KUMMER THEORY FOR NUMBER FIELDS VIA ENTANGLEMENT GROUPS

ANTONELLA PERUCCA, PIETRO SGOBBA, SEBASTIANO TRONTO

ABSTRACT. Let K be a number field, and let G be a finitely generated subgroup of K.

n

We are interested in computing the degree of the cyclotomic-Kummer extension K ( ¥/G) over
K, where ¥/G consists of all n-th roots of the elements of G. We develop the theory of
entanglements introduced by Lenstra, and we apply it to compute the above degrees.

1. INTRODUCTION

Let K be a number field, and let us work in a fixed algebraic closure K. Let G be a finitely
generated subgroup of K *. For any fixed n > 1, let /G be the group of all n-th roots of the
elements of G’ (which includes the n-th roots of unity). We are interested in computing the
degree of the cyclotomic-Kummer extension

K(VG)/K .

In [7] Lenstra proposed a theory of entanglements to take care of the fact that radicals of ele-
ments of G can be contained in cyclotomic extensions of K, and to study this phenomenon
we may as well suppose that (G is torsion-free and of positive rank. Consider the group
Aut g« (By,) consisting of the group automorphisms of B, := (K>, {/G) which are the iden-
tity on K*. The core of the theory is the so-called entanglement group E(B,,), which is the
quotient of Autx (B,,) by the Galois group of K (/G)/K (the latter is a normal subgroup
of the former by [8, Theorem 1.6]). The group E(B,,) should measure the additive relations
between the radicals in K (/G) and the n-th roots of unity. Palenstijn proved in [8, Theorem
1.6] that E(B,,) is an abelian group, and it is clearly finite. In Section[7]we prove the following
statement (which in a different form over Q has been proven by Palenstijn in [8, Proposition
4.3]), where ¢, denotes a root of unity of order p.

Theorem 1. Seiting Av := T, prime, pin.c, ¢k %, we have
(B, : K*]

[K(VG) : K| = ZE@) A

We may compute [B,, : K*| with a result by Debry and the first author [3, Theorem 15], so we
are left to compute the size of the entanglement group. The following result says in particular
that #FE(B,,) remains bounded as n varies, and that in order to compute the entanglement
group F(B,,) for all n it suffices to calculate F/(B,) for all divisors d of some integer depending
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only on K and G. This result will be proven using Theorem [36] which is an assertion about
the eventual maximal growth of the degrees of cyclotomic-Kummer extensions (notice that in
Section[7] we express degrees of Kummer extensions in terms of entanglement groups).

Theorem 2. There is a computable integer ng > 1 (depending only on K and G) such that for
everyn > 1 we have

E(Bn) = E(Bgcd(n,no)) :

Throughout the paper, whenever we talk about about the computability of a certain object
depending only on K and (5, we mean that there exists a finite procedure that, given as input
the field K and the group GG, produces as output the desired object. In order to work with our
theoretical algorithms in practice, one can assume that the field K is presented in the sense of
[S) Chapter 19], which implies that its elements are representable on a computer. Moreover,
one should know a finite set generators for the group G. We refer to Remark 1] for more details
about the computations.

We focus on the subgroup B,, a1, of B,, which consists of abelian radicals, by which we mean
the elements z € K * such that 2™ € K for some integer m > 1 and such that the extension
K (pn, )/ K is abelian, where p,, denotes the group of n-th roots of unity. Palenstijn proved
in [8, Theorem 1.10] that there is a quite explicit description of the entanglement group E(B;,)
if By ap = (K™, u, H), where p is a group of roots of unity and H is a group of Kummer
radicals, by which we mean those € K* such that z* € K*, where w is the order of the
torsion part of K. A large portion of the article is thus devoted to express B, .1, in terms of
Kummer radicals and roots of unity (in Sections E] and@ we describe B, .1, first in the special
case where n is a prime power and then in general). An example of our results is the following,
where p i denotes the group of roots of unity contained in K (and where by ‘divisibility’ of an
element in a group — denoted multiplicatively — we mean the supremum of the natural numbers
n such that the element is an n-th power in the group).

Theorem 3. Suppose that every element of G has the same divisibility in K* and in K* [ u-.
Then for every n = 1 we have

Bran = <KXaMna Hy),
where H,, is a group of Kummer radicals. Moreover, we have
E(By) = Gal (K(Hn) N Q(un) /QUK ™, Hy) N :Un)) .

This result will be a consequence of Theorem 29]in view of Remark [TT} Notice that it would
not be true without assumptions on G, see Example

Finally in Section [§] we prove the following general statement about the failure of maximality
for the cyclotomic-Kummer degree, and in Remark 0] we generalize it to groups which are not
necessarily torsion-free.

Theorem 4. Let G be a finitely-generated and torsion-free subgroup of K* of positive rank r.
Then there is a computable integer ng > 1 (depending only on K and G) such that for every
n = 1 we have

.

__ »l9)g
[K(VG): K] [K(YG): K]
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where g := ged(n, ng).

This theorem says, in other words, that the degree [K (V/G) : K(¥/G)] is maximal.

In Section 0] we present examples of the computation of the degree of cyclotomic-Kummer
extensions. Notice that in the case that the base field is (@, Palenstijn computed cyclotomic-
Kummer degrees with the theory of entanglements [8, Chapter 4] while the authors computed
those degrees by a different method [9].

2. PRELIMINARIES ON STRONGLY INDIVISIBLE ELEMENTS

2.1. Notation. Let K be a number field, and fix some algebraic closure K. We denote by s
the group of roots of unity contained in K and set w := # . For an integer n > 1 we denote
by ¢, a primitive n-th root of unity in K, and by ,, the group of n-th roots of unity in K. We
also define oo 1= Up>1pn. If £ is a prime number, then we set pipeo 1= Up>1 ign, we denote
by vy the ¢-adic valuation on Q, and we write wy := vp(w).

2.2. Strong /-independence. Let ¢ be a prime number. We call a € K strongly (-indivisible
if there is no root of unity ¢ in K (whose order we may suppose to be a power of £) such that
al € K**. If ¢, ¢ K, then strongly /-indivisible means not being an ¢-th power; in general, it
means that the class of the element in K>/ is not an ¢/-th power.

If a € K* is not strongly ¢-indivisible, then we can decompose it as the product of an element
of ppwe times the (-th power of some element of K *; if the latter element is not strongly /-
indivisible, then we can iterate the decomposition. So if @ € K* is not a root of unity, then
we can write itas a = ¢ ™ for some strongly /-indivisible element b € K *, for some integer
d > 0 and for some € up,. We refer to d as the d-parameter for the (-divisibility of a (it is
uniquely determined); we refer to b as the strongly (-indivisible part of a (in general, it is only
determined up to a root of unity); if ¢ has order ¢, then we refer to h as the h-parameter for
the (-divisibility of a (it may depend on the decomposition, and clearly we have 0 < h < wy).

Wecallay,...,a, € K* strongly {-independent if a{" - - - aF" is strongly ¢-indivisible whenever
x1,...,x, are integers not all divisible by ¢. If (;, ¢ K, then strongly /-independent means
that the classes of the elements in K> /K *¢ are linearly independent in this IF,-vector space;
in general, we work instead with the IFy-vector space (K * /ur) /(K> /pux)’.

Strongly ¢-independent elements are each strongly ¢-indivisible, and for a single element the
two notions coincide. Notice that if eq, ..., e, are integers coprime to £ and aq,...,a, € K*
are strongly (-independent, then also af’, ..., a¢" are strongly ¢-independent.

T

Lemma 5. Let by, ...,b. € K* be strongly (-independent. For everyn > 1, if

¢-ITo
=1

is an ("-th power in K* for some integers x; and for some ( € ., then "™ | x; for all i.

Proof. We prove the statement by induction on n. For n = 1, the statement holds by definition
of strong ¢-independence. An ¢"-th power in K* is in particular an ¢-th power, so by the case
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n = 1 we can write x; = fy; for some integers y; and ( is an ¢-th power in K *. So there is
¢ € uk such that & - ], b is an £"~'-th power in K *. By the induction hypothesis we have
¢"=1 | y; for all i and we conclude. O

Lemma 6 (Schinzel, [11, Theorem 2]). Let b € K* be strongly {-indivisible. Then the exten-
sion K (yugn, V/b)/K is abelian if and only if n < wy.

Proof. The if part is clear because uym C K. Conversely, suppose that the given extension is
abelian and that n > w,. Then b is an ¢"-th power in K * by [11, Theorem 2], which is
impossible by Lemma 5] U

2.3. Divisibility parameters. Consider a finitely generated and torsion-free subgroup G of
K> of positive rank r, and fix some prime number ¢. If g1,..., g, is a basis of G as a Z-
module, then we can write
gi = Gy - "

for some strongly /-indivisible element b; of K, for some integer d; > 0 and for some root
of unity (,n; in K of order ¢hi. We call g, ..., g, an (-good basis of G if their strongly (-
indivisible parts by, ..., b, are strongly /-independent or, equivalently, if ). d; is maximal
among the possible bases of G, see [3, Section 3.1]. In this case we call d; and h; the
d-parameters and the h-parameters for the (-divisibility of G in K, respectively. The d-
parameters are unique up to reordering, while the multiset of the h-parameters may depend
on the choice of the g;’s and the b;’s (but one could require additional conditions as to make the
pairs (h;, d;) unique up to reordering, see [3, Appendix]). Recall from [3| Theorem 14] that an
£-good basis of G always exists.

Remark 7. As shown in [3] Section 6.1], the parameters for the (-divisibility of G are com-
putable. They are zero for all { outside of a finite computable set of primes which depends
only on K and G (for the d-parameters this is shown in [[10, Proposition 4.5], while for the
h-parameters it suffices that { { w). See also Remark To apply some of our results, we need
to verify that for some given { (with { | w) the h-parameters for the (-divisibility can be taken
to be zero: this amounts to testing whether the computable h-parameters from (3l Proposition
31] are zero.

Lemma 8. The strongly (-indivisible parts of a basis of G generate a torsion-free subgroup of
K> of rank r.

Proof. With the above notation, suppose that [[, b* = 1 for some integers e;. Setting m =

max;(h; + d;), we have 1 = [[, b" = [], g/* for some integers f;. Since G is torsion-free
and the b;’s are not roots of unity, we deduce that f; = 0 and hence e; = 0 for all i. ([l

Lemma 9. The strongly (-indivisible parts of the elements of G are in the group generated by
Lewe and by the strongly (-indivisible parts of the elements of any fixed £-good basis of G.

Proof. If g € G, write g = szd where b € K* is strongly ¢-indivisible and £ € pypw,. With
the above notation, expressing ¢ in terms of the basis g;, we deduce that

b = gﬁ by
i=1
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for some ¢ € pypwe and for some integers x;. By Lemma we have ¢ | 2; for every i and we
conclude. O

Lemma 10. Call d; the d-parameters for the (-divisibility of G. If an element of G different
from 1 has a strictly positive h-parameter, then its d-parameter d satisfies d < max;(d;) + wp.

Proof. The given element is of the form g = ( - bed, where b € K* is strongly ¢-indivisible,
and where ¢ # 1 is in pp,. Suppose that d > max;(d;) 4 w. Then g is not an £%-th power in
K. Expressing the elements of an ¢-good basis of GG in terms of their strongly ¢-indivisible

parts b;, we can write
,

g=11 (e

i=1
where & € e and x; € Z. Since g ™! is an £?-th power in K *, Lemma |5|implies that
¢4 | ¢diz;. Since d > d; + wy we have & = 1 and hence g is an ¢9-th power in K*,
contradiction. O

Remark 11. If ¢ is a prime number, then the the following conditions are equivalent:

(1) Every element of G has the same divisibility in the groups K* and K* /.

(2) Every element of G\ {1} is the (%-th power of a strongly (-indivisible element for some
integer d = 0.

(3) The h-parameters for the (-divisibility of G can be taken to be zero (i.e. they are zero
for some (-good basis and for some choice of the strongly (-indivisible parts of the
elements of this basis).

Indeed, the first and second condition are clearly equivalent and imply the third. To prove that
the third condition implies the second one, suppose that G = <bfdi :i=1,...,7) where the
b;’s are strongly (-independent, and write an element of G \ {1} as

094 i
g= H bi ‘
el
for some non-empty I C {1,...,r} and for some integers x; # 0. The d-divisibility parameter
for g is d :== min;(d; + ve(z;)) by Lemma@ and the above expression implies that g € KX

3. PRELIMINARIES ON RADICAL GROUPS

Let K be a number field. An element » € K is called a radical if z™ € K> for some integer
n > 1, i.e. if the class of = in K* /K * is torsion. We call a multiplicative subgroup B C K *
a radical group if K* C B and B/K™ is torsion (the latter condition means that B consists
of radicals). A radical group B is called Galois if the exponent of B/K* divides the exponent
of the torsion part of B (i.e. for every x € B there is n > 1 such that z" € K* and p,, C B),
or equivalently if the extension K (B)/K is Galois.

We denote by Aut g« (B) the group of K *-automorphisms of B, i.e. the automorphisms of B
that are the identity on K*.
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Proposition 12 (Palenstijn, [8, Lemma 1.9]). If = is a radical such that ™ € K*, then the
following are equivalent:

(1) We have z* € (K™, lioo)-
(2) The group Autyex ((K*, pn, x)) is abelian.
(3) The extension K (pun,x)/ K is abelian.

We call a radical abelian if it satisfies the conditions of the previous proposition. The abelian
radical group of B, denoted by B,},, consists of the abelian radicals contained in B, and it is
again a radical group. We call Kummer radical an abelian radical such that % € K*.

If B is a Galois radical group, then the Galois group Gal(K (B)/K) is a subgroup of Aut gz« (B).
In particular, by [8, Theorem 1.6] it is a normal subgroup, and the quotient

E(B) := Autge« (B)/ Gal(K (B)/K)

is an abelian group, which is called the entanglement group of B over K. By [8, Corollary
2.27] we know that E(B) = E(Bay).

Theorem 13 (Palenstijn, [8, Theorem 1.10]). Let B be a Galois radical group, and suppose
that Bay, = (u, H), where (1 is a group of roots of unity and H is a radical group of Kummer
radicals. Then we have a group isomorphism

E(B) = Gal (K(H) N Q(u)/QH N p)) .

In the above result we can take as u the torsion part of B; then it is possible to choose H such
that H Npu = px.

Notice that if B C B’ are two radical groups, then we have B,;, C B;b’ and the condition
B’ = B!, implies B = By,

Lemma 14. [f B C B’ are two Galois radical groups, then E(B) is a quotient of E(B').
Proof. It suffices to prove that E(B,,) is a quotient of E(B., ), and we have By, C B/, . So

we may reduce to prove the assertion in the special case B = B,}, and B’ = B!, . We have the
following commutative diagram of abelian groups given by restrictions:

Gal(K (B')/K(B)) — Gal(K(B')/K) — Gal(K(B)/K) —— 0

| J |

0 sker(¢) — Autgex (B') — Autyex (B)

By the Snake Lemma we have an epimorphism between the cokernels of the second and third
vertical maps, which gives exactly that E(B) is a quotient of E(B’). O

4. ON MAXIMAL ABELIAN EXTENSIONS

Let K be a number field, and fix a finitely generated and torsion-free subgroup G of K* of
positive rank r. We focus on the abelian radicals x such that 2" € G for some n > 1: these,
together with K, form a radical group which we denote by By a1,. If £ is a prime number,
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then we consider the abelian radicals z such that " € G for some n > 0: these, together with
K™, form a radical group which we denote by By .

Remark 15. Consider a Galois radical group of the form (K>, H). If we require that the
group H/(G N H) is torsion (respectively, an {-group) and that the extension K(H)/K is
abelian, then (K>, H) is a subgroup of Be a1, (respectively, By a1,).

As a consequence of the following lemma, the group B .1, is generated by the groups By 41,
by varying .

Lemma 16. Consider an integer n > 1, and let n = [ ¢¢ be the prime factorization. If H
is a subgroup of K* containing (i, then for every a € K* we have {/a € H if and only if
%/a € H for all {.

Proof. The only if part is clear. For the if part notice that the integers n/¢¢ are coprime and
hence {/a can be expressed as a product of powers of the elements 4/a for an appropriate
choice of the roots. 0

Definition 17. Let £ be a prime divisor of w, and let by, ..., b, be the strongly ¢-indivisible
parts associated to an £-good basis of (G. We define the group of Kummer radicals

Sy = ("o, SYB)

(for some fixed choice of the £“¢-th roots). We also define S := (S; : £ | w).

Notice that the group .Sy is torsion-free because it has rank r (notice that Sy contains G*), and
that the choice of the £“¢-th roots will not matter for our results.

Lemma 18. We have Sy N (K™, pyoo) = (b1, ..., by).

Proof. The former group clearly contains the latter. Let s € Sy be of the form s = a( with
a € K* and ¢ € py. Since s € K, we deduce that ¢*** € K. So we have

a@w _ SKQW _ H bfi
i
for some integers z; which are all divisible by £?“¢ by Lemma. Since Sy is torsion-free, we
deduce that s is a product of powers of the b;’s. (]

Proposition 19. We have (K*,S) N pioo = pk-
Proof. The former group clearly contains the latter, and it suffices to prove that for every prime
number ¢ the group (K *,S) N uge is contained in K. To study this intersection, we may

replace S by S, where w > 1 is coprime to ¢. If £ { w, then we choose w = w and we
conclude. If ¢ | w, then we choose w = w/¢** and deduce

<K><,S> mugoo = <K><,Sg> m,u,goo .
If  is in the latter group, then we can write for some a € K* and for some integers z;
¢ =d" [[o e K.
i

By Lemma we have ¢“¢ | z; for every i and hence ¢ € K. g
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Lemma 20. We have Bog ap, = (K™, [io, S), and for every prime { we have

B)oo — <K><7:U'€°°> lffjfw
£ ,ab (K%, oo, Sp) if | w.

Proof. The assertion on By, a1, follows from the description of Byec 1. In both cases Bye
contains the given group, so we are left to prove the inclusion. If ¢ { w, then by Lemma @ the
abelian radicals 2 such that 2" € K for some n > 0 are contained in (K iy ). Now let
¢ t w and consider an abelian radical z such that 2" € G for some n > 0. If 2" = 1, then
T € iy, else we can write

xzn _ Cbzd
for some ( € pyper, for some integer d > 0, and for some b € K> which is strongly /-
n—d
indivisible. If n < d, then we have z € (K™, yyoc). If n > d, then Vb is an abelian radical

and hence by Lemma@we must have n — d < wy. By Lemma@we conclude that én_\d/g, and
hence z, is contained in (fipe0, Sy). O

Remark 21. There is some computable integer n > 1 (depending only on K and ) such that
K(S) N Q(ptoo) € Q(pin). Indeed, we can take n = [],cp £, where P consists of the prime
numbers ramifying in K(S)/Q, and where ey is at least the ramification index of { (we can
take ey = W"[K : Q] because [K(S) : K] divides w"). Since K(S)/K is the compositum of
cyclic Kummer extensions, by a classical result [4, Lemma C.1.7 and its proof] we can take P
to be the set of primes ¢ that divide the discriminant of K or are such that for some prime p of
K above { and for some i € {1, ...,r} the p-adic valuation ord,(b;) is not a multiple of w (in

particular, a prime with the latter property appears in the prime factorization of the absolute
norm of the fractional ideal (b;)). See also Remark {1

To obtain various results we will work with an integer satisfying two properties: that such an
integer exists and is computable is explained by the following proposition.

Proposition 22. There is a computable integer ng > 1 (depending only on K and G) such that
K(S)NQ(ttoo) € Q(ptng) and ve(ng) > max;(d;) + wy for every prime number {, where the
d;’s are the d-parameters for the (-divisibility of G.

Proof. Tt suffices to combine Remarks [/| and recalling that the d-parameters for the /-
divisibility of GG are computable. O

5. RADICAL GROUPS WITH /-RADICALS
We keep the previous notation, and define for every integer n > 0 the radical group

Bpm = (K*, VGQ)

where /G denotes the group of all /™-th roots of the elements of (G. Notice that By» and
Byn 41, are Galois radical groups containing fipn.
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Lemma 23. If{ is a prime number, then there is some computable integer eg (depending only
on K, G, and {) such that

Bon 1. — (KXHUW") iflfw
¢".ab (K™, pugn, Sg) ifl|wandn > eg.

Proof. The assertion for ¢ 1 w follows from Lemma so suppose that £ | w and set ey :=
max;(d;) + we, where the d;’s are the d-parameters for the (-divisibility of G. Thus Byeo ,p
contains .Sy and we are left to prove that Byn 1, is contained in (K™, pm , Se) for every n > eo.
By Lemma it suffices to prove that any root of unity ¢ € Byn a1, N figeo is contained in fign.
The property (" € K**" is enough to conclude because n > wy.

Write (" = " g for some a € K* and for some g € G. If ¢ = 1 we are done, so suppose
that g # 1 and write ¢ = §b£d for some £ € pypo N K, for some integer d > 0, and for
some b € K* which is strongly /-indivisible. Since £/¢*" is in pug, Lemma implies that
d > n. If ¢ = 1, then we are done, and we cannot have £ # 1 because Lemma[10] would imply
d < max;(d;) +wy < n. O

Proposition 24. Let £ be a prime divisor of w and let n > 0. For the Galois radical group
Bin := (Bue, )
we have
Bin o, = (K™, pgnrr, Se 0 Bin) -

The group S¢ N By, consists of Kummer radicals. More precisely, we have

1) Sy B = (O =1, )

where the b;’s are the strongly (-indivisible parts of an £-good basis for G and the d;’s are the
divisibility parameters of the corresponding generator (and the roots of the b;’s are chosen so
that they are in Sy).

Notice that, if G' contains (g, times an ¢"-th power in K, then By,, = Byn.

Proof. For the first assertion, since By, ,, clearly contains the given group, it suffices to prove
that the abelian radicals in /G are contained in (K, pygn+w,, Se). Solet g € G, and suppose
that K (e, ©/g)/K is abelian. We may suppose that g # 1, so we can write g = Cbzd for

some ¢ € ppwr, for some integer d > 0, and for some b € K * which is strongly /-indivisible.
If n < d, then we have 4/g € (K™, fiyn+w,), so let n > d. It is enough to prove that

b e (fgn+w,, Se). Since this is an abelian radical, Lemma@implies n —d < wp. We can
write
¢d —1 fdizi
b = (g =]
i

for some & € i and for some integers z;. By Lemma we have d; + vy(z;) > d. Recalling

n—d
that n — d < wy, we deduce that © /b is, up to an element in fym+w, , the product of powers
of the elements “V/b;.
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Now consider (T)). The inclusion D is clear because, for each i, the given root of b; is in Sy and
it is, up to an element of jiyn+w,, the £"-th root of an element of GG. For the inclusion C, by
Lemma 18]it suffices to prove that

max(0,min(wy,n—d;)) .
SgﬂBéng<K><,,uzn+w£,e \/b>i1221,...77“>.

Noticing that Sy N Bén consists of abelian radicals, this inclusion follows from the fact that the

en—d . . .
element /b considered above is also in

max(0,n—d;) .
<M£n+w£,£ \/b::Z:L...,T’>.
g

Proposition 25. Let ¢ be a prime divisor of w and let n > 0. Suppose that the h-parameters
for the (-divisibility of G can be taken to be zero. Then we have

Byn ap, = (K™, pign, Hyn)

where Hyn is a group consisting of Kummer radicals. We may take for Hy the computable
groups

Sg N <B@n,lu[n+wg> l‘fn > wy.

Proof. If n < wy, then /G consists of Kummer radicals and we may easily conclude. Now
let n > wy and take for Hyn the group in (I)) (which consists of Kummer radicals and is
computable). Notice that By ,1, contains K * and 1i». Moreover, it contains Hy» because this
group consists of abelian radicals, which are in By» by our assumption on the h-parameters.
We are left to prove that Byn o1, C (K, pgn, Hyn). An element @ € Byn o, C Bén,ab is such

that 2" = y*" g, where y € K* and g € G. By Proposition [24|we can write

x = alh where a€ K* &€ pmtw, heHpm.

Because of our assumption on the h-parameters we have g € (b1, . ..,b,) and hence £ is an
("-th power in K * times [ [, b;" for some integers z;. By Lemmawe have (" | z; for every i,
and we conclude that £ € (K, jymn). O

To justify the assumptions of the previous proposition, consider the following example.

Example 26. Let K = Q and G = (—4). The radical group By o, = (Q*, 114, v/—4) contains
only abelian radicals, however +/—4 is not a Kummer radical. We cannot write Byay =
(Q*, u, H) where 1 C oo and H consists of Kummer radicals, because we would have
i € py and hence By 51, would consist of Kummer radicals.

6. RADICAL GROUPS IN THE GENERAL CASE

We keep the previous notation, and define for every integer n > 1 the radical group

B, = (K*,VG)
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where {/G denotes the group of all n-th roots of the elements of G. The radical groups B,
and B, ,p, are Galois and contain f,,. The entanglement group E(B,,) = E(B), a1) is finite
because B,, /K™ is finite.

Lemma 27. If { is a prime number, then we have

_ e il nw
Bnﬂw—{l otherwise .

Proof. If £ | nw, then clearly (; € B,,. Now suppose that £ { nw, and that {;, = a /g for some
a € K* and g € G. We deduce that (; € K and hence (, € K, contradiction. O

Lemma 28. Consider an integer n > 1, and let n = [] ¢ be the prime factorization. Then
B, a1, is generated by the groups Bye .

Proof. We clearly have Bye .1, C B,, a1,. Conversely, consider an abelian radical of the form
ay/g where a € K> and g € G. Since K(uy, {/g)/K is abelian, the same holds for
K (ppe, 5/g)/ K, and we deduce that 4/g is in Bye o1, We conclude by Lemma O

Theorem 29. Let n > 1 be an integer, and suppose that for every prime divisor ¢ of n the
h-parameters for the {-divisibility of G can be taken to be zero. Then we can write
Bn,ab = <K>< y My Hn)
where H,, is a group consisting of Kummer radicals. We have
E(By) = Gal (K(Hn) N Q(u)/QUE™, Hn) N i) -

If n = [] (¢ is the prime factorization, then we can take for H,, the group generated by the
groups Hye from @) for £ | w. With this choice we have (K>, Hp) N fin = Hged(n,w)-

Proof. We apply Lemma If £ f w, then Bye o1, = (KX, upe) by Lemma if ¢ | w, then we
can apply Proposition @ to get the description of Bye .

The assertion on E(B3,, ,1,) follows from Theorembecause (K>, Hy) is a group of Kummer
radicals. Notice that with our choice of H,, we have (K, H,,) N, = Hgcd(n.w) DY Proposition

because our assumption on the h-parameters implies that H,, C (ug, S). ([l
Proof of Theorem|3| The statement follows from Theorem in view of Remark ]

Lemma 30. There is some computable integer ng > 1 (depending only on K and G) such that
By.ab = (K, pin, S) holds for every multiple n of no. It suffices to take ng as in Proposition
22

Proof. Combine Lemma 28 with Lemma O

The following result is a generalization of [8, Theorem 1.4].

Theorem 31. There is some computable integer ng > 1 (depending only on K and G) such
that

E(Bn) = Gal (K(S) N Q(ﬂno)/@(uK))
holds for every multiple n of ng. It suffices to take ng as in Proposition
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Proof. Take ng as in Proposition We have pux C fin, and hence (K*,S) Ny, = pi
by Proposition Since (K, S) is a group of Kummer radicals, combining Lemma 30| with
Theorem (13| gives the statement. (|

The following proposition should be compared with Theorem [29] (we now have no additional
assumptions on G).

Proposition 32. Consider an integer n > 1. We have

<Bn7ﬂnw>ab = <K><,/an,Rn> ’

where Ry, is a group consisting of Kummer radicals. Let n = [] £¢ be the prime factorization.
Then we can take Ry, to be the group generated by the groups Ry := S¢N By as in (1) if ¢ | w.
With this choice, we have

E((Bn, tinw)) = Gal (K (Rn) N Q(pnw) /Qluk)) -

Proof. By Lemma 28] the group (By, finw)ab is generated by the groups (Bye, fige+w; )ap. If
¢ 1 w, then the latter group is (K, jie) by Lemma@ while for ¢ | w we can apply Proposition
Finally we can apply Theorem |13|because (K *, R,,) is a group of Kummer radicals and
we have (K™, R,) N piny = px by Propositionnoticing that R,, C S. O

7. KUMMER DEGREES VIA ENTANGLEMENT GROUPS

The formula given in [8, Proposition 4.3] extends to a general number field K.

Theorem 33. If B is a Galois radical group such that B/ K * is finite, then we have

. _[B: K]
[K(B).K]—#T@-A

where A = =L particular, #FE(B) is a divisor of [B : K*] - A.
p

p prime,Cp€B\ux

Proof. The assumptions on B implies that the quantities in the formula are well-defined and
finite. From the definition of entanglement group it is clear that

#Auth (B)
KB): K|l=——7+—+
and by [8, Theorem 2.19] we have # Autg« (B) = [B : K*] - A. O

Proof of Theorem[l] 1t suffices to apply Theorem[33|with B = B,,, where A = A, by Lemma
O

The following result implies that for every n > 1 we have [By, : K| = [, prime [ Byrem + K]

Proposition 34. Consider an integer n > 1, and let n = [ | £¢ be the prime factorization. Then
we have

B,/K* = HBge/KX .
4
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Proof. The groups By /K™ generate the finite abelian group B, /K™, and their orders are
pairwise coprime. U

Proposition 35. If{ is a prime number and e > 0, then we have

[Bre: K] =[G G <] - grox(Oesen)

Proof. Let H = {(juge, %/@), and hence Bye = (K>, H). By the fundamental isomorphism

theorem we then have
Bee ., H
K*x  K*XNH'
Considering the map [¢] raising an element to the ¢°-th power, we have

ker([¢] : H — G) = ppe  and  ker([t*] : K* N H — (K* N H)") = fiymin(e.s) -

Thus we obtain

[H:K*nH] = [G (K H)E| - pmax(Qe—we)
and we are left to prove that G N K*¢ = (K* N H)". The former group contains the latter
because any element of (K> N H)* isin K** andin H* = G. Now consider g € GNK**,

and write ¢ = o' for some a € K*. Since a° € G we must have a € H and hence
ge (K*nH)". O

One can find [G GNK XEE} using [3, Theorem 15] because the parameters for the /-divisibility
of GG are computable.

8. THE EVENTUAL MAXIMAL GROWTH OF THE KUMMER DEGREES

Let K be a number field, and let GG be a finitely generated and torsion-free subgroup of K * of
positive rank 7.

Theorem 36. There is a computable integer ny > 1 (depending only on K and G) such that,
if n, N are multiples of no withn | N, then we have

[K(VG): K] _ N"g(N)

[K(VG): K] ne(n)

It suffices to take ng as in Proposition |22}

Proof. We may reduce to the case N = n{, where ¢ is a prime number. Our choice of ng is as
in the proof of Theorem so ng is computable and we have F(B,,) = E(B,s). We apply
Theorem [Tl

If ¢ { n, then by Proposition 34 we have [B,, : K*]/[B, : K*] = [B, : K*]. This
index equals ¢"*! by Proposition [35| because [G : G N K*¢] = ¢" by [3, Theorem 15] (all
d-divisibility parameters are 0). We conclude that

K(VG): KI/IK(VG) : K] = [Be : KX](£—1)/¢ = (nf)"p(nf) /" o(n) .
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If ¢ | n, set e := vy(n). By Propositions [34] and 35| we have
[Bne: KX [Bpesr : K] [G:GN (KX

[B), : K*] N [Bye : KX] N [GGO(KX)EP]
The right-hand side equals gl by [3, Theorem 15] and hence
[K(VG): K|/[K(VG): K] =0T = (n)"p(nt) /n"p(n) . O

Corollary 37. There is a computable integer ng > 1 (depending only on K and G) such that,
if n, N are multiples of no with n | N, then the restriction to By gives a group isomorphism

Gal(K (By)/K(By)) = Autp, (By) .

It suffices to take ng as in Proposition

Proof. The restriction to By gives an injective group homomorphism, so we prove that the
two finite groups have the same size. By [8, Lemma 1.8] the restriction map Autyx (By) —
Autg« (By,) is surjective, and the kernel is Autp, (By). We conclude because E(By) =
E(By) by Theorem 31} O

Theorem 38. There is a computable integer ng > 1 (depending only on K and G) such that
for everyn = 1 we have

K(B,)N K(Bno) = K(Bgcd(n,no))
and E(B;,) = E(Bgcd(n,ng))- It suffices to take ng as in Proposition

Proof. Set g := ged(n,no) and [ := lem(n,ng). The first assertion will follow from the fact
that Gal(K (B,,)/K(By)) and Gal(K (B;)/ K (By,)) have the same size. Consider the bottom

row of the following commutative diagram given by restrictions (recall from [8, Lemma 1.8]
that the restriction Autgx(B') — Autgx(B) is surjective if B C B’ are Galois radical

groups):

Gal(K (B,)/K(B,)) — Gal(K (By,)/K) — Gal(K (B,)/K) — 0

|

0 —— Autp, (By) —— Autgex (By) ——— Attt ex (By) —— 0

J

AUth (Bn)
Gal(K(B,)/K(By))

E(B,) ———  E(B;) —— 0

By Corollary 37| we have
# Autp, (Bi) = # Gal(K(B;)/K(Bp,)) < # Gal(K(By)/K(By)) < # Autp,(Bn)
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so it suffices to prove # Autp, (B;) > # Autp,(By). By [8, Theorem 2.19] we have

4 Auts,, (B) =42 T 2L

Bno p prime, (p Z K
pll, pino
B -1
#Autp, (B,) =#7" [] L
g p

p prime, (p Z K
pln, plg

Since the two products over p are the same, we conclude because we have
B,  Bn an‘BnoCBl
B, Bp,NB, B, = Bp,

0

Proof of Theorem[2] This is a consequence of Theorem [3§] O

Theorem 39. There is a computable integer ng > 1 (depending only on K and G) such that

for every n > 1 we have

T T

pl)n”  _ olg)g
[K(VG): K] [KE(¥G): K]
where g := ged(n, ng). It suffices to take ng as in Proposition

Proof. By Theorem|[l] and in view of Theorem [38] it suffices to prove that
(B : K*|A, [By: K*|A,

pn” gy
The assertion is obvious for n = 1, so suppose that n > 1 and let n = [] ¢¢ be the prime
factorization. By Propositions [34]and [35] we have

B, : K*|A,
e(n)n”

_ H |:G ¥els KX€5:| gmax(O,e—we)Age/go(ge)ger7
Ln

and a similar formula holds by replacing the pair (n, €) by (g, v¢(g)). By the choice of ng and
by [3, Theorem 15] the ratio [G' : G'N K **°]/¢°" does not change if we replace e by v,(g), and
the same holds for /m2X(0:e=we) Ay /p(£€). O

Proof of Theorem{d] This is a consequence of Theorem ([l

We now consider Kummer extensions for groups which are not necessarily torsion-free.

Remark 40. Let G' = G X {(), where m > 1 and where G is a finitely generated and
torsion-free subgroup of K* of positive rank r. Then there is some computable positive integer
ng (depending only on K and G') such that

@) K(VE) : K] = 2 (G k)
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where g := gcd(n, ny). Indeed, taking ng as in Proposition or G™ and setting n{, :== ng/m
(we have m | ng because the d-parameters for the (-divisibility of G™ are at least vy(m)), then
we get
,
K (G : ) = L) ey k.

p(gm)(gm)”
Formula @) precisely says that the degree of K(V/G')/K(¥/G") is maximal. Indeed, setting
L := K(Y/G"), we have

[K(VG): L] < [L(3/Cm) : L) - [L(VG) : L]
and the former degree is at most [Q( /() : Q(/Cn)] = @(nm)/o(gm) because /¢ € L

while the latter degree is at most n" /g" because L = L(\g@) In particular, for everyn > 1
we have
K(/¢n)NK(VG) C K(VG).
9. EXAMPLES

In order to work with our theoretical algorithms in practice, we assume that the field K is
presented in the sense of [5, Chapter 19], which implies that its elements are representable on
a computer. Moreover, we assume that a list of generators for the group G is known explicitly.

Remark 41. Some more information on K is needed for the computations in Remark[7] and
Remark 21} To compute the parameters for the (-divisibility for G as in [3] we need to tell
whether an element a € K* has some {-th root in KK* (we can factor the polynomial z* — a
as in [6]]). We have to consider every prime number £, but we may restrict to those dividing
all exponents in the factorization of the fractional ideal (a). To factor (a), we first compute
its absolute norm N (a) and factor (p) for every prime number p such that v,(N(a)) # 0, as
described in (2, §4.8]; we finally determine the correct exponent for each prime ideal using as
bound the corresponding exponent in the factorization of (N (a)). Moreover, we need to know
i, which can be computed together with the whole unit group of the ring of integers of K,
see the algorithm described in [1]].

Example 42. Let K = Q(+/5) and G = (g), where ¢ = (2 — 2v/5) - v/5. We compute the
degree of K (/G)/K for every n > 1 by applying Theorem

Since g = £22v/5, where ¢ = 1_—2‘/5 is a fundamental unit, g is strongly ¢-indivisible for all
primes ¢. From [3, Theorem 15] we see that [G :GNK Xéﬁ} = (¢ for all prime powers £¢,
thus Propositions [34and 35| give [B,, : K*] = n?/ ged(2, n).

Since px = p2, we immediately get By, a1, = (K, jin, Hy), where
(1) if n is odd,
Hy, = . .
(vg) ifniseven.

The expressions of sine and cosine of 27/5 in terms of radicals show that K (,/g) = Q(us5).
Setting Ly, := K (H,) N Q(yn), by Theorem [13|we have E(B,, a) = Gal(L,/Q).

If 5 | n, then we have K (H,) C Q(u,) and hence L,, = K(H,,). In this case we deduce that
#E(Bn) = #E(Bn,ab) =2 ng(27 n)
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If 5 { n, then K and Q(u,) are linearly disjoint over Q. Moreover /g & K(uy), so we get
L, = Q and thus #E(B,,) = 1.

Notice that we have

-1 n)ged(2,n
“ [[ 2! o ewsedn)
. p n
p odd prime
pln

We conclude that
ny(n) if 51 n,

= ¢ np(n)/2 if ged(10,n) =5,
ne(n)/4 if 10 | n.

n2 C n n) gc n
[K(VG): K = ;gEgéi’) ) o )gnd(Z, )

The failure of maximality of the above Kummer degree is due to the following two facts:

K C Q(ps) and (/g € Q(us).

Example 43. Let K = Q(v/3) and G = (11, 75). We compute the degree of K (/G)/K for
every n > 1. The given basis of G is an £-good basis of G for every prime ¢. Moreover, 11 is
strongly /-indivisible for every ¢, while 75 = (5v/3)? is a square and strongly /-indivisible for
every odd /. By [3 Theorem 15] for every prime power ¢° we have

2%l if 0 =2,
(2% otherwise

[G:GﬂKxee]:{

so we deduce that [B,, : K*] = n?/gcd(2,n)%. For the computation of the entanglement
group, we take into account the following facts:

KK = 2

K C Q(p12) = K(p12), and K is linearly disjoint from Q(uy,) over Q if 12t n
vell € Q(f44) and V33 € Q(p33)

2/75 does not belong to K (i, ) if € > 2 (because v/3 ¢ Q(j100) by Lemmal6).

From Theoremwe deduce that B), o1, = (K™, uy,, Hy), where
(1) if2tn
H, = { (VII) if ged(4,n) = 2
(VI1,V/5v/3) ifd|n.
For the computation of #FE(B,,) we apply Theorem We have Q(u, N K) = Q. Setting
L, == K(H,) N Q(u,), we have E(B,,) = Gal(L,/Q).

If 12 | n, then we have two cases: if 11 | n, then L, = K(v/11), else L,, = K. So #E(B,,)
is4if 11 | n and it is 2 otherwise.

If 12 1 n but n is even, then we have: L, = Q(v/11) if 44 | n, L, = Q(v/33) if 33 | n, else
L, = Q. Thus #E(B,,) is 2if 44 | nor 33 | n and it is 1 otherwise.

If n is odd, then we always have #FE(B,,) = 1 because L,, = Q.
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By () we conclude that

20(n)  if ged(132,n) is odd,

np(n) _JnPe(n)/2 if ged(132,n) € {2,4,6,22},
2o(n) ( )
2

} " ged(2,n) - #E(B,) | n2p(n)/4 if ged(132,n) € {12, 44,66},
n‘p(n)/8 if ged(132,n) = 132.

The failure of maximality of the above Kummer degree is due to the following facts: 75 is a

square in K; K C Q(p12); V11 € Q(pa4); V11 -5v/3 € Q(pugs)-

{K(’C/E) K
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