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Let (Xt),cp be a family of real-valued centered random variables indexed by a countable set T'. In
the first part of this paper, we establish exponential bounds for the deviation probabilities of the
supremum Z = sup,cp X; by using the generic chaining device introduced in Talagrand (1995).
Compared to concentration-type inequalities, these bounds offer the advantage to hold under
weaker conditions on the family (X¢),.,. The second part of the paper is oriented towards
statistics. We consider the regression setting Y = f + £ where f is an unknown vector of R"
and ¢ is a random vector the components of which are independent, centered and admit finite
Laplace transforms in a neighborhood of 0. Our aim is to estimate f from the observation of
Y by mean of a model selection approach among a collection of linear subspaces of R™. The
selection procedure we propose is based on the minimization of a penalized criterion the penalty
of which is calibrated by using the deviation bounds established in the first part of this paper.
More precisely, we study suprema of random variables of the form X; = Z:.l:l ti&; when t varies
in the unit ball of a linear subspace of R"™. We finally show that our estimator satisfies some
oracle-type inequality under suitable assumptions on the metric structures of the linear spaces
of the collection.

Keywords: Bernstein’s inequality, Model selection, Regression, Supremum of a random process.

1. introduction

1.1. What is this paper about?

The present paper contains two parts. The first one is oriented towards probability.
We consider a family (X;), ., of real-valued centered random variables indexed by a
countable set T' and give an exponential bound for the probability of deviation of the
supremum Z = supscr X¢. The result is established under the assumption that the
Laplace transforms of the increments X; — X, for s,¢t € T satisfy some Bernstein-type
bounds. This assumption is convenient to handle simultaneously the cases of subgaussian
increments (which is the typical case in the literature) as well as more “heavy tailed”
ones for which the Laplace transform of (X, — Xt)2 may be infinite in a neighborhood
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9 Y. Baraud

of 0. Under additional assumptions on the X;, our result allows to recover (with worse
constants) some deviation bounds based on concentration-type inequalities of Z around
its expectation. However our general result cannot be deduced from those inequalities. As
we shall see, concentration-type inequalities could be false under the kind of assumptions
we consider on the family (X¢),

The second part is oriented towards statistics. We consider the regression framework

where f = (f1,..., fn) is an unknown vector of R™ and £ = (&;,...,§,) is a random
vector the components of which are independent, centered and admit suitable exponential
moments. Our aim is to estimate f from the observation of Y = (¥7,...,Y,,) by mean of a

model selection approach. More precisely, we start with a collection § = {S,,, m € M}
of finite dimensional linear spaces S,, to each of which we associate the least-squares
estimator fm € Sy of f. From the same data Y, our aim is to select some suitable
estimator f = f; among the collection F = {fm7 m € M} in such a way that the
(squared) Euclidean risk of f is as close as possible to the infimum of the risks over F.
The selection procedure we propose is based on the minimization of a penalized criterion
the penalty of which is calibrated by using the deviation bounds established in the first
part of this paper. More precisely, the penalty is obtained by studying the deviations of
x2-type random variables, that is, random variables of the form |[1g¢ \3 where | |, denotes
the Fuclidean norm and Ilg the orthogonal projector onto a linear subspace S of R™. To
our knowledge, these deviation bounds in probability are new. We finally show that f
satisfies some oracle-type inequality under suitable assumptions on the metric structures
of the S,

In the following sections, we situate the results of the present paper within the litera-
ture.

1.2. Controlling suprema of random processes
Among the most common deviation inequalities, let us recall

Theorem 1.1 (Bernstein’s inequality). Let Xi,...,X, be independent random vari-
ables and set X ="' | (X; — E(X,)). Assume that there exist nonnegative numbers v, c

such that for all k > 3
ZE[|X| ] —v +2, (1.2)
then for all u >0
P (X > V202u + cu) <e ™ (1.3)
Besides, for all x > 0,

P(X > z) < exp (‘2(@233;55)) . (1.4)
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Bernstein-type inequality 3

In the literature, (1.2) together with the fact that the X; are independent is sometime
replaced by the weaker condition on X = Y"" | (X; — E(X;))

2,2

E (eY) < exp {2(1%@)] ,  VAe(0,1/¢) (1.5)

with the convention 1/0 = +o0. Bernstein’s inequality allows to derive deviation in-
equalities for a large class of distributions among which the Poisson, Laplace, Gamma or
the Gaussian distributions (once suitably centered). In this latter case, (1.5) holds with
¢ = 0. Another situation of interest is the case where the X; are i.i.d. with values in
[—¢,c]. Then (1.2) and (1.5) hold with v? = nvar(X;).

Given a countable family (X;),., of such random variables X, many efforts have
been done in view of extending Bernstein’s inequality to the supremum Z = sup,cp X;.
When T is a bounded subset of a metric space (X,d), a common technique is to use a
chaining device. This approach seems to go back to Kolmogorov and was very popular in
statistics in the 90s to control suprema of empirical processes with regard to the entropy
of T, see van de Geer (1990) for example. However, this approach leads to pessimistic
numerical constants that are in general too large to be used in statistical procedures. An
alternative to chaining is the use of concentration inequalities. For example, when the
X; are Gaussian, for all © > 0 we have

P (Z >E(Z)+ \/2U2u) <e ™ where v? = supvar(X;). (1.6)
teT
This inequality, due to Sudakov & Cirel’son (1974), allows to recover (1.5) with ¢ = 0
whenever T reduces to a single element. Compared to chaining, (1.6) provides a powerful
tool for controlling suprema of Gaussian processes as soon as one is able to evaluate E(Z)
sharply enough.

It is the merit of Talagrand (1995) to extend this approach for the purpose of con-
trolling suprema of bounded empirical processes, that is, for X; of the form X, =
Yo t(&) — E(t(&)) where &,...,&, are independent random variables and T a set
of uniformly bounded functions, say with values in [—c¢, ¢]. From Talagrand’s inequality,
one can deduce deviation bounds with respect to E(Z) of the form

P {Z >C (IE(Z) +Vo2u + cu)} <exp(—u) forallu>0 (1.7)
where v? = sup,cp var (X;) and C is a positive numerical constant. Apart from the
constants, (1.7) and (1.3) have a similar flavor even though the boundness assumption
on the elements of T' seems too strong compared to conditions (1.2) or (1.5).

As the original result by Talagrand involved suboptimal numerical constants, many
efforts were made to recover it with sharper ones. A first step in this direction is due
to Ledoux (1996) by mean of nice entropy and tensorisation arguments. Then, further
refinements were made on Ledoux’s result by Massart (2000), Rio (2002) and Bous-
quet (2002), the latter author achieving the best possible result in terms of constants.
For a nice introduction to these inequalities (and their applications to statistics) we refer
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4 Y. Baraud

the reader to the book by Massart (2007). Other improvements upon (1.7) have been
done in the recent years. In particular Klein & Rio (2005) generalized the result to the
case

Xt = Zyi,t (1.8)

where for each t € T, (Y”)

i=1,...,n
random with values in [—c, c].

In the present paper, the result we establish holds under different assumptions than
the ones leading to inequalities such as (1.7). Actually, an inequality such as (1.7) could
be false under our set of assumptions on (X;), ;. This fact was communicated to us by
Jonas Kahn. The counter-example we give in Section 2, which is is a slight modification of
the one Jonas Kahn gave us, shows that Z may deviate from E(Z) on a set the probability
of which may not be exponentially small. Moreover, even in the more common situation
where X} is of the form (1.8), we establish deviation inequalities that are available for
possibly unbounded random variables Yi,t which is beyond the scope of the concentration
inequalities proven in Bousquet (2002) and Klein & Rio (2005).

Even though it was originally introduced to bound E(Z) from above, generic chaining
as described in Talagrand’s book (2005) provides another way of establishing deviation
bounds for Z. Talagrand’s approach relies on the idea of decomposing T into parti-
tions rather than into nets as it was usually done before with the classical chaining
device. Denoting by eq,...,er the canonical basis of R¥ and ¢M,... ¢® iid. ran-
dom vectors of R™ with common distribution u, generic chaining was used in Mendel-
son et al (2007) and Mendelson (2008) to study the properties of the random operator
[t k12 Zle (€9 t)e; defined for t in the unit sphere T of R (which we endow
with its usual scalar product (.,.)). Their results rely on the control of suprema of ran-
dom variables of the form X; = k! E?Zl (€@ ) for t € T. When k = 1, this form of
X; is analogous to that we consider in our statistical application. However, the devia-
tion bounds obtained in Mendelson et al (2007) and Mendelson (2008) require that p be
subgaussian which we do not want to assume here. Closer to our result is Theorem 3.3
in Klartag & Mendelson (2005) which bounds on a set of probability at least 1 — § (for
some § € (0,1)) the supremum Z = sup,cy |X¢|. Unfortunately, their bound involves
non-explicit constants (that depend on §) which makes it useless for statistical issues.

Our approach also uses generic chaining. With such a technique, the inequalities we
get suffer from the usual drawback that the numerical constants are non-optimal but at
least allow a suitable control of the x2-type random variables we consider in the statistical
part of this paper. To our knowledge, these inequalities are new.

are independent (but not necessarily i.i.d.) centered

1.3. From the control of x2-type random variables to model
selection in regression

The reason why x2-type random variables naturally emerge in the regression setting is
the following one. Let S be a linear subspace of R™. The classical least-squares estimator
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Bernstein-type inequality 5

of fin S is given by f =1IIgY =g f + I and since the Euclidean (squared) distance
beween f and f decomposes as

2| 2 2
=] = 1 = sl + Mgl

the study of the quadratic loss |f — f |2 requires that of its random component |IIg¢ \g
This quantity is called a x2-type random variable by analogy to the Gaussian case. Its
study is connected to that of suprema of random variables by the formula

|HS£|2 = sup Xt = 7 with Xt = Zfztz (19)
teT P

where T is the unit ball of S (or a countable and dense subset of it). The control of such
random variables is at the heart of the model selection scheme. When ¢ is a standard
Gaussian vector of R”, Birgé & Massart (2001) used (1.6) to control the probability of
deviation of |IIg&|, with respect to its expectation. The strong integrability properties of
the ¢; allows to handle very general collections of models. By using chaining techniques,
these results were extended to the subgaussian case (that is for X = +¢; satisfying (1.5)
with ¢ = 0 for all 7) in Baraud, Comte & Viennet (2001). Similarly, very few assumptions
were required on the collection to perform model selection. Baraud (2000) considered
the case where the & only admit few finite moments. There, the weak integrability
properties of the &; induced severe restrictions on the collection of models S. Typically,
for all D € {1,...,n} the number of models S, of a given dimension D had to be at most
polynomial with respect to D, the degree of the polynomial depending on the number of
finite moments of &;.

To our knowledge, the intermediate case where the random variables +¢; admit ex-
ponential moments of the form (1.5) for all ¢ (with ¢ # 0 to exclude the already known
subgaussian case) has remained open for general collections of models. In this context,
the concentration-type inequality obtained in Klein & Rio (2005) cannot be used to con-
trol |IIg], since it would require that the & be bounded. An attempt at relaxing this
boundedness assumption on the & can be found in Bousquet (2003). There, the author
considered the situation where T is a subset of [—1,1]" and the &; independent and
centered random variables satisfying

|
E [I&Ik} < %o%k—?, V> 2. (1.10)

Note that (1.10) implies that the X, satisfy (1.5) with v? = v?(t) = |t|§ o?. The result
by Bousquet provides an analogue of (1.7) with v? replaced by no? although one would
expect the smaller (and usual) quantity v? = sup,c7 v*(t). Because of this, the resulting
inequality turns out to be useless at least for the statistical applications we have in mind.
This fact has already been pointed out in Sauvé (2008). Sauvé also tackled the problem
of model selection when the §; satisfy (1.10). Compared to Baraud (2000), her condition
on the collection of models is weaker in the sense that the number of models with a
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6 Y. Baraud

given dimension D is allowed to be exponentially large with respect to D. However, the
collection she considered only consists of linear spaces S,,, with a specific form (leading to
regressogram estimators). Besides, her selection procedure was relying on a known upper
bound on max;=1,._, |fi| which can be unrealistic in practice. A similar assumption was
made in Barron et al (1999) (Theorem 4) in the related context of regression with i.i.d.
design points. Unlike these authors, our procedure does not depend on such an upper
bound on f.

1.4. Organisation of the paper and main notations

The paper is organized as follows. We present our deviation bound for Z in Section 2. The
statistical application is developed in Sections 3 and 4. In Section 3 we consider particular
cases of collections S of interest, the general case being considered in Section 4. Section 5
is devoted to the proofs.

Along the paper we assume that n > 2 and use the following notations. We de-

note by eq,...,e, the canonical basis of R” which we endow with the Euclidean in-
ner product denoted (.,.). For € R", we set |z]o = /(z,z), |z = Y1, |2:| and

,,,,, n |2i|. The linear span of a family wg,...,u of vectors is denoted by
Span{uy,...,ux}. The quantity |I| is the cardinality of a finite set I. Finally, x denotes
the numerical constant 18. It appears first in the control of the deviation of Z when ap-
plying Talagrand’s chaining argument and then all along the paper. It seemed interesting
to emphasize the influence of this constant in the model selection procedure we propose.

2. A Talagrand-type Chaining argument for
controlling suprema of random variables

Let (X¢),cp be a family of real valued and centered random variables indexed by a
countable and nonempty set T. Fix some ¢y in T" and set

Z:SUP (Xt *th) and 7:SUP|Xt *Xto‘ .
teT teT

Our aim is to give a probabilistic control of the deviations of Z (and Z). We make the
following assumptions

Assumption 2.1. There exist two distances d and § on T and a nonnegative constant
¢ such that for all s,t € T (s # 1)

E [eMXt—Xs)} < exp [Q(ﬁi‘fg(z)t))} , VA€ [0706(‘;250 (2.1)

with the convention 1/0 = 4o0.
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Bernstein-type inequality 7

Note that ¢ = 0 corresponds to the particular situation where the increments of the
process X; are subgaussian.

Besides Assumption 2.1, we also assume in this section that d and § derive from norms.
This is the only case we need to consider to handle the statistical problem described in
Section 3. Nevertheless, a more general result with arbitrary distances can be found in
Section 5.

Assumption 2.2. Let S be a linear space with finite dimension D endowed with two
arbitrary norms denoted || ||2 and || || respectively. Define for s,t € S, d(s,t) = ||t — s]|2
and §(s,t) = ||s — t||oo and assume that for constants v > 0 and ¢ > 0,

Tc{tesS||t—tollz<v, cl|t—rtollc <b}.
Then, the following result holds.

Theorem 2.1. Under Assumptions 2.1 and 2.2,

P[zzn(m+b(z)+x))} <e™, Wo>0 (2.2)
with k = 18. Moreover
P [Z > K (Jm+ b(D + x))] < 2¢7%, Yz >0. (2.3)

Since S is separable, the result easily extends to the case where T' C S is not countable
provided the paths ¢ — X, are continuous with probability 1 (with respect to || ||z or
Il oo, both norms being equivalent on S).

2.1. Connections with deviations inequalities with respect to
E(Z)

In this section we make some connections between our bound (2.2) and inequalities (1.6)
and (1.7). Along this section, T is the unit ball of the linear span S of an orthonormal
system {u1,...,up}. Both norms | |, and | | being equivalent on S, we set

4
Ay(S) = sup Mo < +o00.
teT\{0} |t|2

Note that As(S) depends on the metric structure of S. In all cases, A3(S) < 1, this
bound being achieved for S = Span{ej,...,ep} for example. However, A3(S) can be
much smaller, equal to v/ D/n for example, when n = kD for some positive integer k and
uj = (e(j,l)kﬂ, .. .,ejk) /\/E for j = 1,...,D. The set T fulfills Assumption 2.2 with
to =0, d(s,t) = |s —t]y, 0(s,t) = |s —t]|, v =1and b = cAa(S5). Let £ = (&1,...,&)
be a random vector of R™ with i.i.d. components of common variance 1. We consider the
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process defined on T' by X; = (t,§) and note that in this case Z = sup,c X¢ = |ls€],.
Besides, by using Jensen’s inequality

(2.4)

The Gaussian case: Assume that the &; are standard Gaussian random variables. On
the one hand, since sup, o var(X;) = 1 we deduce from Sudakov & Cirel’son’s bound (1.6)
together with (2.4)

P (Z > VD + \/293) <e T W > 0. (2.5)
On the other hand, since (1.5) holds with ¢ = 0, for all s, € S and A > 0

E[ex(xt—xs)} _ ﬁE[exgi(ti—si)] Hexp[ 2t —sz| ]
i=1

A2t —s|?

IN

2

Consequently, (2.1) holds with ¢ = 0 and one can apply Theorem 2.1 to get
P[Zzn(\/BJrﬁ)] SIP’(ZZM/D—&-m)ge_Z, vz > 0. (2.6)
Apart from the numerical constants, it turns out that (2.5) and (2.6) are similar in this

case.

The bounded case: Let us assume that the &; take their values in [—a,a] for some
a > 1. We can apply the bound given by Klein & Rio (2005) with v = 1 and ¢ = aA3(S)
in (1.7) which together with (2.4) gives for a suitable constant C' > 0,

P [Z >C (\/54— Vo + aAg(S)xﬂ <exp(—z) forall z>0. (2.7)
When the &; are bounded, there are actually two ways of applying Theorem 2.1. One

relies on the fact that the random variables £¢; satisfy (1.5) with v =1 and ¢ = a for all
i. Hence, whatever s,t € S and A < (a|s — | )~!

E A Xe—Xs) _ < E A (ti—si A2 |t _Sz|2
{6 ] N };[1 {6 } Hexp 21— Xalt —s| )

A2 |t*5‘2
2(1=Xalt—s|)

IN

exp

and since Assumption 2.1 holds with ¢ = a and we get from Theorem 2.1

P [z > K (@ +VZ + aho(S)z + aAQ(S)D)} <e®, Va > 0. (2.8)
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Bernstein-type inequality 9

Inequalities (2.7) and (2.8) essentially differ by the fact that the latter involves the extra
term aAo(S)D whenever 2z < D. In this case, we recover (2.7) only for those S bearing
some specific metric structure for which Ay(S) < C’(av/D)~! for some numerical constant
C'>0.

The other way of using Theorem 2.1 is to note that the random variables +¢; are
subgaussian (because they are bounded) and therefore satisfy (1.5) with v = a and
¢ = 0. By arguing as in the Gaussian case, Assumption 2.1 holds with d(s,t) = a|s —t|,
for all s,t € S, ¢ =0 and Assumption 2.2 is fulfilled with v = a and b = 0. We deduce
from Theorem 2.1

P [Z > K (a\/ﬁ + aﬁ)} <e Vr>0. (2.9)

Note that whenever a is not too large compared to 1, this bound improves (2.7) by
avoiding the linear term aAz(S)z.

2.2. A counter-example

In this section we show that the supremum Z of a random process X = (X;),., sat-
isfying (2.1) may not concentrate around E(Z). More precisely, let us show that (1.7)
could be false under (2.1). A simple counter-example is the following one. For D > 1, let
S = Span{ei,...,ep}, T be the unit ball of S and X’ = (X}),., the Gaussian process
defined for t € T by t — (t,£) where £ is a standard Gaussian vector of R™. For some
p € (0,1) to be chosen later on, define X as either X’ with probability p or as the process
X" identically equal to 0 with probability 1 — p. On the one hand, note that both pro-
cesses X’ and X" satisfy (2.1) with ¢ =0, d(s,t) = |s —t|, for all s,¢ € S and therefore
so does X (whatever p). On the other hand, since

E(Z) = pE [sup Xt’} = pE
teT

and sup,cp var(X;) < 1, (1.7) would imply that for some positive numerical constant C
(that we can take larger than 1 with no loss of generality) and all u > 0,

D
S & >pVD+C (Vu+u)

i=1

P[ZZCP\/B-FC(\/{L-FU)} = pP

+ - (Viog@/p) +1082/p)) | <

1
VD 2

N |

which is of course false by the law of large numbers for large values of D.

imsart-bj ver. 2009/08/13 file: Bernstein-Finale.tex date: January 4, 2010



10 Y. Baraud
3. Applications to model selection in regression

Consider the regression framework given by (1.1) and assume that for some known non-
negative numbers o and ¢
A20?
logE [6)\&] < 0= forall A€ (—1/¢,1/c)andi=1,...,n. (3.1)
Inequality (3.1) holds for a large class of distributions (once suitably centered) including
Gaussian, Poisson, Laplace or Gamma (among others). Besides, (3.1) is fulfilled when
the &; satisfy (1.10) and therefore whenever these are bounded.

Our estimation strategy is based on model selection. We start with a (possibly large)
collection {S,,, m € M} of linear subspaces (models) of R™ and associate to each of
these the least-squares estimators f,, = Ilg, Y. Given a penalty function pen from M
to R4, we define the penalized criterion crit(.) on M by

crit(m) = ‘Y — f z + pen(m). (3.2)

In this section, we propose to establish risk bounds for the estimator of f given by fm
where the index m is selected from the data among M as any minimizer of crit(.).

In the sequel, the penalty pen will be based on some a priori choice of nonnegative
numbers {A,,, m € M} for which we set

Y= Z e A < foo.
meM

When ¥ = 1, the choice of the A,, can be viewed as that of a prior distribution on the
models Sy,. For related conditions and their interpretation, see Barron and Cover (1991)
or Barron et al (1999).

In the following sections, we present some applications of our main result (to be pre-
sented in Subsection 4.2) for some collections of linear spaces {S,,, m € M} of interest.

3.1. Selecting among histogram-type estimators

For a partition m of {1,...,n}, S,, denotes the linear span of vectors of R™ the coordi-
nates of which are constants on each element I of m. In the sequel, we shall restrict to
partitions m the elements of which consist of consecutive integers.

Consider a partition m of {1,...,n} and M a collection of partitions m such that
Sm C Sm. We obtain the following result.

Proposition 3.1. Let a,b > 0. Assume that

|I| > a?log®n, VI cm. (3.3)
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Bernstein-type inequality 11

If for some K > 1,

pen(m) > Kx? <02 + QCW) (Im|+An), YmeM (3.4)
the estimator f,;, satisfies
E (\f - fm\j) < O(K) [mig;/l [IE (\f ~ z) + pen(mﬂ ; R] (3.5)

where C'(K) is given by (4.4) and

2 2
R— 2 <02+20(c+o>(b+2>)Z+2(c+a)2(lz+2) _
akK an

Note that when ¢ = 0, inequality (3.4) holds as soon as

pen(m) = Krx?0? (Im| + A,,), ¥m e M. (3.6)

Besides, by taking a = (logn)~! we see that condition (3.3) becomes automatically

satisfied and by letting b tend to +oo, inequality (3.5) holds with pen given by (3.6) and
R = k%023,

The problem of selecting among histogram-type estimators in this regression setting
has recently been investigated in Sauvé (2008). Her selection procedure is similar to ours
with a different choice of the penalty term. Unlike hers, our penalty does not involve any
known upper bound on |f| ..

3.2. Families of piecewise polynomials

In this section, we assume that f = (F(x1),...,F(z,)) where ; =i/nfori=1,...,n
and F is an unknown function on (0,1]. Our aim is to estimate F' by a piecewise poly-
nomial of degree not larger than d based on a data-driven choice of a partition of (0, 1].

In the sequel, we shall consider partitions m of {1,...,n} such that each element
I € m consists of at least d 4+ 1 consecutive integers. For such a partition, .S, denotes
the linear span of vectors of the form (P(1/n),...,P(n/n)) where P varies among the
space of piecewise polynomials with degree not larger than d based on the partition of

(0, 1] given by
{(min[—l maxI] }
, ,ITemsp.
n n

Consider a partition m of {1,...,n} and M a collection of partitions m such that S,, C
Sm- We obtain the following result.

Proposition 3.2. Let a,b> 0. Assume that

|I| > (d+ 1)a*log’n >d+1, VIem. (3.7)
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12 Y. Baraud

If for some K > 1,

42(0 + ¢)(d +1)(b+2)

pen(m) > Kr? <02 +c ) (D + Ayy) Yme M

the estimator f;, satisfies (3.5) with

B (GQ +C4\/§(a+c)c(i+ 1)(b+2)> Z+4(c+a(3;(ﬁ+ 22

3.3. Families of trigonometric polynomials
We assume that f has the same form as in Subsection 3.2. Here, our aim is to estimate

F by a trigonometric polynomial of degree not larger than some D > 0.
Consider the (discrete) trigonometric system {¢; }js0 of vectors in R™ defined by

G2j-1 = \/g(cos (2mjz1),...,cos (2mjxy)), Vi >1

2
¢2; = A/ —(sin(2mjz1),...,sin (2mjzr)), V5 > 1.
n

Let M be a family of subsets of {0, PN 25}. For m € M, we define S,,, as the linear
span of the ¢; with j € m (with the convention S,, = {0} when m = @).

Proposition 3.3. Let a,b> 0. Assume that 2D+1 < /n/(alogn). If for some K > 1,

pen(m) > K> (02 + 46(6—’—0)(1)—1_2)) (D + Ar), Yme M

a

then f;, satisfies (3.5) with

R 2 <02 N de(c+o)(b+ 2)) 5 4(b+2)%(c+0)?

a a2(2D + 1)n?

4. Towards a more general result
We consider the statistical framework presented in Section 3 and give a general result

that allows to handle Propositions 3.1, 3.2 and 3.3 simultaneously. It will rely on some
geometric properties of the linear spaces S, that we describe below.
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Bernstein-type inequality 13
4.1. Some metric quantities

Let S be a linear subspace of R™. We associate to S the following quantities

Ay (S) = nax Mse;l2 and Ax(S) = _Inax TIse;|s. (4.1)

It is not difficult to see that these quantities can be interpreted in terms of norm con-
nexions, more precisely

t IIgt
A(S) = sup LM and A (S) = %
tes\{oy [tl ter\{0}  |tloo

Clearly, A2(S) < 1. Besides, since |z|; < /n|z|, for all z € R™, Ao(S) < /nAs(S).
Nevertheless, these bounds can be rather rough and turn out to be much smaller for the
linear spaces S;, presented in Subsections 3.1, 3.2 and 3.3.

4.2. The main result

Let {S, m € M} be family of linear spaces and {A,,, m € M} a family of nonnegative
weights. We define S, = >\, Sm and

Ao = ( sup Ao (S +Sm/)> V1.

m,m’eM

Theorem 4.1. Let K > 1 and z > 0. Assume that for alli=1,...,n, inequality (5.1)
holds. Let pen be some penalty function satisfying

pen(m) > K2 (02 + 20“) (D + Ap), ¥me M (4.2)
K
where -
u = (c+ o)A A2(S,,) log(n?e?). (4.3)

If one selects m among M as any minimizer of crit(.) defined by (3.2) then

|7 - al)| < c0) |t (B[] = duf)| +pentm) + 7]
where
C(K) = W (4.4)

and R = k* (02 + 2 cu) ¥ + QUQK;?@_Z.
When ¢ = 0 we derive the following corollary by letting z grow towards infinity.
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14 Y. Baraud

Corollary 4.1. Let K > 1. Assume that the & for i = 1,..., n satisfy inequality (3.1)
with ¢ = 0. If one selects i among M as a minimizer of crit defined by (3.2) with pen
satisfying

pen(m) > Kr?0? (D, + Ay), ¥Ym e M

then

HEC K1) (E Uffm‘j +pen(m)) +R

L2
E Uf ~ 2] - (K—1)3  mem

where R = K3(K — 1)72k%02X.

5. Proofs

We start with the following result generalizing Theorem 2.1 when d and § are not induced
by norms. We assume that 7 is finite and take numbers v and b such that

supd(s,tg) <wv, supcd(s,tg) <b. (5.1)
seT seT

We consider now a family of finite partitions (Ay),~, of T, such that Ay = {T'} and for
k>1and A € A B

d(s,t) < 27%v and cd(s,t) < 27Fb, Vs,t € A.

Besides, we assume A, C Ag_q for all k£ > 1, which means that all elements A € A, are
subsets of an element of Ay_1. Finally, we define for £ > 0

Ni = [Apt1|[ Al

Theorem 5.1. Let T be some finite set. Under Assumption 2.1,

P(Z2H+2\/m+2bx) <e Yz >0 (5.2)
where
H= Z 27k (m/?log(QkHNk) + blog(Qk“Nk)) :
k>0
Moreowver,
P (7 > H +2V20%z + 2bx) <277, Yz > 0. (5.3)

The quantity H can be related to the entropies of T' with respect to the distances
d and ¢§ (when ¢ # 0) in the following way. We first recall that for a distance e(.,.)
on T and € > 0, the entropy H(T,e,¢) is defined as logarithm of the minimum number
of balls of radius ¢ with respect to e which are necessary to cover T'. For £ > 0, let us
set H(T,e) = max{H (T, d,ev), H(T,cd,eb)}. Note that H(T,e) = 0 for € > 1 because
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Bernstein-type inequality 15

of (5.1). For € < 1, one can bound H (T, ¢) from above as follows. For k > 0, each element
A of the partition Ay, is both a subset of a ball of radius 2~ **+1y with respect to d
and of a ball of radius 2~ **tDp with respect ¢d. Since |Ag+1| < N, we obtain for all
e € [27+D) 2-F)  H(T,¢) < log N}, and by integrating with respect to £ and summing
over k > 0, we get

/0 1 ( 202H (T, ) + bH(T, g)) de < H.

5.1. Proof of Theorem 5.1

Note that we obtain (5.3) by using (5.2) twice (once with X; and then with —X;). Let
us now prove (5.2). For each k > 1 and A € Ay, we choose some arbitrary element ¢ (A)
in A. For each t € T and k > 1, there exists a unique A € Ay such that ¢t € A and we
set m(t) = tx(A). When k = 0, we set mo(t) = to.

We consider the (finite) decomposition

X — X4 = ZXnk+1(t) — X (t)
k>0

and set for kK > 0

zp =27k (v\/Q (log(2*+1Ng) +2) + b (10g<2k+1Nk) + 33))

Since ZkZO 2z < z=H + 2vv2x + 2bx,

IN

P(Z > Z) P (Ht, dk > 0, X7Tk+1(t) - Xﬂ'k(t) > Zk)

Z Z P(X’U«_stzk)

k>0 (s,u)EE}

IN

where

By = {(m(8), mye1 (8)) | £ € T}
Since Agy1 C Ag, mx(t) and mgy1(t) belong to a same element of Ay and therefore
d(s,u) < 27%v and cd(s,u) < 27Fb for all pairs (s,u) € Ej. Besides, under Assump-
tion 2.1, the random variable X = X, — X with (s,u) € F} is centered and satisfies (1.5)
with 27%v and 27%b in place of v and c. Hence, by using Bernstein’s inequality (1.3), we
get for all (s,u) € E and k >0

P(X, — X5 > z) <27 FFONtem® < o= (D) gy~ lem,

Finally, we obtain inequality (5.2) summing up this inequalities over (s,u) € Ej and
kE>0.
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16 Y. Baraud

5.2. Proof of Theorem 2.1

We only prove (2.2), the argument for proving (2.3) being the same as that for prov-
ing (5.3). For t € S and r > 0, we denote by Ba(t,7) and B (t,7) the balls centered
at t of radius 7 associated to || ||2 and || ||« respectively. In the sequel, we shall use the
following result on the entropy of those balls.

Proposition 5.1. Let || || be an arbitrary norm on S and B(0,1) the corresponding
unit ball. For each § € (0,1], the minimal number N (d) of balls of radius ¢ (with respect
to || ||) which are necessary to cover B(0, 1) satisfies

N@) < (1+25H7.

The proof of this classical lemma can be found in Birgé (1983) (Lemma 4.5, p. 209).
Let us now turn to the proof of (2.2). Note that it is enough to prove that for some
u < H + 2v20%z 4 2bz and all finite sets T' satisfying inequalities (2.1) and (5.1)

P <sup (Xt — Xyy) > u) <e ”.
teT

Indeed, for any sequence (7},),,~, of finite subsets of T' increasing towards T, that is,

satisfying T, C Ty41 for all n >0 and |J,,~, T, = T, the sets

{Sup (Xt — X)) > u}

teTy,

increases (for the inclusion) towards {Z > u}. Therefore,

P(Z>u)= lim P <sup (Xt — X)) > u> .
n—+oo \¢eT,

Consequently, we shall assume hereafter that 7' is finite.

For k > 0 and j € {2,00} define the sets A; as follows. We first consider the case
j =2 For k=0, Aop = {T}. By applying Proposition 5.1 with || || = || |l2/v and
§ = 1/4, we can cover T C By(to,v) with at most 92 balls with radius v/4. From such a
finite covering {Bi, ..., By} with N < 9P it is easy to derive a partition Az 1 of T' by
at most 97 sets of diameter not larger than v/2. Indeed, Aj 1 can merely consist of the
non-empty sets among the family

B\ |J Be|NnT, k=1,....N
1<t<k

(with the convention |J, = @). Then, for k > 2, proceed by induction using Proposi-
tion 5.1 repeatedly. Each element A € A; 1 is a subset of a ball of radius 2%y and can
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Bernstein-type inequality 17

be partitioned similarly as before into 57 subsets of balls of radii 2=+, By doing so,
the partitions As j with k > 1 satisfy Aax C Ag 1, A2k < (1.8)P x 5% and for all
Ae Ay,

sup ||s —t]js < 27 %,

s,tEA
Let us now turn to the case j = +oo. If ¢ > 0, define the partitions A 5 in exactly
the same way as we did for the Aj ;. Similarly, the partitions Ao, with & > 1 satisfy
Aok € Avo k-1, Ao k] < (1.8)P x 58P and for all A € A ,

sup c||s — t[joo < 27",
s,teA

When ¢ = 0, we simply take Ay = {T'} for all £ > 0 and note that the properties
above are fulfilled as well.
Finally, define the partition Ay for £ > 0 as that generated by Ay, and A , that is

A = {A2 N Aocl Ag € Ag)k, Ay € Aoo,k}’-
Clearly, Ajy1 C Ayg. Besides, |Ag| =1 and for k& > 1,
[Ar] < | A2 k][ Ao k]| < (1.8)2D x 52kD

The set T being finite, we can apply Theorem 5.1. Actually, our construction of the Ay
allows us to slightly gain in the constants. Going back to the proof of Theorem 5.1, we
note that

Bl = [{(mk(t), mor1 (D) | t € TH| < [Appa] <922 x 525P

since the element 741 (t) determines 7y (¢) in a unique way. This means that one can take
Nj, = 92D x 526D in the proof of Theorem 5.1. By taking the notations of Theorem 5.1,
we have,

H < > 27F {v\/Q log(2k+1 x 92D x 52kD) 4 plog (2M71 x 920 x 52“))}
k>0

< 14V Dv2 +18Db
and using the concavity of z — /z, we get

H+2vV2v2x + 2bx < 14V Dv? 4 2V202x + 18b(D + x)

< 18(\/m+b(D+x)).

N

which leads to the result.

5.3. Control of x2-type random variables

We have the following result.

imsart-bj ver. 2009/08/13 file: Bernstein-Finale.tex date: January 4, 2010



18 Y. Baraud

Theorem 5.2. Let S be some linear subspace of R™ with dimension D. If the coordi-
nates of & are independent and satisfy (3.1), for all z,u > 0,

2
P |imselt > (024 2 ) (D +2), [Mstloe <u] <7 (5.4)
with Kk = 18 and
P (|11 v’
> <2 — .
(M, 2 0) < newp [~ gt ] 5.5

where Ao(S) is defined by (4.1).

Proof. Let us set x = [IIg€|e. For t € S, let X; = (£,t) and tg = 0. It follows from the
independence of the ¢ and inequality (3.1) that (2.1) holds with d(¢,s) = ot — s|2 and
0(t,s) = |t — S|eo, for all s,t € S. The random variable x equals the supremum of the X,
when t runs among the unit ball of S. Besides, the supremum is achieved for = TTg&/x
and thus, on the event {x > z, |IIg|oc < u}

x=supX; withT ={te€S, [t]a <1, |t|oc <uz"'}
teT
leading to the bound

P(x >z, Hs€leo <u) <P (supXt > z) )
teT

We take z = k4/(02 + 2cur—1)(D + x) and (using the concavity of z — /) note that
2> K ( 02(D + z) 4+ cuz (D + x)) .

Then, by applying Theorem 2.1 with v = o, b = cu/z, we obtain (5.4).

Let us now turn to (5.5). Under (3.1), we can apply Bernstein’s inequality (1.3) to
X = (& t) and X = (—&,t) with t € S, v? = 02[t|3 and c|t|« in place of ¢ and get for
allte Sand z >0

$2
P16 812 0) < 200 |-t (5:)

Let us take t = IIge; with ¢ € {1,...,n}. Since |t|a < A2(S) and

[t|oo = . jnax |(Tlge;, e;)| = . jnax |(Mge;, Tgei )| < A3(S),

for all i € {1,...,n}

~2A2(S) (02 + cx)

We obtain (5.5) by summing up these probabilities for i = 1,...,n. O
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Bernstein-type inequality 19
5.4. Proof of Theorem 4.1

Let us fix some m € M. It follows from simple algebra and the inequality crit(m) <
crit(m) that

7 Fal, <[5~ |, + 206 fi — Fu) + pen(m) — pen(in)

Using the elementary inequality 2ab < a? + b? for all a,b € R, we have for K > 1,

2<§>f7ﬁ_fm> S Q‘fﬁl_fm‘glnsy,fl’Smgb
K—1\1, 2 K 2
< -1 - - — —
= K {(1—1_ K )‘fm f’2+<1+K—1)‘f fmJ
+ K|, 45,65,
and we derive
(K-1?2, 2 K?+K-1
S Vil < Fmen - fm\ + K |, 45,.€[3 — (pen(r) — pen(m))
K2+K71 (m)
= K(K -
+Km&ﬁ%ﬂ2 @w()+mm ) -
Setting
R 2cu Mg s,
_ 2 m+SmSl2 o AL
Ay(in) = K [g, 45,85 1{|Is, 45,0 > u}

and using (4.2), we deduce that

M‘f*fm

2 K2+K71
K2 =

27 K(K

+pen(m) + A1 (i) + Az (),

and by taking the expectation on both side we get
(K—1)2]E ‘ 2] K?+K-1
K2 - K(K-1)

B || = ful, | +ventm) + B LAs0w] +  Laa(in)]

The index m being arbitrary, it remains to bound E; = E [A;(7)] and Es = E [A2(m)]
from above.
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20 Y. Baraud

Let m’ be some deterministic index in M. By using Theorem 5.2 with S = S, + Sy
the dimension of which is not larger than D,,, + D, and integrating (5.4) with respect
to x we get

E[A(m")] < Kk? (02 + 20u> o Bm =R
K

and thus )
Ei < Y E[Am)] < K2 (02 + Cu) .
m/'eM v
Let us now turn to E [A3(r1)]. By using that Sy, + Sm C Sn, s, 15,,€ 3 < |s, ¢ 3 <

n|s, & \io Besides, it follows from the definition of A, that

[ee] S KOO ‘Hsnf

s, +5,, 8l = s, +5,,11s, €

oo’

and therefore, setting xg = A

0o U

By < KnE|[s, &P 1{Is,¢l. > w0} -
We shall now use the following lemma the proof of which can be found in Baraud (2009).

Lemma 5.1. Let X be some nonnegative random variable satisfying for all z > 0,

$2

P(X 2 2) <aexp[-d(z)] with ¢(z) = 2@+ B) (5.7)
where a,« > 0 and 8 > 0. For 2o > 0 such that ¢(zg) > 1,
P —6(x0) ep!
E[XP1{X > zo}] < axge ") [ 1+ , Vp>1.
¢ (o)

We apply the lemma with p = 2 and X = |IIs, §|, for which we know from (5.5)
that (5.7) holds with a = 2n, a = A%(S)o? and 8 = A3(S)c. Besides, it follows from the
definition of zg and the fact that n > 2 that

2
- ]
$(w0) = 2A2(S) (02 + cxo)

> log (n®e*) > 1.

The assumptions of Lemma 5.1 being checked, we deduce that Fy < 2Kwx3e™* and
conclude the proof putting these upper bounds on F; and Fs together.

5.5. Elements of proof for Propositions 3.1, 3.2 and 3.3

The proofs of Propositions 3.1, 3.2 and 3.3 derive from the proposition below which
allows to bound A5(S) and A (S) under suitable assumptions on an orthonormal basis
of S. We only give the proof of this proposition and refer the reader to Baraud (2009)
for the complete proofs of Propositions 3.1, 3.2 and 3.3.
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Proposition 5.2. Let P be some partition of {1,...,n}, J some nonempty index set
and

{¢j71a (]71) € Jx P}

an orthonormal system such that for some ® > 0 and all I € P

®
su j < and ir,e;) =0Vi&lI.
jEI; |¢J1[|oo = \/m <¢],I > ¢

If S is the linear span of the ¢; ; with (j,I) € J x P,

|J|®2
min]ep |I‘

A3(S) < ( ) AL and A(S) < (1710%) A (ViiAa(S))

Proof of Proposition 5.2. We have already seen that A2(S) < 1and A (S) < /nA3(S),
so it remains to show that

2 | 7|22 2
A3(S) € ———— and A, (S) < |J|9°.
minysep |I|
Let ¢ = 1,...,n. There exists some unique I € P such that ¢ € I and since (¢; 1/,¢e;) =0

for all I' # I, Tlge; = ZjeJ (i, @5,1)¢j,1. Consequently,

H2 P2
|Hsez‘\§ = Z <ei7¢j,l>2 < |J|I| < /]

i ~ mingep |I|
and
J|®?
Moed, = 3|5 (exdandler,opn)| < 1570 < |10,
i€l |jET
We conclude since i is arbitrary. O
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