PROJECTIVE AND CONFORMAL CLOSED MANIFOLDS WITH A
HIGHER-RANK LATTICE ACTION
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ABSTRACT. We prove global results about actions of cocompact lattices in higher-
rank simple Lie groups on closed manifolds endowed with either a projective class
of connections or a conformal class of pseudo-Riemannian metrics of signature (p, q),
with min(p, ¢) > 2. In the continuity of a recent article [Pec19], provided that such a
structure is locally equivalent to its model X, the main question treated here is the
completeness of the associated (G, X)-structure. The similarities between the model
spaces of non-Lorentzian conformal geometry and projective geometry make that lots of
arguments are valid for both cases, and we expose the proofs in parallel. The conclusion
is that in both cases, when the real-rank is maximal, the manifold is globally equivalent
to either the model space X or its double cover.

CONTENTS
1. Introduction 1
2. Stereographic projections and Minkowski patches of Ein?? 5
3. Maximal charts on M 8
4. Atlas of maximal charts 11
5. Injectivity of the developing map 17
6. Projective flatness 25
References 28

1. INTRODUCTION

Zimmer’s program suggests that actions of lattices in semi-simple Lie groups on closed
manifolds have to be closely related to an homogeneous model. This voluntary vague
formulation can be interpreted in various ways. We give in this article two geometric
results that confirm this principle and are in the continuity of previous investigations for
conformal actions [Pec19].

Let T" be a lattice in a simple Lie group G of real-rank at least 2. Among all possible
“geometric actions” p : I' — Diff (M, S) on a closed manifold M, we are especially in-
terested in those for which the geometric structure S is non-unimodular. This is due to
the fact that these structures do not naturally define a finite I'-invariant measure, mak-
ing more difficult the use of celebrated results such as Zimmer’s cocycle super-rigidity.
The new powerful tools about invariant measures, introduced in [BRHW16| and used in
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(G, X)-MANIFOLDS WITH LATTICE ACTIONS 2

[BFH16]| for proving Zimmer’s conjectures, invite us to pay attention to these non-volume
preserving dynamics.

Typical such structures are parabolic Cartan geometries ([CSOQ]) which are curved
versions of a given parabolic space X = G/ P, because on the model itself, there exists
no finite I'-invariant measure. We discuss in this article two cases of actions on para-
bolic geometries: those preserving a projective class [V] of linear connections and those
preserving a conformal case [g] of pseudo-Riemannian metrics.

We remind that two linear connections V and V' on a same manifold M are said
to be projectively equivalent if they define the same geodesics up to parametrization.
For torsion free connections, this means that there exists a 1-form a such that VY =
VxY+a(X)Y+a(Y)X for all vector fields X, Y. A projective class [V] is an equivalence
class of projectively equivalent linear connections, and the projective group Proj(M, [V])
is the group of diffeomorphisms that preserve this class. A projective structure on a
manifold M" is the same as the data of a Cartan geometry on M modeled on the
projective space X = RP™ ([KN64]). Two pseudo-Riemannian metrics g and ¢’ on
M are said to be conformal if there exists a smooth positive function ¢ : M — Ry
such that ¢ = pg. A conformal class [g] is an equivalence class of conformal metrics
and the conformal group Conf(M, [g]) is the group of diffeomorphisms preserving this
class. When n = dim M > 3, a conformal class of signature (p,q) on M is the same
as a normalized Cartan geometry on M modeled on X = Ein?? the model space of
conformal geometry discussed below in Section 2.

From [BFH16|, we know that if I" is cocompact and the action p : I' — Diff(M)
has infinite image, then Rkrg G < n = dim M and that in the limit case Rkg G = n,
the restricted root-system of g is A,. It moreover follows from [Zhal8] that g is not
isomorphic to sl(n 4+ 1,C). Of course, the natural examples in this limit case are the
restriction to I' of the projective action of SL(n+ 1, R) on S™ or RP", and conjecturally
they are supposed to be the only examples. It is thus natural to start studying curved
versions of these models, i.e. projective actions I' — Proj(M™,[V]) with Rkg G = n.

In [Pecl9], we proved that if T" is uniform and has an unbounded conformal ac-
tion on a closed pseudo-Riemannian manifold (M, g) of signature (p,q), with p 4+ g >
3, then Rkg G < min(p,q) + 1 and that (M,g) is conformally flat when Rkr G =
min(p,q) + 1. This means that the conformal class [g] defines a T'-invariant atlas of
(Conf(Ein”?), Ein”?)-structure on M, which we would like to understand. Projective
flatness in the case of a projective action in maximal rank can be derived by the same
kind of arguments (see Section 6).

So, in both projective and conformal case, if X denotes the model space and Gx its
automorphisms group, it turns out that if p(I') is unbounded, then Rkgr G < Rkr Gx
and that the structure is flat when equality holds. We see here a strong similarity
with Theorem 5 of [BFM09| where semi-simple Lie groups actions on parabolic closed
manifolds are considered. To obtain a similar conclusion for uniform lattices in such
groups, the main problem here is thus to understand globally this I'-invariant (Gx, X)-
structure on M. Even when I is large, this problem is interesting notably because its
group structure may not be “visible” at a local scale, contrarily to the case of a Lie group
action which gives rise to a Lie algebra of vector fields.
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The model space of conformal geometry of signature (p, ¢) is Ein”? = (SPxS?) /{xid}
endowed with the conformal class [—gsr @ gse], where —id acts via the products of the
antipodal maps. When min(p,q) # 1, the model spaces RP™ and Ein?? have very
similar patterns, in particular they both are natural compactifications of an affine space,
via affine charts and stereographic projections, and their universal cover is a 2-sheeted
cover.

These similarities make that our approach works both closed RP"-manifolds and
Ein”%-manifolds, with non-Lorentzian signature min(p,q) > 2. The Lorentzian model
space Ein'™ ! behaves a bit differently, due to the non-compactness of its universal
cover that invalidates arguments used for proving the invectivity of the developing map.
We leave its case for further investigations.

1.1. Main results. Combined with [Pec19]|, we obtain the following global conclusions
for actions of uniform lattices of maximal real-rank.

Theorem 1. Let G be a connected simple Lie group with finite center and real-rank
n > 2, and let ' < G be a cocompact lattice. Let (M™,V) be a closed manifold endowed
with a linear connection V. Let p : T' — Proj(M, [V]) be a projective action.

If p(T) is infinite, then (M, [V]) is projectively equivalent to either S™ or RP™ with
their standard projective structures.

Thus the action is a group homomorphism into SL*(n + 1, R) or PGL(n + 1, R) with
infinite image. By Margulis’ super-rigidity theorem, g ~ sl(n + 1,R) and p extends to a
locally faithful action of Sl(n +1,R). This result can be viewed as a projective counter-
part of a result of Zeghib [Zeg97] on affine, volume-preserving actions of lattices on closed
manifolds, in which he improved a result of Goetze [Goe94|. See also [Zim86a, Fer92].

For conformal actions, we obtain a similar statement when the real-rank is maximal.

Theorem 2. Let (M,g) be a closed pseudo-Riemannian manifold of signature (p,q),
with min(p, q) > 2, and T' < G be a uniform lattice in a simple Lie group of real-rank
min(p,q) + 1. Let p: T' — Conf(M, g) be a conformal action.

If p(T) is unbounded in Conf(M,g), then (M,g) is conformally equivalent to Ein??
or its double cover Ein”? = (SP x S, [—gsr ® gsd])-

The action p is thus a group homorphism I' = PO(p+1,¢+1) or I' = O(p+ 1,9+ 1)
whose image is unbounded. Let us say that p < ¢. Using Margulis super-rigidity, we
deduce that g ~ so(p+ 1, k), with p+ 1 < k < ¢+ 1 and that the action extends to a
Lie group action up to a “compact noise”: up to passing to a finite cover of G and lifting
I to it, there exists a compact Lie subgroup K < Conf(M,g), a Lie group homorphism
p: G — Conf(M, g) with finite kernel and such that K centralized p(G), and px : T' = K
such that p(y) = p(v)pk () for all y € T,

Remark 1.1. It has to be noted that if it exists, a global conclusion for conformal actions
of rank 2 uniform lattices on closed Lorentzian manifolds shall be a bit more complicated
as it can be seen in the conclusions Theorem 3 of [FZ05| about semi-simple Lie groups
actions.

1.2. Structure of the proof: atlas of maximal charts. Letn > 2 and (p, ¢) such that
min(p, q) > 2. Let X be either RP" or Ein”? and let Gx = PGL(n,R) or PO(p+1,¢+1)
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accordingly. Let G be a simple Lie group with finite center, and let I' < G be a uniform
lattice. We assume Rkr G = n if X = RP" and Rkg G = min(p, ¢) + 1 if X = Ein™?.

The dynamical starting point of our proof is the existence of sequences (7) in T
admitting a uniformly contracting dynamical behavior, which are used in [Pecl9] for
obtaining conformal flatness. With no substantially different arguments - and even less
efforts -, we can also exhibit such sequences for projective actions of I', and projective
flatness similarly follows by considering the associated Cartan connection. We explain
this in the last Section 6, and start directly working with locally flat projective and
conformal closed manifolds.

These sequences (7x) contract topologically an open set U to a point x € U and
their derivatives are moreover Lyapunov regular with a uniform Lyapunov spectrum, see
Section 4.1. The idea is to go backward and consider the ~, LU, We show in Proposition
4.1 that at the limit, the sequence (v, U ) gives rise to some maximal domain Uy, which
is a trivializing open set for the universal cover M — M and such that for any lift U,
the developing map M — X is injective in restriction to Us and sends it to an affine
chart domain if X = RP" or a Minkowski patch if X = Ein”?. We call such domains
U~ maximal charts, and Proposition 4.1 shows that any point of M is contained in a
maximal chart.

So, once Proposition 4.1 is established, Theorem 1 and Theorem 2 follow from the
above result.

Theorem 3. Let M be a compact manifold endowed with a (Gx,X)-structure. Let
7 : M — M be a universal cover and (D, p) be a developing pair. We assume the
following:

(H) Any point & € M has a neighborhood V in restriction to which m and D are
injective and such that V is either projectively equivalent to R™ in the projective case or
conformally equivalent to RP? in the conformal case.

Then, M is isomorphic, as a (Gx,X)-manifold, to either X or X.

Plan of the article. After reminding classic definitions of Ein”? and some properties
of its stereographic projections in Section 2, we define in Section 3 maximal charts of
(Gx, X)-manifolds and establish useful properties of these charts that will be used later
in the proof of the injectivity of the developing map. Section 4 is devoted to the proof of
Proposition 4.1. Theorem 3 is proved in Section 5, which is easily reduced to the proof of
the injectivity of the developing map © : M — X under the assumption (H). Finally, we
give as announced in Section 6 the proof of projective flatness of n-dimensional manifolds
(M, [V]) admitting a non-trivial projective action of a cocompact lattice of rank n.

Convention and notations. We will note M a closed n-dimensional manifold, with
n > 2. When M is endowed with a conformal structure, we assume n > 3. For signatures
(p,q), with p + ¢ = n, we fix the convention p < ¢ and we will only consider non-
Riemannian signatures p > 1, as the conformal Riemannian case is completely understood
with optimal assumptions [Fer71, Oba71]|. As in the main theorems, G will always denote
a non-compact simple Lie group with finite center and real-rank at least 2, and I' a
uniform lattice in G.
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2. STEREOGRAPHIC PROJECTIONS AND MINKOWSKI PATCHES OF EinP¢

We remind the convention p < ¢ and the notation n = p+ ¢ > 3. We will assume
p > 1 for technical reasons. Quickly, we will only consider signatures such that p > 2.
Let (eo,-..,ens1) be a basis of RPT14T! in which the quadratic form reads Q(u) =
2uUn41 + -+ 2Uupug1 + uﬁH 4+ ug. By definition, Ein”? ¢ RP"*! is the smooth
quadric defined by {Q@ = 0}, and its conformal structure is the one induced by the
restriction of @ to the tangent spaces of the isotropic cone {@Q = 0}. Its conformal group
is then Conf(Ein”?) = PO(p+1,q+ 1).

We note S™*! the standard Euclidean sphere in RPT1:4+1  The Einstein Universe
Ein™? is doubly covered by {Q = 0} N'S"*!, which is diffeomorphic to S? x S¢. Thus, it
is its universal cover whenever p > 2, and when p = 1, its universal cover is diffeomorphic
to R x S™!. We fix once and for all a universal cover p : Ein""? — Ein™9.

A celebrated result of conformal geometry in dimension at least 3 is the fact that local
conformal maps of EinP? are restrictions of global transformations. This was initially
observed by Liouville in Riemannian signature.

Theorem (Liouville). Let U,V C Ein?? be two connected open subsets and f: U — V
a conformal map. Then, there exists ¢ € Conf(Ein”?) such that f = ¢|y.

2.1. Minkowski patches and stereographic projections. Let v € RPT14F! be an
isotropic vector and x = [v] € Ein??. The Minkowski patch M, associated to z is the
intersection of Ein”? with the affine chart domain {[v'] : B(v,v’) # 0} where B(.,.)
denotes the scalar product of RPT14+1 The light-cone C,, of x is the complement of
M, in Ein?? i.e. C, = {[v'] € Ein”? : B(v,v") = 0}. We will say that x is the vertex
of M, and C..

The light-cone C;, is a singular projective variety, with singularity {z} and C, \ {z}
is diffeomorphic to R x Ein? 9=, The Minkowski patch M, is an open-dense subset
of Ein”? conformally equivalent to RP4. This last statement is easily observed in the
coordinates defined above and with = o:

_< U,V >pgq

Mo:{[ 2

cv 1], ve RP}

Let us note s, : M, — RP? the inverse of the map v € RP? [—% cv 1] € M,.

Lemma 2.1. An open subset U C Ein?? conformally equivalent to RPY is a Minkowski
patch.

Proof. Let f : RP? — U be a conformal diffeomorphism. Then, fos, : M, — U is
a conformal diffeomorphism, which extends to a global conformal transformation ¢ €
Conf(Ein??) by Liouville’s theorem. Thus, U = ¢(M,) = M, is the Minkowski patch
with vertex = ¢(0). O

Definition 2.2. We call stereographic projection any conformal diffeomorphism s : M, —
RP4 where M, C Ein?? is a Minkowski patch.

It has to be noted that any stereographic projection s : M, — RP'? can be uniquely
written s = s, 0 ¢~ where ¢ € Conf(Ein??) is such that ¢(0) = .
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2.1.1. Lifts to Ein”?. As any Minkowski patch M, C EinP? is simply connected, if
D Ein”? — Ein”? is the universal cover, then M, is a trivializing open subset for p,
and we define a Minkowski patch in Ein"? as being any connected component M/ of
p~Y(M,), where M, is a Minkowski patch in Ein?9.

Similarly:

)

Lemma 2.3. An open subset U C Ein”? which is conformal to RPY is a Minkowski

patch.

Proof. Let M be a Minkowski patch projecting to M,. As M! is conformal to RPY,
we have a conformal diffeomorphism f : M] — U. By Liouville’s theorem, the map
po fo(play)t: My, — p(U) extends uniquely to a conformal map ¢ € Conf(Ein?9).
Let o/ € M be the point projecting to o and let b e Conf(Einp’q) be the lift of ¢ such
that ¢(0') = f(0/). Since, ¢ and f coincide on a neighborhood of o/, they coincide on M’
by rigidity and connectedness of the latter.

Consequently, U = (;;(M(’,) implying that p(U) = ¢(M,) = M,, so U is a Minkowski
patch. O

Definition 2.4. A stereographic projection in Ein”? is a conformal diffeomorphism
5: M. — RP? where M, is a Minkowski patch.

Any such § is of the form sop, where M, = p(M]) and s : M, — RP7 is a stereographic
projection.

2.2. Intersections of Minkowski patches.

2.2.1. Intersections in Ein”?. Let M, C Ein”? be a Minkowski patch and s : M, — RP4
a stereographic projection. Let C C RP¢ denote the isotropic cone. Let M, C Ein”? be
another Minkowski patch, with y # x. There are two possible types for M, N M,:

e cither y € M, and in this situation s(M, N M,) = RP?\ (s(y) +C)
e ory ¢ M,, and s(M, N M,) = RP?\ Hy, where H, C R”? is a degenerate affine
hyperplane (of course, H, depends on s).

It has to be noted that when min(p, ¢) > 2, M, N M, always has two connected compo-
nents, whereas in Lorentzian signature, M, N M, has three connected components in the
first case.

Lemma 2.5. Let M, M,, M, be three Minkowski patches in Ein”9. If M, N M, =
M, N M., then M, = M,.

Proof. It M, N M, = M, then M, = M, = M, by Liouville’s theorem. So, let us assume
that it is not the case. Then, by the previous paragraph, x € M, if and only if y € M,,
and in this case x = y because they are sent by any stereographic projection of M, to
the singularity of a same light-cone.

In the other case, it is enough to observe - in suitable homogeneous coordinates - that
when x ¢ M., given a stereographic projection s : M, — R4 if A = v + R.vp is any
affine isotropic line contained in the complement of s(M, N M,), then s~ (v + tvg) — x
as t — $oo. This shows that the data of M, N M, determines x in this situation, and
the lemma is proved. O
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2.2.2. Intersections in Ein""?. Let M; C Ein"*? be a Minkowski patch, and let s : My —
RP 9 be a stereographic projection. Let Mo C Ein""? be another Minkowski patch such
that M7 N My # 0. We note 5 : p(M;) — RP? the stereographic projection such that
S=35o0p.

Lemma 2.6. p(M; N Ma) is a connected component of p(My) N p(Myz).

Proof. Even though this lemma is valid for Ein'"~! we only give a proof for non-

Lorentzian signatures min(p,q) > 1 which is the case discussed in this article. We
suppose M7 # My, otherwise the statement is obvious.

Let us show that p(M; N Ma) is closed in p(My) N p(Ms). Let T € (p(My) Np(Ms)) \
p(Mi1 N My). Let x € M; be such that p(x) = Z. By definition, x ¢ M,. Let U, C M,
be a connected neighborhood of x in restriction to which p is injective and such that
p(Uy) C p(Mz). Therefore, U, N My = @ because if not, Lemma 3.2 would imply
U, C My, contradicting x ¢ M. By construction, p(U,) N p(M; N My) = () and we
get as announced that p(M; N Ms) is closed in p(M;) N p(Ma). Since it is also open, we
get that p(M; N My) is a union of connected components of p(M7) N p(My).

Because we assume min(p, ¢) > 2, as observed above, p(M;)Np(Mz) has two connected
components. And since we cannot have p(M;N M) = p(M;)Np(Ma) (otherwise p|ar,uns,
would be injective), we get that p(M; N Ms) must be a single connected component. [

Thus, we deduce the following useful observation.

Observation 1. When min(p,q) > 2, given two distinct, non-antipodal Minkowski
patches My, My C Ein”? and a stereographic projection s : M; — RP, s(M; N My)
s an open set of the form

e vy + Ug, vg € R

e orvg+ Up, vg € RPA

o or {veRP? : b(v,v9) > a}, withvy € C\ {0} and a € R,
where we note b(v,w) = —viwy — -+ — VpWp + Vpp1Wpt1 + - -+ + Vpwy, q(v) = b(v,v),
C={¢=0}, Us={q>0}, Ur={q <0}. Forvge C\{0} and o € R, we will note
Hyyo ={veRP? : b(vg,v) > a}.

Definition 2.7. An open subset U C RP? of the form v+ Ug, vg + Ur for any vg € RP4¢
or Hy, o for vg € C\ {0} and a € R will be said of intersection type.

We will also use the fact that a Minkowski patch is determined by its intersection with
another one.

Lemma 2.8. Let My, My C Ein”? be two Minkowski patches. Then, p(My N o(Ms))
is the complement of p(My N My) in p(My) N p(Ms). If My, My, M3 C Ein"? are three
Minkowski patches and if My N Ms = Mo N Ms, then My = M.

Proof. If MiNMy = 0, then M; = +(M>) and the claim follows directly. If M;NMy = My,
then My = M5 by Observation 1. So, let us assume that M; N Ms is a non-empty proper
open subset of M; and Ms. Let C; = p(M; N M) C p(My) N p(Ms), and let Cy be the
other connected component. Since M; N¢(Mz) is also a non-empty proper subset of My,
it projects to either Cy or Cq, and it must be on Cy by injectivity of p|ay, .
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Let us assume M7 N Mg = My N Ms. The conclusion is clear when these intersections
are empty, or equal to all of Mj3. Let us assume that it is not the case. Then, it follows
that p(M71) Np(Ms) and p(Mz) N p(Ms) have a common connected component, namely
p(My N Ms). In all cases, the boundary of this component in p(Ms3) is the complement
of p(My) Np(Ms) in p(Ms), as well as the complement of p(Ma) N p(Ms) in p(Ms). This
proves p(M;) Np(Mz) = p(Mz) Np(Ms). By Lemma 2.5, it follows that p(M;) = p(Mz).

So, either M7 = Ms or My = 1((Ms). But the last case is not possible because
My N Ms = My N Ms. U

Remark 2.9. Let My, Mo C Ein""? be two distinct and non-antipodal Minkwoski patches.
Let s : M7 — RPY be a stereographic projection, and let s’ = so¢: (M) — RP4. Since
s'(t(Mq) N Mz) = s(My N o(Ms)), it follows from the previous lemma that

e if s(My N M) =v+ Usg, then s'(¢(My) N Ms) = v+ Up, and

o if s(My; N M) = H,q, then s'(¢(My) N Ma) = H_y _q.

3. MAXIMAL CHARTS ON M

Let X denote either RP™ or Ein”?, with min(p,q) > 2, and Gx its automorphisms
group. Let M be a compact manifold endowed with a (Gx,X)-structure. We fix 7 :
M — M a universal cover and we pull back the geometric structure of M to M. The
fundamental group of M identifies with a normal subgroup 71 (M) < Aut(M) such that
Aut(M) is isomorphic to Aut(M)/my(M).

We choose (CD p) a developing pair modeled on X, i.e. a (projective or conformal)
immersion ® : M — X and a homomorphism 4 : Aut(M) — Aut(X) such that ® is
p-equivariant. We note D = po® : M — X and p : Aut(M) — Aut(X) the natural
developing pair with model X associated to (9, p). The homomorphism p is p followed
by the natural projection Aut(X) — Aut(X).

3.1. Definition of maximal charts and classic lemmas.

Definition 3.1. We call maximal chart an open subset V C M in restriction to which
m and © are injective and such that ©(V) C S™ is an hemisphere if X = RP™ or
D(V) c Ein”? is a Minkowski patch if X = Ein™.

It has to be noted that in this definition, requiring that © (V') is an hemisphere (resp.
a Minkowski patch) is the same as asking that V' is projectively equivalent to R™ (resp.
conformally equivalent to RP?) by Liouville’s theorem.

We will use repeatedly the following classic results about local homeomorphisms. They
are stated and proved in [Bar00|, Section 2.1. Let M, N be two manifolds.

Lemma 3.2. Let f : M — N be a local homeomorphism and let U C M and V C N be
two open sets such that f|y is a homeomorphism onto V.. If W C M is a connected open

subset such that f(W) CV and WNU # 0, then W C U.

Proof. We prove that W N U is closed in W, which will be enough as it is open and
non-empty. Let x € W\ U. We wish to prove that a neighborhood of x is contained in
W\ U. This is immediate if z ¢ OU. So let us assume x € 9U.
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Since x € W, f(x) € V and consequently there exists a unique y € U such that
fly) = f(x). Since x # y, we can choose W,,U, disjoint open neighborhoods of x
and y respectively such that f|w, and f|y, are homeomorphisms onto their images and
such that f(W,) = f(U,) C V. Since z € OU, W, NU # 0 and if z € W, N U, then
f(2) € f(Uy) and it follows that z € U, because f is injective on U. This contradicts
WynU, = 0. O

Definition 3.3. A subset X C M of a manifold M is said to be locally connected
relatively to M if any point z € X has a fundamental system of neighborhoods V), such
that for all V € V,, V N X is connected.

Typically, an affine chart domain is not locally connected relatively to RP™, while a
hemisphere is locally connected relatively to S™.

Lemma 3.4. Let f : M — N be a local homeomorphism. Let U C M be an open subset
in restriction to which f is injective. If f(U) is locally connected relatively to N, then f
18 1njective in restriction to U.

Proof. Let z,y € OU admitting a same image z € 9f(U). By assumption, there are
Uz, Uy two open neighborhoods of x, y respectively, in restriction to which f is injective,
and such that f(U,) = f(Uy) =: V is such that V' N f(U) is connected. Consider now
the open sets U,y = U, N f~HV N f(U)) and U,y = U, N f~1(V N f(U)). Both
are injectivity domains for f, and are sent homeomorphically onto V' N f(U), which is
connected. So, both are connected and Lemma 3.2 gives U, v,U, v C U. In particular,
a point z € VN f(U) has a preimage in U, N U and U, N U, which must be the same
by injectivity of f|g. This proves U, N U, # ), and since they can be chosen arbitrarily
small, we deduce z = y. ([

Lemma 3.5. Let f : M — N be a local homeomorphism. Let Vi,Vo C M be two open
subsets such that Vi NV #£ 0, fly, is injective for i = 1,2, and if U; = f(V;), such that
Ui NUy is connected. Then, f(Vi NVa) = Uy NUs. In particular, fly,uv, is injective.

Proof. We note U = Uy N Uy and consider W = V4 N f~Y(U). Then, f|w is injective
and f(W) = U is connected. It implies that W is connected. Thus, as W N Vs # () and
fW) Cc Uy = f(Va) we get W C V, by Lemma 3.2, implying W = V; N Va.

Thus, (fly,) 2 (U1 NU) = Vi N Vs, and if z € V4 and y € V» have same image, then
f(z) = f(y) € Uy NUs, implying x € V4 NVa, and finally = = y by injectivity of f|y,. O

3.2. Relative compactness of maximal charts.

Proposition 3.6. Assume that M 18 covered by mazimal charts. Then, any maximal
chart V' is relatively compact in M.

Remark 3.7. The conclusion is still valid if we only assume M compact, however this
statement is enough for the purpose of this article.

Proof. We assume to the contrary that V contains a diverging sequence (rx). By com-
pactness of M, there exists a sequence 7y, € m1(M) such that yg.z, — x € M. Since Tr
leaves any compact subset of M, we may assume the v, pairwise distinct.

The fact that 7|, is injective means that for any v € m (M), if AW NV # 0, then

v = id. Consequently, the sequence Vj, := 7,V is formed of pairwise disjoint open sets.
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Let Uy, = ®(V,) and let Vy 3 2 be a maximal chart containing z, and let Uy = D(Vp).
We may assume that for all k, v,z € Vp, implying that Vi, N Vg # 0.

Lemma 3.8. The subsets U NUy are pairwise disjoint.

Proof. We have seen in Section 2.2.2 that when they intersect, two Minkwoski patches
in Ein”? always have connected intersection. Consequently, the same being obvious for
two hemispheres of 87, if k is such that VNV # 0, by Lemma 3.5, ’D(Vkﬂf/o) = U, NUy.
The lemma now follows immediately, as the Vi NV are pairwise disjoint. U

We finally get a contradiction with the following.

Lemma 3.9. Let Hy C S™ be a hemisphere. A family (H;);c; of hemispheres such that
the Ho N H; are non-empty and pairwise disjoint has cardinality at most 2.

Let My C Ein”? be a Minkowski patch. A family (M;)icr of Minkowski patches such
that the My N M;, © € I, are non-empty and pairwise disjoint has cardinality at most 2.

Proof. The first part is almost immediate: if a : Hy — R™ is an affine chart, then
a(Hy N H;) is either R™ if Hy = H; or an open half-space in R if not.

We fix s¢g : My — RP? a stereographic projection. For all ¢ € I, we note U; =
so(Mop N M;). They form a family of pairwise disjoint open sets of RP? and according to
Observation 1, for all ¢, U; is either a half-space with degenerate boundary, or a translate
of Ug or Urp.

We make use of the following elementary considerations.

Fact 1. If two half-spaces Hy, o, and Hy, q, are disjoint, then vy = —v1 and a1 = —as.
A half-space H, o intersects any translate v’ + Ug and any translate of Up. Two open
sets v1 + Ug and vo + Ug always intersect, as well as two translates of Ur. Moreover,
(v1 +Ug) N (v2 + Ur) = 0 if and only if vi = va.

Proof. The first point is immediate. For the second, modifying « if necessary, we just
have to consider H, ,NUg and H, ,NUr. Since vt /R.v has signature (p—1,¢—1), there
exists vy € Ug and v; € Ur which are orthogonal to vg. Thus, for any v € H,, o, the lines
v+ R.vs and v + R.v; are contained in H,, o, and they intersect Us and Ur respectively
because the leading coefficient of g(v+\v;) is positive and the one of g(v+\v;) is negative.
For the third point, we may only consider intersections Ug N (vg + Us), Ur N (vo + Ur)
and Ug N (vg + Up). If g(v) > 0, then for large enough A, vg + Av € Ug proving that
Us N (vg + Ug) is always non-empty. The same argument works with Ur N (vg 4+ Ur).
If vg € Ug, we certainly have Ug N (vo + Ur) # 0. If vg € Urp, we choose v € U(J)‘ NUg
such that ¢(v) < —q(vg). We get —vg +v € Ur and vy + (—vp + v) € Ug, proving
UsN(vo+Ur) # 0. If vg € C\ {0}, then there is v € Ur such that b(vg,v) > 0 (vy cannot
be orthogonal to Uy and Uy is symmetric). As q(vg + tv) = 2tb(vo, v) + t2q(v), for small
enough ¢, we have vy + tv € Ug, proving Ug N (v + Ur) # 0. O

Let Uy, Us C RPY be two disjoint open subsets of intersection type. According to Fact
1, either Uy = Hy, o, and Uy = H,, o, With vq isotropic, v2 = —v1 and a1 > —ag, or
Uy =v+Ug and Uy = v+ Up with v € RP4. It is then clear that any third open subset
Us of intersection type cannot be disjoint from U; and Us. O

Thus, Lemma 3.9 is proved, contradicting the existence of (Uy N Up)g, and the proof
of Proposition 3.6 is complete. ([
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3.3. Thickenings. A crucial point in the proof of the main results is the following.

Lemma 3.10. IfV C M is a relatively compact maximal chart, then there is an open
neighborhood V! DV of the closure of V' in restriction to which © is still injective.

Proof. The first step is to prove that ® is injective in restriction to the closure V. We
simply have to verify that Lemma 3.4 applies. In the projective case, it is immediate
that a hemisphere is locally connected relatively to S™. Let us see that it is also the case
for a Minkowski patch My C Ein"".

Let z € OMy, and let T = p(x) € Op(My). Let Ty be the vertex of p(My) and let
T1 € p(Mp) be a point such that Z ¢ C(Z1) and let M; C Ein”? be the Minkowski patch
that projects to Ein™?\ C(71) and that contains x. By construction, Ty € p(Mi). Let
xo € p~1(Tp) be the lift such that zo € M. Finally, let s; : M; — RP be a stereographic
projection such that si(xg) = 0.

By Observation 1, s;(M; N My) is one of the connected components of R?7\ C, where
C is the isotropic cone, i.e. either Ug or Ur.

Thus, = has a neighborhood M; with a chart s; : M; — RP? in which My is sent to
one of the above open subsets. The problem being local, we are reduced to observe that
Ug and Urp are locally connected relatively to RP4. Since Ug \ {0} and Up \ {0} are
submanifolds with boundary of RP:4, this is obvious at the neighborhood of a non-zero
vector in the boundary of these open sets. At the neighborhood of 0, noting 7% : R”4 —
R?%/R~ the natural projection to the space of rays, it is enough to see that 7% (Us)
and 7" (Ur) are connected. The latter are diffeomorphic to {¢ = +1} and {q = —1}
respectively, their connectedness is clear as min(p, q) > 2.

Consequently, ® is injective in restriction to V, which is compact by assumption.
Assume to the contrary that ® is not injective in restriction to any neighborhood of V.
Considering a decreasing sequence {V,} such that V' C V,, and V = NV,,, we obtain two
sequences T, Y, € Vy, such that D(z,) = D(y,) and z,, # y,. By compactness of V, we
may assume that V;, is relatively compact, and up to an extraction, (x,) — = € V and
(yn) — y € V. Then D(z) = D(y), implying z = y. Thus, (z,) and (y,) converge to a
same limit z, contradicting the injectivity of © on a neighborhood of x. U

It has to be noted that ©(V) = ©(V) by relative compactness of V. In particular,
given any small enough neighborhood ¥V D D (V), there exists a neighborhood of V' on
which ® is injective and whose image is V. This will be used in Section 5.

4. ATLAS OF MAXIMAL CHARTS

We still consider a compact (Gx, X)-manifold M, with universal cover 7 : M — M.
The aim of this section is to establish that in the dynamical context of a lattice action,
M is covered by maximal charts.

Proposition 4.1. Let I' be a cocompact lattice in a connected simple Lie group G with
finite center.
(1) X = RP™. Assume that I' acts projectively on M, with infinite image, and that
Rkgr G = n. Then, any point of M is contained in a mazimal chart.
(2) X = Ein??. Assume that T' acts conformally on M, with unbounded image, and
that Rkg G = p+ 1. Then, any point of M s contained in a mazimal chart.
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4.1. Uniformly Lyapunov regular data. This proposition relies on the dynamical
phenomenon which is used in Section 6 for proving projective flatness, as well as in
[Pec19] for proving conformal flatness. Namely:

Lemma 4.2. In any compact, I'-invariant subset of M, there is a point x such that there
exist a sequence () in ', a sequence of positive numbers Ty, — 00, and a connected
netghborhood V' of x such that

(1) %V — {z} for the Hausdorff topology,
(2) for allv e T, M\ {0}, T%C log || Dyyiv|| — —1.

In fact, we know more than this, but it is all what we need here.

Proof. We summarize the ideas for the conformal case, which are easily transferable to
the projective one, and refer to Section 6 of [Pecl9| for more details. If M* — G/T'
is the suspension bundle and if K C M is a compact [-invariant subset, then K¢ :=
(K x M)/T'C M* is G-invariant. Let A < G be a Cartan subspace. We pick a finite A-
invariant, A-ergodic measure p supported in K¢ and that projects to the Haar measure
of G/T'. Super-rigidity of cocycles and the rigidity of the I-invariant geometric structure
on M imply that p cannot be G-invariant (see Proposition 4.1 of [Pec19|). We then
consider its vertical Lyapunov exponents xi,...,x, € a*. One of the key steps of the
proof of the main result of [BFH16] then implies that there exists X € a such that
x1(X) = -+ = xr(X) = —1. Considering a recurrent point z® € K and local stable
manifolds of the corresponding flow on M, we get “pseudo-return” times T} for ¢ .
Translating this in terms of dynamics in M, we get the announced sequence () (see
Section 6.2 of [Pec19]). O

Given a Riemannian manifold with a differentiable action of I' - or another group -
such a triple (V, (vk), (T%)) is called a uniformly Lyapunov regular data at x. The choice
of the Riemannian norm is arbitrary if the manifold is compact. So, we fix a Riemannian
metric on X and M, and pull it back to X and M.

Our approach for establishing Proposition 4.1 consists in proving that a uniformly
Lyapunov regular data at x gives rise to a maximal chart containing x.

Remark 4.3. If yx.x = z for all k, then the second point means that the sequence of
matrices Dyyg € GL(T, M) is uniformly (7% )-Lyapunov regular, in the sense of Definition
6.9 of [Pecl9].

Let (V, (&), (Tk)) be a uniformly Lyapunov regular data at a point z € M. Let & € M
be a point over z. Reducing V if necessary, there is a neighborhood V of & such that
TV = Vi is a diffeomorphism. For k large enough, v,V C V' and there exists a unique
Yk € Aut( ) projecting to ~y, and such that 3% () € V. It follows that 5,V C V because

7(3:V) C V. And since 7 conjugates smoothly the action of 4 on V to that of 7 on
V, we get that (V, (Vk), (T})) is a uniformly Lyapunov regular data at .

Let gr = p(3x). If V is small enough, D realizes a diffeomorphism from V onto its
image U C X. Then, g preserves U and has the same dynamical property as x|y, i.e.
(U, (gx), (Tx)) is a uniformly Lyapunov regular data at xo := D(z) € X.
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4.2. Uniformly Lyapunov regular data on X. We now consider such dynamical data
on the model space X. We start with some notations.

For X = RP", we choose g = [1 : 0 : ... : 0] as an origin and note P < Gx =
PGL(n + 1,R) its stabilizer. We note a C p the Cartan subspace of gx formed of
traceless diagonal matrices. We note

0 0 n {0 M n
m:{(v 0>,UGR}Cs[(n+1,R)andp+—{<0 O),veR}cp.

For X = Ein??, we use the coordinates of RP*1:9*! introduced in Section 2, and we
also note xp = [1: 0:...:0] and P < Gx = PO(p+ 1,¢ + 1) its stabilizer. We note
a < p the Cartan subspace of gx formed of diagonal matrices of the form

Ko

Hp
0 with po, ..., up, € R and the 0 of size ¢ —p.

—Hp

—Ho

in the coordinates introduced in Section 2. We also note

0 0 0
n_ = v 0 0], veRPI) Cso(p+1,q+1)
0 —lyy 0
and
0 —fJy, 0
py = 0 0 v|,veRPS Cp.
0 0 0

In both cases, n_ and p are supplementary and p, is the nilradical of p. We note
P, = exp(p+), and Gy < P the section of P/P, whose Lie algebra is

go = {<_ Tr(4) A) , A€ gl(n, R)} for X = RP"

Ho
g0 = A , Aeso(p,q), po € R} p for X = Ein.

—Ho
Lemma 4.4. Let (g;) be a sequence in Gx and x € X such that:
(1) for all sequence xy, — x, we have gi.xp — x,
(2) for all non-zero v € T, X, Tik log || Dygrv| — —1.

Then, up to passing to a subsequence, there exists Unax D x which is an affine chart
domain if X = RP"™ or a Minkowski patch if X = Ein®?, and such that for all compact
subset K C Upax, gx K — {x} for the Hausdorff topology.
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Proof. By homogeneity, we may assume xz = xg. We first prove that there exists X € n_,
with (Xj) — 0, bounded sequences (), (I;) in P, and a sequence (a) in A such that

(1) g = e~ lgagl}, for all k.

This is in fact a basic case of Lemma 4.3 of [Fral2|, we nonetheless explain how it works
in this model situation. For k large enough, grxrg € Uy and there exists a unique X € n_
such that gyzo = eXrxg, and Xj, — 0 since gyzg — x9. Then, p 1= e kg, € P satisfies
the same properties as gj. Indeed, if we note g), = e~ Xk then gy, seen as diffeomorphisms
of X, are bounded in topology C? since g}, — id in the Lie group. Thus, there is C > 0
such that &|v]| < || Dggjv|l < Cllv| for all k > 0 and (z,v) tangent vector of X. The
property on the exponential growth rate of Dy py follows directly. Also, for all x — xo,
we have grxr — xo by assumption, and there exists hy € G, with hy — id such that
grxr = hpxo, proving that e*X’Cgkmk = e Xkhpao — o since e Xkhy — id.

We decompose pp = piey’f where pﬁ € Gg and Yy € py according to P = Gy X Py.
The KAK decomposition of Gy gives bounded sequences (li), (myg) € Gp, and a se-
quence ay € A such that pﬁ = lyapmy. Thus, pp = lageY*my, where Y, = Ad(my)Ys.
Let p) = areYi. We claim that (p},) satisfies the same hypothesis as (g). Indeed, if
Ty — 0, then writing z;, = eXrz for some X}/ € n_, such that X/ — 0, we get
(mg) " toy = eAdmi™ )XY 20 since my, € P, and Ad(me N X! — 0 as Ad(my 1Y) is
bounded. This proves that m; 'x) — z9. Consequently, pymi 'zr — o, and finally
PLTE = l,;lpkmkflxk — xg9 by the same argument. The property on the exponen-
tial growth rate is also preserved because D,,l; and D,,my are bounded sequences in
GL(T%,X) (see Remark 4.3 and Lemma 6.10 of [Pec19]).

Using this property of p), we prove now that Y} is a bounded sequence of p,, which
will establish (1).

e Case X = RP"™. We note

AP
/ (k)
ap = and e¥k = (1 v >

AR

(%)

where ;" > 0 and v%) € R". We assume to the contrary that some component

fugk) of v®) is unbounded. Up to an extraction, we may assume \vgk)\ — 00. We
get a contradiction with the first property of pj by considering its action on the
projective line

pz[l:():...:t:...:O]:[)\(()k)(1+v§k)t):O:...:/\(k):...:0],

(3
where ¢ stands at the (i + 1)-th position. For k large enough, we can consider
zp=[1:0:--: =5 :...:0] and we get that pjay =[0:...:1:...:0] does
Vi
(k)

not converge to xg, whereas x, — ¢ since v;"’ — 00, a contradiction.
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e Case X = Ein”?. We note

A o < o® ) >
ag = and ¥k = [0 id —y®*
k 0 0 1
Nh
where /\gk) > 0 for all i, and v(*) = (vgk), ce ,v,(lk)) € R™. We remind the notation

v* = J, 4" for all line vector v € R" and < v,v >= vJ,,v = vv*. The )\gk)’s
satisfy other relations that we will not use here.
Claim 1. Forallie {1,...,p}U{q+1,...,n}, the sequence (vi(k)) is bounded.
Assume to the contrary that some vz(k) is unbounded, for i € {1,...,p} U{q+
1,...,n}. Extracting if necessary, we may assume vl(k) # 0 and ]v§k)] — 0. From
this we exhibit a sequence zj, € Ein”? such that xj, — xo but pj.xi, - x¢ which
will be a contradiction.
The plane spanned by ey and e; in RPT14F! is totally isotropic, and we can
read the action of p) on the corresponding light-like circle of Ein™? in an affine

chart:
p;c.[l:O:...:t:O:...:O]:[)\(()k)—}—/\ék)vi(k)t:O:...:)\Ek)t:O:...:O].
where ¢ € R stands at the (i + 1)-th coordinate. Letting t; := —%, we get
Vs
Pefl:0: . itg:0:...:0/=[0:0:...:1:0:...:0],
whereas [1:0:...:¢;:0:...:0] = x since ]vgk)| — o0o. This proves the claim.

We can now prove that for all i € {p + 1,...,¢}, the sequence (vgk)) is also
bounded. Let us assume to the contrary that for some such ¢ it is not the case.

Up to an extraction, we may assume \vgk)] — 00. Let us consider the action of

pj, on a point of the form @y ;== [1:t:0:...:¢:...:0: =% : 0] € Ein? with
t € R and its second occurrence standing at the (i 4+ 1)-th coordinate. We get

t t
PRIt = [)\ék)(l + tv%k) + tvi(k) - §’U£Lk)) : )\gk)t (0.t —5)\£Lk) : 0]

It has to be noted that /\(k) =lasp+1<i < qand that /\gk))\g“) = 1. By

i1 =
assumption, \ng)\ — 00, and by Claim 1, ng) and v,(lk) are bounded. So, for k

(k)
large enough, we can define t := —1/(v§k) + vl(k) — ®—) and t;, — 0. Then, we
get
(k)
k A
p%xtk:[O:)\g):0:...:1:...:—%:0},
proving that pj.a;, cannot converge to zop = [1:0:...: 0], a contradiction.
Y,

Finally, we have proved that e » € P is bounded in both cases, and if we set I} =

Yl
e’kmy, we get as announced
X Xpp X /
gk = e Fpr = e Flgppmy = e Flragly

where X}, € n_ goes to 0, a € A, and [, [}, € P are bounded sequences.
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We note p : P — GL(gx/p) the map obtained by inducing the adjoint representation of
P on gx /p. We remind that p is conjugate to the isotropy representation P — GL(T,,X)
via the identification T,,X ~ gx/p given by the orbital map at xg.

Claim 2. The sequence p(ar) € GL(gx/p) is (T)-uniformly Lyapunov reqular (see
Remark 4.3).

By Lemma 6.10 of [Pec19], it is the same as saying that p(lyaxl},) = p(pk) is uniformly
Lyapunov regular. And this was observed at the beginning of the proof, proving this
claim.

The action of p(ay) on gx/p is the same as Ad(ay) on n_. Writing

Ad(ag)ln = diag(uf”,.... 1),

the previous claim means Tik log ugk) — —1 for all ¢ € {1,...,n}. This implies that for

any compact subset K C n_, Ad(ax)K — {0} for the Hausdorff topology, because for k
large enough, ,ugk) <e T/2,

Up to an extraction, we may assume [} — ' € P. Let Upax = exp(n_).xg.
We prove now that for all compact subset K C Upax, gx K — {zo} for the Hausdorff
topology.

Let V' 3 g be a neighborhood of xg. As X — 0, there is kg and another neighborhood
Vo 3 xo such that for all k > ko, eX¥V C V. Reducing Vj if necessary, we may assume
Vo = exp(Vy).xg, for some Vy C g’ neighborhood of 0. Since I, is relatively compact in
P, we can choose a smaller neighborhood V; such that for all k, Ad(lx)Vy C Vy. Hence,
(lxexp(V1)).zo = exp(Ad(lg)V1).29 C V. Let Vi = exp(V1).2x0.

Let K/ = 'K C exp(n_).xzg. Let K" C exp(n_).z¢ be a compact subset and k; be such
that for all k > ky, [} K = (L") K’ C K”. Let K" C n_ be such that K” = exp(K")z
and let ko such that Ad(ax)K” C Vy for all k > ko, so ap K" C V4.

For k > max(ko, k1, k2), we get gg. K = eX*lpapli K C eXFlpap K" C Xkl Vi C V. O

llfl

4.3. Conclusion. We remind that we are considering a uniformly regular Lyapunov data
(V, (%), (T1)) at a point Z € M and that we note g = D(&), gr = p(3%) and U = D(V).
Since (U, (gx), (Tk)) is a uniformly regular Lyapunov data at zg, we consider Upax C X
the open set given by Lemma 4.4. Restricting V' if necessary, we assume U C Upay.

Consider for k > 0 the open neighborhood Vj, = Vi W ¢ M of &. By equivariance, D
is injective in restriction to Vj. Also, since {7V} — {#}, we may assume 4,V C V for
all k, and then V C Vj, for all k. We introduce now

Voo:D max Uﬂv

k>01>k
Claim 3. V. is a mazimal chart containing @ and such that D(f/oo) = Umnax-

The injectivity of D in restriction to Vio is immediate as for any two points in Voo,
there is k£ > 0 such that they both belong to Vj. .
To see that it is open, let us prove that for all k > 0, every 7 € D™ (Upax) N Nz Vi

admits a neighborhood contained in D~ (Upax) N iz V}, for some k. Let yo = D(3).
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By definition, yo € Umax and for all [ > k, 5,5 € V. We then choose a connected open
neighborhood Vj of ¢ such that D(Vy) C Upax. By Lemma 4.4, there is k¥’ such that for
alll > k', ggD(Vy) C U. Consequently, D(%,Vp) C U for I > k' and 4 Vp NV £Qifl >k

Since D is injective on V, Lemma 3.2 implies that for [ > max(k, k"), we have 4,V C Vv,
n.e. Vo C ﬂl>max(k7k,) V;, and then Vy C Vi proving that the latter is open.

Let us prove now that D(f/ ) = Umax- Let W C Upax & connected open subset such
that W C Upax and U C W. There exits k:o 0 such that G- W c U for all k > kgy. If
k > ko, then g W C U, and then W C D(V},). Consider now Vi, = (Dly )™ L(W) which
is well defined since D is injective in restriction to f/k Note that Vk w is connected. We
claim that VkW = VW for all k,1 > ko Indeed, D( v W) =gW CcU. By Lemma
3.2, we get fka}W C V because V C WW implies Vﬂ’kalW # (), and then VZW - Vk
Thus, V, W= Vk w since D(V} w)=W.

Consequently, Vko w C ﬂk>k Vi and D(Vko w) = W. Thus, W C D(f/oo), and this
for all connected, relatively compact, open subset W C Upyax, proving Upayx C D(f/oo).

Finally, for all k, the projection m : M — M is injective in restriction to Vj, since
7(%,'9) = 7(5;'%) implies y,m(§) = Yxm(Z) and since 7|y is injective. The same
argument as for the injectivity of D|‘~/oo then applies, proving Claim 3.

We can conclude the proof of Proposition 4.1. Let § € M and y = n(§). Applying
Lemma 4.2 to I.y yields a Lyapunov regular data (V, (v), (Tk)) at a point z € T.y.
This section has proved that any & € 7~ L) is contained in a maximal chart Voo Let
v € I' be such that v.y € (Vo). Let 4 € Aut(M) be the element that projects to
and such that 5.7 € Va. Then, 31V, is a maximal chart containing 7 and the proof of
Proposition 4.1 is complete.

5. INJECTIVITY OF THE DEVELOPING MAP

In this section, we prove Theorem 3. As explained in the introduction, combined with
Proposition 4.1, Proposition 6.1 below and Theorem 1 of [Pec19], this will conclude the
proof of Theorem 1 and Theorem 2. We remind that we have fixed D : M — X a
developing map, with holonomy p : Aut(M) — Aut(X). Assuming that every point of
M is contained in a maximal chart, we claim that is enough to prove that @ is injective
to get the conclusion.

Indeed, if V' C M is a maximal chart, then vV NV = ) for any non-trivial v € 71 (M)
by definition. By injectivity of p and ©, the p(v)D(V), v € m1(M) are pairwise disjoint.
By definition, ® (V) is an hemisphere of S™ in the projective case, and a Minkowski patch
of Ein”? in the conformal one. Consequently |71 (M)| < 2, M is compact and D is a
diffeomorphism. The conclusion follows directly.

So, Theorem 3 is reduced to the proof of the injectivity of ®, which we establish in
this section.

5.1. Common principle. Let (V;,) be a covering of M by pairwise distinct maximal
charts such that for all m > 1, V,,,41 intersects Ug<,, Vi. We remind that the V;’s are
relatively compact in M by Proposition 3.6. If for all m > 1, (V1) N (V) U---U
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D (V) is connected, then, using Lemma 3.5, we get by induction that D is injective in
restriction to V3 U --- UV, for all m, i.e. that © is injective.

So, let us assume that there exists m such that ®(V,,41)N (D (V1)U --UD(V,,)) is not
connected, and let us choose the smallest one. Then, by the same argument as above, we
get that ® is injective in restriction to V3 U--- U V,,. Note that m > 2 by construction.

We pick a chart ¢ : ©(V;41) — R™ which is either an affine chart in the projective
case, or a stereographic projection in the conformal case, and we note for 1 < i < m,
Ui = oD (Vi) ND(Ving1))-

Claim 4. The U;’s are pairwise distinct.

Indeed, if U; = Uj, then ©(V;) = ©(V;) because an hemisphere (resp. a Minkowski
patch) is determined by its intersection with a given hemisphere (resp. Minkowski patch).
By injectivity of © on Vi U...UV,,, this implies V; = V; and then ¢ = j by choice of (V;).

We then classify the configurations in which a family of such open subsets of R" can
have non-connected union. Finally we prove that in such configurations, if one of the V;’s
is thickened (see Section 3.3), then Lemma 3.5 applies and yields an open set U C M in
restriction to which ® is injective and such that D(U) = X, proving that U = M, and
completing the proof of the injectivity of ® in this a priori problematic situation.

5.2. Projective case. For X = RP", © sends maximal charts onto hemispheres of S™.
We will use the basic facts recalled below. Let ¢ : S® — S™ be the antipodal map.

5.2.1. Some conventions and facts on hemispheres. We embed 8" C R"*! in the stan-
dard way. A hemisphere H C S" is the data of a half-line R/, for £ € (R""1)* such
that H = S" N {¢ > 0}.

Given two hemispheres Hy and Hi, and an affine chart ¢ : Hy — R"”, if Hy and
H, are not equal or antipodal, then ¢(Hy N Hjp) is an affine half-space of R"™. This
gives a bijection between the set of hemisphere minus {Ho,t(Hp)} and the set of affine
half-spaces of R™.

We will use below the following facts which can be easily observed in coordinates.

Fact 2. Let Hy, Hy, Hy be three hemispheres such that Hy # «(Hs). If Ho N Hy and
Hy N Hy are disjoint, then (Hy) C Hy U Hs.

Fact 3. Let Hy, Hy, Hy be three hemispheres and let ¢ : Hy — R™ be an affine chart.
Assume that ¢(Hy N Hy) and o(Ho N Ha) are parallel and in the same direction, that is
there exists ¢ € (R™)*, a1,a0 € R such that o(Hy N H;) = {¢ > «;} for i =1,2. Then,
HiNoHy = HyNOH,.

Let V' C M be a relatively compact maximal chart, and let H = (V). We have seen
in Section 3.3 that D is still injective on small enough neighborhoods of V. In particular,
if € > 0 is small enough, there is a neighborhood V¢ of V on which ® is injective and
such that ©(V¢) = H® := S" N {¢ > —e} where /¢ is such that H = S" N {¢ > 0}.

Affine charts are not well adapted to these thickenings H€, it is more relevant to use
stereographic projections even though no conformal structure is involved.

Notably, if x ¢ H®, and if s : 8™\ {z} — R" is a stereographic projection, then s(H¢)
is a ball. The following fact is then clear.
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Fact 4. Let Hy, Hy be two hemispheres. If ¢ > 0 is small enough, then Hf N Hy is
connected.

Proof. If Hy = «(H;), then we pick z ¢ Hf and fix a stereographic projection s :
S\ {z} — R™ Then, s(Hs \ {z}) is the complement of a closed ball By and s(H?) is
another open ball By, that contains By. So, H { N Hy is diffeomorphic to By \El, which
is connected.

If Hy # «(Hy), then for € > 0 small enough, we can choose x ¢ H{ U Hy. A stereo-
graphic projection defined on S™ \ {x} then sends Hj N Hy onto the intersection of two
balls in R™, which is connected. O

Finally, we will make use of the following.

Fact 5. Let Hy, Hi, Hy be three hemispheres, with Hy and Hy mot antipodal. Assume
that Hy N (Hy U Ha) is not connected. Then, for small enough ¢, H5 N (Hy U Ha) is
connected. See Figure 1.

Proof. By Fact 4, it is enough to prove that H§N Hy N Hy is non-empty for small enough
€. By assumption, Hy N Hy and Hg N Ho are disjoint. Let £y, ¥¢1, {2 be linear forms
defining Hy, H1, Ho respectively. Our assumption means that ¢; and ¢s are non-colinear
and —¢y € Conv(/1,¢2) (the open convex hull).

In particular, there is a point x € N;0H;. Since x € H{, it is enough to observe that
H, and H» intersect arbitrarily close to z. To see it, we pick s : S"\ {—z} — R" a
stereographic projection such that s(z) = 0. Then, Hy and Hs are sent to half-spaces
delimited by two distinct linear hyperplanes. It is then immediate that they intersect
arbitrarily close to 0. O

5.2.2. Configurations where the induction fails. For all i < m+1, we note ©(V;) = H; C
S™. As announced above, we consider the smallest integer m such that H,,+1 N (Hy U

.. Hp,) is not connected. Let ¢ : H,,41 — R™ be an affine chart. For all 1 < i < m,
U; = ¢(H; N Hpt1) C R™ is either empty, a half-space, or R".

We remind that Uy, ..., U,, are pairwise distinct, in particular at most one of them
is empty. Thus, there is [ € {m — 1,m}, with [ > 2, an injective map o : {1,...,l} —
{1,...om}, e R")* koe{l,....1 —1}and aq < -+ < gy < Qg1 < -+ < a; such
that U,y = {¢ > au} for all k, and if [ =m — 1 and i is the unique element not in the
range of o, U; = (). We note ig = o(ko) and jo = o (ko + 1).

5.2.3. Case oy, = aj,. In this situation, H;, = ¢(Hj,). Because Hy U---U H,, is con-
nected, it contains a point yo € 0H;, = 0Hj,. Let y € V1 U---UV,, be its preimage.
Then, y € dV;, N 9V}, showing dV;, N oV}, # 0.

Now, let V= D Vi, be a neighborhood in restriction to which @ is injective and such
that D(V?) = Hf for some ¢ > 0. Then Vi NVj, # 0 and H{ N Hj, is connected
by Fact 4. By Lemma 3.5, we get that © is injective in restriction to V7 U Vj,, and
DV U V) = S™

Thus, we get that VZ UV, = M and that ® is a diffeomorphism onto S™.
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FIGURE 1. Configuration for o, < oy,

5.2.4. Case oy, < «j,. In this situation, we claim that Hy U ---U H,, = H;; U Hj,.
Indeed, considering the partition S" = Hy,41 U 0Hpy1 U t(Hpyt1), we see first that
HypiN(HU---UH,y,) and Hyq1 N (H;, U Hj) coincide by assumption and choice of
ko. Then, by Fact 2, we get «(Hp11) C H;, U Hj,, proving in particular that ¢(Hp,41) N
(HiU---UH,y,) and «(Hpq1) N (Hiy U Hj,) also coincide. Finally, by Fact 3, we have
Hy1y N OHpq1 = -+ = Hy (o) N OHmq1 and Hy(gy 1) N OHp1 = -+ = Hy) N OHpg1,
proving that 0H,1 N (H;y U Hjy) = 0Hppa N(H1 U -+ - U Hy,).

By injectivity of © in restriction to V1 U---UV,,, we have that V; UV;) = V1 U---UV,,.
Therefore, Vj,NVj, # 0 and V11N (Vi UV}, ) # 0 and Hp, 11N (H;,UHj, ) is not connected.

Therefore, Fact 5 implies that V11 admits a neighborhood V7, in restriction to
which ® is injective and such that D(V;; ;) N (D(Vi, UD(V},)) is connected. Thus, we
can apply Lemma 3.5 to obtain first that © is injective in restriction to V;; U Vj,, and
then in restriction to V7, ; UV;  UVj,. The image of this open subset of M is 8™, proving

that M = Vi1 U Vi UV, and that © : M — 8" is a diffeomorphism.

5.3. Conformal case. For X = Ein”?  © sends maximal chart to Minkowski patches
of Ein”?. For 1 <i < m + 1, we note M; = D(V;). We remind that m is assumed to
be the smallest integer such that M,,41 N (M7 U---U M,y,) is not connected. We note
. Ein”? = 87 x S7 — Ein"" the product of the antipodal maps.

5.3.1. Facts about Minkowski patches.
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Fact 6. Let My, My, My be three Minkowski patches such that MyN My and MyN My are
degenerate half-spaces of My, and My # «(Ma). If My N My and My N My are disjoint,
then «(Mo) C My U Ms.

Proof. Let s : My — RP? be a stereographic projection. By assumption, there is v € RP¢
isotropic and «, 8 € R such that s(Mo N M;) = Hy o and s(Mo N M) = H_, g, and
a > —f (cf. Definition 2.7). Let s’ := so¢: t(My) — RP1

By Lemma 2.8, noting p : Ein”? — Ein”? the projection, p(t(Mp) N M;)) is the
complement of p(c(Mo) N «(M;)) in p(Mo) N p(M;), for ¢ = 1,2. Thus, we get that
S/(L(Mo) N Ml) = H_vyoé and S/(L(M()) N Mg) = Hvﬁ, showing L(MQ) N (Ml U Mz) ==
t(Mp) O

Lemma 5.1. Let My, M1, My be three Minkowski patches and s : My — RP? a stereo-
graphic progection. Assume that s(MoN M) = Hy o and s(MoNMs) = H, g for v e RP4
isotropic, and o, 8 € R. Then, OMy N M1 = OMy N M.

Remark 5.2. The condition on the intersection of the Minkowski patches is independent
of the choice of s.

Proof. Let M, = p(My), M, = p(M;) and M, = p(M>) be their projections in Ein??,
with vertices z,y,z € EinP?. By hypothesis, z,y, z lie on a same light-like geodesic
A C Ein??. By hypothesis, y # = and z # x, because M; and Mj cannot be equal to
My or antipodal to My by assumption.

As PO(p+1,q+ 1) acts transitively on the set of pointed light-like projective lines of
Ein®? we may assumex = [1:0:---: 0l and A ={[sg:$1:0:---:0], (s0,51) # (0,0)}
in the coordinates introduced in Section 2. Applying ¢ if necessary, we may also assume

_ 871 w) = 1 _Q(u) U U p,q
MO_{ w0 H(—qg”,u,l)n( 2”1>’ < }

where |.|| denotes the usual Euclidean norm on R™ and ¢ the quadratic form on R
induced by our choice of coordinates. Note that this means that (—1,0,...,0) is the
space-like vertex of My and (1,0,...,0) its time-like vertex.

Now, there is ¢ € R such that y = [t :1:0:---:0]. Noting v, = (£,1,0,...,0) €
RPT19+1 My is one of the two connected components of Eiflp’q\vyL, where the orthogonal
is taken relatively to the inner product of RPT14+1 That is:

either My = {(so,...,5n+1) € Ein”? : s, + tspy1 > 0}
or My ={(s0,...,8n+1) € Ein”? : s, + tsp+1 < 0}.

In each case, we get s(Mp N M;) = {ue RP? : w, > —t} = H, 4 or s(MyNM;) =
{ue RPY : w, < —t} = H_., + Let us say that we are in the first case.
We consider now Cy = My = Ein”’n eé-. We get

1 1
C :{ l,Jj,O,xECp’q}U{ —l,Jr,O,xECp’q}
o=\t e ™Y

U {(O,x, 0), x € Einpil’qfl} ,
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where CP? denotes {x € RP? : q(x) = 0}. So, Cy N M is simply the same union, with
the additional requirement that x,, > 0, where x,, is the last coordinate of x. Thus, the
parameter ¢ defining the position of ¥y on A does not appear any longer.

This finishes the proof. Indeed, there is ' € R such that z = [¢' : 1 :0: --- : 0].
Necessarily, we will have

My = {(s0,...,5n41) € Bin"? : s, +t's,41 > 0}

because s(MoN M;) and s(MoN Ms) are assumed to be “oriented” by the same isotropic
vector. Consequently, My N Cy = M7 N Cy as announced. U

Similarly to the projective case, we will use the fact that © is still injective on some
neighborhood of the closure of the V;’s. We will consider neighborhoods of closures of
maximal charts which are developed to the following type of neighborhoods of closures
of Minkowski patches.

Definition 5.3. Let My C Ein”? be a Minkowski patch and s : My — RP? a stereo-
graphic projection. For all ¢ > 0, we define My* = Ein”?\ (s 0 ¢)"1(B(0, %))7 where
B(0,R) ={veRPY : v+ - +0v2 < R?} for R>0.

Lemma 5.4. For any open neighborhood V O My and any stereographic projection s :
My — RPY, there exists € > 0 such that MS’E c V.

Proof. Let vy € RPTL4H! be an isotropic vector such that My = Ein”? 0 {v € §"+!
B(v,v9) > 0} where B(.,.) denotes the scalar product on RP*14+1 Tt is enough to
observe that for all § > 0, there is € > 0 such that

My c {vesS"™™ . B(v,v) > —d}.

By homogeneity, we may assume vy = (1,0,...,0), so that

(M) = 1 ¢ 1\ e Rpe
o) {H("S‘),u,—l)ll( 27 1>’ =H }

and there is ¢ € Conf(R??) = CO(p, ¢) x R™ such that for all u € RP,

o1 ! a6w)
e H(‘f“f’é“”,gb(u),—l)r( 2 0 1>

It follows that
(s00)(t(Mo) N {v € S"™ . B(v,v9) > —6})

q(p(u))? 1
= {u cRPY ;14 ||p(u)]* + (El)) > 52}
Thus, any € > 0 such that |lul| > 2 = ||¢(u)|| > % will be convenient. O

Thus, if V. C M is a relatively compact maximal chart and s : D(V) — RP? a

stereographic projection, for small enough ¢ > 0, there exists a neighborhood V¢ of V
on which ® is still injective and such that ®(V*°) = D(V)*=.

Lemma 5.5. Let My, My be two Minkowski patches in Ein"". Then, for all e > 0 and
stereographic projection s : My — RPY, Mg’5 N M s a non-empty, connected open set.
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Proof. The lemma is clear if M; = My or M; = «(Mp). We note s’ := sot. According
to the partition Ein”? = My U 1(Mp), because My® is a neighborhood of the closure of
My, we have Mgy N My = (My N Mo) U ((My N (M) \ 8'~H(B(0,2))).

Because M1 = (M1 N Mp) U (M N «(My)) is connected, it is enough to observe that
(M1 N (M) \ 71(B(0,1)) is connected. In the stereographic projection s : t(My) —
RP4, this open set is sent to

e cither (v+ Ug) \ B(0, 1) for some v € RPY,
e or (v+Ur)\ B(0,1) for some v € RP4,
e or H,, \ B(0, %) for some isotropic v € RP? and a € R.

All of them are always connected, proving the lemma. O

5.3.2. Configurations where the induction fails. Let s : M,,+1 — RPY be a stereographic
projection and U; = s(M; N My,+1) for 1 < i < m, so that U; is either empty or of
intersection type (Definition 2.7).

Lemma 5.6. Let Wy,...,W; C RPY? be a finite family of pairwise distinct, non-empty
open sets of intersection type. Then, W1 U --- U Wj is not connected if and only if

(1) either there exist v € C\ {0}, a1,...,o¢ € R and 1 < ko <1 —1 such that up
to permutation, oy > -+ > Qpy = —Oyq1 > - > —oq and W; = Hy, o, for all
it < ko and Wy = H_y o, for all i > ko.

(2) orl =2, and up to permutation, Uy = v+ Ug and Uy = v+ Up for v € RP1.

Proof. We use repeatedly Fact 1. Let us assume that U := W U- - -UW] is not connected.

Case 1: There exists i such that W; = H,, o, for v; € RP? isotropic and «; € R.

In this situation, necessarily for all j, Wj is also of the form W; = H,, o;. Indeed, let
us assume for instance that, to the contrary, there exists j such that W; = v;+Ug. Then,
for all 1 < k <1, Wy, intersects W; U W;. The latter is connected because W; N W; # 0.
Thus, given any 1 < k, k' < n, Wi, UW; UW; U Wy is connected, proving that U is
connected, a contradiction.

Moreover, by similar arguments, all the vectors v; must lie on a same isotropic line. If
we rescale them, we get that up to a permutation of {1,...,l}, thereis kg € {1,...,l—1}
and v € RP? isotropic such that for all £ < ko, W, = H, o, and for all k& > ko + 1,
Wy = H_, o, and with aq > --- > oy, and —ayy41 > --- > —oy. For all k < ko, we have
Wi C Wi, and for all k > ko + 1, W, C Wyy41. So, U = Wy, U W41, and necessarily
this union is disjoint, i.e. oy, = —Qgo+1-

Case 2: For all i, W; is of the form v; + Ug or v; + Ur.

Case 2.a: All W;’s are of the same type. Then, they intersect pairwise and U is
connected, a contradiction.

Case 2.b: There exist 4,7 such that W; = v; + Ug and W; = v; + Ur. If we had
v; # vj, then W; U W; would be connected, and since any other W}, would intersect
it, we would get as before that U is connected. Moreover, if there exists a third open
subset W}, (distinct from W; and W), then W), intersects W; and W, and it follows that
W; UW; UWy is connected and dense in RP4. In particular, it intersects any other Wy,
proving that U is connected.

Finally, in Case 2, we must have [ = 2 and W7, = v + Ug and Wy = v + Up as
announced. ([
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5.3.3. Case of a family of half-spaces. We assume here that if we remove the eventual U;
which is empty, the remaining ones are in the first configuration of Lemma 5.6. We then
havel € {m—1,m}, Wi,.... W, CR", 1 <ko<Il—1,00 > - > Qpy = —Qpyp1 > -+ >
—ay such that Wi, = H,, o, for k < ko and Wy, = H_,, o, for k > ko, and an injective
map o : {1,...,1} = {1,...,m} such that Wy = U, for all k and if | = m — 1 and i is
the unique element not in the range of o, U; = (). Let g, jo be such that U;, = Wy, and
Ujo = Who41-

Case oy = Oty 1-

In this situation Mj, = ¢(M;,). Let x € Vi U--- UV, be a point in dV;, which exists
by connectedness of V3 U---UV,,. For all open neighborhood x €e U C Vi U---UV,,, we
have U NV}, # () because if not, we would have D(U) C Ein”"\ ¢(M;,) by injectivity of
D in restriction to V3 U--- U Vy,, implying D (x) € M;,. So, x € dV;, N IV}, proving that
the latter is non-empty.

Consequently, if so : M;, — RP? is any stereographic projection and if € > 0 is small
enough, such that there exists a neighborhood Vizo,a of V;, in restriction to which ®
is injective and such that (V") = M;"*, then V2" NV}, # 0. The intersection
M;%° N Mj, is homeomorphic to the complement of a ball in RP%, thus connected. We

io
conclude by Lemma 3.5 that © is injective on V" U Vj;, and the image of the latter is

5 P
Ein 7.

Case oy < Qg1

Claim 5. In this situation, My U ...UMy, = M;, U Mj,.

Proof. We prove the non-obvious inclusion by observing that the traces of My U...UM,,
on the partition Ein”? = m41JOMyp 1 Ut(Mp41) are included in M;, U Mj,. By Fact
6 and by the choice of ig, jo, we have t(M,4+1) C M;, U Mj,. Applying s, it is immediate
by construction that M, N M; C M;, U Mj, for all i. Finally, let ¢ € {1,...,m}.

(1) If i is not in the range of o, then it means that M; = ¢(M,+1), and then OMp, 41N

M; =0.

(2) If i = o(k) for k < ko, then we get M1 N M; = OMyp41 N M;, by Lemma 5.1.

(3) If i = o (k) for k > ko, then we get OM,, 11 N M; = OMp,41 N Mj, by Lemma 5.1.
In all cases, we have OM,,11 N M; C M;, U Mj,, and the claim is proved. O

As in the projective case, by injectivity of ® in restriction to V4 U --- U V,,, it follows
that Vi U--- UV, =V, UVj,. So, Vig NV # 0, Vi1 N (Viy U V) # 0. Let € > 0 and
Vni’j_l O Vjut1 be an open neighborhood of Vj, ;1 in restriction to which @ is injective
and that develops onto Ms;i_l

By Lemma 5.5, (V%) ND(V;,) and (V) ND(Vj,) are connected. Let us prove
that they intersect. Let s’ := s o Then, we have s'(¢(Myy1) N M;y) = H_yy
and s'(L(Mpy1) N Mjo) = Hy—ay 1,
H_y oy, N Hy—ay,y = {w € RPT 1 gy > b(w,v) > —agy41} is a non-empty strip.
This shows that s’ (¢(Mp,+1) N M;, N M;,) contains vectors with arbitrary large Euclidean
norm, so M,"% | N\ M;,NMj, # 0. Consequently, D (V%)M (D (Vi) UD(V},)) is connected,
and Lemma 3.5 implies that © is injective in restriction to V. U V;; U Vj;. Finally,

according to Remark 2.9. Since oy, > —ag,+1,
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since M7 . U M;, U M;, = Ein”?, we obtain that © is a diffeomorphism onto Ein"*
similarly as before.

5.3.4. Case of space/time open sets. We finally assume that if we remove the eventual Uj;
which is empty, the remaining ones are in the second configuration of Lemma 5.6. Thus,
there is v € RP? such that for all 4, either U; = @), or U; = v + Ug, or U; = v + Up.

Necessarily, U; = () or Uy = (. Indeed, if both are non-empty, then up to a permuta-
tion, Uy = v + Ug and Us = v + Up, for v € RP4. It implies that M; = «(Ms) and in
particular M7 N My = (), contradicting V3 NV # (. So, m = 3 and exchanging V; and
V5 if necessary, we may assume U; = () and Uy = v+ Ug or Uy = v+ Urp. Let us assume
Us; = v + Ug, the other case being similar. The U;’s being pairwise distinct, we must
have Us = v + Uy, implying as above that M3 = «(My).

Finally, exchanging V; and V3 if necessary, we have m = 3 and M; = «(My), M such
that s(Ma N My) = v+ Ug and M3 = 1(M>).

Thus, the same reasoning as in the case oy, = ay,41 of Section 5.3.3 applies if Va5, V3
play the role of Vj,,Vj;: both are included in a connected injectivity domain of D,
and they develop to antipodal Minkowski patches. We thus obtain that ® is also a
diffeomorphism in this last situation, completing the proof of Theorem 3.

6. PROJECTIVE FLATNESS
In this section, we prove as announced the following proposition.

Proposition 6.1. Let I' be a cocompact lattice in a connected simple Lie group G of
R-rank n > 2, and let (M™,V) be a closed n-manifold endowed with a linear connection.
Let oo : T' — Proj(M, V) be a projective action. If a(T") is infinite, then V is projectively
flat.

Throughout this section, X = RP™ and gx = sl(n + 1,R).

6.1. Associated Cartan geometry modeled on RP". We note P < PGL(n + 1,R)
the stabilizer of a line.

Theorem (|[KN64]|). Let (M",[V]) be a manifold with a projective class of linear con-
nections. There exist a P-principal bundle 7 : B — M and a 1-form w € Q'(B, gx)
satisfying the following properties:

(1) for allb e B, wy: TyB — gx is a linear isomorphism,

(2) for all A€ p, w(A*) = A,

(3) for allp € P, (Rp)*w = Ad(p~')w,
where R, stands for the right action of p on B and A* denotes the fundamental vertical
vector field associated to A, and such that Proj(M,[V]) is exactly the set of diffeomor-
phisms f : M — M that can be lifted to bundle morphisms F : B — B satisfying
Ffow=w.

The triple (M, B, w) is called the Cartan geometry associated to (M, [V]), 7p : B — M
its Cartan bundle and w its Cartan connection. The first property implies that the action
of Proj(M,[V]) on B is free, and its Lie group structure is - by definition - such that its
action on B is moreover proper.
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6.2. Uniform Lyapunov spectrum. We reuse some of the notations of [BFH16|, which
we recalled in Section 2.1 of [Pec19]. We note M* — G/T" the suspension fiber bundle.
We fix A < G a Cartan subspace. Let p be any A-invariant A-ergodic measure on
M®, which projects to the Haar measure on G/I". Let x1,...,x, € a* be its Lyapunov
functionals. Similarly to Proposition 4.1 of [Pec19], we have:

Lemma 6.2. Such a measure y cannot be G-invariant.

Proof. Let us assume to the contrary that p is G-invariant. Then, we get a [-invariant
finite measure v on M. Considering the action of I' on the Cartan bundle B — M
associated to [V], super-rigidity implies that the cocycle I' x M — P is measurably
cohomologous to a compact valued cocyle, as there is no non-trivial homomorphism g —
gl(n, R)xR™. By the same arguments as in the proof of Lemma 4.4 of [Pec19], this implies
that there exists a finite I'-invariant measure v on B. Since Proj(M, V) acts freely and
properly on B, it follows that the action « : I' — Proj(M, V) has relatively compact
image (see Lemma 4.3 of [Pecl9]). In particular, the action preserves a Riemannian
metric on M, implying that « takes values in a compact Lie group of dimension at most
n(n +1)/2, hence that «(T") is finite (see Section 7 of [BFH16]), a contradiction. O

Since dim M = n = Rkr G, we have r < n. On the other hand, if x1, ..., x, spanned
a space of dimension strictly less than n, we would get a direction X € a on which all
the x;’s vanish. By Proposition 4.7 of [Pec19] - which is a citation of a central property
of the work of [BFH16| -, it would imply that p is G-invariant, a contradiction.

Thus, r = n and X1, ..., xn are linearly independent. So, they define a line in a in
restriction to which they all coincide, and similarly to Section 6.2 of [Pec19], there exists
X € asuch that x1(X) = -+ = xn(X) = —1. The proof of Proposition 6.1 of [Pecl9]

applies - no conformal geometry is involved in this proposition - and we obtain g € G
and x € M such that [(g,x)] € Supp i, a sequence (v) in I', (7)) — oo and an open
neighborhood U of x such that

(1) U — {z} for the Hausdorff topology,
(2) T%c log | Dyviv| — —1 for all non-zero v € T, M
(3) %k log | det Jacyyi| — —n.

6.3. Holonomy sequences associated to ;. Let mp : B — M be the Cartan bundle
corresponding to [V], with structural group P ~ GL(n,R) x R". Let Ax < P be the
Cartan subspace formed of diagonal matrices with positive entries.

Proposition 6.3. Reducing U if necessary, there is a sequence (ay) in Ax such that for
all y € U, there exists a bounded sequence by € 7~ (y) such that the sequence ’ykbkagl 1S
bounded. Moreover, if Ay € ax is such that ar, = exp(Ay), we have

1 n 1 1
— A — di — .
T, " lag(n—i—l’ n+1""" n+1>

Proof. As vz — x,if b € 71'];1(30), we can choose p) € P such that 'ykbpgl is bounded (a
holonomy sequence for 7 in the terminology introduced by Frances). If we decompose
p}, according to P = Go x exp(p') and if we use the Cartan decomposition of G, we
can write pj, = lgal, 7, with ap € Ax, Iy, 1), € Gp bounded and 75, € exp(p™). So, if
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by, = bl;c_1 and if 7 is replaced by lgngl;_l € exp(pt), the we get that yby(ar7y) ! is
bounded, with b, € 7~!(x) bounded. Let us note py = az7%.

Let p: P — GL(gx/p) be the representation induced by the adjoint map. Similarly
to Lemma 6.11 of [Pecl9|, we have

Lemma 6.4. Let (fy) be a sequence of projective maps (M,[V]) and x € M such that
(fr(x)) = Zoo. The following are equivalent.
(1) (fx) is Lyapunov regular at x, with Lyapunov exponents x; of multiplicity d;.
(2) For any b in the fiber of x and any sequence (pr) in P such that fk(b).plzl — beo,
for some bo in the fiber of xoo, the sequence p(py) is Lyapunov regular with
Lyapunov exponents x; and multiplicity d;.

In our situation, v is Lyapunov regular at x with a non-zero Lyapunov exponent of
multiplicity n. Since vg.b.(pgl},) ™! is bounded by construction, up to an extraction, it
follows that p(pxl},) is a Lyapunov regular sequence with a non-zero Lyapunov exponent
of multiplicity n. From Lemma 6.10 of [Pecl9], we deduce that p(pg) has the same
property. Moreover, since exp(p™) is in the kernel of p, if we note

AP

ag = I )
AP

-1 -1
we get that p(pr) = p(ag) is conjugate to the diagonal matrix diag()\gk))\gk) e )\,(f))\ék) ).

If Ap € ax is such that ax = exp(Ag), the property of p(pr) means

1 n 1 1
— A — di — ey .
T, " 1ag<n+1, n+1""" n+1>
We claim now that (73) is bounded. This can be observed by adapting almost directly
the proof of Fait 4.4 of [Fral2.
Indeed, let us write 7, = exp(T}) with T}, = (Tl(k), e ,TT(Lk)) (see Section 4.2), and

assume to the contrary that a sequence (Ti(k)) is unbounded. Up to an extraction, we may

assume that \Ti(k)] — 00. Then, py preserves the projectivization of Span(ey,e;) C RP™,
and acts on it via the matrix © B
k k) (k
Ao Ao T
0o AW

K2
Then, the same argumentation as in page 17 of [Fral2| applies literally and gives a
sequence of points xp — x such that yrxr — y # x, contradicting the fact that v,U —
{z} for the Hausdorff topology.

So, (%) is bounded and consequently, if we replace by, by by7, ! which is still bounded,
the announced property is valid at « with this choice of ag. Let Y C n_ be a neighborhood
of the origin on which the exponential map of the Cartan geometry (see [Sha97], Ch. 5)
is defined at every by, which exists because {by} is a relatively compact subset of the
fiber 7~1(x). Given the asymptotic properties of Ad(a)|,_, we may assume that Ad(ay)
preserves U, and we have

VX el, v exp(bk,X)a/,;1 = exp(’ykbkalzl,Ad(ak)X).
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The fact that {by} is relatively compact implies that Ng>omp(exp(bk,U)) is a neighbor-
hood of z. If y is in this neighborhood, there is X} € U such that mp(exp(bg, Xi)) =y
and the formula above implies that exp(bg, Xx) is a convenient sequence for y since
Ad(ay) X} goes to 0. O

6.4. Vanishing of the curvature map near x. We refer to [Sha97]|, Definition 3.22,
Ch. 5, for the definition of the curvature map of a Cartan geometry. We note it x : B —
Hom(A?(gx /p), 9x). It is Aut(M, B, w)-invariant and P-equivariant for the right action
of P on Hom(A%(gx/p),gx) given by (p.w)(u,v) = Ad(p~H)w(Ad(p)u, Ad(p)v) for all
w € Hom(A?(gx /p), 9x) and u,v € gx/p. In particular, if x vanishes at one point b € B,
then it vanishes on all of the fiber b.P.

Let y € U and by, € ng(y) a bounded sequence such that b} := ykbkalzl is bounded.
We prove by contradiction that x vanishes in restriction to ﬂgl(y). So, we assume that
it is non-zero at every point of this fiber. Up to an extraction, b, — bso, and in a basis
of gx /p that diagonalizes Ad(ay), we pick two vectors wu;, u; such that k(bso)(us, uj) # 0.
By equivariance, we have

Ad(ar) " (b ) (s ug) = K(br)(Ad(ar) " ug, Ad(ar) "Huy)
k)2\(k)~1 (k)1
= A ATA ) (i, ).
This proves that
1
i log | Ad(ak)flfi(b;c)(ui,ujﬂ — 2.

This is a contradiction because x(b})(us, u;j) is a bounded sequence of gx and for all
e >0, Ad(ay,) acts diagonally on gx with all its eigenvalues of modulus at most e(1+2)7k

for k large enough.

This proves that x vanishes on all of 7 (U).

6.5. Conclusion. We have proved that s vanishes near every point b that projects to a
point € M such that there exists g € G such that [(g,z)] € Supp u, for any A-invariant,
A-ergodic finite measure p on M that projects to the Haar measure of G/T.

Similarly to Section 6.6 of [Pec19|, we deduce that for all I'-invariant compact K C M,
there is b € ng(K) such that k vanishes on a neighborhood of b. Applying this to
any orbit closure I'.z C M, we obtain that x vanishes on all of B, whence (M, [V]) is
projectively flat.
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