, the analytic properties of ¥ depend
on whether y is a uniform distribution or not.

Proof of Theorem 4.2. Let us first disregard the case (C2). Then, by Proposition 4.1, (4.2) and (4.5) we
have

n?r—* n2p—k dy2p—k—1 _ ,,2(4d)\2p—2
(98022 0) — B (X, .., X)) ~ PR (dn(t) (t)2r2)

2 2p—1 g —
On >t i (At =t — w2 (8 )2 =2)

By relation (4.6) this implies that

POk in case (C1)
_onE —1)ip—1)15 i C3
b= lim " (gl 2eey — ER (X1, X,))?) = P2 DR = Dok, incase (G3) (g )
nTee On P (de—dk1v) in case (C4)
» p2p—l—1(dl75lylu2)7
=1 TG DG-Dr

In the case (C2), in general we only know that

n2p—1 n2p=2(1d 203
o i ) ey
where
Var(g1(X1)) S (7).
Thus, using (4.6) we can conclude that
n2p—k
b, = nhjgo T%(HQICH%?(M) — (ER(X1,.... Xp)])?) =0, 3<k<p. (4.11)

Hence, if both limits b? and b3 do exist, depending on the precise order of Var(g;(X1)), the three scenarios
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(a) B2=(p—1)!(p— 1) and b2 =0
(b) b7 =0 and b3 = 2(p — 2)!(p — 2)! and
(€) BB =(p—Dp—D!I1+A"") " and b3 =2(p— 2)!(p — 2)!(A+1) " for some A € (0, )
are possible, where
' n2p—1 2p 2(td)2p 3 -1
A=l iy Ve ) (g e o) (4.12)

Note that (c) contains (a) and (b) if we allow for A = 0 and A = +oo by adopting the conventions that
a/0 := oo and a/o0 := 0 for a € (0, 00).

In particular, (4.10) and (4.11) make sure that condition (a) of Theorem 3.1 is always satisfied in this
example and that the covariance function I' of the potential limiting process given by

P (snt)p s\/t)pk2
- b

p N(p—k)F

coincides with the one in the statement. Now fix integers 1 < v < wu < p and [, r such that 1 <r < v and
0<l<rA(u+wv—r—1). The computations on pages 4196-4197 of [LRP13] show that for all

(j,m,a,b) € P:= ({(j,m,a,b):1§b§a§jSmandb<m}u{(j,m,a,b) :jzmzaandsz})
ﬂQ(,L)’u?T?l)

one has

”g] *Z gmH%Q(ﬂj-Hn—a—b) = O(t:ll(4p*(j+m+a7b)71))

_ O(t2(4p—(u+v+r—l)—1)) 7 (4.13)

where the second relation follows from 0 < ¢, < 1 and the inequality j + m+a —b < v4+u+r —1
(we observe that the authors of [LRP13] actually deal with the rescaled measure n - u, which is why they
obtain another power of n as a prefactor). Now suppose that (j,m,a,b) € Q(v,u,r,1) N P. We are going
to repeatedly use (4.13) and Proposition 4.1 for the following estimates: In case (C1) we have

n4p+l—r—v—u n4p+l—r—v—utﬁ(‘lp_u_v_?""'l—1)

b 2
U% ng *a gmHL2(‘uv+u7i—k) N

nthi(2p72)

_ n2p—(v+u+r—l)td(2p—(j+m+a—b)+1)
n

< (nt;il)Qp—(v-i-u-i-r—l)t;ll

< (nptg(P—1)> -1

where we have used that v +u +r — [ < 3p for the second inequality and, hence, under the assumptions
of the theorem it follows that

n4p+lfr7v7u

b 2 1
Pl s gl sy S0,
In case (C2) we obtain
nAp+l-—r—v—u ) ) n4p+l—r—v—utz(‘lp—u—v—r-*‘l—1)
4 ”g] *a .gmHLQ(Mv—O—u—i—k) ,.S

d(dp—
on nAp—444(4p=6)

_ n4— (v+u+r-1) tZ(S—(j—i-m—&—a—b))

< n47 (v+u+r—1) t:ll(Sf(erqurfl))

< nty?,
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where we have used that (v+u+r—1) > 3. Hence, under the assumptions of the theorem it follows that

n4p+l—r—v—u

] lg; *Z gmHiz(#wuka) < n=%,

n

In case (C3) we similarly obtain

n4p+lfr7v7u n4p+l7r7v7utg(4p_u_v_7’+l_1)

b
P ||gj *a gm||%2(“v+ufifk) S

n

n4p72tgl(4p74)
_ n2—(v+u+r—l)t;ll(3—(j+m+a—b))

2—(v+u+r—1) td(3—(v+u+r—l))

<n!

)

where we have again used that (v +u +r —1) > 3. Finally, in case (C4) we have

npipti—r—v—u b ) < n4p+l*r*v*utg(4p_u_”_r+l_1)
T ||gj *q gmHLz(p‘v+u7¢7k) N n
< (ntgl)4p+l—r—v—ut;ib ~ p4p+l_7«_v_ut2
=0(mn™h.

Eventually, we have to deal with the quadruples (j,m,a,b) € Q(v,u,r,1)\ P. In order to do this, we first
remark that we have the asymptotic relations

lgm 172 (m) S ()7, 1<m <pand (4.14)

PP (Yr,) = /( . Yrp,dpP S (Pt (4.15)

Relation (4.14) follows from the computation

m

2 _ 2
Hgmle(um)—/(Rd)mg w1, o) [ ),

Jj=1

— [ TLsnds; [ e
(Rd)m le (Rd)2p72m

p
wntn (.’L‘l, oy Ty Bm41y - - oy Zp) H f(.’L‘l)f(Zl)d.%'ldzl
l=m+1
= fx»dx-/ Proa x1—x39).. tlxl—x
Lo [, [, ora 06 (01— 7))
wl“,l( 71(331 — Tg),. t;l(xl — xm),tgl(xl — Zm41)s - - ,t;l(m — zp))
H f .CC[ Zl dxldzl
l=m+1
= (tZ)Zpimfl f(xl)datl/ H f($1 + tnyj)dyj/ H f .CC1 + tnul)f(xl + tnvl)duldvl
Rd (Rd)m—l j:2 2p— m+1
17/)1—‘,1(07 Y2, -5 Ymy Um+1, - - - up)wr,l(()?y% <o Ymy Umt1s - - - 7vp)
p
~ td 2p—m—1 2p—md / d / dud
( n) Rd f(xl) 1 Rd m—1 E[ yj R2p—2m Z_E[ 1 i
wrﬂ(O? Y2, s Ymy Um+1,y - - -, up)wr‘,l(O?yQa vy Ymy Um+1, - - 7Up)

< (g
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where made use of the translation invariance and scaling property of the kernel ¢r;, as well as of the
a.e.-continuity of f. The derivation of (4.15) is similar but easier and is for this reason omitted.
First, if a = b =0 and j,m > 1, then we have

95 *8 gm||%2(uj+m) = ||9j”2L2(,p) ) H9m||%2(w)
S (P ) = (e,

Now note that by the definition of the set Q(v,u,r,l) we further have that
j+m=j+m—-a—-b<ut+v—r—I

which implies that

ng *8 gmHLQ(NJ'+m) S (tz)4p—(u+v—r—l)—2 _ (tg>4p—(u+v+r—l)+2r—2

< (t;ll)4p—(u+v+r—l) ’
since r > 1. If a =b=j =m = 0, then we have
g0 % 90220y = 1P (Wm0, )" S (1)1
< (tZ)4p*(u+v+rfl)fl :

which provides a bound of the same order as (4.13). If a = b = j = 0 and m > 1, then using m =
j+m—a—-b<u4+v—r—landr>1,

190 %0 gl 2 (umy = 12 (W12 9m | 72 pom),
5 ( 2)2}) 2<td 2p—m—1 (t:ll)4p—m—3
< ( d) —(utv—r—1)-3 _ (till)4pf(u+v+rfl)73+2r

< (ti)4p— (utv+r—1)—1

9

which again yields a bound of the same order as (4.13). The only remaining possibility is that 1 < a =
b=m = j < p—1. In this case, we first claim that

2i+1<u+v+r—1.

Indeed, if j < u, then 2j < u+v <wu+v+r—I[since j < v. On the other hand, if j = u, then j = v and we
must alsohaver = jand [ <r—1=j—1sincej=a<r<v=jand0<I<u+t+v—r—1=j-1=r—1.
Hence, u+v+1r—101>2j+r—1>2j+ 1. Thus, we obtain that
j 4
95 %} 9311720y = 193117209

< (BP9 eyt = (g

< (tﬁ)4p—(u+v+r—l)—1
which is the same bound as in (4.13). Since all these bounds are at most the same as the bound in (4.13)
we conclude that the above estimates continue to hold for all (j,m,a,b) € Q(v,u,r, 1)\ P. Since the

estimates just proven are independent of the variables v, u, ¢ and r this implies that conditions (b) and
(c) of Theorem 3.1 are satisfied in the asserted cases. O

As announced, the following statement is a consequence of Theorem 3.10 and provides a changepoint
counterpart to the previous theorem, in the special case of edge counting.

Corollary 4.4. Under the above assumptions and notation, suppose that the sequence {t,} verifies
condition (C1) for p = 2, and write 02 := Var(G,(edge)). Then, if there is a § > 0 such that

1\2-9 1
(*) < t? < - the process Ty, := {T,,(t) : t € [0,1]} defined by

n
Ta(t) = Ui Z <1{0<||Xi—XjH<tn} - Un) ;

™ 1<i<|nt]<j<n

1 T
= > Nodwexlen) — o Lntln = Lot + 1),
™ 1<i<|nt]<j<n

where 0y, == P[0 < || X1 — Xa|| < tn], is such that T,, = v/2b, where b is a standard Brownian bridge.
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The proof of Corollary 4.4 (whose details are left to the reader) follows from the fact that, under the
regime (C1) and in the notation of Theorem 3.10, one has that 72 ~ ¢2/2, and also ¢; = 0 and cg = 2.
Writing k := [nt] for a fixed ¢, the sum

S(n,t) := Z Lo<xi—x;)1<tn}

1<i<|nt|<j<n

counts the number of edges in G(X;t,) such that one endpoint belongs to the set {Xi,..., X} and the
other belongs to { Xx41, ..., Xn }; a small value of S(n,t) implies that most distances between the elements
of the two blocks of variables are larger than t,,. For testing procedures related to changepoint analysis (see
[Fer01, CHO7]), one is typically interested in understanding the asymptotic distribution of such quantities
as
M, = max (—=T,(t)), or A, :=argmax(—T,(t)),
t€[0,1] t€[0,1]

where argmax;cpq]9(t) stands conventionally for the smallest maximizer of a function g admitting a
maximum?. Corollary 4.4 immediately implies that M,, and A,, converge in distribution to m := /2 max b;
and a := argmax by, respectively. It is a well-known fact (see e.g. [Fer95, CH97]) that m/+/2 is distributed
according to the Kolmogorov-Smirnov law, whereas a is uniformly distributed on [0, 1]. More general limit
theorems (involving in particular an independent process A, as in Theorem 3.10) could be obtained by
considering an adequately renormalized version of T;, under the remaining regimes (C2)—(C4).

4.2 U-statistics of order 2 with a dominant diagonal component
4.2.1 General statements

In the paper [RLTvdV16], a remarkable collection of one-dimensional CLTs was proved for sequences of
U-statistics of order 2 displaying size-dependent kernels, as well as dominant non-linear Hoeffding com-
ponents. The Gaussian fluctuations of the U-statistics considered in [RLTvdV16] emerge asymptotically
from the fact that the corresponding kernels tend to concentrate around a diagonal, a phenomenon leading
to Gaussianity if one assumes some additional Lyapounov-type condition. The scope of the applications
developed in [RLTvdV16] covers e.g. the estimation of quadratic functionals of densities and regression
functions, as well as the estimation of mean responses with missing data (see Section 4.2.2 below, as well

as [RLTvdV16, Section 3], and [BR88, Lau96, Lau97, LMO0O]).

Our aim in this section is to use our Theorem 3.1 in order to prove a functional version of the
forthcoming Theorem 4.5, corresponding to a special (but fundamental) case of [RLTvdV16, Theorem
2.1]. Two explicit examples related to kernels based on wavelets and on Fourier bases, respectively, are
studied in full detail in Section 4.2.2.

In order to state the announced results, we adopt a notation similar to [RLTvdV16] and consider a
sequence of i.i.d. random variables {X; : ¢ > 1} with values in the measurable space (E,&) and with
common distribution p. We also consider a sequence {K, : n > 1} C L?(u?) of symmetric kernels

K,:ExE—-R:(z,y) = Ky(z,y).

For every n, we define the constant o,, and the processes U,, = {U,(t) : t € [0,1]} and W,, = {W,,(t) : t €
[0,1]} according to (2.5)—(2.9), in the special case p = 2 and ¢ = K, that is:

_ Zl§1<i<j§Lntj Kn(Xi, Xj) — [nt] ([nt] = 1) E Kn(X1, X2)

W, () . , telo,1]. (4.16)
We write ky, .= E K2(X1, X3) = HKnH%Q(HZ,), and assume that
kn n—0o0
I oo, (4.17)

2The domain of the argmax operator can be extended to D[0,1] — see e.g. [Fer01, p. 491].
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and moreover

2
_ 2
w o (st 0utin)) utaa) =sup 5,2, < o (4.18)

where || @ ||, denotes the operator norm of the Hilbert-Schmidt operator f — [ Ky (-, y)f(y)u(dy), and
1Kulloo S (4.19)

Assumptions (4.17) and (4.18) are easily checkable conditions implying that the linear part of the
Hoeffding decomposition of W, (1) vanishes in L?(P) as n — co. Assumption (4.19) can be relaxed (see
e.g. formula (10) and Lemma 2.1 in [RLTvdV16]), but we decided to avoid such a level of generality —
which is not needed for the examples developed below — in order to keep our paper within bounds.

Theorem 4.5 (Theorem 2.1 and Lemma 2.1 in [RLTvdV16]). Assume that there exists a sequence
of finite measurable partitions Py, := {Xym :m =1,..., My}, n > 1, of the set E, such that

. Z/ / K2 dpdp =251, (4.20)

— max/ K2 dpdp “=2% 0, (4.21)
k.
max (1 X m) 720, (4.22)
lim 1nfnm1n p(Xnm) > 0. (4.23)
n—oo
Then, as n — 0o, one has that o2 ~ "2% and

W, (1) 2% z,
where Z s a standard Gaussian random variable.

The main abstract result of the present section is the following functional version of the previous
statement.

Theorem 4.6. Let the setting and assumptions of Theorem /.5 prevail. If, in addition, one has that

sup n'/?t¢ max p(Xnm) < oo, for some e; > 0, (4.24)
n m
sup max M(Xn,m)lin < oo or liminfn!~® min j(X,,,) > 0, for some ez > 0, (4.25)
n m n-—e2 n—oo m ’
1+a1
sup < 00, for some ag > 0, (4.26)

sup / / ‘K T, Y) L () €N (X X X)) 2,u(dx),u(dy) < 00, for some ag > 0, (4.27)

then
W, = {B(t*):te[0,1]}, n— o,

where B is a standard Brownian motion issued from zero.

As we will point out in Remark 4.7 below each of the four assumptions (4.24), (4.25), (4.26) and (4.27)
plays a substantially different role in the proof.

Proof of Theorem /.6. Using the notation introduced in this section, for every n we define

My,
= U Xm,n X Xm,n C E27

m=1
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and write QS = ﬂMZ (Xim,n X X )¢ in order to denote the complement of @, in E?. Weset A,, := Ky1q,

m=1

and B, := K,, — A, = K,1¢¢, and define T}, := {T,(t) : t € [0,1]} and R, := {R,(t) : t € [0,1]} as

Pi<i<icj<|nt) An(Xi, Xj) — [nt] ([nt] — 1) E Ay (X1, X2)

T,(t) = _ |
R(t) = 2i<i<icj<ni) Bn(Xz-,Xj)—ULntJ(LmJ _1)E3n(X1,X2)’

in such a way that W,, = T}, + R,,. Our first remark is that, for every f € L?(u) with unit norm, one has

that
/(/f (d”) (d) Z/ (an U)Kn(xyv)u(d’l))>2,u(dx)

< Z/ ( o (wvv)u(dv)) pldz) < |[|Kyn HopZ/ p(dz) = || Knllop,

from which we infer that
sup HAN||OP7 sup ||BnHop < o0, (4.28)
n n

where we have applied (4.18) and the triangle inequality in order to deal with B,. Using the identity
(2.9) (in the case ¥ = B,,) together with (4.28), with the relations o2 ~ n2%k, /2 and n/k, — 0 and with
(4.20), shows immediately that, as n — oo, E[R,(t)?] = o(c2) for every ¢t € [0,1]. This in turn implies
that 02 ~ Var(T},(1)). We will now study R, and T}, separately, and prove that

(i) the sequence {R,, : n > 1} is tight in D[0, 1], so that R,, = 0 (zero function of D]0, 1]);

(ii) the sequence {7}, : n > 1} verifies the assumptions of Theorem 3.1 in the case p = 2, with a2 =0
and ag 2 = 1, and therefore T;, weakly converges to B(t?) in D[0,1].

[Proof of (i)] We first define the functions g, g1, g2 according to (2.4), in the case p = 2 and ¢ = B,,, so
that the Hoeffding decomposition of the U-statistic Ry (t), t € [0, 1], is

[nt]
B0 = "IN 0 () il Y [0 X)) - (%) — () + ] = By + R(D).
no=1 " 1<i<j<|nt]

Now fix 0 < s <t < 1. Then, writing g1 — go := 91, as before, and using as always the symbol ¢ in order
to denote an absolute finite constant whose exact value might change from line to line,

E |R,(t) — R, (s)|”
2 2

SU% Ellns] > (X)) +E|([nt] - |ns]) > (X : %<Y1+Y2)

[ns|<j<|nt] 1<j<nt]
We can assume without loss of generality that «; € (0,1]; we have that

— |ns|\1T™
Boc fel X nl0r| < - lns)) Bl < o (P P

o2
n [ns|<j<|nt|

where we have used (4.18) and (4.26) to deduce the last inequality. Analogously, one shows that

Y;l : C<L JnLn3J> Eln (X)]* < (M)Hal, (4.30)

g

where the last inequality follows again from (4.18) and from (4.17), as well as from the fact that LHWSJ €
[0, 1].
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In order to deal with R”, we adopt as before the notation ¥2(X;, X;) := g2(Xi, X;) — g1(Xi) — 91(X;) + g0,
and observe that, for every a > 1, E[[¢2(X;, X;)|*] < ¢ [, [ |Bn|®dp?, for some absolute constant ¢
depending solely on a. For every n and every 0 < s <t <1, we define the set of integers

Hy,(s,t) = {(4,7):0<i<j<|nt]}]\{(4,j):0<i<j<|ns|}

Clearly, |Hy(s,t)] = ("2) — (")) = L(|nt] + [ns] — 1)(|nt] — [ns]). For fixed 0 < s <t < 1, one has

that
2

1
E[R)(t) - Ri(s)] = ZE[ >0 (X X))
" (@) EHn (s 1)

In order to bound such a quantity, we use orthogonality of the summands in the above sum, fix an ag > 0
such that condition (4.27) is satisfied, and note that

E\RZ@)—}ﬂxsﬂQ::jé > E WX, Xi,)?

g
™ (i1,i2)€Hn(s,t)

< 2|H st|//B2du

CfE Ju B dp? nt] — [ns]

<
- ky, n
Cnag 2 2 ns 1+oao
< &g&w.GJJJ) (4.31)

We have therefore shown (in (4.29), (4.30) and (4.31)) that {R,,} satisfies the tightness criterion of Lemma
1.1, for & = min (v, ag) and 8 = 2, and the proof of Point (i) is concluded.
[Proof of (ii)] In this part of the proof, we denote by go, g1, g2 the functions obtained from (2.4) by selecting
p =2 and ¢ = A,. Note that each of the three kernels g; implicitly depends on n and that, by virtue of
(4.28), one has

sup (E[g1(X1)*] + Igol) < oo (4.32)

Since g2 = Ap, 02 ~ k,n?/2 and (4.20) is in order, we see immediately that the constants b; and by
appearing at Point (a) of Theorem 3.1 are such that by = 0 and b3 = 2, yielding a2 = 0 and ags = 1.
In order to conclude our proof, we have now to check that the quantities appearing at Points 1.-6. of
Remark 3.3 all converge to zero as n — oo and that the quantities in points i)-iv) of the same remark are
bounded for some € > 0. This is immediately done for the quantities at Points 1., i) and ii), by virtue of
(4.32). To deal with the quantity at Point iii), we note that, for some € > 0,

nb/2+e nl/2+e 4
g ~ ™ / [ et @) € Y Hu| ) ) i

4 1/2
- ; / g ( - Kn<x,y>u<dy>> u(d)
- 1/2

nl/? € [ 2 9
= k: ;/nm ( o Kn(x,y)u(dy)> (/nm knﬂ(dl/)> p(dz)| by (4.20)

1/2

1/2

2
< 0" max (X m) Z/ (X Kn(w,y)u(dy)> p(dx)

< nt/2te max w(Xnm), by (4.28),
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which is bounded by (4.24). On the other hand,

2"91*192”“: </ | @@l )? nlda (dy>>l/2
N[//</K o0 € Ut i

9 1/2
- Kp(z,y)1 [ Ué’(nm X X m]) w(dx)u(dy)

1/2

:kln Z/ / (X Kn(xyz)u(d2)> K2 (z,y)p(da)p(dy)

2
]; Z/ / (X Kn(x,Z)u(dZ)> ki pu(da) p(dy)

9 1/2
< g |5 [ ([, mteauton) wan| ==

by (4.24) and (4.28), showing that the quantity at Point 2. vanishes. We can deal at once with the

quantities at Point 3. and 5. by means of the following considerations. For a fixed n, denote by {\; : j > 1}

and {e; : j > 1}, respectively, the sequence of eigenvalues (taken in decreasing order) and eigenfunctions of

the Hilbert-Schmidt operator on L?(p) given by f +— [ An (-, y)f(y)p(dy). Then, such eigenfunctions form

an orthonormal system in L?(p), and one has that 4, = g2 = Y, \ie; @ ¢;, with convergence in L?(u?).

Such a relation ylelds that [|Apllop = A1, g2 %1 g2 = >, Mei ®es, g1 = D; Aipies (where i := [, e;dp) and
g1 %1 g2 = > M2 ze;. Since |p;] < 1 (by Cauchy-Schwarz), we infer that

g1 *% 92HL2(M)7 g2 *% 92”L2(u2) < \ /ZA? < ||AnH0p||AnHL2(M2)
4

and the desired convergence to zero follows from (4.17), (4.20) and (4.28). The vanishing of the quantity
at Point 4. follows from

. 1/2
n3/? 1
e el ~ e (S [ [ KK Dutdaptinas)

<n1/12kn Z/nm/nm</an4xy d:c) (/an4ZCZ dx)> /2u(dy)u(dz)

1/2

1/2
(4.

19)
<

1/2

1/2
e / W(XwKﬂx,z)u(dx)) (i)

m

1/2
<{]€12 #Hin.n) Z/ K (2, 2)p(dz) (dz)} noee g
n,m Xnm

where we have applied (4.19) and (4.22). One has also that, for some ¢ > 0,

nlte

1/2
1
s 921174,y ~ . {Z/ . Kﬁ(w,y)u(dw)u(dy)}
1

1/2
1 Xpm 4(
—n {Mmax Z/nm Xan YK (dx)“(dy)} /2 masy, p(Xp,m)'/?
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is bounded, by (4.19), (4.20), (4.22), (4.23) and (4.25) — this yields the boundedness of the sequence at
Point iv). Finally, the convergence to zero of the quantity at Point 6. is a direct consequence of (4.17)
and (4.20).

O]

Remark 4.7. By inspection of the previous proof, one sees that Assumptions (4.26) and (4.27) imply that
the off-diagonal part of the U-process W, is tight in the space D[0, 1]. On the other hand, Assumptions
(4.24) and (4.25) are needed in order to ensure that the (dominating) diagonal component of W,, meets
the requirements of Theorem 3.1. Note that Assumption (4.24) is such that (a) it does not appear in
[RLTvdV16], and (b) it would be needed if one wanted to prove a one-dimensional CLT for W, (1) by
using the techniques developed in [DP19]. This slight discrepancy between the assumptions of [DP19] and
[RLTvdV16] is explained by the fact that the sufficient conditions discovered in [DP19] would imply not
only a CLT for W, (1), but also that E[W,,(1)4] — 3, and consequently need to be stronger.

4.2.2 Two examples

As an application of Theorem 4.6, we will consider two families of kernels satisfying the set of sufficient
conditions for functional convergence pointed out in the previous section. As explained in [RLTvdV16,
Section 3] both types of U-statistics can be used in the non-parametric estimation of quadratic functional
of densities — see also [BR88, LMO00]

(I) (Wavelet-based kernels) Following [RLTvdV16, Section 4.1], we consider expansions of functions
f € Ly(R?) on an orthonormal basis of compactly supported, bounded wavelets of the form

Fa) =30 3 s pun, @+ 35 ST (fel) e,

jeZd ve{0,1}4 =0 jezd ve{0,1}9\{0}

The functions )y ; are orthogonal for different indices (i, j,v) and given by scaled and translated
versions of the 2¢ base functions P60

vp;(x) = 29298 o (2% — j).

We concentrate on functions f with support in £ = [0,1]%. As noted in [RLTvdV16, Section 4.1],
for each resolution level 7 and vector v, only the order 2¢ elements 7 ; are nonzero in E. We denote
the corresponding set of indices j by J;. We then truncate the expansion at the level of resolution
¢ = I and look at the kernel

I
Koz, y) = > > v @)+ > > wli@y;(y).

je€Jove{0,1}4 =0 je€Ji ve{0,1}94\{0}

(IT) (Kernels based on Fourier expansions) Any function f € Lo[—m, 7] can be represented through the
Fourier series f = ZjeZ fiej for ej(x) = eidT/V2T and fi = ffﬂ fejdX, where X is the Lebesgue
measure. We can write f = lel<k fjej to obtain an orthogonal projection of f onto a 2k 4 1-
dimensional space. Assuming that k depends on n, we can also write down the corresponding kernel

aS: sin ((k+ 1) (z—y))
Kn xZ, = E €5 (T)€Ej = -
(@y) =k (@)ei(y) 27 sin (3(z — y))

and note that K, (z,y) = Di(z —y), where Dy is the well-known Dirichlet kernel.
Theorem 4.8. Let the above assumption and notation prevail.

1. Let p be any probability measure on [0,1]% with a Lebesgque density that is bounded and bounded
away from zero. The sequence of wavelet-based kernels {K, : n > 1} defined at Point (I) above
satisfies the assumptions of Theorem 4.5, with respect to p, as soon as n < ky, < n?, for k, = 217,
Moreover, a sufficient condition for such a sequence to satisfy the assumptions of Theorem /.6 is
ntt <k, <n?2, for some y1,72 > 0.
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2. Let p be any measure on R with a bounded Lebesgue density and k, = 2k + 1. The sequence of
Fourier-based kernels {K,, : n > 1} defined at Point (II) above satisfies the assumptions of Theorem
4.5 as soon as n < k, < n?. In addition, a sufficient condition for such a sequence to meet the
assumptions of Theorem 4.6 is n'TM < k., <n2="_ for some n,m2 > 0.

Proof.

1. For n < k, < n? and K, defined in point (I) above, the assumptions of Theorem 4.5 are verified in
[RLTvdV16, Proposition 4.1]. The authors note that, by assumption, each function Wi ;18 supported
within a set of the form 27/(C + j) for a given cube C that depends on the type of the wavelet, for
any v. They take X, to be blocks (cubes) of I¢ adjacent cubes 2!/(C + j), giving M,, = O(k,/1¢)
sets X, . In order for the assumptions (4.18)-(4.23) to be satisfied, the authors require that

Now assume n!'*t" < k, < n2772 for some 71,72 > 0. Condition (4.26) is then automatically
satisfied. As noted in the proof of [RLTvdV16, Proposition 4.1], (X, ) is of order ﬁ Now,
it is also noted in the proof of [RLTvdV16, Proposition 4.1] that, if K, (x1,z2) # 0 then there
exists some j such that 1,20 € 271(C + j). Moreover, the set of (z1,x2) in the complement of
U,,, Xnm X Xnm where K, (x1,22) # 0 is contained in the union U of all cubes 27/(C + j) that
intersect the boundary of some A, ,,. It is also noted that the number of such cubes is of order
My and that p(271(C+j) < é Therefore, using || K|l S kn, we note that, for any
asg > 0,

//‘K vt |(@ y) €[] (Xam XXnvm)CHQM(dw)M(dy)

n 2f;2
TLMl/dkl 1/d
k kn

n

1/d
=n"? My, .
ko,

Condition (4.27) requires this quantity to be bounded for some ay > 0. It will indeed be bounded

= k}/? Moreover, for M, = k1/2, 1‘];[" — 0. Also, A’/jsn = ki;f

as k, < n? Under the same assumption, M, — oo and n'/2t1/2 < M, < n'=72/2 < n and
so conditions (4.24) and (4.25) are also satisfied (as pu(X,,) is of order ﬁn) Therefore all the
conditions a), b), ¢), d) from above, as well as conditions (4.24)-(4.27), are satisfied. This finishes

the proof.

N

for ag < % if we choose M,

2. For n < k, < n?, the assumptions (4.18)-(4.23) for kernel K, of Point (II) are verified in
[RLTvdV16, Proposition 4.2]. T he authors take a partition (—m, 7 = U,, Xam in M, = 2F in-
tervals of length § for § — 0 for f f L ek 5

Now, assume that n'*™ < k, < n?7" for some 11,72 > 0. This makes condition (4.26) readily
satisfied. In order for condition (4.24) to be satisfied, we require that n'/2t41§ is bounded for some
€1 > 0. Moreover, condition (4.25) will be satisfied if § < " 2 for some €3 > 0.

The authors of [RLTvdV16] note that the complement of U Xn m X Xp m is contained in {(z1,z2) :

|x1 — x2| > €} except for the set of 2(M,, — 1) triangles indicated in [RLTvdV16, Figure 3|. Now, by
the argument of the proof of [RLTVdVlG, Proposition 4.2], for any ay > 0,

a2

/_ /_ |z —y| > € | Kz, y)|? pldz)u(dy) < en® + g
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which is bounded, if ”(112//22 < e < n~ . Each of the remaining triangles in the complement of

U, Xnm X X has sides of length of order €. Hence, for a typical triangle A and an interval I of
length of the order e,

// | K (2, y)|* dady ,§ // | Dy (u 2dudv<k—ekn—en (4.33)

There are 2(M,, — 1) such triangles. Therefore, condition (4.26) will be satisfied if, in addition to

n®2/2 —« s __ 2mwen®2 . o
172 SesnT %, Myen®? = F55—= is bounded, i.e. en®? < 4.
n

Summing up, conditions (4.18) - (4.27) are satisfied if, for some 6, €, €1, €2, g > 0,

3042/2 1—e2

n 1 n

< a2 <L < 3 [

12~ € Nd’“mm<nl/2+q’ i )
n

Such choices of 6, €, €1, €2, 90 > 0 exist. Indeed, let as = %, € = % (771 — W), €9

i . _ 3ag /2
%(772 — %) Then, under the assumption n'*" < k, < n?7™ we have that % <

. l1—e . 3ag/2 /2
min (rﬁ/?%q’ %) and it suffices to choose § = 71}317/22 and e =2 12/2 This finishes the proof.

O

5 Technical results and proofs of main statements

Unless otherwise specified, for the rest of the section we adopt the same conventions and notation put
forward in Section 2.

5.1 A new product formula

We start by proving a new product formula for symmetric U-statistics with arguments of possibly different
sizes. In order to state it, we need to recall the Hoeffding decomposition of not necessarily symmetric
kernel functions: Let f € L'(uP). Then, f can be decomposed as follows: For all (21,...,2,) € EP one
has

f@n,a) =Y fr((@)ies) (5.1)
JC[p]

where we follow the convention that in (z;);e; the coordinates i appear in increasing order, i.e. if J =
{i1,... i} with k = |J| and 1 <@y < ... < < p, then (z;)ics = (zi), ..., 2, ). The kernels f;, J C [p],
are given by

Firl@i)ies) = > (~1)IHIKI F, . zp)da E (@) iepn k) (5.2)

KCJ Ep—IK]|

and they are canonical with respect to u in the sense that for each () # J C p with |J| = k, each j € J

and all ()i () € EI=1 one has that
/ fj(xil, e T Y T ,xik)du(y) =0, (5.3)
E
where we again suppose that J = {i1,...,ix}, 1 < i1 < ... < ix < p and where i; = j. For a detailed

discussion and proofs of these facts we refer the reader to [Maj13, Chapter 9].
Note that, if the kernel f is symmetric as in Section 2, then we can define the (symmetric) functions
gk, 0 <k <phby

gk(y17"'7yk) = \/; A f(yla' .. 7yk‘7x17"‘7‘rp*k)d:u’pik(x17" . ,.’ijfk-)
p—
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as before and we obtain that, for every subset J C [p] with 1 < k := |J| < p,

s

fr(xe, ... z) = Z(—l)k_l Z 9(Tiy, - xq) = fulon, .. o),

=0 1<i1<..<i;1<k

where the symmetric and degenerate kernel fj has been defined in (2.3).

For the statement of our product formula we have to fix some more notation: Let us fix two positive
integers p and q. Then, for nonnegative integers [, n, m,r such that n < m, r <pAgq, l > p+ q— 2r and
sets L C [m] with |L| = [, we denote by II, ,, (L) the collection of all triples

(A,B,C) € Dypy—p—q(n) X Dp_p(n) x Dy_r(m)
such that L is the disjoint union of A, B and C.

Proposition 5.1 (Product formula). Let p,q > 1 be positive integers and assume that ¢ € L*(uP) and
o € L*(p9) are degenerate, symmetric kernels of orders p and q respectively. Moreover, let n > p and
m > q be positive integers with m > n. Then, whenever n > p 4+ q we have the Hoeffding decomposition:

p+q  aNkA(m—n)

TM@) I e) = > Un= > > > Uwm,

MC[m]: k=|p—q| s=0 MC[m]:
|M|<p+q | M |=k,
[MN{n+1,...,m}|=s

where, for a set M C [m] with0 <k:=|M|<p+qand0<s:=|MnN{n+1,....m} <gAkA(m—n),
the Hoeffding component Uyps is given by

- _p/\(qs)i(iH”qk)( n—k—i—s >
M ptqg—r—k

—k
r=[2g=h]

> (w2 F o) (Xiiea, Xi)ien, (Xidiec) . (5.4)
(A,B,C)EIly nnm (M)

Moreover, for such an M, we further have the bound

PAG=s)Npta=k) Ls ks
ZCOERD S ) D125

e +q—r—k)\2r+k—-p—qgp—r,q—1r—35
(5.5)
Remark 5.2. The above product formula is an extension of the one proved in [DP19, Proposition 2.6],
for symmetric and degenerate U-statistics based on the same range Xy, ..., X, of data. Indeed, suppose
that n = m. Then, if |M| = k and (necessarily) s = 0 it is not hard to verify that
Z (v Tk @)M((Xi)z‘eA, (Xi)ien, (Xi)iec)

(A7B70)6H7"y71;m (M)

B !
C@r+k-p—q)llp—r)(g—7)

and the product formula reduces to the one in [DP19, Proposition 2.6]. The main difference in general
is that, in the situation of Proposition 5.1 and for n # m, the product is no longer (in general) a finite
sum of degenerate and symmetric U-statistics. However, its Hoeffding decomposition (in the sense of not
necessarily symmetric statistics — see e.g. [KR82, DP17]) is still completely explicit and hence suitable
for providing useful bounds.

(w2 ) (Xii € M)

Proof of Proposition 5.1. Write

We=JMw)= Y W, and V:i=J"(p)= Y Vg
JEDy(n) KeDgy(m)
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for the respective Hoeffding decompositions of W and V, i.e.
Wy=v9(X;,jed), JeDyn) and Vg =¢(X;,ic K), K €Dy(m).
From Theorem 2.6 in [DP17] we know that the Hoeffding decomposition of VW is given by

VW= > U,

MC[m):
|M|<p+q
where, for M C [m] with |M| < p+ ¢ we have
Un =y (=1)IMIH > EWsVk|FL], (5-6)
LCM JE€Dp(n),KEDG(Mm):
JAKCL,
MCJOK

where F, := 0(Xj;,j € L). Note that Uy = 0 whenever |M| < |p — ¢| because |JAK| > |p — ¢| for all
J € Dp(n) and K € Dy(m). Moreover, Uy =0 if [MN{n+1,...,m}| >¢gsince MN{n+1,...,m} C K
and |K| = ¢q. Hence, we have

pt+q ik
O S D S S 5
MC[m]: k=|p—q| s=0
|M|<p+q, |M| k
|IMN{n+1,...,m}|<q |MN{n+1,.. ,m}lis

Since KN{n+1,...,m} CJAK CLC Mand MN{n+1,...,m} C KN{n+1,...,m} this also implies
that we can restrict our attention to sets M and L that satisfy

Mn{n+1,....m}=Ln{n+1,....m}=Kn{n+1,...,m}.

Writing &k := |M|, r:=|JNK|,l:=|L| and s :== M N{n+1,...,m}| it follows that r < p A (¢ — s) and,
since

|[JNK|=|J|+|K|-|JUK|=p+q—|JUK]|, (5.8)

it follows from M C J U K that r < p+ ¢ — k. Moreover, since |J U K| = |J N K| + |[JAK| and
JAK C L C M, it follows again from (5.8) that 2r > p+ ¢ —1 > p+ g — k. In particular, we have
I>1p—q|V(p+q—2r) =p+ q— 2r. Moreover, note that

|JNKNLl=|Ll—|LN(JAK)|=I|L|—|JAK|=1l—(p+q—2r)=2r+1l—p—gq,
(JNEK)\L=|(JNK)—|JNKNL =r—2r+l—p—q)=p+q—r—1 and
IL\(JNK)|=I|L|-|JNKNL|=l—2r+l—p—q)=p+q—2r.

Note that we have
E[WVk | (XiieL] = E[¢(X;,j € J)o(Xi, k € K)| X;,i € L]

= (P o) (Xa)iernuni, (X5) jen s (Xn)rer\g) - (5.9)

Let us now fix M and L. Then, for each (A, B,C) € II, , (L), there are precisely
< n—k+s )
p+q—r—~k
pairs (J, K) € Dy(n) x Dy(m) such that M CJUK, JNKNL=A, J\ K =B and K\ J = C. Indeed,
given these restrictions it only remains to choose the elements of (J N K) \ L C [n] in such a way that
M\LC(JNK)\L.

The claim now follows from the facts that |M N [n]| =k — s,

(JNK)\L)\ (M\L)=(JNK)\M
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and
(JNE)\L|—|M\L|=p+q—r—1l—(k—=1)=p+q—r—k.
Thus we have proved that

- |L|p Ag—s)\(p+q—k) n—k4s
S X E e ()

=1
I=|p—dl LILC‘JBZ r=[2tg=1]

Z <1/J g <P> ((Xi)ica, (Xi)ie, (Xi)iec)

(A,B,C)€llyn,m(L)

pA(g—s)A\(p+q—k) <

ket
piq_r_sk) Z S (i

l=p+q—2r LCM:
|L|=t

Z ("‘/’ kT 80) ((Xi)ica, (Xi)ien, (Xi)icc) , (5.10)

(4,B,C)€llr,n,m(L)

—k
r=[EEgk

Now, suppose that (A, B,C) € II, , (M) such that, in particular, |A| = 2r+k —p—q. Moreover, suppose
that

T.(A, B,C) = E[(d) TR ) ((X)ieas (Xi)iens (Xi)iec) !fL} #0
Then, it is easy to see that BU C C L, that

TL(A,B,C) = (p £ o) (Xy)icant, (Xi)ien, (Xi)iec)

and that (ANL,B,C) € II, , m(L). Moreover, for each given (4, B,C) € II,,, (L), there is a unique
(A,B,C) € I, 5 ;m(M) such that (AN L,B,C) = (A, B,C), namely one has to take A = AU (M \ L).
From these observations we infer that

Z (¢ Kt <P> ((Xi)iea, (Xi)ien, (Xi)iec) = Z TiL(A,B,C).  (5.11)

(A,B,C)EMy p,m (L) (A,B,C)€EMy, n,m (M)

Now, recall that by the Hoeffding decomposition for non-symmetric kernels, for each (A4, B, C) € 11, m (M)
we have that

(1 wETa—r =k ©) 2 (Xi)ica, (Xi)ien, (Xi)icc)

= 3 (PR (5 9 ) (Xoiea (Xidies: (Xoiec) | 7]
LCM

=Y (-y)M=ltTyLA, B, ). (5.12)
LCM

Thus, from (5.10), (5.11) and (5.12) we can conclude that

PA(g—8)A(p+q—k) <

o= () S T e S o

T:|‘p+q—k"| l=p+q—2r LCM: (A,B,C)EILy p,m (M)
? |L|=l o

PANa=s)Npra=k) E: DIMI=IET (A, B
M|—|L
_ ) ( e k> 2 e

T:[w] ptq (A,B,C)ElL, (M) LEM

pA(g—s)A\(p+q—Fk) n—kis
( > > (1 H2FITE ) | ((Xi)iea, (Xi)ien, (Xi)iec) ,

T:[p+g—k-| p + q - k (A,B,C)Enr,n,m(M)

(5.13)
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as claimed. The bound (5.5) then follows immediately from

||(1,Z) *$+q_r_k SO)MHLQ(;MC) <y *7;3+q—r—k ‘PHL%“I@)

Iy (M)] = < k—s >

2r+k—p—qp—r,q—1—35

and from the fact that

O]

In the next subsection, we focus on convergence of finite-dimensional distributions (f.d.d.) for processes
of the form (2.7). Our approach makes important use of the general (quantitative) CLTs from [DP19].

5.2 F.d.d. convergence
5.2.1 A general qualitative multivariate CLT

Fix a positive integer d and, for 1 <i < d and n € N, let p; < n; = n;,, < n be positive integers. We will
always assume that the sequences {n;,, : n € N} diverge to oo as n — oo, for each i = 1,...,d. Moreover,
let () = (") € LA(1P¢) be degenerate kernels . Define

o (i
S = i) — Y _
()

as well as ' ‘
on(i)? = Var (J (D)) = [ D)2 -

Fori=1,...,d write Y (i) := J,(,?")(w(i)) as well as
Y =Y, = (V,....,Y) .

Then, Y is a centered random vector with components in L*(P). We will write V. = V,, = {vig :
1 <,k < d} for its covariance matrix. Throughout the section, we denote by Z = Z,, = (Z1,...,Zq)" ~
N4(0,V) a centered Gaussian vector with the same covariance matrix as Y. Note that, due to degeneracy,
we have v; ;, = 0 unless p; = pi. The following finite-dimensional CLT is one of our crucial tools.

Proposition 5.3. With the above notation and definitions, assume that C :=lim, .o V, € R4 exists.
Then, Y, converges in distribution to N4(0,C), provided Conditions (1)-(iii) below hold for all1 <i < k <
d:
(i) li_>m n®27T || ) ya=r w(k’")HLg(HpﬁpFa) =0 for all pairs (a,r) of integers such that
n oo
1 <a<min(p; +pr — 1,2(pi Apx)) and [§] < r < aAp; Apy,

(ii) li_>m na/2_r||¢(i7”)HLz(#pi)Hw(i’”) *0r w(i7n)|’L2(‘u2pi7¢1) = 0 for all for all pairs (a,r) of integers such
that 1 <a <2p; —1 and [§] <r < aAp;, and

[ 13 o
(i) lim ——— ")
n—o00 \/ﬁ
Proof. For 1 < i,k < d, we use the notation

Y (i)Y (k) = > Uni (i, k)

MCn]:|M|<p;+pk

to indicate the Hoeffding decomposition of Y (7)Y (k). The following bound is taken from Lemma 4.1 in
[DP19]: for h € C3(R%) whose partial derivatives up to order three are all bounded, there exist constants
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My (h), M3(h) € (0,00) such that

1 d 1/2
) - B < ) 3 itp (Y Var(OuG))
i,k=1 MC|n]:
|M|<p;+pr—1
2M3 )2
szan ( Z Var(UM(z,z))>
MC|n]:
|M|<2p;—1

fM3( )Z 3/2

-\ 3
p; “on(1)°\/Fp, »

and each finite constant x,, only depends on p;, 1 < ¢ < d. We now apply Proposition 5.1 in order to

bound o
( > Var(Uu(, k:)))

MC|n):
M| <pi+pr—1
for 1 <i < k < d. We will, for notational convenience, assume that n; < ni. Moreover, for integers
p,q > 0 we will write M (p, q) := min(2(pAq),p+q—1). From (5.5) we know that for M C [ng] such that
|M| = p; + pr — a for some a € {1,..., M (pi,pr)}
and M N{n;+1,....,n5} =s€{0,1,...,pk A (pi + pr — a) A (n — n;)} we have

—Di =Dk t+a+s pi+pr—a N a—r (k
l a—r > <p- - szk -7, 2r — a> 57 )HLZ(MP”“‘“)
K3 I Y

anpiNpr—s) ,

Var(Un (i, k) < ) <m
r=[5]

=:bir(a,s). (5.14)

Then, we have

M (pi,pr) PeA(Pi+pr—a)A(ng—ny;)
> Var(Uu(i,k) = ) > > Var (Un (i, k)
McC[n]: a=1 5=0 MClng]:
|M|<p;+pr—1 |M|=pi+pr—a,
[MN{n;+1,...,ng }|=s
M (pi,pr) PeA(Pi+pPr—a)A(ngp—n5)
Z Z Z b?,k(aa 3)
a=1 s=0 MClng]:

|M|=pi+pr—a,
[MN{n;+1,...,ng }|=s

Pi k) PN (Pitpr—a) Ay —ni) ne — N, n;
< k Z) < ’ >b?k(av S)
§ : Z S Pi+pr—a—s) 7

s=0

k) - PeA(Pitpr—a)A(ng—n;)
b2, (a,s).
(p' ) SZ_; z,k( )

M(

B

M (pi,
<

i + Pk —a

—

a=

Now, writing
Di+pr—a )

K(p; a,r) =
(pz’pka ) ) (pi—'r,pk—r,%"—a
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and using the inequality (5.14), we obtain

( > Var(Un(, k;)))l/2

MCIn]:
|M|<p;+pr—1
M (pipr) - PeNpitpr—a)Ne—na) anpinpe=s) D+ a+s
<> )z > (" )
a=1 pi+pr—a s=0 r:[%] a=r

- K(pispr,a,r ’\W(i) x| SO(k)Hp(Hpﬁpwa)
e+l 1 M (pi,pr) ) anpiN(pr—s) '
I D S LR A s

(pz) (pk) r=[3]

M (pi,pr) ) aNp; Apg ) A
<Clipy) Y, o N w0 T g E | i
a=1 r=[8]

where the finite constant C(p;, px) only depends on p; and pg. Since we also have n;, ny < n we can further
bound

( > Var(Uu(, k:)))l/2

MC|n):
|M|<pi+pr—1

M (pi,pk) alp; Apg

< C(pi, pk) Z Z n®?" THd’(z . TT/J(k HLQ(MPH'Pk —ay;

a=1  r=[2]
and the desired conclusion follows immediately. O

Remark 5.4. Note that the conditions (i)-(iii) in Proposition 5.3 are the same as those we would obtain

in the case n;, =n for i =1,...,d. In particular they make sure that the vector
V= (J;g?)(go(l)), o J;g:)(SO(d)))T

converges in distribution to Ny(0,T"), whenever I' := lim,,_, IE[VVT] exists.

Remark 5.5. Let the integers {n;,} and kernels {©(*"} be defined as above. For each i = 1, ...,d and
n > 1 consider sets of pairs of integers of the type

A(i,n) C{(ki, . kp,) 1 1 < ki < ... <kp, <n},
and assume that, as n — oo and for every i = 1,...,d, |A(i,n)| ~ (ZZ) For every i = 1, ...,d now set
H(i,n) := > M (X, s Xy )
(klv-"vkpi)eA(ivn)

and write K,,, n > 1, to denote the covariance matrix of the vector H,, = (H(1,n), ...., H(d,n)). Then, the
proof of Proposition 5.3 can be straightforwardly adapted to show that, if K,, converges to a positive def-
inite matrix K, and Conditions (i)—(iii) in Proposition 5.3 are veirified, then H,, converges in distribution
to Z ~ Ng4(0,K,). Such a conclusion plays a role in the proof of Theorem 3.10.

5.2.2 F.d.d. convergence for general symmetric U-processes

Let ¢ : EP — R be a symmetric kernel of order p which is not necessarily degenerate and which might
explicitly depend on the sample size n. Fix time points 0 < t; < ... <t,; < 1. Then, foreachj =1,...,m,

the random variable F} := JI(,Lmj D(zj)) has the Hoeffding decomposition

rl+ 3 (M),

k=1
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where the symmetric and degenerate kernels ¢y, : E¥ — R of order k are given by

k
Ur(ry,ae) =Y (DY gy, )

1=0 1<i1<..<ij<k

and the symmetric functions g; : E* — R are defined by

gl(ylv s 7yl) = }E[w(yla s 7yl)X17 s 7Xp—l)] .

Without loss of generality, we can thus assume that ¢; > 0 and also that 0 < |9/ z2(,») < +0o which

implies that
P
n
0< a = Var(J = Z ( ) <k> Hlﬁkuiz(“k) < 400

for all n > p. We will further write

J o
for j = 1,...,m. Our goal is to use Proposition 5.3 in order to find conditions ensuring that the vector
W= W, := (Wy,...,Wn)T converges to some multivariate normal distribution N,,(0, D), which requires

in particular that the limit D := lim, ., E[WW?] € R™*™ exists. Let us write d := mp and for
i=1,...,dlet i = kijp+ s;, where k; € {0,1,...,m —1} and s; € {1,...,p} as well as n; := |nty,+1].
Moreover, similarly as in [DP19, Section 5], we define

(nyi) . (7;; _55;)1/181

<p(i) = and
On
P = i) — <S>¢0_

With this notation at hand, we define the random vector Y := (Y1,...,Yy)", where Y; := Js(?i)(go(i)),
1 < i < d. In this way, our notation is fitted to the framework of Subsection 5.2.1. We are going to
reformulate the conditions from Proposition 5.3. First note that E[Y;Y;] = 0 whenever s; # s;, due to the
degeneracy of the involved kernels. On the other hand, if s; = s; = s, then
(m/\nj) (nifs) (njfs)
_\ s p—s/)\p—s 2
E[Y;YV]] - o2 HwSHLQ(pS) :

n

Since n; = |nt;| for 1 < i < d, the covariance matrix of Y thus converges to some limit T' € R4*? if and
only if the real limit

n2r—
Jim "o 12 (5.15)
exists for s = 1,...,p. Moreover, for 1 < i,k < d we have

nl nk nl—sl nk Sk
a/2—r Sz Sk p Sz p Sk a—r

||¢sz *r %k ||L2(Msi+sk*a) :

n/27T [l s plen

(Msl-+sk a =N

ThUS, hmnﬁoo na/2_r||1j}(i’n) *g—T‘ 7711(]6’”) ||L2(usi+sk_a) =0 if and Only if

. n2Pt Lo
nhj;o U—n l[1hs, *7 ¢%HL2 sits—ay = 0.
Further, for i = 1,...,d, we have
N 3/2 in—si\3/2
||¢(zn ”L2(;u (ZZ) / (m 51) /

= =5 195 ||?}J2(Hsz') :

Vi N
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€

L2(u%1)

Hence, lim,, ;o — = 0 if and only if
3s;+1
3p——= 2p—s; 3/2
S 2 3 I AT —1/37 2 _
A, o Wsillzagen = (JE&” o7 Wslizgen | =0,

which is implied by (5.15). Taking into account that, for j =1,...,m,
Jp ‘
1= Var(J§($/0n)) > Var(Wy) = > [0 |72
=(-1p+1

and that (Wy,...,W,;,)" is obtained from (Y1,...,Yy)" by applying a linear functional, from Proposition
5.3 we thus deduce the following result. Note that we also apply the reindexing [ := a — 7.

Theorem 5.6. With the above notation and definitions, the vector (Wi, ..., Wy,)T converges, as n — oo,
to a multivariate normal distribution, whenever the following conditions hold for all 1 < v < wu < p:

(a) The real limit lim,,_, oo %”QZJUH%Z(#U) does exist and

2p_u+v+7"—l
n
(b) nh_}rgo p |11 *ﬁ, Yull 2(o+u—r-1y = 0 for all pairs (I,r) of integers such that 1 < r < v and

0<i<rA(ut+v—r-—1).

Due to the complicated expressions of the kernels 1, the following result, which is a rectified version

of Lemma 5.1 of [DP19], is often useful for bounding the contraction norms appearing in Theorem 5.6
Recall the definition of the set Q(i, k,r,1) defined before Theorem 3.1.

Lemma 5.7. For positive integers 1 < r,i,k <p and 0 <1 < p such that 0 <1 <r <i Ak there exists a
constant K (i,k,r,1) € (0,00) which only depends on i,k,r and l such that

l ; b
||¢Z *p wkHL2(#i+k7r71) < K(’L, k‘, T, l) (j,m,a,gleaq}){(i,k,r,l) ||gj *a gm”L2(uj+7nfa7b) .

Proof of Lemma 5.7. Recall that we have
(v %2 k) (1, -+« s Thpie2s Yt 1o - -+ Yr)
== / @bi(yl, ey Yy T1y .. ,l‘i,r)
El
: ’l/}k(yh ey Yry L1, - - - 7xk+i72r)d,uf®l(y1, e ,yl) . (516)

Recalling also the expression (2.3) of the kernels ¢; and v, respectively, and taking into account that u
is a probability measure as well as that, for k > s, the functions gi from (2.4) satsify

/Ek gk(x1, ..., zk)d,LL@k_s(st, cons ) = gs(x1, ..., Ts) (5.17)

by virtue of Fubini’s theorem, we see that (wi *fq T/’k) (T1y v oy Thti—2r, Yitls - - - Yr) is & linear combination,
with coefficients only depending on i, k,r and [ but not on n, of expressions of the form

G(a,b,j,m)(ajil’ - ,xijibid,yql, . ,chvl‘k‘lv . e 7$km—b—e)
~ /E‘t gj(uly- <o Ubs Ymas - - -5 Ymygs Tigs - - - 71'1']-,1,,11)

®b
. gm(“h e Uy Yngy - 7yne7$k17 cee 7ka,b,e)d,u’ (Ul, .- .,Ub)

= (.g] *g gm)(xila cee 7xij,b,daqu s ?chamk‘la cee ’ka—b—e)’

where 0 < j <4, 0<m <k 0<b<,0<b<a<r,1<i1<...<ijpqg<i—r,
i—r+1<k <...<k_pe < k+i—2r such that, in particular, the sets {i1,...,9j—+—q} and
{k1,..., km—t—p} are disjoint. Furthermore, we have [+1 <mj <...<mg<r, l+1<n; <...<n.<r,
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l+1<q <...<q <rsuchthat {q1,...,¢.} ={m1,....mq}U{ny,....,n.},d<j—b,e<m—>band
a:=b+ |{mi,...,mg} N{ni,...,ne}t| < b+ c. Note that ¢ <r —1 and, hence, alsoa —b<c<r—1as
well as a < (b+d) A (b+e) < j Am. Moreover, the number j +m — a — b of arguments of the function
gj *2 gm is at most as large as the number i + k — r — [ of arguments of the function 1 *lr Y. Finally, if
Jj=m =p, then : = k = p and g; = g,, = *. This also implies that b = [ and a = r. Hence, we conclude
that (4, m,a,b) € Q(i, k,r,1).

Now, using the fact that p is a probability measure, we obtain that

2
/Ek+' . G(a,b,j,m) (@iys oo Li;_p—qrYqis -+ Yges Thyy - - - ’kafb—e)
i+k—1—
dﬂ@l T(;pl’”,’:Ek+i_2r,yl+17.--,yr)
= b 2, ®j+m—a—b _ b 2
— /‘;j+m b (g] *a gm) d//L J = ng *a gmHLQ(,uQ?j-‘-m—a—b) . (518)

Since ; *fn Y, is a finite linear combination with coefficients depending uniquely on ¢, k,r and [ of the
G (a,b,j,m), the claim thus follows from (5.18) and Minkowski’s inequality. O

The next result is a direct consequence of Theorem 5.6, of Lemma 5.7 and of the fact that, for all
1 <wv < p, we have

v . L
I ey = 3 (1) (-0 Nl

=1
where g := g; — E[¢(X1,...,X,)],1 <1 <p (see e.g. [Vit92, Theorem 4.3]).

Corollary 5.8. With the above notation and definitions, the vector (W1, ..., W) converges, asn — oo,
to a multivariate normal distribution if the following conditions hold for all 1 < v < wu < p:
(a) the real limit lim,,_, 2; ° (HQUHB(H v) — (E[Y(X1,...,X,)])?) exists, and

nzp* utvt+r—I

(b) lim

n—oo 0'2

such that
1<r<v,0<Ii<rAu+v—r—1)and (j,m,i k) € Q(v,u,r,1).

llg; * gmHszj+m_i_k) = 0 for all pairs (I,r) and quadruples (j,m,i,k) of integers

Remark 5.9. (i) The conditions given in Theorem 5.6 and in Corollary 5.8 do not depend on the finite
sequence 0 < t; < ... < t;, < 1 used to define the vector (Wy,...,W,,)". Hence, both statements
yield sufficient conditions for f.d.d. convergence of the sequence (W, (t));c[0,1] of processes.

(ii) Note that the respective conditions (b) of Theorem 5.6 and of Corollary 5.8 are the same as those

we would get to obtain the asymptotic normality of the single U-statistic J ( Jon) (see [DP19,
Section 5]).

(iii) It is easy to see from the following computation that the respective conditions (a) in Theorem 5.6
and in Corollary 5.8 imply that the covariance function of W,, converges pointwise to an explicit
limit. Such a condition was not necessary in the univariate case dealt with in [DP19, Section 5] since
there the U-statistic could simply be normalized to have variance one. For s,t € [0,1] we have

COV(Wn(S),Wn(t)) _ E[Wn(s) 72 Z <LTLSJ — k> (L J_l l>E[JlgLnSJ)(wk)Jl(Lntj)(wl)]

k=1

z< )(%’f{;’?(w2“”)“%“%

o2 E nst k Lnth K (LnsJ A LntJ)

& (s/\t s\/t)p kn 9

=1
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Note further that, using (2.8), we can conclude that for fixed s, ¢ € [0, 1], the sequence Cov (W, (s), Wy (t)),
n € N, is always bounded.

5.3 Ciriteria for tightness

We are going to establish tightness using Lemma 1.1 and, as a result, obtain the following theorem:

Theorem 5.10 (Tightness of general U-processes). Let p € N and suppose that 1) = (n) € L*(uP),
n > p, is a sequence of symmetric kernels. For t € [0,1] let U(t) := Uy(t) = Jétnt”&b) and define
W(t) = Wy (t) by (2.7), where o2 := Var(U,(1)) = Var(Jpn) (v)). Suppose that there is an a.s. continuous
Gaussian process Z = (Z(t))ic(0,1] such that the finite-dimensional distributions of Wy, n € N, converge
to those of Z. Consider the following conditions:

(i) There is an € > 0 such that for all1 <r <p and all0 <1 <r —1, the sequence

n2p—r—%7l+e
0_7% HwT *fﬂ ¢THL2(M4)
s bounded.

(ii) There is an € > 0 such that for all 1 <r <p, all 0 <1 <r —1 and for all quadruples (j,m,a,b) €
Q(r,r,r,1) the sequence
T .
- 2 ng *q gm|’L2(uj+m—a—b)
O-TL

18 bounded.

Then, one has that (ii) — (i), and also that (i) is sufficient in order for the sequence Wy, n € N, to be
tight in D|0, 1].

The proof of Theorem 5.10 is detailed in the forthcoming Subsections 5.3.1 and 5.3.2. There, we are
however not going to establish (1.6) directly, but will show that there is a finite constant C; > 0 such
that, under the assumptions of Theorem 5.10, for all n € N and all 0 < s <t <1 we have the inequality

1+e
tl —
E|W,(t) — Wa(s)|* < €y <L”JHL"SJ> , (5.19)
where € is the same as in the statement of Theorem 5.10. This is sufficient by Lemma 1.1.

5.3.1 Proof of Theorem 5.10, I: degenerate kernels

Throughout the present and subsequent section, we can assume without loss of generality that e € (0, 1]
Let us first assume that W), is a U-process of order p based on a degenerate kernel ¢, i.e. for 0 <t <1
we have

W (t) :== Wy(t) := JZSL””)(QD) i
For 0 <s<t<1letI(n,s,t):={|ns|+1,...[nt|} and for J € Dy(|nt]) write
Vi = 1ni(nsn2009(Xii € J).
Then we have that

Wa(t) = Wa(s) = > Vy
JeD,(|nt])

38



is a degenerate (non-symmetric) U-statistic of order p, based on X, ..., X|¢). In [IS02, Theorem 2], the
following bounds are given:

2
Akn(l)axp 1<j11<na§]k<p Z E [( Z E[‘/{ll, ip} | X’J1’ T ’Xih]) ]

-----

1<ij, <...<ij, <|nt] is11<s<p,
sE{G15508 )
1< <. <ip<|nt]
4
< B|W(t) — Wa(s)] (5.20
2
2 . .
=B kinoéxﬁ 1§j1??§jk§p . Z . < ) Z E[V{ilv”-vip} ’ ijl yret ’XZ11]> ] ’
1§7,j1<...<1jk§|_ntj 15:1<s<p,
SE{J1,-20k

1<y <...<ip<|nt]

where A and B are finite constants which only depend on p. We will now make use of the upper bound
n (5.20). Note that for each & = 0,...,p, each labelling 1 < j; < ... < jr < p and all choices
1 <ij <...<tj, < |[nt] we have that

2
E ( Z E[V{%MJP}\Xijl,...,XijkD ]
15:1<s<p,
SE{J1,00Tk s
1<ii <...<ip<|nt|
2
<E ( > E[v{ijwmm\Xih,...,XijkD ] (5.21)
LeD, i (|nt)):

Lﬁ{ijl ,‘..,i]-k}z(?)

and, that for each set L € Dp,_j(|nt]) such that LN{ij,,..., 45} =0 and (LU{ij,... 05 })NI(n,s,t) #0
we have

E[V{im_m}% | X, o Xy ] = (0477 9) (Xijo-n Xiy, )

Thus, we can further bound

2
E‘Wn(t) _Wn(s)“l < Bkgcl)ax Z E[( Z E[V%UL‘FK]> ] (5.22)
P keDy([nt)) LED, _(Int)):
LNK=0,

(LUK)NI(n,s,t)#0

(55 - (205 ot s )
. (B e m) )
KNI(n,st)#£0

o (P)(52) - (53)
s (1) () (53 Bl )]
o (08 (6T (50 (5 o s
s ()6 () (P oot

SO Ly T PV

0P\ KDy (int)):

KnI(n,s,t)=0

+ ) E

:Bkmax < Z E

(pxb ")’ (Xiyi € K)]
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|nt] — |ns] o, _
+ xS o o

ot = ns]\2 o 1y Amtl =),
< (Lol oty L s b o

< [nt] — [ns] e 2p 4 2p—k-+e —k |2
() (el + e o ol ) (5:23)

for each € € (0,1]. Now, if, for some € € (0, 1], there is a C1 = C1(€) € (0,00) such that for all n € N we
have

2 4 2p—k+te k|2
P llel g2y +, max n x5~ @l 2 gm < O (5.24)
we conclude from (5.23) that (5.19) is satisfied. This concludes the argument in the case of degenerate
kernels.

Remark 5.11. Incidentally, one can show that inequality (5.22) also holds in the opposite direction when
the constant B appearing there is replaced with a small enough positive constant C, which only depends
on p. Our way of bounding E|W,,(t) — W,,(s)|* is therefore optimal with respect to the order in n.

5.3.2 Proof of Theorem 5.10, II: general kernels
For t € [0, 1] recall the definition (2.7) of W,,(¢) and (2.8) of o2. Then, defining for 1 <r < p,

o) Ur
(’D(n,r) — (p ) ’
On

o) =

the ¢(") are degenerate kernels and, with the notation V;(t) := J\ Lntj)(go(?")), we have

Since
(Lntj —7‘)
lim —2=—~ t"
for each 7 = 1,...,p, by an application of Prohorov’s theorem, it follows that the sequence (W (t)):c(0.1];

n € N, is tight whenever (V,.())¢c(o,1] is tight for every r =1,...,p.
Sufficient conditions for this to hold were given in the previous subsection. Indeed, (V;(t))icp,1) is

tight if for some € € (0, 1] the sequence
P iy + s 525

is bounded from above by a constant. Now, first note that from (2.8) we see that there is a finite constant
L, such that

2 (r))4 op (M0 —T 4||¢T”L[1,2(MT)
e ey =, ) Tor St (5.26)
for all n € N. Moreover, for k = 1,...,r we have that
4 r—k 2
n2rfk+eH (r) 7" k r) H 2r—k+e <n - T) er * erLQ(M )

2 =n 1

p—r on

«"—Fk 2

< D, nin-2r—ke I % U?"HL?(u )

n

where D,. is a finite constant only depending on r. The proof is concluded by letting [ := r — k and by
applying Lemma 5.7. 0
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5.4 Proofs of Theorem 3.1, Theorem 3.4 and Corollary 3.7

Proof of Theorem 3.1. It is well-known that f.d.d. convergence and tightness together imply weak con-
vergence in DI0, 1] (see e.g. [Bil99, Section 13]). F.d.d. convergence and Gaussianity of the limit process
Z now follow from Corollary 5.8. Moreover, the needed formula for the covariance I' of Z follows from
Remark 5.9 (iii) as

P 2p—k —k
. _ A t)Pn-P V t)P
lim Cov(Wy(s), Wy(t)) = lim 0,2 g (s A)PRT(s V) ||wk||%2(uk)

n— 00 n—o0 1 k'(p k) (p k)
p kK K p—k
(s ANt)P(sVt)P~ ( > 1yt n?p < 2
= lim lgull bdp
; Kl(p— k)\(p— k)! ; n—oo 02 L2(n < B >
k

B P (s A)P(sVE)PT
=2 b i B

Since this is the same covariance function as that of the process given in (1.1) (with a%’p as given in the
statement) we conclude that the limiting process Z may be chosen to have a.s. continuous paths. Now,
tightness is implied by Theorem 5.10-(ii). O

Proof of Theorem 3./. The proof is similar to that of Theorem 3.1 and follows from Theorems 5.6 and
Theorem 5.10-(i). O

Proof of Corollary 3.7. We directly use Theorem 3.1. In this case, we have gy =0 forall0 <k <p—1
and g, = ¢. Moreover,

np
a—()wm%p~ﬂwﬁww

Hence, we have b7 = 0 for all 1 <k < p—1 and bzz) = pl. From this, we obtain that I'(s,t) = (s A t)P,
implying the result. O

Outline of the proof of Theorem 3.12. Finite-dimensional convergence can again be proved by means of
Proposition 5.3 with the dimension d appearing there given by mZ?Zl pj, where m is the number of
points 0 < t1 < t9 < ... < t;, < 1 under consideration. The computation in the proof of Theorem 3.1 can
be easily generalized to yield the claimed limiting covariance structure. Hence, as already pointed out, the
vector-valued limiting process Z is an element of C([0, 1];R?). Next, computations very similar to those
leading to Theorem 5.6 yield Conditions (a’) and (b’). Finally, Condition (c¢’) is obtained by observing
that the laws of the family {W () : n > 1} are tight whenever those of {W () (i) : n > 1} are tight for each
1 <4 < d; this last point is established by means of Theorem 5.10. O

Proof of Theorem 3.11. From the expresssion (2.3) it is a simple combinatorial exercise to deduce that

k
Wk (D)) 2y = 3 (-1 ﬁ)wmwmmw

q=0 4

i (5 600,850 20

where §4(i) = g4(2) — E[¢()(X1,...,X,,)]. Thus, Condition (a) is yielded by Condition (a’) of Theorem
3.12. Finally, Conditions (b) and (c) are derived from Conditions (b’) and (c’) of Theorem 3.12 by an
application of Lemma 5.7. O

5.5 Proof of Theorem 3.10

For every n, define 7, : [n] — [n] to be the bijection given by 7, (i) :==n —i+ 1,4 =1,...,n, and also set
B(n,t) :=n — |nt] + 1. We define, for ¢ € [0, 1],

Ua®) = Y o™X, X)),

1<i<j<|nt|
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and

I(t) = > (X5, X;).

(3,7):mn (§)<mn (1)< B(n,t)

Then, one has that Y, (£) = Uy (1) — Uy (t) — I, (¢), in such a way that the tightness of {Y,,} in D[0, 1] follows
from a direct application of Theorem 5.10 first to U,, /7, and then to I,,/~,. The asymptotic Gaussianity
of the finite-dimensional distributions of Y (") now follows from Remark 5.5, and one can check that the
covariance function of Y™ converges to that of ¢; A 4+ c2b by a direct computation.

O
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