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Disorder-driven exceptional lines and Fermi ribbons in tilted nodal-line semimetals
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We consider the impact of disorder on the spectrum of three-dimensional nodal-line semimetals. We show that
the combination of disorder and a tilted spectrum naturally leads to a non-Hermitian self-energy contribution that
can split a nodal line into a pair of exceptional lines. These exceptional lines form the boundary of an open and
orientable bulk Fermi ribbon in reciprocal space on which the energy gap vanishes. We find that the orientation
and shape of such a disorder-induced bulk Fermi ribbon is controlled by the tilt direction and the disorder
properties, which can also be exploited to realize a twisted bulk Fermi ribbon with nontrivial winding number.
Our results put forward a paradigm for the exploration of non-Hermitian topological phases of matter.
DOI: 10.1103/PhysRevB.99.041116

Introduction. Recently, there has been a growing interest
in non-Hermitian topological phases of matter (see Ref. [1]
for a recent overview). A Hamiltonian with non-Hermitian
terms can be considered to represent, e.g., contact with the
environment (open quantum systems [2,3]), dissipation and
driving (e.g., resonator circuits and photonics or atomic gas
systems with gain and loss [4–10]). Another scenario to realize non-Hermitian systems is to reinterpret the complex selfenergy of quasiparticles with a finite lifetime due to certain
interactions or disorder on a microscopic level (e.g., electrons
subject to electron-phonon and electron-electron interactions
or impurities [11–14]) as the non-Hermitian term of an effective Hamiltonian. Given their profound implications and
vast applicability, the question naturally arises whether the
concepts that underlie the classification of topological phases
of matter (e.g., topological invariants, the bulk-boundary
correspondence, topology- and symmetry-protected bulk or
surface states) can be extended to non-Hermitian systems.
How and to what extent this can be done is a topic of active
research [15–34].
In Hermitian systems, the notions of a gapped phase and
band touchings are crucial for the bulk-boundary correspondence and topologically protected states. These notions do
not carry over to the non-Hermitian case in a straightforward
manner, complicating the search for well-behaved topological invariants that could take over the role of invariants in
Hermitian systems, for example the Chern number. There is
no unique way to extend the notion of a gapped phase for a
complex quasiparticle spectrum [23,25], and band touchings
can turn into exceptional points where the Hamiltonian is
defective [1,35,36]. The latter implies that a complete set of
eigenvectors cannot be retrieved at these points.
For non-Hermitian systems with two bands in two (2D)
and three (3D) spatial dimensions, generic band touchings
*
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typically lead to exceptional points and lines [35], respectively. It was shown that an exceptional loop can be obtained
from a Weyl node by adding non-Hermitian terms to the
Hamiltonian [8,10,12]. This was recently identified in an
optical waveguide [37]. Exceptional lines also form the termination lines of zero-energy surfaces [12,38]. Such zero-energy
surfaces form the natural generalization of bulk Fermi arcs in
2D non-Hermitian systems [11] (confirmed experimentally in
photonics crystal slabs [9]) and have been dubbed bulk Fermi
ribbons [38]. Furthermore, exceptional lines can form knots
and links (forming so called knotted non-Hermitian metals
as introduced in Ref. [39]) such that the associated Fermi
ribbons generally form closed and orientable surfaces with a
possibly nontrivial topology, which can generally be classified
as Seifert surfaces [38,40].
Topological nodal-line semimetals (NLSMs) are systems
that form robust linelike band touchings in the Hermitian
regime [41–45]. Recently, it was shown that these nodal lines
can be split into two exceptional lines, connected by a Fermi
ribbon, by adding a non-Hermitian term to the Hamiltonian,
representing some form of particle gain and loss in the system
[46,47].
In this Rapid Communication, we show that the formation
of a pair of exceptional lines and associated bulk Fermi
ribbon can occur naturally in 3D NLSMs due to the presence
of disorder (e.g., impurities). It is the complex self-energy
correction to the Green function due to disorder that renders
the matrix structure of the quasiparticle’s Green function
non-Hermitian and, under certain conditions, induces this
formation. We show that, for a nodal ring with tilted spectrum,
disorder leads to the separation of the nodal ring into a pair of
exceptional rings, along with the formation of a circular bulk
Fermi ribbon. Similar to disordered Weyl semimetals [12],
this phenomenology is most pronounced in case of strong tilt
that induces a type-II NLSM. Several compounds, such as
K 4 P3 and Mg3 Bi2 [48–50], have already been identified as
2D and 3D type-II NLSMs, and they can also be engineered
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FIG. 1. (a)–(d) The real part of the energy spectrum above (orange) and below (blue) the nodal-ring energy is presented as a function of
kx and ky (with kz = 0), according to Eqs. (2), (7), (9), and (10), for a type-I nodal-line semimetal (NLSM) (a) without tilt and (b) with radial
tilt, a type-II NLSM with (c) radial tilt and (d) axial tilt with first-order Born self-energy correction due to disorder. (e) The bulk Fermi ribbons
of a disordered type-II NLSM with (left) axial tilt, (top) radial tilt, (bottom) axial and radial tilt, and (right) a twisting tilt vector with winding
number equal to one. The nodal ring and exceptional lines are indicated in black, the bulk Fermi ribbon in red, and the tilt direction by the
green arrows.

with optical lattices [51]. We further show the impact of the
tilt and disorder properties on the configuration and shape of
the exceptional lines and bulk Fermi ribbon and also discuss
the possibility of obtaining twisted ribbons with nontrivial
winding number.
Tilted nodal-line semimetals. We proceed with an analytically tractable NLSM, considering a nodal ring with radius
Q in the kz = 0 plane, centered around the origin, with the
following two-band Hamiltonian:
H (k) = [h̄wR (kR − Q) + h̄wz kz ] σ0
+ h̄vR (kR − Q) σ1 + h̄vz kz σ3 ,
(1)
√
with k ≡ (kx , ky , kz ), kR ≡ kx2 + ky2 , σ0 ≡ 12×2 , and σ1,2,3
the three Pauli matrices. The parameters vR , vz determine the
slope of the linearized spectrum at the nodal ring in the radial
and axial direction, respectively, while wR and wz represent a
tilt of the spectrum along the respective directions. This leads
to the following spectrum [see Fig. 1(a)]:


Es (k) = h̄w · (k − Q ekR ) + s h̄
[vα · (k − Q ekR )]2 ,

constant prefactor, where kC > 0 is a UV cutoff wave vector,
denoting the maximal distance from the nodal ring along the
radial and axial directions (assuming kC < Q) and required
to regularize a fully linearized spectrum (see Sec. SI in
Supplemental Material [54] for details and discussion on the
cutoff dependence). Hence, the DoS is finite at the nodal-ring
energy. An example of a NLSM spectrum with radial tilt is
shown in Fig. 1(c).
Self-energy due to disorder. We consider a disorder potential V (r), assuming the potential to originate from N
identical localized impurity potentials with Dirac-delta profile
at different positions ri and disorder strength S0 :
V (r) ≡

with s = ±, v1 = (vR cos kφ , vR sin kφ , 0), v2 = (0, 0, 0),
v3 = (0, 0, vz ), w = (wR cos kφ , wR sin kφ , wz ), ekR the unit
vector along the radial direction with respect to the nodal
ring and summation over α = 1, 2, 3. The nodal ring can be
protected by one or several symmetries [45].
Similar to the case of a pointlike Weyl node [52,53], the
linear spectrum around a nodal line can be strongly tilted
such that the slopes of both bands have equal signs, giving
rise to a type-II NLSM with electron and hole pockets at the
nodal-line energy [41,49–51]. From Eq. (2), we see that the
Fermi surface wave vectors for band s at the nodal-ring energy
satisfy the following constraints:
s[wR (kR − Q) + wz kz ]  0,


kR = Q + wR wz kz / vR2 − wR2
 
 

± kz2 vR2 wz2 + wR2 vz2 − vR2 vz2 / vR2 − wR2 .

(3)

An overtilted spectrum with solutions for kz = 0 is realized
when wR2 /vR2 + wz2 /vz2 > 1. In this case, the density of states
(DoS) close to the nodal ring is equal to QkC /|w| up to a

S0 δ(r − ri ).

(4)

i=1

The disorder-averaged retarded Green function Ḡ(k, ω) (conserving wave vector k) can be obtained by averaging over all
the impurity positions with a uniform distribution, leading to
G(k, k ; ω)ri = δk,k Ḡ(k, ω),

α

(2)

N


(5)

and the following Dyson equation:
Ḡ(k, ω) = G (0) (k, ω) + G (0) (k, ω)(k, ω)Ḡ(k, ω),

(6)

with retarded self-energy (k, ω) (in units of frequency).
Within the lowest-order (LO) approximation [55], the spectrum merely shifts in energy by nS0 /h̄, with n ≡ N/V, and
the effective Hamiltonian that can be associated to the Green
function’s quasiparticle spectrum, H (k) + h̄ (LO) , remains
Hermitian. Turning to the first-order Born (FB) approximation
of the self-energy, we obtain the following self-energy:
 (FB) (ω) =

nS02  (0)
G (k, ω).
V h̄2 k

(7)

The resulting complex quasiparticle spectrum Es(FB) (k) can be
obtained from the following equation:




= 0.
(8)
det Es(FB) − H (k) + h̄ (FB) Es(FB) /h̄
The consideration of fully localized potentials simplifies the
summation over k, but it does not change the matrix structure and ω dependence of the self-energy qualitatively as
compared to extended potential profiles. Hence, the results
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and phenomenology below are also relevant for more generic
disorder.
First, we consider a type-I NLSM with nodal ring (in
the kz = 0 plane with radius Q, centered around the origin),
isotropic linear dispersion relation (vR = vz ≡ v) and tilt
along kz determined by wz . In the limit of weak axial tilt
(|wz |  |v|) and close to the nodal-ring energy (|ω/v|  Q),
we can proceed analytically and the self-energy is given by:
vkC
γ kC2
γQ
+ i π |ω|
2ω ln
σ1 −
2
8π v
4π v
ω

wz 
× σ0 −
σ3 ,
(9)
v

 (FB) (ω) ≈ −

with γ ≡ nS02 /h̄2 and only keeping the leading-order contributions as a function of ω, kC , and wz /v. This result is
valid with chemical potential equal to zero and is easily
generalized by the following substitution on the right-hand
side: ω →  ≡ ω + μ/h̄, with chemical potential μ. Note
that this self-energy correction renormalizes the radius of the
nodal ring as Q → Q + γ kC2 /(8π v 2 ), irrespective of the tilt.
The imaginary part of the self-energy leads to a nonHermitian contribution in the effective Hamiltonian H (k) +
h̄ (FB) [Es(FB) (k)/h̄]. However, as this contribution is proportional to the DoS at the energy level under consideration,
the contribution vanishes at the nodal ring and the nodal-ring
spectrum is not affected. A vanishing DoS implies that screening becomes very weak close to the nodal-ring energy (for a
type-I NLSM). The assumption of pointlike scatterers should
therefore be taken with some reservation, when the disorder
originates from charged impurities for example. Note that the
FB approximation does not properly capture the logarithmic
corrections to the self-energy, which can be obtained via the
self-consistent Born (SB) approximation [41]. This approach
yields a finite correction at the nodal-ring energy, but it scales
like exp[−2π v 2 /(γ Q)]. A much larger correction (linear in
γ ) is obtained in the case of strong tilt, as we will see below.
In the limit of strong axial tilt |wz |
|v|, we can proceed
analytically, as in the case of weak tilt, when keeping the
leading-order contributions as a function of v/wz instead of
wz /v. The self-energy close to the nodal-ring energy becomes:
 (FB) (ω) ≈

γQ
v
(ω − i |wz |kC ) σ0 −
σ3
2
2π wz
wz
−

γ vkC ω
[2 arccosh(|wz /v|)/wz + i π/|wz |] σ1 .
2π 2 wz2
(10)

In this case, the imaginary part is cutoff dependent and does
not vanish at the nodal-ring energy, unlike the real part. Both
the real and the imaginary part vanish in the limit of very large
tilt. Note that the weak and strong tilt regimes are separated
by a Lifshitz transition at v = wz and that Eqs. (9) and (10)
are only valid away from this transition. Further note that
the FB approximation is only valid when crossing diagrams
can safely be neglected (i.e., when |γ kC /(2π vwz )|  1 in the
case of strong tilt) and that it is in agreement with the SB
approximation (see Sec. SII in Supplemental Material [54] for
more details).

FIG. 2. The spectrum of a disordered type-II nodal-line
semimetal with strong axial tilt (along kz ), according to the selfenergy correction of Eq. (10), evaluated close to the nodal ring with
kz = 0. We have considered the following toy model parameters:
wz /v = 10, γ = 100, v = 1, Q = 1, kC = 0.5.

Exceptional lines and bulk Fermi ribbons. Close to the
nodal-ring energy, we can approximate the spectrum by:
Es(FB) (k)/h̄
≈ w · (k − Q ekR ) + 0(FB) (ω = 0)

+s
[vα · (k − Q ekR ) + α(FB) (ω = 0)]2 ,

(11)

α

with  (FB) ≡ ν(FB) σν and summation over ν = 0, 1, 2, 3 according to the Einstein summation convention. The nonvanishing imaginary term 3(FB) (ω = 0) induces a purely imaginary gap in the quasiparticle spectrum for kz = 0 and kR close
to the nodal ring. For the real part of the spectrum, a haloshaped band touching region develops [see Figs. 1(d), 2, and
1(e) (left)], forming a so-called bulk Fermi ribbon. The ribbon
width in reciprocal space is approximately equal to 2/|wz τ | ≈
2/ lR , with τ ≈ 2π |wz |/(γ QkC ) the quasiparticle lifetime and
lR ≈ |wz |τ the scattering length along the radial direction.
While electron-hole symmetry persists for the real part of the
energy spectrum, it does not for the imaginary part. At the
center of the bulk Fermi ribbon, the states have a lifetime
that splits equally into τ/(1 ± |v/wz |). At the edges of the
ribbon, exceptional lines appear for which both the real and
the imaginary part of the spectral gap vanish. In the limit of
no disorder, these exceptional lines trace back to the original
nodal ring. At the exceptional lines, there is a square-root
singularity for both real and imaginary parts of the spectrum.
The Hamiltonian becomes defective and the quasiparticle
group velocity diverges. An important remark here is that
these singularities are lifted by the self-energy terms ∝ω in
Eq. (10), while having been neglected in Eq. (11) and Fig. 2. A
perfectly flat bulk Fermi ribbon with exceptional lines is only
approximately realized in a physical NLSM system with tilt
and disorder, and it will be washed out as the disorder strength,
ribbon width, and higher-order corrections grow (see Sec. SIII
in Supplemental Material [54]). Note that the ribbon width
increases when approaching the Lifshitz transition at v = wz
and decreases away from it. Further note that a bulk Fermi
ribbon with much smaller but finite width is also expected in
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the case of weak tilt, induced by the logarithmic self-energy
corrections from the SB approximation.
In case of strong radial tilt wR , 1(FB) (ω = 0) is finite
and imaginary [approximately equal to γ vQkC /(π wR |wR |)],
inducing a purely imaginary gap for kR = Q close to kz = 0.
This leads to the formation of a circular bulk Fermi ribbon
that stretches along the axial direction [see Fig. 1(e) (top)].
Analogously, a combination of strong radial and axial tilt will
lead to a separation of the nodal ring into two exceptional lines
and a bulk Fermi ribbon whose surface lies perpendicular to
the tilt direction [see Fig. 1(e) (bottom)].
One can also imagine a scenario that leads to a bulk
Fermi ribbon with nontrivial topology, with two exceptional
loops forming a Hopf link for example (linked together
exactly once). This requires the rotational symmetry with
respect to the nodal ring to be broken without gapping it out,
something for which different scenarios can be envisioned
in more material-specific NLSM models and self-energy calculations. A simple demonstration that is compatible with
our analytical approach is realized by a twisting tilt vector
w = (wR cos2 kφ , wR sin kφ cos kφ , wz sin kφ ) [see Fig. 1(e)
(right)]. The single valuedness of the tilt vector around the
nodal ring ensures that the bulk Fermi ribbon can only be an
orientable (Seifert) surface with an integer winding number, as
is required by general considerations of the zero-energy-gap
surface [38].
Disorder with orbital dependence. The disorder potential
in Eq. (4) is diagonal in the orbital space of the two-band
Hamiltonian of Eq. (1). In general, a disorder potential can
also have a matrix structure to represent some form of orbital
dependence, which can be expanded over Pauli matrices:
V (r) = Vν (r) σν . Until now, we have considered a scalar
disorder potential (S1,2,3 = 0), but sometimes it is important
to include an orbital dependence. For example, if the two
orbitals can be associated to different atom species in a certain
compound, they might be affected differently by specific
impurities and their typical positioning. The extreme case in
which only one orbital and corresponding band is affected,
can then be represented by considering S0 = ±S3 (S1,2 = 0)
[13].
Within the lowest-order (LO) approximation, the selfenergy is given by nSν σν /h̄, leading to a shift of the
nodal ring in energy (S0 = 0) and reciprocal space (S1,3 =
0) or even a gapped spectrum (S2 = 0). Orbital-dependent
disorder also has an impact on the matrix structure of
the
within the FB approximation [given by
 self-energy
(0)
k (Sν σν )G (k, ω)(Sν  σν  )], affecting the formation of exceptional lines and bulk Fermi ribbons. For example, in the
limit of strong tilt, a bulk Fermi ribbon can be formed due

to the following imaginary term, 3(FB) ∝ 2S0 S3 /|wz |, rather
than the term presented in Eq. (10).
In conclusion, we have studied the impact of disorder on
the spectrum of 3D nodal-line semimetals with tilt, considering the lowest-order, first-order Born, and self-consistent Born
approximations of the self-energy. Our results show that the
nodal ring can shift and deform in energy and momentum
space. Furthermore, the self-energy in general acquires an
imaginary off-diagonal term and renders the matrix structure
of the Green function non-Hermitian. When such a term
persists at the nodal-ring energy, the nodal ring can split into
two exceptional lines, connected by a bulk Fermi ribbon on
which the real part of the spectral gap vanishes. This scenario
markedly develops in case of strong tilt of type-II, with the
width of the bulk Fermi ribbon being proportional to the
disorder strength and its surface lying perpendicular to the
local tilt orientation. Such a bulk Fermi ribbon is in general
a closed and orientable surface, with a possibly nontrivial
winding number, which can be realized with a tilt vector that
features a nontrivial winding number when traced along the
nodal ring. The (non-Hermitian) matrix structure of the Green
function can also be manipulated by disorder with an orbital
dependence.
These results demonstrate that disordered type-II nodalline semimetals are very promising for the exploration
and verification of non-Hermitian extensions of topological
phases of matter. Several observable effects can be expected
for these exceptional line and bulk Fermi ribbon states. An
important feature in this regard is the change in the quasiparticle spectrum at the nodal-line energy, with the appearance of nondispersive bulk (Fermi ribbon) states. Another
important feature of NLSMs in this context is the appearance
of drumhead surface states. A first study on the impact of
non-Hermiticity on drumhead surface states appeared very
recently in Ref. [56], showing that there are significant corrections to the drumhead regions. Experimental signatures
of exceptional rings, the flat band touching regions and the
drumhead surface states have already been measured in nonHermitian photonics systems [37,57] and we do not see any
fundamental obstructions to perform analogous experimental
probing in disordered type-II nodal-line semimetals, based on
transport measurements or spectroscopy resolving the bulk
or surface state spectrum (e.g., angle-resolved photoemission
spectroscopy).
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