LIFTING TRIANGULINE GALOIS REPRESENTATIONS
ALONG ISOGENIES

ANDREA CONTI

ABSTRACT. Given a central isogeny m: G — H of connected reductive @p-groups, and a local

Galois representation p valued in H(Q,) that is trianguline in the sense of Daruvar, we study
whether a lift of p along 7 is still trianguline. We give a positive answer under weak conditions
on the Hodge-Tate—Sen weights of p, and the assumption that the trianguline parameter of
p can be lifted along 7. This is an analogue of the results proved by Wintenberger, Conrad,
Patrikis, and Hoang Duc for p-adic Hodge-theoretic properties of p. We describe a Tannakian
framework for all such lifting problems, and we reinterpret the existence of a lift with prescribed
local properties in terms of the simple connectedness of a certain pro-semisimple group. While
applying this formalism to the case of trianguline representations, we extend a result of Berger
and Di Matteo on triangulable tensor products of B-pairs.

INTRODUCTION

Fix a prime p and a number field F'. According to the Langlands conjectures, algebraic auto-
morphic representations of the adelic points of a connected reductive F-group G should provide
us with a large class of representations of the absolute Galois group Gal(F/F), valued in the p-
adic points of the Langlands dual of G. The Fontaine-Mazur conjecture and its generalizations
predict, roughly, that such representations are those that are almost everywhere unramified and
potentially semistable at the p-adic places. In the case of the group GLy/q this is a theorem of
Kisin and Emerton, building on the work of many people.

The following notation is in place throughout the introduction. Let G and G’ be two con-
nected reductive groups over F and let H' = (*G’)° and H = (“G)° be the neutral con-

nected components of their Langlands duals, that we see as groups over Q,,. Given a morphism
S: H'" — H, one can compose a representation p: Gal(F/F) — H'(Q,) with S to obtain a
representation p: Gal(F/F) — H(Q,). When p is of automorphic origin, the Langlands functo-
riality conjectures predict the existence of a transfer of automorphic representations of G'(Ap)
to automorphic representations of G(Ar). The characterization of Galois representations via
p-adic Hodge theory is compatible with such a transfer: if p is potentially semistable at the
p-adic places, then the same is true for p = Sop. One can ask whether the converse is true;
admitting that the characterization suggested by the Fontaine-Mazur conjecture holds, this
would amount to asking whether p is of automorphic origin whenever p is. In this direction one
has the following result of Wintenberger and Conrad. Let K and F be two finite extensions of
Qp and let S: H' — H be an isogeny of connected reductive @p—groups. Let Ix be the inertia
subgroup of Gal(K/K) and p: Ix — H(Q,) a semistable representation, meaning that it is
semistable, in the usual sense, after composition with a faithful (hence with any) representation
of H. By a lift of p to H we mean a representation p: [ — H'(FE) that satisfies Sop 2 p.

Theorem A ([Win95, Théoreme 1.1.3],[Conrl1l, Theorem 6.2]).
Assume that the Hodge—Tate cocharacter Gy, c, — Hc, attached to p can be lifted along S to a

cocharacter G, c, — H(’Cp. Then p admits a crystalline lift I — H'(Q,).

Given the Tannakian nature of the definition of crystalline representation, it is not surprising
that the proof of Theorem [A] involves Tannakian arguments. However, one cannot deduce the
statement in a purely abstract way, and concrete manipulation of filtered p-modules is essential
to the proof.
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In the same spirit of Theorem [A] we have the more recent results of Hoang Duc [Hoal5| and
Conrad [Conrl11], where I is replaced by either a local or a global Galois group and the possible
ramification of a lift is studied in more detail. In [Noo06|, Noot studies the analogue lifting
problem for a compatible system of Galois representations attached to an abelian variety. The
work of Di Matteo [DiM13a] can also be interpreted in the above setting: he shows that if instead
of an isogeny H' — H one considers a (non one-dimensional) representation S: GL,, — GL,,
described by a Schur functor, then any lift along S of a Hodge-Tate (de Rham, semi-stable,
crystalline) representation into GL,(Q,) is Hodge-Tate (de Rham, semi-stable, crystalline) up
to a twist.

It is known that, for many choices of a connected reductive groups G over a number field
F, algebraic automorphic representations of finite slope of G(Ap) live in p-adic families: these
are rigid analytic (or adic) spaces equipped with global functions that specialize on a Zariski-
dense set to the Hecke eigensystems of automorphic representations of G(Ap). By specializing
such functions at an arbitrary point of a p-adic family one almost never obtains the Hecke
eigensystem of an automorphic representation of G(Ap). However, one can often interpret such
a specialization as the Hecke eigensystem of a p-adic automorphic form for G, and attach to
it an H (@p)—valued Galois representation that will not be potentially semi-stable at the p-adic
places. The correct notion describing the local behavior at p of representations arising this way
seems to be that of triangulinity, introduced by Colmez and inspired by earlier work of Kisin:
if K is a p-adic field, a continuous representation

Gal(K/K) — GL,(Q,)

is trianguline if the corresponding (¢, I')-module, or equivalently B-pair, can be obtained by
successive extensions of (¢, I')-modules, or B-pairs, of rank 1. The ordered list of 1-dimensional
subquotients appearing in a triangulation is called its parameter, and we say that the trian-
gulation of a B-pair is strict if it is the only one with a given parameter. The definition of
triangulinity for a representation Gal(K/K) — H (@p), with H not equal to GL,, is more
subtle and has been the object of V. Daruvar’s recent Ph.D. thesis [Da21].

Roughly speaking, one conjectures that representations Gal(F/F) — H(Q,) that are almost
everywhere unramified and trianguline at the p-adic places are attached to a p-adic automorphic
form for G. Such a conjecture has been made precise only for those G for which all of the
ingredients are in place, that include GLy,q and the definite unitary groups studied in [BHS17],
and proved only for GLy/q (Emerton’s “overconvergent Fontaine-Mazur conjecture” [Emeld]).

Our goal for this paper is to show that the trianguline condition is compatible with the p-adic
Langlands transfer, in other words, to give an analogue of Theorem [A]in the context of p-adic
variation. Our main result has the following form; we point the reader to the main text for the
precise statement. Let F be a p-adic field, and let S: H — H be a morphism of connected
reductive E-groups with finite central kernel. Let

p: Gal(F/F) — H(E)

be a continuous Galois representation. The quasi-regularity condition appearing in the state-
ment below is a condition on the Hodge—Tate—Sen weights of a tuple of characters, that is for
instance implied by their weights being all distinct for every embedding of the coefficient field

into Q,,.

Theorem B (Corollary |5.13). Let E be a p-adic field and p: Gal(F/F) — H(E) a continuous
representation that is unramified outside of a finite set of places ¥ and strictly trianguline at
the p-adic places of F'. Assume that:

(i) for every v € 3, the restriction of p at a decomposition group at v admits a lift to H'(E);
(ii) the “H-parameters” of the triangulations of p at the p-adic places can be lifted to “H’'-
parameters” that satisfy a certain quasi-reqularity condition.

Then p admits a lift p: Gal(F/F) — H'(E) that is unramified almost everywhere and trianguline
at the p-adic places of F.
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The intended application of Theorem [B]is to the study of congruences between p-adic families
of different kinds in purely Galoisian terms: if £z and g are eigenvarieties associated with G’
and G, respectively, and Sg: Eq¢ — E¢ is the rigid analytic map associated with the Langlands
transfer along .S, then one can hope to prove, by identifying £5 and £ with spaces of deforma-
tions of trianguline Galois representations and applying Theorem [B] that a point of ¢ belongs
to the image of Sg if and only if its associated representation Gal(F/F) — H(FE) comes from
a representation Gal(F/F) — H'(E) via S. This plan has been carried out in |[Cont16b| in the
special case of the symmetric cube transfer from GL2 to GSp,.

Under the assumptions of Theorem [B] the existence of an arbitrary lift follows from a result
of Conrad [Conrl1], so all of our work is aimed at checking that such a lift is trianguline at the
p-adic places. Condition (ii) of Theorem [Bf can be seen as an analogue of the assumption in
Theorem [A] that the Hodge-Tate cocharacter can be lifted.

We explain in more detail the structure of the paper and the results that lead to the proof
of Theorem [Bl

In Sections [I] and [2] we give an abstract Tannakian description of the problem of lifting
Galois representations with prescribed local properties along an isogeny. Consider a field E of
characteristic 0, an E-linear, neutral Tannakian category C and a full tensor subcategory D of
C. The category C should be thought of as the ambient category, for instance that of Q,-linear
representations of Gal(F/F), while the objects of its subcategory D are those that satisfy a
condition we are interested in, for instance the representations that possess some desirable local
properties. We then build a new category D, sitting between C and D, generated under direct
sum by all of the objects V' € C such that

VeweD

for some W € C. In the abstract setting, we can study the discrepancy between D and D by
means of Tannakian duality. If

(1) Ge — Gp — Gp

is the sequence of Tannakian fundamental groups dual to D C D C C, then we show that Gp
is a kind of universal covering of Gp “inside of G¢”. Under reasonable assumptions on D (see
condition and the discussion following it) we can assume that the groups of connected
components are constant along , so we focus on the neutral components.

Theorem C.

(i) (Proposition The objects of D are precisely the V € C for which there exists a Schur
functor S: C — C such that S(V') is an object of D of dimension strictly larger than 1.
(ii) (Proposition The group G% 1s the inverse limit of all pro-algebraic groups H fitting
mto a diagram
Ge — H <, Gp
where g is a central isogeny.

The fact that representations GL,, — GL, are described by Schur functors allows us to
reinterpret results of the type of Theorems [A] and [B] as stating that, for certain choices of C and
D, the inclusion D C D is an equality.

Unfortunately, Theorem |C| by itself is not sufficient to deduce that D = D in some concrete
interesting example. However, it plays an important role in the proof of the following local

result. Here K and E are again two p-adic fields, and we write BE(E -pair to emphasize what

base and coefficient field we are working with; B@E—pairs of slope 0 correspond to FE-linear
representations of Gal(K /K).

Theorem D (Theorems|3.11jand [4.13). Let W be a B@E—paz’r and S a Schur functor. If S(W)
is triangulable and W' satisfies a certain quasi-regularity condition, then W is potentially trian-
gulable. If moreover S(W) admits a strict triangulation whose parameter “lifts to a candidate
parameter for W7, then W admits a strict triangulation of this candidate parameter.
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of B%’(E -pairs attached to actual Galois representations; these form a Tannakian category that
B
that allows us to reduce the statement of Theorem [D] to a single of Schur functor of length n,
for each n. The choice S = Sym”™ presents some symmetries that we can exploit. Section [3]is
devoted to the actual manipulation of B-pairs leading to the proof of Theorem

In [DiM13a] Di Matteo proved a statement similar to Theorem D] with “triangulable” re-
placed by Hodge-Tate, de Rham, potentially semi-stable, or crystalline. Within the Tannakian

framework introduced above, we can reformulate his result, in the special case of B%E—pairs of

By replacing B3 -pairs with modifications of slope 0, we can reduce Theorem @ to the case

is neutral, contrary to that of all -pairs. We are then in a position to apply Theorem (i),

slope 0, as follows: if C is the category of continuous, finite-dimensional E-linear representa-
tions of Gal(K/K) and D is the full subcategory tensor generated by those that are potentially
semi-stable up to a twist, then D = D. Our Theorem @ corresponds instead to the choice of D
as the category tensor generated by the quasi-regular, potentially trianguline representations.

Furthermore, Berger and Di Matteo [BD21] proved that, if V' and W are two BE’{E -pairs such
that V ® W admits a triangulation whose 1-dimensional subquotients are restrictions to G i of
B%f -pairs, then both V and W are potentially triangulable. We could combine this result with
Theorem [C| to show Theorem [D] under some additional assumptions on the triangulation. Our
technique allows us to work with the weaker condition of quasi-regularity.

The proof of Theorem |B| consists in constructing, for an arbitrary n, a crystalline period of

W from a crystalline period of Sym"W: a triangulable BS(E -pair always admits such a period

up to a twist, and on the other hand such a period determines a rank 1 sub—BE)(E -pair, allowing
us to work by induction on the rank of W.

Finally, Sections [ and [f| deal with going from Theorem [D]to Theorem [B] The main obstacle
here are the subtleties in the definition of the “trianguline” condition for a representation

p: Gal(K/K) — H(Q,),

K a p-adic field, when H is not a general linear group. This problem has been studied in depth
in the Ph.D. thesis of V. Daruvar [Da21], who gives a Tannakian definition of triangulable H-
(¢, T')-module that turns out to be practical for studying, for instance, deformation spaces of
such objects. We restate his definition in terms of B-pairs and specialize it to the case when the
coefficients are a field, rather than an affinoid algebra, but we allow for a quasi-split group H
rather than just a split group as he does (Definition . Alternatively, one could give a “naive”
definition of triangulinity, in Wintenberger’s style, saying that p is trianguline if and only if S o p
is trianguline for a faithful (hence for any) representation S of H. Daruvar’s definition allows
us to speak naturally of parameters, while the naive definition allows us to apply Theorem
We bridge the gap by proving that the two definitions are equivalent:

Theorem E (Proposition . An H—B%E—paz'r is triangulable if and only if there exists a
faithful representation S: H — GL,, of H such that the B%E—paz'r of rank n attached to S(W)
1s triangulable.

Notation and terminology. All categories we work with are assumed to be essentially small.
We denote by Ob (C) the class of objects of a category C; however, when this does not cause
any ambiguity, we may write X € C rather than X € Ob (C) for an object X of C. For all the
tensor categories under consideration the tensor product will be denoted with ®. We denote
by Vectp the category of vector spaces over a field E. If V' € Vecty, we write GL(V) for the
group scheme over E of automorphisms of V. Given an affine group scheme G and a field
F, we write Repp(G) for the category of algebraic F-representations of G, equipped with the
usual structure of neutral Tannakian category where the fiber functor is the forgetful one. By
a Tannakian subcategory D of C we mean a strictly full (i.e., D is full and if X 2 Y in C and
Y € D, then X € D) subcategory of C closed under the formation of subquotients, direct sums,
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tensor products, and duals. If S is a set of objects of C, by tensor category generated by S we
mean the smallest Tannakian subcategory of C containing all the objects in S (in particular, it
will contain all the duals of the objects in S).

If C is a neutral Tannakian category, we write G¢ for its Tannakian fundamental group. If V
is an object of a C, we still write V' for its image under a specified fiber functor when this does
not create confusion.

Throughout the text p will denote a fixed prime number. Given a field K, we write K for an
algebraic closure of K (fixed once we use it for the first time) and G for the absolute Galois
group Gal(K/K), equipped with the profinite topology. We fix once for all an extension of the
p-adic valuation of Q, to @p, and denote by C, a completion of @p for this valuation. By a
“p-adic field” we will always mean a finite extension of Q.

For every positive integer m, we write p,, for the group scheme over Z of m-th roots of unit.
We do not bother to add specifications for when we are looking at a base change of it to an
obvious base (typically a fixed base field). When K is a p-adic field we write K for the Galois
closure of K/Q, in @p, K for the largest unramified extension of Q, contained in K, and we
set Ky, = K(ppn (K)), Koo = U,»1 Kn» Tk = Gal(Ko/K) and Hg = Gal(K/K). We write
Xj. for the cyclotomic character, both I'x — Z) and Gx — Z,;, since this will not cause any
ambiguity. We pick the Hodge-Tate weight of the cyclotomic character X&C to be —1.

With the hope to make it clearer to the reader when the group representations under consid-
eration are linear or semilinear, we will write the coefficients on the right and as a lower index
for linear representations (such as in Repz(Gx)) and on the left for semilinear representations
(such as in BqrRep(Gk)).

By “image” of a morphism of (group) schemes over a field of characteristic 0 we always mean
the scheme-theoretic image (in the case of group schemes, we equip it with the structure of
group scheme induced by that of the target).

By a line in a free module over an arbitrary ring we mean a free submodule of rank 1. By a
saturated line we mean a line that is not properly contained in any other line.
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1. TENSOR PRODUCTS LANDING IN A SUBCATEGORY

Let E be a field of characteristic 0. Let C be a neutral Tannakian category over E. For a
(necessarily neutral) Tannakian subcategory D of C, we define another category D as the full
subcategory of C whose objects are the V' € Ob (C) having the following property: there exists
a positive integer m and a collection of objects V;, ¢ = 1,...,m, such that

(i) V is isomorphic to @, V; in C, and

(ii) for every i € {1,...,m} there exists W; € Ob (C) satisfying V; @ W; € Ob (D).

We call basic objects of D the objects V of D for which there exists W € Ob (C) such that

V @ W € Ob (D). Such a W will automatically be an object of D. All irreducible objects of D

are basic, but a non-trivial extension of basic objects can still be basic.

The category D is a Tannakian subcategory of C. Indeed:

— It is clearly stable under direct sums.

— It is stable under subquotients: Consider an exact sequence 0 — V' — V' — V" in C, such
that V' € Ob (D). Then there exists W’ € Ob (D) such that V'@ W’ € Ob (D). The sequence
0> VW =V W —= V'@ W" — 0is exact in D (because all objects are E-vector
spaces), and the central object belongs to Ob (D). Since D is Tannakian, it is stable under
subquotients, so V @ W, V" @ W” are objects of Ob (D), and V, V" are objects of D.

— It is stable under tensor products: If V,V’ € Ob (D), then there exist W, W’ € Ob (D) such
that V@ W, V' @ W € Ob (D), so (V@ V)@ (W e W’') € Ob (D).

— Tt is stable under duals: If V' € Ob (D), then there exists W € Ob (D) such that V@ W €
Ob (D), so VV @ WY = (W @ V)V is the dual of an object of D, hence also an object of D.

Remark 1.1. If X and Y are two objects of D and Z is an extension of X byY in C, then Z
s not necessarily an object of D.

_ We prove that applying the above construction a second time produces no new category. Let
D be the category obtained by applying the construction to the inclusion D C C.

Lemma 1.2. The categories D and D coincide.

Proof. If W is a basic object of D, then there exists W’ € Ob (%) such that W @ W’ € Ob (D).
We decompose W = B;L; W; and W’ = @}_, W/ as sums of basic objects of D. Let V;,1 <
i <n,and V], 1 < j < m, be objects of D satisfying W; @ V; € Ob (D) and W] @ V/ € Ob (D)
for every i, j. Then, for each i and j, W; ® (V; ® WJ’ ® V]’) is an object of D, hence all of the W;
are objects of D, and so is their direct sum W. ([

Let G¢, Gp, G5 be the Tannakian fundamental groups of C, D, D, respectively. They are
pro-algebraic groups over E. By [DM18, Proposition 2.21(a)], the inclusions D < D < C give
faithfully flat morphisms of affine group schemes over E:

(1.1) Ge — G — Gp.

Remark 1.3. The category D contains all 1-dimensional objects of C, since duals exist in D and
the evaluation map X @ XV — 1p is an isomorphism when X is 1-dimensional. By Tannakian
duality, we obtain that the algebraic characters of G all factor through the morphism Ge — G5

of .

Recall that kernels exist in the category of pro-algebraic groups over E. Let I = ker (G5 — Gp).
For an object V of D, we denote by py : Gz — GL(V) the representation associated with V by

Tannakian duality, and by Iy and Gy the scheme-theoretic images of I and Gz, respectively,
in GL(V).

Lemma 1.4. IfV is basic in D, then Iy is contained in the center of GL(V).

Proof. By definition of D, there exists an E-vector space W and a representation pyy : Gy —
GL(W) such that pygw factors through Gz — Gp, that is, py ® pw (1) is a direct sum of copies
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of the trivial representation. Now pyew = pyv ® pw, and by Lemma the only way a tensor
product of two E-representations of I can be a direct sum of copies of the trivial representation
is if the two of them factor through inverse characters of I. This means precisely that Iy and
Iy are contained in the center of GL(V). O

Corollary 1.5. If V is a basic object of D, then V ® V'V is an object of D.
Proof. Since [ is central in GL(V') by Lemma it acts trivially on V@ VV. O
Lemma 1.6. The pro-algebraic subgroup I of G is contained in the center of G.

Proof. Write G as an inverse limit @ieN G, of algebraic group schemes, that is, group schemes
whose Hopf algebras are finite-dimensional as E-vector spaces. Fix i € N. By [Del82, Corollary
2.5] the group scheme G; has a faithful, finite-dimensional E-representation p;: G; — GL(V;).
The the projection Gz — G; composed with the representation p; gives a representation of G
on V;, that is the Tannakian dual of an object of D that we still denote by V;. Let I; be the
image of I under G5 — Gj. For every i, write V; as a direct sum ;i Vij of basic objects and let

pi; the Tannakian dual of V;;. Since the V;; are objects of D, the representation p; decomposes
as the direct sum P, pi;; in particular, p;(G;) C []; GL(Vy;).

By Lemma pi(1;) acts via scalar endomorphisms on Vj; for every j, so it is central in
II j GL(Vj;) and in particular in p;(G;). Since p; is faithful, this means that I; is central in G;.
By taking a limit over ¢ € N and using the fact that I = I'&HZEN I; because [ is a closed subgroup
scheme of Gz, we conclude that I is central in G7. O

For every positive integer m and every object V of C, we embed p,, into GL(V') in the usual
way, by letting it act on V' via scalar automorphisms. For the rest of this section and throughout
the next one we make the following assumption:

(1-dim) D contains all 1-dimensional objects of C.
Lemma 1.7. Let V be a basic object of D and let n = dimg V. Then Iy is contained in i, .

Proof. Assumption implies that every algebraic character of Gz factors through Gz —
Gp, that is, is trivial on I. Lemma Iy is central in GL(V), so it is contained in the
group G,, embedded in GL(V) as the subgroup of scalar endomorphisms. The restriction of the
determinant of GL(V') to Gy gives an algebraic character of Gy ; by our previous observation,
such a character has to be trivial on Iy. This implies that Iy, is contained in the subgroup g,

of Gy,. U
Remark 1.8.

(i) The group I can be non-trivial, that is, the categories D and D can be different: as we
will show in Section @ it is the case when C is the category Repp(Gg) for some p-adic
fields K and E, and D 1is the full subcategory of trianguline representations. We will see
that in this example D is the category of potentially trianguline representations, and there
exist for every K and E potentially trianguline representations that are mot trianguline
(pick any semistabelian, non-semistable representation of Gk ).

(ii) It can happen that for some object V. of D the group of E-points of Iy is trivial: by
Lemma it is always the case if E does not contain any non-trivial n-th roots of unity.
Nevertheless, Iy can be a non-trivial subgroup scheme of GL(V'), hence such a V is not
necessarily an object of D.

Corollary 1.9. The group I is profinite.
Proof. In the last paragraph of the proof of Lemma @ we showed that I = lim,_I; where ;

is isomorphic to Iy; for some object V; of D (since we chose the representation p; in the proof

of Lemma to be faithful). Writing V; as a direct sum of basic objects and applying Lemma

[1.7] we obtain that Iy, is finite, hence I is profinite. O
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For later use, we prove a simple lemma. Let . be a tensor generating set of D.
Lemma 1.10. If Iy is trivial for every V € ., then I is trivial.

Proof. Since . is a tensor generating set of D, the assumption implies that the image of I in
GL(V) is trivial for every object V' of D, which implies that D = D. O

2. PULLBACK VIA SCHUR FUNCTORS

Let E,C,D,D be as in the previous section. Throughout the rest of the paper, underlined,
Roman lower-case letters will always denote non-empty, non-increasing tuples of finite length
whose entries are positive integers. Given a tuple u, we denote by length(u) the number of
entries of u and by £(u) the sum of the entries of u. Following |[Del02, Section 1.4], we recall
the definition of the Schur functor S% in C. For a finite dimensional E-vector space V and an
object X of C, we define objects V ® X and Hom(V, X) of C by asking that

Home(V @ X,Y) = Hom(V,Hom¢(X,Y))
Home (Y, Hom(V, X)) = Home(V ® Y, X)
for every object Y of C.

Let V be an object of C. The symmetric group Sy(,) on £(u) elements acts on the object V @y
of C by permuting its factors. We index isomorphism classes of non-trivial simple representations
of Sy(uy by tuples of sum £(u): with each such tuple one associates a Young tableau with £(u)
entries, and we attach a representation to a tableau as in [FH91, Lecture 4]. For every u let
R, be a representative of the isomorphism class indexed by u. By functoriality of Hom in the
two arguments, the group Sy, acts on Hom(R,, V®Z@) via its actions on R, and Vi to
5 € Sy we attach the automorphism of Hom(—, V®UW) induced by s: VW — V& and
s7': R, — R, via the covariance of Hom(R,, —) and the contravariance of Hom(—, VW),

For an object X of C carrying an action of a finite group S, the operator

1
es = — Zs € End(X)
‘S‘ ses
is idempotent. The image of eg exists by the axioms of E-linear tensor categories, and is denoted
by X°.
Definition 2.1. We let SX(V) = Hom(R,, VEW)Suw (with the notation introduced just

above). This defines a (non-tensor) functor from C to itself, that we call the Schur functor
attached to u.

The Schur functor S% can be defined more explicitly by attaching to u a suitable idempotent
element in End(X®‘®) and taking its image, similarly to what one does in the classical theory
of Schur functors in the category of vector spaces over a field.

Remark 2.2. The definition of Schur functors only requires the ambient category to be an E-
linear tensor category (we refer to [Del02, Section 1.2] for the relevant axioms). In particular
we can, and will, apply it to the category of B%E—pairs. In this case, we recover the definition

from [DiM13a, Section 1.4).

Remark 2.3.

(i) If V is a vector space over E and u a tuple, then by functoriality of S%: Vecty — Vectg
the E-linear action of GL(V') on V induces an E-linear action of GL(V') on S“(V'). This
action defines a morphism of E-group schemes

(2.1) GL(V) — GL(S%(V))
that we also denote by S%. We distinguish three cases:
(a) If length(u) > dimg(V), then SY(V) = 0. This can be proved as for classical Schur

functors (for which a reference is [FH91, Theorem 6.3(1)]).
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(b) If length(u) < dimpg(V'), then S% is the unique irreducible representation of GL(V)
of highest weight u, since E is of characteristic 0. If length(u) = dimg(V'), then we
can write w = (v,0,...,0) + (k,..., k) for some k > 1 (the last entry of u) and a
tuple v of length < dimg(V) — 1. Then S% = SY ® det*.

(¢) Iflength(u) < dimpg (V') then the kernel of S* is the group scheme pyy), embedded in
the center of GL(V) in the usual way (see for instance [Hun86, Theorem 1]; in loc.
cit. only the case & = C is treated, but the proof works over any field of characteristic
0).

(i1) If F: C — C' is an E-linear tensor functor, then SL(F(V)) = F(S%(V)) for every object
V of C and every tuple w. In particular, if C is neutral Tannakian, the fiber functor
commutes with the Schur functor S“.

(iii) If V' is an object of C and py: Ge¢ — GL(V) is the representation attached to V by
Tannakian duality, then for every tuple u the representation dual to S%(V) is S%o py,
where S% is the morphism GL(V') — GL(S%(V')) of part (i) of the remark.

Proposition 2.4. Let V € Ob(C) and n = dimg V', and assume n > 2.

(i) The object V is a basic object of D if and only if there exists a tuple u with length(u) < n
such that S(V') € Ob (D).

(i) If a tuple u as in part (i) exists, then S%(V') € Ob (D) for every tuple such that ged(¢(u),n) |
{(v).

Proof. We first prove the “if” of part (i). Let u be a tuple such that length(u) < n and
S%“V) € Ob(D). Let v be any tuple such that ¢(v) = ¢(u). The representation S%(V) of
GL(V) factors through a faithful representation SG(V) of the reductive group GL(V)/ ) =
GL(V)/pg(u)- Since Sg(V) is faithful, [Del82, Proposition 3.1] implies that Sg(V') appears as a
subrepresentation of Si(V)®™ ® (Sg(V)¥)®™ for some positive integers m, n. The same is true
if we see these objects as representations of GL(V') via GL(V) — GL(V)/py ), that is, if we
replace Si(V') and Sg(V') with S¥(V) and S%(V), respectively. Since S%(V') is an object of D
and D is stable under tensor products, duals and subquotients, S¥(V') is also an object of D.
We proved that S%(V) € Ob (D) for any v with ¢(v) = ¢(u). By the Littlewood-Richardson
rule (see [FH91, Appendix 8] for the classical version), the representation Sym*®@=1(V) @ V of
GL(V) is a direct sum of representations of the form S*(V') with ¢(v) = ¢(u), so it is an object
of D. By definition of D, we conclude that V is an object of D.

We now prove the “only if” part of (i) together with (ii). Let V be a basic object of D.
Recall that I denotes the kernel of Gz — Gp and that an object V' of D belongs to D if and
only if the schematic image Iy of I in GL(V') is trivial. Let u be any tuple. With the notation
introduced in Remark the representation pgu(yy attached to S%(V) is 8% o py, and by the
same remark the kernel of the representation GL(V) — GL(S*(V)) is 1y(y). In particular the
schematic image S%(Iy) is trivial if and only if Iy, is contained in Po(u)- BY Lemma this will
hold for every w such that n | £(u). Clearly, we can choose one such u satisfying length(u) < n;
this gives the “only if” direction of (i).

Note that in (ii) we can keep assuming that V' is basic, thanks to the “if” part of (i). Let u
be a tuple such that S%(V') € Ob (D); then Iy C py(y), as we just recalled. By Lemma Iy is
also contained in p,,, hence it is contained in fi(g(y)n)- In particular, S¥(Iy) is trivial for every

v such that (¢(u),n) | £(v), hence S¥(V') is an object of D for such v. O

Since D is tensor generated by the class of its basic objects, Proposition (1) immediately
gives the following.

Corollary 2.5. The category D is tensor generated by the class of objects V' of D for which
there exists a tuple u with length(u) < dimpg(V') such that SL(V) € Ob (D).

Remark 2.6. The proof of the “if” part of Proposition (z) does not make use of Tannakian
duality; therefore this statement holds even if the category C is just an E-linear tensor category,
9



and so does the following weaker version of (ii): if a tuple u as in part (i) exists, then one has
SY(V) € Ob (D) for every tuple v such that {(u) = ¢(v).

Remark 2.7. The condition length(u) < n appearing in Proposition is motivated by the
classification in Remark [2.3(i). When length(u) > n the object SL(V) is zero, so it cannot
possibly give information on V. When length(u) = n:

— If all the entries of u are given by the same integer, SY(V') is a power of det(V'), which belongs
to Ob (D) for all V by Remark[1.5,

— Otherwise, u can be written as (v,0,...,0)+(k, ..., k) for a tuple v with length(v) < n and an
integer k > 0, so that SY(V) = SY(V) @ det(V)*. Since D contains all 1-dimensional objects
of C by Remark[1.5, we have SY(V)) € Ob (D) if and only if SY(V) € Ob (D). Therefore the
restriction length(u) < n is irrelevant in this case.

Note that our assumption on w is very similar to that on the partition in [DiM13d, Sections 2.4,

3.8/, the difference being that we also remove the case where length(u) = n but not all entries

are equal; by our second comment above this allows us to simplify the assumption without the

results losing strength.

2.1. Simple connectedness of fundamental groups. As in Section[l] let D be a Tannakian
subcategory of a Tannakian category C, D the intermediate category constructed from it, and
I be the kernel of the dual morphisms Gz — Gp. We relate the triviality of the kernel I to the
simple connectedness of the “semisimplified” Tannakian fundamental group of D.

If V is an object of D and p: G5 — GL(V) its dual representation, we denote by Gﬁv and
Iy, the schematic images under p of Gz and I, respectively, and Gp v for the quotient Gz |, /Iy .
Given an algebraic group G, we denote by G° its neutral connected component. 7

For some of our results we will need to assume that D satisfies the following condition:

(pot) The morphism G¢ — Gp induces an isomorphism on groups of connected components.

The following result provides some context for condition (pot|). Let Repy(G) be the category
of finite-dimensional F-linear representations of a profinite group . For every open subgroup
H of G, let Py be a property of the restrictions V| of the objects in Repg(G), such that

— the full subcategory of Repy(G) whose objects are the V' such that V| g has Py is a sub-tensor
category;

— if H' C H are two open subgroups of G and V' an object of Repg(G) such that V|gy has Py,
then V’H/ has PH’-

Let RepE(G) be the full subcategory of Repp(G) whose objects are the V for which there exists
an open subgroup H of G such that V|g has Pp.

Lemma 2.8. The category D = Reph(G) satisfies condition with C = Repg(G).

As an example, one can take G to be the absolute Galois group of a p-adic field, and Py
be any of {semistable, crystalline, trianguline} over H. Then Reph(G) is the usual category of
potentially {semistable, crystalline, trianguline} representations. More generally, one can take
Py to be admissibility with respect to an (E, H)-regular ring in the sense of Fontaine.

Proof. Let G¢ be the Tannakian fundamental group of Repy(G). Let p: G — GL(V) be any
object of Repp(G). The image Gey of Ge in GL(V), under the representation dual to V, is
the Zariski-closure of the image of G under p. Let J be the kernel of G¢ — Gp, Jy its image
under p, and Jy, the intersection of Jy with the neutral connected component of G¢y. Then
Jv/Jvyp is a subgroup of the group of connected components of G¢y/Jyo. In order to show
that condition holds, it will be enough to show that Jy = Jyo and then pass to the limit.

Pick a faithful, finite-dimensional E-linear representation W of the quotient Ge v /Jvo, and
consider it as a representation of G¢ . The image of J in GL(W) is the quotient Jy /Jy,o and
can be identified with a subgroup of the group of connected components of the image G¢ w of
Gev/Jv in GL(W) since W is faithful. Since we quotiented by Jy,g, the map G — G&W of
neutral connected components factors through G — G%,. The morphism of groups G¢ — Ge,w
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is dual to the inclusion of neutral Tannakian categories (W) C C, hence faithfully flat by [DM18],
Proposition 2.21(a)]. In particular the restriction Gg — Ggyy, is faithfully flat, and the same is
true for the morphism G¢ — Gg y, that it factors through.

Since G¢ w is the Zariski closure of the image of G in GL(W), there exists an open subgroup
H of G such that the image of H in GL(W) is contained in the neutral connected component
G&W, which admits a faithfully flat morphism from G, by the previous paragraph. We conclude

that the restriction of W to H belongs to RepgH (H), and from the definition of P we obtain
that W belongs to D = RephL(G), so that Jy-/Jy o = 0. O

In the following we will work with the category of pro-algebraic groups over F, i.e., affine
group schemes over F. All diagrams will live in this category.

Remark 2.9. Pushouts exist in the category of affine group schemes over E. In the category
of affine schemes, the pushout of a diagram

Spec(A) —— Spec(B)
(2.2) l
Spec(C)

is defined as P = Spec(B x 4 C) (note that the underlying affine scheme P is not the pushout
of diagram in the category of E-schemes, but this is irrelevant to us). If A,B,C are
equipped with compatible Hopf algebra structures, we can define a unique Hopf algebra structure
on B x 4 C compatible with those of A, B,C', making P into the pushout in the category of affine
E-group schemes.

Given an algebraic group G, write G° for the connected component of unity, G*¢ for the
quotient of G° by its unipotent radical, and G*° for the derived subgroup of G™9. Clearly G°
is connected, G* is connected reductive, and G* is connected and semi-simple.

We say that a pro-algebraic group over E is connected (respectively semisimple, simply
connected) if it is a projective limit of connected (respectively semisimple, simply connected)
algebraic groups over E. If I is a small category and G = lim;c; G; in the category of pro-
algebraic E-groups, with the G; algebraic, then we define a connected pro-algebraic group
G° = lim;c; G (the neutral connected component of G), a connected pro-reductive group
G = lim;e; G;ed, and a pro-semisimple group G** = lim;c; G5°. We say that G*° is simply
connected if it can be written as a projective limit of simply connected algebraic groups.

We say that a morphism G — H of pro-algebraic groups over E is a central isogeny if it
is surjective and its kernel is finite and central in G. If G is a connected and pro-semisimple
pro-algebraic group, it can be written as a limit lim;c; G; of connected semisimple algebraic
groups over E. For every i € I, let Gi“* be the universal cover of G;. The transition maps
between the G; induce transition maps between the G5". We let G°* be the limit lim;c; G;"
and we call it the universal cover of G. It comes equipped with a morphism to G and has
the property that every central isogeny from a connected pro-semisimple group to G*" is an
isomorphism. The isomorphism class of G°" as a group over G is independent of the choice of
I and of the groups Gj.

Remark 2.10. A morphism f: G — H of pro-algebraic groups over E induces a morphism
fSS: GSS — HSS
as follows. First restrict f to the neutral connected component G°, whose image must be con-
tained in H® giving a morphism
f°:G° — H°.
If Ug and Ug are the pro-unipotent radicals of G° and H®, respectively, then the composition
of f° with H® — H° /Uy factors through the quotient G°/Uqg and a morphism

fred . Gred N Hred
11



of reductive groups. Finally, the restriction of f*d to the derived subgroup G* of G**4 lands
inside of the derived subgroup H* of H™9, giving a morphisms

fss, Gss — HS
If f is a central isogeny, then a series of simple checks shows that 5 is also a central isogeny.

We prove that the group Gz is a kind of “universal cover of G'p inside of C”. For any
surjection G — G2 of pro-algebraic groups over E, consider the category H(G1, G2) of triples
(H, f,g) fitting into a diagram

(2.3) G Lo Gy,
of pro-algebraic groups over E, with morphisms from (H, f, g) to another object (H', f',¢') in
H(G1,G2) being the morphisms of pro-algebraic groups H — H’ that make the diagram

G~ H

Pl

G w7,

commute. Consider the full subcategory H(G1,Ga) of H(G1,G2) consisting of the triples
(H, f,g) such that the kernel of g is a finite central subgroup of H° (in other words, the restric-
tion g: H® — G% is a central isogeny). Write +(G1, Ga) for the inclusion functor H(G1, G2) <
H(G1,G2).

D

Let 7TCDZ Ge — G5, 77%: G — Gp and wg =T5e 7rCD be the usual surjections.

Proposition 2.11. Assume that condition (pot)) is satisfied. Then the triple (Gp, W?, W%) is
the limit of the diagram 1(Ge,Gp): H(Ge,Gp) — H(Ge,Gp). In particular 7'['% induces an

isomorphism on the groups of connected components and on the pro-unipotent radicals.

In order to prove Proposition [2.11] we rely on the following lemma. We use, as usual, the
notations of Remark 2.10]

Lemma 2.12. The following statements are equivalent:
(i) (Gp.7E.7D) is the limit of 1(Ge,Gp): H(Ge,Gp) — H(Ge,Gp);
(ii) (G, ch’j,ﬂg’o) is the limit of 1(GS,G%): HO(GE,GS) — H(G2,GS);
(iii) (GEed, g™ w2 oY) s the limit of oG4, Gi5Y): HA(GEY, Gisd) — H(GEI, Gisd).
Moreover, if any of (i), (ii), (iit) holds, then
(iv) (G5, 75, mo™) is the limit of L(GE,G): H(GF, G) — H(GE, ).

Proof. In order to prove the equivalence of (i), (ii), (iii) we rely on the following simple remark:

(x) if A, B are two categories, Ay C A, By C B two small subcategories, and F': A — B,G: B —

A two quasi-inverse functors that induce an equivalence of categories Ay = By, then an object

L of A is the limit of Ay — A if and only if F'(L) is the limit of By — B.

We prove that (i) and (ii) are equivalent by applying (*) to A = H(G¢,Gp), B = H(Gg, G)
and Ay, By the subcategories of “central isogenies”. We construct the two quasi-inverse functors
Fg an FZ that we need. If (H, f,g) is an object of H(G¢,Gp), then, with the notations of
Remark the diagram

GC*f»H*g»GD

24 [

Ge L o s a3
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commutes, and moreover all squares are cartesian because G¢ — Gp induces an isomorphism
on connected components by condition (pot]). Hence (H, f,g) — (H®, f°, ¢°) defines a functor

FS: H(Ge,Gp) — H(G2,GS).

If the kernel of g is a finite central subgroup of G, then the same is true for the kernel of ¢°,
so that F3 can be restricted to a functor H(Ge, Gp) — H(G2, GS).

Vice versa, if we start with a triple (Ho, fo,g0) in H(Gg,G%), we can construct a triple
(H, f,g) in H(G¢,Gp) satisfying H° = Hy, f° = fo,9° = go by taking pushouts of the second
row of along G, < Gp. This provides us with a functor

Fogz H(GZaGOD) - %(GC)G'D)

that is quasi-inverse to Fg. The injection Hy — H restricts to an isomorphism between the
kernels of g and ¢°, hence FZ restricts to a functor H(G¢,Gp) — H (G, G5), as desired.

We prove the equivalence between (ii) and (iii) by applying () again, after constructing
a pair of quasi-inverse functors Fged,F;;d. Let (H, f,g) be an object of H (G, G%). By
quotienting out unipotent radicals, we obtain an object (H red - gred gred) as in the second row
of the commutative diagram

o f \ 9 N o
GC w Z’ w GD
Gred fred Hred Gred

If ¢ is a central isogeny then the quotient map H° — H™ induces an isomorphism between
ker(g°) and ker(g™?), so that ¢° is also a central isogeny. Then (H, f,g) — (H™4, fred, gred)
defines the required functor

Fred H(Gc,GD) _>H(Gred Gred).

Vice versa, starting from a triple (Ho, fo, go) in H(G54, G5$4), we construct a triple (H, £, g)
in H(Gg,G%) that satisfies H*d = Hy, fed = f; and ¢g*°? = go: Define H as the pullback of
Gred Gred « Hy and ¢ as the map 1t comes equipped with. Since the kernel of G, — Gfgd
is pro-unipotent, the same is true of the kernel of H —» Hy. In particular H™ = Hy and
g4 = go. The group G admits compatible maps to H and G%,, hence a map f to the pullback
H. Commutativity of all the diagrams involved gives f*4 = f;. The projection H — H,
induces an isomorphism between ker(g) and ker(go), so that if gg is a central isogeny then g is
also one. Therefore we obtain a functor

St HGES, GiSY) = H(GE, Gp)

that is quasi-inverse to F*d and has the desired properties.
We conclude the proof by showing that (iii) implies (iv). We construct two functors

ea: M(GEY, GY) — H(GE, Gp)
and
Fil H(GE, GB) = HGE, G
such that

(1) Fredo B35, s naturally isomorphic to the identity functor on H(G¥, G3),
(2) Fy(Gd) = 63, . .
(3) the essential image of the restriction of F5, to H(GXd, GI59) is contained in HY(GF, G),
(4) every object in the essential image of the restriction of FXd to H(GS,GS3) is a limit of a
diagram in H(GX4, GI5d).
13



This will be enough to prove the desired statement: if Lgs and Lyoq are the limits of HCi(GZS, G3)
and H(GE4, GI5Y), respectively, then conditions (1) and (3) imply the existence of a morphism
from F%,(Lyeq) — Lss. Condition (4), on the other hand, gives us a morphism F®(Ls) — Lyed,
that is mapped by F35; to a morphism Ffesd(Fred(L s)) = F25,(Lyea), whose source is isomorphic
to Lgs by (1). The umversal property of the limit forces the two morphisms we constructed
between Ly and Fjs;(Lyeq) to be isomorphisms, and combining this with (2) gives (iv).

In order to construct the functor F,, simply start with any (H, f,g) € H(G¥4,G%?) and
apply the construction of Remark to the first row of

Ged Ly g2y g

I

SS

153 g
Ss \ Ss \ SS
G¢ s H > Gp

in order to obtain the second row, hence an object (H, f**, g*) of H(GF,G3). If g is a central
isogeny, then so is g%, since the kernel of ¢* injects into that of g via H® — H.
Vice versa, pick an object (Ho, fo,g0) of H(GE,G5). We write Z(G) for the center of a
pro-reductive group G. Since Gred and Gred are pro-reductive, there are exact sequences
0= Z(GE) NGE — Z(Gg?) x GF ”—C> Gg — 0,

(2.5)
0— Z(GEH NGS5 — Z(GY) x G55 2 G5t — 0,

where the injection is the diagonal one. The morphism 7TD red, : G4 — GISY restricts to a
morphism 7z: Z(G¥Y) — Z(G%Y). Consider the morphisms

fi: Z(GEY x G¥ — Z(G25Y) x Hy
(Za h) (Wz(Z),fo(h))

and
Z(G%Y x Hy — Z(GSY) x G
(Z¢ h) = (Z,go(h))

Let H; be the image of fi, and write f; for the map Z(G¥Y) x G¥ — H; induced by fi, and
g1 for the restriction of g; to Hy. We fit these maps into a diagram

Gz I B 2 2(GY) x G

..
A

Z(G

Gpd — L B9 gl
G Py H Dy G

where

— the maps m¢, mp come from ,

— H and the maps f and my are defined as the pushout of the top left square in the category
of affine group schemes over E (it exists by Remark ,

— the map g comes from the universal property of the pushout, after checking that the maps

g red o re and (mp o g) o f coincide,

— the map Hy — H is obtained as the composite of Hy — Z(G%59) x Ho, h + (1, h) with the
projection 7wy, B

— f is surjective because fi is, and g is surjective because the composite WCD’md = gofis
surjective.
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We define FXd as the functor (G¥,G5) — H(GEY, G5Y) that maps (Ho, fo,go) to the triple
(H, f,g) from the above diagram.

By construction of g1, the kernel of g; is {1} x ker(go), and that of 7p o g1: Z(G%?) x Hy —
G4 is an extension of ker(mp) = Z(G$Y) N G55 by ker(g1). If go is an isogeny then ker(g;) is
ﬁmte. Since ker(mp) is profinite, ker(mp o g1) is also profinite. The kernel of g; is a subgroup
of ker(g1), and ker(g) is a quotient of ker(g;). Therefore ker(g) is also profinite, and we can
write g as a limit of isogenies onto Grgd. Since G¢ is connected, so is its quotient H and so is
any quotient of H admitting an isogeny onto G%d. Since the base field E is of characteristic
0, every isogeny out of a connected pro-reductive E-group is central, hence g: H — G35 is a
limit of objects in HI(GEY, GI59). Therefore Fed has property (4). Conditions (1-3) are easily
checked. O

Proof of Proposition [2.11]. It is enough to prove statement (iii) in Lemma Consider a triple
(H, f,g) in HCi(GEed, G5¢). Observe that H is necessarily reductive, being a quotient of Géed.
Let py: H — GL(V) be any irreducible representation of H, and let Hy and ker(g)y be the
schematic images of H and ker(g), respectively, in GL(V'). Since ker(g)y is a central subgroup
of H and V is irreducible, by Schur’s lemma ker(g)y must be contained in the center of GL(V).
Given that ker(g)y is finite, it must be contained in p,, acting on V' via scalar endomorphisms,
for a sufficiently large n. Now pick any tuple u with ¢(u) = n and length(u) < n. By Remark
the kernel of S%: GL(V) — GL(S%(V)) is pn, hence S% o py factors through Hy / ker(g)y. Since
the morphism H — Hy / ker(g)y factors through H — H/ker(g) = G554, the representation V,
seen as an object of C via f: G¥4 — H, satisfies S&(V) € D. Thanks to Proposition (i), we
conclude that V is an object of D, or in other words, that the representation

pvef: GEY— GL(V)

factors through Géed —» G%d. Since this holds for every irreducible representation V of H and
every representation of the reductive group H is semisimple, we conclude that f itself factors
as the composition of Gred —» G%ed and a map fy: G%ed — H™4_ providing us with a morphism

Dred D,red
red red _D red
Gt Ty Grd Ty G

Foobk

red
red red 9" red
G5 —— H™ — G

from (G%d’wé),red’ﬂ_g,red) to (H, f,g).
Dyred _D,red

Since H was chosen arbitrarily, we obtain a morphism from (Gred T T ) to the limit

of 11 HA(GEY, GI5Y) — H(GHY, GEY). In order to prove that it is an isomorphism, it is sufficient

to write (Gmd Z}) red, 77% ) as a limit of some subdiagram of (G4, G4). For this, consider a

finite-dimensional E-linear representation V of GEd and let Gﬁd and Iy be the images of G%ed

and I, respectively, in GL(V'). Here I denotes, as usual, the kernel of Wg red, Gred Gisd. Since
Iy is finite and central by Lemma and Corollary |1.9] the surjection 7y : Gred — Gred / Iy

is a central isogeny. Pulling back my along G%d — Gre / Iy, we obtain a dlagram

D ,red
Gred Gred f HV Gred

L L. I

red Tc o red TV o ~red
G ” G§7V 77 Gf,V/IV
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where Hy = G559 X rea e G%dv and the first line gives an object (Hy, fy owg ’red,%v) of
DV )
D

limit of the full subcategory of H (G54, GI59) consisting of the triples of the form (Hy, fy o m,
for some V € RepE(G%d). O

Corollary 2.13. Assume that GF is simply connected and that condition (pot)) holds. Then
G% is the universal cover of G35. In particular:

HA(GEd, G5Y). From G%ed = limy cpep (Gred) G%dv, we deduce that (G%’d, WCD’red, r2redy is the
D 5

(i) for every object V of D, G%V is the universal cover of G v

(ii) if D =D, then G55 is simply connected;
(iii) if Ge = G, then D =D if and only if Gp is simply connected.

Proof. This follows immediately from Proposition and the equivalence between (i) and (iv)
in Lemma Indeed, if G is simply connected, for every central isogeny g: H — G35, with H
connected, there exists a surjection f: GF — H such that go f = 71'(1:)2 G — G35. In particular
every such g defines an object (H, f,g) of H(G¢,Gp), so that the limit of H%(Ge, Gp) —
H(Ge,Gp) is also the limit of all g, that is, G% — G5 is the universal cover of G35. O

Remark 2.14. The reverse implication to (i) does not hold in general: If V is an object of D
and V= its semisimplification, then the map G — GL(V) induces a map G5 — GL(V*™) that
factors through G35 if G5 is simply connected. However, G — GL(V') itself needs not factor
through Gp, so that V is not necessarily an object of D.

3. APPLICATION TO CATEGORIES OF B-PAIRS

We recall some definitions from the theory of B-pairs, as one can find for instance in [Ber0§].
Let K be a p-adic field, and let B be a topological ring equipped with a continuous action
of Gg. We call semilinear B-representation of Gk, or in short B-representation of Gk, a
free B-module M of finite rank equipped with a semilinear action of G, that is, such that
g(bm) = g(b)g(m) for every b € B, m € M and g € Gg. We denote by BRep(G ) the category
whose objects are the semilinear B-representations of Gx and whose morphisms are the G-
equivariant morphisms of B-modules. We call rank of an object of BRep(Gk) its rank as a
B-module. We say that a B-representation M of G is trivial if M admits a B-basis consisting
of Gg-invariant elements. We call eigenvector in a semilinear B-representation M a vector that
belongs to a G k-stable B-line in M (recall that by a line in a free B-module we mean a free rank
1 submodule). An eigenvector does not necessarily generate a Gi-stable line as a B-module;
some of its eigenvalues may belong to the total fraction ring of B.

When B has a structure of F-algebra with respect to which the action of Gk is E-linear, and
n is an E-valued character of G, we write B(n) for the rank 1 B-representation B ®g E(n),
where Gi acts diagonally.

Let B be an (F, Gg)-regular ring in the sense of [FO| Definition 2.8]; it is in particular a
topological F-algebra equipped with a continuous action of Gg. Let V be an E-linear repre-
sentation of Gx. We define a B-semilinear representation of Gg by letting G act diagonally
on Bg V. We say that V is B-admissible if the B-semilinear representation B®g V' is trivial.

We use the standard notation for Fontaine’s rings of periods BHT,BdR,B;{R,BmS,BSm as
defined in [Fon94a]. Each of these objects is a (Q,, Gk )-regular ring. We denote by ¢ the
Frobenius endomorphism of both B and Bg, and follow the standard notation again in
setting B, = Bfrizsl. We write ¢ for Fontaine’s choice of a generator of the maximal ideal of the
complete discrete valuation ring B:IR.

Let E be a p-adic field. We set By p = Bs ®q, I for 7 € {HT,dR,st,cris, e}, and also
B:{R’ 5= BIR ®q, E. Each of these rings is a topological E-algebra, that we equip with the
continuous action of Gx obtained by extending FE-linearly the action of Gx on the original
Q,-algebra.
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Definition 3.1. A B%E—pair is a pair (We, W) where:

— We is an object of B¢ pRep(Gk);
- W;R 1s a G g -stable BXR p-lattice of Bar g @B, ; We.

We write War for the Bar-representation Byr g ®B, z We. We define the rank of (We, WJ‘R)
as the common rank of W, and WJR.
Given two BS’(E-pairs (We, Wik) and (We’,W;ﬁ/), a morphism of B%E—pairs (We, W) —
(W, Wjﬁ/) is a pair (fe, fiz) where:
— fe: We = W/ is a morphism in B, pRep(Gk),
- ij s a morphism in BIRRep(GK),
— the two morphisms Wyr — WéR in BqrRep(Gk) obtained by extending Bagr-linearly f. and
ij coincide.
Given two B%E—pairs W = (We, W(;FR) and X = (X, X(TR), we say that X is a modification
of W if X, = W, [Ber08, Définition 2.1.8]. If X, C W, and XIR C WJR, then we say that X is
a sub-BZF_pair of W. We say that such an X is a saturated sub-BSF-pair of W if the lattice

| |K
X;R is saturated in W(;”R, that is, if X:{R = Xgr N WJR. The quotient of W by a sub—Bff(E -pair
X admits a natural structure of BS’(E—pair if and only if X is saturated in W. Given a sub-

B‘%{E-pair X of W, we can always find a unique saturated modification of it in W by replacing
X;R with Xgr N WIR; we will call this modification the saturation of X in W.

QF
|K
the Robba ring over E. This allows one to transport the theory of slopes from ¢-modules to

B@E -pairs, and in particular to speak of pure (or isoclinic) BF}@(E -pairs and of Dieudonné—Manin
filtrations for BS’{E -pairs. We refer to [Ked04] for the relevant definitions.
Given a BS{E pair W and finite extensions L/K and F/E, we can define a B|$* -pair as (F@g

W)|a, , with the obvious notations. Given a property P of a linear or semilinear representation

Berger proved that the category of B~-pairs is equivalent to that of (¢, I x)-modules over

of Gk, or of a B%E—pair, we say that one such object W has P potentially if there is a finite
extension L/K such that W|g, has P.

We denote by Repr(Gx) the category of continuous, E-linear, finite-dimensional represen-
tation V' of Gx. For an object V' of Repy(Gx) we denote by W (V) the B%E—pair (Be.r ®F
V,B;{RE ®g V). The rank of W (V) is equal to the E-rank of V. Given two objects V, V'
of Repgp(Gk) and a morphism f: V — V', we define a morphism W (f): W(V) — W (V') by
B, p-linearly extending f to the first element of W (V') and BIR  linearly to the second. The
functor W () defined this way is fully faithful and identifies Repy(Gk) with the full tensor
subcategory of the category of B%’(E -pairs whose objects are the pure B‘@?{E -pairs of slope 0).
This is [Ber08, Théoreme 3.2.3] when E = Q, and an immediate consequence of it for general
E.

Definition 3.2. A B, g-representation W, is crystalline, semistable, or de Rham if B: g ®B, p
We is trivial for 7 = cris, st, or dR, respectively. A B;R—representation is Hodge—Tate if
Bur ®c, (Wig/tWiR) is trivial.

A B%E—paz'r (We, W;R) is crystalline, semistable, or de Rham if W, is crystalline, semistable,
or de Rham, respectively. It is Hodge—Tate if WdJrR 1s Hodge—Tute.

An E-linear representation V' of Gg is crystalline, semistable, Hodge—Tate or de Rham if
B2 g ®g V is trivial for 7 = cris,st, HT or dR, respectively.

An E-linear representation of Gk is crystalline, semistable, Hodge-Tate or de Rham if and

only if the associated B‘%E—pair has the same property. By the p-adic monodromy theorem
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[Ber08, Théoreme 2.3.5] for B‘%E—pairs, a B‘%’(E—pair is de Rham if and only if it is potentially
semistable.
®QFE

To a continuous character n: K* — E*, Nakamura attaches a B| 7 -pair

R(n) = (Be,e(n), Bar, (1)),
and proves that every BS(E -pair of rank 1 is isomorphic to R(n) for some n [Nak09, Theorem

1.45]. Via Berger’s equivalence between the categories of B%(E -pairs and (¢, 'k )-modules over
the Robba ring over E, Nakamura’s classification is a natural generalization to arbitrary coef-
ficients of that given by Colmez in the case K = Q, |Col08, Proposition 3.1]. Note that the

BS}E -pair R(n) is of slope 0 if and only if the character n can be extended to a Galois character

Grg =2 K* — E*, where the first isomorphism is given by the reciprocity map of local class
field theory. In such a case, R(n) is simply (Be r ®p E(n), Bar,g ®r E(n)). In particular, this
notation is compatible with the notation B(7) introduced in the beginning of the section.

Remark 3.3. An explicit check shows that a rank 1 B@E—pair W is Hodge—Tate if and only if
it is de Rham, if and only if its associated character n: K* — E* is locally algebraic (in the
sense of [Conrll, Definition B.1]). It is semistable if and only if it is crystalline, if and only if
the associated n is algebraic. In particular, one obtains that W is de Rham if and only if it is

potentially crystalline, without relying on the p-adic monodromy theorem.

We introduce the standard terminology for B%E—pairs that can be obtained via successive

extensions of BS(E -pairs of rank 1.

Definition 3.4. A BS{E -pair W is split triangulable if there exists a filtration
0O=WocCcWycCc...cW,=W

where, for every i € {0,...,n}, W; is a saturated sub—BFI@(E—pair of W of rank i. If W;/W;_1 =
R(6;) fori e {l,...,n} and characters 6;: K* — E*, then we say that W is split triangulable
with ordered parameter 0 = (01,02,...,0,): K* — (EX)™.

A B%E—pair W is triangulable if there is a finite extension F' of E such that the B\%F pasr
F®p W is split triangulable.

An object V' of Repp(Gk) is (split) trianguline if W (V') is (split) triangulable.

We will use the adjective “potentially” in front of the above properties with its usual meaning.
Note that some references call “triangulable” what we call “split triangulable”.

The condition about the W; being saturated in W is not very serious: one can replace each
W; with its saturation in W and obtain this way a filtration where each step is saturated.

3.1. Main result on potentially trianguline B-pairs. Let K and F be two p-adic fields.
Let B be an (F, Gk )-regular ring in the sense of [FO, Definition 2.8] (for instance, B = B- g
with 7 € {HT, dR, st, cris}).

Lemma 3.5. The following full subcategories of Repg(Gr) are neutral Tannakian:

(i) the category RepS(G ) of E-linear representations of Gy that are (potentially) B-admissible
up to twist by a character of Gk ; .

(ii) the categories (Rep%“(GK),Rep%m(GK),Rep%sm(GK)) Rep'™(Gk) of (split, potentially,
potentially split) trianguline E-linear representations of G .

Note that the categories in (ii) are all stable under twisting by E-linear characters of G.

Proof. Since Repy(Gk) is a neutral Tannakian category, it is enough to check that the categories

in (i) and (ii) are stable under direct sums, taking subquotients, tensor products and duals,

where all these operations are intended in Repp(Gg). Proving this for RepB(Gx) a minor

variation on [FO, Theorem 2.13(2)]. As for the categories of trianguline representations, one

can check easily their stability under all the operations listed above. U
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If W is a trianguline representation and (W) is the subcategory of Repy (G k) tensor generated
by W, we can define in a canonical way a triangulation of an object in (W) starting from a
triangulation of W. For this we refer to Remark and the discussion preceding it.

Remark 3.6.

- Lemma(m’) is a special case of (i): if D C C is an inclusion of neutral Tannakian categories
with D full in C and associated morphism of fundamental groups w: Ge — Gp, then following
(Fon94b, Section 2.2] we can consider the affine algebra Bp a1 of Gp, that carries an action
of Gp by left translation, hence of Ge via w. Then the objects of D are the Bp as-admissible
ones in C. We still write (1) and (2) separately because such a period ring has not been
studied in the literature as far as the author knows.

— In (ii) one can fix the extension of K, respectively E, over which the B|K -pairs become tri-
angulable, respectively split, and still get a neutral Tannakian category by the same argument
as the given one.

— One could think of defining a category of couples consistmg of a trianguline E-linear repre-
sentation of Gx and a triangulation of the associated B‘K -pair, and make it into a tensor

category by means of the argument in the proof of Lemma E(Q) however one runs into the

same problems that make the category of filtered vector spaces non-abelian.

Remark 3.7. The Tannakian categories of Lemma[3.5 are categories of Galois representations
rather than B-pairs. The reason why we prefer them to the corresponding categories of B-pairs
1s that the Tannakian category of B®E—pairs is not neutral in general (see for instance [FF18,

Section 10.1.2]), so it does not fit in the framework of the previous section.

For later use we introduce some more neutral Tannakian categories. As usual, if P is a
property of B| 7 -Dairs, we say that an E-linear representation of G'x has property P if the

associated B| 7 -bair has it.

Definition 3.8.

(i) Let o be an embedding of E into @p. We say that a B%E-pair 1s o-regular if its o-Hodge—
Tate—Sen weights are all distinct.

(ii) Let Reme "8 (Gk) (respectively Repptrl 78 (G ) ) be the smallest full Tannakian sub-
category of Repi(Gx) (respectively Reppm(GK)) containing all the (respectively, poten-
tially) trianguline, o-reqular representations.

(i1i) We say that a split triangulable B%}E -pair, of parameters 01,...,0,, s quasi-regular
if there exists a triangulation of V and an embedding o: E — Q, for which the fol-
lowing holds: if the o-Hodge-Tate-Sen weights of 6; and 0; coincide for some i,j €
{1,...,dim V'}, then the T-Hodge—Tate—Sen weights of ¢; and 0 coincide for every em-

beddmg T: B — Qp We say that a potentially trianguline BEE -pair is quasi-regular if it

|K
becomes split triangulable and quasi-regular after replacing K and E by finite extensions.

(iv) Let Reptr1 T8 (GK) (respectively Reppm Y8 (G k) ) be the smallest full Tannakian subcate-
gory of Rep¥ (G ) (respectively Reppm(GK)) containing all the (respectively, potentially)

trianguline quasi-regular representations.
(v) As in [BD21), Introduction]/, we say that a B|K -pair is split A(Qp)-triangulable if it

admits a triangulation whose rank 1 subquotients are all restrictions of B%f—pairs to Gk .

Remark 3.9.
(i) All of the categories of Galois representations (not B-pairs) introduced in Deﬁnition
are automatically neutral.
(ii) For every o, Rep's"” "8 (G (respectively, Rep ™" "8 (Gy)) is a Tannakian subcat-
egory of Reptrl (G k) (respectively, Repptrl T8 (GK)): any o for which all of the o-
Hodge—Tate—Sen weights of a (respectively, potentially) trianguline E-representation V' of

G are distinct makes the quasi-regularity condition empty.
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E, respectively, then W|‘GK, ®g E' is again quasz—regular.

(iv) Not all objects of Reprj);m"Freg (Gk) (respectively, Rep%m’qreg(GK)) are o-reqular (respec-
tiely, quasi-regular). For instance, a direct sum of two copies of the same o-regular
representation is not o-regular. The direct sum of two quasi-regular representations is
still quasi-reqular, so one meeds to come up with a more complicated example; see Ezx-
ample|3.10, However, the o-regular representations (respectively, the quasi-reqular repre-

sentations) form by definition a tensor generating set of ReppEtri’a_reg (Gk) (respectively,

Reply "8 (G k) ).
(v) Every potentially A(Qp)-triangulable B%E—pair is quasi-reqular: since all the rank 1 sub-
quotients appearing in the triangulation are restrictions of Bl%E -pairs, their Hodge—Tate—

(11i) If W is a triangulable, quasi-reqular B -pair and K', E' are finite extensions of K and

Sen weights are uniquely determined by their o-Hodge—Tate-Sen weight for a single em-
bedding o: E — Q,; in particular, when two of them share the same o-Hodge—Tate—-Sen
weight for one o, they share it for every o. Moreover, one shows easily that if W is a po-

tentially A(Qp)-triangulable B‘%{E—pair then SY(W) is also potentially A(Qp)-triangulable,

hence quasi-reqular, for every tuple u.
(vi) Every potentially trianguline E-representation of Gk of dimension at most 3 belongs to
Rep%trl’qreg(GK). The author does not have an explicit example of an E-representation of

G that does not belong to Rep%tri’qreg(GK).

Example 3.10. We thank the referee for the following example of a potentially trianguline,
non quasi-reqular representation in Repgm’qreg . Let k, ! be two integers such that k # +£ and
kE+4£¢ # 0. Let K be a quadratic extension of Q, with embeddings 7,7: K — @p. Choose
characters 6;: Gx — E*, i = 1,...,4, whose ordered tuples of 7- and T-Hodge—Tate—-Sen
weights are (k,—k,0,—¢) and (k,¢,—k,—), respectively (enlarge E if necessary). The direct
sum

p=01® P 03Dy

1s trianguline and quasi-reqular, while the representation
Sym®p & 610y @ 6103 B 6164 ® G203 © 5204 ® G304

is trianguline and not quasi-regular, as an explicit check shows. Since Sym?p is a subrepresen-
tation of p ®g p, it belongs to Rep%trl,qreg.

We apply the abstract Tannakian results of Section [2 to some of the categories we introduced
above, in order to prove the following theorem.

Theorem 3.11. Let W be a B%E—pair and let n =tk W.

(i) Assume that either
(1) there exists a B%E—pair W' such that W @ W' is triangulable, or
(2) there exists a tuple u with length(u) < n such that SL(W) is triangulable.
Then Sym™W is triangulable. If moreover Sym™ W is quasi-regular, then W is potentially
triangulable.

Moreover, if W is pure (in the sense of the theory of slopes) then:
(ii) Conditions (1) and (2) of part (i) are equivalent.
(iii) If condition (2) of part (i) holds for some tuple u, then it holds for all tuples v satisfying
ged(€(w), n) | £(v).
Remark 3.12.

(i) One can obviously weaken “triangulable” in assumptions (1) and (2) of part (i) to “po-
tentially triangulable”.
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(ii) One might hope for a better-looking statement by requiring that S% is quasi-reqular for
an arbitrary w as in condition (2) of part (i). However, the proof that W is potentially
triangulable is by reduction to the case of Sym”, and it is false in general that if S% is
triangulable and quasi-reqular for some w with length(u) < n, then SY is quasi-reqular

whenever it is triangulable (or even just for S* = Sym" ). Take for instance the B%f—paﬁ

W attached to the representation p of Example[3.10: even though W itself is trianguline
and quasi-reqular (and the same is true for odd symmetric powers of W), Sym?W is
trianguline but not quasi-reqular.

(iti) By Remark[2.6, (2) implies (1) in Theorem[3.11](i). To also deduce the reverse implication
from Proposition (z) we would need to work in a neutral Tannakian category, which we
are not by Remark |37

(iv) Because of Remark in proving Theorem we will first reduce the statements to
the case when W is pure of slope 0: the category of such BS{E -pairs s neutral Tannakian,
being equivalent to that of continuous E-representations of G . This is also the reason
why we can only prove statements (ii) and (iii) when W is pure, since then we can, up
to extending E, find a slope 0 modification of W. Note however that (2) = (1) and
part (iii) with the divisibility condition replaced by £(u) = £(v) hold for arbitrary W (not
necessarily pure) by virtue of Remark .

The first part of our result contains as a special case a theorem of Berger and Di Matteo [BD21,
Theorem 5.4], where it is shown that W is potentially triangulable by replacing assumption (1)
with the stronger condition that there exists a B‘%{E—pair W' such that W @ W' is A(Qp)-

triangulable (see Remark above).

After their Theorem 5.4, Berger and Di Matteo also provide a counterexample showing that
the “triangulable” in the conclusion of part (i) of Theorem cannot be removed.

Thanks to the results of Section 2.1 we can deduce the following result by specializing
Theorem [3.11] to the case of BEF-pairs of slope 0. Let C be the neutral Tannakian category

| ]
Repg (G ), and D the subcategory Reph"*8(G). Let D be the intermediate category con-

structed from the inclusion D C C, as in Section

Corollary 3.13. The categories D and D coincide.

Unfortunately we cannot apply Corollary to obtain that G35 is simply connected, since
G is not. For instance, if the residue field of E has ¢ elements, take a multiple n of ¢ — 1 and
a tamely ramified, not unramified continuous character x: Gxg — E*. Consider the injection
f: E* — GL,(FE) that maps e € E to the diagonal element (e, 1,...,1), and let Py be the
representation G — PGL, obtained by composing f o x with the projection GL,, — PGL,.
If GF were simply connected, then the representation Py would admit a lift along the central
isogeny SL,, — PGL,,, which is not the case.

Observe that the fact that x as above cannot be lifted along G,,, — G,,, t — t", also shows
that G admits non-trivial central isogenies from connected pro-algebraic groups that are trivial
on G7.

3.2. Crystalline B-pairs. Assume from now on that £ = ES ¢ K| so that Ey C Kj. Note
that this is the opposite inclusion as one usually asks for in p-adic Hodge theory, and we will
assume later that £ = EG* = K. The inclusion E C K will guarantee that all of the morphisms
of period rings over E that we look at are Gi-equivariant, instead of some of them being only
G g-equivariant (such as the maps ) One could probably avoid making the assumption
and adapt the action of Gk in order to make everything G g-equivariant; however, since in this
section we only want to deal with properties of B%E—pairs being potentially true, we are not
worried about having to replace K with a finite extension.

Let B be an E-algebra carrying a G -action. Set By = B ®q, F and extend E-linearly the
action of Gi from B to Bg. For every o € Gal(E/Q)), we denote by B the ring B equipped
with the E-algebra structure obtained by pre-composing the inclusion £ C B with 0. Such a
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structure map is G'x-equivariant because £ C K. Write 7 for the map K ®q, £ — K sending
ke to ko(e), where we see o(e) as an element of K via the inclusion £S% ¢ K. There is an FE-
linear isomorphism B? = B ® K®q, Em K, and we denote again by 7 the resulting morphism
Br — B?. We put them together to obtain an E-linear, G g-equivariant isomorphism

(3.1) @ 17: Bg = @ B.
o: E—»K o: E->K

Given a semilinear B p-representation Wg, of Gk, tensoring (3.1) with Wy, we obtain an
isomorphism

(3.2) B ~:we, S P Wsy OB B,
o€Gal(E/Qp) o€Gal(E/Qp)

where each factor on the right is a semilinear B-representation of Gx. We write Wg§ =
Wg, ®Bp o B; it is a B?-representation of Gx. When applying decomposition (3.1)) we will
write 77 for the maps there without specifying the relevant B or Wy, ; it will always be evi-
dent what we are referring to. The notation 7% will be used for quite a few morphisms in the
following, all related to decomposition (3.2)). We believe this will avoid adding burdens to the
notation without creating any confusion.
Definition 3.14. We say that a BF?(E -pair (We, WJFR) is 0-C,-admissible, respectively o-Hodge—
Tate, if CJ ®c,@q, B, (Wi /tWar), respectively By @By e (Wik/tWiR), is trivial.

We say that a B g-representation We of Gk is o-de Rham if Big ®B,g p ro (BdR,E®Be,E We)
1s trivial.

We say that a B%E—pair (We, WiR) is o-de Rham if W, is.

We say that a continuous E-linear representation of Gk has one of the above properties if

the associated B%E—paz'r does.

It is equivalent to the last part of the definition to say that an E-linear representation V'
of Gk is 0-Cp-admissible, o-Hodge-Tate or o-de Rham if and only if it is CJ, By, or Big-
admissible, respectively. When K = E these notions coincide with those introduced in [Dinl7];
in the general case they are still completely analogous to those in loc. cit. apart from the fact
that our o is an automorphism of E, whereas in loc. cit. it is an embedding K — C,, (in some
sense, we are decomposing our semilinear objects in different directions).

Let f be the inertial degree of Ey over Q,. Define an endomorphism ¢ of E ®fg, By as
1® ¢/, and denote again with ¢ its restriction to F ® g, Beris. We extend E-linearly the action
of Gg on By and Beyis to F ®p, Bgt and E ®p, Bais (recall that Ey C Kg). The actions of
Gk and pp commute on both rings, and they can be extended to their fields of fractions in the
obvious way.

We choose once and for all an extension log of the p-adic logarithm from a map 1+wm¢, — C,
to a map C; — C,, setting in particular log(p) = 0. This choice determines an embedding
Bst — Bgr, that is fixed throughout the text. We denote by EBgis the subring of Bgr
generated by F and B, and by EBg the subring of Bgr generated by E and Bgt. Similarly
to [BD21} Section 2], we attach to every o € Gal(E/Q)) two G g-equivariant isomorphisms

o cpn(a): E QE, Bcris,E — EBeris

and
o® spn(o): E ®Eo Bst,E — EBst’

where n(c) is the element of {0,..., f—1} such that ¢ = ©™(?) on Ey. We use again the notation
77 for these isomorphisms; it will not create any ambiguity. For every o € Gal(E£/Q,) we denote
by t, the element of EB,,s constructed in [Berl6, Section 5] (see also [BD21), Proposition 2.4]).
One has t, = 77 (7 1(t;)) for every o,7 € Gal(F/Q,), and the usual ¢ € B;s is the product
of the ¢, when ¢ varies in Gal(E/Q)). We define Frobenius operators on EBg;s and EBg by
transporting g via the above isomorphisms, and we still denote them by ¢g.
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Observe that (EB.yis) ®q, F = E ®g, (Beris ®q, F), where the tensor product over Ejp is
taken with respect to the Ey-vector space structure of Byis.
We recall the following observation of Berger and Di Matteo.

Lemma 3.15 ([BD21, Proposition 2.2]). The composite map Be g = Beris g = E @5, Beris
gives an identification

(33) B€7E = (E ®Eo Bcris)@EZI.

We will always consider B, g as a subring of EBs and of EBg via (3.3). In particular, for

every o € Gal(E/Q)) there are maps
® n(o)

(3.4) B.r — E ®pg, Beris ——— EBgis = EBg = Byg.
Given B € {EByis, EBgt, Bar }, we write B? for the ring B equipped with the B, g-module
structure arising from the maps in (3.4). The resulting E-algebra structure map, given by the
composite E — B, g — B, is the same as that introduced before Equation (3.1), so that there
are no conflicts in the notation.

Definition 3.16. We say that a B, g-representation W, of Gk is o-crystalline, respectively
o-semistable, if EBZ;, ®B, ; We, respectively EB®p is trivial.

cris e, B’

We say that a BS(E -pair (We, WJR) is o-crystalline or o-semistable if W, has the respective
property.
We say that a continuous E-linear representation of Gg has one of the above properties if

the associated B‘%E -pair does.

We remark that Ding defines in [Din14] a notion of Bs-pair for every embedding o: K — C,,
and attaches to a B-pair W = (W, WJR) a By-pair W, = (W, WJFR,U) for each 0. When
K=E a BF?(E -pair W is o-crystalline in our sense if and only if Ding’s W, , becomes trivial
after extending its scalars to EFBZ ..

We extend the monodromy operator N on Byt to an E-linear nilpotent operator Ng on EBg.
Since EBY., = (EBZ)NE=0 a B, g-representation W, of G is o-crystalline if and only if it is

o-semistable and the operator induced on (B ®s, , W,)9% by N is identically zero.
The filtration (Fil'Bgr)icz on Bgr defined by Fil'Bqr = #/Bj; for i € Z induces filtrations

(Fil' EB.yis)icz and (Fil'EBg)iez on EBeis and EBg, respectively. The graded ring associated
with EBgis, FBgt and Byg is the same, Byr.

3.3. Reminders on Fontaine’s classification of Byjr-representations. We recall Fontaine’s
classification of Bgr-representations from [Fon04] (recall that Bqr = Bgr,g,, so that we are
working with E = Q, here). We set K,, = K(ppn(K)), Koo = U,;51 Kns T = Gal(Kso/Ky),
and T = 'k o = Gal(Kwo/K). -

Let C(K) (respectively C'(K/Z)) be the set of G -orbits in the additive group K (respectively
K/Z). For A € C(K), let K4 be the extension of K generated by the elements of A. Let d4
be the degree of K4/K. Let a be any element of A and let r4 be the smallest integer such that

1
1 cyc
vp(alog(xy (7)) > p_1

for all v € I'k,,. Thanks to the previous inequality we can define a 1-dimensional K 4-linear
representation pa: 'k, — Kfl by setting
(3.5) pa(y) = exp(alog X" (7))
for every v € I',. Now the induction
r
N[A] = IndF;TA PA.

is a K s-linear representation of I' of dimension p"™4. We see it as a K-linear representation of
dimension d4p"4. Observe that the isomorphism class of this K-representation is independent of
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the choice of a € A, since all elements of A are conjugate under Gal(K 4/K), and this group acts

K-linearly on the K-vector space underlying N[A]. We define a semilinear K -representation
of ' by

where T" acts via its natural action on K, and diagonally on N [A]. It is not always the case
that Noo[A] is a simple object in the category of semilinear Ko,-representations of I, but all of
its simple factors are isomorphic. We choose one and denote it by K [A]. As proved in [Fon04),
Proposition 2.13], the dimension of K[A] is dap®4 for some integer s4 with 0 < s4 <74.

There exists no G'g-equivariant section of the projection Bqr — C,,, but one can define a
G k-equivariant homomorphism s: K < Bggr such that 6 o s = ids, as in [Fon04, Section 3.1]
(what is noted P there always contains K). In particular we have a Gk-equivariant section
Ko — Bgr. We define a semilinear Byr-representation of Gx by setting

Bar[A] = Bar ®k., Kso[4],

where the tensor product is taken via the aforementioned section, Gk acts via the projection
Grg — I'x on Ky [A] and diagonally on Bgr[A]. By [Fon04, Proposition 3.18], Bgr[A4] is
a simple Bgr-representation, and its isomorphism class only depends on the image of A in
C(K/Z). For this reason we will also speak unambiguously of Bqr[A] when A is an orbit in
C(K/Z) rather than C(K).

The construction above already gives all the simple objects in the category of semilinear
Bgr-representations of Gx. There exist however non-semisimple objects, that Fontaine also
describes. Let d € Zo. Following [Fon04, Section 2.6], denote by Z,{0;d} the Z,-vector
space of polynomials of degree strictly less than d in one variable X, equipped with the unique
Zy-linear action of Gk satisfying

g(X) =X +log x7(9)

for all ¢ € Gi. Note that this is the same as the action one would get by identifying X with
logt, where t is the usual generator of Fil'Bgg. It is clear that Zp{0;d} is given by successive
extensions of d trivial 1-dimensional Z,-linear representations of Gx. Given A € C(K/Z) and
d € Z~q, we define a semilinear Bgg-representation of G by

Bar[4;d] = Bar[A] ®z, Zp{0;d},

on which Gk acts diagonally. This representation has dimension dd4p®4, and its simple sub-
quotients are all isomorphic to Byqr[A].

By |Fon04, Théoreme 3.19], every semilinear Bgg-representation of Gk can be written in a
unique way, up to permutation of the factors, as a direct sum of representations of the form

Bar[A4;d] for some A € C(K/Z) and d € Z=y.

3.4. Reducing Theorem to the case of slope 0. We reduce Theorem [3.11{(i) to the
case where W is pure.

Proposition 3.17. Assume that (i) and (ii) of Theorem are true whenever W is pure.
Then Theorem (3.11)(i) holds.

Note that the BS}E -pair W’ appearing in condition (i)(1) is not assumed to be pure of slope
0.

Proof. Assume that W is pure. We will use the following lemma.

Lemma 3.18. Let 0 > Wy — W — Wy — 0 be an exact sequence of B%E-pairs. Suppose
that the statement of Theorem|3.11|(i) is true for W1 and Wo. Then the statement of Theorem
3. 11|(1) is true for W.
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Proof. By Remark|(iii)] (2) = (1) in Theorem 3.11f(i), hence it is enough to prove the statement
under condition (1): there exists a B%E—pair W' such that W @g W’ is triangulable. The
sequence
0 =W QW - WgW - W W' —0

is exact (since the underlying sequence E-vector spaces is exact). Since the category of split
triangulable B@E -pairs is stable under subquotients, Wi @ g W’ and Wy ® g W' are triangulable.
Then Theorem (1) implies that W7 and W5 are potentially triangulable. It follows that W
is also potentially triangulable. O

Let W be an arbitrary B%E—pair. By [BC10, Théoreme 2.1] (which is a translation to the
language of B-pairs of [Ked04, Theorem 6.10]) W admits a Dieudonné-Manin filtration, that
is, an increasing filtration in sub—B%(E -pairs whose graded pieces are pure of increasing slopes.
Then, by Lemma if Theorem m is true when W is pure, it is also true for an arbitrary
wW. O

Next we reduce all statements of Theorem to the case when W is pure of slope 0. Recall

that a modification of a B%E—pair W, in the sense of [Ber08, Définition 2.1.8], is a B%E—pair

Wy satisfying Wy . = W, that is, modifying W amounts to replacing WJR with a different
B:{R—lattice in Wyr. We call a modification simple if it amounts to replacing WJR with a lattice
of the form thjR for some m € Z.

Proposition 3.19. Assume that the statements of Theorem hold for every E and every
W that is pure of slope 0. Then they hold for every pure W.

Proof. We rely on the following lemma.

Lemma 3.20. Let W be a B@E—pair and Wy be a modification of W. Then W is (split)
triangulable if and only if Wy is. If W is triangulable and Wy is a simple modification of W,

then W is quasi-reqular if and only if Wy is.

Proof. By [BD21, Corollary 3.2] a B‘%}(E -pair is (split) triangulable if and only if the associated
B, g-representation is (split) triangulable. The conclusion about triangulability follows from
the fact that W, = W .

For the statement about quasi-regularity, it is enough to observe that if Wy is a simple
modification of W then the Hodge—Tate—Sen weights of Wy are obtained by shifting all of the

Hodge—Tate—Sen weights of W by the same integer. (|

For a positive integer h, let K} is the unique unramified extension of K of degree h. For a

B‘%E—pair W = (We, W(;“R), pure of slope s, we recall the following facts:

(i) The B|}®<f—pair Wlgy, is of slope sh. Indeed, the slope of W' coincides with that of its
associated vector bundle &y on the Fargues—Fontaine curve X [FF18, Préface, Remarque
4.1(ii)], and the slope of W|GKh is the slope of the pullback of &y along the degree h map
Xk, — Xg. Recalling that the slope is the quotient of the degree by the rank, the desired
statement follows from [FF18, Proposition 5.6.16].

(ii) For every m € Z, the simple modification (We, th;R) is pure of slope s +m. We obtain
this via Berger’s dictionary [Ber08, Théoreme 2.2.7, Remarque 2.2.8] from the following
statement: for a (px,'x)-module D, pure of slope s, the (¢, 'x)-module t™D is pure of

slope s +m [Ber08, Proposition 3.1.2(2)].
Let W be a B%E-pair, pure of slope s = d/h with d and h coprime integers, h > 0, and let
K, is the unique unramified extension of K of degree h.

Lemma 3.21. There exists a simple modification Wy of W’GKh of slope 0.
Proof. By the two facts we recalled just above, the B|}8}f -pair W|GKh has slope d, and its simple

modification (We|GKh,t_deR]gK ) has slope 0. O
h
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Since W is potentially triangulable if and only if W|q K, is triangulable, it is enough to deduce
the statements of Theorem after (implicitly) replacing W with W|g,, . Thanks to Lemma
we can then pick a simple modification Wy of W of slope 0.

Assume now that Theorem [3.11|is known for B%){E -pairs of slope 0; in particular, it holds for

Wy. We deduce the statements of Theorem for W. Observe that:

(a) For every BS(E -pair W', Wy @ W' is a modification of W @ W', hence by Lemma [3.20| it
is triangulable if and only if W @ W' is.
(b) For every tuple u, the B%E—pair S%(Wy) is a modification of S%(W), hence by Lemma |3.20
it is triangulable if and only if S4(Wp) is.
(c) For every tuple u, the B‘%E -pair S%(W)) is a simple modification of S%(W), hence by Lemma
it is triangulable and quasi-regular if and only if S%(W)) is triangulable and quasi-regular.
By remarks (a) and (b), if (1) or (2) in Theorem [3.11[i) holds for W, then it holds for Wy,
so that Theorem i) applied to Wy gives that Sym"™Wj is triangulable. Therefore Sym" W}
is triangulable by (b), and if moreover Sym"W is quasi-regular, then Sym"W is also quasi-
regular by (c¢). Then Theorem (1) applied to Wy gives that Wy is potentially triangulable,
which in turn implies that W is potentially triangulable by (b). Moreover, Theorem (ii)
gives that conditions (1) and (2) are equivalent for Wy, hence they are also equivalent for W.
In alternative, Theorem [3.11](ii) for W follows immediately from Theorem [3.11](ii) for Wy and
O

remark (b) above.

3.5. Extending the base and coefficient fields. Before continuing with the proof of Theo-
rem [3.11] we give here a procedure for replacing our base and coefficient fields K and E with a
common finite extension. We will refer to it a couple of times in the following. We keep working
under the assumption EG? ¢ K. Let L be a Galois extension of Qp containing K, and let o be

an element of Gal(£/Q)). Let W be a B%E—pair. We:

(1) replace both E and K with L and the B%E—pairs W, with their extension of scalars to L
and the restriction of the Galois action to Gy, and

(2) replace the automorphism o of E with an arbitrarily chosen extension of it to an automor-
phism g of L.

There are isomorphisms of Bgr-representations of Gy,

Wi 5% P LopW)in = (Les W3,
o: L—L
olg=0

and of EBs-representations of G,

—r®l 5 w00 5
cris = @ (L®g W)gris — (L®g W)gris’
o: L—L
olgp=0
that induce morphisms between the leftmost and rightmost objects in each of the two lines. In
any given application, we replace all the elements that have been chosen in W, and W, with
their images in (L ®g W)3r and (L @ W)Z;, via the isomorphisms above. Remark that, if

fr/E is the inertia degree of L/E, then ¢ = (1® op)lre,

3.6. Proof of Theorem for B-pairs of slope 0. We now prove Theorem [3.11] assuming
that W is pure of slope 0. We will apply the results of Sections by choosing;:

— as C the category of BS{E
is equivalent to the category of continuous E-representations of Gx by [Ber08, Proposition
2.2.9]),

— as D the category Rep%tri’qreg (Gk) introduced in Definition
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Remark 3.22. Recall for a moment the notation of Lemma [1.7. One could hope that, since
Iy is finite by Lemma it is possible to find an open subgroup of Gx so that the image in
GLy of the Tannakian fundamental group of ReptEri(GK) intersects Iy trivially. Unfortunately
this is in general impossible if Iy is non-trivial: For instance, for a two-dimensional trianguline
E-representation V' of G and for every finite extension K' of K, the image of GRepgi(GK/) in
GL(V) is the Zariski closure of the image of Gg+ in GL(V). If V' does not admit an abelian
subgroup of index 1 or 2, then for every K' the above Zariski closure contains SL(V'). We know
from Lemma that Iy is contained in SL(V'), hence, if it is not trivial, there is no way to
make it trivial by replacing K with a finite extension. In other words, one cannot prove by
an abstract Tannakian argument that replacing our current D with the category of potentially
trianguline E-representations of Gk makes the kernel I of G — Gp trivial.

By Lemma [1.10| it is enough to prove Theorem [3.11f for all the BZF-pairs in a tensor gen-

K
erating set of D. By Corollary such a set is provided by the B‘%E -pairs W of slope 0 for

which there exists a tuple u such that length(u) < rk(W) and S%(W) € Rep%tri’qreg(W).
We observe that if a BS(E -pair W’ as in condition (1) of Theorem [3.11(i) exists, then there
exists, up to extending F, a B&E -pair pure of slope 0 satisfying the same property: The first
K

non-zero step Fil'WW’ in the DieudonnéManin filtration of W’ is a pure sub—B%E -pair of W,

and W @ Fil'W’ is a sub—Bff(E—pair of W g W'. Since W @ W' is triangulable, the same is

true for W @ Fil'W’. Hence, up to replacing W’ with Fil'W’, we can assume that W’ is pure.
Then, up to implicitly extending E, we can modify W’ to a BF%E -pair W{j which is pure of slope

0. Since W ®@g W}, is a modification of the triangulable BF%E -pair W ®@g W', it is triangulable.

Given that we can harmlessly strengthen condition (1) of part (i) by requiring W’ to be pure
of slope 0, parts (ii) and (iii) of the theorem are an immediate consequence of Proposition
applied to our choice of C and D.

We prove part (i). Assume that one of the equivalent conditions in part (i) holds. Thanks to
part (iii), Sym"W is triangulable. We assume from now on that it is quasi-regular. We prove
that W is potentially triangulable by induction on the rank of W. If the rank is 1 there is
nothing to prove. If the rank is larger than 1, we prove that there exist finite extensions £y of
and K of K such that (W ®p E1)|g,, contains a saturated sub—Bﬁg '-pair W' of rank 1. This
is enough: let (W ®p E1)|q,, /W' be the cokernel of the inclusion of W' in W ®p Ey; it is again

a BS{?-pair because Wy is saturated in (W ®g E1)|cy, . Moreover Sym™ (W ®g E1)|c, /W')

can be easily seen to be a quotient of the split trianguline Bﬁgl—pair Sym™(W ®pg E1)|GK1,
hence it is also split trianguline and we can use the inductive hypothesis in rank rk W — 1.

We proceed to prove the sufficient claim from the previous paragraph. We implicitly replace
both K and E with finite extensions such that £ = EG* = K and that Sym™W becomes
split triangulable over F, and then extend scalars in W to the new E. We still denote K
and F with distinct letters in order to emphasize the different roles played by the base and
coefficient field, and to make it clear at which point we are using the fact that they coincide.
For X € {W,, Wi, War} we will identify Sym"X with the submodule of X*™ (over the relevant
base ring) consisting of symmetric tensors. It is of course a direct factor of X®". Given an
element f € X, we will write f®" to denote the tensor product of n copies of f, seen as an
element of Sym"X C X®".

Lemma 3.23. The B@E—pair Sym"W s a direct factor of (W @ WY)®1 @p det” W for some
q € Z>p and r € Z.

Proof. Since all the B%(E—pairs involved in the statement are pure of slope 0, it is enough to

prove the analogous result after replacing W with an n-dimensional E-representation V' of Gk.

For such a V, the representation V :=V ®@g V"V ®@gdet V of GL(V) has kernel p,,, embedded as

usual in the center of GL(V'): indeed, in some choice of bases, a matrix A € GL(V) = GL,,(E)
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acts on V as A := A® (det (A) -*A~1), and by Lemma 6.1] the tensor product of two invertible
matrices can be the identity only when both of them are scalars. For a scalar matrix A = a-1d,,
A = a" is trivial if and only if a € py,.

In particular, V is a faithful representation of GL(V)/u,. By [Del82, Theorem 3.1(a)] V is
a tensor generator of the Tannakian category of E-representations of GL(V')/u,, meaning that
every irreducible E-representation of GL(V')/u, appears as a direct factor of

(VopVYopdet V) @p (Ve VY @pdet V)V)P

for some non-negative integers a and b. Then ¢ = a4+ b and r = a — b meet the requirements of
the theorem. (]

Remark 3.24. With the notations of the above proof, it is immediate that the relations defining
Sym"V as a direct factor of (V @ V)1 ®pdet" V carry over when one replaces V' with either
We or WIR, so that Lemma holds even when W is not of slope 0. More generally, the proof
can be rephrased in terms of Schur functors in any E-linear tensor category.

Take g and r as in Lemma Since W satisfies condition (1) of Theorem[3.111), it is a basic
object of D and by Corollary the B%E -pair W @ WV is triangulable. Fix a triangulation
of W ®@g WYV. The triangulation of W ®g W" induces triangulations of (W ®g WV)%, of the
twist (W @p WVY)? @p det” W and of its direct factor Sym"W. We write in short N for the
rank (2"71) of Sym"W. Let

n—1
(3.6) 0 = Fil’Sym™W c Fil'Sym"W c ... C Fil¥Sym"W

be the above triangulation of Sym™ W, and let W/ be the rank 1 quotient Fil’Sym" W /Fil* 1 Sym" W
for1 <¢<N.

By [BD21, Theorem 3.4] the triangulation of (W @g W), induced by the triangulation of
W @p WY splits as a direct sum of B, g-representations of rank 1. Since the triangulation
of Sym"W is constructed from that of W ®g WV via Lemma the triangulation of the
B, g-representation (Sym"W). induced by also splits as a direct sum

N
(Sym"W), = @ Wi,
i=1

for some B, g-representations Wy ,..., W]/V,e of rank 1. Tensoring with Bgr, g over B, g we
obtain a decomposition

N
(3.7) (Sym™W)ar = € Wi g.

i=1

Since we are assuming that ES* C K, we can apply the decomposition (3.2) to the Bgg-
representations Wyr, Sym"Wgr and W/ 5, 1 < i < N, to write

WdR = @ WgRa
o: E—>K

Sym"W)ar = €D (Sym" W),
o: E—=K

[a¥) /7
i,,dR = @ WiﬁR-
o: E—K
The decompositions above are obviously compatible in the sense that
N

(3.8) Sym"™ (W) = (Sym"W)3p = D W/ 5,
=1

as Bgr-representations; we used the direct sum decomposition (3.7 for the second isomorphism.
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Recall that we assumed Sym"W to be quasi-regular, as in Definition Let o be an embed-
ding of F into K that, seen as en embedding F' < Q,, verifies the quasi-regularity condition
for Sym"W. We can write the isomorphism class of W following Fontaine’s classification:

(3.9) Win= P Barl4;d4er
AeC(K/Z)
de€l>o

for some non-negative integers h4 4., almost all zero. Let A be the set of A appearing in the
decomposition . As before, given A € C(K/Z), we write K 4 for the finite extension of K
generated by all the representatives of the elements of A in K, and K /, for the composite of
K4 with K(pyra(K)). Since A is finite, the composite of the fields K’y for A € A is a finite
extension of K. By implicitly replacing K with this extension, we can assume that every A € A
is a singleton {a} such that rg,y = 1, hence that Bqr[A] is 1-dimensional for all A € A.

By the compatibilities , the symmetric n-th power of the right-hand side of must
decompose as a direct sum of 1-dimensional Bgg-representations. However, if a € K/Z and
d > 1 then Sym"(Bgr[{a};d]) is never semisimple: it is enough to observe that

Sym” (Z,{0;d}) = Sym™(Sym?*(Z,{0;2}))
always contains a direct factor isomorphic to
Sym™""V(Z,{0;2}) = Z,{0;n(d — 1) + 1},

so that Sym"(Bgr[{a}; d]) contains a direct factor isomorphic to Bqgr[{na};n(d —1)+ 1], which
is not semisimple by Fontaine’s classification [Fon04, Théoreme 3.19] since n(d — 1) +1 > 1.
We conclude that d = 1 whenever hy g4, > 0, so that W, is isomorphic to a direct sum
of 1-dimensional Bgr-representations. For each such 1-dimensional factor we pick a generator,
and build this way a basis {far ;}j=1,..,m of Wx.
To simplify the notation in the following arguments we will write fqr = far,1. Let Iqr be
the set of 7 € {1,..., N} such that W;:gR has the same Hodge-Tate—-Sen weight as the Bggr-

representation Bygr fc%l . Since our chosen o verifies the quasi-regularity condition of Definition
for Sym"W, the tuple of Hodge-Tate-Sen weights of W/ is independent of i € Iyg. Choose
an arbitrary i9 € Iqg. By Lemma there exists, up to implicitly replacing E and K by
a common finite extension, a slope 0, simple modification W;’ of W ; by definition, W is
obtained by replacing W;{;ER with thi'(’;tiR, so that the Hodge-Tate-Sen-weights of W}’ are
obtained by shifting of —m the corresponding weights of W/ . Write W = R(dp) for a character
00: Gk — E*, and set § = (X?C)mdo.

Up to replacing K and E implicitly by a common finite extension when p | n, we define an

n-th root 61/": Gx — E* of § by
1
5*/"(g) = exp (~logd(g))-

Since W and Sym"W are potentially triangulable if and only if W ® g R(6~/") and Sym"(W @
R(671/™)) = Sym"W ®@p R(67') are, we can implicitly replace W with W ®@g R(6~Y/™), W/
with W/ @ R(671) for 1 <i < N and fqr; with far,; ® 1 for 1 <i <n.

Thanks to our choice of §, the above twisting makes all of the Hodge—Tate weights of (the
twisted ) W,, vanish. Since all W/, i € Iqg, share the same o-HodgeTate-Sen weight (before
and after twisting), by the o-regularity condition they also share the same 7-Hodge-Tate—Sen
weight for every embedding 7: E < K. In particular, after twisting, all of their Hodge Tate—
Sen weights vanish. Therefore all of the 1-dimensional pairs W/, i € I4r, are de Rham, hence

potentially crystalline by Remark[3.3] By replacing once more K and E, implicitly, by a common
finite extension, we can assume that

(%) W/ is crystalline for every i € IR.
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This means that there exists d; € EBZ,, and Fi; € WZ’ .
EB? . @B, W’ is G g-invariant.

cris
Given that the previously chosen element fqr generates a Gg-stable Bgr-line in Wiy,

fg{t generates a G g-stable Bgr-line in Sym"Wg,. This 1-dimensional Bgr-representation is
trivial since it is contained in the trivial Bqr-representation €, Iin WZ./:gR. Now Bgr f®” =
(Barfar)®" as a Bggr-representation. By Fontaine’s classification Bgg far = Bgr|a] for some
a € K/Z, so that the trivial Bgr-representation Bgr fg{‘ is isomorphic to Bgr[na]. This forces
a€lz+17.

We perform a further twist: let e: Gg — E* be a continuous character of o-Hodge-Tate—Sen
weight congruent to —a modulo Z and such that & is crystalline (we can always find such a
character up to enlarging K and E: for an integer m congruent to na modulo n, simply take
an n-th root of (x7¥°)~™). We implicitly replace W with W @p R(¢) and modify all the other
data in the obvious way, so that after this operation (ED still holds and the Bgyr-representation
Bar far is trivial. This means that there exists ¢ € B;R such that cfgr is Gg-invariant. We
replace implicitly fqr with cfqr, which obviously generates the same Bgr-representation, and
assume from now on that:

such that the element d; ® F,; of

(k) far is fixed under the action of Gx.
In particular fﬁ? is also fixed by the action of Gx. We prove the following.

Lemma 3.25. There exists a € B3y and € Frac(EBZ;,) ®B, ; We such that fqr = a®

CI‘IS cris CI‘lS

Proof. Let Wéﬁo =6 Wl/’gR, that is the largest trivial sub-Bgr-representation of Wd’f{'.

(STETS
The elements d; ® F, ;, seen inside of I/VdR o Via the extension of scalars through EBZ;; — BJj,
form a basis of G g-invariant elements of WdRO. In particular, since (B3g ) = K, they are a

K-basis of the K-vector space of Gx-invariant elements in Wcll’g o- In particular the G'k-invariant

element fc?}? can be written as

S =Y kid;®F,,

i€lgr
for some k; € K.

Observe that k;d; is an element of FBY;, since K = E. This means that fg% = 1® Fyys for
some Fis € FB?.

Tis @Be. (Sym"W),. We embed EBZ. ®B, p We into Frac(EBY..) ®B, 5 We

cris cris

in the obvious way, and consider F;s as an element of Frac(EBgnS) ®B, 5 We. Then Lemma,

applied to R = Frac(EBZ,,),S = B3R,V = W and f = fqr implies that

cris
far =a® crls
for an € Frac(EBZ;,) ®B,  We and an a € By (satisfying a™ € Frac(EBY,)). O

Crlb cris cris

Let W2, 0 be the smallest ¢ p-stable Frac(EBZ;,)-vector subspace of Frac(EBZ,) ®B, , We

CI‘IS cris cris
containing and let h be its dimension.

CI‘lS’

Lemma 3.26. The set {1®¢% 2. }ico,. n—1 is a basis of Gk -eigenvectors for the Frac(EBZ,.)-

cris
representation Wi -

Proof The Bgg-vector space By @prac(mBs. ) Wanis o 1 generated by a finite set of elements of

eis,0 Of the form ¢ (f%;) with ¢ € N, and since the action of Gx on By OFrac(EB7. ) Weris 0

fixes de =a® [, stabilizes Wis.o and commutes with ¢, one has

(3.10) () = Pl T3)) = 7 (15 ).
where (a/g.a) fo;s 1s still an element of W, ;. Again since Gk stabilizes W o, (g.a)/a must
belong to Frac(EBY): indeed, By and Frac(EB" ) are both fields and 1® gns, 1®(a/g.a)f2

cris cris cris
generate the same line in B3y ®Frac( EB?. ) Wais.0r 80 [oiss (a/g.a) f&; must generate the same

cris
30



hne in chs o- In particular we can apply ¢ to a/g.a, and by rewriting the rightmost member

of (3.10]) we obtain
(3.11) 0 is(%)) = ia(9.(f)) = & (ga )m )

so that ¢lp(fZ;,) generates a G-stable line in W .

Lemma 3.27. The element a of Lemma[3.25 belongs to Frac(EBZ).

cris

Proof. By Lemma the Frac(EBE;)-representation W7, , admits a basis of G -eigenvectors

cris

of the form {? f‘;is}i:o’m’h_l, Where h is the rank of the representatlon The same argument
ﬁ

as in Lemma gives that (7 B is also a Gk~ elgenvector Write ¢ B as a Frac(EBZ,)-

CI‘lS CI‘lS cris

linear combination Z?;()l ;i (¢ £2..). The only way for ¢% CHS to be a Gi-eigenvector is if the
Frac(EBY,,,)*-valued characters giving the action of G on ¢/ f%. and on each of the eigen-
vectors a;(ph f7..) with «; # 0 all coincide. By comparing them for Lp% 7 and ag(fZ;) via

(3.11)) for i = h and i = 0 (necessarily ap # 0 because pg is an automorphism), we obtain for

every g € Gi
p (@) _ g
°E <9-a) ag

Since ag € Frac(EBYZ,;,), we can write

a 9-(901§h040)

g-a <P]_;h040

from which we get that a- @Eh o is G g-invariant. Therefore a-gthozo is an element of (BgR)GK =
E, and from «ag € Frac(EBYZ,..) we get a € Frac(EBZ..). O

cris cris

Thanks to the lemma, we can replace the basis {¢% g‘m of Wilis o with the basis of G-

fixed elements f; = agp (f2),i=0,...,h —1 (this gives in partlcular that W o is a trivial,
hence de Rham, representation). Since the action of ¢r commutes with that of G K, it must
send a Gg-invariant basis to another Gg-invariant basis, hence it must be described in the
basis { f;}1=) by a matrix ® in GLy,(Frac(EBZ,,)¢%) = GL(K). Because of our choice of basis
such a matrix will only have as non-zero entries a sub-diagonal of 1’s and the non-zero entries
of the last column, but we do not need this description. Such a matrix will admit a non-zero
eigenvector over a finite extension K’ of K.

Pick a finite Galois extension L of Q, containing K’, and let ff /e be the inertia degree of

L/E. Let ¢y, be the operator on L @ WZ._ , defined by 1 ® cpr/E and extend L-linearly the

cris,0
action of the subgroup G of G from W¢ o to L®gW? Since the matrix ® admits an

cris cris,0°
eigenvector defined over L, there exists a pp- elgenvector

fO € L®E' Wcrls(]

given by an L-linear combination of the elements 1 ® fi, 1 =20,...,h — 1. Since the action of
G is L-linear and the elements 1 ® f; are Gi-invariant, the element fy is G-invariant.

We extend both our base and coefficient fields K and E to L via the procedure of Section
in order for fy to be defined over Frac(EBY,,). We make all the replacements implicitly and
we keep writing K, £/ and o for the relevant objects. We can now assume that W7,  , contains
an eigenvector fo for pp that is also Gi-invariant.

All the arguments we made starting with fqr can be repeated starting with the element fj

instead. In particular, we can write f{?"

(3.12) o= doi®Fy
i€lgr
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for some dy; € Frac(EBZ,,). By applying ¢ to both sides of (3.12)), we get
(3.13) 0u(f0)*" = pp(doi) ® ep(Fe,).
1€I4R

Let 8 € Frac(EBZ,,) be the ¢p-eigenvalue of fy. The operator ¢g acts trivially on F,; for

every ¢ since F,; € Sym"W, g. This way we deduce from (3.13)) that
(3.14) B I =Y wr(do) ® Fes.

i€lgr

Since {1 ® F.;}icry is a Bg-basis of Wé’ﬁo, comparing (3.13)) and (3.14]) we get

wr(do;) = B"do,
for every i. In particular, @E(do,z’d(ﬂ) = d(),idaj € Frac(EBYZ,,) for every i. By Lemma
doﬂd(ﬂ € FracB. g for all i. Set b; = doﬂ-do_,} for each 4, and let by be the product of the

denominators of all the b; written as quotients of elements of B, . Then by multiplying (3.12))
with dy %bo we get

(3.15) doibofS$™ =D bibo ® Fey,

i€l4r

with b;bg € Be g for every i. Define an element F' of Sym"W, by
F=) bboFe,.

i€lgr

By , there exists ¢ € Frac(EBY,,) such that f&" = ¢ ® 77(F). By Lemma applied
to R = B¢ g (which is a principal ideal domain [BD21, Proposition 1.1]), S = Frac(EBZ,,),
and V = W, fo has to be of the form ¢y ® 77 (Fp) for some ¢y € Frac(EBZ,;,) and Fy € We.
Since f§" generates a Gk-stable line in Frac(EBZ,;,) ®B, 5 Sym"W,, by applying Lemmamto
R = Frac(EBZ;,) and V = Frac(EBZ;,) ®B, , We we deduce that fy generates a G'k-stable line
in Frac(EBZ;,) ®B, ; We, and the same is obviously true for its Frac(EBZ;)-scalar multiple
w7 (Fp).

We apply Lemma to R = Be g, M = W,, L = Frac(EBZ,,) and conclude that W,
contains a (G i-stable saturated line V.. By setting VJI_{ = (Bar,E ®B. g Ve)n WIR, we obtain a

saturated sub—BS(E—pair (Ve, Vi) of rank 1 of W.

4. LIFTING STRICT TRIANGULATIONS

In this section we prove that, under some extra assumptions, the potential triangulability
result of Theorem [3.11] can be improved to a triangulability one. One of these assumptions is
technical: if S* and W are as in condition (1) of Theorem [3.11fi), then we require that S%(WW)
be strictly triangulable in the sense of Definition [£.3]below. We do not know if this condition can
be removed. The second assumption, on the other hand, is a necessary and sufficient condition
for W to be triangulable: the ordered parameter of a triangulation of S“(WW) must “lift” to a
candidate ordered parameter for W.

We give a notion of strict split triangulinity for B-pairs that is slightly different from that in
[KPX14| Definition 6.3.1]. Let K and E be two p-adic fields, and let n be a positive integer.

Definition 4.1. A (K, E)-parameter (of length n) is a set of n of continuous characters
K* — E*, while an ordered (K, F)-parameter (of length n) an ordered n-tuple of continu-
ous characters K* — E*.

We say that a (K, E)-parameter {6y, ...,0,} is quasi-regular if the (triangulable) BZE -

K
@B | R(6;) is quasi-regular. We say that an ordered (K, E)-parameter is quasi-reqular if its
underlying unordered (K, E)-parameter is quasi-reqular.
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K -pair W is quasi-regular if and

It is immediate from the definitions that a triangulable B
only if its (ordered or unordered) parameter is quasi-regular.
We will denote ordered (K, E)-parameters by underlined, lower-case Greek letters. Now let

W be a B‘%E-pair of rank n and § = {d1,...,d,} an ordered (K, F)-parameter of length n.

Remark 4.2. Let T' be any split mazimal torus of GLy,. The datum of a (K, E)-parameter of
length n is the same as that of a continuous homomorphism K* — T(E), while the datum of
a (K, E)-parameter is equivalent to that of a Borel subgroup B of GL,, /g, containing T, and
of a continuous homomorphism K* — B(E) that factors through T(E): indeed, the orderings
of the n characters making up a homomorphism K* — T(E) are in bijection with the possible
choices of sets of positive roots of GL,,.

Definition 4.3. We say that W is split triangulable of parameter § if there exists a triangu-
lation of W of ordered parameter §.

We say that a triangulation W of W is strict if there are no other triangulations of W with
the same ordered parameter as VWW. We say that W is strictly split triangulable of parameter §
if there exists a strict triangulation of W of ordered parameter §.

We call an E-linear representation V' of G (strictly) split trianguline of parameter § if the
associated B%E-pair W (V) is (strictly) split triangulable of parameter §.

In this section we will not deal with non-split triangulable B-pairs. Though one could extend
the above definitions to the non-split case, we believe that the study of non-split parameters
fits more naturally in the framework of G-B-pairs that we present in the next section.

Remark 4.4. If W is strictly triangulable of parameter § in the sense of [KPX14), Definition
6.3.1], then it is strictly split triangulable of ordered parameter & according to our definition.
We do not know if the converse is true: inside of a triangulable B-pair W of some parameter
one may have distinct extensions by isomorphic rank 1 B-pairs (as prescribed by the parameter)
of some step of the triangulation, so that W is not strictly triangulable, but only be able to
complete one of these extensions to a triangulation.

Remark 4.5. If W = (W;)1<i<n is a strict triangulation of a B%E-pair W, then every quotient
W;/W;j, j < i, inherits from W a triangulation that is necessarily strict: if it weren’t, we
would be able to build in an obvious way a triangulation of W distinct from W but of the same

parameter as V.

Remark 4.6. If V is refined trianguline in the sense of [KPX1/, Definition 6.4.1], then V
admits a strict triangulation by ([KPX14, Lemma 6.4.2]. However, their condition is too restric-
tive for our purposes: refined trianguline representations are potentially semi-stable, hence they
exclude many interesting trianguline representations (such as those attached to mon-classical
points of eigenvarieties).

4.1. Operations on parameters. Let V' be an n-dimensional E-vector space, T'(V') a maximal
split torus in GL(V) and B(V) a Borel subgroup of GL(V') containing T'(V'). By flag in an
E-vector space we will always mean a complete flag. Let Fil*V be the flag on V' whose stabilizer
is B(V). Each E-representation W of GL(V) is equipped with a B(V)-stable flag, and such a
flag is unique if W is irreducible. One can construct this flag in the natural way: If Wy, Wy
are two objects of Repg(GL(V')) equipped with flags Fil*W; and Fil*W5, we define a flag on
Wi ®g W in the natural way, by setting

Fil" (W) @p W) = @D Fil'W) ®@g FiV W,
i+j=n
for every n € Z. Since V is a tensor generator of Repy(GL(V)), every object of this category
can be written as a direct sum of subquotients of V,;, = V®* @p (VV)®P for some non-negative
integers a,b. If V,  is equipped with a complete B(V')-stable flag, every irreducible subquotient

of Vg1 inherits a unique B(V)-stable flag.
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For an arbitrary tuple u, let B(S%(V')) be the stabilizer of the unique B(V)-stable flag on
the irreducible representation S%(V') of GL(V). Since such a flag is B(V')-stable, the morphism
St: GL(V) — GL(S%(V)), restricted to B(V'), gives a morphism

B(V) = B(s*(V))

that we still denote by S%. By restricting this map to the maximal tori (V') and T'(S%(V))
contained in the two sides, we obtain a morphism

(4.1) T(V)— T(SYV))
that we still denote by S“.

Remark 4.7. In the above construction, we can replace E with an arbitrary ring and V' with
a free E-module, letting Repr(GL(V')) be the category of E-linear representations of GL(V)
on finite free E-modules. If B(V') is the stabilizer of a flag in V, then we can construct a
unique B(V')-stable flag in GL(S“(V')), and the associated morphisms B(V) — B(S*(V)) and
T(V) = T(S%V)).

The following result is probably standard, but we could not find a reference for it.

Lemma 4.8. For every tuple u with length(u) < dimgV, the preimages of B(S“(V)) and
T(S%(V)) under S%: GL(V) — GL(S%(V)) are B(V) and T'(V), respectively.

Proof. Let Wy (respectively Wau(y)) be the quotient of the normalizer of T'(V) (respectively
SYT(V))) in GL(V) (respectively GL(S%(V))) by its centralizer. We embed Wy in GL(V') by
choosing an arbitrary basis of V' and an isomorphism of Wy with the group of permutation
matrices in such a basis. The image of a permutation matrix in GL(V) under S* is still a
permutation matrix in some basis of S*(V'). We choose such a basis and identify Wgu () with
the group of permutation matrices in GL(S%) with respect to the chosen basis. With these
identifications, the morphism S* maps Wy injectively to Wgu(yy: indeed, since length(u) <
dimpg(V'), the kernel of S%(V') is piy(,) by Remark and the only permutation matrix in iy,
is the identity.

Our choices of embedding for the Weyl groups are irrelevant in what follows, since the Bruhat
decompositions of GL(V) and GL(S%(V)) are independent of them. For every w € Wy, the
Bruhat cell B(V)wB(V') of Wy is mapped to the Bruhat cell B(S%(V))S%(w)B(S%(V)) of
GLgu(y). Since Bruhat cells are disjoint, the preimage of the Bruhat cell B(S*“(V')) of GLgu(y
is B(V). O

Now let 0 be an ordered (K, F)-parameter of length n and let T, be a maximal split torus in
GL, /.- By Remark the datum of § corresponds to that of a continuous character K* —
T, (E) and of a choice of a Borel subgroup B,, of GL,, containing 7),. Let m = dimg(S%(E")),
and pick any basis e1, ..., e, of SY(E™) in order to attach to S* a morphism GL,, — GL,,. Let
B, and B, be the Borel subgroups of triangular matrices in GL,, and GL,, respectively,
and T}, 0, Tn0 the respective tori of diagonal matrices. We define a torus 7;, and a Borel
subgroup B,, of GL,, as follows: if g is an element of GL, (E) such that g7'B,g = By, we set
B = S%(g)Bm,o(S%(9))~! and T;,, = S%(9)T1n.0(S%(g))~*. By construction, S4(B,,) C By, and
SYT,) C Tp,.

Definition 4.9. We denote by S(8) the ordered (K, E)-parameter defined, via Remark[4.4, by
the homomorphism S%o §: K* — T,,(E) and the choice of the Borel subgroup By, of GLy,.
Remark 4.10. If § = (01,...,0,), then every character in p = (u1,...,pum) = S%J) is a
monomial of degree £(u) in the ;.

Let L be a finite extension of K and denote by Nmy, /- : L* — K* the norm map.
Definition 4.11. For every (K, E)-parameter 0 = (01,...,0y), we define an (L, E)-parameter
6 = (01,1,--.,0n,1) by setting

di,r, = 6;oNmy

for every i € {1,...,n}.
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Fix local reciprocity maps rg: K* — G2, r: L* — GaLb making the diagram

X "L ab
Lx Tty g

NmL/Kl lbL/K

KX 5 Gsb

commute. When § can be extended to a homomorphism §%%: G — T(E) (where we identify
K> to a subgroup of G via 7k ), the restriction of §%¥|g, : G, — T(E) to L* (viarL) coincides
with ;.

Remark 4.12. For a character §: K* — E*, we defined §y, in such a way that the restriction of
the B%E-pair W () toGr is W (o). If W is a B%E-pair equipped with a triangulation of ordered
parameter §, then the same triangulation is a triangulation of W|q, of ordered parameter §; .

4.2. Lifting. Under a strict split triangulinity assumption, we can improve Theorem by
combining it with the following.

Theorem 4.13. Let L be a finite extension of K and 0 an ordered (K, E)-parameter of length
n. Let W be a B%E—pair of rank n, and let u be a tuple satisfying length(u) < n. .

(i) If W is triangulable of parameter 0, then S“(W) is triangulable of ordered parameter
S%(9). If in addition SY(W) is strictly split triangulable of ordered parameter S%(J9), then
W s strictly split triangulable of ordered parameter §.

(i) If:
— length(u) < n,
— S%(W) is triangulable,
— L is a finite extension of K such that W|q, is triangulable of ordered parameter 0,

and

~ SY(Wg,) is strictly triangulable of ordered parameter S%(dr,),
then there exists a unique triangulation of W with the following property: the ordered
parameter v of W satisfies St(v;) = S%(0r). In particular, such a triangulation is strict.

We clarify the meaning of point (ii). If we only assume that S%(W) is triangulable for some
u with length(u) < n, then W is potentially triangulable by Theorem [3.11fi). Take L to be
an extension of K such that W|g, is triangulable, and implicitly extend scalars to a finite
extension of E to assume that W/|g, is split triangulable. Let § be the ordered parameter of a
triangulation of Wg, . Then part (i) implies that S%(W|q, ) admits a triangulation of ordered
parameter S%(d;). The content of statement (ii) is that, if this triangulation is strict, then W,
and not just its restriction to G, is strictly split triangulable.

Note that the final equality S%(v;) = S%(01) is equivalent to v, d; ' taking values in the
subgroup of ¢(u)-roots of unity of GL,(E).

Example 4.14. The converse to the second statement in (i) is false. We thank the referee for

the following example of a B@E—pair W with a non-strict triangulation of ordered parameter §

for which the BS{E—pair SYW) admits a strict triangulation of ordered parameter S%(3). We

take K = Qp and denote by unr(\) the unramified character Go, — E* mapping any lift of the
arithmetic Frobenius to A\ € E*. We write x for the cyclotomic character of Gg,. Pick any
A p € EX with A # p and set
61 =1, 6y = x -unr(N), 63 = x* - unr(p), 64 = x* - unr(Ap).
The Bl%f—pair W = @?:1 R(6;) admits a strict triangulation of parameter ((500))?:1 for any
permutation o of {1,...,4}. However, none of them induces a strict triangulation of Sym?W.
Any triangulation of Sym?W induced by a triangulation of W is actually a direct sum in which
two rank 1 B%f—pairs Wiy =2 R(6104) and Waz = R(6203) appear. Since 6164 = 203, one can
always swap the roles of W14 and Wag to obtain a new triangulation with the same parameter
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(or, replace both of them with linearly independent E-linear combinations of W14 and Was in
order to obtain an infinity of triangulations with the same parameter).

Proof of Theorem [{.13 If W admits a triangulation of ordered parameter §, then by Remark
S%(W) admits a triangulation of ordered parameter S%(9).

As for the second statement of (i), if W admits two distinct triangulations of ordered pa-
rameter 0 then the two resulting triangulations of S“(W) of ordered parameter S%(d) will be
distinct, hence S%(W) will not be strictly triangulable of this ordered parameter.

We now prove part (ii). Let u be as in the statement. As in Remark we write GL(We) for
the group of B g-linear automorphisms of W, and we use the analogous notation for GL(WJR).
We let GL(W,) and GL(Wj) act on GL(S“W,) and GL(S%(Wy)), respectively, via S¥.

Let W be a triangulation of W|q, ; it consists of compatible triangulations (that is, complete
flags) W, and Wi of We|g, and Wi, , respectively. By Remark if B(W,) is the group of
B, g-linear automorphisms of W, leaving W, stable, we can choose a unique complete B, g-flag
W, in S%(W,) that is stable under the action of B(W,). As before, we write B(S%(W,)) for the
stabilizer of such a flag.

Since the action of G on S%(W,) factors through its action on W, and G, leaves W stable,
the flag W, is a triangulation of S%(W¢|s,), and by part (i) of this theorem we know that
the ordered parameter of this triangulation is S*(n, ). By assumption S*(W,) admits a (Gk-
Jtriangulation W of ordered parameter S%(§), that is also a triangulation of S%(W,|q,) of
ordered parameter S%(dy) by Remark Since S%(We|g, ) is strictly triangulable of ordered
parameter S%(d1) by hypothesis, we must have W = W”. This means that W is a triangulation
of S%(W,), in other words that the action of Gx on S%“(W,.) factors through the stabilizer
B(S%(W,)) of W'. Lemma implies that the action of Gx on W, factors through B(W),
that is, W, is a triangulation of W,. By a completely analogous argument we obtain that W;R
is a triangulation of W(;FR, hence that W is a triangulation of W.

If v is the ordered parameter of W, then by part (i) the ordered parameter of W' is S%(v).
Since the ordered parameter of W'|q, is S%(d1,), we deduce that

(4.2) S*(vr) = ()

The uniqueness statement follows from the fact that a different triangulation of W of param-
eter v satisfying (4.2) would give rise to a new triangulation of S%(W|g,) of parameter ¢y,
contradicting the strictness of our original triangulation of S“(W|g, ). O

Berger and Di Matteo [BD21, After Remark 5.6] give an example of a 2-dimensional, non-
trianguline Q,(v/—1)-linear representation V' of G, such that V/ ®q,(v=1) V> hence Sym?V, is

trianguline. One can check that the triangulation of Sym?V obtained in their example is strict,
but its ordered parameter is not of the form Sym?§ for a 2-dimensional parameter §. Therefore
V does not satisfy the assumptions of Theorem

5. LIFTING G-TRIANGULINE REPRESENTATIONS ALONG ISOGENIES

We give a global application of our triangulability result, by proving an analogue of a classical
result of Wintenberger about lifting geometric representations [Win95, Théoreme 1.1.3; [Win97,
Théoreme 2.2.2]. We replace the p-adic Hodge-theoretic conditions in his results (Hodge-Tate,
de Rham, semistable, crystalline) with triangulinity. Our lifting condition for the parameter of
a triangulation turns out to be the exact analogue of his lifting condition for the Hodge—Tate
cocharacter.

Let F' be a number field, E a p-adic field, and let H be a quasisplit reductive group scheme
over F. Pick a place v of F'. To our knowledge, there is no accepted definition of what it means
for a continuous local Galois representation

pv: Gp, — H(E)
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to be trianguline. We propose below a definition of strict triangulinity for such a p,, modeled
on the definitions in [Win95| of p, having various p-adic Hodge theoretic properties.

5.1. G-trianguline representations and their parameters. We rewrite Daruvar’s defini-
tion of G-triangulable (¢, I')-modules [Da21] in the context of B-pairs, though we only allow for
our coeflicients to be a field instead of an affinoid algebra as in loc. cit.; this will be enough for
our purpose. We also propose a simple extension of the definition to the case of quasisplit G.
We warn the reader that we call split G-triangulable B-pairs what Daruvar calls G-triangulable
B-pairs.

Let K and E be two p-adic fields. Following [Da21) Definition 2.2], we say that a functor
C — D between two E-linear tensor categories is a fiber functor if it is an FE-linear, exact,
faithful tensor functor.

Let G be a quasisplit reductive group over E. Let (B,T) be a “Borel pair” consisting of a
maximal torus T of G and a Borel subgroup B of G containing T (with both 7" and B defined
over E). We denote by res§ the fiber functor Repy(G) — Repy(B) obtained by restricting
representations of G to B. The following definition is obtained by allowing GG to be quasisplit
in [Da21}, Definition 4.9].

We denote by B%(E the category of BS(E -pairs, introduced in Section

Definition 5.1. A G—B‘%E—pair is a fiber functor

Repp(G) — B%{E.

We say that a G-B‘@}){E-paz’r W: Repg(G) — B%E is:

— split triangulable if there exists a fiber functor Wg: Repp(B) — G-B%(E such that W =

Wpgo resg, in which case we call any such Wpg a triangulation of W ;
— triangulable if there exists a finite extension F' of E such that G X F—B‘%{F—pair W g F' is
triangulable.
We say that two triangulations W and W, are equivalent if they can be obtained from one
another by composition with an equivalence of categories Repg(B) — Repg(B). When we say
that a triangulation with certain properties is unique, we always mean unique up to equivalence.

To any B‘%E -pair W of rank n, we attach the GL,, E—BE})(E -pair defined as the unique fiber

functor Repg(GL,,/g) — B%(E that maps the standard representation to W.

Remark 5.2. As is the case for [Da2l|, Definition 4.9], Definition is independent of the
chosen Borel subgroup B of G: since all Borel subgroups of G are G(E)-conjugate to one another,
their categories of E-representations are all equivalent.

As usual, we will say that a G—B%E -pair W has potentially property P if there exists a finite

extension K’ of K such that the G—B[%Kl—pair Wlg,., has property P.

Remark 5.3. It follows from [Da21, Example 3.11] that Deﬁmtion is compatible with the
definition of split triangulable B%E—pair: a B%E—pair W of rank n is split triangulable if and
only if its associated GLn—B@E—paiT W is split triangulable.

More precisely, for everyi € {1,...,n} let V; be an i-dimensional representation of B whose
image is a Borel subgroup of GL(V;); it is unique up to isomorphism. Then to every triangulation

oO=WocCcWycCc...cW,=W

of W, one can attach the unique triangulation (B, Wpg) of/VI\; that maps V; to W;. One checks

easily that this defines a bijection between split triangulations of W and W.
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To a continuous representation p: Gx — G(E) we can attach a G—B%E—pair Wi(p): it is

the fiber functor Repg(G) — BS(E that maps a representation S: G — GL,(E) to the BS(E—
pair associated with the n-dimensional representation S o p: Gg — GL,(E). We say that p is
(potentially, split, potentially split) trianguline if W (p) is (potentially, split, potentially split)
triangulable. For G = GL,, this notion agrees with the usual one of trianguline representation

by Remark

5.2. Parameters of G-B-pairs. We extend Daruvar’s definition of parameter of a triangula-

tion of a G—BS}E -pair to the case of quasisplit G. The next definition is inspired by Daruvar’s

notion of parameter of a G—BS{E -pair. Let G be a quasisplit reductive E-group, let B be a Borel
subgroup of G and T a maximal torus of GG contained in B.

Definition 5.4. A T-parameter is a fiber functor Repg(T) — B%(E. A B-parameter is a fiber

functor Repg(B) — B%E that factors through the restriction functor Repg(B) — Repg(T).

The distinction between T- and B-parameters is reminiscent of Remark [4.2] with B-parameter
being the analogue of ordered (K, E)-parameters. This resemblance will be made into a precise
relation after Definition (.5

We denote B-parameters by non-underlined lowercase Greek letters in order to distinguish
them from (K, E')-parameters, that we write as underlined lowercase Greek letters.

Let W be a G—B‘%’(E—pair and Wg: Repg(B) — BF%E be a triangulation of W.

Definition 5.5 (cf. [Da2l} Definition 4.9]). The T-parameter of the triangulation Wg is the
fiber functor Repg(T) — B%{E defined by pre-composing Wg with the fiber functor Repg(T) —
Repp(B) defined as pre-composition with the projection B — T.

The B-parameter of Wy is the fiber functor dy, : Repg(B) — BF?(E obtained by pre-composing
the T-parameter of Wy with the restriction functor Repg(B) — Repg(T).

We say that W is a strict triangulation if it is the only triangulation of W with B-parameter

Swy-

5.2.1. From (ordered) (K, E)-parameters to (B-) T-parameters. Let n be a positive integer and
T a split n-dimensional torus over E. The datum of a (K, E')-parameter of length 7 is equivalent
to that of a continuous homomorphism K* — T(E). By specializing [Da21, Example 3.13] to
the case when X is a point, we obtain a bijection between the fiber functors Repg(T) — BEE

K
and the continuous homomorphisms TV (K) — E*. Observe that
Homeont (T (K), E*) = Homeont (X *(T") ®z K*, E*) = Homeont (K™, X*(TV)* @z EX) =
= Homont (K™, Homz (X*(T'), E*)) = Homeont (K, T'(F)),

so that elements of Homeont (T (K), E) are in bijection with (K, E)-parameters. By composing
the two bijections we obtain a bijection between (K, E)-parameters and T-parameters. This
allows us to give the following.

Now let 0 be an ordered (K, F)-parameter. By Remark J is determined by its corre-
sponding unordered (K, E)-parameter together with a choice of a Borel subgroup B of GL,
containing T. To § we attach an ordered B-parameter §: K* — Repg(B) — BEF as follows:

|K
we start with the T-parameter Repg(TV) — B‘%E associated in the previous paragraph with the

unordered (K, F)-parameter underlying ¢, and we pre-compose it with the restriction functor
associated with the embedding T'(E) C B(E). We obtain this way a bijection between ordered
(K, E)-parameters and B-parameters.

When speaking of the (B-) or T-parameter associated with a given (ordered) (K, E)-parameter,
and vice versa, we refer to that given by the bijections we just defined.

Remark 5.6. Let W be a B%E—paz’r of rank n, and let W be the associated GLn—Bﬁ){E—pair.

The bijection of Remark maps triangulations of W of ordered parameter 0: K* — B(FE)
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to triangulations of w of the associated B-parameter 6. In particular W is (strictly) split

triangulable of ordered parameter ¢ if and only sz is (strictly) split triangulable of B-parameter
d.

Now let G and H be two quasisplit reductive E-groups, Bg a Borel subgroup of G and Ty
a maximal torus inside of Bg, S: G — H a morphism, T a torus of H containing S(7¢) and
By a Borel subgroup of H containing S(B¢). We keep writing S for the functors Repy(Bg) —
Repp(Bg) and Repg(Ty) — Repp(Te) defined by pre-composition with S.

Definition 5.7. Given a fiber functor F' out of either Repg(G), Repg(Bg) or Repg(Ta), we
write S(F') for the functor out of Repp(H), Repg(Bu) or Repg(TH), respectively, obtained by
pre-composing F with S. In particular

— for every G-BS{E-pair W: Repp(G) — B‘@?{E, we obtain an H-B‘%E-pair S(W),
— for every Tg-parameter §: Repp(Tg) — B%(E, we obtain a Ti-parameter S(J),

— for every Bg-parameter 6: Repp(Bg) — B%’(E, we obtain a By -parameter S(6).

Remark 5.8. Let W be a G-B%E-pair and 6 a (T-) B-parameter. If Wg is a triangulation of
W of (T-) B-parameter 6 then S(Wpg) is a triangulation of S(W') of (T-) B-parameter S(9).

As was the case for B%}E—paim (see Remark |4.14), we do not know if S(Wpg) is a strict

triangulation of B-parameter S(8) whenever Wg is a strict triangulation of B-parameter ¢.
5.2.2. From triangulable B-pairs to triangulable G-B-pairs. The next proposition, combined
with Remark relates the triangulability of a G—Bﬁ(E -pair to the triangulability of a B‘%E -

pair in the classical sense. In particular, it shows that Daruvar’s definition of triangulable
G—B%E—pair can be reformulated along the lines of Wintenberger’s definitions of the p-adic

Hodge-theoretic properties of G(F)-valued representations [Win95, Définition 1.1.1].

Proposition 5.9.
(i) The G—B@E—pair W is triangulable if and only if there exists a faithful E-representation
S: G — GL(V) such that the GL(V)-B%E-pair S(W) is triangulable.
Moreover, for any Borel subgroups B of G and B(V') of GL(V) satisfying S(B) C B(V),
and any triangulation Wpyy: Repg(B(V)) — BF%E of S(W), there exists a triangulation
Wg: Repg(B) — Bﬁf of W such that S(Wg) = Wp(y).
(ii) Let S: G — GL(V) be a faithful E-representation of G, and B, B(V') Borel subgroups of
G and GL(V), respectively, satisfying S(B) C B(V). If S(W) is strictly triangulable of
some B(V)-parameter v, then there exists a unique triangulation Wg: Repg(B) — B%(E
of W of some B-parameter p such that S(u) = v. In particular, such a Wg is strict.
In proving Proposition [5.9] we will rely on the following lemma from category theory. As in
[Bra20, §2.1], let caty g be the 2-category of essentially small E-linear tensor categories with
E-linear tensor functors as morphisms. By [Bra20, Corollary 4.17], catg g has bicategorical

pushouts. We compute such a pushout in the simple case of a diagram of neutral Tannakian
categories.

Lemma 5.10. The pushout of the diagram

Repp(H) —— Repp(H))
(5.1) laz

Repp(H2)
in catg g is isomorphic to Repg(H1 x g Ha).

Proof. Let P be the pushout of ([5.1). We first prove that P is a neutral Tannakian category: it
is a tensor category by definition, so we only need to exhibit a fiber functor for it. Let F} and Fy
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be the forgetful fiber functors of Repy(H1) and Rep(Hz), respectively; after composition with
aq and ao, respectively, they agree with the forgetful fiber functor on Repp(H), hence they
factor through the functors Repy(H;) — P and Repy(Hz) — P attached to P. The functor
P — Vectg appearing in these factorizations is exact because F} is, and being a tensor functor
it is also faithful. Therefore it is a fiber functor on P.

Write Hy for the fundamental group of P. The functors in the pushout diagram are induced,
via Tannakian duality, by the morphisms in a commutative diagram of E-group schemes

H(*Hl

[

HQ(*HO

Since the diagram is commutative, the resulting morphism Hy — H must factor through the
morphism Hi x g Ho — H attached to the fiber product. By Tannakian duality, such a factor-
ization provides us with a functor 5: Repg(H1 x g H2) — Repg(Hp).

Now consider the commutative diagram of tensor categories

Repp(H) —— Repg(H)

I I

RepE(Hg) L) RepE(H1 XH HQ)

where ¢;, 1 = 1, 2, is induced by the morphism H; X iy Ho — H; attached to the fiber product. By
the universal property of P the functors ¢;, ¢ = 1,2, factor through the functors Repy(H;) — P
attached to the pushout. Such a factorization provides us with a functor v: P — Repp(H1 X g
H,).

The functor Soy: P — P is naturally isomorphic to the identity because of the universal
property of P, hence induces via Tannakian duality an isomorphism (8o~)* = %o g*: Hy —
Hy. On the other hand, (yeog)*: Hy xg Hy — Hy Xy Hs is an isomorphism because of the
universal property of the fiber product. We conclude that 5* and ~* are isomorphisms, hence
that the categories P and Repg(H; x g H2) are equivalent. O

Proof of Proposition[5.9. We prove part (i). Let B be a Borel subgroup of G, and let S: G —
GL(V) be a faithful representation of G as in the statement. The “only if” is given by Remark
Let B(V) be a Borel subgroup of GL(V') and let Wp(y) be a triangulation of S(W), so
that we have a diagram of E-linear tensor categories

sSW)

Repg(GL(V)) —— Repp(B(V)) ——— B
o J J

Repp(G) ———— Repg(B)
W

where all of the arrows in the square on the left are restriction functors.
The schematic intersection of B(V) and S(G) can be identified with the fiber product Bg :=

B(V) <= GL(V) sa. By Lemma|5.10, the pushout in catgp of the top left corner of diagram
(5-2), Repp(B(V)) + Repg(GL(V)) = Repg(G), is equivalent to Repy(Bg). We show that
Bg = S(B), so that the given pushout is actually isomorphic to Repg(S(B)).

Since S is faithful, it induces isomorphisms G = S(G) and B = S(B), so S(B) is a Borel
subgroup of S(G). Clearly Bg is Zariski-closed and contains S(B); therefore, it is a parabolic
subgroup of S(G). Moreover, Bg is solvable: taking fiber products with G of the subgroups in
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a resolution of B(V') gives a resolution of Bg. A solvable parabolic subgroup of S(G) is a Borel
subgroup, so we obtain Bg = S(B), as desired.

Since S is faithful, composition with S induces an equivalence of categories Repy(S(B))
Repy(B). In particular, the square on the left of is a pushout. Since the functors Wy
B(V)

and W agree after composition with res Gy

through a (tensor) functor Wg: Repg(B) — B‘%E , which gives a triangulation of W satisfying
S(Wp) = Wpw).-

We prove part (ii). Let S: G — GL(V) and v be as in the statement, and let Wpgy) be
a triangulation of S(W) of B(V')-parameter v. By part (i), there exists a triangulation Wp
of W such that S(Wg) = Wp(y). If p is the B-parameter of Wg, then S(uu) = v. As in the
proof of part (i), Wp factors through a functor Wgo: Repg(B) — P, where P is the pushout
of Repg(B(V)) + Repp(GL(V)) — Repg(G) in catg . Write again Hy for the fundamental
group of P, so that Wp is induced by a morphism of E-group schemes Wg,oz Hy — B. Now

>~

) and 1resgL(V)7 respectively, they must both factor

assume that a second triangulation Wp, of some B-parameter /' satisfying S (1) = S(p). Let
Wgo: Hy — B be the morphism of E-group schemes attached to this second triangulation. By
the strictness assumption, S(W) admits a unique triangulation of B(V)-parameter S(u), hence
the triangulations S(Wp) and S (WB) must be equivalent. This means that the morphisms
SoWpg,and So Wg,o coincide. Since S is faithful, this is only possible if W 5 = /I/IV/];O, which

means that the triangulations Wp and WB are equivalent, as desired. U

5.3. Global lifting. Let H, H' be two quasisplit connected reductive E-group schemes, and
let 7: H — H be a central isogeny over E, that is, a surjective morphism whose kernel is
finite and contained in the center of H'. Given a continuous representation p: Gp — H(E)
with some prescribed local properties, one can investigate whether there exists a representation
p': Gp — H'(E), with the same local properties, that “lifts” p, in the sense that 7o p = p.
When the required local properties are:

(i) unramifiedness outside of a finite set of places containing the places above p;
(ii) a p-adic Hodge theoretic property at p, taken from the set {Hodge Tate, de Rham,
semistable, crystalline};

the lifting problem has been studied by Wintenberger [Win95; Win97], Hoang Duc |[Hoal5|, and
Conrad [Conrll|. Furthermore, Hoang Duc and Conrad concern themselves with the problem
of minimizing the set of ramification primes of the lift.

In this section we study the analogue of the problem described above when (ii) is replaced
by the property that p is strictly trianguline at p. For the existence and ramification locus of
a lift we rely on the results of Conrad; our work comes in when trying to prove that the lift is
trianguline at the right places.

We introduce some terminology to be used in the statement of the next results. Given a
Borel subgroup B of a quasisplit reductive E-group H, a maximal torus 7" of H contained in

B, and two T-parameters 01, d2: Repg(T) — BS(E, we define their product 4102 as follows: as

in [Da21}, Example 3.13], one observes that the fiber functors Repy(T") — B%{E are in bijection
with the cocharacters K* — TV(F), where TV is the dual torus of T. Then 452 is the

fiber functor Repg(T) — BS{E whose associated cocharacter is the product of those associated

with 0; and dy. If instead §; and d9 are two B-parameters Repp(B) — B%(E , we define their
product as the product of the corresponding T-parameters composed with the restriction functor
Repp(B) — Repp(T).

Let H and H' be two quasisplit connected reductive groups over E, and let w: H' — H be
a central isogeny. Recall that B — w(B) defines a bijection between Borel subgroups of H’
and Borel subgroups of H. We denote by Z the kernel of 7 and by ¢ the exponent of Z. As
usual, we denote by p, the E-group of ¢-th roots of unity. Let p: Gr, — H(E) be a continuous
representation, and write Y for the set of places of F' that are either archimedean or ramified
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for p, and X5 for an arbitrary subset of the set of p-adic places of L. Note that we allow p-adic
places in ¥, so that 31 N Xy is non-empty in general. By combining [Conrll, Theorem 5.5]
with Theorems and we obtain the following.

Theorem 5.11. Assume that:

(i) (F,2,q) is not in the special case (for the Grunwald-Wang theorem) described in [Conrl 1),
Definition A.1J;
(ii) 31 is finite;
(iii) for every v € X1, the representation p|g,, admits a lift pl,: Gg, — H'(E);
(tv) for every v € X, there exist:
(1) a Borel subgroup B, of H, with preimage B = n~1(B,);
(2) a By-parameter §,: Repg(By) — B%E such that the representation p|ay, is strictly
trianguline of B, -parameter 0.,
(3) a Bl -parameter 0, : Repg(B),) — BS(E such that w(0)) = d,, and
(4) a faithful representation S": H' — GL,, such thata Sym™(S'(8))) is quasi-reqular.
Then there exists a representation p': Gx — H'(E) that satisfies wo p' = p and is unramified
outside of a finite set of places, and any such lift is trianguline at the places in Xo. The B. -
parameter (0 )yes, of a triangulation of p' at a place v € Xy can be chosen in such a way that,

for every v € Xo, (6)718!: Repg(B.) — B%(E factors through Repg(ig)-

Remark 5.12. Condition (iv)(4), though unpleasant, is at least generically satisfied in a p-
adic family of trianguline representations Ggp — H'(E) in which all Hodge—Tate—Sen weights
are allowed to vary.

Proof. The existence of a lift p’ and the statements about its ramification follow from [Conrl1,
Theorem 5.5]. We prove the result on triangulinity. Since this statement is insensitive to replac-
ing E with a finite extension of it, we can assume in condition (iv)(3) that the representations
pla, are split strictly trianguline for every v € X,.

Let v € X5 and let p, and pl, be the restrictions of p and p/, respectively, to a decomposition
group at v. Let S’: H' — GL,, be a faithful E-representation of H' satisfying condition (iv)(4)
of the theorem. Let N = dimg Sym?(E™). Denote by B, the unique Borel subgroup of GL,
containing S’(B)). We show that S"o p! is strictly trianguline of Bj,-parameter S’ .. Since
the kernel Z of 7 is central of exponent ¢, Z is mapped under S’ into the group fi4 of g-roots
of unity embedded diagonally in GL,, and then to the trivial group by Sym?. In particular
Sym?o S’ factors as S o7 for a representation S: H — GLy. Composition with p! gives

(5.3) Sym?o S opl 2 Somopl 2 Sop,.

Let By be a Borel subgroup of GLy containing S(B,). By assumption p, is strictly trianguline
of B,-parameter d,, hence S o p, is trianguline of By-parameter S(d,) by Remark From
the equivalence (5.3)) together with Theorem [4.13(i) we deduce that Sym?o S’ o p! is triangu-
line of By-parameter S(d,). Now d, = med) for the B]-parameter o, provided by condition

(iv-4) of the statement, so the By-parameter of Sym? o .S" o p! is S(7 o d)), that coincides with
Sym?0 S0 ¢! by definition of S. From Theorems [3.11(i) (that we can apply thanks to as-

sumptions (iv)(1-4)) and [4.13(ii) (that we can apply thanks to assumptions (iv)(1-3) and the
3. 11[(i

conclusion of Theorem )), we deduce that the representation S’ o p/ is trianguline of a
By,-parameter 65 such that
Sym?((55)" - 5'(8)))

is trivial. Since pi4 is the kernel of Sym?, we deduce that
(07)7" - 5'(3,)

factors through Repg(tiq)-
Since S’ is faithful, Proposition (1) implies that the triangulation of S’ o p! of B,-parameter
55/ is induced by a triangulation of pl, of some B]-parameter §, that necessarily satisfies
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S'(6) = 55/. By combining this equality with the last sentence of the previous paragraph, we
obtain that the B,-parameter

(S"(a)) - 5'(8,) = S'((67) 710
factors through Repp(j). Since S’ is faithful, we conclude that (57)~18! also factors through
Repg (kq)- O

Observe that in the above proof Sym? can be replaced with S* for any tuple v with ¢(u) = ¢
(not to be confused with the Sym" appearing in (iv)(4), that comes from the assumptions of
Theorem [3.11)).

As pointed out in Remark we cannot conclude that p’ is strictly trianguline at the places
in 22.

We give a corollary of Theorem where we relax the condition of H' — H being a central
isogeny, to simply having finite central kernel, by which we mean that the kernel is finite and
contained in the center of H'; we are simply not requiring the map to be surjective anymore.

As before, let H and H' be two quasisplit connected reductive groups over E, and this time
let S: H — H be a morphism with finite central kernel. One could take for instance as S any
representation GL,, — GL,, that is not a power of the determinant. We denote by Z the kernel
of S and by ¢ the exponent of Z. Let p: Gr, — H(E) be a continuous representation whose
image is contained in S(H'). Let X7 be the set of places of F' that are either archimedean or
ramified for p, and 35 be a subset of the set of p-adic places of L.

Corollary 5.13. Assume that:

(i) (F,@,q) is not in the special case (for the Grunwald-Wang theorem) described in [Conrl 1,
Definition A.1];
(ii) 31 is finite;
(i4i) for every v € X1, the representation p|g,, admits a lift p,: Gg, — H'(E);
(tv) for every v € X, there exist:
(1) a Borel subgroup B, of H and a mazimal torus T, contained in B,
(2) a Borel subgroup Bl of H' such that S(B)) C By;
(8) a By-parameter 6,: Repgp(B,) — B%{E such that the representation p|a,, 1is strictly
trianguline of B, -parameter 0.,
(4) a Bl -parameter 0, : Repg(B),) — BF%E such that S(8)) = by,
(5) a faithful representation S': H' — GL,, such thata Sym™(S'(8))) is quasi-reqular.
Then there exists a representation p': Gg — H'(E) that satisfies Sop' = p and is unramified
outside of a finite set of places, and any such lift is trianguline at the places in Xo. The B)-
parameter (0))yex, of a triangulation of p' at a place v € ¥y can be chosen in such a way that,

for every v € Xo, (6)718!: Repg(B.) — B%(E factors through Repg(ig)-

Proof. Factor S as the composition of a central isogeny m: H' — S(H’) and the closed em-
bedding ¢: S(H') < H. By assumption, the image of p is contained in S(H'), hence p factors
through a representation p: Gx — S(H'). If p satisfies the assumptions (i)—(iv) of Theorem
then we obtain the thesis. The only non-trivial condition to be checked is that p is strictly
trianguline at the places in 3o, of parameters that are lifted to H' by the 4.

For every v € Yo, the B,-parameter 9, admits a lift

5. : Repg(Bl) — BS{E

to a B)-parameter, hence a lift 7(d]) to a 7(B))-parameter.

Since the embedding ¢: S(H') < H is a faithful representation of S(H'), and ¢o p, = p, is
trianguline for every v € ¥y, with B,-parameter ¢ o S(d,) = &,, Proposition [5.9(i) implies that
Py is trianguline for every v € Xo with 7(B))-parameter 7(d.).

Finally, the parameters 7(),) admit the lifts 0 to H’', hence all the conditions are fulfilled. [
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6. APPENDIX: ALGEBRAIC LEMMAS

We prove a few simple lemmas that did not fit the main body of the paper without breaking
the flow of the presentation.

Lemma 6.1. Let E be a field of characteristic 0 and A, B two square matrices with coefficients
in B, of sizes m and n respectively. The mn x mn matric A ® B is the identity if and only if
there exists a € E* such that A = ald,, and B = a~'1d,,.

Proof. Since the properties of being the identity matrix or a scalar matrix are insensitive to a
change of coefficient field, we can assume that F is algebraically closed. If A and B are matrices
in Jordan form, a direct calculation gives the result. If not, there exist matrices M € GL,,(F),
N € GL,(E) such that MAM~! and NBN~! are the Jordan forms of A and B, respectively.
Now

(MAM™")® (NBN™ ') = (M@ N)(A® B)(M @ N) ™' = Ly,

so we are reduced to the statement for matrices in Jordan form. O

For the rest of the section, we denote by R an integral domain equipped with an action of a
group GG, and by V an R-semilinear representation of GG, that is, a finite free R-module equipped
with a semilinear action of G. We identify Sym™V with an R-submodule of V®"; in particular,
for f € V, we write f®n for the tensor product of n copies of f, seen as an element of V®™ and
of its submodule Sym™V. The conclusions of the following lemmas are independent of whether
we consider f®n as an element of Sym”V or V®", though in the proofs it is more practical to
see it inside of V®" (essentially because this space admits a basis with a simpler shape).

Lemma 6.2. Let f,g be two elements of V. If there exists a € Frac(R) such that f®" = ag®",
then there exists an n-th root b of a in Frac(R) such that f = bg.

Proof. Let {v1,...,v4} be an R-basis of V| and write f = Zie{l,...,d} fivi,g = Zie{l,...,d} giv;
for some f;, g; € R. Up to replacing V' by the R-span of a subset of {v1,...,v4}, we can assume
that for every i at least one between f; and g; is non-zero. For i = {i1,...,1,} € {1,...,d}",
we write f; =[] i=1,.m [i;, and similarly for g;. By plugging these expansions into the equality
fE" = ag®", we find that f; = ag; for every i € {1,...,d}". In particular f!* = ag! for every i,
so that all of the f; and g; have to be non-zero. By comparing the equalities f; = ag; for two
choices of i that differ only at one entry, we find that f;/f; = g:/g; for every i,j € {1,...,d}.
This implies that f = bg with b = f1/g1 € Frac(R). A trivial computation gives that b = a. O

We assume from now on that R is a principal ideal domain.

Lemma 6.3. Let S an integral domain containing R, and let f be an element of V ®p S. If
the tensor f&" in (V ®@gr S)®" is of the form w @t for some w € VO™ and t € S, then f is of
the form v ® s for somev € V and s € S.

Proof. Let v1,...,v4 be an R-basis of V. Write f as a sum Zie{l,...,d} v; ® s; for some s; € S.
Up to replacing V' with the linear span of the vectors v; such that s; # 0, we can assume that
s; # 0 for every i. We obtain f®" = Zie{l,...,d}" v; ® s, we denote by v; the tensor product
of the v; with the indices determined by the n-tuple i and by s; the analogous product taken
inside of S.

By assumption f®" =w ®t for some w € V®" and t € S. Writing w = Dice(l,.
some t; € S and comparing this with the expression we had for f®", we obtain that s; = r;t
for every i € {1,...,d}". Note that s; # 0 for every i because s; # 0 for every i. Comparing
the last equality for two n-tuples that only differ at a single entry, we obtain s;/s; € Frac R for
every i € {1,...,d}. Write s; = r;s; for all ¢ and some r; € Frac R. Let I be the fractional ideal
consisting of the r € R such that r Zl riv; € V, where we are considering ZZ r;v; as an element
of Frac(R) @z V. Since R is a principal ideal domain, I is of the form yR for some y € Frac(R).
Write f = (3, yrivi) ® y~'s1. Since f € V ®g S, we must have y~'s € S, hence f is of the
desired form. O
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Recall that an R-line L in a finite free R-module is a rank 1 submodule, that we call L
saturated if it is not contained in any other line, and that an eigenvector in a semilinear R-
representation M of GG is an element of a G-stable R-line in M.

Let F be a field on which G acts and h: R — F' a G-equivariant injection of rings. We set
Ve = F ®gr V and equip it with the diagonal action of G.

Lemma 6.4. If there exists f € V such that 1 ® f is an eigenvector in Vr, then f is an
etgenvector in V.

Proof. Because of our assumption, for every g € G there exists v, € F such that g.(1® f =
Yg(1® f). Since V is a G-stable R-submodule of Vi, we must have v, € Frac(R) for every g € G,
where we consider Frac(R) as a subfield of F' via h. Hence 1 ® f € Frac(R) ®p V generates a
G-stable Frac(R)-line, and it is enough to prove the statement when R = Frac(R).

Let I be the largest fractional ideal of F' = Frac(R) satisfying I(1® f) C V, where we consider
V as an R-submodule of Vr via v — 1®v. Since R is a principal ideal domain, I is of the form
bR for some b € F. We claim that bf generates a GG i-stable saturated R-line in V. Indeed, it is
saturated by construction, and for every g € G, g.(bf) = g.b-g.f = g.b-v,f = (g.b-7v4-b"1)(bf),
where the coefficient of bf must belong to R by our choice of b. U

We equip V®" with the action of G induced by that on V. The R-submodule Sym"V c V&"
is stable under this action. Recall that R is assumed to be a principal ideal domain.

Lemma 6.5. If f is an element of V, then f is a G-eigenvector in V if and only if f" is a
G-eigenvector in V™ (or Sym"V ).

Proof. The “only if” is obvious. We prove the other implication. Let g € G and write g.f®" =
af®" for some a € Frac(R). Since g.f®" = (g.f)®", Lemma gives that g.f = bf for some
b € Frac(R). Therefore f generates a G-stable Frac(R)-line in V ®p Frac(R), and by Lemma

it belongs to a G-stable R-line in V. O
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