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APPROXIMATION OF FRACTIONAL LOCAL TIMES:
ZERO ENERGY AND DERIVATIVES

By ARTURO JARAMILLO*, IVAN NOURDIN AND GIOVANNI Peccatif

Université du Lurembourg

We consider empirical processes associated with high-frequency
observations of a fractional Brownian motion (fBm) X with Hurst pa-
rameter H € (0, 1), and derive conditions under which these processes
verify a (possibly uniform) law of large numbers, as well as a second
order (possibly uniform) limit theorem. We devote specific emphasis
to the ‘zero energy’ case, corresponding to a kernel whose integral on
the real line equals zero. Our asymptotic results are associated with
explicit rates of convergence, and are expressed either in terms of the
local time of X or of its derivatives: in particular, the full force of
our finding applies to the ‘rough range’ 0 < H < 1/3, on which the
previous literature has been mostly silent. The use of the derivatives
of local times for studying the fluctuations of high-frequency observa-
tions of a fBm is new, and is the main technological breakthrough of
the present paper. Our results are based on the use of Malliavin cal-
culus and Fourier analysis, and extend and complete several findings
in the literature, e.g. by Jeganathan (2004, 2006, 2008) and Podolskij
and Rosenbaum (2018).

1. Introduction.

1.1. Overview. Let X = {X; : t > 0} be a fractional Brownian motion (fBm) with Hurst
parameter H € (0,1) (see Section 2 for technical definitions). The aim of this paper is to study
the asymptotic behaviour (as n — o0) of empirical processes derived from the high-frequency
observations of X, that is, of mappings with the form

[nt]
(L.1) tes G =0, > f(n(X

i=1

-A), t=>0,

K3
n

where f is a real-valued kernel, (a,\) € Ry x R, and {by}n>1 is a numerical sequence satisfying
b, — 0. Our specific aim is to study the first and second order fluctuations of such random functions,
with specific emphasis on the ‘rough range’ 0 < H < 1/3 — see Section 1.4 for a discussion about
the relevance of such a set of values.

Our approach is based on the use of Malliavin calculus and Fourier analysis, and makes use of
the derivatives of the local time of X (see Section 5). The existence of local times derivatives for
fBm was first established in [15, Section 28|, partially building on the findings of [8]: several novel
properties of these bivariate random fields are proved in Section 5 of the present paper. Our use
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of the derivatives of local times of X is close in spirit to the study of derivatives of self-intersection
local times, which was initiated by Rosen in [42] for the Brownian motion, and further developed
by Markowsky [30] and Jung et al. [29] for the fractional Brownian motion case (see also [18] for the
case of a self-intersection of independent fractional Brownian motions and [31] for related results on
the Brownian sheet). The derivatives of the local time for a fractional Ornstein Uhlenbeck process
are formally discussed in [19].

1.2. Statistical motivations and the semimartingale case. In the last three decades, the study
of processes such as (1.1) (for X a generic stochastic process, whose definition possibly depends on
n) has gained particular traction in the statistical literature, since these random functions emerge
both as natural approximations of the local time of X, and (after a suitable change of variable in
the sum) as scaled version of kernel estimates for regression functions in non-stationary time-series
—see e.g. [1, 2, 10, 11, 17, 22, 23, 28, 35, 37, 38, 45, 46] for a sample of the available literature on
these tightly connected directions of research. When X is a diffusion process or, more generally, a
semimartingale, the fluctuations of G(™) are remarkably well understood: a typical result in such a
framework states that, under adequate assumptions, G converges uniformly in probability over
compact intervals towards a process of the type cL;(\) where ¢ is a scalar and L;(A) is the local time
of X at A, up to time t. Moreover, when suitably normalized, the difference ng) — cLy()\) stably
converges (as a stochastic process) towards a mixture of Gaussian martingales. The latter result is
particularly useful for developing testing procedures. See e.g. [22, Theorems 1.1 and 1.2] for two
well-known representative statements, applying to the case where X is a Brownian semimartingale.
We also mention that, in the limit case a = 0, the statistic G has been used in [3] for estimating
occupation time functionals for X.

In Corollary 1.7 below, we will show that our results can be used in order to study the local behaviour
of the fractional Ornstein-Uhlenbeck process with parameters (H,v), defined as the solution YV =
{Y;*}+>0 to the stochastic differential equation

¢
(1.2) Y =X, — v/ Y. ds,

0
where v > 0 is a given parameter. Such process has become relevant for modeling the stochas-
tic volatility of the log prices of certain financial derivatives, as illustrated e.g. in the paper [16]

by Gatheral et. al. In more precise terms, Corollary 1.7 will characterize the behaviour of high-
frequency statistics of Y, in the case where v = v,, decreases to zero sufficiently fast, as n — oc.

1.3. Local times. Let X be a generic real-valued stochastic process defined on a probability

space (2, F,P). We recall that, for ¢ > 0 and A € R, the local time of X up to time ¢t at \ is
formally defined as

(1.3) L)) = /Ot 50(Xa — \)ds,

where dp denotes the Dirac delta function. A rigorous definition of L;()) is obtained by replacing
0o by the Gaussian kernel

(1.4) bela) = (2m)~F exp{— o7},
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and taking the limit in probability as € — 0 (provided that such a limit exists). The random variable
L()\) is a recurrent object in the theory of stochastic processes, as it naturally arises in connection
with several fundamental topics, such as the extension of Itd’s formula to convex functions, the
absolute continuity of the occupation measure of X with respect to the Lebesgue measure, and the
study of limit theorems for additive functionals of X — see [6, 7, 12, 15, 21, 41] for some general
references on the subject. It is a well-known fact (see e.g. [6, 7, 15]) that, if X is a fBm with Hurst
parameter H € (0, 1), then the local time (1.3) exists for every A. Moreover, by Theorems 3.1 and
4.1 in [4], the application (A,t) — Ly(\) admits a jointly continuous modification such that the
mapping t — L;()\) is P-a.s. locally 7-Hdlder continuous for every 0 < v < 1 — H, and one has the
following well-known occupation density formula: for every Borel set A C R and every t > 0,

t
/ 1a(Xs)ds = / LV, as—P.
0 A

See also Lemma 1.1 below. The functional limit theorems evoked in the previous Section 1.2 can
be regarded as natural extensions of the classical contributions [43] by Skorokhod, [14] by Erdds
and Kac, and [27] by Knight, that established the convergence of (1.1) towards a scalar multiple of
the Brownian local time, in the case where X is either a random walk or a Brownian motion. See
also Borodin [10].

1.4. The fractional case. The starting point of our analysis is the influential paper by Je-
ganathan [24], focussing on the case where, in (1.1), one has that X; = X' := %Stntj, with
{Sk : k > 1} a discrete-time process, and -, a normalising sequence such that X" converges in
distribution to an a-stable Lévy motion, for some a € (0,2]. In the case o = 2, the results of
[24] enter the framework of the present paper: in particular, [24, Theorem 4] yields that, if X is
a fractional Brownian motion with Hurst parameter H € (0,1) and f € L'(R) N L?(R), then, for
every A € R and every t > 0,

Lnt]
(1.5) nt=1 Zf(nH(Xifl - L 9 / f(z n — 00.
i=1 "

A continuous version of (1.5) can be inferred from [24, Theorem 5], stating that, under the exact
same assumptions on f,

(1.6) - 1/ F(nH (X, — N))ds 2D Lt()\)/Rf(:c)dx, n = oo.

One sees immediately that (1. 5) and (1.6) imply a trivial conclusion in the case of a ‘zero-energy’
function f, that is, when [, f(x)dz = 0 (we borrowed the expression ‘zero-energy’ from reference
[47], that we find particularly 1llum1nat1ng on the matter).

A refinement of (1.6) in the zero-energy case was first obtained in [25, Theorem 1], where it is
proved that, if

(1.7) % <H<1, /R(|f(x)| 4 2f(2)])de < oo, and /Rf(:c)d:r _

then, as n — oo,

H-1

nt
(1.8) n /0 0 (Xop — N))ds = Vb Wy, ()
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where W is a Brownian motion independent of X, b > 0 is an explicit constant (depending on H and
f), and = indicates convergence in distribution in the Polish space C([0,1]). In the case A =0, a
similar statement can be deduced as a special case of [36, Theorem 1] (see also [20]), implying that
the functional convergence (1.8) continues to hold if 1/3 < H < 1 and [ |f(z)||z[V T e < oo
We also notice that [24, Theorem 4], [36, Theorem 1] and [20, Theorem 1.1] are all extensions of
the well-known Papanicolau-Stroock-Varadhan Theorem, as stated e.g. in [41, Theorem XIII-(2.6)
and Proposition XIII-(2.8)].

An extension of (1.5), in the zero energy case and for A = 0, was obtained in [26, Theorem
4], where it is shown that, if 1/3 < H < 1, [o(|f(2)|P + |zf(z)|)dz < oo for p = 1,2,3,4, and
Jg f(x)dx = 0, then, as n — oo,

[nt] [nt]
Law d.d.
(1.9) Zf 1) = Zf ) EE VW)

where f'd—'df indicates convergence in the sense of finite-dimensional distributions. Although we did
not check the details, it seems reasonable that the finite-dimensional convergence in [26, Theorem
4] can be lifted to convergence in the Skorohod space D([0,T]), for every T" > 0, and that the
conditions on f can be relaxed so that they match (1.7).

We finally observe that the limit result (1.5) has been recently extended (in a fully functional
setting) in [40, Theorem 1.1] to the case of sequences of the type (1.1), where the summand
fln (Xz 1 —A)) is replaced by a more general bivariate mapping f (n (Xz 1—A),n (Xz —Xi1)).
It is mterestmg to notice that the arguments used in the proof of [40, Theorem 1. 1] yleld that the
convergence (1.5) also holds uniformly in probability on compact intervals.

1.5. Derivatives of the local time. One of the crucial aims of the present paper is to explore
in full generality the asymptotic behaviour of (1.1), in the case where f has zero energy, and X
is a fBm with Hurst parameter in the range 0 < H < 1/3. Apart from the critical case H = 1/3
(to which our techniques do not apply), this exactly corresponds to the values of H that are not
covered by the references [20, 25, 26, 36] discussed in the previous section. As anticipated, one of
the methodological breakthroughs of our work is the use of the derivatives of the local times of X.
The existence of such objects and some of their basic properties are stated in Lemmas 1.1 and 1.3
below. The proofs are deferred to Section 5.2 in the Appendix.

LEMMA 1.1. Let £ € Z be such that 0 < H < ﬁ Then, for every t > 0 and A € R, the
random variables

t
(1.10) L) = / o(X, — N)ds, >0,
0

converge in L*(Q) to a limit ng)()\), as € — 0 . The limit random variable Lﬁe)()\) can be written
i Fourier form as

(1.11) :A}féo/ / i) e® (X =N dsde,

where the limit on the right-hand side is understood in the sense of L?(Q2). Moreover, if £ > 1, we
have that

(1.12) L0\ = lim %@g@*”(x +h) = LD,



FRACTIONAL LOCAL TIME APPROXIMATION 5

where the limit is understood in the L*(Q)-sense. In addition, for fived X and for all v < 1—H({+1)
and p > 1, the process {L{(\) ; t > 0} obtained as the pointwise limit in L*(Q) of {Lfm ; t >0},
has a y-Hélder continuous modification (in the variable t) and

(1.13) 187 (3) = L Oy < Ol — o PE7HEED),

for all u < v, where C' is a constant independent of u and v.

REMARK 1.2. By inspection of the arguments used in the proofs of Lemma 1.1 and Lemma 1.3
one infers that, for every fixed ¢t > 0 and X\ € R, the variance of Lg)()\) is strictly positive.

The next statement is a counterpart to Lemma 1.1, showing that the conditions on H appearing
therein are sharp.

LEMMA 1.3. Let £ > 1 be an even integer satisfying H > ﬁ. Then,
: (0) _
(1.14) Tim [[Z§(0)]] (o) = oo.

REMARK 1.4. As already recalled, the existence of derivatives (DLT) for local times of fBm
(with a suitably small Hurst parameter) was first proved in [15, Section 28|, by using the general
results of [8]. Our results concerning such topic differ from those of the existing literature in several
ways: (i) we introduce the DLT, not as an almost sure derivative of the local time with respect to
the space variable, but rather as the limit a of a suitable sequence of approximating variables under
the topology of L%(€), which is the most natural framework for the purpose of our application (in
order to make the comparison with the results from [15] and [8] more transparent, we have included
equation (1.12), which establishes an equivalence between our definition of DLT and the one from
[15]); (ii) we provide sharp conditions for the existence of the DLT, which allows us to use it under
situations more general than those presented in [15]; (iii) we determine the time regularity of the

(

DLT, which is a key ingredient for lifting our finite-dimensional results for th) to a functional
level.

1.6. Fourier representation for L,EZ)()\). The Fourier representation (1.11) from Lemma 1.1,
will be a crucial tool for proving our main results. For this reason, we will introduce suitable
notation for dealing with this kind of limits, and prove some basic properties of the aforementioned
representation. In the sequel, we will write

(1.15) L0 = / / t(ig)feiﬂXH)dsdg,
RJO

to indicate that ng)()\) can be written as the limit as N — oo, of f_NN fg(if)zei'ﬁ(XS_’\)dsdg. Notice
that the approximating sequences in the right hand side of (1.11) belong to the class of functions
of the form

M t M t
(1.16) lim/ //elesg(s,g,y)dsdydﬁz lim // /engsg(s,g,y)dsdgdy,
M—oo J_nrJr Jo M—oo Jr J_pJo

where t > 0 and g : R® — R is such that g is integrable over [-M, M] x R x [0,¢] for all M > 0,
and the limit (1.16) exists in the L?(£2) sense. For notational convenience, we will denote the limit
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of (1.16) by

t .
(1.17) /R?/o e‘ngg(s,g,y)dsdydé

We will often require bounds on the L?(2)-norms of expressions of the form (1.17). Estimations of
this type can be obtained in the following way: for a given M > 0, we can write

/ // (s € y)dsdyde)’ /MM]2 /R2 /Ot]ze 2080(s,,9)g (5, €, §)dsdgde,

(¢,€) and 7 == (y,§). Thus,
S

where A(s, §) is the covariance matrix of (X, X5) and §:= (s1, s2), & :=
)2 E 7 € R2?, by the dominated

provided that e_%gAgg(s,ﬁ,y)g(@ £,7) is integrable over § € [0,T
convergence theorem we have that

(1.18) / / X g (s, £, ) dsdyds)’ / / 8Ny (s, €, )g (5, €, §)d5didE.
R? R4 [Ot]2

Taking this discussion into consideration, in the sequel we will adopt the notation (1.17) for de-
scribing the limit (1.16) and use the formula (1.18) for representing the associated moment of order
2.

1.7. A representative statement. Our main findings are stated in full generality in Theorem
1.11 and Theorem 1.15 below, and require a non negligible amount of further notation. In order to
motivate the reader, we will now state some immediate consequences of such general statements,
that directly capture the spirit of our work. In particular, the forthcoming Theorem 1.5 illuminates
the meaning of the threshold 1/3 observed in [20, 25, 26, 36|, by connecting such a value to the
existence of derivatives for the local time of X.

THEOREM 1.5 (Special case of Theorems 1.11 and 1.15). Let X denote a fBm with Hurst
parameter H € (O 1) Consider a continuous and compactly supported function f : R — R. Writing
f=af(z) and p[h] := [, h(z)dz, for h € L'(R), the following conclusions (1)—(4) hold, asn — co.

(1) For every 0 < H < 1/3, the first derivative of the local time of X, noted L) := {L ( ) :
(t,\) € [0,00) x R}, ezists, verifies E[L E )()\) ] € (0,00) for every t > 0 and A € R, and
moreover

[nt] 2

(1.19) E ( = IZf (Xt =) — [f]Lt()\))+L§1)()\)u[f] — O(n~2H"),

for every k < 3( —3) A3, where the constant involved in the * O(-) notation possibly depends
on t.
(2) For every 0 < H < 1/4, one has also that, for every T' > 0,

|nt]
sup [0 (- 3 S (X ) - WAL ) + 20l 5o

te[0,7)

where £ stands for convergence in probability.
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(3) Suppose that f satisfies the zero energy condition [ f(x)dx = 0. Then, f admits a unique
antiderivative F verifying F € L*(R). Fiz 0 < H < 1/5 and assume that F € L*(R), where
F(z) := zF(z). By integration by parts, u[F] = — Jg zf(x)dx, and the following conclusion
holds, as n — oo

|nt]
(1.20) B[ (1 X 0 (Xoca = ) = L o)

+LPuF)” | = o2,

for every k < 3(4 —5) A L.
(4) For every 0 < H < 1/6, the asymptotic relation at Point (3) takes also place in the sense of
uniform convergence in probability over compact intervals.

REMARK 1.6. Theorem 1.5 holds under more flexible conditions on f. An extended version of
this result (valid for more general f) will be presented in Theorem 1.11, after introducing some
suitable notation.

As an example of application of Theorem 1.5, we obtain the following result on the fractional
Ornstein Uhlenbeck process YV, as defined in (1.2). We focus on the zero energy case for the sake
of simplicity.

COROLLARY 1.7. Consider a sequence {vp}n>1 of positive numbers satisfying n*Hu, — 0 as
n — oo and let f,F and T > 0 be as in Theorem 1.5, with [ f(z)dx = 0. Then,

(1) For every 0 < H < 1/3,

|nt]
(1.21) nt= 1Zf (V5 = X)) = L Ol | = 0™ 4 nMhu,),

for every k < (& —3) A 5.
(2) For every 0 < H < 1/4, one has also that, for every T >0,

[nt]
sup (02715 f(n Y“" — ) = LY ulF)| 2 o.
t€[0,T i—1

(3) Fiz 0 < H < 1/5 and assume that F € L*(R), where F(z) := zF(z). Then

[ nt]

E[nf|(n2- 1Zf (v =) = LY AulF F]) + LPpF)| | = 0= 4 niihuy,),

for every k < 3(% —5) A 4.
(4) For every 0 < H < 1/6, the asymptotic relation at Point (3) takes also place in the sense of
uniform convergence in probability over compact intervals.
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Proor. We will make use of the following estimation, which can be found in the proof of
Proposition 3.1 in [16, Page 32]

(1.22) E[ sup Y — Xi|] < Crv,
te[0,7

where Cp > 0 is some constant independent of v and n. Using (1.22), we deduce that for all T > 0,
there exists a constant Cp > 0, such that

[nt] | nt]

(1.23) [sup [ > f(n" yvn - Zf (X =) < Crn'ty,.
te[OT i1
The result easily follows from relation (1.23) and Theorem 1.5. t

REMARK 1.8. Combining (1.19) with e.g. (1.9) one sees that, choosing H > 1/3 and a = H in

(1.1), the correct normalisation in the zero energy case is given by bn =n'T , whereas for H < 1/3
the normalisation has to be b, = n*f~1. The two exponents T_ and 2H — 1 coincide for the
critical value H = 1/3. As anticipated, the study of (1.1) for H = 1/3 is outside the scope both
of our techniques (since in this case, the derivative of the local time of X is not well-defined, by
virtue of Lemma 1.3 in the Appendix), and of those of [20, 25, 26, 36] (e.g., since the constant b
appearing in (1.8) and (1.9) equals infinity, see [25, 26] as well as [36, Theorem 1.1]).

1.8. Some heuristic considerations. In order to make more transparent the connection between
(1.1) and the derivatives of the local time of X, we present here some heuristic argument. First of
all, as already observed, if the function f appearing in (1.5) is such that fR f(x)dx = 0, then the
right hand side of (1.5) is equal to zero, which implies that the normalization n’ ! is not adequate
for deducing a non trivial limit. Notice that all functions f of the form f = ¢’ with g,¢' € L'(R)
satisfy the property [ f(z)dz = 0 (see indeed Remark 1.12(a) for a proof), which suggests that,
in order to have a non- tr1v1al limit for (1.1), one must distinguish the case where f is the weak
derivative of an integrable function or, more generally, the case where it is the weak derivative of
order £ of such a function. With this in mind, for all function g with weak derivatives of order £ > 0
and all a,t > 0, we define

[nt]

(1.24) G Zg“ “(Xiz1 = N),

with the convention that the above sum is equal to zero when nt < 2. We observe that the definition

of ng)\g[ ] in (1.24) is unambiguously given, even if the weak derivative g(*) is only defined up to sets

of zero Lebesgue measure, since the argument n®(Xi-1 — \) is a random variable whose distribution
has a density, for every ¢ > 1. Now, at a purely heuristic level, we can write

[nt] ¢
Giﬁfa[m:—zg (Xt~ X))~ / O (n®(X, — N))ds

:// (n%x)o(Xs — A — x)dxds = n~ // g) 50 —A——)dwds

1
n
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which, by a formal integration by parts, yields
(1.25) —GEK?[ a(t+1) / / A - %)dms ~ pall+D) < /R g(x)dx) L9,

where the random variable LE )()\) (when it exists) is given by

t
) —/ 59X, — N)ds.
0

From here we can conjecture that under suitable hypotheses, the sequence n®¢+1- IG&\Q [g] con-

verges to a scalar multiple of ng)(/\). However, one should observe that the approximation (1.25)
can only be true under special conditions, in order for it to be consistent with the results evoked in
Section 1.4. One should also notice that the above heuristic is based on the use of the generalized

0

function 5(() , which makes computations very hard to be rigorously justified. To overcome this dif-

i

ficulty, we use the Fourier representation &y, and the Fourier inversion formula to rewrite 1 =G tha

i€X;
and fg 5(()6) (X5 — \)ds as a mixture of terms of the form e¥s and e " %.Sucha representation will
facilitate algebraic manipulations, in view of the Gaussianity of X.

In addition to the verification of the conjecture above, on the limit of n“(”l)_lGET;\’Q [g], it is
interesting to address the following natural problems arising from the approximation (1.25).

(i) Provided that {na(”l)*lGE"/\’Q [g] ; t > 0} has a non-trivial limit, what is the nature of the
(

fluctuations of thA’gg [g] around such a limit?

(ii) If we are interested in estimating Lge) (M) with a suitable normalization of the statistic {ng)\g[ ] :
t > 0}, how do we choose a in order to minimize the associated mean-square error?

The behavior of n®¢+1)- lG(n f)[ | will be described in Theorem 1.11, while the answer to (i) and
(ii) will be provided in Theorem 1.15 and Remark 1.18, respectively. Before presenting the precise
statement of our results, we need to introduce some further notation and definitions.

REMARK 1.9. The variable Lgo)(/\) = Ly()\) is of course the local time of X at A\ and it has been
widely studied (see [7, 12, 15, 21]). The forthcoming Lemma 1.1 provides a range of values of H for
which the variable ng)()\) exists as the limit in L?(Q) of a suitable mollification, for £ > 1 (see also
[15, Section 28]). In addition to this existence result, in Lemma 1.3 we prove that the condition
H < 2@+1 is sharp, in the sense that if H > ﬁ, then f(f ¢>§é> (X,)ds doesn’t converge in L?(€2).
Finally, in Lemma 1.3 we prove that L,Ee)()\) can be regarded as the space derivative of Lge_l)()\)
with respect to the L?(Q)-topology; this observation yields that the random mapping A LEE)()\)
introduced above coincides — up to the choice of a suitable modification — with the definition of
the a.s. spatial derivative of the local time of X used in [15, Section 28].

For r € N and p > 1, we will denote by W™P the set of functions g : R — R with weak derivatives
of order r, such that ¢ € LP(R) and 2'g(z) € L*(R) for all i = 0,...,r, (where § denotes the
Fourier transform ¢). We will endow WP with the norm || - ||yr» given by

1

lgllwes = <Z 1 |pdx>.
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Define the function w : R — R by

(1.26) w(x) =1+ |z|.
For a given x > 0 and a non-negative integer £ > 0, we will denote by K’ the collection

K= {ge W’ | w'g e LY(R) and ¢ € L*(R)}.
Finally, for a fixed function g € W', we set

(1.27) pla) = [ (oo

REMARK 1.10. For every x > 0, one has clearly that K2 c L!'(R)NL?(R), where the inclusion is
strict. This implies that our forthcoming statements (in particular, relation (1.28) in the case £ = 0)
contain a version of Jeganathan’s limit theorem (1.5) under slightly more stringent assumptions.
Nonetheless, we stress that (1.5) is a purely qualitative statement, whereas the forthcoming estimate
(1.28) also displays an explicit upper bound on the mean-square difference between the two terms.

1.9. Main results. We now present one of the main results of the paper, which is a functional
(n,€)

law of large numbers for {G,  [g] ; t > 0}.
THEOREM 1.11. If0<a< H < ﬁ and r € (0,%) is such that H(2( + 2k + 1) < 1, then for
all g € KX there exists a constant Cy > 0 independent of n and g, such that

a — Thé {4 —(2ark)A\K K
(1.28) IGO0 g) — L (N ulg]ll 20y < Con™ PN (||w gl 1y + 1199 22 my)-

,a

In addition, the processes {G%’Q [g] ; t > 0} satisfy the following functional convergences:

(i) If ¢ =0 and T > 0,

(1.29) sup \nafngn/\’(B lg] — LEO)()\)/J,[QH 50 as m— oo.
t€[0,7) Y
(ii) If ¢ > 1 and Ty, T> > 0, then
a - n, P
(1.30) sup  [nat+) 1G§ /\2 lg] — Lge)()\),u[gﬂ —0 as m— 0o.
tE[Tl,Tz} o
(iii) If € > 1, H < 5 and T > 0, then
a - n,l 14 P
(1.31) sup [nal+1) 1G£7A73[g] - LE )()\)u[g]\ —0 as n — oo.

te[0,T

REMARK 1.12 (Consistency between different values of £).  (a) If g € K¢ € W51, then g and
its weak derivatives g(l), ey g(e) are integrable. An application of dominated convergence and
of Rodrigues’ formula for Hermite polynomials consequently yields that, for j =1,..., ¢,

/ g9 (z)dx / g (z)e )2y
R R

(2e) / g(x)H,(ex)e™ ) 2dy
R

= lim
e—0

= lim
e—0

< 2¢jllg]| 1 () iig(lfj =0,
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where {H;} indicates the sequence of Hermite polynomials, and

cj = sup Hj(z)efz2/2’ < o0.
z€R

(b) From the definition of GET;\’Z) [g9] it easily follows that, for g € K4 € W' and for j = 1,...,¢,

a

n,l nfl—j i
GE,A,C)L l9] = Gl(f,)\,a ])[Q(J)]-

In view of Point (a), such a relation is consistent with the content of Theorem 1.11. Indeed,
combining Point (a) with Theorem 1.11 we infer that, fora < H < 1/(2(+1) and j =1, ..., ¢,
(132) TG V] = TG g - LY () / g9 ()dz =0,

as n — oo, where the convergence takes place in L?(£2); one sees immediately that the relation
na(g_Hl)_ngKea_j)[g(j)] — 0, for every j = 1,...,¢, is also a direct consequence of the fact
that

which one can deduce from Theorem 1.28.

a — n,l £
RGN0l — L Al

— 0,
L2()

REMARK 1.13 (Regarding uniform convergence in Theorem 1.11). Using Dini’s theorem, we can
easily check that the pointwise convergence of {na_lGETS\’(B [g] ; t > 0} towards {Lgo)()\)p[g] ; >0}
implies its uniform convergence over compact subsets of [0, 00). To verify this claim, it suffices to
write

_ 0 _ 0 _ 0
(1.33) Gl = G g = T G g,
_ 0
where g () == g(x)L(0,00)(9(2)) and g—(x) = g(¥)L( s,(9(x)). Both n~'G{57[(¢)+] and

nza_ng’fg[(g/)f] are increasing in ¢ and converge pointwise in probability to continuous pro-

cesses, which implies that they converge uniformly, by virtue of Dini’s theorem. Unfortunately,
this argument does not work in the general case £ > 1. To check this, consider the test function
g(z) := exp{—2?}. In this instance, the analog of the decomposition (1.33) is

_ 1 - 0 - 0
(1.34) G lg) = TG94 - T G ).
Notice that p[g’ ], g ] # 0, and thus, by inequality (1.28), the terms [|[n2=1G\"%[(¢')4] | 22(q2) and

t,\a
||n2a_1G§ﬁ\’?a) [(¢")-1llL2(q) diverge to infinity while nQ“_ngg’}a) [g] converges in L?(€2). This prevents

us from using the decomposition (1.34) for analyzing the uniform convergence of n2“_1G§7g\’1a) lg].

For this reason, instead using Dini’s theorem, we tackle the tightness property for the case £ > 1
by means of the Billingsley’s criterion (see [9, Theorem 12.3]). Due to the high level difficulty of
the application of this methodology, we were only able to prove uniform convergence either over
compact subsets of (0,00) in the general case H < ﬁ or over compact subsets of [0,00) in the
more restrictive case H < ﬁ. We conjecture that the uniform convergence over compact subsets

of [0, 00) in the general case H < ﬁ can eventually be shown by finding a suitable estimation on

the moments of arbitrarily large order for the increments of {GET;\’Q [g] ; t > 0}.
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REMARK 1.14. Theorem 1.11 provides a full descrlptlon of all the possible pointwise limits
in probability of the high-frequency observatlons {Gt X a[ | ; t > 0}, provided that the index ¢
associated to ¢ satisfies the condition H < m. However, it is still unclear to us what is its

behavior in the case £ > 1 and H > ﬁ, so we have left this interesting problem open for future
research.

The following result describes the limit behavior for the error associated with the convergences
stated in Theorem 1.11, under suitable conditions on H and /.

THEOREM 1.15. If0<a<H < ﬁ and k € (0,3) is such that H(2( + 2k + 3) < 1, then for
all g € ICme, there exists a constant Cy > 0 independent of n and g, such that
n,t ¢ +1 .
(135) [n®(n* Gl = L ulg)) + L ull o)
< CtnfzaH(HwHKg”Ll(R) +llgllw2r + HQ(E)HLQ(R)>7

where g(x) := xg(x). In addition, the processes {Gt/\a[ ] ; t > 0} satisfy the following functional
convergences:

(i) If Ty, Ty > 0, then

(1.36)  sup [n®(n® DTG [g) — LV (N ulg)) + LETY (Wulgl] S 0 as n — oo,
tE[T]_,TQ] o
(i) If H < 2(”2) and T >0, then
(137 sup n°(n D160 1] — L (Wulg)) + LETV N ulgl] = 0 as n — oo.
tel|0,

REMARK 1.16. In the case where G(z) := [*__g(y)dy satisfies G(z) = o(z) as |z| approaches

to infinity, we have that
/G(y)dy= —/yg(y)dy
R R

Thus, in this situation we can obtain Theorem 1.15 from Theorem 1.11, by replacing £ by £+ 1 and
g by G. Notice however that there are examples of test functions g satisfying ulg], u[g] # 0 (take for

instance g(z) := (x + 1)¢1(x)), in such a way the above argument does not provide an equivalence
between Theorems 1.15 and 1.11.

As anticipated, the next statement shows that Theorem 1.15 in the case ¢ = 0 yields a second
order counterpart to Jenagathan’s result (1.5), in the range 0 < H < % The case H > % is outside
the scope of the techniques developed in the present paper: we prefer to think about this issue as
a separate problem, and leave it open for future research.

COROLLARY 1.17. Fiz 0 < H < %, consider k > 0 such that k < L(H™' — (2(+ 3)~'). Then,
for all f € K°

|nt|

a0 B (X =) = i ) [ f@de | HY AL,
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REMARK 1.18. In general, if we are interested in estimating LEZ) with the statistic

a(t+1)—1 ~(n,0)
n Gt,)\,a’

for a < H, it is relevant to choose a in such a way that the LQ(Q)—norm of the error n“(“l)_lGErg’eg [g]—
LEZ)()\) [g] is as small as possible. This problem is closely related to Theorem 1.15, due to the fact
that under the condition p[g] # 0, the convergence

_ n L3 (Q .
n (=160 15— 1O ulg)) S —LO () ulg]

7)‘704

implies that the L?(2)-norm of n“(€+1)_1G(j;’7)[g] — Lg)()\),u[g] is of the order n~%. Consequently,

t,A\a
the value of a that optimizes the rate at which na(“l)_ng’Q [g] converges to Ly)()\)u[g] in L2(Q)
isa=H.

1.10. Plan. The rest of the paper is organized as follows: In Section 2 we present some prelim-
inary results on the fractional Brownian motion, Malliavin calculus and local non-determinism. In
Sections 3 and 4 we prove Theorems 1.11 and 1.15. Finally, in Section 5 we present some results
related to the properties of Lge)()\), and prove some technical identities for the proofs of Theorems

1.11 and 1.15.

A cknowledgments. We thank Mark Podolskij for a number of illuminating discussions. AJ is sup-
ported by the FNR grant R-AGR-3410-12-Z (MISSILe) at Luxembourg and Singapore Universities;
GP is supported by the FNR grant R-AGR-3376-10 (FoORGES) at Luxembourg University.

2. Preliminaries.

2.1. Malliavin calculus for classical Gaussian processes. In this section, we provide some nota-
tion and introduce the basic operators of the theory of Malliavin calculus. The reader is referred to
[33, 34] for full details. Throughout this section, X = {X; ; ¢ > 0} denotes a fractional Brownian
motion defined on a probability space (2, F,P). Namely, X is a centered Gaussian process with
covariance function E [X X;] = R(s,t), where

1
R(s,t) = 5(32[{ + 2 |t — 52,
We denote by $) the Hilbert space obtained by taking the completion of the space of step functions
over [0, 7], endowed with the inner product

(Ljo,ss Lo = E[XsXi], for 0 <s,t.

The mapping 1y, — X; can be extended to a linear isometry between §) and the linear Gaussian
subspace of L? () generated by the process X. We will denote this isometry by X (h), for h € .
For any integer ¢ > 1, we denote by $%7 and $®9 the ¢-th tensor product of §, and the ¢-th
symmetric tensor product of § respectively. The ¢g-th Wiener chaos, denoted by H,, is the closed
subspace of L?(Q) generated by the variables

{Hy(x W) |ves.lolly =1},
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where H, is the ¢g-th Hermite polynomial, defined by

N

2 dY .
Hy(x) := (—1)q67dxqe*7.

For ¢ € N satisfying ¢ > 1, and h € $ such that [|h]g = 1, we define the mapping I,(h®?) :=
Hy(X(h)). It can be extended to a linear isometry between $? (equipped with the norm /g! [|-||geq)
and H, (equipped with the L?*(Q)-norm).

From now on, we assume that F coincides with the o-field generated by X. By the celebrated chaos
decomposition theorem, every element F belonging to the space L?(2, F) = L?(2) of F-measurable,
square-integrable random variables can be written as

F=E[F]+ qu(hq),
q=1

for some unique sequence {h,} such that h, € H®?. Notice that for every 2-dimensional centered
Gaussian vector Y = (Y1, Ys) satisfying E[Y?2] = E[Y2] = 1, we can find elements hi,hy € § such

= Law

that [|h1]|g = [|h2]ls =1 and Y "= (X (h1), X (h2)). Consequently, by the isometry property of I,
we have that for all ¢,¢ € N,

(2.1) E[H,(Y1)Hy(Y2)] = B[ (h{") Ii(h5")] = ¢'8¢.4(hn, ha)? = 6,gE[Y1Ya]*
In what follows, for every integer ¢ > 1, we will denote by
J,: LA(Q) — H, € LA(Q)

the projection over the g-th Wiener chaos #H,. In addition, we denote by Jy(F') the expectation of
F. Let . denote the set of all cylindrical random variables of the form

where ¢ : R”™ — R is an infinitely differentiable function with compact support and hq,..., h, are
step functions defined over [0, 00). In the sequel, we refer to the elements of . as “smooth random
variables”. For every r > 2, the Malliavin derivative of order r of F’ with respect to X is the element
of L?(2; %) defined by

n 87-9
D'F = (X oo, X(hp))hiy @ -+ @ hy,.
D g X)X (ki - @ By,

i1,eir=1

For p > 1 and r > 1, the space D"P denotes the closure of . with respect to the norm ||-||prp,
defined by

(22) IFllprs = (E IS [HDiFHfﬁd)@i}) ;

=1

The operator D" can be consistently extended to the space D™P.
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Let L2(€2; $) denote the space of square integrable random variables with values in ). A random
element u € L%(€; $) belongs to the domain of the divergence operator §, denoted by Dom d, if
and only if it satisfies

|E [(DF,u)y]| < CLE[F?]?, for every F € D'2,

where (), is a constant only depending on w. If u € Dom d, then the random variable d(u) is defined
by the duality relationship

E[Fé(u)] = E [(DF,u)g],

which holds for every F' € D%2. The divergence satisfies the property that for all F € D12 and u
belonging to the domain of § such that Fu € L?(Q, $), the $-valued random variable Fu belongs
to the domain of ¢ and

(2.3) §(Fu) = Fé(u) — (DF,u)g.

The reader is referred to [34, Proposition 1.3.3] for a proof of this identity. The operator L is the
unbounded operator from D??%(Q) to L?(2) given by the formula

o0
LF =Y —qJ,F.
qg=1

It is the infinitesimal generator of the Ornstein-Uhlenbeck semigroup {Fp}g>0, which is defined as
follows
Py: L*Q) — L?(Q)
F = Y e ,F.
Moreover, for any F' € D%2(€)) one has
(2.4) ODF = —LF.

We also define the operator L=! : L2(Q) — L%(Q) by
L7'F = f: L.F
= 1 '

Notice that L~! is a bounded operator and satisfies LL~'F = F — E[F] for every F € L*(Q), so
that L~! acts as a pseudo-inverse of L. Assume that X is an independent copy of X such that X, X
are defined in the product space (£2 x §~2,.7: ® .7?,]}” ® ﬁ) Given a random variable F' € L?(Q2), we
can write F' = U x(X), where U is a measurable mapping from R? to R, determined P-a.s. Then,
for every 6 > 0 we have the Mehler formula

(2.5) PF=E [\pr(e—ex V11— 6—295()} ,

1

where E denotes the expectation with respect to P. The operator —L~" can be expressed in terms

of Py, as follows

(2.6) ~L7'F = / PyFdf, for any F such that E[F] = 0.
0
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From (2.4)-(2.6) it follows that if F' = g(X (h)) for some h € $ and g : R — R such that ¢’(X(h)) €
L?(9), then

F—E[F] = —0DL™'F = 5(/00 e—QPQDch)
0
=6(h /OO e "Elg'(e X (h) + V1 — e*QOX(h)}dH)
0
1
(2.7) =5(h /0 Elg'(2X (h) + V1 — 22X (h)]dz).

Consequently, we deduce from (2.3) that for all hy, hy € $ and all differentiable functions ¢, go :
R — R such that ¢} (X (h1)),g5(X (he)) € L*(Q2), the random variables Fy = g1(X (h1)) and F, =
92(X (h2)) satisfy

1
Fy(Fy — E[F]) = 5(h1F2/0 Blg) (=X (h1) + V1 — 22X (h))]d=)

1
(2.8) (1, o) g (X (a) /0 Blg} (X (h1) + /I — 22X (ha))]dz.

2.2. Properties of the covariance of Gaussian vectors. We next present some estimations for the
increments of X and identities for the determinant of covariance matrix of Gaussian vectors. We
start with estimates that will be repeatedly used throughout the paper.

LEMMA 2.1. For all T > 0, there exists a constant C > 0 only depending on H, such that for
all w,v,w € [0, T] and h,k > 0 satisfying 2h < v — u,

(2.9) [V Lpwp)s| < Lgreayh® + T2 s 1y b,
(2.10) (L n)s Vowrk)s| < 2772 HI2H — 1 hklv — u[*772,

PROOF. Since 2h < v — u, we have that 1(, 5 and 1(, 4 have disjoint supports and

(L uyuth]s Looth)) 6] = ‘H(QH — 1)hk o v —u+nk — EnPH2dedn

<

)

H(2H — 1)hk [
[071]2 2

which gives (2.10). To show (2.9), we observe that
1
Q] Low))s = 5 ((u+ R)2H — 28 4w — w2 — | — u — hHT).
Using either that, if H < % and all a,b > 0,

(a+b)2H < o?7 4?1
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or that, if H > 1 and0<a <b<T,
b—a
p2H _ ,2H —|—2H/ (2 + a)27 Ve < a7 4 2HT? -1 (b — a),
0
the desired conclusion (2.9) follows. O

Next we describe some properties of the conditional variances of general Gaussian vectors. In the
sequel, for all » € N and all non-negative definite matrices C' € R"™", |C| will denote the determinant
of C' and ¢ : R™ — R” will denote the centered Gaussian kernel of dimension r with covariance
C, defined by

r

r 1
o (er,... ) = (2m) 2 exp{—5 Y @iCijas)

ij=1

Let N = (N1,...,N;) be a centered Gaussian vector of dimension r € N and covariance matrix
Y, defined in (€2, F,P). Denote by G the o-algebra generated by N.If Fisa G-measurable, square
integrable random variable and A is a subalgebra of G, the conditional variance of F' given A is the
random variable defined by

Var[F | A] := E[ (F — E[F | A])?| A].

In the case where A is generated by random variables F1, . . ., F},, we will use the notation Var[F' | F1, ...

instead of Var[F' | A]. It is well known that in the case where F1,..., F), are jointly Gaussian, the
conditional variance Var[Fy | Fy,..., Fy,] is deterministic. Consequently, by using the fact that
E[(F — E[F | H])?] < E[(F — E[F | K])?] for every o-algebras H and K satisfying K C H C F, we
have that

Var[N; | Na,...,N,] =E[(N; —E[N; | Na,...,N,])!] <E[(N; —E[N; | N3, ..., N,])?
(2.11) = Var[Ny | N3, ..., N;| < Var[NVq].

In addition, the determinant of C' can be represented as
(2.12) |C| = Var[Ny] [ | Var[N, | N1,..., Ne_q].
j=1

This identity can be easily obtained by first expressing the probability density ®yx of N as the
product of the conditional densities of its components, and then evaluating at zero the resulting
decomposition.

Finally we recall the sectorial local non-determinism property for the fractional Brownian motion,
which states that there exists a constant 0 > 0, only depending on H, such that for all n € N and
tt1,. ..ty € (0,00),

(2.13) Var[X| Xt,,..., Xz, ] > dmin{|t — ;> | 0 < i <n},
where tp := 0. A proof of (2.13) can be found in [44, Theorem 1].

We are now ready for the proofs Theorems 1.11 and 1.15, which will be presented in the following
two sections.
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3. Proof of Theorem 1.11. Suppose that 0 < a < H < ﬁ. In the sequel, for every in-
tegrable function ¢ : R — R, we denote by zﬁ its Fourier transform. Notice that the condition
g € LP(R) combined with the fact that z'g(z) € L'(R) implies that the Fourier inversion theo-
rem can be applied to the function g(i).

The proofs of (1.28)-(1.31) rely on a suitable decomposition of the process ng)\e [g], which we

describe next. By the Fourier inversion formula, for all x € R we have that

! / (1)1 9(6) e dg = / ()95, )i de.

2rnal+l)

Thus, using the fact that

A(ni)Z/Re "Yg(y)dy,
we get that
1
(3.) 90 (n"a) = sy [ (36 e g(y)dyde

As a consequence,

[nt| [nt)
o o i{(Xz'— -A—2)
palt+1)— 1G(’ 2[ _ pa(t+1)-1 Zg é) Xz_ = /}R2 § : = g(y)dyd¢

|_nt u

(3.2) /RQZ/ H 270 o dsdye.

Using (3.2) as well as the Fourier representation (1.15) of Lge)()\), we get that

[nt]

n 1 (Xi—1 1 ) i _
DGO ] — g Ly /RZ Z/ SRS ATRE) XN g () disdyde
(3.3) - u[g}L;m = ulg) (L7 (V) = LE (V):

Let us define A; ;X = Xy — X1 and 02275 = Var[A; (X] = (s — %)QH The difference of
exponentials of the first term in the ;ight hand side can be written as

(3.4) X mae) i, eis(x%_"%)(eféi%ii Y P T |

which by (3.3), leads to

(3.5) G011 gL (V) = R + R + R + R(Y,
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where
(3.6) R = —ulg| LV () — ulgl (TP () = £, (V)
m . 1 nt] i ¢ ¥(Xic1-A=ga)  _1e252 0 jen, X
a0 R =g [ 5[ e R T T e Xy dsdedy

n 1 : . (X1 —A—2%) _lg2.2
(38) R = o /RQZ / (i)fe” " (1—e 25 T )g(y)dsdédy

w1 (XA s i
(3.9) R = o /RQZ / (i) XN (70 — 1)g(y)dsdyd.

[

Notice that the decomposition (3.5) reduces the problem of proving (1.28) to finding bounds for
the L?(Q)-norm of R%), ce ngz) for t > 0 fixed and ¢ > 0.

Moreover, assume for the moment that the proof of (1.28) is concluded, and also that we have
shown that the family of processes

a — n,l l
(3.10) D10 g — ulg] LY (A)

is tight in the following two cases: (i) when regarded as a collection of random elements with values
in DI[§, T] (that is, the class of cadlag mappings on [0, 7] endowed with the Skorohod topology, for
some 0 < 0 < T), in the case where H < ﬁ and ¢ > 1, and (ii) when regarded as a collection of
random elements with values in D[0, 7] (for some 0 < § < T'), in the case where either H < ﬁ
and ¢ > 1 or ¢ = 0. Using that the finite dimensional distributions of the process (3.10) converge to
those of the zero process by (1.28), and using the classical discussion contained in [9, p. 124] (see
also [48]), we can therefore conclude that:

- If 0 < T1 < T3, then

a - n,l 14 Law
sup [nD1G0 ) - L ulgll o 0 as n — oc.
tE[Tl,TQ] n>1
- If H < 57— and T > 0, then
a - n,l L Law
sup |no+1) 1G£’)\73[g] — Lg )()\)u[g]| =0 as mn — 0.
te[0,7 n>1

Parts (i) and (ii) of Theorem 1.11 then follow from the fact that every sequence of random variables
{&n}n>1 defined in (2, F,P) such that &, L% I for some deterministic L € R, satisfies as well the

P
convergence &, — L.

In order to examine the tightness property we distinguish between the cases £ = 0 and £ > 1. In the
case ¢ = 0, the property follows from Remark 1.13 (Dini’s theorem). For handling the case ¢ > 1
we proceed as follows. Let 0 < T < T; fixed. By (3.5), it suffices to show that the processes

(3.11) {RS? ; L€ [T, Tal}
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are tight for ¢ = 0,...,3. Notice that in order to prove such property, it suffices to show that the
processes {EETZ) .t €[0,Ty — T1]}, with Ry := Ry, and i = 0,...,3, are tight. To verify this, we
shall use the Billingsley criterion (see [9, Theorem 12.3]), in order to reduce the problem of proving
tightness for (3.11), to showing that there exist constants C,p > 0 such that for all ¢1,ts € [T1, T3]
and 1 =0,...,3,

(3.12) HRQ ) _ R

t1,2

p
] S Cpn(tla t?)a(p)a
where a(p) > 1 is some constant only depending on p and H, and

nte| — |nty
pn(tl,tg) = w \/‘tg—t1|.

In what follows, to keep the length of this paper within bounds we concentrate only on the case
where either p = 2 and ¢ # 0, or when p > 0 is arbitrary and ¢ = 0, which are two cases represen-
tative of the difficulty.

Recall from the statement of Theorem 1.11, that 0 < a < H < ﬁ and k € (0, %) As a summary

of the discussion above, we obtain that, in order to conclude the proof of Theorem 1.11, it remains
to check that, with 8 = B(H,¢) > 0 defined as

B _{ & if Hel (é+1)’2£i1)

T kA(EEEEDY i g e (o

4H ’ 2(£+1) )7

then for all T > 0, there exists a constant Cr > 0 only depending on H, T and ¢, such that the
following claims hold true:

- For every 6 > 0, t1,t2 € [0,7] and all i = 1,2, 3, we have that

R(n)

2,8 1,2

IR

12(0) < Or([[w” gHLl ®) T g ”L2 )

0~ pn(tl, 2)2 H(2£+25+1) if t1,t9 € [5, T]
pn(ty, tg)2H(2H26+2) if t1,t2 €[0,T).

(3.13)
- For every t1,to > 0 and p € N,
(3.14) IR = R0 0y < CRlgIE gy pn (tr, 1) 2O HOF0),
- For every t >0 and ¢+ =0,1,2, 3,
(3.15) ”RE?H%%Q) < Cy(l[wgl 71 gy + 1912y )™
for some constant Cy > 0 depending on ¢, but not on n and g.

Indeed, the estimate (1.28) follows from (3.5) and (3.15). Moreover, if H(2¢+1) < 1 and 71 > 0,
then by an application of (3.13) with § = T} and T = T3, we obtain

(3.16) HRt2 ) — RE?,)i”%%Q) < Cry palty, t)2HE+26+1),
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for i =1,2,3 and ty,te € [T1,T>], where Cp, is a constant independent of ¢1, ¢t and n. Then, using
the fact that § < k < %, we deduce that 2 — H(2¢ 4+ 25+ 1) > 1, which by (3.16) implies
that the Billingsley criterion holds for Rﬁ), Rgg) and Rgg). Similarly, if 2H(¢ 4+ 1) < 1, then by
(3.13),

(3.17) IR, = RII220) < Cpnlty, ta)? 2HEAHD,

to,0

for i = 1,2,3, where C is a constant independent of t1,%5 and n. Then, using the fact that 5 <
172{35“2) < 172[;}[“2), we deduce that 2 — 2H (¢ + § + 1) > 1, which by (3.17) implies that the

Billingsley criterion holds for Rgﬁ), e ,RE%). Finally, by applying (3.14) with p > m, we

obtain the Billingsley condition for the process {R%) ; t € [T1,T2]} in the case H < ﬁ, regardless
of the value of T7.

It thus remain to prove (3.13)-(3.15). Recall the definition of RE 0) given in equation 3.6. For proving
(3.15) in the case ¢ = 0, we use the inequality (1.13) in Lemma 1.1, as well as the fact that
llg]] < llgll1(w), to deduce that there exists a constant C' > 0, such that for all ¢ > 0,

n Y4 Y4 l
IR 120y < gl @ (IEL M2 + 1EPO) = L, D z2@)

(3.18) < Cllg|l g1 gy

Recall that H(2¢+ 2K+ 1) < 1, so that the power of n in the right hand side satisfies the inequality
H2(+2)—2=1—-H —2x+ H(2( + 2k + 1) < —2k. Relation (3.15) then follows from (3.18). To
prove (3.14) we combine (1.13) in Lemma 1.1 with the inequality |u[g]| < ||g]/z1®), to write

n Y/ YA Y4 l
IR = RUb ey < M9llor ey (LD () = LO N zegey + 128, () = 8, )220(y)

n

< Cllgll 1 wypn(ty, t2) HIHO

)

as required. This finishes the proof of (3.14) and (3.15) in the case i = 0.

Next we prove (3.13) and (3.15) in the case i = 1. Take 0 < t; < to < T and notice that, by
(3.7),

[,
1

SR " o (X YV HE(X 1
B~ R = [ [ [ eraerm :

2V(nt1)<i,j<ntp © n n

% (67%52 T _ elfAi,sX)(e_§§2 5.5 — elgAJ5X)]g(y)g(g)d§d§dg,

s.

—

where §:= (s,5), { = (f,é), ¥ := (y, 7). The sum above can be decomposed as
(3.19) IREY = B0y = 467 + A,

where

i _ . )
(X1 —A—25)+HiE(X o1 —A—%)
n

A = / > / /_fl<i£>5<i€>%[e "

V(nt1)<i,j<ntz " n
li—jl>2

(3.20) x (73870 — (i88 XY (38005 _ AN g (0 g (i) dSAEd,
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and
[ J ~ i
5 " e X i1 A= ) HEX 1 —A—)
A( '= 4772/ Z / ﬁ (1) (1) Ele = e
V(nt1)<i,j<nto n n
li—j|<1
~1€207, | EALX (38207, €A X o
(8:21) x (e e )(e »—e N9(y)g(7)dsdedy.

In order to bound the term A(()n) above, we proceed as follows. First we notice that the expectation
appearing in the right-hand side of (3.20) satisfies

IEX ;1 +ifX 142 2 . 172 2 o F
i %4“15 %(6755 ors €1£Ai’sX)(€_5§ i _ el{Aj’gX)]

Ele
X, +HiEX j_1 —16202 18202, X1 HEX jo1 — 16262 +i€A; X
_ g H a8 g WX HiEX o — 300 488X,
L Ele X, 1+ng 1+1§Alsx+gAJ SX] E[eiéx%“gxf%eiéAi,sX _%52%2_5]

which in turn implies the inequality

i Xi_ +.~Xv_ —_= i . 77~ s& .o~
(3.22) |E[el£ i T (e 28700 _ i6RLX) (o005 (iEAX

< |em 36 SWDE _ =38 T0E) 4 =38 TO0E _ o~ 3801

)

where ¥(z, Z) denote the covariance matrix
(3:23)  (2,%) = Covl(Xis + 285X + (1 - 222N, X, Xior + 205X + (1 - 2)2A;5X")]

and X', X" are independent copies of X. In order to bound the right hand side of (3.22), we observe
that for every a € [0,1] and =,y > 0,
(3.24) le™ —e Y| < |z —y|%(eF+eY).

In particular, for all z € {0,1} and E: (&,6),
B EEDE_ T3ERE0E] <185 (3(2,1) — (2, 0))8] (e BTN 4 (TAEEC0E),

We deduce from (2.9) and the fact that 3(z,1);1 = 3(z,0)1,1 that there exists a constant C' > 0
only depending on H, such that

€ (2(2,1) — 2(2,0))€] < 2/6€[|2(2,1)1,2 — B(2,0)1,2] + E2[E(2,1)22 — B(2,0)22]
< 20EE|IB(X 1 + 285, X) Ay 5X]|

+ &2|Var[X;] — Var[X ;1] — Var[A;:X]| < Cn @M (jed] + |€]2).

Combining the previous inequalities, we obtain the bound

1 1

e~ 36 =G, g _ —1¢ 20)5‘ < On~CHRONR(|E128 4 |e€|7) (e~ 3 *2(z,1){+€ lex (20)5)

1 1

(3.25) = OnCHRN([g|% 4 || (¢ 3EDEDE 4 ¢ 3EBE08),
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Therefore, by using (3.20), (3.22) and (3.25),

A <0 H>/ 3 // S (€l + M1 low)a ()]

2V(nty)<i,j<nts” n n ze{0,1}
li—j|>2

x (e —3ESEDE L 380, 0)5)d5dyd£

< Cn-CHOA / Z

V(nt1)<i,j<nto n o ZE{O 1}
li—j]>2

(3.26) x (e 2EBEDE 4 =38 DE08) ggggde,

(€1 + E1)IEIIEI 19 (y)g ()]

which by equation (5.13) in Lemma 5.2, implies that

— K)AK Z\/J Z/\]/\]_Z H(20+2k+1
AP < Ol (7 (PR ATy ey
2V (nt1)<i,j<nto

li—j]>2
(3.27) < C||g||%1(R)n7(2H”)A” /[Lnt1J ial (uV o) (oo —u) T2 gydy,

Using basic calculus techniques, we can show that there exists a constant C' > 0 only depending on
H, such that for all 0 < a < b and « € (0,1),

S~HIb—al?> if a,b€ 5T

—H _ —Q <
(3.28) /[abp(u\/v) (uAvAv—ul) dudv_Cx{ b—a2H if abel0,T].

y (3.27) and (3.28), there exists a constant C' > 0 such that

“H 2—H(20+2k+1)
()| < (ry—CHR)AR 112 0 pn(ti, t2) if  ti,t2 €[5,
320) AP s ow gl {0 B s

Next we bound fl(()n). To this end, we notice that by (3.21),

LR EF=Y D S / / (683 g () g(7) sty

2V(nt1)<i,j<nts z,2€{0,1}
li—jI<1
Therefore, using equation (5.14) in Lemma 5.2, we get that
A5 < Cllgll3 gy D=2 N vy

2V (nt1)<i,j<nto
li—j]<1

Thus, using the fact that every i,j > 2 such that |j — i| < 1, satisfies the inequality

)

(3.30) (i v 5) —H _ (o, ~Ht+20+2) (2 \T/Lj)—H(l + |i — i )—H(2€+2fi+1)
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for some C' > 0 only depending on H, we obtain

- .
A< Clalh 2 ST (S e
2V(nt1)<i,j<nts

li—jl<1
2 —2Hk —-Hy, _ . |—H(2(+2k+1)
< Ol ™" [ oy 00— dudy

< C’HgH%l(R)n_QH” /[LntlJ tal (uV o) T (wnav Ao —u)) 2D gy,

n

Combining the previous inequality with (3.28), we obtain

- ~H 2—H(20+2k+1)
(n) < 2 —2HK 0 pn(tl,t2) it .t € [57 T]
B30 APl O O e
From (3.19), (3.29) and (3.31), we obtain

(3.32)

—-H 2—H (2042K+1) if .1 5. T
(2HR)AR|| |2 0~ pn(t1, t2) i 1,t2 € [0,T)
||Rt2 1= t1 1”L y < Cn” 91z ) { pn(t1, o)~ 2H (EHR+1) if  t1,ty €0,7).

Relations (3.13) and (3.15) for the case i = 1 follow from (3.32).

Next we prove (3.13) and (3.15) the case i = 2. By (3.8),

i—1

IR~ R0 = / > [ / (68) R[St T s
V(nt1)<ij<nty” =
X (1= e 2870 (1 = 2700 g y) g () dsl e,
As before, we decompose this sum as
(3.33) IR = RibllGa) = A7 + ALY,
where

5'_47r/ 2

V(nt1)<i,j<nto n
li—j[>2

1z

252 _Lleg252 ~\ 7o g 7
(1 —e 25 i s)(]_ — e 25 J,S)g(y)g(y)dsdydf

and

sk

T

V(nt1)<i,j<nto n
li—jl<1

1z

_1 20'.2 —= 20'2.~ ~ N P
(3.34) x (1 — e 28 %) (1 — e 25 %) g (y) g(§) d3dide.
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To bound Aé") we proceed as follows. Let A denote the covariance matrix of (Xi—1, X -1). Using

n

the inequality
(3.35) le™® — 1| < 2z,

valid for every x > 0, we deduce that

(3:36) 45" ’<C/ > ol s,]/ / €61+ g (y) g (3) e 5 M dzagaé.

2<4,5<nt
li—j[>2
Therefore, using Lemma 5.2, as well as the fact that o2 i o2 ;S nT, we get
(n) —omky 2 L iV j\—H NG NG =]\ —H(2er2641)
[ < e llglam s D (50 ()
2V(nt1)<i,j<nts
li—j|=2
— 4
< On g8y 1) g (0 O A0 A o) e,
Thus, using (3.28) we get that
_ 57H,0 (tl t2)27H(2E+2K+1) if 1,0 € [5 T]
) AN < 2Hk)| 1|12 n(l1, ) ;
(3 37) | 5 ’ = Cn HgHLl(R) pn(tl,tg)z_H(2é+2K+2) if tl,tQ c [O,T]

For handling the term ]/1(5") |, the Fourier transform approach does not give sharp enough bounds,
so we will undo the Fourier transform procedure in the following way: first we write

i J ~ _
n no o~ (X i1 —A— ) +Hig(X 1 -2 —Y7)
gV = 4772 / 2 / /j_1<55>fE[e e

2V(nt1)<i,j<ntz " n
li—jl<1

x (1= el68isXy (1 — ei6835X") (1)) g (7)d5dTdE,

where X’ and X" are independent copies of X. Then, by (3.1),

i J
A et 52 [T B0 - ) - O (X + AX - )
2V(nt1)§i,j§nt2 n n
li—j|<1

x (99X = N) = g (0 (Xims + 255X = N)))]d3.

Applying Cauchy-Schwarz in the previous inequality we deduce that

i i
AP e S [T B[O (X =) — g (X + A X = )
2V(nt1)<i,j<nts I " "
li—j|<1
(3.38)

=

< E[((n" (Xims = X)) = gD " (X iox + 855X" = V)] 2.
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The two expectations in the right-hand side can be bounded in the following manner
E[(g9(n" (X = A) = g0 (n"(Xizs + DX’ = N))7]
< 2E[gO(n*(Xiz1 — 1)) + 2B [¢) (" (Xizs + A X" = V)]
== 2\/Rg(£) ($)2(¢n2a—2H(i—l)2H (33) + qbnza—zH((i_1)2H+(n5_i+1)2H)(l’))d.’l)
< QHQ(Z)‘|%2(R)¢n2a72H(i_l)2H (0),
and thus,
a a 2 —a—
E[(60(n*(Xios — X)) O (n*(Xics + Ag X' = X)) < Cnl = g O3
Similarly, we have that
E[(g) (n"(X =1 — A) — g0 (n (X iz + A;5X" = N)))°] < 1=~ H|g 0|2, .
Therefore, by (3.38), there exist C,C’" > 0 such that

T (n al— L H
AP < on2at22H N () g0 2
2V(nt1)§i,j§nt2

li—j|<1
QH(L+1)—21 (€)112 1V Jj\-H
< CPHED=2) gO)12, 5 > (—) 7,
QV(’ntl)Si,antg
li—j]<1

where in the last inequality we used the condition ¢ < H. Combining the previous inequality with
(3.30), we obtain

(n ofre IV iv—H,1+|] — i\ —2H(+r+1
A < Ol a2 Y () AT e

n
2V (nt1)<i,j<nto
li—jl<1

< O|g(£)\|%2(R)n_2H“/[ (u Vo) Hy — u|_2H(Z+"+1)dudv

[ntq ] L"QJP
’on

n

< C'Hg(Z)H%z(R)n_QH“ /[le LLQJ]Q(U Vo) H(uw Ao Ao —u)) THED gudy,

Thus, by (3.28) we conclude that

5_Hpn (tl, t2)2_H(22+25+1) if  ty,t0 € [5, T]

1)) )2 —2Hk
(3.39) A5 < Cllg™ I72m)m { pn(tr, tg)2~H(20+2042) ittt € [0,T).

From (3.37) and (3.39), we conclude that

(3.40) IRy — R{™) 1220

1,
5_Hpn (tl, tQ)Q_H(2€+2K+1) if  t1,t0 € [5, T]

2 )2 —2Hk
< Clgl3s gy + 99 122y { T N
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Relations (3.13) and (3.15) in the case ¢ = 2 are obtained by combining (3.33), (3.37) and (3.40).

It thus remain to prove (3.13) and (3.15) in the case i = 3. Notice that by (3.9),

= e [, 3 [ [l

2V (nt1)<i,j<nto n n

x (€750 — 1)(e 5 — 1)g(y)g(§)d5dgaé.

Thus, we can write

(3.41) IR(, — RIS 220y = A + ASY,
where
i )
/ / " / (i€ (i6) B[ X iEXs]
]R4 nt1 <’Lj<TLt2 Zn %
[i—j|>2

x (e7H5H — 1)(e 7 —

g
LIRE=T PSR &

nt1 <’L ,J<nta
li—j|<1

x (e7a7 —1)(e7I57 — 1)g(y)g(y)d3dyde.

(y) ( )dsdgdé

/ lf)éE[ IEX +HiEX 5 }

3

To bound the term Aén), we notice that
(3.42) le™i® — 1] < 2|2,

for every x € R. From here it follows that

(343 AQ < Cn / P> / / )yl €€l e € S0 asagag

1)<i,j<nto
\z j|>2

Consequently, by first applying equation (5.13) in Lemma 5.2 to the right hand side of (3.43), and
then the condition a < H, we get

—2aK— iV Jy—H NG NG|\ —H(2e+1426)
Aén) SC’Hw“gHQLl(R)n Zar=2 Z (7n ) ( o ) i
2V (nt1)<i,j<nto
li—j|>2

< C'Hwﬁg”%1(]}@)”_2&H /[Lmﬂ ) uV o) 7H(u Aw A |v —ul)THEEH2E) gy gy,

Combining the previous inequality with (3.28), we conclude that

5_Hpn (tl, tQ)Q_H(2€+2R+1) if  t1,t0 € [5, T]

(n) < K (12 —2ak
(3.44) A" < Cllw gl gyn =" x { (b1, )2 HRA24D) ip e (0,77,
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To handle the term /Nlé"), we use the bound (3.42) to get
i

AT —2ak % Z ~ k| e Elt kR — S EX & o1
(345) Ay <cn? / > / / 19()g(@)|yg|"|e€| e 28 S ADEd5dgdE.
R4 i—1 Jj—1

2\/(nt1)§i,j§nt2 n
li—j|<1

Thus, proceeding as before, we can apply equation (5.14) in Lemma 5.2 as well as (3.30), to obtain
the inequality

~ _ _ 1V J\—H
[A57] < Cllug|[fygyn 2 HHE2msD=2 K7 ()
2V (nt1)<i,j<nto
[i=31<1

—2ak—2 Z (Z\/j)_H(].-f- ‘i_j’)—H(2€+2n+1)

< C’ K 2
< Cllw"g[|7:gyn "

2V (nt1)<i,j<nto
li—jl<1

K112 —2ak —-H,, _ |—H(2(+2k+1)
< Cllw gl myn /[L"HJ,LntzJ]z uVo) 7o —ul dudv.

n

Thus, by (3.28) we get

N —H 2—H(2042k+1) ST

)| < okl p—2aK 0~ pn(ty, t2) if  ti,tp €106,
(3.46) |4 7| < Cllw"gll7r@yn =" X { pultr, 1) HRE2E4D) ip 4 g e [0, T,
Combining (3.41), (3.44) and (3.46), we obtain

(3.47)
~H 2-H(20+2k+1)
(n) (n) 12 K112 —2ak 0 pn(tth) it ty,6 € [5a T]
HRt2’3 - Rt1,3”L2(Q) S CH'LU gHLl(R)n X { pn(tl,t2)27H(2e+2n+2) lf tl,tQ c [071‘1]7
which gives (3.13) and (3.15) in the case ¢ = 3. The proof is now complete.

4. Proof of Theorem 1.15. Suppose that H < ﬁ and let € (0, ) be such that H(2( +
2k + 3) < 1. Define RYE%) by (3.9). Using the identity

X=X (=il 1) = MKV (it _ 1 4 ig%) _ igﬁeiaxs—m?

we can show that

[nt] .1
(n) _ pmny 1 e e iE(Xs—A)
(4.1) Rz =Ry — 53 RQ; [1(15) e yg(y)dsdydé,

where

n._ 1 I, E(Xs=N) (p—iés _ 1 Lie L
Ry j 27T/R Z;[l(lf) e (e 1+1§na)g(y)dsdyd§.
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By applying the Fourier representation (1.15) in (4.1), and then combining the resulting identity
with (3.5), we obtain

a/ a — n,l 4 ~17 £ n n n n
(42) OGN+ plgl L) + plgl L) = R + R + R + R,
where Rgz), for i = 0,1,2 are given as in (3.6)-(3.8).
By proceeding as in the proof of Theorem 1.11 we deduce that, in order to prove Theorem 1.15, we

are left to show that if § = B(H, () is defined as

if He [T(e}@)aﬁ)

KR
/3:‘{ RACEEEE) i H € (0, 555),

then, for all T" > 0, there exists a constant C7 > 0 only depending on 7', H and ¢, such that the
following claims hold true:

- For every § > 0, t1,to > d and i = 1, 2,4,

R, — B 220y < Crlle™ gl2s gy + gz + 9@l ry)

5_Hpn(t1, tz)z_H(2€+2’8+3) if  t1,t0 € [5, T]
pn(t17t2)272H(£+6+2) if t1,t9 € [O,T].

(4.3)
- For every t1,to > 0 and p € N,
(4.4) | R = R o) < CollgllFh yon (b1, t2) 220~ H O,
- For everyt >0 and ¢ =0,1,2,4,
(4.5) 2GHR ||L2 @ < Cilllw™ gl ey + lglwzs + 1991172 @)n ™",

for some constant Cy > 0 depending on ¢, but not on n and g.

As in the proof of Theorem 1.11, to verify this simplification it suffices to prove (1.35) and show
that there exist constants C,p > 0 such that for all ¢1,te € [T1,T2] and i =0, 1,2, 4,

(4.6) E ||n®(R{, - RL)

p
} < Cpu(ty, )P,

where a(p) > 1 is some constant only depending on p and H.

Relation (1.35) follows from (4.2) and (4.5). Moreover, if H(2¢ 4+ 3) < 1 and T} > 0, then by an
application of (4.3) with § =T} and T' = T5, we obtain

(4'7) 2aHRt2 i t1 z”L < CTlpn(tlv t2)2_H(2£+2B+3)’

for i = 1,2,4 and ¢,y € [11,T»], where Cr, is a constant independent of ¢1,¢2 and n. Then, using

the fact that § < k < %, we deduce that 2 — H(2¢ 4+ 25 + 3) > 1, which by (4.7) implies

that the Billingsley condition holds for R"), R\, R". Similarly, if 2H (¢ + 2) < 1, then by (4.3),

(48) IR, = RO 220y < Cpalty, to)? 27542,

to,1



30 A. JARAMILLO ET AL.

for i = 1,2,4, where C' is a constant independent of ti,to and n. Then, using the fact that

B < 172H(£+2) < 17212{]({”2) we deduce that 2 —2H (¢ + 8+ 2) > 1, which by (4.8) implies that the

Bllhngsley criterion holds for RIE 1), RIE 2), R( ). Finally, by applying (4.4) with p > m,

obtain the Billingsley condition for the process {R(()t? ; t >0} in the case H < Tii&’ regardless of
the value of T7. This finishes the proof of the simplification.

we

It thus remain to prove (4.3)-(4.5). In the sequel, we will assume that t1,%2 > 0 belong to a given
interval of the form [0,7], with 7" > 0 and C will denote a generic constant only depending on
T, H and /¢ that might change from line to line. For proving (4.5) in the case i = 0, we use the
inequality (1.13) in Lemma 1.1, as well as the fact that [u[g]| < [|gl|z1(r), to deduce that there
exists a constant C' > 0, such that for all ¢ > 0,

n ? ? YA
IR N22 ) < Mgl pray (I WDl 2g@) + 1L () = L (V1 z2())
(4.9) < O|glf7s gyn* D2,

Recall that H(2¢ + 2k + 3) < 1, so that the power of n in the right hand side of (4.9) satisfies the
inequality

H(20+2)—2=1-2H —2k+ H(20 4 2k + 3) < —2x — 2H < —25 — 2a.

Relation (4.5) then follows from (4.9). To prove (4.4) in the case i = 0, we split our proof into the
cases pp(t1,t2) < % and py,(t1,t2) > l If pp(t1,t2) < %, we combine (1.13) in Lemma 1.1 with the
inequality [u[g]| < ||lgllz1(w), to write

n n 0 ¢ ‘ ,
RS = R lzam@) < gl m (1L ) = Z Wiy + 180, () = 200 W)
< C”g”Ll(R)p"(tlvt2)1_H(1+£) < Cpn(tr, t2)*l|gl 1w on(te, tg)'~HEH)
(4.10) < O~ gl 1 mypn (tr, t2) D,

as required. On the other hand, if p,(t1,t2) > %, by a further application of inequality (1.13) in
Lemma 1.1, we get

n Y4 VA VA YA
IR, = R pen iy < L) = L9, (M2 + ILE ) = L9, (M2
< Cnf(lfH(”l))HQHLI(R) < Cnfanf(lfH(Hz))HQHLl(R)

(4.11) < O pu(t1, t2) D gl 11y

This completes the proof of (4.4) and (4.5) in the case i = 0.

For proving (4.3) and (4.5) the case ¢ = 1, we need to rewrite in a suitable way the random variable

(X1 /\*f) —le252
e n (e €A X _ 28 7si),
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n)

appearing in the definition of R( . This can be done as follows: using (2.8), we can write

(X *A*n%)(eigAi,sX _ 6—56203,1-)

[ n
1 — _% 20 s —1(1-22)02 ¢2
_5<ﬂv y/ X AR A )y (1ol 8y
(X o1 A= 2 +200,5X)— 5 (1-2%)07 &2
+ (st g [o/;11>sa/0 (i6)2e S Kt TAT R FEA )5 (127,

Consequently, by (3.7), Rgﬁ) = Riﬁ)g +0 (qu‘?k)), where

dz.

" [t
Ry /RZZ/ [Z L s]? = 1]>56
i i1 2N s X)—1(1—22)02 ¢2
(4.12) X/Y@“Q“ LA A TS0 ) dedsdyde

[nt]
Z £+1 ig(X “A—Ta 205 X) 3(1-2%) 1'2*562
t,l,l ) 27‘( /R2 / [Z 1 s]/ lf ? g(y)dzdeydf-

Thus, in order to bound ||R§Z)1 — RE?’)IH 12(q), it suffices to estimate ||R£Z)1’2 — Rgb,)l,QH r2(q) and
(n,Sk) (n,S

[6(R t,1,1 Rt1,1,1 )”L2(Q)'

First we handle the term ||d( t? IS]f) - Rﬁ?ls]f)) 22(q)- By the identity RE 1) = Rﬁﬁ),g + 5(R§ﬁ:1 ), we

have that

n,Sk n,Sk n,Sk n,Sk n n n n
EB(RITY — R = EBRITY — RISV (RY) — BRI — (R 5 — R ,)))

n,S n,Sk n n n
EKR( ) Rgl 1 1)7 D(R7§2 )]. ngh)].) - D(RIEQ,)].,Q - R£17)1,2)>f)]7

t27
which implies that
n,Sk n,Sk n,Sk n,Sk n n
16(RETY — RS20y < [BURETY — RESY, DR — BE))s )|
n,Sk n,Sk n n
(4.13) +IE[RETY = ROV, DR, 5 = R, )5l
(n,Sk) (n,Sk)

In order to estimate |E[<Rt2,1,1 — Ry 7D(R£Z)1 — RET")l))j’J” we proceed as follows. Notice that
D(Rg,)l - Rg?,)l) = Pl(n) + Pgn) by (3.7), where

1 : 2 /
R? 2Vnt1 <i<nta

E1 >
(n,Sk) (n,Sk)

Therefore, in order to estimate [E[(R;, 71" — R, 7q 7D(R§:,)1 = Rgﬁ)l» ]|, it suffices to analyze the

. i7 _A_% 1 . .
/ (1)1 0 e T (=30t _ 60X o)z dsdye,

/ (ig) et S_A_n%)g(y)dzdsdydg.

2vnt; <i<ntg
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terms
£+1
n,Sk n,Sk n
E[<R§2,1,1) - ngl,l,l)?Pl( )> / / / / é-g £+1 [z 1 ,s]? [O i= 1]>
R4 2\/nt1<z ,J<nta
o (X o1 A b2 X) = 5 (1-22)0F €2 HE(X o1 A=)
< g(y)g(iEle ’ Ea
(4.14) x (6295X _ ¢=38°7% ) dzdsdgade,
and

n,Sk n,Sk n
(4.15) E[(RI7Y — RUPY Py)g)

_ (—1)5/
_47T27'L2H R4

x 9(y)g(9)Ele

where § = (s,3), 7 = (y,9) and £ = (&,€). First we bound the right-hand side of (4.14). To this
end, we first write

/ / / 55 £+1 z lns]v [1— 1ns]>
2Vnt1<i J<nt2

(X i1 — A= +20,:X)—5(1—22 )Ui,sé%rlf( 5= *nﬁ)]dzdgdgdg

n,Sk n,Sk n n T(n
(4.16) E[<R§2,1,1) - R§1,1,1)a P1( )>YJ] = A§,1),1 + Ag,l),lﬁ

(n) 1) e
AM’I = 47r /]1{4 / / §§ (%5 15]’ (0,21 1]>

where

nt1 <z ,1<nta n

li— J\>2
e GE(X 1 = A= 2 A (X)) -1 (1-22)02 E24i€(X jo1 —A—F)
x9(y)g(9)Ele = ’ , =
(4.17) x (25X ¢ 3879, i)|dzd5didé
and
~(n) @Jrl e 1
Aji = / Z / / / (€ [i=1 ] [Og 1])
1)<i,j<nto
|Z <t
(X1 —A— —a+zAlSX)fl(lfz2)gizs§2+ig(X.;,)\,n%)
< g(W)g(@Ee T : ’ =
(4.18) x (eX6895X _ 73879 dzdsdgal,

To bound the right hand side of (4.17), we notice that

3 R ) 11 .2V42 2058/, . N T e
(4.19) |]E[el€(X% A= +20i,:X)—5(1=2%)07 & +1€(X% A na)(elgAj,gx_

O

)

where X(z, Z) is the covariance matrix given by (3.23). Using (3.25) and the fact that H < ﬁ <3,
we conclude that

|e_%g*2(z,1)g %E X(z 0)E| SOTL_2HH(|£|H—|—|£|H)’£|K( % *3(z, 1)§+ % E(zO)_‘)
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Consequently, by (4.17), (4.19) and (2.9),

il
AN <Cn2H<1+“>/ > /i1 /j_l/o l9(y)9(9)]

2V(nt1)<i,j<ntz ~ n
[i—j|>2

~ ~ 1 &% g 71 P
(4.20) X (€] + |E]%) €[t g Y (e 2 DEDE o2 RE08) doasdgde,

B

which by equation (5.13) in Lemma 5.2, implies that

" 3 o 1 iV G—HANT N — |\ —H(©@+26+3
(421) A7) < ClglZin 20 5 S ()T )~ )

n n n
2V (nt1)<i,j<nto
|i—j]>2
_ —H <\—H(2042k43) 7 7=
< CHQH%l(ma)” 2H(1+x) /[W1J Lnth]g(S/\S) (s AsA|s—3|) HEH2EE3) ggq3.

Therefore, using the inequality (3.28), as well as the condition a < H, we conclude that

-H 2—H(20+26+3) 5. T
2a) 4(n) < 2 d Pn(t1,t2) if  t1,t0 € [ , ]
(4.22) n |A1,1,1’ = CHQHLI(R) X { pn(ty, to)2~2H (E+r+2) if  t1,t2 €[0,77].

Similarily, from (4.18) and (4.19), it follows that

ol R WA

2V (nt1)<i,j<nto
li—j|>2

« €8 (e BEBEDE | o= 38208 g d5dgde,

A7 | <

which by equation (5.14) in Lemma 5.2, implies that

—2H- iV j\-H
SCHQH%I(R)H 2H-2 Z (7) nH(20+3)

(4.23) 1215 1) -

2V (nt1)<i,j<nta
li—j|<1

Therefore, by applying (3.30) with s replaced by k + 1, we get

~(n _ o) 1 iV i\—mANGAN L+ |G —i])\ —H(2e+26+3
(4:24) 1A )| < Cllglfhy 209 = % ()T . ) )
2V (nt1)<i,j<nts

< Cllgl 7 gyn 20+ sAs)H(sAsA|s— 5)HEH2H3) ggq3.
LY(R) Lntﬂ LntQJ]z

n ' n

An application of the inequality (3.28) and the condition a < H then leads to

-~ “H 2—H(20+2k+3)
2a) 5 (n) —2Hk || 12 0 pn(ti, t2) it ty,ty €[5,T]
(4.25) n |A1,1,1‘ <Cn HgHLl(R) X { pn(tl’t2)2—2H(€+n+2) if )ty € [O,T].
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Finally, by (4.16), (4.22) and (4.25) we obtain the bound

n,Sk n,Sk n
(4.26) [E[(RITY — RUDY P

_Hpn(th t2)2—H(2€+2n+3) if tl, ty € [5’ T]

5
< —2Hk 2
< On™ gl gy X { p(tn, to)2 2HWEERED)ip e [0, T,

Next we bound the term E[(RE:IS];) Ri? ISlf), P(n)) ]. By (2.10), for all s € [=1, L] and § € =3 %],
it holds that

(Lji—1ns) Ljjm1ma)| < 17— 4 — 1|2H_2]l{\i—j|z2} + Lgjimjj<1y SCA + i - 41)2H 2
Thus, by (4.15),

n,Sk n,Sk n
(4.27) |E[<R§21R — R P4l

< ngH / > / i / / j€€1+

2V(nt1)<i,j<nto

1

|<IL[Z 1,ns]» IL[] 1,n3] >5’)Hg( ( )| BEARG l)gdZdeydé

< Cn~*M|g|11 & / 3 ///1+yz )2H=2| ¢8|+ =3 2 DE g, gdE,

nt1 <i,7<nta

By following the same arguments as in the proof of (4.21) and (4.24), we can apply inequality (5.13)
in Lemma 5.2 to the indices in the right hand side of (4.27) satisfying |i — j| > 2, and inequality
(5.14) to the indices satisfying satisfying |i — j| < 1, in order to obtain
Sk Sk
El{RY — BT P

< Cllglf D2 ST (W i)V ) A G A (L |G )R,
2V (nt1)<i,j<ntz

Using the previous inequality and the conditions H < %1? < %, H(2¢ + 2k + 3) < 1, we obtain

n,Sk n,Sk n — N
EREY = RETY, PY)s)| < Cllglyn® 072 S (14— i) 2 (v )

2V(nt1)<i,j<nts

< (1= H) 'Ot H|g|, qyn DTS (1 [r))2H 2
rEZ

(4.28) < C'ty M| gl 72 gyn 2"
and

n,Sk n,Sk n
(4.29) |E(RITY — RUDY PYg))

< Ollgl3r@yn @02 ST (= iRV ) TG AG AL )R
2V(nt1)<i,j<nts

Con_ NI g ANIA(LF g = H(20+3
§C||g||%1(R)n 2H—-2 Z ( ) ( ( ’ ’)) +3)

n
2V (nt1)<i,j<nto

< C||g||%1(R)n_2H /[an o) ]2(5 As) B (s nsA|s—5) HEF2H) dsd3.
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Notice that due to (3.28), (4.29) and condition a < H, the previous inequality implies that

a n,Sk n,Sk n
(430) n*ELREYY — BT P
O p(ty, tg)2~ HRE2E43) i ) 9 € [5,T)
< 2 n ) ) )
—= CHgHLl(R) x { pn(t17 t2)2—2H(£+H+2) if t17 t2 c [0’ T]
From relations (4.26), (4.28) and the fact that DRgn) = Pln) + Pgn), it follows that

a n,Sk n,Sk n n _ H
(4.31) R E(RITY — RUDY D(RY, — RI)D)s)l < oty Hn=2H

for some constant C' > 0 independent of ¢, ¢y and n. In addition, by (4.26) and (4.30) we get

n,Sk n,Sk n n
(4.32) a2 [E[(RITY — RV, DR, — Rl

{ 5 H py (b, 1) HEA243) i 4y 4y € [5,T)
p

2
< Cliglliwy % (b1, £2) 2 2H (A 12) if  ty,t0€0,7T).

Next we proceed with the problem of bounding |E[( tg f’f) - Rg? f’f), D(R( ") REl 12))6]|- To this

t2,1,2
end, we use (4.12) to write

[nt]
RrRM__ . | |
t,172 27-‘— /R2Z/ / OZ;I +Zﬂ[%,s])<ﬂ[%,s]7]]'[07%]>f)

i io1 — Stz (X)—L(1—22)02 £2
x (ig) 3Nt R R ) U 0n Sy 1 dsdyde,

which leads to

(n,Sk)

where

1)6+2
Ar12 = 477 / Z

(4.33) E[(R;,71 — Ry ha 7D(R§§,)1,2 - RE?,)l,z)M = A1+ A2,
nt1 <i,5<nts n

/ / €+1§£+3
[0,1]2
li—j|>2

X (Lt gy Tg azapo (i g Lo amr) + 211 4)99(y)9(9)

(X i1 —A— 20 X) =3 (1-22)02 (E2+HE(X 1 —A— 5 +34; s X —1(1-22)02 &2

x Ele |dzdsdgds

and

ALL?— Z+2/ Z / / /01 ghHLgns

V(nt1)<i,j<nts
li—jl<1

x <ﬂ[%,sy 1[0,%}%@[%,8]’ 1[0,%1 + 51[%,5}%9(9)9@)

(X o1 AL 420 s X)— L (1-22)0? E2Hi€(X j1 —A— Aj s X—1(1-22)02 €2
(4.34)  x Elec Vi AR bR )7 (ol SN Dy PAm b2 s X5 (100008 o sigdE,
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Notice that

(4.35) ]E[eif(X%+zAi,sX)_%(1—z2)J?,s§2+ig(X%+2Aj,§X)_%(1 2)02 52] 18N HE

Thus, by (2.9) we deduce that

el < o [ 8 / / L I )€ gz

2V (nt1)<i,j<nto
li—j|>2

which by equation (5.13) in Lemma 5.2, leads to

B 1 PN G ANG NG — i\ —H(20+5)
4H || 12 H
[Aviel < O™ gl g > (—) (#)
2V(nt1)§i,j§nt2
li—7]>2
1 iV i NG AT = i\ —H(204342x)
2(H H
(4.36) < Cp2H ) HQHLI ®R) ,2 Z ( ) n ) -
2V (nt1)<i,j<nto
li—j|>2

On the other hand, by first applying the integration by parts

n (4.34), and then using (4.35) and (2.9), we get

|A171’2‘ < Cn2a4H/ Z

V(nt1)<i,j<nto
li—jl1<1

i FA
" " c ~ 7l_‘* 2’2 & 11— 7
Al /[0 " €1 g (y)g" () ]e 28 22 dzdsdijde,

i—1

which by equation (5.14) in Lemma 5.2 the condition a < H, yields

- _ _ iV J\—H
Avel < Cn2HHRED=2 g12 0§ (LT

n
2V(nt1)<i,j<ntz
li—jI<1

Therefore, by (3.30) with x replaced by k + 1, we get

N B B NV G g A NFA (L4 —1]) —H(20+3+2r)
i < Op~2H+R)=2) 112 ¢
| 1,1,2| s 0n ||g||W2,1 § , ( ) ( n )

2V (nt1)<i,j<nto
li—j|<1

Combining this inequality with (4.33) and (4.36), we obtain

n,Sk n,Sk n n
(4.37) [E[RIY — RV DRI, — R

_ _ NI g ANIA( A+ = (2¢
< Cn 2H (1+k) 2Hg||%,[,2,1 Z ( J) ( J (n \] !)) H(20+342k)

2V(nt1)<i,j<nta

< Cn —2H (1+k) ’g”W21/ (S\/g) (S/\S/\ |S |) H(2Z+3+2n)d

[L’ﬂtlJ , [nta] ]2
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which by (3.28) gives

n,Sk n,Sk n n
(4.38) [E[RITY — RUPY, D(RY, 5 — R ,))s ]l

O pp(ty, tg)2~HEE2EHL 4f ) 4y € [6,T)
< 1+l-i n ) ) )
=~ CTL ||g||W2 1 X { pn(t1’t2)2—H(2€+2n+2) if tl,tQ c [O,T]

From (4.13), (4.31) and (4.38), it follows that for all ¢ > 0,
(4.39) 2| S(R{T T2y < O 2" g]3 M.
for some constant C' > 0 independent of ¢t and n. In addition, by (4.13), (4.32) and (4.38),

a n,Sk n,Sk
(4.40)  [[n?8(REY = R{ITD) 0

5—Hp (tl t2)2—H(2Z+2n+3) if  t,t9 € [5 T]
< 2 n\l1, ’ ’
< Clglly2a % { pn(t1, )2 2H (EHR+2) if  t1,t2 € [0,7]

To bound ||Rl(5;l’)172 - Rgﬁ)LQH%Q(Q), we notice by (4.12) that

(4.41) IR, 5 — RS&?LZH%Q(Q) = A1z + A
where
Arg— 42/ Z / / / (16) 2 (€)1
1)<i,j<nts 0,1]2
|’L ]\>2

X <]l[i*1,sp ﬂ[o,i;1}>ﬁ<ﬂ[%,g]’ ﬂ{q%ﬂﬁQ(Q)Q@)
(X1 —A— 4204  X) =3 (1-22)0? E2HE(X ;1 —A— L4324, 5X)—5(1-3%)0?
xIE[eg( 1 o 20, X) =5 (1-27)07 L HE(X 1 Y4205 X)—5(1-2) g]dzd Sdjdé

and

> / / [ orgs

2V (nt1)<i,j<nts

li—jl<1
X <]1[%73]a 1[07221 >ﬁ<]l[1%175]a (0,2 ]>ﬁ9( ¥)g(y)
(X o1 —A— Y42/,  X)-1 z2 o2 E24i6(X ;5 —T43N; :X)—L(1-52)02 ¢2 -
(442) % E[e 5( nl nH+ N ) 2(1 ) z,sE +§( jn n+ 7, ) 2( ) ]755 ]dngdgd§
y (2.9),

sl < Cn- 4H/ > / / / €812 g(y)g () e 28 2P dzdsdgag,
0,1

V(nt1)<i,j<nto n
li—j|>2
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Thus, by equation (5.13) in Lemma 5.2,

1 1V TANGNAN|G—1
‘A17173| < Cn 4H||g||%1(R)ﬁ Z (7‘7) H(‘7n’]|) H(20+5)
2V (nt1)<i,j<nto
li—j|>2
_ 1 NV J\—HANTN|J— 0]\ —H(20+3+2k
SCHQH%}(R)” H(2+2N)ﬁ Z ( .7) ( J n’] ’) (20+342k)
2V(nt1)<i,j<ntz
li—j|>2

< Cn~HEP) 6112, /

[L’ﬂtlJ , [nta] ]2

(sV3) (s n5A|s—5) 320 g5

and consequently, by relation (3.28) and condition a < H,

5 H p(ty, to)* HCE2HD - if -y t9 € [5,T)

2a —2Hk 2
(4’43) n |A17173‘ <Cn HQHLl(R) X { pn(t17t2)2—H(2£+2n+2) if )ty € [O,T].

On the other hand, by first using the integration by parts

n2a

= Y
¢ Jre
in (4.42) and then applying (2.9) and equation (5.14) in Lemma 5.2 to the resulting expression, we
obtain

o\ j(YE L TE ~
"(y)g' (§)e aTnt) dydg

o\ j(YE L TE ~
[, stwratre B aydy — -

A —4H— iV g, 1, _
|Ay13] < Cn?* 42 g |20 Z ( )H (=)~ HE@H),

n n
2V (nt1)<i,j<nto
li—jI<1

Therefore, by applying inequality (3.30) with s replaced by x + 1 and condition a < H, we get

Ap1| < On-2HO+0)-2)|g12 3 (Z \/j)—H(i ANJAA+]i *j|))fH(2£+3)

n
2V (nt1)<i,j<nto

li—j|<1

< COn2HOE) |20, / - L,Ltw(své)-ff(mmls—§|)‘H<”+3+2*”~>d§,

n

and consequently, by (3.28) and condition a < H,

5_Hpn(t1, t2)2_H(2£+2H+1) if  t,t0 € [(5, T]

4.44 20| Ay 1 5] < On 20" ||g)2
(4.44) nlALa] < On Ioll > pn(t1, to) 2 H26H2642) if t1,t2€[0,7T].

Finally, by (4.41), (4.43) and (4.44), we obtain

(4.45)
S pp(ty, tg)2~ HRE2HD i ¢ 9 € [5,T)

2a p(n) _ pln) 2 < —2Hx|| |2
n Ry 5 = Ry ollia ) < Cn |yg|yW1,1><{ pulty 1) HCE24D) i ¢ 1 € 0.7
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Since Rgﬁ) = RE?}Z + 5(R£ﬁ’§k)), from (4.40), (4.39) and (4.45), we conclude that

a n n,Sk
(4.46) [[n“0(RE) = RT3z 0
5_Hp (tl t2)2_H(2€+2H+3) if 1,19 € [5 T]
< 2 n ) ) )
< Cllglys. > { pn(ty, ta)? 2HEHRT2) it 1,2 €[0,7]
and

(4.47) IS (R{)|22qy < CH= 215 g2, 1.

This finishes the proof of (4.3) and (4.5) in the case i = 1.

To handle the case i = 2, we reproduce the steps of the proof of (3.40), with x replaced by 1+ &,
in order to show that

(4.48)
57Hpn(t17 t2>27H(2€+21€+1) lf tl-) t2 c [5, T]

a n n —2Hk
IR~ R < Ol { 0 e o

Relations (4.3) and (4.5) follow from (4.48).

To handle the case i = 4, we reproduce the proof of (3.47), with the following modifications:

- the index i = 3 is replaced by i = 4;

the variable x is now replaced by 1 + k; B
the terms (e_ignLH —1) and (e_ignLH — 1) are replaced by (e_ignLH —1+i¢5) and (e_ignLH —
1+i€ n%) respectively;

- the inequality (3.42) is replaced by

le™ % — 1 +iz|® < 2zt
By doing these modifications, we can easily show that
(4.49)

a n n —9Hk (5—H ot t 2—H (20+2k+1) if tty € (5,T
n2 ||R1§2,)4 - R;AH%Q(Q) S CHg”%l(R)TL 2H { P ( 1 2) 1,02 [ ]

Pn (tl, t2)2—H(2£+25+2) if t1,t0 € [0, T] .

Relations (4.3) and (4.5) in the case ¢ = 4 follow from (4.49). This finishes the proof of Theorem
1.15.

5. Appendix.

5.1. Technical lemmas. In this section we present the proofs of the technical lemmas that were
used in Sections 3 and 4. For the rest of the section, X is a fBm with Hurst parameter H € (0, 1).
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LEMMA 5.1. Let § = (81,...,8m), 4 = (u1,...,upy) € RT, 2= (21,...,2m) € {0,1}"™ and
qi,---,qm € N be such that u; < s; for alli = 1,...,m and s;1 < -+ < 8. Denote by A the
covariance matriz of (N1, ..., Ny,), with

N; = Xy, + 21(Xs, — Xup) + /1 — 22X — X0,

where XV ... XM gre independent copies of X. Then, if 1 := min{|s; —sj|Alsi—uj| ; 1 <j <
m, i # j}, we have that

p p
(51) / 7% H |qzd€ < CSl H qu(H _ S] 1 HTj_HQi>7

for some constant C > 0 only depending on H,q and m.

PROOF. By the generalized Holder inequality, we have that

(5.2) /R e

The terms of the product in the right hand side can be written in terms of conditional variances in
the following way: define ¥ := X~! and denote by ®, the probability density of a centered Gaussian

1

& A H & |‘hd£ < H (/ §§*A§|£i|pqid£~>n

=1

M‘H

random vector with covariance X. Then, if r > 0,
1

(53) | etENieras = 1A [ aclerad = claiAE,

for some C) only depending on 7. To bound AH we define ¥ as the covariance matrix

Y= COV[(Nl, e ,Nifl, Ni+1, e ,Nm)]
Then, by using (2.12), we express the determinant || in the form

IA| = ( I var(v, | Nl,...,Nr_l])Var[Ni | N; with j # ]
1<r<m
r#m
= |E\Var[NZ ‘ Nj with ]75 Z]

Therefore, if adj(V') denotes the adjugate matrix of V', we have that

(5.4) A — (A1), — @A) _ [

, =t = S0 = Var[N; | N; with j #d] 7%
Al Al ’

Combining (5.3) with (5.4), we obtain
1

(5.5) / —28 Mg, |"dE = C,|A| "2 Var[N; | N; with j #i] 5.
Rm

To bound the conditional variance in the right-hand side we proceed as follows.
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If z; = 1, then by the local non determinism property (2.13), there exists a constant ¢ > 0 only
depending on H, such that

(5.6) Var[N; | N; with j #i] > Var[X;, | Xs;, Xy, with j#i] > et
On the other hand, if z = 0, then by a further application local non determinism property (2.13),
Var[N; | N; with j #i] > Var[X,, | X, Xy, with j # 4]+ |s; — ui[*"

(57) > cmin((u; = 551 A s = )7 +[si — 7).

Using (5.7), as well as the the fact that for every z,y € R,

+ |y if a<
5.8 z|* + ‘”/“>{ 1 .
(5:8) W2 Lel+ ) it a1,
we get
(5.9)

(2

2H
Var[N; | N; with j #i] > C<m?ién(!uz‘ = 55+ [si = wil) A (Jui — ug| + s —uz‘\)> > erif,
jFi

By (5.5), (5.6) and (5.9), we get the bound

(5.10) [ eiEgrag < o T

i=1

It thus remains to bound the determinant |A|. To this end, we use (2.11) to write

P
|A| = Var[Vq] HVar[Ni | Ni,...,N;_1]
i=2

Y
1~

Var[Xy, + 2:(Xs, — Xu) + /1 — 2(XD — XY | X, X, with i < j — 1]
1

<.
Il

(511) =

—-

<Var[Xui + 2i(Xs, — Xu,) | Xuy, X, with @ <j— 1]+ (1= 27)|s; — u¢|2H>,

i=1

where for convenience, we have used the notation ug = sg = 0. Notice that if z; = 1, then by the
local-non determinism property (2.13) and the condition s; < s;41,

(5.12) Var[Xy, + 2(Xs, — Xu,) | Xu,, Xs, with ¢ < j— 1] > cfs; — 55>
On the other hand, if z; = 0, then by the local-non determinism property (2.13) and the inequality
(5.8),

Var[ X, + zi(Xs, — Xu,) | Xu;, Xs; with @ < j —1]

> : g A s — w2 . 2H
>0 min (s = syl A Jus =y + [ — )

7

> i g g s a2
—Clgl}lgl?_l((’uz sjl +1si = wil) A (Jug — w5l + |si — wil))

/ . 2H
> c 1§Igr‘lguz‘171 (|sl —si| A (s — u]|)) .

Thus, using the condition u; < s; < sj41, we deduce that (5.12) holds as well in the case z; = 0.
Relation (5.1) follows from (5.10), (5.11) and (5.12). O
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As a consequence of the previous lemma, we have the following result:

LEMMA 5.2. Leti,j €N, s,5>0 and z,% € [0,1] be such that 2 <4i,j <nt, =1 < s < L and
% < 5 < L. Denote by X the covariance matriz of the Gaussian vector (N1, N3), defined by

NI

Ny = Xi +Z(X5_Xi*1)+(1_z) (X, = 1)

n n n

NQZXu—l-g(Xg—Xu)—i-(l— ) (X/ ]1)

n n n

NI

where X', X" are independent copies of X. Then, for all q,§ > 0, there exists a constant C > 0
only depending on q,q, t and the Hurst parameter H, such that

1If|j—il > 2,
(5.13) / 1€|91€|Te 2 BEqE < Ottt (1 5)~H (i A j A |j — i)~ H kT,
R2

where f:: (f,é).
2. If|j—i|<land Hlg+ 4+ 1) <1,

(5.14) / / /|§yq§@% “SEgEdsds < OnHrT+) =23y jy~H,

ProOOF. We first prove (5.13) in the case |[i — j| > 2. Suppose without loss of generahty that

L <s<J 1<s By applying Lemma 5.1 in the case m = 2, u; = =1, ug = =L and s; = s,

n M
82 =3, we have that

i~ 5856 g8 - J—1 _Ha~ b —Hg
[ Il < st — )M s A (ot = )P = L
n n
-1 j .
(5.15) <Cs5H(sn(5—3s)"H(sA (‘77 —5))"Ha|5 - l’—Hq7
n n
where in the second inequality we have used the fact that for every 0 <s < s,

(5.16) 5(sN(5—5)) <2(sV(§—35))(sN(5§—s)) =25(5—3).

Notice that if [i — j|,4,j > 2, then |[i — 1| > % and j —i— 1 > 1(j — i — 1), which by (5.15) implies
that

| lemiie €5 < oyt (o = gL - Ly
< Oy I A (el
=c€vﬁf“> G R

Inequality (5.13) under the condition |i — j|,4,j > 2 follows by combining the previous inequality
with the fact that ¢ < j <2iV (5 —1i).
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To prove (5.14) under the condition |i — j| < 1, we will assume without loss of generality that i < j,
and define

! ‘:/ ~ / €191 Te2¢ S dédijds.
e R

Notice that I is an upper bound for the integral in the left-hand side of (5.14). Consequently, in
order to prove (5.14) it suffices show that

(5.17) [ < opfllatar2)=2(;y =1

Using Lemma 5.1, we can check that

1€ f ., Mo (56— s) ™
< (G-s)A(s——2)A (% A %) A (% _g) Mg
Hence, by (5.16),
1<) [, T
< ((G—s)A(s—" = LA (% S AG- %) A (% _g)) Mt gz
I A T (e

r (- S)fH(q+q+1) +(5— j;l)fH(qutiJrl) + (l _ §)H(Q+q+1))>d§'.

n n n

Relation (5.17) follows by integrating the right-hand side of the previous inequality. O

5.2. Regularity properties of the derivatives of the local time of the fBm. In this section we
present the proofs of the existence and regularity properties of the derivatives of the local time of
a fBm (Lemmas 1.1 and 1.3)

PrROOF OF LEMMA 1.1. Recall that if {uc}.cr is a family of elements of a Hilbert space H
satisfying that there exists a constant ¢ € R such that for all sequences {e,}nen and {n,}nen
converging to zero, limy o (Ue,, Up,)H = ¢, then lim._,ou. exists in H. It thus suffices to show
that, for every pair of positive sequences {ey,7n,} such that ,,n, — 0, one has that, as n — oo,
the sequence

converges to a finite limit, independent of the choice of {e,,n,}. To this end, we first write ¢>§’5>, for
e>0as

1

(5:18) o) = o [ e'eiicas
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For § = (s,5) € R2, denote by X(5) the covariance matrix of (Xs, X35) and by A(n) the diagonal
matrix with Ay = ¢, and Az = n,. From (5.18), it follows that

—_ ¢ ~. . o X x pragiue
(5.19) E[L(Z) (/\)L(Z)n ()\)] — (-1 / (66)66715)\715)\67%& (E(5')+A(n))§d£d§7
0,t R2

472
where £ := (¢, €), §:= (s,38). Notice that the integrand in (5.19) converges as n — oo and satisfies
(g8)'e NN (B HAMNE] < gl a€ L,

Moreover, by applying inequality (5.1) in Lemma 5.2, we have that

(5.20) / €8l 2 agds < ¢ | (svE) H(sAFA|s— 3] HEHD .
[0,]? [0,¢]?

The right hand side is of the previous inequality is finite due to the condition H(2¢ + 1) < 1, and

thus, by the dominated convergence theorem, we conclude that E[L,E E)n()\)L(g)

t,Mn ()\)] converges to a
limit independent of the choice of {&,,n,}.

To show (1.11), we define 57 := M2, for M > 0. By applying the Fourier inversion formula to
the Gaussian kernel ¢.,,, we can easily check that

/¢(€) ds—// 15 i€ (Xs=X) = gen€? dsd,
and thus,

(5.21) /MM]/ (i¢) XN gsde = T 4 7" /%M

where

t
TI(M) = 1/ / (if)geig(XS_)‘)(l _e—%€M€2)de£
21 Ji—n,m Jo
1 t i
Tz(M) = 2//(ig)fe@(Xs—A)‘éff%lel[_M,M]c(g)dsdg.
T™JRrRJoO

Since the third term in the right hand side of (5.21) converges to Lge)(z) as M — oo , it suffices to

show that TI(M) and TQ(M) converge to zero in L?(Q). Proceeding as in the proof of (5.19), we can
easily show that

M -1) AN —IEA—iEN  —L1E%(2(8)402,)E —Lenre? —Lem€N 3592
HTl( )H%g(m = (47T2)/[0t]2/[ MM]Q(&)Ee AR =3 (D Fon)E(] — em25ME (1 — ¢725ME7)dEd5.
Thus, using the fact that e37]¢]? < ﬁ for all £ € [-M, M], we obtain

(M) 12 L |3 gez
T < — déd
H 1 HLQ(Q) = M2 /[O,t}z R2 ’ég‘ e 2 § S,



FRACTIONAL LOCAL TIME APPROXIMATION 45

which by (5.20), leads to limas o0 |]T1(M)||%2(Q) = 0. By following similar arguments, we can show
that

I ey < B I  a€an ais

The integrand of the right-hand side is bounded by e -3¢ 2(535, which by (5.20) is integrable over

§€[0,2 and £ € R2. Thus, by the dominated convergence theorem, limp/_,o HTQ(M)H2

required. This finishes the proof of (1.11).

2) = 0, as

Next we prove (1.12) in the case ¢ > 1. Using the representation (1.11), we have that

LY+ h) — L) = el () = /]R /0 (1)L eIEC5 ) (| _ i) dde.
Proceeding as before, we can bound this L?(€2)-norm as follows
(5:22) L0 B~ V00 RO O g / [ Jedetemterse
x [(e7%P — 1 — hig)(e P — 1 — hif)|dEds.
Let 0 < € < 1 be such that H(2¢ 4+ 1 + 2¢) < 1. Using the inequality
e — 1 —in| < 3[n|**,

which is valid for all n € R, we conclude from (5.22) that

6:23) L0+ ) = L)~ ALy < 22 [ [ jeftree 15 0Kagas
0,2 Jr

By inequality (5.1) in Lemma 5.2, there exists a constant C' > 0, such that

/ RISt -3¢ gjgdﬁds <C (sV3) (s n5A|s—5) HEH2EH g3

R2 [0,t]2

for some constant C' > 0. Thus, by the condition H(2¢ 4+ 1 + 2¢) < 1, we have that the right hand
side of (5.23) is finite, which in turn implies that

-1 -1 {4
tm [ (L DO+ ) = LD 0) = RO () — O
as required. This finishes the proof of (1.12).

Next we prove (1.13). To this end, we select a positive sequence {e,, }n>1 converging to zero and, for
t > 0, we write Lgi)l()\) = Lg@n()\) for simplicity. We use the convergence lim,, Lg%(/\) = Lg)()\),
valid for all s > 0, to write

(5.24) IZE () = LO NI g <hmsupHL ) = LN q)-
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Assume without loss of generality that u > v. The L?(£2)-norm in the right hand side of the previous
inequality can be estimated by using the identity (5.18), which allows us to write

)
(5.25) LW - LW =5 [ [ elnoNdiagas
' ' T Jlv,u

This leads to

_1)» 2p
© (yy— O 2 - D [ 00N ~48agus
HLu,n()‘) Lv,n()‘)HLQP(Q) - 471'2 [%u]% R0 E[ g’Le 2 ]dfds,

i=1
where £ = (&1, ... ,€2p) and § = (s1,...,S2p). From here we can easily obtain
l 3
0~ EOON ey < [ [ € 08 [ i
i=1

where ¥(5) denotes the covariance matrix of (X, ,..., Xy, ). Therefore, by applying Lemma 5.1
with m = 2p, u; = s; and z; = 1, we get

HL%),L()\) sz (A )Hsz [ PP(SI(SQP — 59p-1)) H((51 A (52— 51))(52p — 32p—1))_H£
2p—1 7
X H — Si— 1 ((Sl — Si_1) A (Si+1 — Si))iHZ)dg.
Thus, by changing the coordinates (si,...,s2p) by (11 = 81,72 := $2 — S1,...,Top = S2p — S2p—1),
we obtain
2p 2p—1
l 0) 4
HL&}L(A) — LU7 (A) LQI,(Q < C/ /Ov ot <£[T > <7'2p H (Ti AN Tig1)” )dTgp_l ceedr.
By using the bound 777 < (v — )~ ]l{nzy—u} + TfH]l{ngu—u} in the integral above, we obtain
(5:26) LR (V) = L o
2p 2p—1
< C(U—U)H/ / (HTZ-_H> <7’2_pHZ H (Ti/\TH_l)He)dTgp_l--'dTl
v J[0w—ul?Pt \ i=1
2p 2p—1
+C [ . (HTi_H> (7‘2p ¢ H Ti N Tiv1) ™ HE)dTgp 1+ -dr,
Oo—ul* \j—1 i=1

which in turn leads to

IZEL ) = LEL N1 oo
1

2p 2p—
Cv—u) / /[ s <H7‘ ><7‘2p H )>d7‘2p1...d7‘1
0,v—u|*P~ i—2

2p—1

+C[ - (HTZ )(%HZH T +Ti+ﬁm)>d72p1'“dﬁ-
Ov—ul* N1 i=1
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By expanding the product above, we can write

(5:27) [[LE(N) = L (A )IILQP(Q

p
_ —H(1+a;l
C(v—u) Z T HZO“HTZ- (I+a )d7'2p71--'d7'1
[0,v—u]2p—1

ag,..,,a2p6{0,1,2} =2
Z?pl @ =2p

. Z H —H(14a;0) Top—1 - odT.

0w—ul?P .. anpe{0,1,2} i=1
Z?ﬁ1 a;=2p
Due to the condition H(2¢+1) < 1, the integrals in the right-hand side of (5.27) are finite and can
be computed explicitly, leading to

(5.28) 120,00 = LG, g < Clo — up1-HED),

1

Relation (1.13) then follows from (5.24) and (5.28).

Finally, we prove that for all v < 1 — H(2¢ 4 1), the process LEQ(/\) has a Hoélder continuous
modification with exponent . By the condition H < ﬁ, we have that for all p > m,
the exponent in the right hand side of (1.13) is strictly bigger than 1. The Hélder continuity of X
then follows from the Kolmogorov continuity criterion. O

The next statement is the announced counterpart to Lemma 1.1, showing that the conditions on
H appearing therein are sharp.

ProoF oF LEMMA 1.3. Using (5.25) we can easily show that

(0) ,1 A (5,8 3702
(5.29) IO B = S /{O e e

where A(™ (s, 5) denotes the covariance matrix of (X, X;). In order to compute the integral over £
appearing in the right-hand side, we proceed as follows. First we decompose the power function z*

in the form
L€/2]

o' =Y cqrHyaq(),

q=0
where cq ¢ := (e il and H, denotes the g-th Hermite polynomial. Therefore, if we define A(")(S 3)

as the inverse of A (s, 3) and ® A(n)(s,5) @s the centered Caussian kernel with covariance A (s, 3),
we have that

,lgA(n) sséd
[ e g

A(n =\ (% 1 (n 7 (n £
SR CRIL Ny ES ORI

1¢/2] =
X Z CquCqeti—2q <~(£> Hy_o5 (”(5)) q’A(n)(s,g) (§)déds,
A ) A )

q,9=0
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which by (2.1), implies that

N LA (g5 2
p

~ o1 T (n ~\ A (n )5
— ’A(")(s,s)|2/ Q(Ag )(s.5)A0) (5,5))2 > cqv£< ~(n) 1)
[0,1] =0 \/ 11(8,8)A55(s, 8

Therefore, using the fact that

we obtain

o[ [ e
(0,42 JR2

= [ a0 D e + L+ Ly S ( Blo,2) )“ng
0.2 ’ n n’ e T\ (sH 4 D(5H + 1) '

Using the previous identity as well as the fact that R(s,5) > 0 and cp¢ = 1, we conclude that

0 LE A (5 3)E 47
e R R
#

() (g 3y~ 5C((sH 1+ 1yaH 4 Ly R(s, 3)
> [ MO 6 D (o

which by (5.29), leads to
0 2 1 (n) =\ —= R(Sag) ¢ =
(5.30) 10 Mz20) = o [AY (s, 5) 2 A0 (s, )] ds.

= 4r2 A (s, 5

Define (s, §) as the covariance matrix of (X, Xz). Combining (5.30) with Fatou’s lemma, and the
fact that R(s,s) > 0 for all 5,5 > 0, we deduce that

1/ R(s,3)\' . o _1{ R(s,5) \',.
0</ (s, 3 2( — > ds<hmsup/ A (s, 5 2<’~ ds
oI 156,3) S o NI R )

(5.31) < 4n? limsup | L) (0)[22q-

Thus, to prove (1.14), it suffices to find a divergent lower bound for the integral in the left-hand
side. To this end, define

3t

C:={(s,5) €[0,t]*; 5

<s<§<s+

|2

N | o+

and notice that by (2.11), for every (s, §) € C, we have that R(s, §) > % and

1%(s,8)| = Var[X,]Var[X; | X,] = Var[X,|Var[X; — X, | X,] < 27 (5 — )%,
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Thus, by (5.31),

(5.32) / 1475 — 5) T a5 < ax2 limsup || L (0)][22 ).

C n
Notice that there exists a small ball contained in C with center in the diagonal of [0,%]?, which
forces the integral in the left-hand side to be divergent due to the condition H > ﬁ. Relation

(1.14) then follows from (5.32).
O

References.

[1] Ait-Sahalia, Y., and Park, J. Y. (2016). Bandwidth selection and asymptotic properties of local nonparametric
estimators in possibly nonstationary continuous-time models. Journal of Econometrics 192, 119-138.

[2] Akonom, J. (1993). Comportement asymptotique du temps d’occupation du processus des sommes partielles.
Ann. Inst. H. Poincaré Probab. Statist. 29, 57-81.

[3] Altmeyer. R. (2017). Estimating occupation time functionals. Preprint.

[4] Ayache, A., Wu, D. and Xiao, Y. (2008). Joint continuity of the local times of fractional Brownian sheets. Ann.
Inst. Henri Poincaré Probab. Stat. 44, 727-748.

[5] Bandi, F.M., and Moloche, G. (2018). On the functional estimation of multivariate diffusion processes. Econo-
metric Theory 34(4), 896-946

[6] Berman, S. (1970). Gaussian Processes with Stationary Increments: Local Times and Sample Function Properties.
Ann. Math. Statist. 41(4), 1260-1272.

[7] Berman, S. (1973). Local nondeterminism and local times of Gaussian processes. Indiana Univ. Math. J. 23,
69-94.

[8] Berman, S. (1969). Harmonic Analysis of Local Times and Sample Functions of Gaussian Processes. Transactions
of the American Mathematical Society, 143, 269-281.

[9] Billingsley, P. (1999). Convergence of probability measures (2nd ed.). John Wiley & Sons, Inc., New York.

[10] Borodin, A. N. (1986). On the character of convergence to Brownian local time. Probab. Theory Relat. Fields.
72, 251-277.

[11] Cohen, S. and Wschebor, M. (2010). On tightness and weak convergence in the approximation of the occupation
measure of fractional Brownian motion. J. Theoret. Probab. 23(4), 1204-1226.

[12] Coutin, L., Nualart, D. and Tudor, C. (2001). Tanaka formula for the fractional Brownian motion. Stochastic
Process. Appl. 94, 301-315.

[13] Dufty, J. A. (2016). A uniform law for convergence to the local times of linear fractional stable motions. Ann.
Appl. Probab. 26(1), 45-72.

[14] Erdos, P. and Kac, M. (1946). On certain limit theorems of the theory of probability. Bull. Amer. Math. Soc.
52 292-302.

[15] Geman, D. and Horowitz, J. (1980). Occupation densities. Ann. Probab. 8, 1-67.

[16] Gatheral, J., Jaisson, T. and Rosenbaum, M. (2018). Volatility is rough. Quant. Finance 18(6), 933-949.

[17] Gourieroux, Ch., Nguyen, H.T. and Sriboonchitta, S. (2017). Nonparametric estimation of a scalar diffusion
model from discrete time data: a survey. Ann. Oper. Res. 256, 203-219.

[18] Guo, J., Hu Y. and Xiao Y. (2017). Higher-Order derivative of intersection local time for two independent
fractional Brownian motions. Journal of Theoretical Probability 8, 1-12.

[19] Guo, J. and Xiao, Y. (2018). Higher-order Derivative Local Time for Fractional Ornstein-Uhlenbeck Processes.
Preprint.

[20] Hu, Y., Nualart, D., and Xu, F. (2014). Central limit theorem for an additive functional of the fractional
Brownian motion. Ann. Probab. 42 (1), 168-203.

[21] Hu, Y. and Qksendal, B. (2002). Chaos expansion of local time of fractional Brownian motions. Stochastic Anal.
Appl. 20, 815-837.

[22] Jacod, J. (1998). Rates of convergence to the local time of a diffusion. Ann. Inst. H. Poincaré Probab. Statist.
34, 505-544.

[23] Jacod, J. (2018). Limit of random measures associated with the increments of a Brownian semimartingale.
Journal of Financial Econometrics 16(4), 526-569.

[24] Jeganathan, P. (2004). Convergence of functionals of sums of r.v.s to local times of fractional stable motions.
Ann. Probab. 32(3), 1771-1795.



50 A. JARAMILLO ET AL.

[25] Jeganathan, P. (2006). Limit laws for the local times of fractional Brownian and stable motions. Working paper
available at: https://www.isibang.ac.in/ statmath/eprints/2006/11.pdf

[26] Jeganathan, P. (2008). Limit theorems for functionals of sums that con-
verge to fractional Brownian and stable motions. ‘Working paper available at:
https://cowles.yale.edu/sites/default/files/files/pub/d16/d1649.pdf

[27] Knight, F. B. (1963). Random walks and a sojourn density process of Brownian motion. Trans. Amer. Math.
Soc. 109 56-86.

[28] Li, J. and Xiu, D. (2018). Comment on: Limit of random measures associated with the increments of a Brownian
semimartingale. Journal of Financial Econometrics 16(4), 583-587.

[29] Jung, P. and Markowsky, G. On the Tanaka formula for the derivative of self-intersection local time of fractional
Brownian motion. Stochastic Process. Appl. 124 (2014), 3846-3868.

[30] Markowsky, G. The derivative of the intersection local time of Brownian motion through Wiener chaos (2012).
Séminaire de Probabilités XLIV. 2046, 141-148.

[31] Nasyrov F.S. (2006). On the Derivative of Local Time for the Brownian Sheet with Respect to a Space Variable.
Theory Probab. Appl. 32 649-658.

[32] Neuman, E. and Rosenbaum, M. (2018). Fractional Brownian motion with zero Hurst parameter: a rough
volatility viewpoint. Electron. Commun. Probab. 23, paper n. 61.

[33] Nourdin, I. and Peccati, G. (2012). Normal approzimations with Malliavin calculus: from Stein’s method to
universality. Cambridge U. Press.

[34] Nualart, D. (2006). The Malliavin Calculus and Related Topics, 2"% Ed. Berlin: Springer-Verlag.

[35] Nualart, D. and Wschebor, M. (1991). Integration par parties dans ’espace de Wiener et approximation du
temps local. Probab. Th. Rel. Fields 90(1), 83-109.

[36] Nualart, D. and Xu, F. (2013). Central limit theorem for an additive functional of the fractional Brownian
motion II. Electron. Commun. Probab. 18, no. 74 (Electronic)

[37] Park J. and Phillips P.C.B. (1999). Asymptotics for Nonlinear Transformations of Integrated Time Series. Econo-
metric Theory. 29 1985-2013.

[38] Phillips P.C.B. (2001). Descriptive econometrics for non-stationary time series with empirical illustrations. J.
Appl. Econ. 16, 389-413.

[39] Phillips P.C.B. and Tyurin K. (1999). The Occupation Density of Fractional Brownian Motion and Some of Its
Applications. Working paper.

[40] Podolskij M. and Rosenbaum M. (2018). Comment on: Limit of random measures associated with the increments
of a Brownian semimartingale. Asymptotic behavior of local times related statistics for fractional Brownian
motion. Journal of Financial Econometrics 16(4), 588-598.

[41] Revuz, D. and Yor, M. (1999). Continuous martingales and Brownian motion. Springer-Verlag.

[42] Rosen, J. (2005). Deriwatives of self-intersection local times, in Séminaire de Probabilités XXXVIII. Springer,
Berlin. 263-281.

[43] Skorohod, A. V. and Slobodenjuk, N. P. (1965). Limit theorems for random walks. I. Teor. Verojatnost. i
Primenen. 10 660-671.

[44] Wu, D. and Xiao, Y. (2007). Geometric properties of fractional Brownian sheets The Journal of Fourier Analysis
and Applications 13, 1-37.

[45] Wang, C.-H. (2012). Further results on convergence for nonlinear transformations of fractionally integrated time
series. Theoretical Economics Letters 12, 408-411.

[46] Wang, Q. and Phillips, P.C.B. (2009). Asymptotic Theory for Local Time Density Estimation and Nonparametric
Cointegrating. Fconometric Theory 25(3), 710-738.

[47] Wang, Q. and Phillips, P.C.B. (2011). Asymptotic theory for zero energy density estimation with nonparametric
regression applications . Econometric Theory 25(3), 710-738. Econometric Theory 27(2), 235-259.

[48] Whitt, W. (1980). Some useful function for functional limit theorems. Math. Op. Research 5(1), 67-85.

MATHEMATICS RESEARCH UNIT

UNIVERSITE DU LUXEMBOURG

MAISON DU NOMBRE 6, AVENUE DE LA FONTE
L-4364 ESCH-SUR-ALZETTE, LUXEMBOURG.



	Introduction
	Overview
	Statistical motivations and the semimartingale case
	Local times
	The fractional case
	Derivatives of the local time
	Fourier representation for Lt()()
	A representative statement
	Some heuristic considerations
	Main results
	Plan

	Preliminaries
	Malliavin calculus for classical Gaussian processes
	Properties of the covariance of Gaussian vectors

	Proof of Theorem ??
	Proof of Theorem ??
	Appendix
	Technical lemmas
	Regularity properties of the derivatives of the local time of the fBm

	References
	Author's addresses

