A NEWFORM THEORY FOR KATZ MODULAR FORMS

DANIEL BERHANU

ABSTRACT. Dans cet article, un théoréme de multiplicité un forte est étudié
pour des formes modulaires de Katz. On montre que toute forme propre cus-
pidale qui admet une représentation galoisienne irréductible est dans 1’espace
des formes anciennes pour le niveau et le poids d’une unique forme nouvelle
de Katz. On mets aussi en place des rsultats de multiplicit un pour des formes
propres de Katz ayant une représentation galoisienne réductible.

In this paper, a strong multiplicity one theorem for Katz modular forms
is studied. We show that a cuspidal Katz eigenform which admits an irre-
ducible Galois representation is in the level and weight old space of a uniquely
associated Katz newform. We also set up multiplicity one results for Katz
eigenforms which have reducible Galois representation.

1. INTRODUCTION

The study of relations between the coefficients of classical modular forms by L.
Atkin and J. Lehner in [2] led to the invention of the theory of newforms. Atkin
and Lehner used the L-functions associated to the newforms for their investigation.
W. Li in [I6], using the notion of trace operators, obtained the generalization of
the Atkin-Lehner theory to the case of modular forms over congruence subgroups
parameterized by two variables with characters. In this note we will generalize
some of these results to Katz modular forms over F,,.

Katz modular forms are modular forms defined via algebraic geometry methods
by N. Katz in [I1]. They are defined over any ring in which the level is invertible.
We work with Katz modular forms over F,. Thus we always assume that the
prime p does not divide the levels of our modular forms. Katz modular forms
admit Hecke operators analogously to holomorphic modular forms. We denote the
space of Katz modular forms in level I'; (), weight k and Dirichlet character € by
My(T1(N),e,Fp)Katz and its cuspidal subspace by Si(I'1(N),&,Fp)Katz. When we
do not write the Dirichlet character € we assume that we did not fix any character.

Let f be a normalised Katz eigenform of level I'1(N) with p t+ N, weight &
and character ¢, with coefficients in F,. Let f(7}) be the Ith eigenvalue of f for
the Hecke operator T;. Then thanks to the works in [6], [9] there exists a unique
2-dimensional semi-simple continuous representation py : Gg — GLQ(F])), which
is unramified outside p/N and has the property that tr(ps(Frob;)) = f(1;) and
det(ps(Frob;)) = e(1)I*~! for all primes [ { pN. We prefer to state the results in
terms of Galois representations because they shorten the statements. However it
would be possible to avoid that language for most statements.

Let us informally introduce the notation of level and weight old spaces. They
are defined more precisely in the next section. First, like the classical case, we have
level degeneracy maps on Katz modular forms. Let f € My (T'1(N),F,)Kat, be any
Katz modular form and let d > 1 be an integer coprime to p. Then we have the
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d-th degeneracy map f(q) — f(¢%), which increases the level by a multiple of d.
Then the level old space of f in the level M divisible by N is the E, vector space
generated by modular forms f(¢%) where d runs through all possible divisors of
M/N. Second, we have the following weight degeneracy maps on Katz modular
forms. The map a4 defined by f ~ Af, where A € M,_1(T'1(1),F,)Kats is the
Hasse invariant with g-expansion at the cusp infinity equal to 1. It adds p — 1 to
the weight but does not change the g-expansion. The Frobenius map takes a form
f(q) to its Frobenius Frob(f)(¢g) = f(¢”). It multiplies the weight by p but does not
change the level. Thus, the missing degeneracy map ¢ — ¢P in the level is provided
by the Frobenius.

Then by the level and weight old space of f in level M, a multiple of N, and
weight &' > k we understand the space generated by the images of f under all
possible combinations of the level and weight degeneracy maps targeted to the
space of modular forms of level M and weight k’.

We will use the following definitions of minimal levels and weights to introduce
our newforms. Let d > 2 be a positive integer and let f € Mk(Fl(N),Fp)Katz
be any Katz eigenform. Then f is said to have a d-minimal level if py does not
arise from any non-zero Katz eigenform of level M N/d™ where M and m are any
positive integers such that gecd(M,d) = 1. A Katz modular form f is said to have a
minimal weight k if the associated mod p Galois representation p; does not arise
from any non-zero Katz eigenform of weight strictly smaller than k. We assume
that any Katz modular form in non-integral level is equal to zero.

Definition 1.1. A normalised Katz eigenform f € My (T'1(N), &, F,)Kat, is called
a Katz newform if N is an [-minimal level for any prime {|N and k is the minimal
weight.

The motivation behind the definition of our Katz newform is that it satisfies
some of the analog results of classical newform theory.
The aim of the paper is to prove the following strong multiplicity one theorems.

Theorem 1.2. Let f € Sp(T1(N),e,Fp)katz and g € Sp/(T1(N'),€',Fp) kat- be
Katz newforms with a;(f) = a;(g) for each l in a set of primes of density 1. Then
f=9,k=K ,N=N' ande =¢'.

This means that Katz newforms are uniquely characterised by their associated
mod p Galois representations.

Theorem 1.3. Let F € S/ (T'1(M),F,) katz be a normalised Katz eigenform. Sup-

pose that there is a Katz newform f € Si(I'1(N),Fp)kar» such that pp = py. Then
F is in the level and weight old space of f.

As a consequence, one can determine all possible coefficients of any normalised
Hecke eigenform from its associated Katz newform, provided that it exists. See
Corollary for explicit expressions.

The existence of Katz newforms is established in Theorem (Serre’s conjec-
ture) when the associated mod p Galois representation is irreducible and in Propo-
sition [4.1] when the associated mod p Galois representation is reducible of a certain
type.

In Section [d we set up the theory of newforms for the space of Katz Eisenstein
series. In the case where cuspidal Katz eigenforms have reducible mod p Galois
representations Fisenstein series come into the picture to describe their associated
newforms. We have shown in Theorem [4.6] that, under some condition, up to a
suitable power multiple of the Hasse invariant, any non-ordinary cuspidal Katz
eigenform with a reducible mod p Galois representation is in the level old space of
an associated Katz eigenform which has an optimal level.
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2. NOTATION AND PRELIMINARIES

To state some of the theoretical results that we need later let us set the following
notation. For any continuous Galois representation p, : Gal(Q,/Q,) — GLa(F))
we associate an integer k(p,) as in the Definition 4.3 of [§]. Then for continuous
mod p representation p : Gg — GLo(F,) we set k(p) = k(plcg, ) In the literature
one has the following results on weight and level lowering.

Theorem 2.1 ([8], Theorem 4.5). Let p be an odd prime and let p : Gg — GLo(F,)
be a continuous, irreducible and odd mod p Galois representation. Suppose that
there exists a Katz eigenform g € Sk(T1(N),,Fp) kat= such that p is isomorphic to
pg- Then there exists a Katz eigenform f € Sk(p)(Fl(N),s,Fp)Katz with the same
eigenvalues for Ti(l # p) as g has, such that p is isomorphic to py. Moreover, there
is no eigenform of level prime to p and of weight less than k(p) whose associated
Galois representation is isomorphic to p.

As a remark, due to the theorem of C. Khare and J.-P. Wintenberger [13],
[14] and of M. Kisin [I5] proving Serre’s conjecture there exists a Katz eigenform
F € S5;(T'1(N), Fp)Kats for some integers k and N such that F' gives rise to the same
Galois representation of the above theorem. Thus the existence of g is superfluous.
The case p = 2 is explained in [4]. For most results we need the following version
of Serre’s conjecture.

Theorem 2.2 (Serre’s conjecture, [19], [13], [14] and [15]). Let f € Sk(I'1(N),e,
F,) katz be a Katz eigenform such that py is irreducible. Then there exists a unique
Katz newform g in level N(p) and weight k(p) such that py = p,.

Proof. Since py is irreducible we have by Theorem @ that there exists a cuspidal
eigenform h € S, (I'1(N), €, Fp)Katz such that ps 2 p,,. Let g be the level lowering
of h to level N(p) (see [3] and [I8]). Then by definition of level lowering we have
pn = pgy which gives the result as f is uniquely determined by Theorem O

Proposition 2.3. Let f € Sk(I‘l(N),E,)Katz be a Katz modular form such that
f(q) € Fp[lg']] for some prime | # p. Then there exists a unique cusp form g €
Sk(D1(N/1),Fp) kats such that f(q) = g(¢*). In particular, g =0 if [{ N.

Proof. This follows from Lemma 3.6 of [I] when I|N and the proof of Theorem 1.1
of [I7] when [ 4 N. In the latter case, the statement follows from the claim in the
4th paragraph of page 31 of [I7]. O

One has the following weight degeneracy maps on Katz modular forms which
are not present in classical modular forms. See [[I0], §4, pg. 457] for the details.
The first one is multiplying a form by the Hasse invariant which is a Katz modular
form A € M,_1(I'1(1),Fp)kat. whose g-expansion at the cusp infinity is equal to
1. We denote this map by a4. The other one is taking the Frobenius of a form
f, Frob(f)(¢) = f(¢?). Multiplying a form by the Hasse invariant does not change
the level and the g-expansion of the form but adds p — 1 to the weight. Taking the
Frobenius of a form multiplies the weight by p but does not change the level. These
two degeneracy maps commute with Hecke operators T), for all n such that p 1 n.

Let f € Mi(T'1(N),Fp)Katz be any Katz modular form. Then to introduce the
notion of weight old space corresponding to a form f let us recursively associate a
weight to a word formed by the letters Frob and A. Let the empty word have weight
k. Suppose m is a word of length n and weight w. Then set the weight of Aom to
be w4+ p — 1 and the weight of Frob om to be pw. Then the weight old space of f
in the weight k' > k is defined by

old(f) = (W(f): W is a word in A and Frob such that W (f) has weight kg -
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Similarly to the classical modular forms one has the notion of level degeneracy
maps on Katz modular forms. Let f € My(I'1(N),F,)kat. be any Katz modular
form, let M be a positive multiple of N with ged(p, M) = 1 and let d > 1 be an

integer such that d|M. Then we have the d-th degeneracy map in level M,
By : My(T1(M/d), Fp)katz = Mi(T1(M), Fp)kats
given by f(q) — f(¢?). Then the level old space of f in the level M is given by
L3R () = (Bi" o B (f) : dIM/N)z € Mi(T1(M), Fp)icats-
By examining the g-expansion, it is clear that we have the following commu-
tativity properties: B)! o Frob = Frob o B} and B} o A = Ao B). Then the
level and weight old space of f in the level M and weight k' is the F,, vector space

generated by (BJ! o B{Wd o W)(f) where d|M/N and W is a word in A and Frob

such that W (f) has weight &’.

Proposition 2.4 ([11], Corollary 4.4.2). Let f € My(T1(N),&,Fp)kat. and g €
My (T1(N), €', Fp) kar» be Katz eigenforms with py = p,. Then k = k'(mod p — 1)
and € = €', provided that they are primitive.

Proof. Let us set € and &€ to be the corresponding 1-dimensional Galois represen-
tations of ¢ and &’. Then since p{ N, € is unramified at p and so &(Frob,) = &(p)

is well defined. By restricting éx’;_l = E’X’;/_l to the inertia group I, we get
X’;A = X’;/*I from which k& = k’(mod p — 1) follows, so € = &'. We get ¢ = &', for
all primes [t N. O

Thus for Katz modular forms f € Mg (T'1(N),Fp)Katz and fo € My (T1(N), Fp)Katz
with the same g-expansions where k > k' we have f = A®fo where t = (k—k')/(p—
1).

There exists a derivation 0 : Mi(T1(N),Fp)katz — Mitpr1(T1(N), Fp)katz
which increases weights by p + 1 and whose effect upon each g-expansions is qdiq.

For a form f € My(T'1(N),Fp)Katz, f and P71 f have the same Galois representa-
tions. By the principle of g-expansions we have that the operator § maps modular
forms to cusp forms.

Proposition 2.5 ([12], Corollary 5 and Corollary 6). Let f € Mi(T'1(N),Fp) kai, be
a Katz modular form such that 0f = 0. Then we can uniquely write f(q) = A"g(qP)
with0 < r < p—1,r+k = 0(mod p) and g € My(T1(N),F,) katz with pl+r(p—1) = k.
Furthermore, if f is a cusp form, then so is g by its uniqueness.

3. STRONG MULTIPLICITY ONE

Let us start by proving that by moving into higher level we can make some of the

inside level coefficients of any Katz eigenform zero. Let g € S (I'1(N),Fp)Kkat. be a
cuspidal Katz eigenform. Then g is called an outside N’ eigenform if g is eigenform
for all T,, where ged(n, N') = 1.

Lemma 3.1. Let f € Mi(T1(N),F,)kai, be a normalised Katz eigenform and let
N =TI, I be the prime factorization of N with o; > 1. Let In = {l1,l2,...,1,}

i=1"
and S C Iy be any subset. Then there exists a normalised Katz eigenform f €

Mk(Fl(NHliGSli),Fp)KatZ such that a)(f) = a;(f) for all primes | ¢ S and
apm (f) =0 foralll €S and m € Zxy.

Proof. Let us define j”v(q) = f@) =2 es 0 (f)Bl]:[ [Tiesti f(q). Then by properties

of level degeneracy maps f is an outside Hlie g li Katz eigenform. On the other
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hand from simple g-expansion calculations we have a;» (f) =0 for all primes [; € S

and integers m > 1. Thus fis an eigenform at primes [; € S. O

Proof of Theorem[I.3 Let p; and p, be the associated Galois representations.
Then by hypothesis, the traces of py and p, agree on the Frobenius elements for all
primes in a set of primes of density 1. This implies that a;(f) = a;(g) for all primes
Il NN'p and p; = p,. Then by definition of cuspidal Katz newforms we have
N = N’ and k = k. Thus a;(f) = a;(g) for all primes [ { pN. Let N =[], [
be the prime factorization of N. Then by taking S = Iy in Lemma [3.1] we have
forms f and § such that al;n(f) =0=aqn(g) forall ; € S and all m > 1. If

f— g # 0, then by Proposition it must be up to a suitable power multiple of
the Hasse invariant in the image of Frobenius of some cusp form of weight smaller
than k, which is impossible by the minimality of weight k. Thus, a,(f) = a,(g).
If @i, (f) # a,(g) for some I; € Iy, then by taking S = Iy — {l;} in above lemma
we have cusp forms f; and g; such that am (fiy)=0= am (g;) for all I; € S and
m > 1. Let G := f; — §;. Then by Proposition G(q) = G1(¢'") for some cusp
form G of level % Hljes l; which is impossible by the [;-minimality. Thus f = g.
Furthermore, for all d € N such that ged(d, N) = 1 we have (d)f = &(d) - f and
(d)g=¢'(d)-g. Then f =g givese =¢’. O
Lemma 3.2. (i). Let f € Sg(T'1(N),F,) kat. be a normalised Katz eigenform with
p1-minimal level and g € Sk(Fl(Np’lm),Fp)Katz where m1 > 1 be an outside pq

eigenform such that for all positive integers m such that p1 1 n, Thg = an(f)g.
Then g € E%iml (f).
1

(ii). Let M/N = H§:1 p;"t be the prime factorization of M/N where m; > 1.
Let f € S(T1(N),F,) katz be a normalised Katz eigenform with p1,pe,ps, ..., pi-
minimal level and g € Sk (T1(M),Fp) katz be a normalised Katz eigenform satisfying

Ti(g) = ai(f)g for all primes | # p1,p2,p3,...,pi. Then g € LA(f).

Proof. (i). We have a,(9 — a1(g)f) = 0 for all integers n > 1 such that p; 1 n
because an(g — a1(9)f) = a1(Tn(g — a1(g)f)) = 0. Then by Proposition
(g—a1(g9)f)(q) = F(qP*) for some outside p; eigenform F of level Np{™ ~! such that
Pg = pr. Then we proceed by induction on m;. When m; = 0 by p;-minimality we
have F = 0 and g = a;(g)f. Assume the result holds for m; less than some positive
integer m. Then when m; = m we have (g —a1(9)f)(q) = G(¢g") for some outside
p1 eigenform G of level N p{”fl such that p; = pg, which by induction assumption
is in the level old space of f in level Np™~*. Thus g € E‘I)\lf‘;;nl (f)-

(ii). The case t = 1 follows from (i) above. Assume the result holds for ¢ < r. Let

f € Sk(T'1(N),Fp)Katz be a normalised eigenform with p1,p2,ps, ..., p-minimal
level and g € Sp(I'1 (M), Fp)katz be a normalised eigenform with Tjg = a;(f)g for
all primes | # p1,p2,p3,...,pr. Then by using Lemma with S = {p1} we
have normalised eigenforms f € Sk(T1(Np?),Fp)Katz C Sk(Fl(Np;"ﬁz),Fp)Katz
and g € Sp(T'1(Mp?),Fp)Katz such that f has po,ps,...,p-minimal level and §

satisfies Tjg = a;(f)g for all primes I # po,ps3,...,p-. Then by the induction
assumption g € E?};LQ(]"), say g(q) = Ed\M/(Npml)ﬁdf(qd)- Here we have as-

1

sumed that f € Sp(Ty(NpT*2),Fp)kats. Let h(q) := Zd‘M/(Np"ll)/Bdf(qd) €

1
Sk(T1(Np§2 -+ p),Fp)Katz- Then h is a normalised outside M/Np™ eigenform
with p;-minimal level. On the other hand, since a;n(h) = a;n(g) = ai»(g) for any
positive integer n > 1 and primes [ = ps, ps3, ..., p, and g is an eigenform we have by
simple g-expansion calculations that h is an eigenform at primes | = pa, p3, ..., Dr



6 DANIEL BERHANU

Thus h is a normalised Katz eigenform with p;-minimal level. Then T;g = a;(h)g for
all primes [ # p1. Then by part (i) above we have g € L3\4(h), so g € L3(f). O

Lemma 3.3. Let f € Sk(I'1(N,Fp)karz be a Katz newform. Then any normalised
Katz eigenform g € Sk(T1(M),F,) kat. such that pr = py is in the level old space
of f.

Proof. By the hypothesis we have f = BM f € S (T'1(M),F,)kat, as N|M. Then
setting S = I in Lemma and by applying Propositionwe have (f—§)(q) =
A"G(gP) for some integer r and an outside p Katz eigenform G of weight smaller
than k, which is impossible by the minimality of weight unless G = 0, so we have
ap(f) = ap(g). Suppose a;(f) # ai(g) for some prime ! ¥ M/N and {|M. Then
taking S = Iny—{l} in Lemmaglves forms f and § such that ay (f) = 0 = ay ()
for all primes '|M and I’ # I. Then f(q) — §(¢) = F(¢') for some modular form
F # 0 of level % [I;cg!’ which is impossible by I-minimality. Thus Tig = a;(f)g
for all primes I + M/N. Then since the level N of f is [-minimal for any prime

[, in particular it is {-minimal for [|M/N. Then by applying Lemma we have
g € L) O

Corollary 3.4. Let f € Sk(I'1(N),Fp)kat be a normalised Katz eigenform with
p1-minimal level for all p1|N. Then any normalised Katz eigenform g € Si(T'1(M),
Fp) katz such that py = py and a,(f) = a,(g) is in the level old space of f.

Let f € M (T (N),ED)KMZ be a normalised Katz eigenform with minimal weight
k. Then for k' > k, define V} j as the F,, vector space generated by F' € My (I'1(N),
F,)Katz such that F is an outside p Katz eigenform with eigenvalues \;(F) = a;(f)
for all primes [ # p. Then we have the following

Lemma 3.5. The space V¢ 1 is a subspace of the weight old space of f in the weight
K.

Proof. We proceed by induction on k’. Let k' = k. Then for every F' € Vy;/, by
Proposition we can write (F — a1 (F)f)(q) = A"G(¢P) for some integer r and
an outside p Katz eigenform G of weight smaller than k', which is impossible by
the minimality of weight unless G = 0, so we have Vy» = (f). Then suppose the
induction hypothesis is correct for all weights less than k’. Then by Proposition
K = k + m(p — 1) for some non-negative integer m. Set fo = A™f € V.
Then since V- is a finite dimensional E,—vector space, say of dimension d, we
can pick modular forms fi, fo, f3,..., fa—1 € Vjp such that fo, f1, fo,..., fa—1
constitutes a basis for Vy . Then for all 1 < < d — 1, define g; :== f; — a1(f;) fo.
Then a1(g;) = 0 which gives a,(g;) = 0 for all integers n > 1 such that p f n as
an(9i) = a1(Tngi) = an(f)a1(g;) = 0. Then by Proposition 2.5 there exist modular
forms §; € My, (T'1(N),Fp)katz for i = 1,2,3,...,d — 1 such that g;(¢) = A" gi(q?)
and g; € Vy, for some integers r; and k < k; Then by the induction assumption
J1,92, 303, ---,gd—1 are in the weight old space of f in weights ki, ko, k3, ..., kq_1-

This implies that the basis elements f1, f2, f3,..., fa—1 are in the weight old space
of f in weight k’. This gives the result. O

Corollary 3.6. Let f € My(T'1(N),F,)kat= be a normalised Katz eigenform with
minimal weight. Then any normalised Katz eigenform g € My (T'1(N), Fp) katz Such
that py = pg and a;(f) = ai(g) for all primes I[N is in the weight old space of f.

In the above corollary one cannot relax the condition that the eigenvalues a;(f)
and a;(g) for T; for all primes [ dividing the level are the same. To construct
a counterexample let F € Sy (T'1(M),F,)katz be a Katz newform. Then choose
a prime [ { Mp such that T has two distinct eigenvalues on (F(q), F(¢')) C
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Sk(T'1(MI1),Fp)Kkatz- Then we can produce normalised Katz eigenforms f and g
in this subspace such that py = p, and a;(f) # a;(g) but one is not in the weight
old space of the other.

In Proposition we have associated a Katz newform to any Katz eigenform
which has an irreducible Galois representation. More generally if we assume the
existence of Katz newforms for Katz eigenforms which has reducible Galois repre-
sentation we have

Proof of Theorem[1.3 By applying Lemmawith S = Ip; we have eigenforms F
and f such that a;(F) = 0 = a;(f) for all primes {|M. Then by using Corollary
one can write F(q) = ZéeD,’g’ as6(f(q)) for some a; € F, where D’,:l is the set of
words W in A and Frob such that W takes weight & forms into weight &’ forms. Let

us define Fi(q) := ZJGD,’;’ as0(f(q)) by replacing the form ]?by f. Suppose that f
has Dirichlet character € and suppose that Fy(q) := Y0 Bt A f(¢?"). Then F} is a
T, Katz eigenform since we have apn, (F1) = ap(F1)am (F1) for any positive integer
m such that ged(m,p) = 1 and apn (F1) = ap(F1)ayn-1(F1) — p* ~Le(p)ayn—=(Fy)
for any positive integer n > 2. The last relation follows by a case by case calcu-
lation using the later definition of Fy. Then since pr = pp,,a,(F) = ap(F1) and
level(Fy) = N, by applying Corollary we have F' € L3(Fy), which gives the
desired result. ]

In particular, we have determined all possible coefficients of any Katz eigen-
form which has irreducible mod p Galois representation from the coefficients of the
corresponding Katz newform.

Corollary 3.7. Let F' € Sp(I'1(M),Fp) kat» be a normalised Katz eigenform and
assume that there exists a Katz newform f € Sk/(I‘l(N),E,E,)KatZ such that pp =
pg. Suppose that F(q) =Y, <1 anq"™ and f(q) =, >, bng™ are their g-expansions.
Then we have the following identities: a

(i). When prime l{ Mp/N, a; = b;.

(ii). When prime l|M/N and I[N, a; =0 or a; = b;.

(iii). When prime l|Mp/N but 1{ N, a; =0 or a? — a;by + (1)I*~1 = 0.

Proof. The result follows from the explicit g-expansion calculations of the relations
of Theorem [L.3l 0

Remark 3.8. Let us recall that in classical newform theory, the newspace has a
basis consisting of newforms. However this cannot be generalised to Katz modular
forms. A counterexample occurs in S1(I'o(229), F2)katz. The associated Hecke
algebra T is a local 2-dimensional Fo-algebra, hence it has a unique attached Katz
eigenform, whereas S1(I'0(229), F2)kat, is a 2-dimensional Fop-algebra, which is a
contradiction.

4. REDUCIBLE CASE

In this section, we will prove a strong multiplicity one result for Katz Eisenstein
series. Then later we will show that under some condition a reducible mod p Galois
representation arises from a normalised Katz eigenform with optimal level.

Let us start by defining and studying the properties of Eisenstein series. We will
follow the notations and definitions of [[20], Chapter 5].

We define the generalized Bernoulli number Bj attached to a complex modulo
n Dirichlet character € by the following infinite series

Lo env — ] k!
Jj=1 k=0

z": e(j)wel” i B{a*
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If € is the trivial character, then Bj is equal to the classical Bernoulli number
By for k> 1 and B = —By = 1/2.

Let £1 and &2 be two Dirichlet characters modulo v and v such that wv|N and let
k be a positive integer such that (g162)(—1) = (—1)*. Let t be a positive integer.
Then we have the Eisenstein series E;"**(¢) defined by a power series

e mar Y (L ae(h)e)e e ol

m>1 N 0<d|m

where ¢y = —BQ—’;; when cond(ez) = 1 and ¢y = 0 otherwise. Then, except when
k =2 and e; = €5 = 1, the power series E;****(¢") belongs to M (I'; (tuv), C) for all
t>1.Ifk=2ande; =5 =1,lett > 1, then E;’l(q)—tE%’l(qt) is a modular form
in M(T'1(t),C). Moreover the modular form E;"°*(g) is a normalized eigenform
for all Hecke operators. Analogously, for all positive integers ¢ > 1 the series
Ey'(q) — tEy' (¢") is a normalised eigenform for all Hecke operators. Let us set
E*(g) to B3V (q) — tE5V™(¢") when k = 2 and e = g2 = 1, and to E;V%(q")
otherwise.

Hereafter we will assume that all Dirichlet characters which we consider are
primitive and we are not in the situation where our Eisenstein series have weight k =
2 and level N = 1 since there is no holomorphlc modular form of such parameters.

1
Let Den( ) denotes the denominator of > when it is written in a reduced

fractional form.
We can define Katz FEisenstein series by considering the mod p reduction of

Eisenstein series. For prime p { Den(BZk1 ) when cond(e2) = 1, we define the Katz

eigenform EZ’E as the mod p reduction of the associated Eisenstein series E"%
More precisely, we may first assume that the level of the classical Eisenstein series
N is at least 5, since for some fixed prime [ { 6 Np we have the level degeneracy
map BN which increases the level by a multiple of I. Then we can observe that
all coefficients of BN E;V°* belongs to O where O is the ring of integer of some
finite extension of Q,. Then by [[7], Theorem 12.3.4.2] we can conclude that E} '
is a modular form with coefficients in O, i.e., E;"°* has p-integral coefficients at

all cusps. Then by the condition ensuring p { Den(i—i) when cond(es) = 1, we

have a well defined reduction of E;"“* at some prime above p, E,i’el which is a
Katz Eisenstein series. Here ¢ and &’ are the mod p reductions of €1 and 5 when
considered as Galois representations. Similarly by taking different positive integers

. . . 't . ,€2,t
t > 1 we can define a Katz Eisenstein series E° " as a mod p reduction of E;"**".

A normalized Katz eigenform f(q) = E,i’s/ (q) € Mg(T1(N),Fp)Katz is called a
Katz new Fisenstein series if it satisfies the condition of Definition [l

We know that the mod p Galois representations associated to Eisenstein series
are reducible. Let f = EZ’E,’t € My(T1(N), x, Fp)Katz be any Katz eigenform. Then
we have py =&’ @ 5)(’;*1 which is unramified outside pN with the property that
tr(ps(Froby)) = f(Ti) and det(py(Frob;)) = x(I)I*~! for all primes [ { pN. In fact
the converse also holds. Any reducible mod p Galois representation comes from
some twist of an Eisenstein series.

Let £ and &’ be primitive Dirichlet characters with values in Fp and let €1 and 9
be their respective complex lifings with the same conductors and the same orders.
Then we start by proving the existence of Katz new Eisenstein series.
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Proposition 4.1. Let 1 < k < p—1and N = cond( ) - cond(e") be positive

integers. Assume k £ 2 ife =¢' =1 and pt Den( ) if 2 = 1. Then E}’ < e
My (T1(N),Fp) katz is a Katz new Eisenstein series such that py = ' @ exhi=t.

Proof. This immediately follows from the discussion above. Here EZ’S is Katz new
Eisenstein series as it is a normalised eigenform with optimal level and weight. [
Corollary 4.2. Let F e My(I'y (N),Fp)Katz be a normalised Katz eigenform such

~

that pp =2 € @ Exp where 0 < b < p — 2. Suppose N = cond(pr). Assume

b 1(modp—1) if cond(pr) =1 and pt Den(Q(b_s_1 ) if eg =1. Then F is in the

weight old space of EH; in the weight k.

Proof. By Proposition above, f = E;f; is a Katz new Eisenstein series such
that py = pp. By Proposition we can write k = (b+ 1) + m(p — 1) for some
non-negative integer m. Then by comparing coefficients of ?P~1F and P~1A™ f
using Corollary we have a;(F) = a;(f) for all primes [|[N. Then Corollary
completes the proof. O

Proposition 4.3. Let f(q) = E;’E/ (q) € M(T1(N),F,) katz and g(q) = E;?/’X/(Q) €
My (D1(N"),F)) katz be Katz new Eisenstein series with a;(f) = a;(g) for each l in
a set of primes of density 1. Then f = g,k = k' N = N',e = x and &’ = X' or
e =x and e = x" when k =1(mod p—1).

Proof. From the hypothesis we have py = p, or € @6)(’; = @XX . Then by
the definition of Katz new Eisenstein series the levels and weights of the forms are

optimal so they are equal. Then from e @Exk by @XX]; 1 we have the following
two cases. (i). & = X and exF~! = xx& - or (if). & = xx5~! and exk=! = x/,

The first case gives ¢/ = X’ and € = x as a Galois representations while the second
case gives ¢’ = x and € = ¥’ provided that k = 1, p(mod p —1). This completes the
proof. O

Remark 4.4. It is not always the case to obtain a cuspidal eigenform with both
optimal weight and optimal level which gives rise to a given reducible mod p Galois
representation. For example, there exists a modular form f € Sog(I'; (1), F7)Kats
such that py = pg, but there is no cuspidal eigenform g € S4(T1(1), F7)Katz such
that p, = py. Thus for cuspidal eigenforms which have reducible mod p Galois
representation we consider Katz Eisenstein series as a candidate of an associated
Katz newforms.

Now let us consider the case when the mod p representation of the modular
form in Theorem is reducible. To be precise let F' € Sg/(I'1(M),Fp)Katz be
a normalised Katz eigenform with reducible mod p Galois representation pp =
e'Xa®ex}, where det pp = X! for some a, b € Z/(p 1)Z such that 1 < k < p+1
and k—1=b—a(mod p—1). Assume that ¢ and ¢’ are primitive when considered
as Dirichlet characters.

Then we show that there exists a normalised Katz eigenform g of optimal level

such that pr = p,.

Lemma 4.5. Let F € Si(T'1(M),Fp) kat= be a normalised Katz eigenform such
that pp = E’Xg 695)(2 where 1 <a<p—1,0<b<p—2 andk is a positive integer
such that 1 < k < p+ 1. Assume that (N(pr),k) # (1,2). Then we have the
following four cases:

(i). Ifea #1 and k —1=b—a(mod p — 1), then pp comes from g = 0*(E"°?).
(ii). Ife=¢" =1,k =2,b—a=1(mod p—1) and p # 2,3, then pr comes from
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a1
9g=0"(E:,,)-
(iii). Ifey =ea=1k—1=b—a(modp—1), k # 2 cmdpJ(Den(%), then pp
comes from g = 0*(E}").
(iv). Ife1 #1,ea=1,k—1=b—a(mod p—1) andpJ(Den(BQ—’;;), then pr comes
from g = HG(Ezl’l).
Proof. In the case when a = p—1 we have the following cases. (i). We have that pp

comes from EZ’E,’t for some positive integer ¢. Then since (N (p), k) # (1,2) taking

t = 1 gives a normalised eigenform EZ’E/ with an optimal level. Here ao(E;"*) = 0,
so we can take modulo p reduction and apply the theta operator to get a normalised

cuspidal Katz eigenform g = 6P ~!(E;"°?) such that pp = p,,.
(ii). Let pp & Ppii for some positive integer t. Then for prime p # 2,3 we have

pap—l(m) o P Then set g = 91’_1(E;§1+1).

p2+1

€1
(iii). Here the assumption p ¢t Den(B’“ ) implies that the modulo p reduction is

2k
well defined. Similarly (iv) holds.
On the other hand, when a # p — 1, by applying the above method to the twist
0~ *F one can get the remaining results. O

Let us assume that we are in the same notation and under the same assumptions
as in Lemma[£.5] Then as an immediate consequence of Corollary [3.4] we have

Theorem 4.6. Let F' € Sy (I'1 (M), F)) kat» be the above normalised Katz eigenform
which we consider. Suppose that ay(F) =0 and g € Sp(T1(N(pr)), Fp) kats is the
modular form associated to F as in Lemma [{.5 Then up to a suitable power

multiple of the Hasse invariant, F' is in the level old space of g.

Here also as application of Corollary we can compute all possible coeflicients
of any cuspidal Katz eigenform which has reducible mod p Galois representation in
terms of the associated normalised Katz eigenform of optimal level.

Corollary 4.7. Let F(q) = Y., ang™ € Si(T'1(M),F,) kat. be an ordinary nor-
malised Katz eigenform such that 2 < k < p and pr is tamely ramified at p and

let G(q) = ZnZl bnq™ € Spr1-k(T'1(M),Fp) katz be the corresponding companion

form. Suppose that f(q) = ano cng" € My (D1(N),e,Fp) kate is given by Ey =2
1

~

when pp =2 &' @ EX’;/_ and by the corresponding Katz newform when pp is irre-
ducible. Then we have the following identities:

(i). When prime 11 Mp/N, I¥b; = lc;.

(ii). When prime I|M/N and I|N, I¥b; = 0 or I*b, = lc;.

(i4i). When prime [|M/N but 11 N, I¥b, = 0 or Ib;(I*"1b; — ¢;) + (1)l = 0.

Proof. The existence of G is a standard result, see [I0] and [5]. The identities follows
by applying Corollary to n*b,, = na, for all n > 1. When pp is reducible we
instead compare G with #7~1f. O
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