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Abstract We continue studying the cohomology of the hairy graph complexes which compute the ratio-
nal homotopy of embedding spaces, generalizing the Vassiliev invariants of knot theory, after the second
part in this series. In that part we have proven that the hairy graph complex HGC,, ,, with the extra
differential is almost acyclic for even m. In this paper we give the expected same result for odd m. As
in the previous part, our results yield a way to construct many hairy graph cohomology classes by the
waterfall mechanism also for odd m. However, the techniques are quite different. The main tool used in
this paper is a new differential, deleting a vertex in non-hairy Kontsevich’s graphs, and a similar map
for hairy vertices. We hope that the new differential can have further applications in the study of Kont-
sevich’s graph cohomology. Namely it is conjectured that the Kontsevich’s graph complex with deleting
a vertex as an extra differential is acyclic.
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1 Introduction

This paper is the third in the series of papers [5l[6], dealing with extra differentials on graph complexes.
In the second paper, [0], the deformed differential was introduced for hairy graphs HGC,, ,, for even m
and both parities of n, and we proved that the complex with that differential is almost acyclic. The main
purpose of this paper is to prove the same for odd m, as conjectured there, [6l Conjecture 1], finishing
the program for hairy graph complexes. A reader familiar to those papers and the importance of their
results can skip the first, general part of this introduction, since it mainly repeats what was explained
earlier.

1.1 General introduction

Generally speaking, graph complexes are graded vector spaces of formal linear combinations of isomor-
phism classes of some kind of graphs, with the standard differential defined by vertex splitting (or, dually,
edge contraction). The various graph cohomology theories are arguably some of the most fascinating ob-
jects in homological algebra. Each of graph complexes play a certain role in a subfield of homological
algebra, algebraic topology or mathematical physics. They have an elementary and simple combinatorial
definition, yet we know almost nothing about what their cohomology actually is.

M. Zivkovié

Mathematics Research Unit, University of Luxembourg, Grand Duchy of Luxembourg
2, Avenue de I’Université, 1.-4365 Esch-sur-Alzette

Tel.: (+352) 46 66 44 5248

Fax: (4+352) 46 66 44 35248

E-mail: marko.zivkovic@uni.lu



The most basic graph complexes are introduced by Maxim Kontsevich in [8/[9]. These complexes come
in versions GC,,, where n ranges over integers (see for the definition). Physically, GC,, is formed by
vacuum Feynman diagrams of a topological field theory in dimension n. Alternatively, GC,, governs
the deformation theory of E,, operads in algebraic topology [I9] or stable cohomology of the algebraic
polyvector fields [20]. Some examples of graphs are:

e

There are many other graph complexes, and we mention only some of them. Ribbon graph complexes
describe the cohomology of the moduli spaces of curves [I3L[12]]. Lie decorated graph complexes describe
the cohomology of the automorphisms of a free group and play a central role in many results in low
dimensional topology [3l8]. Oriented graph complexes, that are quasi-isomorphic to Kontsevich’s graph
complexes [2T[111[23], govern for example the quantization of Lie bialgebras [10].

In this paper, apart from Kontsevich’s graph complex, we consider hairy graph complexes. These are
complexes spanned by graphs with external legs (“hairs”). These complexes come in versions HGC,, ,
where m and n range over integers (see for the definition). They compute the rational homotopy of
the spaces of embeddings of disks modulo immersions, fixed at the boundary Embs (D™, D™), provided
that n —m > 3, see [14]. Furthermore, the diagrams enumerating Vassiliev invariants of knot theory
appear as the top cohomology of the hairy graph complex HGC; 3. Some examples of hairy graphs are:

A

Y )

Both kinds of complexes split into the product of subcomplexes with fixed loop order and hairy
graph complex splits into the product of subcomplexes with fixed number of hairs, cf. and .
Furthermore, the complexes GC,, and GC,,, respectively HGC,, ,, and HGC,, ,,/, are isomorphic up to
some unimportant degree shifts if m = m’ mod 2 and n = n’ mod 2. Hence it suffices to understand 2
possible cases of GC,, and 4 possible cases of HGC,, ;,, according to parity of m and n.

The long standing open problem we are attacking in this paper is the following.

Open Problem: Compute the cohomologies H (GC,,) and H (HGC,,, ,,).

Very little is known about those homologies, and very few tools are available to compute them. The
most non-trivial result about Kontsevich’s graph cohomology is that zero-th cohomology H?(GCy) is
isomorphic to Grothendiech-Teichmiiller Lie algebra grt;, shown by Willwacher in [I9]. About the hairy
graph complex it is known [I8, Propositions 4.1 and 4.4] that the first cohomology of the 2-hair subspace
H Y (H?HGC; 3) and the first cohomology of the 3-hair subspace H!(H3HGC3 3) are each isomorphic
to the third cohomology of the non-hairy graph complex H~3(GC3). Classes in low degrees have been
computed by hand or with computer assistance [7,2], and the Euler characteristics have been computed
in [I51,04].

This paper, together with two previous papers from this series [5l6], deals with extra differentials
on graph complexes. The basic idea is to deform the standard differential § to § 4+ §¢**"® making the
complex (almost) acyclic. The extra piece does not fix loop order or the number of hairs, and a spectral
sequence can be found such that the standard differential is the first differential. Therefore, on the first
page of the spectral sequence we see the standard cohomology we are interested in, and because the
whole differential is acyclic, classes of it cancel with each other on further pages, cf. Table[d We call this
the cancelling mechanism. We can say that classes come in pairs.

In the first paper of the series [5] a deformed differential was introduced for non-hairy graphs GC,,
for both parity of n. In the second paper of the series [6] a deformed differential was introduced for hairy
graphs HGC,,, ,, for even m and both parities of n:

I
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summed over all subsets S of the set of hairs with at least two elements. For odd m in [6] the existence
of the suitable extra differential A was just conjectured. A transforms a hair into an edge, connecting a
hairy vertex with another vertex in all possible ways, see Subsection [2.5] for details.

Conjecture 1 ([6, Conjecture 1]). The complex (HGC_1 ,,,d + A) is almost acyclic for all n.

We call the spectral sequence arising from differential (|1.1]), respectively § + A, the first.
Furthermore, [19], [16] and [I7] introduce other deformed differentials on HGC,,,, and HGC,,_1 ,

making them (almost) quasi-isomorphic to fGCc=?:
H (HGC,,,, D) = H (chc?) . H(HGCh 1., D) =H (fGCc§2) ,

see Theorem One checks that all classes that come from #H (GC,,) live in one-hair part of # (HGC).
Therefore, the spectral sequence argument and the canceling mechanism can be used for this extra
differential for other classes of H (HGC), so they come in pairs. We call the spectral sequence arising
from D’ the second. These pairs are different from those that come from the first spectral sequence.
One can start from one-hair classes that come from H (GC), find their pairs using the first spectral
sequence, then find its pair using the second spectral sequence, and so on. This mechanism is called
“waterfall mechanism”. The mechanism is introduced in [6] and we describe it roughly in Appendix

1.2 Speciality of this paper

The main purpose of this paper is to prove Conjecture ([6, Conjecture 1]), making the tentative waterfall
mechanism real also in the case of odd m.

Theorem 1.1.

— The complex (HGC_1 1, + A) is acyclic.

— The cohomology H (HGC_1,9,0 + A) is one-dimensional, the class being represented by a graph with
one vertex and three hairs on it.

This odd case appears to be much more complicated than even case dealt in [6]. In even case hairs
and edges have the same parity, so hairs can be understood as edges, say towards a special vertex. In
this picture, the extra peace in the deformed differential is nothing but splitting the special vertex.
The natural extension of the standard differential is easily seen to be acyclic because of the role of the
special vertex.

In the odd case the added differential A is not that nice. Unlike in the even case, extra part A is
not of the same kind as standard differential (splitting a vertex), but something else (transforming a
hair to an edge). It turns out that just the differential A does not make any simple complex acyclic
(see discussions at the beginnings of Sections |§| and E[) Technical complexity of this article is in avoiding
those difficulties.

To do that we introduce a new operation called deleting a vertex. In non-hairy Kontsevich’s complex
GC,, we denote it by D and it deletes a vertex and reconnects its edges to other vertices in all possible
ways, summed over all vertices. For n = —1 D is of degree 1, and under some weak assumptions it is
again a differential.

We hope that deleting a vertex D can have further uses. However, in this paper we only get one small
extra result in Corollary strengthening the result from the first paper in this series about H (fGC,,)
for even n (cf. [5, Corollary 4]). Computer calculations imply that the complex (GC_1, D) is far from
acyclic, but there is a hope that (GC_1,6 4+ D) is acyclic, as stated in the following conjecture. If so, it
will lead to a kind of waterfall mechanism in GC,, for odd n.

Conjecture 2. Kontsevich’s graph complex with the combined differential (GC_1,6 + D) is acyclic.

In the hairy complex we will introduce a sort of deleting a vertex only in certain cases with low
number of hairs, needed in this paper. They are probably auxiliary maps with less general importance
than D.

As shown in Theorem (HGC_1,,,0 + A) is acyclic for n odd, while for n even it has one class
of cohomology. By the definition, those complexes are spanned by connected graphs. The version that
includes disconnected graphs stays acyclic for n odd, but for n even the class in connected version
produces a number of non-trivial classes in disconnected version. They are studied in Corollary It
introduces a list of quasi-isomorphisms from some part of non-hairy graph complexes to the hairy graph
complex.



Structure of the paper

In Section [2] we define notions, recall results needed in this paper and systematize the notation. Section
introduces the deleting a vertex D in non-hairy graphs and provides some results about it. In Section
we introduce some new subcomplexes of hairy graph complex needed later in the paper, while Section
introduces few maps that delete vertices in hairy complex and shows some needed results. Finally, in
sections [6] and [7] we prove the first and the second part of Theorem Appendix [4] clarifies the use of
complexes with distinguishable vertices. All technical results are moved to the second Appendix [B] The
last Appendix [C] recalls waterfall mechanism and gives some examples for illustration.
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2 Background and definitions

In this section we recall basic notation and several results shown in the literature that will be used in
the paper.

2.1 General notation

We work over a field K of characteristic zero. All vector spaces and differential graded vector spaces are
assumed to be K-vector spaces.

Graph complexes as vector spaces are generally defined by the graphs that span them. When we say
a graph in a graph complex, we only mean the base graph, while any linear combination (or a series) of
graphs will be called an element of the graph complex.

Let ([C],d) be a graph complex spanned by a set of graphs C' and [D] C [C] be a subspace spanned
by a set of graphs D C C'. If [D] is closed under the differential, ([D], d) is a subcomplex. Let D¢ = S\ D
be the complement of D in C'. If [D] is not closed under the differential, but [D¢] is, we can still safely
define the complex ([D],d), and assume that we get zero every time when the differential gives a term
outside of [D]. Technically, that complex is the quotient ([C],d) / ([D¢],d).

2.2 Kontsevich’s graph complexes

In this subsection we quickly recall the construction of the hairless graph complexes. For more details
see [19], or for more elementary definition see [22].

Consider the set of directed graphs graZ? with v > 0 distinguishable vertices and e > 0 distinguishable
directed edges (numbered from 1 to v, respectively e), all vertices being at least i-valent (i € {0,1,2,3}),
without tadpoles (edges that start and end at the same vertex).

For n € Z we define a degree of an element of gmUZfe to be d = (v—1)n+ (1 —n)e. We may say that
the degree of a vertex is n and the degree of an edge is 1 — n. Let

Vfg = <gmvzfe> [—(v—1n—(1—n)e (2.1)
be the vector space of formal series of gmvzfe with coefficients in K. It is a graded vector space with
non-zero term only in degree d = (v — 1)n + (1 — n)e.

Let Si be the k-th symmetric group. There is a natural right action of the group S, x (Se X SQXE)
on gm%"e, where S, permutes vertices, S. permutes edges and S;¢ changes the direction of edges. Let
sgn,,, sgn, and sgn, be one-dimensional representations of S, respectively S, respectively S3, where
the odd permutation reverses the sign. They can be considered as representations of the whole product
Sy X (S’e X S’Qxe).



The full graph complex is

; Sox(Sex Sy
Hv,e (Vv%el ®Sgne) X( e )

[1,.. (Vi ®sgn, @sgng”)

~[l,. (Ve Sgne)va(SeIxSQXe) n even,

Sux(SenS5) ) modd.

(2.2)
Here the group in the subscript means taking the space of coinvariants, and the group in superscript
means taking the space of invariants. Because the group is finite, the two spaces are isomorphic to each
other, as stated.

If there is a multiple edge in a graph (more than one edge between the same par of vertices), switching
them does not change the graph. For n even switching edges changes the sign in definition , so graphs
with a multiple edge are zero in space of coinvariants fGC%i. Therefore, for even n me may assume there
are no graphs with multiple edges.

Note that the full graph complex is actually a graded space, called complex by abuse of notation, as
many others in this paper. It becomes a complex after adding a differential. The standard differential §
on fGC,, is defined as follows:

fGCZ" =

~ I, (Vid @ sgn, ©@sgny) ¢ (Suxsye

Sy = Y Jsell) — (), (23)

where V(I') is the set of vertices of I', s, stands for “splitting of 2”7 and means inserting e—e instead
of the vertex = and summing over all possible ways of connecting the edges that have been connected
to = to the new two vertices, and a, stands for “adding an edge at ” and means adding “e—e on the
vertex z. Unless z is an isolated vertex, a, will cancel two terms of the splitting s,. To precisely define
the sign of the resulting graph, we set that, before acting of S, x (Se x S5), a new vertex and an edge
get the next free number and the edge is directed towards the new vertex. If a vertex next to an N-fold
edge (N edges between same two vertices) is split such that one new vertex gets k edges, and another
N — k, there is a factor (]Z ), coming from distinguishing edges. One can check that the minimal valence
condition > ¢ for ¢ € {0,1,2,3} is preserved under the differential, so the complex is well defined. It is
also clear that the differential is indeed of degree 1.

Since the differential does not change the number e — v, the full graph complex fGCTZLi splits into the
direct product of subcomplexes:

(ch,%i, 5) - (H BYGCZ1, 5) , (2.4)

bez

where BbfGCTZLi is the part of fGC,ZLi spanned by graphs in which e — v = .

For the chosen parity of n, the actual number n matters only for the degree shift of the subcomplexes
BbfGCEi in the product. If we know the cohomology for one n, cohomology for another n of the same
parity is straightforward. Therefore, in this paper we will only deal with the complexes fGCgi and fGCIZi,
as representatives for the even and the odd complexes. Note that in fGCgi the degree is d = e and in
fGCZ" the degree is d = v — 1.

Let

fGCe2" C fGCZ (2.5)

be the subcomplex spanned by the connected graphs.
If © = 0 we will usually omit the superscript > 0, e.g. we consider

fGC,, == fGC20, (2.6)
We introduce a shorter notation
n = c= 2.
GC, = fGCc? 7

because that complex is particularly important.
Cohomology of these subcomplexes is related to the cohomology of the full complexes, as shows the
following result.



Proposition 2.1 ([19, Proposition 3.4]). The cohomologies satisfy

H (fGCey) = H (chc§2) = H (GCo) & P K[-4j - 1],

Jj=1

H (fGCey) = H (chc?) =7 (GCy) & P K45 - 2.

Jj=0

2.3 The spectral sequence of [5]

In the first paper of this series we introduced deformed differentials on the graph complexes above. In
this paper we only need the even case, n = 0. There is an extra differential V on f{GCy that acts by
adding one edge in all possible ways, see Figure [l Every edge is added twice, once from one vertex to
the other and once in the other way round.

I — r

Fig. 1 The action of V to the graph I'. The graph at the right means the sum over all graphs that can be formed by
attaching arrow ends to vertices, without making a tadpole.

It holds that 6V + V4§ = 0, so the differential on f{GCg can be deformed to § + V. The result we need
is the following.

Proposition 2.2 ([, Corollary 4]). There is a spectral sequence converging to
H (fGCcp, 6 + V) =0

whose EY term is

H (fGCco, 6) .

The result implies that the homological classes of H (fGCcq, §) have to be canceled on later pages of
the spectral sequence. Therefore they come in pairs.

2.4 Hairy graph complex

The hairy graph complexes HGC,,, ,, in general are defined and studied in the second paper of this series,
[6]. There are essentially four types of complexes depending on the parity of n and m. In this paper we
are interested in two types, those with parity of edges and hairs being the opposite, i.e. m is odd. We
will deal with the complexes HGC_; g and HGC_; ; as representatives of those types.

For h € Ny let thHGC?i’n be the complex spanned by graphs similar to those of fGC=?, but with

n
h hairs attached to vertices, strictly defined as follows. Consider the set of directed graphs gmi;h with
v > 0 distinguishable vertices, e > 0 distinguishable directed edges and h > 0 distinguishable hairs
attached to some vertices, all vertices being at least i-valent (i € {0,1,2,3}), without tadpoles (edges
that start and end at the same vertex). In hairy graphs, the valence includes also the attached hairs, i.e.
the valence of a vertex is the number of edges and hairs attached to it.

For n,m € Z let a degree of an element of gmfi ,bed=—-m+wvn+(1-n)e+ (m+1—n)h. In this
paper we consider only the case m = —1,s0 d =14 vn + (1 —n)e — nh. Let
VE;h = <gmffe7h>[—1 —on — (1 —n)e+ nh] (2.8)

be the vector space of formal series of gmfi , With coefficients in K. It is a graded vector space with
non-zero term only in degree d =1+ vn + (1 — n)e — nh.



>i

There is a natural right action of the group S, x Sp X (Se X SQXE) on gra;, p

where S, permutes
vertices, Sj, permutes hairs, S, permutes edges and S5“ changes the direction of edges. Let sgn,,, sgn,,
sgn, and sgn, be one-dimensional representations of S, respectively S}, respectively Se, respectively Sa,
where the odd permutation reverses the sign. They can be considered as representations of the whole
product S, x Sp, x (Se x 55°).

The full hairy graph complex is

Sy xSpx (Sex S5 )
) for n even,

>4
>i L Hv,e <V;),e,h ® Sgl,

HMHGCZ] ,, (2.9)

)svxshx(sexsge) for 1 odd
rn .

[T, (Vfﬁ,h ® sgn,, @ sgny, ® sgny’*

Because the group is finite, the space of invariants may be replaced by the space of coinvariants.

As in the non-hairy case, for symmetry reasons there are no graphs with multiple edges for even n.
Similarly, for odd n there are no graphs with multiple hairs on the same vertex.

The standard differential is similar to the one of fGC,ZLi:

o)=Y %sm(r)faz(r)fh(x)em(r), (2.10)

zeV ()

where in “splitting of 2” s, hairs are also attached in all possible ways to the new two vertices. There is
a factor (IZ ) for splitting a vertex with IV hairs into vertices with & and N — k hairs, like in splitting of
a multiple edge. “Adding an edge at ©” a, is the same as before and e, stands for “extracting a hair at

2” and means adding *e—e on the vertex z instead of one hair, while h(x) is the number of hairs on
the vertex x. Unless z is an isolated vertex with a hair, h(z)e, will cancel two terms of the splitting s,.
To precisely define the sign of the resulting graph, we set that, before acting of S, x (S, x S5), a new
vertex and an edge get the next free number and the edge is directed towards the new vertex. It is easily
seen that ¢ is indeed a differential, i.e. 62 = 0.

Example 2.3. To clarify the signs and cancellations, let us calculate the differential of
I'=é—e ... —e c H'HGCZ]

with v vertices and v — 1 edges. Let us chose the representative of the class I" in Vfﬂ?_l,

, to be

After splitting the last vertex v s,(I") has two addends, one where the edge v — 1 is connected to v
and one where it is connected to the new vertex v 4+ 1. One addend can be transformed to another by
switching vertices v and v + 1, and changing the direction of the edge v between them. Both operations
change the sign of the class I' if n is odd, so there is never a change at the end and both addends form
the same class as a,(I"). Since we have the sum %sz + a,, those addends cancel with adding an antenna
a,(I).

After splitting a 2-valent vertex x (any vertex other than v) s, (I") has two addends with both edges
(or the hair) connected to the same vertex, x or v+ 1. It is again seen that both addends form the same
class as a,(I") and they cancel with a,(I).

The remaining addends of s,(I") have edges (or the hair) connected to different vertices. It is seen
that both addends form the same class, and the class looks like

with v + 1 vertices. Because of the factor %, two addends add up to one class.
Let us check if the results of splitting different vertices add up or cancel. For our chosen representative
sz (I") gives

1 2 r—1 v T v—1
1 2 RS | v



To transform it to the result of splitting the neighbouring vertex x + 1 we need to switch vertices v + 1
and x + 1, and switch edges v and x. For any parity of n one switching changes the sign of the class, so
the terms cancel.

Extending the hair hy(I") will end up in the same class. For our chosen representative h; gives

One can see that this cancels with splitting the first vertex s;(I").
In the result we have addends hq(I"),s1(I"),...,s,—1(I") that are all the same up to the sign, and
neighbouring addends cancel. Therefore, if v is even the result is §(I") = 0, and if v is odd it holds that

o) = oo - —o
with v + 1 vertices.

In particular

HYfHGCZ] ,, = fGC;[—1 —n). (2.11)
We define the full hairy graph complex
fHGCZ] , := [ HMHGCZ] . (2.12)
h>0

We often need a subcomplex without hairless part:

HZYHGC? , = [[ HMHGC= . (2.13)
h>1

The differential does not change the number e — v again, so the full hairy graph complex fHGC%’Ln
splits into the direct product of (in each degree) finite dimensional subcomplexes:

(fHGC%i,n,(s) - (H BbeGC>§,n,5> : (2.14)

bezZ

where BbeGCﬂ’n is the part of fHGCTZLi spanned by graphs where e — v = b. The same is true for
-
HZlfHGC:ZLn.

Similarly to the non-hairy complex, for a chosen parity of n, the actual number n matters only for
the degree shift of the subcomplexes BbeGC?Ln in the product. If we know the cohomology for one n,
cohomology for another n of the same parity is straightforward. Therefore, in this paper we will only deal
with complexes fHGC%’LO and fHGC%ZL17 and their subcomplexes, as representatives for even and odd
complexes. Note that in fHGCéiO the degree is d = e+ 1 and in fHGCEil the degree isd =v+1— h.

Similarly to the non-hairy complex, let

fHGCcZ], C fHGCZ] , (2.15)

be the subcomplex spanned by connected graphs.
In the hairy case, we skip the superscript if i = 1, e.g. we consider

fHGC_,, = fHGCZ] (2.16)

—1,n»

because those complexes will be used the most, unlike in the non-hairy case where skipping superscript
means including all valences. We also introduce a shorter notation

HGC_1,, := HZ'HGCCZY . (2.17)

This complex is the closest to the one defined in [6]. Strictly speaking, HGC_; ,, for odd n defined in
[6] has another graph that we do not allow here, the graph with no vertices and two hairs. It comes
naturally if a hair is understood as an edge towards 1-valent vertex of another type, being the case in
that paper.



2.5 Extra differential in hairy graph complexes

In [0] an extra differential A has been defined on HGC_; ,, that anti-commutes with 4, so that § + A is
also a differential. Here, on fHGC?Ln we define the following additional operation A : thHGC?Ln —
HHHGCZ -

Al = > A= Y h(z)A,, (2.18)

zeV(I') zeV(I')

edge, and A, = h(ac)jz for h(z) being the number of hairs on z, see example in Figure [2| To precisely
define the sign of the resulting graph, we set that, before the acting of 5, x Sj, X (Se [ SQXQ), the last
hair is being deleted and the new edge get the next free number. Quotiented to HGC_; ,,, A is the same
differential as defined in [6].

where A, deletes a hair on vertex z and connects z to other vertices in all possible wais with a new

Lemma 2.4. A squares to zero and anti-commutes with 6, so § + A is also a differential.

Proof. A straightforward verification, c.f. [0, Lemma 1]. O
Ay 9 4

Fig. 2 Example of the action A. The graphs at the right mean the sum over all graphs that can be formed by attaching
ends of the arrow to vertices, without making a tadpole.

2.6 Adding a hair
We will need the following map. Let

x': HMHGC_,,, — H""HGC_, , (2.19)
be the map that adds a hair in all possible ways. Also, let for even n

x*: HMHGC_, ,, — " HGC_, ,,

= (! (2.20)

for d > 2. It adds d hairs in all possible ways, but there is a multinomial coefficient (k1 ,i ) before,

where k; is the number of hairs added to the vertex i. We also set x = Id and x¢ = 0 for d < 0. Check
that for odd n the latter map would not make sense because for symmetry reasons adding two hairs in
all possible ways gives zero.

Lemma 2.5. For every d > 0 and every I' € H/fHGC_; o
AUD) = dxIV (D).

Proof. Straightforward. O



2.7 Transforming a hair into an antenna

We define two maps

c,c® tHMHGC y,, — H'"HHGC 1,

o= > a) (2.21)

Ay =3 ) (2.22)

i€ H(I)

where H(I) is the set of hairs of I" and ¢;(I") deletes the hair i at vertex « and adds an antenna like a,.
(2

Similarly, ¢;”'(I") deletes the hair and adds an antenna of length 2: —e—e. An example is sketched in
Figure [3|

A h - A A= j - A

Fig. 3 Examples of the actions ¢ and ¢(), transforming a hair into an antenna.

Lemma 2.6. For every I' € fHGC_, ,, it holds that
oc(I') = () + ¢2(I).

Proof. In ¢§(I") we first split a vertex, summed over all vertices, and then transform a hair into an
antenna, summed over all hairs. After choosing a vertex and a hair we can do the opposite, first transform
the hair, and then split the vertex. All addends are the same, and hence commute, except —h(z)e, from
) , if the chosen hair is on the chosen vertex x. That means, if we first split, there is an addend
—ciex(I') = —052)(F ) not cancelled by anything in the opposite action.

Moreover, apart from actions considered, dc(I”) has an extra term, splitting the new vertex created
by I'. But that term is 0 because s, and a, cancel. In total, summed over all hairs we have

cS(I) = 6e(I) — (D),
what was to be demonstrated. O
Lemma 2.7. For every I' € fHGC_, ,, it holds that
Ac(I) = cA(D).

Proof. Both c and A choose a hair, one is transformed to an antenna and one connected to other vertices.
We can do it in any order. Only term that appears in Ac(I") but not in ¢A(I") is when A connects a
hair j to the new vertex created by ¢;. But that term is cancelled with the term when A connects a hair
i to the new vertex created by c;, because exchanging chosen hairs for odd n, respectively created edges
for even n, gives the sign —1. O
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2.8 Some simple graphs

Here we define some simple graphs. They live in the hairy graph complexes, and if they have no hairs,
also in the standard graph complexes.
Let

Oq 1= (2.23)

be a graph with one vertex and a > 0 hairs, and we call it a star. Let

Ay 1= ¥—e (2.24)

with a — 1 hairs on one vertex for a > 1. Hairless graphs that exist in f{GC,, are denoted by simpler
notation o := g and A := A;. Because of symmetry reasons in fHGC_; ; there can not be more than
one hair on the same vertex, so in that complex only o1 and A, exist, together with hairless og and ;.
For two graphs I' and I, the graph I' U I'” is the disconnected graph that consists of I" and I"". For
the matter of sign, all vertices, edges and hairs of the first graph come before those of the second one.
For a graph I" and n > 1, I'Y™" is the graph that consist of n copies of the graphs I" put together.
The following graph in fHGC_; ,, will be used often:

1 1 1
n>1

2.9 List of graph complexes

For the reader’s convenience, we provide Table [1] of all graph complexes used and defined in the pa-
per, with a short explanation and the reference to the definition. Similarly, in Table [2] we provide all
differentials and important maps.

The most notations of graph complexes, except some technical complexes, are of the form pNe?,
meaning as follows.

— The first small letter p is either f, meaning full complex, either omitted. General complexes are full,
but some its subcomplexes are particularly important, and they are labeled without f.

Capital letters N is the main type of complex. It can be:

— GC - graph complex,

— HGC - hairy graph complex.

The ending e deals with connectivity and if stated means:

— ¢ - connected graphs,

— d - disconnected graphs.

The subscript i defines degrees and parity (1 number for ordinary complexes and 2 numbers for hairy
complexes).

The superscript s deals mostly with valences and if stated means:

— > - all vertices are at least i-valent,

— 1 - all vertices at least 1-valent and no connected component Ay,

— 1 - all vertices at least 1-valent and no connected component A1, o1 or Ag,

— B - all vertices at least 2-valent and hairy vertices at least 3-valent.

2.10 Splitting of complexes and spectral sequences

We often need subcomplex of the particular complex spanned by graphs that have some number fixed,
e.g. number of vertices. Let v be the number of vertices in a graph, e the number of edges, h the number
of hairs, ¢ the number of connected components and p the number of tree-like connected components
(connected components with 1 vertex more than edges). Prefixes are listed in Table

We have already used prefixes B and H in , and .

Let I' be an element of a graph complex C. We also use prefixes from above in front of the graph I,
indicating the part of I" with fixed number. E.g. H°I" is the part of I" with 5 hairs.

11



Notation Explanation Reference
fGCrLi’ Graph complex with graphs whose vertices are at least i-valent (2.2)
fGCy, = fGC7’ 2:6)

fHGC:i " Hairy graph complex with graphs whose vertices are at least i-valent
fHGC_1,, | =fHGCZ] 2.16
pNc? Subcomplex of pN{ spanned by connected graphs 2.5), (2.15)
GCh, = fGCci” 7]
HflpHGCef C pHGCef without hairless graphs 2.9
HGC_1,, = H21fGCc2” e17)
fHGCT_l,n C fHGC_1,, with no connected component A; Definition 4.2
fGCl, = HOfHGCT | [-1—n] Definition [4.2
fHGCi_l,n C fHGC_1,, with no connected component og, o1 or A2 Definition |4.4
fHGCh_l,n C fHGCZ? spanned by graphs that do not have 2-valent vertex with a hair Definition |4.6}
mac!/f | mact | ymact ) Definition J4.12

UR-1,n C fHGC‘:1 ,, with all connected components o1 or Az Definition [4.12

HL, = (a+pW) (u'macl ) [©-6)

HLo = A (HfHGC_1,0) 7.7
HPpHGCS |, | = HZ1pHGCS |, @ HLy, 02, D). ’

fHGCd_1,0 C fHGC_1,0 spanned by disconnected graphs 7.714

Table 1 The table of graph complexes used in the paper. Universal letters p, N, e, i and s mean any letter, and also
without the letter.

Notation | Largest domain and codomain | Explanation Reference
6 fHGéC%?’: : fﬁgg%?’n standard differential, splitting a vertex "
\Y fGCop — fGCy adding an edge in all possible ways Figure ]1[
A fHGC:(l) n= fHGC:? n transforming a hair into an edge @D
D ggg? : igg? deleting a vertex g;
DM H'fHGC_q,, — H'fHGC_1,, | deleting the hairy vertex (5.1]
Dush) T "HIfHGC_1,, — H'fHGC_1,, | “pushing the hair” 5.3
D@ H2fHGC_1,O — HOfHGC_l,O “deleting the flower” 5.4
X! fHGC_;,, — fHGC_1,, adding a hair 2.1
Xd fHGC_10 - fHGC_10 adding d hairs 2.20)
c fHGC_10 = fHGC_10 transforming a hair into an antenna 2.21]

Table 2 The table of differentials and important maps between graph complexes.

Prefix | Explanation
vk Graphs with number of vertices v = k
EF Graphs with number of edges e = k
HF Graphs with number of hairs h = k&
cF Graphs with number of connected components ¢ = k
BF Graphs with e —v =k
AF Graphs with e+ h =k
FF Graphs withe+h —v =k
pPF Graphs with number of tree-like connected components p = k

Table 3 The table of prefixes that determine certain subcomplexes of a complex. The prefixes mean the subcomplex of
the complex that follows, spanned by graphs with the fixed number stated.

Some differentials do not change some numbers from the above, so the complex splits as a direct
product of complexes with fixed that number, e.g.

(chgi, 5) - b];[Z (Bbch,ZLi, 5) , (2.26)
(chfi,v) - HN (V”fccgi,v) : (2.27)
IS
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(maezi,.0) = ] (B'mcez;,.0) = [T (utmaez,.6) = [T [T (B'u"maczi,, ),

o bez heN o beZ heN (2 28)
(mecz),, 4) = 11 (vemaez),, a) = 1;[2 (Aemaez],, 4) = 11 1;[2 (AvemGez],, 2)279)
(fHGCEin, 5+ A) - fl;[z (FffHGciim, 5+ A) . (2:30)

We also use superscripts in the prefix of the form of inequality, e.g. V=¥, that obviously means the
subcomplex spanned by graphs which fulfill the inequality, e.g.

v=re =[] vte. (2.31)

k>v

We have already used this notation in (2.13)). Those subcomplexes with inequality often form a
filtration of the complex. To this filtration a spectral sequence is associated. We say that the spectral
sequence is on the number given by the prefix. E.g. the spectral sequence of (fGC,,,0+ A) on the
number of vertices is the one associated to the filtration (VEUfGCn, 6+ A). Note that the expression
on the number does not include the data weather the differential can increase or decrease the number,
and therefore which filtration is used, the one defined with > or <. But in any given case it will be clear
weather the differential increases or decreases the number. In this case it is > v, not < v, because the
differential § + A can increase, but not decrease the number of vertices. Its first differential is clearly A.

We say that a spectral sequence converges correctly if it converges to the cohomology of the whole
complex. To ensure correct convergence standard spectral sequence arguments, i.e. those from [5, Ap-
pendix C], are used. For doing so, it is often useful for a complex to be finite dimensional in each degree.
It is mostly not the case, but after splitting a complex as in f, each subcomplex often has
that property. So, the spectral sequence arguments can be used for each of them, and so we can compute
the cohomology of the whole complex.

The following superscript will also be used.

Bs/rerc .= [[B/~%C, B</7rC.=]][B/7*C (2.32)
>0 i>0

i.e. it is the product of subcomplexes with e — v < f respectively e — v < f of the same parity as f.

As explained in the appendix [A| we use the notation V'C for the space similar to V'C but with
distinguishable vertices, i.e. the space of coinvariants of other groups (permuting edges, hairs, etc.)
before taking coinvariants of the symmetric group S, that permutes vertices. It holds that

vee = (vee). (2.33)

Let S,_1 act on V'C as sub-action of S, that permutes the first v — 1 vertices, leaving the last vertex.
We define

Vee = (Vee) S (2.34)
We may need the total spaces
vC:=[] Ve, (2.35)
v>1
VC:= [ Vvre. (2.36)
v>1

3 Deleting a vertex in non-hairy graphs

In this section we introduce a new operation D on the non-hairy graph complexes fGC,, which we call
“deleting a vertex”. Under some weak conditions, it holds that D? = 0 and a grading can be settled such
that D is a differential. We also obtain one further result about the spectral sequence of [5] for n = 0.
The results will be used for the hairy graph complex in Section [7]
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3.1 Even case

For a graph I' € {GCy we call the set of its vertices V(I") and define

D(I) = Y Du(I)= Y (-1)"@Dy(I) (3.1)

eV () zeV(I)

where v(x) is the valence of the vertex z, D, deletes the vertex x and sums over all ways of recon-
necting edges that were connected to = to the other vertices, skipping graphs with a tadpole, and
D, = (-1)"®) D,. An example is sketched in Figure

=% (=1)3

Fig. 4 Example of the action D, deleting the vertex x. The graph at the right means the sum over all graphs that can
be formed by attaching ends of arrows to vertices, without making a tadpole.

We can restrict D to fGCg1 and fGCOZQ. The following propositions about D are stated in the broadest
space possible, i.e. in fGCgl for the smallest ¢ where it holds.

Proposition 3.1. In fGrCO22 it holds that
D?* =0.

Proof. For a graph I
DXI) = Y D,Dy(D).
z,yeV ()
zFy
We now fix x,y € V(I'), x # y. Since D does not change the number of edges, we can distinguish them,
see Appendix |Al Recall that for even n there are no multiple edges in a graph. Vertices of I" € fGC§2
are at least 2-valent, so there exist an edge between = and another vertex that is not y. We choose one
of them and call it f.

D, D, first deletes vertex x, reconnects its edges to other vertices, deletes vertex y and reconnects its
edges, including those that came from z, to other vertices. Let us fix one way of reconnecting edges that
are not f and the final destination of f. For that way of reconnecting, in D, D, there are two terms: the
one where f goes directly to its final destination with D, and the one where f goes to y with D, and
to its final destination with D,. In the later the valence of y while applying D, is by 1 bigger than its
valence while applying D, in the former term, making the terms cancel each other because of the sign
dependence on valence. It follows that D,D,(I") = 0 and therefore D?*(I") = 0. O

Proposition 3.2. In fGCg1 it holds that
D*=0.

Proof. From the previous proof we see that D, D,(I") may only be non-zero if x is 1-valent vertex with
an edge connecting to y.

So D,D,D,(I') # 0 implies = is of that kind. But also D,D,(D,(I")) # 0 implies y is 1-valent and
connected to z in D, (I"). Since D, did not change the valence of y, already in I" it was 1-valent, and
vertices ¢ and y formed A\ = e—e.

Now let us pick a term in D*(I"), say Dy, D,DyD,(I"). It being non-zero implies D,D,D,(I") # 0,
so x and y form A. Similarly, D,,D,D,(D,(I")) # 0 imply y and z form A in D,(I"). Since the edge at z
came from x, z was isolated in I" what is not possible in fGCgl. Therefore D,,D,D,D,(I") is always 0
and D* = 0. O

Recall the extra differential V : f{GCy — fGCy that acts by adding one edge in all possible ways
defined in [5] and cited in
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Proposition 3.3. In f{GCq it holds that
0D —D§=V.
Proof.

(6D(T) = DS(I)) = & (Z Dm) -D (Z Ssu() - ay<r>> =5 % (5u0a0) - ,u(0)

T

- % D | Do Dasy(I) + Dysy (D) + Dasy (D) |+ | D Daay(I) + Dyay(I') + D.ay(T) | =
Y ey Yo \aty
> sy De(D)=) any(F)—% > Dusy(I)=>  Daso(I)+Y_ Daay(I)+Y | Deaw(I)+Y  D.ax(I),

Y Y 5 5
Y T#yY TAY Ay

| —

8 g

where x and y run through V(I') and z is the name of the newly added vertex.
For different z,y € V(I') it easily follows that

SyDy(I") = Dgsy(I).

The term D, s, (") first splits a new vertex z from the vertex x, connects them with an edge, say g,
and reconnects some of the edges from z to z. Afterwards it deletes vertex z and reconnects edges from
it to other vertices, possibly back to x, and reconnects g also to other vertex. The final result is that
some of the edges are reconnected from x to other vertices, and there is a new edge g connecting x and
some other vertex. The edge g can be seen as added at the end, and before that, since number of edges
is not changed, we can distinguish edges. Suppose there is an edge that at the end stays at x, and call
it f. We fix one way of reconnecting all other edges. For that way of reconnecting there are two terms
in D,s,(I"): one where f stays at  and one where it is reconnected to z and back to z, and they cancel
each other because valence of z differ by one in them. Therefore everything what survives from D,s,(I")
is reconnecting all edges from x to other vertices and adding an edge g from z to some other vertex, say
y. That is exactly the same as deleting vertex = and adding an edge at y, with the opposite sign because
the valence of the vertex being deleted differs by one. So we get

D.s (') = — Z ay D ().

yta

An easy argument, that is left to the reader, implies
Dyar(I') = = Dyay(I').

ya

The last term Y D.a,(I") clearly adds an edge from x to some other vertex, so it holds that
> D.a (') = V(D).
x
By equations obtained, all except the last term of the above expression cancel, and the claimed formula
follows. O

Propositions and easily imply DV + VD =0 in fGCgQ. But we need a bit stronger result.
Proposition 3.4. In fGCZ' it holds that

DV +VD =0.

Proof. DV puts an edge in all possible ways and then deletes a vertex, say x. If the new edge has been
connected to z, it is moved to another vertex. Let finally the new edge connect vertices y and z. To that
position it can come in three different ways:
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— directly been connected to y and z by V, what is exactly the corresponding term from VD;

— been connected from y to z by V and then moved to z by D,, what is the negative of the term in
VD because of the sign changes in deleting vertex x with one more valence;

— and the same from z to x, what is also the negative of the term in VD.

All terms in VD are come like this, so indeed DV = VD —2VD = —-VD. O

Proposition 3.5. In fGCZ" it holds that
VD? =0.

Proof. From the proof of Proposition the term D,D,(I') of D*(I') may only be non-zero if z is
a l-valent vertex with an edge connecting to y. Then D, D, deletes x, y and the edge between them,
reconnects all other edges from y elsewhere and adds an edge in all possible ways. Then V adds another
edge in all possible ways. Adding one edge on one place and another edge on another place cancels with
adding edges in the opposite order, hence the result. O

3.2 Odd case

Like in the even case, for a graph I' € f{GC; we define

D) == Y Dy= Y (-1)"™D,. (3.2)

eV (I) eV (I)

Note that multiple edges are now possible. Similarly as with splitting, if an N-fold edge went to the
vertex being deleted, there is a factor (k1 fc\; ) where k; is the number of edges from that multiple edge

that go to the vertex i. We can restrict D to fGCT'.

Proposition 3.6. On fGCT' it holds that
D* =0.

Proof. Like in the proof of Proposition [3.1] we write

D*(I) = Y DyD.(I),
z,yeV (D)
zEy

fix z,y € V(I') and distinguish edges. If there is an edge from x to a vertex other than y the same
reasoning from Proposition leads to Dy D, (I") = 0. If not, all edges from = go to y and let there
be k > 0 of them. Let I” be the graph obtained from I" by deleting vertex = and all k edges at x.
Then Dy D,(I') is actually D, (I") where we add k edges in all possible ways. But adding an edge from
one vertex to another cancels with adding an opposite edge, leading to the conclusion D,D,(I") = 0.
Therefore it again holds that D? = 0. O

Proposition 3.7. On fGCy it holds that
6D+ Do = 0.

Proof. The argument, with a bit of care for the signs, is the same as in the proof of Proposition [3.3
Only in the last term adding an edge from one vertex to another cancels with adding the opposite one,
leading to the result 0. O
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3.3 More about the spectral sequence of [5] for the even case

Recall from [5, Corollary 4] that H (fGCcq,d + V) = 0 and that there is a spectral sequence converging
to it whose E' term (i.e. the first page) is H (fGCcq, d) with the differential V. The spectral sequence is
on the number b = e — v. The following corollaries calculate homologies of some similar complexes.

Corollary 3.8. The complex (fGCc§2,5 + V) is acyclic.

Proof. On the mapping cone of the inclusion (fGCc?,é + V) — (fGCcp,d + V) we set up a spectral

sequence mentioned above, on the number b = e—v. The complex with the first differential is the mapping

cone of the inclusion (fGCc()zZ, 5) — (fGCcyg, d). It is acyclic by Proposition The spectral sequence

converges correctly because the space in each degree e is finitely dimensional, so the whole mapping cone
is acyclic. That leads to H (fGCc(?Q, 0+ V) = H (fGCcp,d + V) = 0. O

Corollary 3.9. The complex (fGCOZQ,(; + V) is acyclic.

Proof. On (fGC§2,5 + V) we set up a spectral sequence on the number of connected components. It

clearly converges to the cohomology of the whole complex. In the c-th row there is a complex

((chc§2, 5+7) ®C) > M- d

that is acyclic by (1), hence the result. O
On fGng1 let us conjugate the differential 6 +V to e” (6 +V)e~P. We have the following proposition.
Proposition 3.10. In fGCO21 it holds that
eP(6+V)e P =6+ DV.
Proof. Using results of Propositions [3.2] to [3.5] it holds that

2 3 2 3
P+ V)e P = <Id+D+D+D) (6+V) (IdDJrDD) =

2 6 2 6
2 2 2 2
:6+V+D6+DV75D—VD—D6D+D25—D;DJrM; +D52D =0+ DV.

O

Note that conjugated differential § + DV can not change b = e — v by an odd amount. Therefore
complexes with that differential split into the direct sum of two complexes, one with even and one with
odd b. The following result is now straightforward.

Corollary 3.11. There is a spectral sequence converging to
H (1GC5?,6+ DY) =0

whose first page is

N (ch§2, 5)
Furthermore, in this spectral sequence, differentials on odd pages are 0.

The corollary is similar to [5, Corollary 4], but this time the complex includes disconnected graphs.
Indeed, [5, Corollary 4] implies the same result for disconnected graphs, and in this sense our result is
weaker. There is the filtration on b = e — v in both cases, but different total differentials § + V and
0 + DV, that are both acyclic. So, in both cases there are cancellations of classes in H (fGC(??, 6) as
drawn in Table |4l For disconnected graphs our result is stronger because we know that there are no
cancellations on odd pages. An example of cancelling with our differential § + DV is depicted in Figure
c.f. cancelling of the same classes with the differential § + V in [5] Figure 2].
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-1/00000000000 0 0O O0O0OGOOTOGOTOOGOOOO0O0 O
0| 0000100010 0 0 1 1 001 100 1 200 1 2 1
1 000000000 0 0 000000 OO OUOTOOO0O0 0
2 0001000\0 1 0000 1 000 11000 1 1 0 0
3 000000 0NO 0\0 0 0 00 0O O0OOOO OO0 O
4 000001 0 1 0\0 1 010101011110
5 00000 0 0 O 100001000100 0
6 0000 0 0 0 1 ONL 0 1 1 0N1L O 2 0 1 0 2
7 00000O0O0OOT1O0GO0OT1O0TZ200 1110
8 00 0 0 00 00 0 1 082 IN1 1 1 2 1 2
9 0000 0O0O0O OO0 O0 1 0\l 20 30 3
10 000 00O0O0UO0O0 00 2 0\? ? ? 7
11 000O0O0OO0GO0OOGO0GO0OO0O0 2 ?2 27 7
12 00 0O0O0DO0O0OGOGO0GO0OGO0O0O0 3 7

Table 4 Table of dimensions of cohomology H (fGCp, §). The column number represents the number of edges e and the
row number represents b = e — v. Known cancellations are depicted by arrows.

DV

Fig. 5 The first cancelling from Table A loop cocyle cancels another graph cocyle in the spectral sequence, c.f. cancelling
of the same classes with the differential 6 + V in [5] Figure 2].

4 Constraints on hairy graphs

In this section we study subcomplexes of Hairy graph complex spanned by graphs that fulfil certain
constraints. Some of them are standard simplifications of graph complexes by restricting the minimal
valence of vertices, cf. [I9, Proposition 3.4]. The others seem technical, like disallowing certain small
graphs to be a connected component (constraints f and f). We need all that complexes for the final
proofs whose strategies are explained at the beginnings of Sections [6] and [7}

4.1 Simplifying the full graph complex

Proposition ([19, Proposition 3.4]) can easily be extended to the hairy case as follows.

Proposition 4.1. The cohomologies satisfy
H (GO, 6) = H (HGCZ? ,,0) = # (HGCeZ} . 6) 0 @ KI-1-j].
j>3

j=2n+1 mod 4

Proof. The same argument as in [19, Proposition 3.4]. Roughly, we construct subcomplex fHGCcl_Ln

of fHGCc%?m spanned by graphs with at least one 1-valent vertices (including one vertex graph o =
oo = ). Graphs in that complex have “antennas”, that are parts that end with a 1-valent vertex.
One can make a spectral sequence whose first differential acts only on antennas, and it is easily shown

that the complex with that differential is acyclic, hence (fHGCcl_Ln,é) is acyclic. Since fHGCc%?,n =
fHGCc%in @ fHGCciLn7 this shows the first equality.
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Next, let fHGCc%Ln be subcomplex of fHGCc%in with at least one 2-valent vertex. It contains loops
(graphs with no hairs and only 2-valent vertices) whose cohomology is easily seen to be

P K[—1 — j].
Jj=>3
j=2n+1 mod 4
On the rest we can make a spectral sequence with the first differential extending the chain of edges and
2-valent vertices between non-2-valent or hairy vertices. It is again easily shown that the complex with
that differential is acyclic. Since fHGCcéin = fHGCc=? & fHGCcz_Ln, the second equality follows. [

—1,n

Recall that the standard valence constraint for hairy complexes in this paper is > 1, i.e. the notation
fHGCc means fHGCc=!, see (2.16)). But that constraint is exactly the one not mentioned in Proposition
Luckily, in subspace fHGCc C fHGCc=? only one graph is excluded, the one vertex graph o = oo = e.

This makes the cohomology H (fHGCc_1 5, d) different from #H (fHGCCZO 5) =H (fHGC(Ein7 5) by

—1,n»

one class. The class is represented by A = A\; = e—e. If this graph is excluded too, the resulting complex
>0

will again be quasi-isomorphic to (f’HGCC?Ln, 5). In the next definition we define that complex, and in

the following lemma we state the result. Although we work with connected graphs now, the definition is
already made suitable for disconnected graphs.

Definition 4.2. Let fHGCJLLn C fHGC_; ,, be the subspace spanned by graphs that do not have X as
a connected component. Let

fGCl, == HUHGCT | [-1 - n] C fGC Y,
cf. (@1I).

Lemma 4.3. Space fHGCcil’n is closed under differential § and the cohomologies satisfy

—1,n»

H (fHGCCZO 5) _y (fHGcciW 5) .
Proof. The discussion above implies the result. O

The following constraint is motivated as follows, c.f. proof of Proposition In the hairy complexes
with the extra differential (fHGC_; ,,d + A) the number of hairs h is unbounded. That makes the
spectral sequences on h (that has § as the first differential) and the one on the number of connected
components ¢ unbounded from above and we can not use standard results for convergence.

The complex splits as in (2.30):

(FHGC_ 1,0 + A) = [ (F/fHGC_ 1,6 + A)
rez

where f = e+h—v. In every F/fHGC_; ,, for the fixed degree d = 1 +wvn+ (1 —n)e —nh, the number of
edges e = d+nf — 1 is fixed too. So, increasing the number of hairs h increases the number of vertices
v by the same amount. Since e is fixed, that increase will eventually force a graph to have connected
components that are stars o; = é. In the next subsection we will show that components ¢; are mostly
irrelevant for the cohomology of the deformed complex, so we can disallow them and bound % from above
while preserving the result about cohomology. Now we define the complex without o1, and also without
A2 = é—e to preserve the cohomology with the standard differential, as stated in the following lemma.
Because of its importance, we have a separate name for this complex, the bounded graph complex.

Definition 4.4. Let the bounded graph complex fHGC{Ln C fHGCJLLn be the subspace spanned by
graphs that do not have A\, 01 = é or A\, = é—e as a connected component.

Recall that Example |2.3| implies in particular that d(o1) = Az.

Lemma 4.5. Space fHGC! | . is closed under the differential 6 and the cohomologies satisfy

1,n

(MG, ,,8) = # (G, ,,6).
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Proof. The new complex has two graphs less and they cancel each other by the differential, so it does
not change the cohomology. O

The following constraint is necessary for Lemma [5.2] used in the proof of Proposition

Definition 4.6. Let fHGC?
2-valent vertex with a hair.

Lemma 4.7. Space fHGCY

C fHGC?in be the subspace spanned by graphs that do not have

1,n

1.n 18 closed under differential 6 and the cohomologies satisfy

H (fHGcciin, 5) _y (fHGcc“_W 5) .
Proof. The idea of proving is similar to the one for PropositionH It holds that fHGCc%in = fHGCC{Ln
@ fHGCc/_th where fHGCc/_th is the subspace of fHGCcéin spanned by graphs with at least one 2-
valent vertex with a hair. Those graphs have “hairy antennas”, i.e. parts that end with 2-valent vertex
with one hair, or they are linear graphs with two 2-valent hairy vertices at the ends, including oo = .
One can make a spectral sequence whose first differentials acts only on hairy antennas (extends the
linear graphs respectively), and show that the complex with that differential is acyclic. This implies the
result. O

We systematize the results in the following proposition.

Proposition 4.8. The cohomologies satisfy

H (GO, 8) = M (GCe, ,,6) = H (HGC!, ,,6) =H (HGCeZ],,8) = H (HGCC, ,,0).

1,n°

Proof. Follows from Proposition .1 and Lemmas and [£.7] O

The results can be extended to complexes that allow disconnected graphs as follows.

Corollary 4.9. All mentioned spaces are closed under differential 6 and the cohomologies satisfy

1,n

H (fHGc%O 5) —H (fHGciW 5) —H (fHGCELn, 5) ~—H (fHGC%in, 5) —H (fHGCL,n, 5) ,

Proof. The complexes are just the symmetric product of their connected parts, so the corollary directly
follows from the proposition. O

By Proposition all classes missing in “3-valent complex” are in hairless part, so Proposition {4.8
also implies the following corollary. Recall that HGC_; ,, = HZIfHGCC?in.

Corollary 4.10. All mentioned spaces are closed under differential § and the cohomologies satisfy

H (HzlfHGCczo

—1,n

5) = H (HZYHGCe_ ,,,0) = H (HZIfHGCcJLLnﬁ) =

=# (HZ'MHGCC! . 8) = H (HZ'HGC] ,6) = H (HZ'HGCE . 6) = H (HGC 1 ,0,).
Proof. The differential 6 does not change the number of hairs h, so previous results can be easily restricted
to HZ!. Namely, Proposition implies that the first, the fifth and the seventh term are equal, since
the extra loop peace lives in hairless h = 0 space.

Similarly, Proposition [£.8] implies that the first, the third, the forth, the fifth and the sixth terms are

equal.

Note that first three complexes (HzlfHGCc?l),n, 5), (H='fHGCc_1,,,6), (Hzlﬂ-IGCcil’n, 5) are
equal already as complexes.

All this together concludes the corollary. O

For n = 0 the b = e—v = —1 part of the cohomology is almost zero, as stated in the following lemma.

Lemma 4.11 ([I, Proposition 3.3, [I7, Theorem 3]). H (B~'HGC_y,0) is I-dimensional, the class
being represented by the star o3 = ..
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4.2 The bounded graph complex with the extra differential

As already announced, in this subsection we show that components o; are mostly irrelevant for the
cohomology of (fHGC_; ,,,0 + A), so we can switch to bounded complex while preserving the result
about cohomology. Check that bounded space fHGCELn is closed under the extra differential A.

We will actually prove that the quotient between full complex and bounded complex, defined as
follows, is almost acyclic.

Definition 4.12. The unbounded hairy graph complex fHGCT_/in c fHGC! is the subspace spanned

—1,n
by graphs that have at least one connected component o7 or g, i.e. it is the quotient fHGCT_Ln/fHGCi_Ln.

The unbounded remainder UR_; ,, C fHGCT_Ln is the subspace spanned by graphs with all connected
components o1 or As.

Although the unbounded graph complex fHGCT_/ 11" is closed under the standard differential §, it is not
closed under the extra differential A. However, its complements, bounded graph complex is closed under

A. Therefore we can talk about complex (fHGCT/ s A) and understand that forbidden graphs are

—1,n

identified to zero. Formally, this complex is the quotient (fHGCil’n, o+ A) / (fHGC{Ln, 0+ A).

Note that because of symmetry reasons, there can be at most one connected component Ay = é—e in
a graph for both parities of n. Also, check that unbounded remainder UR_; ,, is closed under ¢ and A.
Lemma from the appendix implies that cohomology H (UR_1,,,d + A) is one-dimensional, the

class being represented by
E 1 un
o = aal .

n>1

Proposition 4.13. H (fHGCT/;t

0+ A) is one-dimensional, the class being represented by .

Proof. Let I € fHGCJL/in be a graph. It may be either I" € UR_;,, or we can write I' = I' U~ where
I € tHGCE
part of I'. In the former case the whole graph is the secondary part, while the main part is empty.

Let us set up a spectral sequence of (fHGCJL/in,

and v € UR_; ;. In the latter case we call I' the main part of I" and + the secondary

1,n

o+ A) on the number of edges in the main part,

empty main part having 0 edges. It is easily seen that the differential can not decrease that number. To
ensure the correct convergence we split unbounded complex similarly as the full complex:

(mGcf, .6+ 4) = fl;[z (Prmcef, 6+ 4).

In every FffHGCi/li’n for the fixed degree d = 1 + vn 4+ (1 — n)e — nh, the total number of edges
e =d+nf—1is fixed too, so the number of edges in the main part is bounded and therefore the spectral
sequence converges correctly.

One can check that the first part of the differential is the one that acts within the secondary part
only. Therefore the complexes on the first page are the direct product of complexes for the fixed main
part, which are all clearly isomorphic to UR_; ,,. Therefore, using Lemma on the first page of the
spectral sequence we have classes represented by I" U « for I" € fHGCH
itself.

On the second page matters the part of the differential that acts within the main part only, and the
one that connects the main part to the secondary part. The element is now uniquely determined by the
main part I" so we can investigate what does the differential do to it:

together with the class [a]

1,n

=) +AD)+ > h@eI)+ Y ap(D)=AD)+ Y %sm(r).

zeV(I) zeV(I) zeV (D)

The first sum corresponds to connecting a hair to one o; in «, and the second sum corresponds to
connecting a hair from one o7 to the main part.

Lemma shows that this complex is acyclic. So, only the class without the main part, [a] survives.
That was to be demonstrated. O
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5 Deleting vertices in hairy graphs

In this section we introduce a few maps that manipulate hairs in hairy graphs with low number of hairs,
and also delete some vertices. The simplest example is D(*) defined on graphs with one hair that deletes
the hairy vertex in a similar way as deleting a vertex D. We prove a list of lemmas and propositions
needed in final sections [ and

5.1 One hair
Let DM : H'fHGC_; ,, — HfHGC_; ,, be defined on a graph I as
DY) = (-1)*@®D, (5.1)

where z is the vertex with the hair, v(z) is its valence and D, deletes vertex z and the hair, and sums
over all ways of reconnecting edges that were connected to = to the other vertices, skipping graphs with
a tadpole. An example is sketched in Figure [6]

Fig. 6 Example of the action D) deleting the hairy vertex. The graph at the right means the sum over all graphs that
can be formed by attaching ends of arrows to vertices, skipping graphs with a tadpole.

Also, let the “pushing the hair” D(push) . HlfHGC_l,n — HlfHGC_l,n be defined on a graph I as

Drush)(1) = (=1)*@ Y " v (@, y) DYU(T), (5.2)

where x is again the vertex with the hair, y runs through all vertices of I', v(x, y) is the number of edges
between vertices z and y, and whenever v(z,y) > 0 Dg deletes vertex z, the hair and one edge between x
and y, sums over all ways of reconnecting the other edges that were connected to z to the other vertices,
skipping graphs with a tadpole, and adds a hair on y.

For a graph I' € HLfHGC=?  let

—1,n

D(push) (F) = U(x)]'i_lb(push) (]")7 (53)

where x is the hairy vertex. An example is sketched in Figure[7]

g 1 | HENE I

Fig. 7 Example of the action D(p“5h>, pushing the hair. The graphs at the right mean the sum over all graphs that can
be formed by attaching ends of arrows to vertices, without making a tadpole.

Lemma 5.1. On HYfHGCZ2 it holds that

—1,n

DM — Ap(push)
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Proof. As defined D() deletes the hairy vertex = and reconnects its edges to all other edges in all possible
ways. DP%sh) “saves” one of those edges by transforming it into a hair, and does the same reconnection
with the other edges. The operation A after that connects the hair (“saved edge”) to other edges in all
possible ways, so the result is the same as the one of DY), We can save v(z) — 1 different edges (one
valence comes from the hair), so AD®“") does the same thing v(z) — 1 times. It is cancelled by the
factor ﬁ from (5.3). Another factor (=1)®) is the same in both definitions. That concludes the

proof. [

The following lemma would not work on fHGCéin. But we need such a claim in the proof of Propo-
sition [6.9] This was the very reason for strengthening the constraint > 2 to f, see Definition [£.6

Lemma 5.2. On Hlﬂ-IGC{LO it holds that
D plpush) _

Proof. Recall that in fHGC_; o there are no multiple edges. Let I" € HlfHGCh_Ln be a graph, and = the
hairy vertex in I'. One term in D(l)D(p“Sh)(F) will delete the hair, the vertex z, one of its neighbours y
and edge between them, and reconnect all edges that were connected to x and y elsewhere.

Recall that the constraint § means that all vertices are at least 2-valent, and all hairy vertices are at
least 3-valent. Therefore x has at least two edges adjacent to it. Chose an edge e at x that did not go
towards y. That edge can go directly to its final destination, or first to y and then to final destination.
Those two terms will cancel, implying the result. O

Proposition 5.3. In H'fHGC_, , it holds that
6D — pWs = A,

Proof. Let I € HHfHGC_ ,, be a graph and let  be the hairy vertex in I". Then

=3 (5920) = 0,021} = D Y (§54() = (1) ) = Du (5T) = () + D) =

Yy Yy 2
y#T Yy#T
1 1 )
=5 Zy: sy Do (') — Zy: ayD,(I') — 3 zy: Das,(I) + Ey: Dyay(I) — D8, (I') + Dyay(I') + D.e, (),
Ty Ay zFy zFy

where y runs through V(I'), z is the name of the newly added vertex and s, is the part of s, which
moves the hair to the new vertex z. It holds that s, = 2s,.
Using the same arguments as in the proof of Proposition it follows that:

3y Da(I') = Dys, (D),

D.sh(I') == ayDy(I),
yko

Dyax(I) ==Y Dyay(I).
vt

It clearly holds that
D.e.(I') = A(T),

so the claimed formula follows. O

Proposition 5.4. In H*fHGC_, ; it holds that

DM A = 0.
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Proof. Let I' € H2fHGCc_1 1 be a graph. Recall that for symmetry reasons for odd n = 1 both hairs
can not be on the same vertex. Let them be on vertices « and y. The left-hand side is

DWA(I) = DV(AL(D) + Ay () = DyAul(T) + DAy ().

In the first term A, first deletes the hair on x and connects an edge f from x to all other vertices.
Then D, deletes a vertex y and reconnects all its edges to other vertices in all possible ways. If f has
been connected to y, it is also reconnected to all other vertices, what is exactly the same term as if f
has been connected at first to its final destination, but with the opposite sign. So, the terms cancel and
DyA,(I') = 0. The same argument leads to D, A, (I") = 0, so the formula holds. O

5.2 Two hairs

A special care has to be taken for even n, i.e. in the complex fHGC_; ( because here one vertex can have
multiple hairs. Results of this subsection are therefore used only in Section [7} particularly for Lemma

used in the proof of Proposition [7.11]
We define D~ : H2fHGC_; o — H'fHGC_; . Let I' € H*HGC_; 4 be a graph whose both hairs
are on the 3-valent vertex y, and let = be another end of the only edge at y, like in the picture:

We call this structure a flower on the vertex y with the root x. Then D(Q_l)(F) is the graph obtained
from gamma by deleting the flower, i.e. both hairs, vertex y and the edge between z and y, and puts a

hair on x. For the matter of sign we consider the edge in the flower to be the last one. If I' is not of that
type, D(2*1)(F) = 0. Then D@ : H2HGC_1 9 — HfHGC_1 g is defined as

D) := DWDEH(), (5.4)

An example is sketched in Figure

i j P® (-1)* I

Fig. 8 Example of the action D(?), deleting the flower. The graph at the right means the sum over all graphs that can
be formed by attaching ends of arrows to vertices, without making a tadpole.

Proposition 5.5. In the connected part H*fHGCc_1 o it holds that
DWA=2v (50@ + D@5) .

Proof. We do the proof of the first claim for four different cases of I" € HXHGCc_1 o:

1. I has hairs on two different vertices, = and y. By the definition 6D (I") = §(0) = 0. Differential &
can not move hairs to the same vertex, so it is also D?)§(I") = 0. The left-hand side is zero because
of the same argument as in the proof of Proposition hence the formula holds.

2. I' has both hairs on the same vertex that is 2-valent. Because I' is connected it must be I' = 09 = o,
and the formula is easily checked.
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3. I has both hairs on the same vertex y that is 3-valent. Let z be another end of the only edge at v,
i.e. there is a flower on y with the root z.

D)+ D) = > (;st(z)(F)awD(Q)(F))

why
#0257 (Jonl) = an()) + 02 (st - anl)) 4 DA 1)
wH#T,Y

where s; is the term of s, that splits y to y and z where both hairs stay at y and the edge goes
to z. Other terms of s, cancel out with a, and h(y)e,. Using similar arguments as in the proof of
Proposition [3:3] one easily checks that

5w DP(I) = —=DP s, (I),

1

1pe _ @)

S D@ s,(I) = §w a, D (),
WHET,Y

D@a, (1) =~ 3 DPay, (D),

w
WHET,Y

2VD@s! (I') = DWA(TD),

so the formula follows.

4. T has both hairs on the same vertex = that is more than 3-valent. Then by the definition § D?)(I") =
§(0) = 0 and the only term that remains from D®)§(I") is D)s’ (I"), where s/, is the term of s, that
splits x to x and y where both hairs stay at x and all edges go to y. It still holds 2VD(2)5;/(F) =

DWA(T), so the formula follows.
O

Note that the previous proposition fails for the disconnected graph I' U o € H*fHGC_; o where
I'e HOfHGC_LQ.

Proposition 5.6. For the connected part H3fHGCc_1 o it holds that
VD@ A =0.

Proof. The only possibility that D) A(I") is not 0 is when A(I') has a flower, say at a vertex y with
the root x. If the edge from z to y is created by A, y was disconnected from the rest of the graph in I,
what is not possible. So the flower already existed in I'. We have 2 cases:

1. The third hair in I" is on the vertex w # x. Then the part of A that saves the flower deletes the hair
on w and makes an edge between w and another vertex z that is not z. If z = z, D® will move it
again to another vertex, cancelling the term where A sent it to its final destination immediately.

2. The third hair in I" is on the vertex xz. A deletes it and makes an edge between x and another vertex.
D®) then reconnects the edge from z to another vertex, so the resulting action is adding an edge in
all possible ways. Then V adds another edge in all possible ways. Adding one edge on one place and
another edge on another place cancels with adding edges in the opposite order.

O

Note that the previous proposition fails for the disconnected graph I' U o3 € H3fHGC_; o where
I'e HOfHGC,LQ.
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6 Hairy complex, even edges and odd hairs

In this section we prove the first part of Theorem i.e. that H (HGC_; 1,0 + A) = 0. The following
diagram describes the way to do that. ‘Almost acyclic’ means that there are only a few classes of
cohomology that are easy to calculate.

The easiest way to show that a complex with a differential § + A is acyclic would be to make the
spectral sequence in which the first differential is A, and to use the fact that the complex with the

differential A is acyclic. But neither (HzlfﬂGCﬁi17 A) nor (fHGC?h, A) is acyclic, there are classes
with 1 or no hairs. For technical reasons we need to disallow A\ as a connected component and change
the constraint > 1 to {. We then change the hairless part in (fHGCil,l, A) to kill classes with 1 or no

hairs and make the new complex, (HbeGCtl’l, A), almost acyclic (Corollary .

The spectral sequence argument now leads to the conclusion that the complex with the differential
d + A is almost acyclic (Proposition [6.6)). But it is not our intended result, there is a complicated hairless
part. To remove it (Proposition e need a change of constraint to § (at least 2-valent vertices, at
least 3-valent hairy vertices). The standard result that the change of constraint does not change the
cohomology of the standard differential 0 (Corollary [4.9)), can be used in the spectral sequence with the
standard differential being the first one (Propositio. But the spectral sequence is bounded, and
hence converges correctly, only if we change to the bounded complex HbeGCi_L1 before that (Proposition

6.7).

1B162

(fHGC,M ® fGClzl[—S], A+ D(1)> is almost acyclic, except for the classes without hairs

16364
(fHGCT_L1 @ fGCI[-3], A+ D(1)> is almost acyclic, except for the classes without hairs
163
(HbeGCiLl, A+ D(l)) is almost acyclic
G
(HbeGCT_M, O+ A+ D(l)) is almost acyclic

1B

(HbeGC{M, 4+ A+ D(l)) is acyclic
163

(HbeGCb_M, O+ A+ D(l)) is acyclic
e

(HzlfHGChﬁM, 0+ A) is acyclic

JEI0

(HZIfHGCch_LI, 0+ A) is acyclic

Jeam

(HGC_1,1,0 + A) is acyclic

Recall that in the complex HGC_; ; and all other complexes we are working with in this section, the
degreeisd=v+1—h.
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6.1 The differential A

In this subsection we want to study the cohomology of (fHGC_; 1, A). We will actually study a slightly
different complex with an extra term H'fHGC_; 1[—1]:

(fHGC_M @HOfHGC_M[fl},A+D(1)) (6.1)

where A : fHGC_; ; — fHGC_;; and DO : HYHGC_; ; — HfHGC_; ;[—1] is deleting the hairy vertex
defined in . Recall that the degree is d = v + 1 — h, so the degree shift [—1] is necessarily to make
the differential of the degree +1. Proposition shows that DA =0 in fHGC_; 1, so the differential
indeed squares to 0. Note that this complex is actually the mapping cone of D) : (fHGC_11,4) —
(HfHGC -1 1[~1],0).

Recall from (2.11)) that HOfHGC_; 1[—1] = fGC=![—3]. For simplicity we use the latter notation.

Similarly to , our new complex splits as the product of subcomplexes with fixed number of
vertices v, with the extra term having v — 1 vertices:

(fHGC,Ll @GO [-3], A + D<1>) =11 (VUfHGc,L1 ® VU HGCT[-3], A + D(U) . (6.2)

veEN

In each subcomplex, the degree d = v + 1 — h is up to the shift equal to the negative number of hairs
—h. We may write it as:

d= v—2 v—1 v v+1

AL EVUHGC ;25 H2VIHGC .y -2 HIVPIHGC 1 5 -2 HOVIFHGC .,

%

VUGOS3

The case with one vertex is done separately by hand, as follows.

Proposition 6.1. H (VlfHGC_Ll, A) is one-dimensional, the class being represented by oy = é.

Proof. ITn VIfHGC_; ; multiple hairs are not possible because of the symmetry reasons. Single vertex
without a hair is excluded because of valence condition. Therefore, the whole complex VIfHGC_; ; is
one dimensional and generated by o;. This implies the proposition. O

The general proposition is as follows.
Proposition 6.2. ¢ (V”fHGC_Ll @ VUG 3], A + D<1>) —0 forallv>2 and d < v.

Note that the proposition does not say anything about the cohomology at degree d = v + 1, and for
d > v+ 2 it is trivially 0.

Proof. V”_lfGrCl21 [—3] is isomorphic to the subspace of VV{GC;[—2] spanned by graphs with an isolated
vertex, the isomorphism being adding an isolated vertex Uog. Since the proposition does not say anything
about the cohomology at degree v+1 we may safely replace V¥~ 1GCZ'[—3] with the whole VY fGC;[—2].
The purpose is to make D) not changing the number of vertices, so the new D) : VVH'fHGC_; ; —
V?{GC;[—2] reconnects all edges from the hairy vertex and deletes it, but restores the vertex without
its hair.

Since the differential does not change the number of vertices, we can use Proposition and work
with fixed number of vertices and distinguish them. Let V'V := \_/“fHGC,Ll and WV := VfGC, [-2].

We will show the proposition by induction on wv. In each step we prove that
HUHL=h (VP @ WY, A+ DW) = 0 for every h > 1, assuming that the same is true for v — 1 vertices. It is
actually enough to use a weaker assumption, without the claim for h = 1. So in each step we prove that
HytL=h (V” OWY, A+ D(l)) = 0 assuming that for every h > 2 HV~" (V”’l W L A+ D(l)) =0,
or equivalently, since the added term Wv~! does not affect the cohomology for h > 2. assuming that for
every h > 2 HY N (‘7“_1, A) =0.
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The assumption is also true for the v = 1 because the class from Proposition 6.1 has h = 1. Therefore
proving the base of the induction (v = 2) is analogous to proving the step.

On V? we choose one vertex, say the last one, and set up a spectral sequence on the total valence s of
non-chosen vertices. So, an edge between non-chosen vertices counts twice, a hair on non-chosen vertex
and an edge between non-chosen vertex and the chosen vertex counts ones, and hair on the chosen vertex
does not count. The differential A can not decrease s and splits A = Ag + Ay where 4 is the part that
does not change s. Ay connects a hair from a non-chosen vertex to the chosen vertex, see an example on
Figure 0] and A; connects something to a non-chosen vertex increasing s always by 1.

To check the correct convergence, let us split the complex as the product of subcomplexes with fixed

a=-e+h, as in (2.29)):

(Vv 4) =[] (a*v", 4).

acZ

For fixed degree v + 1 — h, i.e. fixed number of hairs h, s can get only finitely possible values, so the
spectral sequence converges correctly in each (A“V”7 A), and therefore in the whole (V?, A).

On the first page of the spectral sequence there is the cohomology (V¥ Ag). Let 8: V? — V? be the
sum over all edges at the chosen vertex of deleting that edge (as heading towards the chosen vertex for
the matter of sign) and putting a hair on non-chosen vertex that was connected to that edge, unless it
makes the chosen vertex 0-valent, being forbidden by definition, see an example on Figure [9]

Fig. 9 Example of the actions Ag and B, the chosen vertex is one on the top. It there are more hairs on non-chosen
vertices on the left-hand-side, or more edges from the chosen vertex on the right-hand-side, the action is the sum of the
actions on all of them.

If the chosen vertex is not hairless or not 1-valent, it is clear that A¢B8 + A9 = CId where C is the
number of edges at the chosen vertex plus the number of hairs on non-chosen vertices. So all classes of
H (V?, Ag) must be represented by graphs whose chosen vertex is isolated with a hair and there are no
other hairs (C' = 0 in that case), or the chosen vertex is 1-valent without a hair (8 cannot disconnect
the last edge leaving the chosen vertex 0-valent). Classes that fulfil the former condition we call classes
of the first type, and classes that fulfil the latter condition we call classes of the second type.

In what follows, by gluing a 1-vertex graph Uog or Uo; in complexes V¥ with distinguishable vertices
we mean adding a new vertex with the highest number, so that it becomes chosen.

Every graph of the form I'Uoy, I' € HOV?~!, clearly represents a cohomology class of the first type.
Graphs whose chosen vertex is 1-valent without a hair would not form classes of the second type if the
vertex would be allowed to be O-valent. Therefore, cutting that possibility implies that classes of the
second type are represented by graphs of the form

Ag(I'Uog) =:¢(I) (6.3)

for I' € HZ'V?~1 c.f. the analogous definition for indistinguishable vertices (2.21I)). All classes are
sketched in Figure
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7 6 5 4 3 2 1 0

Fig. 10 Classes on the first page of the spectral sequence of AV for fixed a = e + h. The numbers at the bottom are
the numbers of hairs h, while the degree is d = v+ 1 — h. On the vertical axis is the total valence of non-chosen vertices s,
the number on which we set up the spectral sequence, starting at 2a — 1 for A = 0. Classes of the second type are labelled
by X and the position where there are both classes is labelled by ®.

Let (C, A1) be the complex spanned by second-type classes of the second page of the spectral sequence.
It is easily seen that c : (Hzl‘_/“_l, A) — (C, Ay) is an isomorphism of degree 2, so we can replace (C, A;)
with (HZ177-1[~2], A).

The whole complex on the second page, including first-type classes, is depicted in Figure The
first row (only one term in degree d = v) represents the first-type classes I' U oy for I' € HOVV~!. The
second row represents the second type classes as discussed above. There is a map that maps first-type
class I' U o1 to the second-type class A;(I"U oq) that is obtained from I' by adding an antenna in all
possible ways. The isomorphic element in H'VV~![-2] is x*(I"), where x! adds a hair, c.f. (2.19).

HOpv—1

. N H5‘7’U71[_2] 5 H4‘7’Ufl[_2] N H3‘7/v71[_2} N H2f/v71[_2] 5 Hlf/'ufl[_Q]
A A A A A

d= v—3 v—2 v—1 v v+1

Fig. 11 The complex on the second page of the spectral sequence.

We want to study the cohomology of the complex in the figure for d < v. Recall that we are not
interested in the cohomology at degree d = v + 1. Here we set up the 2-row spectral sequence as in the
figure, such that on the first page there is a complex with horizontal differentials, i.e. (HOV”’I, 0) and
(Vv=i[-2], A).

By the induction hypothesis, the cohomology of the second row H¢ (V“fl[fZ], A) is zero for h > 2,
i.e. in for degrees d < v after our degree shift. Let us chose I" € H°V?~! in the upper row. We do not
know whether the I is cancelled with something in the second row at the degree d = v+ 1. If it is, I’
does not for a class in H4(V?, A).

If it is not, there is a class in degree d = v in the complex from Figure i.e. on the second
page of the original spectral sequence represented by I + I'y(I") for Iz(I') € H?V'~! (I, depends on
I), where x*(I') + A(I>(I')) = 0. Back in the starting complex (V?, A) the isomorphic element is
I'Uoy 4+ Ao(I2(I') Uop) from the second page. It is clearly sent to 0 by the whole A, so it represents a
class of the starting complex V?, in the degree d = v.

Now we come back to the whole complex (V” WY, A+ D(l)). Let us set up a spectral sequence of
three rows: V?, the part of W where the chosen vertex is isolated, and the rest of W? (see Figure [12)).
The spectral sequence clearly converges correctly. On the first page in the first row in degree d = v (h = 1)
we may have classes represented by I'Uoy + Ag (2 (") Uay) for some I € HOVV~! and I, (I") € H2VV 1,
as shown above. In the degree d = v+ 1 (h = 0) of the first page we are not interested. In the other
rows in the degree d = v + 1 (h = 0) there is still the whole space, particularly in the second row there
is I' U oq for every I" € HOVv—1
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chosen vertex
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T v . .
Sther vertices Part of W7 with chosen vertex isolated

The rest of Wv

Fig. 12 Complex (V¥ + W¥, A 4+ D) split into 3-row spectral sequence.

On the second page I' Uy + Ag(I5(I") Uoyp) is mapped by part of DM to the part of W* where the
chosen vertex is isolated, i.e. chosen vertex has been deleted (and restored). The only part of I" U o1 +
A(I5(I') U og) that has a hair on the chosen vertex is I' U g1, so the differential is actually I" U o7 +
A(IR(I')Uog) = I'Uog. It is clearly an injection, making the cohomology in the degree d = v acyclic.
That was to be demonstrated. O

6.2 Removing A

In this subsection we transform the result to the complex with the constraint { that does not have
A = e&—e as a connected component. Recall that it does not have oy = e as a connected component either,
because the minimal valence is 1. Check that A and D) can not produce that connected components,
so complexes with the the constraint 1 are closed under their action.

Proposition 6.3. H (VlfHGCT_Ll, A) is one-dimensional, the class being represented by o1 = e.

Proof. In the complex of graphs with one vertex there can not be A, so VlfHGCTfL1 = VHGC_; ; and
the result is the same as in the Proposition [6.1 O

Proposition 6.4. #H? (V”fHGCT_L1 @ Vo HGCl[-3], A+ D(l)) =0 forv>1andd<w.

Proof. We again do the proof by induction on v. For v = 2 there is A only in the hairless part and it
represents a cohomology class, so in degrees we are considering it does not change the result of Proposition
0.2l

Let us pick v > 2 and assume that the proposition holds for every number of vertices smaller than v.

On (V“fHGC_M &) V”*IfGClzl[f?)}7 A+ D(l)) we set up a spectral sequence on the number
of A-s. The differential can not increase that number, and it is bounded, so the spectral
sequence converges correctly. The lowest row on the first page is our intended complex
(vaHGCEL1 @ VOUHGCT 3], A + D<1>).

The first differential in the other rows does not effect any A, so it is the same as the complex without
them, but now with fewer vertices (by 2, 4, etc.), with a degree shift. All of them are acyclic by the
assumption of induction in degrees that correspond to more than one hair (d < v—1). Therefore, if there
is a class with a hair (d < v) in the last row, it can not be cancelled by anything, contradicting the result
that the whole complex is acyclic in that degrees (Proposition [6.2)). O

6.3 Reducing the complex

To simplify the result we define another complex

H'VUHGC! | | = B2V HGC! | @ (A + D<1>) (HlvfoGCT_M) . (6.4)

30



We have changed the term with the highest degree HOV”fHGCTfl)1 & V”_lfGCJ{[—S] with its subspace
(A+DW) (HlV”fHGCT_Ll), the image of the differential, to ensure the acyclicity at that degree. The

whole complex, including all numbers of vertices, is

H'fHGCT | | = [[ BV HGCT |, = H2HHGC! | | @ HL, (6.5)
vEN
where
HL, = (A + D<1>) (HlfHGCT_M) c H'tHGC! | | @ faCt[-3] (6.6)

is the hairless part.

Corollary 6.5. H (HbeGCJLLl, A+ D(1)> is one-dimensional, the class being represented by o .

6.4 The differential § + A

On fHGCiL1 there is the standard differential 5. We extend it to ¢ : fHGrC]:L1 o GO -3] —

fHGCT | | @ fGCT[3] as follows

where HOI" is part of I without hairs. It clearly squares to 0 and has degree 1, so it is a differential.
Differentials  and A anti-commute (Lemma , SO (HzlfHGCil,l, 0+ A) is a complex. Proposition

implies that
(A + D<1>) §'(I,7)+6' (A + D<1>) (I)7) = (A + D<1>) (8(I'), HOI — 6(7)) +0' (A(F), D<1>H1F) -
- (Aé(F),D(l)chS(F)> + <5A(F),H0A(F) - 5D<1>H1F) ~(0,0),

i.e. 0 and A+ D™ anti-commute and (HzlfHGCT_L1 & fGCI[-3],8' + A+ D(l)) is also a complex. Be-
cause of the same reason the restriction ¢’ : H"fI—IGCJLL1 — HbeGCJLL1 is well defined, so
(HbeGCT_LI, 5’) and (HbeGCT_l,l, O+ A+ D(l)) are also complexes.

Proposition 6.6. H (HbeGCT_Lh(S’ + A—l—D(l)) is one-dimensional, the class being represented by
Q= ZnZl %J%n

Proof. We set up a spectral sequence on v from the splitting ([6.2]), such that the first differential is
A+ DWW, By Corollary on the first page survives only o;.

We can split the complex (fHGCT_L1 & fGCI[-3],0 + A + D(l)) as the product of subcomplexes
with fixed f =e+h —v:

(fHGCiL1 @ GCI[-3],0' + A+ D<1>) =11 (FffHGCiL1 & FHGCI[-3],6' + A+ D<1>) .
fez
The same splitting can be done for the subcomplex HbeGCT_Ll:
(HbeGCL,l, 5+ A+ D<1>) =11 (FbefHGCT,M, 5+ A+ D<1>) .
fez

For fixed v and degree d = v + 1 — h the numbers of edges e and hairs h are bounded in each
Ff Hbﬂ{GCil’l. The standard spectral sequence argument (e.g. [5, Proposition 19]) implies that the spec-

tral sequence converges correctly in each <Ff H"fHGCT_Ll,(S’ + A+ D(l)), and therefore in the whole
(HbeGCT_M, 5+ A+ D(1>).
The cohomology of (HbeGCT_L17 o+ A+ D(1)> is therefore one-dimensional. One checks that o is

mapped to 0 by the whole differential &' + A + D™ and since oy is the highest part of «, o represents
the class in H (HbeGCT, N+ A+ D(l)). O
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6.5 Bounded complex

Recall from Definition [£.4] that bounded complex, the one decorated by i, is spanned by graphs that do
not have A\ = e—e, 01 = & or Ay = é—e as a connected component. Let

HfHGC! | | == H2YHGC! | | @ HL; € HPfHGCT (6.8)

where HL; is as in .
Proposition 6.7. The complez (HbeGCi_Ll,é’ + A+ D(l)) is acyclic.

Proof. We write

(H"fHGCT_M, 5+ At D<1>) - (fHGcT_/ﬁl o HHGCH |, 6 + A+ D<1>) .

On it we set up a spectral sequence of two obvious rows: EHGCT_/EE1 and HbeGCI_M. The spectral
sequence clearly converges correctly.

Proposition implies that in the first page there is a class [a] in the first row. The class survives
all pages because of Proposition that says that the whole complex has the class [a]. Therefore the
second row has to be acyclic. That was to be demonstrated. O

6.6 At least 2-valent vertices

Let
I HGCY | | .= H2'HGC?, ; @ HL; ¢ fHGCT | . (6.9)

Recall Definition that fHGCh_L1 is the complex spanned by graphs whose vertices are at least 2-
valent, and hairy vertices are at least 3-valent.

Proposition 6.8. The complez (HbeGCEm,é’ + A+ D(l)) is acyclic.

Proof. We prove that the inclusion (HbeGCh_Ll,é' + A+ D(1)> — (HbeGCI_M, +A+ D(1)> is a
quasi-isomorphism and use Proposition [6.7] We show that the mapping cone is acyclic. On it let us set
up a spectral sequence on the number of hairs h.

We again split complexes as the product of subcomplexes with fixed f =e+ h — v:

(HbeGC“_M, 5+ A+ D<1>) =11 (FbefHGc“_M, 5+ A+ D<1>) :
fez

(rrmGet, 6 + A+ W) = I (FIPHGCE, 8 + A+ D).
fez

For fixed degree d = v+ 1 — h the number of edges e is fixed in each FbefHGCEL1 and FbefHGCfﬂl)l.
Also, increasing the number of hairs h increases the number of vertices v by the same amount. Since the
number of edges e is fixed, for h big enough, there will be an isolated vertex. But that is not possible
in either H"fHGCh_L1 or HbeGCi_Ll. So, the spectral sequence of the mapping cone of the inclusion
(FbefHGC[LD(S’ +A+ D(l)) — (FbefHGCle,é' +A+ D(l)) is bounded above and converges
correctly for every f, and therefore also the spectral sequence of the mapping cone of the whole inclusion
(HbeGCh_L17 0+ A+ D(l)) — (HbeGCI_l)17 0+ A+ D(l)) converges correctly. This convergence is
the very reason why we introduced the bounded complex.

On the first page of the spectral sequence, for h = 0 there is a mapping cone of the identity

(HL4,d") — (HLq1,¢"), so it is acyclic. For h > 0 there is a mapping cone of the inclusion (fHGCh_l,l, 5) —
(fHGCi_Ll, 5). It is acyclic by Corollary That concludes the proof. O
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6.7 Removing the hairless part

Proposition 6.9. The complez (HzlfHGChflyl,é + A) is acyclic.

Proof. On (HbeGCEL17 0+ A+ D(l)) we set up a spectral sequence of two obvious rows: HzlfHGCtiL1

and HL;. Clearly the spectral sequence converges correctly. Proposition implies that the whole com-
plex is acyclic, so all classes of the first page cancel out. We claim that there are no classes on the first

page.
Suppose the opposite, that there is a class in the first row represented by I' € HzlfHGC[LI. Let

A= Ay + Ay where Ay : HZHHGC" | | — HZ'HGC" | | and A; : HZ'YfHGC | | — HL;. It holds that

(6+A0)(I") =0 and (A; + D(l)) (I') represents a class in HL;. We write I' = >, o, H"I" where H"I" is
the part of I" with h hairs. Then it holds that a

A(HT)+6(H'T) =

and (A + D(l)) (Hlf‘) represents a class in HL;.
Let 7 := D®s") (H'T). It is for sure in H'HGC! | . Lemma[p.1]implies

A(y)=DW (H'I),

and Lemma [5.2] implies
DW(~) = 0.

This relation was the very reason of introducing the constraint f. Propositions [5.3] and [5.4] imply that
A(H'T) =6DW (H'T) — DW§ (H'T) = DY (H'T') + DWA (HI) = 6D (H'T).

The equalities are diagrammatically expressed in Figure

(push)
D §(H'I)
A
P N
DM (H'T) A(HLD)
DM (H'I)

Fig. 18 Maps in HZlfHGCtLL1 ® HOHJIGCJLL1 ® fGCJ{[—?)]‘ The rows are, from the bottom up: fGC[—3], HOfHGCiLl,
H'fHGCY , | and HAHGC, ;.

Note that the complex in the figure is bigger than H"fHGCh_Ll, its hairless part is the whole
HOfHGCT_L1 @ fGC{[-3] instead of only HL;. Indeed, both mentioned elements of the hairless part
(DW (H'I'),0) and (6 (H'I") , DM (H'I")) are in HL; because they are images of 7, respectively (HI"),
under the action of (A + D(l)).

Since (A + D(l)) (Hlf') =4 (D(l) (Hlf') ,0), the former is exact in HL1, contradicting the assump-
tion. O



6.8 Connected complex

In this subsection we transform the result to the connected complex.

Proposition 6.10. The complex (HzlfHGCch_Ll,é—F A) s acyclic.
Proof. The complex splits as:

(HZlfHGccEM, 5+ A) -1 (FfﬂzlfHGccim, 5+ A) :
fez
where f = e + h — v. In each of the subcomplexes the degree d =v+1—h =e+ 1 — f is determined
by the number of edges e. We show that for every f € Z Het1—7f (FszlfHGCch_Ll(S + A) = 0 by the

induction on e.
For e = 0 it is clear. Let us suppose that the claim holds for every number of edges less than e, i.e.
suppose that for every f

e (FfHZHHGCc“_Mé + A) =0 (6.10)

in every degree d <e+1— f.
Let us add the hairless part. The assumption implies that the inclusion

(FfHOfHGCch,M,cS) < (FffHGcc“,M,(s + A) (6.11)

is a quasi-isomorphism for every f in every degree d < e+ 1 — f.
Let A¢ be the part of A that does not connect two connected components. Taking symmetric product
gives

S+ (HofHGoc'iL1 (—1],6 + A) ] = (HOfHGc{w 5+ AC) , (6.12)

S+ (fHGcch_MH], 5+ A) ] = (fHGC“_M, 5+ AC) . (6.13)

Taking cohomology commutes with the symmetric product, so the cohomology of the mapping cone of
the inclusion
(HOMGCY, ,,0) < (MHGC, .5+ Ac) (6.14)

is the symmetric product of the cohomology of the mapping cone of
(HOfHGCcL’l, 5) < (fHGCcL,l, 5+ A) (6.15)

that split as a direct product of inclusions . Cohomology of Ff part of in degree that
corresponds to e — 1 edges (d = e — f) comes from cohomologies from for different f-s in degrees
that correspond to < e — 1 edges (d < e — f). Therefore being quasi-isomorphism for every f in
every degree d < e + 1 — f implies that is a quasi-isomorphism in degree d = e — f.

We need to prove the claim for e edges, i.e. that for every f

e (Fszlﬂ{GCcil)16+A) ~0.

Suppose the opposite, that there is a class represented by I' € FszlfHGCch_L1 of degree e +1 — f,
i.e. it is a sum of graphs with e edges. By Proposition there is v € HZlfHGCh_L1 of degree e — f (i.e.
it is a sum of graphs with e — 1 edges) such that I" = (6 + A)(¥) in HzlfHGCch_M.

Since in H=1F/ fHGCh_L1 every connected component has at least one edge, the number of connected

components is bounded. We write v = Zle C’y where C'vy is the part with i connected components.
Choose v such that k is minimal possible. If k¥ = 1 we are done, so suppose that k& > 1.

It holds that CFy € CkafHGChle and (6 + Ag)CFy = 0. CFy is of degree e — f (e — 1 edges)
and inclusion is quasi-isomorphism in that degree, so all classes are generated by hairless graphs.
Therefore there is a hairless representative of the class [C*4], i.e. there is 7' € C’“FffHGCh_L1 of degree
e — f — 1 such that C¥y — (§ + A¢)y’ is hairless.
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It holds that
(6+A)(y— (6+AN) = I

A does not act on hairless part, so only J acts on the part with the maximal k& connected components
CFy— (6 + Ap) 7. But § can not change the number of connected components, and since right-hand side
is connected, it holds that

(6 + A)(CFy = (84 A0) ) = 6(CFy = (3 + Ag)Y) = 0.

Therefore, that part can be removed and the resulting element is still mapped to I" by (6 + A). It has
less than k connecting components, contradicting the minimality of k. O

Recall from (2.17) that HGC_; ; = HZlfHGCc%il.
Proposition 6.11 (The first part of Theorem [1.1)). The complex (HGC_1 1,6 + A) is acyclic.

Proof. On the mapping cone of the inclusion (HGC_1 1,6 + A) — (HzlfHGCch_M, 1) +I% we set up a

spectral sequence on the number of hairs. The discussion from the proof of Proposition implies that

the spectral sequence converges correctly.
On the first page there is the mapping cone of the inclusion (HGC_1 1,6) — (HZIfHGCCEM, 5). Itis

acyclic by Corollary This implies that the mapping cone is acyclic, and Proposition [6.10| concludes
the proof. O

7 Hairy complex, odd edges and even hairs

In this section we prove the second part of Theorem|[L.1} i.e. that H (HGC_1 0,8 + A) is one-dimensional,
the class being represented by the star o3. The proving strategy is very similar to the one in previous
section, as shown in the following diagram.

[aletete

(fHGC_4 o, Q) is almost acyclic, except for the classes without hairs

JL [(.0l

(fHGC_1,0,0 + A) is almost acyclic, except for classes whose generators have hairless part
Rfravi
(fHGCiLO, 6+ A) is almost acyclic, except for classes whose generators have hairless part
st
(HbeGCT_l,O, 0+ A) is almost acyclic
Jra
(HbeGCifl!O, 0+ A) is almost acyclic
J1n
H (HzlfHGCCi_LO, 6+ A) is one-dimensional, the class being represented by the star o3 = &,

Jrs
H (HGC_1 9, + A) is one-dimensional, the class being represented by the star o3

Recall that in the complex HGC_; o and all other complexes we are working with in this section, the
degree is d = e + 1.

35



7.1 The differential A

In this subsection we study the cohomology of (fHGC_1 9, A). As in (2.29) the complex (fHGC_; o, A)
split into the double direct product of complexes, for fixed number of vertices v and for fixed a = e + h:

(FHGC_10,4) = [] J] (A*V*HGC_1,, 4). (7.1)

vEN aeZ

The cases with one and two vertices are done separately as follows.

Proposition 7.1. H (A“VlfHGC,l,O,A) is 1-dimensional for a > 1, the class being represented by
0q =¥ with a hairs.

Proof. The whole space A*VfHGC_ ¢ is generated only by o,, implying the proposition. O

Proposition 7.2. H (A“V2fHGC,1’07 A) is zero for even a > 2 and 1-dimensional for odd a > 1, the

class being represented by A\, = ¥—e yjith a — 1 hairs on one vertex.

Proof. Because of the symmetry reasons there are no multiple edges, so there can be either no edge or
one edge between the two vertices, i.e. the degree is either 1 on 2.

In degree 1 graphs are o; U g,—; for i > a/2 (opposite graph is the same). In degree 2 graphs are
Aayi 1= ¥—¥ with i and @ — i — 1 hairs for i > (a—1)/2.

One easily checks that A(o; U og—;) = iAgi—1 + (@ —i)Aq,; for i > a/2 and A(o; U g; = 2i\,; for
1 = a/2. It is now straightforward to check that the cohomology is zero for even a and 1-dimensional for
odd a, generated by any A, ;, in particular by A, o—1 = Aq. O

The following two propositions give result for v = 3 and the general one, respectively. Let us first
define for a > 2

a—1 i a—1 ; ;

o (=1)" _ (=" I ays3

Pa = Z m()’z U Aa_i = Z m \* )?\—. S A%V fHGC_l,o. (72)
i=1 =1 a—i—1

Proposition 7.3. H (A“V3fHGC_170,A) is acyclic for odd a > 1 and 1-dimensional for even a > 2,

the class being represented by p,.

Proposition 7.4. H* "1 (A*VYfHGC_19,A) =0 forv >4 and h > 1.

Note that the general proposition does not say anything about the cohomology at degree d = a + 1
and for d > a + 1 it is trivially 0.

We start proving propositions together, and we will divert at some point. The proof strategy is very
similar to its odd analogue Proposition [6.2} The proof is inductive on the number of vertices v and
the step uses the spectral sequence on the total valence s of non-chosen vertices. We highlight the key
differences for the readers convenience:

— In this case there is no extra non-hairy term.

— Subcomplexes (A*VVfHGC_, o, A) with different @ = e 4+ h have sometimes different treatment, so
we work with them through the whole proof. That was not necessary in the odd case.

— We again choose one distinguished vertex. In the odd case we simply switched to the complex with
distinguishable vertices V“fHGC_Ll and chose one. Here, for inductive argument to work, we must
leave other vertices indistinguishable. Therefore we work with the complex V“AafHGC_LO of graphs
with one vertex chosen, and other indistinguishable, c.f. Appendix [A]

— In this case there can be multiple hairs on one vertex. Therefore, on the first page of the main
spectral sequence in the proof, classes of the first type are now of the form I"Uoy, for any h > 1. This
introduces the whole new line of classes of the first type, see Figure To kill them, this time we
need to investigate the third page of the spectral sequence too.
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Joint part of the proof of Propositions and[77) For the matter of shortening the notation let

VY = A*VYTHGC_ . (7.3)
On V;” we choose one vertex and get

VY= A*VUfHGC_ 0, (7.4)

the complex with one vertex chosen, while the others are indistinguishable (see appendix . In what
follows we will relate it to the complex of v—1 indistinguishable vertices V.71, i.e. to the original complex
with one vertex less. The general structure of the recursive proof is as follows:

— From Proposition we know the cohomology of V2. We use it to find cohomology of V(f', and
symmetrizing we get cohomology of V2. This is the content of Proposition

— We use cohomology of V2 to find cohomology of Va4. Although it is not zero, after symmetrizing we
get that H(V.}) = 0. This is the base of the induction of Proposition

— We will see that (V') = 0 implies H(V,”) = 0 and that after symmetrization (Proposition
implies #(V,?) = 0. This is the step of the induction of Proposition

Let us set up a spectral sequence on (Va”, A) on the total valence s of non-chosen vertices, including

hairs. So, an edge between non-chosen vertices counts twice, a hair on a non-chosen vertex and an edge
between a non-chosen vertex and the chosen vertex counts once, and hairs on the chosen vertex do not
count. The differential can not decrease s and splits A = Ag + Ay where A is the part that does not
change s. Ay connects a hair from a non-chosen vertex to the chosen vertex and A; connects an edge to
a non-chosen vertex, increasing s always by 1.

For fixed a = e 4+ h, s can have only finitely many possible values, so the spectral sequence is finite
and converges correctly.

On the first page of the spectral sequence there is the cohomology of (Va”, A0>. Let 5 : Va” — Va“ be

the sum over all edges at the chosen vertex of deleting that edge (as a last edge in numbering, for the
matter of sign) and putting a hair on the non-chosen vertex that was connected to that edge, unless it
makes the chosen vertex 0-valent, being forbidden by definition. Maps Ay and 8 are analogous to those
in odd case depicted in Figure [9]

If the chosen vertex is not hairless or not 1-valent, it is clear that AgB 4+ Ay = CId where C is the
number of edges at the chosen vertex plus the number of hairs on non-chosen vertices. So, all classes of
H (V;ﬂ Ao) must be represented by graphs whose chosen vertex is isolated with some hairs and there are
no other hairs (C' = 0 in that case), or the chosen vertex is 1-valent without hairs (5 cannot disconnect
the last edge leaving the chosen vertex 0-valent). Classes that fulfil the former condition we call classes
of the first type, and classes that fulfil the latter condition we call classes of the second type.

Let - Uoy, : HO a“__hl — Va” be the operation of disjoint union with the star o} that maps ' with
distinguishable vertices to I'Uoy, with chosen vertex being the one in the star, while the other vertices
remain indistinguishable.

Every graph of the form I'Uoy,, where I" € HOVa”:hl, h > 1, clearly represents a cohomology class of
the first type. Graphs whose chosen vertex is 1-valent without hairs would not form classes of the second
type if the vertex would be allowed to be O-valent. Therefore, cutting that possibility implies that classes
of the second type are represented by graphs of the form

for I' € HZ'V =1 c.f. the analogous definition for all indistinguishable vertices (2.21]). All classes are
sketched in Figure
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7 6 5 4 3 2 1 0

Fig. 14 Classes on the first page of the spectral sequence of Va” The numbers at the bottom are the number of hairs h,
while the degree is d = e +1 = a — h + 1. On the vertical axis is the total valence of non-chosen vertices s, the number
on which we set up the spectral sequence, starting at 2a — 1 for h = 0. Classes of the second type are labelled by x and
classes of the first type are labelled by ®. The position where there are both classes is labelled by ®.

On the second page of the spectral sequence we have a complex of second-type classes and first type
classes with one hair, while the other first type classes are isolated. Let (C, A1) be the complex spanned by
second-type classes of the second page of the spectral sequence. It is easily seen that ¢ : (Hzlva”’l, A) —
(C, 4,;) is an isomorphism of degree 1, so we can replace (C, Ay) with (HZ'V2~1[—1], A). O

Proof of Proposition[7.3, Here we study the case v = 3. No graphs satisfying a < 2 exist. For a = 2
whole V3 is 1-dimensional, generated by ps = —o; U A\;. Hence, the cohomology is 1-dimensional, the
class being represented by the same element, as expected.

If @ > 2 on the first page of the spectral sequence there is only one class of the first type, namely
MUo,_1 of degree 2. It does not intrude the line with the second type classes and survives until the
second page. On the second page in the line of second-type classes we have the complex isomorphic to
H=1V2[1], what is equal to V.2[1] in this case. So, by Propositionthere is a class represented by ¢(A,)
of degree 3 for odd a, and no class for even a.

Lemma shows that for odd a the two classes cancel on further pages, so VB“ is acyclic. Proposition
[A72)implies that V4 is acyclic too.

For even a the class in the degree 2 survives. The element p, in V3 (defined as a space of invariants)
is also an element of Vi* where it is equal to the sum over all vertices to be chosen in p,. It contains
AUo,_1 that forms a class that survives all pages, and since A(p,) = 0 (Lemma [B.4), p, represents

the class in H (Vg‘l,A). Proposition implies that it is also a class in #H (V3*). That concludes the
proposition. O

Proof of Proposition[74) For v > 4 we prove by induction that H2~"*1 (V¥ A) = 0 for h > 1. We prove
the base (v = 4) and the step together.

We continue studying the spectral sequence on (Va”, A) on the total valence s of non-chosen vertices

whose first page is depicted on Figure Isolated first-type classes survive the second page, while the
line of second-type classes and first-type classes with one hair is depicted on Figure [I5] The second row
represents the second type classes (H='V27![—1], A) as discussed above. But the (a + 1)-degree term
H'V2 | [1] is split into the sum Ker (H1Vv“_1) @ Ima (H1 Ua_l), and we only leave the first term in the
second row, while we put the first term in the first row. The other term in the first row is in degree a
and represents the first type classes I'Uoy for I' € HOI_/a”:f.

There is a map that maps first-type class I'Uoy to the second-type class Ay (I'Uoy) that is obtained
from I" by adding an antenna in all possible ways, antenna ending with the chosen vertex. The isomorphic
element in H'V'~71[—1] is x*(I"), where x! adds a hair in all possible ways, see (2.19)). That element is
further split into x1(I") € Kera (H'V2™!) and x§(I') = A (X' (I")) = V(') € ImﬁV;_l) c HOvpt
(see Lemma [2.5).
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HOVY ! ——Y s T (H1V2 ) € HOV !

X1

e 5 ;714, — 4 :71‘7 — 3 ;714, — 2 ;71‘7 [N 1 ;71
S BV T 1] —p BV ) o BV T 1) o B2V 1]~ Kera (HV )

d= a—3 a—2 a—1 a a+1

Fig. 15 The complex on the second page of the spectral sequence.

Recall that we are not interested in the cohomology H*! (Va”, A). Classes in that degree of the
complex on the first page from Figure can not kill anything after the second page, so they can not
change the existence of classes in other degrees. Therefore, we are not interested in classes of degree a+ 1
also in the complex from Figure [T5]

In that complex we set up the 2-row spectral sequence as in the figure, such that on the first page
there is a complex with horizontal differentials, i.e. (HOVa“:11 5 ImA(Hlva”’1)> and a reduced version
of (Vy=1[-1], A).

The cohomology of the first row in degree a is clearly Kery (HOVavfll). The cohomology of the second
row in relevant degrees (d < a) is the same as H? (V2 ~1[—1], A).

For the base of induction (v = 4) Proposition implies that for even a in the second row there is
a class represented by p, in degree 3. That class survives the spectral sequence because even if a = 2 it
cannot be killed by the first row, since in that case in the first row there is HOV3' = 0.

For the step of the induction, assumption implies that the second row is acyclic. So, in any case
cohomology has Kery (HOVGU__ll) in degree a, and the rest of the cohomology is zero except for v = 4 and
even a, when there is an extra class in degree 3 being represented by p,.

On the third page of the spectral sequence we have a line of classes of the first type represented
by I'Uoy, for I' € HOV,"7,! in degrees d < a — 1 and classes of the first type represented by I'Uoy for
Kery (HOVavjll) in the degree a. All classes appear in even s (the total valence of non-chosen vertices).

For v = 4 and even a the class ¢(p,) has an odd s, so it must be outside of the mentioned line and it
survives the third page.

Back to the line, if A > 1 the whole differential A = Ay + A; sends the representative I"Uoy, of the
class as pictured in Figure

h Ap

') o r—o

h—1 h—2

v o  + X)) —<

Fig. 16 Cancelling on the third page of the spectral sequence. The chosen vertex is marked with an empty circle.

The very last term does not represent a class on the first page (or does not exist when h = 1), so on
the third page of the spectral sequence there is the differential I" U oy — V(I") Uop—1. Even if h = 2
the differential is well defined because it certainly ends in Kery (H°V,*"'). So the complex on the third
page looks like in Figure
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v 5V 4V 3V 5V -
D OV = HOVE T s HOVE TR s OV — s Kerg (HOVTY)

Fig. 17 Third page of the spectral sequence on Va”

This complex is a reduced version of (V“_lfGCgl,V), and since v — 1 # 2 the following lemma

implies that it is acyclic.

Lemma 7.5. H (fGCgl, V) is 1-dimensional, the class being represented by \;.

Proof. Corollary [5, Corollary 3] clearly implies that H (fGchl, V) is one-dimensional, the class being

represented by A;. On fGCg1 we set up a spectral sequence on the number of connected components.
The first differential does not change that number, so the cohomology is the symmetric product of A;.
But there can not be more than one A\; because of the symmetry reasons, so the only class remaining is
connected graph A1, concluding the proof. O

If v =4 and a > 2 even (for a = 2 the class is out of interest because it is of degree a+ 1), there is one
term left that survives on the third page, and therefore till the end: ¢(p,). Analogously to Lemma we
have that ¢A = A¢. Now, Lemma [B.4] implies that A (¢(pa)) = ¢(A(pa)) = 0, s0 ¢(pa) represents a class
of the whole H (Vf, A). After taking invariants of the action of the symmetric group S, the class is sent
to ¢(pa) by the symmetrization map, and it is zero because of Lemma Proposition implies that
H (Va4, A) = 0, concluding the base of the induction.

For the step, nothing survives the third page, so already V,* is acyclic, and because of Proposition
V.2 is acyclic too. This finishes the step of the induction. O

7.2 The differential 6 + A

Propositions to imply that all classes of H (fHGC_; o, A) are in degrees 1 or 2 (have no or one
edge), or hairless. We now want to change the differential to to § + A that exist because § and A
anti-commute (Lemma . With that differential there are no purely hairless classes, but we have the
following proposition.

Proposition 7.6. Let [I'] be a non-trivial class of the cohomology H™ (fHGC_1,,8 + A) for e > 2.
Then the representative I' € tHGC_1 o has a hairless part.

Proof. Suppose the opposite, that I" € HZMfHGC_; o. We write I'= ", ., H"I" where H"I" is the part
of I' with h hairs. The equality (§ + A)(I") = 0 separated by number of hairs imply that A(H"I") +
S(H"=1I") = 0 for every h > 1.

Particularly, for h = 1 we get A(H'I') = 0. By Proposition (fHGC_1,0,4) is acyclic at that
degree, so there is H?y € fHGC_ o such that A(H?y) = H'I". I =T — (§ + A)(H?y) € H22fHGC_;
is also a representative of [I'] in the starting complex.

For h = 2 we get A(H?I') + §(H'I") = 0, implying that A(H?I%,) = 0. By the same argument there
is H®y € fHGC_ o such that A(H3y) = H2I%. I3 := Iy — (§ + A)(H3y) € HZ*fHGC_ o is another
representative of [I'] in the starting complex, .

We can continue this argument to infinity and get H"y for h > 2 such that I' = (6 + A) >, -, H'y.
This contradicts the assumption that [I] is a non-trivial class. -

Note that this proof is actually an elementary explanation of the spectral sequence argument where
the first differential is A. O
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7.3 Removing A

In this subsection we transform the result to the complex with the constraint t that does not have A = e—e
as a connected component. Recall that it does not have oy = e as a connected component either, because
the minimal valence is 1. Check that § and A can not produce that connected components, so complexes
with the the constraint § are closed under their action.

Proposition 7.7. Let [I'] be a non-trivial class of the cohomology H+! (fHGCT_LO7 0+ A) fore>1.
Then the representative I' € fHGCJr_L0 has a hairless part.

Note that the result is improved by including e = 1, compared to Proposition

Proof. On (fHGC_; o, + A) we make the spectral sequence on the number of connected components .
By symmetry reasons (exchanging hairs gives sign —1) there can be only one such connected component,
so the spectral sequence has only two rows.

On the first page in the second row there is the complex of our interest (fHGCiLO, 0+ A). Graphs in
the first row are of the form I"U A\, where I" € fHGCJLLO7 together with A itself, and the first differential
acts only within I". So the first row is isomorphic to (fHGCT_l)O[—l] @[N], 0+ A).

Let I"U X represent a class on the first page in the first row. It is mapped to second row to Ay (I"UN)
where A; connects A and . Tt actually adds length-2 antenna instead of a hair to I', i.e. it is 2¢()(I")
(factor 2 comes from the two vertices in A to which A; can connect) defined in . Lemmas and
imply that

(64 A)e(I) = e6(I') + D (D) + cA(T) = (6 + A)(T) + D) = 2(T)

because (§+A)(I') = 0. So, Ay (I'UN) = 2¢®)(I) is exact in the second row and I"'U\ —2¢(I") represents

a class of H (fHGC_1,0,d + A) coming from the first row. This shows that there are no cancellations

between rows on the second page, and all classes from the first page survive the spectral sequence.
Now suppose that there is a non-trivial class [I'] of H¢T! (fHGCJLLO,é + A) for e > 2 without a

hairless part. It sits in the second row of our spectral sequence, and can not be cancelled, so it represents
also a class of He! (fHGC_, 9,8 + A), contradicting Proposition That was to be demonstrated for
degrees d > 3.

Degree e = 1 needs a special treatment. With 2 hairs there are no classes in both in the first row and
in the second row. Recall that classes in the first row are generated by I" U A where I" represents a class

of H (fHGCT ,0 + A) in degree 2. By the construction above, the whole class of H> (fHGC_;¢,6 + A
1,0 ;

is represented by I"U X — 2¢(I"). By Proposition it has to have hairless part, so I" has to have a part
with one hair.

There is only one graph in fHGrCL,0 with 1 edge and 1 hair, namely Ay = é—e. So I" is of the
form Ao 4+ IV where I has all parts with more then 1 hair. But A, is exact because Ay = (§ + A)oq, so
I" =T — (6 + A)oy represents the same class, contradicting the conclusion that it has to have a part
with one hair. [

7.4 Reducing the complex
In this subsection we reduce the complex to kill hairless classes. Let us define another complex
HfHGC! | § = HZHHGC_, o @ HLg (7.6)

where

HL = A (HlfHGciLO) . (7.7)

Since § and A anti-commute (Lemma [2.4)), HLg is closed under the operation é. Therefore, the whole
space HPMHGC! , ¢ is closed under 6-+A and (HMHGCT, o, 8+ A) is a subcomplex of (HGCT, .5+ A).
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Proposition 7.8. All classes of the cohomology H (HbeGCiLO, o+ A) consist of graphs with no edges,
i.e. HET (H"fHGCJLLO,é + A) =0 fore>1.

Proof. Let [I'] be a non-trivial class in He*! <HbeGCT_17O,5—|—A) for e > 1. If I' is exact in
(ﬂ-IGCJLLO,éJrA) then there is v € fHGCJLLO such that (§ + A)(y) = I'. But v must be also in

HbeGCT_LO, contradicting the assumption that [I'] be a non-trivial class. So I" represents a class also
in (fHGCELO, 0+ A). By Proposition I has a hairless part HOI" # 0.

Since I' € HbeGCT_LO its hairless part must be in HLg, i.e. there exist v, € HlfHGCT_L0 such that
A(y) = HOI'. I —(5+A)(7) is also a representative of [I'], this time with zero hairless part, contradicting
Proposition [7.7] O

7.5 Bounded complex

Recall from Definition [£.4] that bounded complex, the one decorated by i, is spanned by graphs that do
not have A\ = e—e, 01 = & or Ay = é—e as a connected component. Let

I HGC! | ;== H2'HGC! | , @ HLy C HHGCT (7.8)
where HLg is as in (7.7).
Proposition 7.9. All classes of the cohomology H (HbeGrCi_L07 6+ A) consist of the graphs that have
no edges, i.e. HeT! (HbeGCi_LO,(S + A) =0 fore>1.
Proof. On HPfHGCT 1,0 We set up a spectral sequence of two rows: fHGCT/:c and H fHGCH 1,0- For the
degree d > 2 (e > 1) the total complex is acyclic by Proposition and in the first row by Propomtlon

- 3| there is only a class [ in the degree 1 that go to zero by the Whole differential, so it cannot cancel
anything in the second row. That concludes the proof. O

Let us say that classes of ‘H (HbeGCj;_LO7 0+ A) with no edges are generated by X; that we are
going to define in ((7.9). Since we do not need this fact later, we skip the proof.

7.6 The morphisms 7

In this subsection we want to find a kind of map between two complexes, (fGC§2,5 —|—DV) and

(fHGCi_LO,cS + A) that will have a nice behaviour. Recall that § + DV is the conjugated differential
eP (6 + V)e P, see Proposition A motivating example is depicted in Figure

[ == 1 ()=

6+ DV §+ A

o

Fig. 18 A motwatlon for the map 7 based on the equahty from Figure |5} The right vertical mapping can be deduced
from Lemma PropOSItlon | and equalities x'6 = dx! and x26I" —6x2I = A(FUU3). Those equalities can be easily
checked, or one can note that they are the simplest cases of Lemma@
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Recall that the differential § + A does not change the number f = e — v + h, so it is not surprising
that 7 from Figure sends to the fixed subspace FffHGCi_LO. The map 7 possibly adds some stars,

hairs or deletes vertices, in all cases increases f, so the target space F/ fHGCi_LO makes a restriction for

the maximal f of the starting graph I' € fGC(?2. In the non-hairy spaces f is equal to b = e — v, so we
deduce that b has to be at most f of the target space, and it will also be of the same parity. Therefore
we will define maps

7wyt BSPPUTIGCT? — FAHGCE |,

where prefix BS/P%" means all graphs with b = e — v < f of the same parity as f.
Note that the subspace Bgf’p‘”’fGCg2 C fGC(?2 is not closed under § + DV, but its complement is.
So, by complex (Bgf *p”fGC(?Q, o+ DV) we mean the complex with forbidden graphs identified with

zero, or equivalently it is the quotient of (fGCgQ, o+ DV) and the complement of Bgf’p‘”fGCg2.

We also see in example from Figure [18|that 7 acts differently for different b = e — v. For the maximal
possible b (b = f) 7 is the identity. For b = f — 2 7 adds a star o3 in the first term, and we can expect
that there is a similar term for other b. For b = f — 4, to reach the correct f, we can add two stars o3
or one star o5. We actually add

Xy = — .
2= 5 62 ;A+ *
The general definition of those elements for j > 1 is
Z H If | 2@ + 1 k; 27,+1 € fHGCi 1,0° (79)
k;>0 >0 7
Z ik;=j

Elements X; will mostly me used to make union with another graph. Although Y is not defined, we
mean I'U Xy =1
Another example of X; is

= P ¥ W R

6- 63 6 - 5!
The key property of X; is
(0+24)(X;)=0 (7.10)

as shown in Lemma The coefficients in are indeed not surprising, they divide a graph with its
order of symmetry (exchanging same stars and hairs in a star) such that coefficients from the operations
disappear.

We are now ready to define maps .

Definition 7.10. For every f € Z we define degree-0 map 7 : BS/ P4 {GCF?[~1] — FszlfHGCdi_l,o.
Let I' € Bl’fGCg2 for b=e — v < f of the same parity as f. Then

fi
21 2z 1
XU g 21_1 DI UXss . (7.11)

2

Lemma implies that m¢ : (Béf’parfGC§2[—1],5 + DV) _) (}?}”fH(}CJ:_L07 &+ A) is a morphism
of complexes for every f € Z.

7.7 Connected complex

In this subsection we transform the result to the connected complex. This result is much more com-
plicated than the analogous result for odd case from Subsection The problem this time is that

(HzlfHGCCEL07 6+ A) is not fully acyclic, there is a class represented by the star o3 as shows the fol-

lowing proposition. This makes the complex with disconnected graphs (HzlfHGCi_LO, 6+ A) far from

acyclic. Corollary gives an insight to its cohomology, using map 7; from the previous subsection.
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Therefore, the result that the complex with special hairless part (HbeGCELO,cS —|—A> is almost

acyclic (Proposition [7.9) may be surprising. It seems that all disconnected classes are cancelled with the
hairless part, leaving connected part acyclic. This is exactly what happens, as shown in the following
proposition, particularly in its Claim [[X]

Proposition 7.11. The cohomology H (HzlfHGC({LO, o+ A) is one-dimensional, the class being rep-

resented by the star os.

Proof. We prove the statement by the induction on the degree d = e + 1.
The following lemma shows the claim in degrees d = 1 and 2.

Lemma 7.12.
— H! (HZIfHGCc:ELm o+ A) is one dimensional, the class being generated by o3 = ..

— A2 (HzlfHGcci_LO, 5+ A) = 0.

Proof. Relevant graphs have at most 1 edge. Connected graphs with at most 1 edge are either a star, or a
graph with 2 vertices and an edge between them. In both cases, second differential A does not do anything,

and all graphs have b = —1. So we need to show the lemma for the complex (B’lHZIfHGCCELO, 5).
This shows Lemma together with Corollary O

Let d > 2 and suppose that H (HzlfHGCci_LO, 6+ A) is one-dimensional up to degree d, the class

being represented by the star 3. We want to prove the same in degree d + 1. We do it through a series
of claims as follows.

Let I' € fHGCi_L0 be a graph. Let p(I") be the number of tree-like connected components in I, i.e.
connected components that have one vertex more than edges (b = e — v of the connected component
is —1). Differential ¢ acts within connected components and does not change b, so it can not change
p. Differential A can save p or decrease it by connecting a hair from tree-like connected component to

something. Therefore, we can define a filtration on (fHGC{L07 0+ A):
P<"fHGC! | , € fHGC! |

spanned by all graphs I" such that p(I") < x. Let Ap be the part of A that saves p. It leaves tree-like
connected components intact.

Claim I. H (HzlfHGCchO, 0+ Ap) s one-dimensional up to degree d, the class being represented by

the star os.

Proof. We set up the spectral sequence of H (HzlfHGCci_Lo,é + A) on the number of tree-like con-

nected components. A connected graph is either tree-like or it is not, so the spectral sequence has two
rows on the first page:

~ (BTUHEMHGCC!  4,6) and
— (B2OHZ'HGCCL 0,6+ Ap).

By Lemma[f.11] together with Corollary [£.10] the first row has 1-dimensional cohomology, the class being
represented by the star o3. That class survives the spectral sequence, so classes of the second row have
nothing to cancel with. Therefore, by the assumption, the second row is acyclic up to degree d. That
implies the result. O

Claim II. H (fHGCciLo,é + Ap) is generated by [o3] and classes of H (fGCCEr)[—l],cS), up to degree
d.

Proof. We set up the spectral sequence of (fHGCCI_LO, 6+ Ap) of two rows on the first page:

_ (HzlfHGCCI_LO, 5+ AP) (complex from Claim and
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- (chcg[—l], 5).
Class [o3] from the first row survives the spectral sequence, implying the result. O

Let Acp be the part of A that fixes both number of tree-like connected components and the number
of all connected components.

Claim III. #¢ (fHGCiLO, o+ Acp> is generated by the classes represented by the degree-d union of a

class representative of H (fGCg[—l], (5) and any number of os.

Proof. The complex (fHGCfLo,é + Acp> is the symmetric product of the complex from Claim
(fHGcc*_LO, 5+ Ap):

(HGCL, 5,6+ Acp) = 8 (HGCe, .8+ Ap). (7.12)
The cohomology commutes with the symmetric product and any of the factors in the symmetric product
has the degree < d. Therefore H% (fHGCi_LO, 0+ Acp) is generated by the classes represented by the

degree-d union of class representatives of H (fGCcE[)[— 1], 6) and any number of o3. Since d > 2 (e > 1)
there has to be at least one connected component that is not a star, so it is hairless.
Since H (fGCEr)[—l]7 6) is the symmetric product of H (fGch[—l], 5), the union of hairless connected

components forms a representative of a class of H (fGCEr)[—l]7 5>7 implying the result. O

Let us define a map 7r?c : Bgf’p‘"fGCg2[—l] — FffHGCjiLO as

f=b

() =IUa; ? . (7.13)

It is clearly APTF?(F) = 77535(F), so the map 77? is the map of complexes (Bff’p‘““fGCg?[—l],é) —
(FffHGCI_LO, 5+ Ap). The same is true with Acp instead of Ap.
Claim IV. For every f > 0 the map w? : (Bgf’p”fGCg2[—1},5> — (FffHGCi_l)O,(S—FACP) is a
quasi-isomorphism in degree d.
Proof. The map 7T?' is constructed exactly to map classes of (Bff’p‘”’fGCg[—l],é) to classes of
(P/HGC!, 4,6+ Acp) deseribed in Claim

Proposition for hairless part and for fixed b implies that the inclusion (BbfGCOZz[—l],(S)
(BbfGCg[—l],(S) is a quasi-isomorphism, implying the same for (Bgf’P“TfGC(?Q[—l],(S)
(Béfvparf(;cg 1], 5). This implies the result.

o { !

Claim V. For every f > 0 the map 7733 : (B<f*p‘"fGC022[—1],5) — (Fszlﬂ-IGCELOﬁ—i- Acp> s a
quasi-isomorphism in degree d.

Note that we have restricted 7T?c to B<f’p‘"fGCg2[—1]7 where prefix B</P%" means all graphs with
b =e—wv < f of the same parity as f. The image of this restriction always has at least one hairy
component o3, SO we can co-restrict it to FszlfHGCi_LO.

Proof. On the mapping cone of the map 7T?£ : (Bgfvp”fGCgQ[fl},é) — (FffHGCi_LO, 0+ Acp) from

Claim [T[V] we set up the spectral sequence of two rows on the first page:

~ the mapping cone of 7 : (B<foGc§2[—1],5) o (FszlfHGc*_LO, 5+ Acp) and
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— the mapping cone of the inclusion (BffGC(??[—l], 6) — (BffGC(T)[—l], 6).

By Proposition [£.8| the latter map is a quasi-isomorphism, so the second row is acyclic. Therefore Claim
[[V] implies the result. O

Let
fHGCd_l,o C fHGC_LO (714)

be the subset spanned by disconnected graphs. The image of the restriction 7rJOc - B<f ’p‘"fGng[fl] —
Ff HzlfHGCfl’07 having at least one hairy component o3, can be further co-restricted to the disconnected
part FszlfHGCdil,o. We have the following claim.

Claim VI. For every f > 0 the map 7r (B<f ParfGCE?[-1], 6) — (FszlfHGCdi_LO,(S—l— Acp) is a

quasi-isomorphism in degree d.

Proof. By definition A¢p can not reduce the number of connected components, so we have a direct sum
of complexes

(FszlfHGCi_LO, 5+ Acp) - (FszlfHGCci_l,O, 5+ Acp) @ (FszlfHGCdi_w 5+ Acp) .
The map 77?@ maps exclusively to the second addend, so Claim [V|implies the result. O

Claim VII. For every f > 0 the map 71' (B<f ParfGCEA 1], 6) — (FszlfHGCdI_LO,(S—&— Ap) is a

quasi-isomorphism in degree d.

Proof. On the mapping cone of 7733 : (B<f’p‘"fGC§2[—1], 6) — (FszlfHGCdi_ljo, 0+ Ap) we set up
a spectral sequence on the number of connected components, such that on the first page is the mapping

cone of the map from Claim [V For fixed b and f this spectral sequence is bounded, hence converges
correctly. Claim [VI]implies the result. O

We split the map 7y into connected and disconnected part: 7¢(I") = 7§ (') + ﬂ?iSCO"”(F ) where
monn B<foGc>2[ 1] - FIHZYHGCC! |, and mfisconn : B</#arfGCF2[—1] — FHZHHGCA! , .
Explicitly, using (7.11]), for connected graph I" € B</ PTG Cer?[—1]

I=b_q f77
2
wiseonm(ry =y Z D XTID(N U S, (7.15)
=0 i=1
RS(I) = LNy — LI, (7.16)
(f = b)! (f=b=1)
and for disconnected graph I" € B<f’p‘“"fGC§2[fl] it is W?iSCO"”(F) =7y and 7" (") = 0.
Claim VIIL. For every f > 0 the map W?isc""” : (B<f4""’fGC§2[—1], J+ DV) —

(Ff'HzlfHGCdj;_170, 0+ A) is a quasi-isomorphism in degree d.

Proof. On (B<f’p‘”’fGC§2[—1]7 d+ DV) we consider the filtration on z B=/~2*B</»#"{GCZ*[—1], and
on (Ff HZlfHGCdi_LO, o+ A) we consider the filtration on the number of tree-like connected components
PSfoHzlfHGCdI_LO. We have the following lemma.

Lemma 7.13. For every f > 0 the map w?”co”" respects the filtrations BZf*Q“"B<f’p”fGC§2[71] and
PémeHzlfHGCdi_LO, i.e. for everyx € Z my (BZf—QzB<f,parfGC§2[_1]) - PSIFfHZlfHGCdi_LO.
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Proof. Let I' € Bzf—2$B<f’panGCg2[—1] be a graph with v vertices and e edges. All those constraints
mean that b = e — v is of the same parity as f and f — 2z < b < f.

Tree-like hairless connected component needs to have 1-valent vertex, so there are none in I". Adding
hairs can not change this. All connected components of addends of X; are tree like, and there are
at most j of them.

Therefore, the first sum in 7" (I"), or (7.11)), has the most number of tree-like connected
components for ¢ = 0 and it is % < z. The second sum has even less hairy connected components,
hence the result. O

On the mapping cone of rdisconn . (Bgf’parfGC§2[—1],6+DV) = (FfﬂzlfHGCd{w,MA)
we construct the filtration from the lemma. The first differentials of the complexes are J, respec-
tively 6 + Ap. On the first page we have the mapping cone of the map (B<f’p‘”fGC§2[fl],5> —
(FszlfHGCdT;LO,é + Ap) that sends I" with b = f — 2z to the part of 7;(I") with z tree-like con-
nected components. Only addend in W}iiSCO””(F ), (7.15) or , with that much tree-like connected

F—b

components is C ' U 0; 2 = C’7r;3 (I') where C' is an irrelevant coefficient. So, it is the mapping cone
of the map from Claim [VII} The spectral sequence is bounded, so it converges correctly and Claim [VI]|
implies the result. O

Claim IX. The claim of the induction holds in degree d + 1, i.e. HIT! (HZIfHGCCjiLO,é + A) =0.

Proof. On the complex from Proposition (HbeGCi_LO, 0+ A) we set up a spectral sequence of three
rOws:

_ (HzlfHGCdi_Lo, 5+ A) (complex from Claim [VIII]),

- (Hzlﬂ{Gch;_l’O, 5+ A) (complex we are interested in) and
— (HLy, 9).
Proposition implies that the whole complex is acyclic in degree d + 1, so all classes of the first page

in that degree cancel on further pages.
Let us take a class in the first row of degree d. Claim [VIII|implies that it is generated by W?iSCO”"(F )

for some f € Z and I being a class representative of a class in H (B<f’p‘"fGCOZQ[71],5 + DV). In

particular (6 + DV)(I") = 0.

That representative is sent to (§ + A)W?“CO"”(F) in the second row. Lemma implies that (§ +
A)me(I) = (6 + A)W?“CO""(F) + (0 + Q)rgen™(I) = 0, so (6 + A)ﬂ?isc‘m”(f’) is exact in the second
row, and can not represent a class. The class was chosen arbitrary, so we conclude that there are no
cancellations between first row in degree d and the second row in degree d + 1. The following lemma says
that there are also no cancellations between second and third row.

Lemma 7.14. In the spectral sequence of (HbeGC£1’0,5+A) containing rows HzlfHGCdil’O,
HzlfHGCciLO and HLg classes of H (Hzlﬂ{GCcil’O,5+A> and H (HLg,d) from the first page do

not cancel on the second page.

Proof. Suppose the opposite, i.e. there is I' € HzlfHGCci_LO and v € HL( that represent classes in

H (HzlfHGCCfLO, 0+ A), respectively H (HLg, §), and that cancel each other. Then, (§ +A)I" is in the
class of 7. We may choose 7 such that (§ + A)I" = ~.

Let I' = Zi21 H'I" where H'I is the part with 4 hairs. Propositions and m imply
sDW (H'T) — DW§ (H'I) = A (H'T),
2V (8D (H2) + D6 (H2T) ) = DDA (HT),

2VD® A (HI) = 0.
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Summing all those equalities using 6V = —V4é implies

6 (D™ (H'T) — 29D (HT)) =
=DW (§ (H'T") + A(HI)) —2VD®@ (§ (H2I) + A (HI)) + A (H'T).
Equality (6+ A)I" = v separated by the number of hairs says A (HII’) =~ and ) (Hif) +A (H”lf‘) =0
for i > 2, so

5 (D<1> (H'T) - 2vD® (H2F)) = .
Lemma [5.1] and definition imply that
DO (H'T) + D@ (H2r) = DO (H'T) + DD (H2T) = VD) ((H'T) + DY (H2T))
s0 it is in HLo, and v is exact in (HLj, 6), contradicting the assumption. 0

Therefore, a class in the middle row at degree d + 1, i.e. in Ht! (Hzlﬂ-IGC({LO, o+ A>7 can not

cancel with anything. Since everything cancels, there can not be a class in H¢ (HzlfHGCCL’O, o+ A).

That was to be demonstrated in this claim.

The last claim finishes the step of the induction. That was to be demonstrated in this proposition. [

Corollary 7.15. The map 7y : (Bgf’p”fGCgQ[—l],é—!—DV) — (FffHGCi_l,O,(S—FA) 8 a quasi-
isomorphism in every degree d > 2 (e > 1) for every f € Z.

Proof. Since the induction in the proof of Proposition is shown, all its claims hold for every d > 2.
We use Claim (779(- is quasi-isomorphism with differential § + Acp), skip Claims |[V| (removing hairless
part) and removing connected part), and the analogous arguments as in Claims (transforming
Acp to Ap) and m (transforming 7'('? to ﬂ?is‘”"”, this time to 7y) imply the result. O

We finish the proof of Theorem with the following proposition. It extends the result of Corollary
to the extra differential. The proof uses standard spectral sequence argument that sees a known
differential at the first page.

Proposition 7.16. The inclusions

(HGC_y 0+ A) < (HZlfHGCc22

—1,n>

6+ A) < (HZHHGCC! .6+ A)
are quasi-isomorphisms.
Proof. First of all we split all complexes as in (2.30)):

(C.6+A)=]] (F/C,6+A)
fez

where f = e+ h —v. On the mapping cone of any inclusion we set up a spectral sequence on the number
e —v. One checks that in each degree d = 1+ vn + (1 — n)e — nh the spectral sequence is bounded, so it
converges correctly. On the first page of the spectral sequence there is a mapping cone of the inclusion
of complexes only with the standard differential d, so it is acyclic by Corollary [£.10} Therefore the whole
mapping cone is acyclic, and the inclusion is quasi-isomorphism. O

Now Propositions and conclude the proof of the second part of Theorem saying that
the cohomology H (HGC_1,9, 6 + A) is one-dimensional, the class being represented by os.
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A Group action

In this section of appendix we clarify one way of calculating cohomology of a graph complex, by doing so first with
distinguishing some or all vertices.

In defining graph complexes we start with a graph with distinguishable elements (vertices, edges, hairs). The graph
complex is the space of invariants of a finite group that permutes elements acting on the starting space (recall subsections
and. Since the groups are finite, the space of invariants is isomorphic to the space of coinvariants. For the simplicity
we work with the former space.

In this paper we are interested only in the action of the symmetric group S, that permutes vertices, taking as a starting
space the space that already is the space of invariants of the action of the other groups. The same can similarly be done
with the other elements of the graph.

The space of invariants of the action p of finite group G on the space V is

VG = {y € V|py(y) =~ for all g € G}. (A1)

Let (V,d) be a complex and G a finite group acting on C by the action of degree 0 py : C — C for g € G. Let the action
and the differential commute, i.e.

pgd(vy) = dpg(7) (A.2)
for every g € G and y € C. The action of the group can be extended to cohomology of C as p4([7]) = [pg(7)] for [7] € H(C).

Proposition A.1. Let a finite group G act on a vector space C over a field of characteristic zero. Then
H (CG,d) = H(C,d)C.
Proof. Standard result. O

In particular, we are interested in the graph complex (C,d) where d does not change the number of vertices, i.e.

(C,d) =[] v C,d). (A.3)

v

Let VVC be the space with distinguishable vertices, before taking invariants of S,. E.g. for hairy graph complexes it is

> Spx(SexS8ye
PHMIGOS I (ijih ® sgn6> ( ) for n even, (A4)
—Lne - © shx(sexsgﬁ) ’
I, (Vu_,g,h ® sgn, ® sgn;, @ sgns e) for n odd,
c.f. definition [2:9] It is always
VUC = (VVC)S» (A.5)

and the differential on V¥C that does not change the number of vertices is induced from the one on V¥C. The proposition
gives us an easy tool to calculate the cohomology of the graph complex:

H(C,d) =[] H (V°C,a)%". (A.6)

Cohomology is often easier to calculate on the space VC with distinguishable vertices.

The more interesting use in this paper will be an intermediate step: distinguishing one vertex and indistinguishing
other vertices. On VVC there is the action of S, _1 that permutes first v — 1 vertices, while leaving the last vertex fixed. It
is the sub-action of the action of the whole S,. We define

VUC = (VUC) St (A7)

Let us consider the inclusion i : V¥C < V?C and symmetrization map s : VVC — VVC. The following proposition
states that it is enough to consider classes of H (V“C) in finding H (VVC).

Proposition A.2. Let (VVC,§) be a graph complex with v distinguishable vertices, and let Sy, act by permuting all vertices
and Sy—1 act by permuting first v — 1 vertices. Let VVC = (V”C)S“ and VVC = (\7“0) So=1_ Then

H(VYC,d) = si (H (V”C,d)) ,
where i : VVC < VVC is inclusion and s : VVC < VVC is a symmetrization map.

Proof. Standard result. Note that graph complexes are over a field of characteristic zero. O
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B Technical results

B.1 Unbounded remainder

The following lemma calculates the cohomology of (UR_1 5,6 + A) defined in Definition m

Lemma B.1. H(UR_1,,,8 + A) is 1-dimensional, the class being represented by o =3 <4 %af"

Proof. On UR_1,, we set up a spectral sequence on the number of vertices. The spectral sequence clearly converges
correctly. The first differential is A. In the first row there is just o1, and it survives on the first page. All other rows have
two terms, one with and one without A2, that cancel on the first page. Therefore, the cohomology must be 1-dimensional.
One easily checks that (§ + A)a = 0 and since o has o1 in the first row, it represents the class. |

B.2 Trivial vertex splitting

The following lemma shows that the differential that splits vertices without cancelling terms “adding an edge” and “ex-
tracting a hair”, makes cohomology trivial. The result is not the most general one, but adjusted to our needs in Proposition

E13

Lemma B.2. The complex fisielon

—1,n

with the differential I' — A(I") + Zzev (r) 3 sx is acyclic.

Proof. Let an antenna be a maximal connected subgraph consisting of at least one 1-valent vertex and 2-valent vertices.
Note that there are two kinds of linear graphs (those that do not have 3- or more-valent vertex) that are entirely considered
an antenna: hairless one (that is longer than two vertices) and the one with a hair on one end. They can also be a connected
component in a graph, and we call them linear antennas. Moreover, vertices that are not part of an antenna are called
quast-antennas.

The length of an antenna is the number of vertices in it, and the length of a quasi-antenna is zero. Let [ be the total
length of all antennas in the graph. We set up a spectral sequence on the number [ — e. The differential can not increase that
number. To ensure the correct converging of the spectral sequence, we split the complex into the product of complexes for
fixed ¢ = e+ h —v. For fixed degree e, h — v is fixed too. Since from the definition of fHGC n there is no o7 in the graph
as a connected component, with the fixed number of edges, the number of vertices v is bounded and so is the number of
hairs h. Therefore, for the fixed degree e and the row in the spectral sequence | — e the space is ﬁmte dimensional, and the
standard spectral sequence argument (e.g. [5, Proposition 19]) implies that the spectral sequence converges correctly.

It is easy to check that the first part of the differential is only extending an antenna. When summed all together,
even-length antennas (including quasi-antennas, i.e. vertices that are not in an antenna) are extended by one vertex, and
odd-length antennas are sent to 0. For linear antennas it is the opposite. There is a homotopy that contracts an odd-length
antenna and even-length linear antenna different than A (because the result would be o what is not allowed). There is
always an antenna (at least quasi-antenna) in the graph, so the homotopy implies the acyclicity. O

B.3 Results for Subsection [T1]
The following three lemmas are necessarily calculations used in the proof of Propositions [7.3] - 3land |7 -

Lemma B.3. (A“\'/BfHGC_LU, A) is acyclic for odd a > 3.

Proof. Like in the proof of Propositions[7-3|and [7.4] we set up a spectral sequence on the total valence of nonchosen vertices,
including hairs, and get two classes that survive second page: \1 Uoe—1 and ¢(Aa). Let

- a—1 6 o
; <i,j,a7ifjfl> €

H‘M |

where the upper vertex is chosen. We will work also with

— a—1 6 | ©
Z: <i,j,a7' ) =§+Z:(.

‘OIM‘



It is not an element of Aa\'/‘o’fHGC_LO because it has terms with an isolated vertex. It holds that

[
a—la—j—1 a—1 é)
A(g) = (-1’ ( . )
a—i—j—17
a—la—j—1
: (a —1)!
-2 (—1)?
= 2 Ve iy -
a—t—j—17j
a—la—j—2 (a—l
+2 —1)?
]2:;] ; ( )z' jlla—i—j5—2)!
a—i—j—2 3

The second sum after substitution i — 1 — ¢ gives exactly negative of the first sum, hence the result is zero. Recall that
Ap(I'Uog) where Uog means adding a stair whose dot becomes chosen, and Ag connects a hair to the chosen vertex.

N
Therefore
a1 © a1
A=A - A =—c , —
205) ey 25
a—j—1 j
Let
a—1 a
=G e
Jj=1 a—j J
&y
=Ry r=vere e
j=0 a—j J a
It holds that
Xa: a! ( ) . ‘12_:12 (a—l)
v) = —_— - ® ® +5 @ g = . ® s,
— J'(a =) o a—j—1 j ]afj j—1 =0 ‘ J a—j—1 j

A(v) = A(D) — 2adq,

A(2a€ + ¢(v) = 2aA(€) + ¢(A()) = —2aé(Aa).

Element 2a¢ + é¢(v) contains A\jUc,—1 that survives the second page of the spectral sequence, and the target is exactly
multiple of A, that also survives, so the two cancel each other. That was to be demonstrated. O

Recall (7.2):

(Y
- — X ) ays3
pa = a1 7Y Aemi € ATVIHGC 10,

Lemma B.4. For even a > 2 it holds that
A(pa) = 0.
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Proof.

Zz'(a—z—Q)

Addend i = 1 of the first term is zero because of symmetry reasons, exchanging two edges gives the sign —1. Other addends
of the first term for 7 cancel the third term for ¢ — 1, while the second term is easily seen to be 0 for even a, concluding the
proof. O

Lemma B.5. For even a > 2 it holds that
c(pa) = 0.

Proof. Because of the symmetry ¢(A\q) = 0 for every a > 1. Therefore

a—1 (_1)1

c = ——————¢(oy) UA = —/\ U
(pa) Ei!(a—l—z)'(l asi Z(z—l'(a—l Y asi

=1

Exchanging edges gives A\; U Aq—; = —Aq—1 U \;, so the substitution i — a — 1 gives
— )a 1
= —)\ U
c(pa) = ; i—Dla—1—4) a—i-

For a even this is exactly negative of the upper expression, so ¢(pq) = 0. O

B.4 The morphisms 7

The following three lemmas are needed to define the morphisms 7 in Subsection |7.6] n Recall -

Em: Z Hkl(21+1 ) ;11117

k; >0 >0 >0

> zk,—
and that we mean I'U Xy = I”

Lemma B.6. For every m > 1 it holds that
(6+ A)(Zm) =0.
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Proof. We first calculate (X, ). In all sums, products and unions 4, ¢’ and j are > 1.

5(2m): Z Hk:'( 21_"_1 <Zk6 U2’+1)UU22+1 UU0'2]+1) =

Ek >0 i
ik;=
(-1 oot
— Uk;—1
= Z Z R yFi H Vi Z( ) $ ? Uosy UU‘72]+1:
k>0 7 (ki —1)! ((27’+ n! 23 + Y% =1 2h 2i—2h+1 i

Z.lk* k;>0

> z()w )

>0 ¢ 2h 2i—2h+1
> zk =m ki>0

()™)Y i) )-

J#i
1 1 -1 Uk;
et VU (i) ).
; kaz:o N2+ 1! 95 9574y L;J CAANCTES N
i+i/+zj jkj=m
Let us now calculate A(X,):
Uk;
AZm)= > Hk' 22+1')k (Zk 1)(2i+1) 9 Uoy | UU"2J+1+
k; >0 27 2i+1 i
Z,. zk,b_

. Uk, — Uk i .
+ D kiky (20 +1) ?—/, U ‘721'+1 Tairs1 v U ‘723+1 =
il 2 2i/+1 g
i’

1 Uk; —2
X Al

Z iy =m ki >2

1 -1 Uk; —1
> < @+ D) g gy ) ((ki—l)! ((2i+1)!02”1> >U

k;>0
Z'“ﬂ*mz;éz kl,k r>1

1 —1 Uk —1 1 —1 Uk
N <(k —1)! ((22‘/ - 1)!"“'“) ) vU (kﬂ (<2j+ 1)!"2“1) ) -

J#i

> Y aery ) PU (G () )
= “5o N2+ 1) 5, 90y F ki \ (25 + 1) 2j+1

2z+z jkj=m

! o U 1 -1 . Uk;
+ Z Z 202" + 1) o, .0 LJJ k; Tl (W02J+1)
J

;>0 2i 2d/+1
1731 i+ +Z jk =m
1 -1 Uk
T\ oo .
k (25 + )1 T

1
S SR SRR (S
iyi k;>0 <(21)'(21 "D 9 9t
iti +30 5 jkj=m

We get exactly the negative expression of §(Xm), so (6 + A)(Xm) = 0.



Lemma B.7. For every I' € fGCg1 and m > 0 it holds that

m—1
2”(F) UXm— n) — A (D) U Zppey — X2(M) U A(Zm,n)) =

n=0
Z 2n)‘ 5X2n(F) - X2n5(F)) UXm—n,
n=0

m—1

1)' (AC U U Zmen) = AP HID) U Zien — X2 HD) U A(Zm—n)) =
n=1

== % Gy (XD =X U B

Proof. Let us prove only the first equation, while the second equation is similar. We make notations such that the claim is
> Lp =—>3 Rp. Ly is exactly the part of A (XQ"(F) U Zm,n) that connects XQ"(F) with X, _n. It can be done in two
ways, a hair from x2"(I") connects to a star in X, _p, or a star from Xy, _, connects to x2*(I"). In both cases “a flower”
with 2 or more hairs is added to x2*(I"). Let fi be a map that adds a flower with k hairs to a vertex in all possible ways.
In all sums ¢ and j are > 1. It holds that:

1
= > Hik Zk (2nfoip1X® NI + (20 + 1) faix®™ (1) Uiy UU%H—
(2n)! 130 k(27 + 1)1 i

E jkj—m n

1 . 1 n 1 —1 AN
=2 % (a0 g o) (5 (o) ) -
Z+E ]kj—m—n

1 n— 1 . n .
= —; (mf2i+lx2 I(F) + waf (F)) UXm—n—i-

On the other side there is

A > (506 () = as (" (1) = hwhea (1) = 3" (s2(1) 4 X" (@) )

where = runs through vertices of I'. It is clear that s, (x?"(I")) = x2"(sz(I")). In x?"(az(I")) hairs are added to vertices of
I or to the new vertex of the antenna. Terms —ay(x2™(I")) and —h(x)es(x?™(I")) cancel exactly the terms of x2"(ay(I"))
where no or one hair is added to the new vertex. So

R, = Zmn Z (") r0em i) = Z e i) U S
@2n)t g N = il(2n —9)!

Now a simple play with the sums leads to the result. O
Lemma B.8. For every I' € Bl’fGC(?1 and m € Z of the same parity as b it holds that
(6 + A () = 7m (6 + DV)(I)
in the space fHGCELO.

Proof. The left-hand side is

m—b —b
2 1 1
S+ ANmm(D) =0+ A — P UE - —  TID(NHUT . =
0+ A)mm (1) = (6 + 4) nZ::O @ (I mos_, . @i (I meb_,
m;b ( ) ) m;b71 )
5 (x*™(I") X ()
= N UD UdZ m—s
7;) (2n)! PR ;) (2n)! z
m-b ( on—1 ) A 2n—1
s (" D(I") X" 1D(I)
- e USmo_ + Y, et U6Tmon
—_ (2n —1)! Pl —_ (2n —1)! z
et A (x%(m uzm;b,n) met (x2"‘1D(F) uzm;bfn)
' >
= (2n)! = (2n —1)!
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Using Lemmas @ m and @ and Proposition @ it follows that:

2 2n 2n
X2 ( F) X" (1)
0+ A UX U o
(0 + A)mm (I Z 2n)! —b_ (2n))! —b_,
7n2—b 5 N 7n2—b_1 9 1
n=9D(I" n=iD(I
-3 "271(')u2nkb_n+ %u&zwb_
L Eonr CTeeee T 2 Tgamyr U
"5 AN2(D) U e, P12 () U A
oy oo =
= (2n)! = (2n)!
S ATID(D) U Sy X2 DN UASm s
2
- +
= (2n — 1)! = (2n — 1)!
m—b m—>b
Z ng(r z n=1ps(r
(K ¥ ) = X (o )
n—=0 (2n)! 1 (2n —1)! 2
m—b
2 2n—2
X"T2DV(I)
UZ’VVL*
+ Z (2n —2)! F-n
n=1

The right-hand side of the claim is 7, (§(I") + DV(I")). The first term under my, is in BbfGCozl, and the second one
is in Bb‘*'ZfGngl7 so by Propositions and it follows that

—b

3

2
mm (8 + DV)(I) = 2 (22)!X2”6(F) UZmob_, = (2n @i X2 TIDs(M) U Tmon_,
m2—b 1 .
X2"DV(I') U b,y = > WXZ"’IDDV(F) Umob_, ;-
This is the same result as on the left-hand side, what was to be shown. O

C New waterfall mechanism

In this section of appendix we will use other results from the literature and give an idea what these results, together with
our result, imply. More precisely, we will explain the “waterfall mechanism” introduced in [6], and give some examples.
There is a Lie bracket on HGCyy,,, defined as

[FLFQ}=A(F1UF2)7AF1UF27F1UAF2, (Cl)
i.e. it transforms a hair from one graph to an edge connecting to the other graph. Let
1

h1 = Z T 02k+1- (CQ)
& @k +1)!

It is a Maurer-Cartan element in HGC, _1, . Recall that x(l) adds a hair in all possible ways. We have the following
theorem.

Theorem C.1 ( [I6/I7[191[6]). There are quasi-isomorphisms
(fGCez2,6) = (HGCpm, 6+ x1),
K (fGCC%Q,(S) — (HGCp—1.n,6 + [h1,-]) .

Furthermore the spectral sequence obtained by the filtration by number of hairs abuts at the second page in the first case.

We call the spectral sequence arising from the deformed differential of Theorem [I.1] the first spectral sequence, and the
one arising from the deformed differential of Theorem @ the second.

The convergence of both spectral sequences implies that the hairy graph cohomology classes must come “in pairs”, apart
from classes that come from fGCcTZL2 in the second spectral sequence. More concretely, given a hairy graph cohomology
class I', it will survive up to some page of the spectral sequence, on which it is either killed by or kills (the image of)
another hairy graph cohomology class.

Non-loop classes [I'] € H(GCx,d) are sent to [x(V)(I")] in Theorem so those classes always have 1 hair. Loop
classes are sent differently, see [I6] for more details. Let I" live in tri-degree

(cohom. degree, number of hairs, e — v) = (d, h, b).
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Then the “partner class” from the first spectral sequence lives in tri-degree (d + 1,h — j,b+ j) (or (d — 1,h + 5,b — 7))
for some yet unknown positive integer j. Then the “partner class” from the second spectral sequence lives in tri-degree
(d+1,h+1,b) (or (d—1,h —1,b)), since the spectral sequence abuts on the second page.

Now, using the constraints provided by the first and the second spectral sequences together, we may construct a large
set of hairy graph cohomology classes from (assumed to be known) non-hairy classes. Concretely, we pick up a non-hairy
class and embed it into the hairy complex, find its partner from the first spectral sequence, then partner’s partner from the
second spectral sequence, then its partner again from the first spectral sequence etc., until at some point we reach another
hairy graph cohomology class that comes from non-hairy one.

For an illustration of the process, see the computer generated table of the hairy graph cohomology in Figures @ and
21} in which (some of) the cancellations in the two spectral sequences have been inscribed. In Figure [20| we see a string of
4 classes formed by waterfall mechanism.

This mechanism was described and proven in [6] for even n. It was also described for odd m where it was only
conjectured.

0 1 2 3 4 5 6 7
9 29
4\
8 11 23
N
7 29 54 14
N

6 11 23 35,13 45

" N NN

5 12 34 6s 1s
+ +

40 1, 13 25 37,15 49,37

NN N X

3 12 14 36 4g
A~ A~ A~ A~
2 13 15 27

29
N N N N
14 16 28 210,17 1o

Fig. 19 [0, Figure 2] Computer generated table of the dimensions of the hairy graph cohomology dimH(HGC_1,1). The
rows indicate the number of hairs h (1), the columns b = e — v (—). A table entry 13 means that there the degree 3
subspace is one-dimensional. The arrows indicate (some of) the cancellations of classes in the two spectral sequences. The
computer program used approximate (floating point) arithmetic, so the displayed numbers should not be considered as
rigorous results.
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