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Abstract

Given a complex manifold endowed with a C*-action and a DQ-algebra
equipped with a compatible holomorphic Frobenius action (F-action), we
prove that if the C*-action is free and proper, then the category of F-
equivariant DQ-modules is equivalent to the category of modules over the
sheaf of invariant sections of the DQ-algebra. As an application, we deduce
the codimension three conjecture for formal microdifferential modules from
the one for DQ-modules on a symplectic manifold.

1 Introduction

Relying on the notion of Frobenius action for Deformation quantization modules
(DQ-modules) introduced in [KR08], we establish an equivalence between the cat-
egory of coherent Frobenius equivariant DQ-modules and the category of modules
over the sheaf of invariant sections of the DQ-algebra. This result applied to the
special case of the canonical DQ-algebra W on the cotangent bundle provides an
equivalence between coherent F-equivariant DQ-modules and coherent microdif-
ferential modules on the projective cotangent bundle. This equivalence permits
to deduce the codimension three conjecture for formal microdifferential modules
[KV14] from the one for DQ-modules on a symplectic manifold [Pet17].
Deformation quantization algebras (DQ-algebras) are non-commutative formal
deformations of the structure sheaf of a complex variety. They are used to quantize
complex Poisson varieties. In the symplectic case, they are often presented as an
extension of the ring of microdifferential operators to arbitrary symplectic man-
ifolds. The ring of formal microdifferential operators &£, introduced in [SKK73],
is a sheaf on the cotangent bundle of a complex manifold that quantizes it as
a homogeneous symplectic manifold. DQ-algebras and in particular the canoni-
cal deformation quantization of the cotangent bundle WV ignore the homogeneous
structure and quantize this bundle as a symplectic manifold. This allows one to
produce quantizations of arbitrary complex symplectic manifolds using W (see
[PS04]) and in some sense extends formal microdifferential modules to arbitrary
symplectic manifolds (Note that it is always possible to quantize complex Poisson
varieties as proved in [CH11, Yek05] building upon ideas of Kontsevich [Kon01]).
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The ring Wisan & algebra. Hence, it is natural to ask if it possible to identify
those W-modules which are extension of &-modules. For that purpose, it is nec-
essary to add an extra structure to encode the compatibility with the C*-action
on the fibers of the cotangent bundle. This can be achieved by using the notion of
holomorphic Frobenius action. They were introduced by Masaki Kashiwara and
Raphaél Rouquier in their seminal work [KR08|] which introduced an analogue of
Beilinson-Bernstein’s localization for rational Cherednik algebras. Objects origi-
nating from deformation quantization are defined over the ring of formal power
series C[[h]] or its localization with respects to 7 that is the field of formal Laurent
series C((#%)). This makes these objects too large for many applications since what
is often required is an object satisfying certain finiteness assumptions over C. To
overcome this difficulty, they introduced, in [KR08], the notion of W—algebra with
a holomorphic Frobenius action or F-action for short. Given a complex symplectic
manifold X endowed with an action of C* and quantized by a DQ-algebra, a F-
action is a compatible action of C* on the DQ-algebra, acting on the deformation
parameter A with a weight. This allows one to rescale W and the WW-modules with
respect to A. These actions have been subsequently used by several authors in
problems arising from the study of the representation theory of quantized conic
symplectic singularities, and in particular rational Cherednik algebras (see for in-
stance [BDMN17, BK12, BLPB12, McG12, Los12, Los15])

In this paper, we study the notion of DQ-modules endowed with a F-actions.
The definition of a F-action initially provided by Kashiwara and Rougier is a
punctual definition which makes it difficult to use for problems of global nature as
questions of analytic extension (i.e. extending a F-action through an analytic sub-
set). Hence, we provide a reformulation in the spirit of G-linearization of coherent
sheaves (see [MFK94, Ch.1 §3]). Given a DQ-algebra Ax, on a Poisson manifold
X, endowed with a F-action, and assuming that this action is free and proper, we
establish an equivalence between the category of coherent DQ-modules endowed
with a F-action and the category of modules over the sheaf of invariant sections on
the quotient space Y = X/C* (Theorem 6.11). Here we have to work on the quo-
tient space since C* is not simply connected and F-equivariant DQ-modules are
constant along the orbits. Our result generalizes the first example of [KR08, §2.3.3]
(provided without a proof) which states an equivalence of categories between good
W-modules and good micro-differential modules. We extend this example to DQ-
modules over arbitrary Poisson manifold and relax the finiteness conditions by
only requiring the DQ-modules to be coherent. To obtain this equivalence of cat-
egories, we first prove that a locally finitely generated Ax-module endowed with
a F-action is locally finitely generated by locally invariant sections (Theorem 5.5).
This implies that if M is coherent, it locally has an equivariant presentation of
length one (Corollary 5.8). We prove that the invariant sections functor and the
equivariant extension functor form an adjoint pair (Proposition 6.2) and estab-
lish the coherence of the sheaf of invariant sections (Theorem 6.9). Then we can
prove the equivalence announced earlier (Theorem 6.11). As an example, we con-
struct the weight one F-action on the canonical deformation quantization W of
the cotangent bundle and obtain as a corollary of Theorem 6.11 an equivalence
between coherent WW-modules and coherent formal microdifferential modules on



the projective cotangent bundle (see Proposition 6.16 for a precise statement).
Finally, we use this result to deduce the codimension three conjecture for formal
microdifferential modules initially proved by Kashiwara and Vilonen (in the formal
as well as in the analytic case) in [KV14] from its DQ-module version proved in
[Pet17]. For that purpose, we have to extend F-action through analytic subsets,
which is one of the reason, we defined F-actions in a non-punctual manner.
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2 Preliminaries on DQ-modules

We write C" for the ring of formal power series with complex coefficients in A and
C™1o¢ for the field of formal Laurent series. Let (X, Ox) be a complex manifold.
We define the sheaf of C"-algebras

O% :=1im Ox ®(C"/p"Ch).
ke ¢

Definition 2.1. A star-product denoted x on O% is a CP-bilinear associative
multiplication law satisfying

fxg= ZPi(f,g)hi for every f, g € Ox,

i>0

where the P; are holomorphic bi-differential operators such that for every f,g €
Ox, Po(f,g) = fg and Pi(1, f) = Pi(f,1) = 0 for i > 0. The pair (O%,x) is called
a star-algebra.

Definition 2.2. A DQ-algebra Ax on X is a C%-algebra locally isomorphic to a
star-algebra as a Cl-algebra.
Notations 2.3. (i) If Ay is a DQ-algebra, we set Alg¢ := CMloc ® Ax,
C g
(ii) if X and Y are two complex manifolds endowed with DQ-algebras Ax and

Ay then X XY is canonically equiped with a DQ-algebra Ax«y := AxXAy
(see [KS12, §2.3]). There is a canonical morphism of C"-algebras

pg: p;lAX - Ax KAy - Axxy

and this morphism is flat ([KS12, lemma 2.3.2]).

(iii) We denote by Mod(Ax) the Grothendieck category of left Ax-modules, by
Modeon(Ax) its full abelian subcategory whose objects consist of coherent
Ax-modules. We use similar notation for the left A'2*-modules.



There is a unique isomorphism Ax/hAx — Ox of Cx-algebra. We denote
by o9 : Ax — Ox the epimorphism of Cx-algebras defined as the following
composition

AX — Ax/ﬁAX ; Ox.
These data induce a Poisson bracket {-, -} on Ox defined by:

for every a, b € Ax, {oo(a),o0(b)} = ao(h™ " (ab — ba)).

Lemma 2.4. Let (O% x) be a star algebra and v : O% — O% be a C-linear
derivation of (O%,x) such that there exists vo € Der(Ox) such that for every
u € O%, ogov(u) = vgooag(u) and v(h) = mh. Then, there exists a unique
sequence (vi)g>o of differential operators such that for any f € Ox,

v f):ZhiUi(f)

i>0

In particular, for every u =3y, hiu; € ok,

Z <Z R R (ug) + mzhlul> (2.1)
_Zh"< Z U ul)—i—mnun). (2.2)

i+k=n

Proof. This proof is an adaptation of the proof of [KS12, Lemma 2.2.3]. It is clear
that there exists a sequence (vg)r>o of endomorphism of Ox such that, for every

feOx
:Zhivi(f)

By assumption v is a differential operator. We will prove by induction that the
v are differential operators. Assume that this is true for £ < [ with [ € N.
Let (P,)nen be the sequence of bidifferential operators associated with the star
products *. By assumption v is continuous for the i-adic topology, thus for every
f7 g€ OX,

v(fxg)=> vWPi(f,9) =D K| Y vi(Pi(f.9)) +mnPu(f.g)

§>0 n>0 i+j=n

and

Fro(g)+o(f)xg =D " > (Pu(fv5(9) + Pu(vi(f), 9))-

n>0 Jj+k=n

Since v(f xg) = f *v(g) + v(f) x g, we obtain

> wilPi(f,9) +mnPu(f9) = D (Pu(f,v5(9) + Pe(vi(f), 9)) -

i+j=n j+k=n



Using the induction hypothesis, we deduce from the above expressions that

u(fg) +Qi(f.g9) = fulg) +u(f)g+ Ri(f,g)

where @; and R; are bidifferential operators. This implies that

(v, 91(f) = vi(fg) — gu(f) = fulg) — Qu(f,9) + Ru(f,g)

Since Q;(+, g) and Ry(+, g) are differential operators, it follows from [KS12, Lemma
2.2.4] that v; is a differential operator. O

2.1 The canonical deformation quantization of the cotan-
gent bundle

Let M be a complex manifold. The cotangent bundle of M, X :=T"M is equipped

with the sheaf £x of formal microdifferential operators. This is a filtered, conic

sheaf of C-algebras. We denote by £x(0) the subsheaf of £x formed by the oper-

ators of order m < 0. These sheaves were introduced in [SKK73]. The reader can
consult [Sch85] for an introduction to the theory of microdifferential modules.

On X, there is DQ-algebra WX(O) which was constructed in [PS04]. Here, we
review their construction.

Let C be the complex line endowed with the coordinate ¢ and denote by (¢;7)
the associated symplectic coordinate on T*C. We set

Er-(uxc),i(0) = {P € Er-ai; [P 0] = 0}
We consider the following open subset of T*(M x C)
T2 40(M x ©) = {(,:6,7) € T*(M x ©)|r # 0}
and the morphism
p: Tf,o(M x C) = T*M, (z,t:£,7) — (2:£/7).
We obtain the C’%-algebra

Wx(0): = pe (€ (arx),i Oz, (v <)) (2.3)

-

where /i acts as 771, A section P of W\X(O) can be written in a local symplectic
coordinate system (z1,...,Tn, U1,...,Uy) a8

P = ij(l'vui),rja fj S OXv .7 € Z.

Jj<0
Setting h = 77!, we obtain

P =3 filw,u)h*, fr € Ox, k€N

k>0



We write WX for the localization of WX(O) with respect to the parameter A.
There is the following commutative diagram of morphisms of algebras.

,§X<_L> WX

] )

Ex (0)—= Wy (0)

where the algebra map ¢ : fX — WX is given in a local symplectic coordinate
system (T1,...,%n, Uty ..., Un) BY T3 > 34, Op, — A 1.

3 Section depending on a complex parameter

Let X be a complex manifold endowed with a DQ-algebra Ax. We consider the
DQ-algebras Acxx = OEEAX on C x X. We denote by t the coordinate on C,
by po: C x X — X the projection on X and by p; the projection on C. Note that
Acx x is a left De-modules and in particular a left O¢-module. Let ¢ € C, denote
by m; the maximal ideal of O¢; and consider the morphism

ir: X = Cx X, z— ().
Then, we have an evaluation morphism
1 1 1
eve: iy Acxx — iy Acxx/me(l;  Acxx) ~ Ax
u > u(t).
and
. +—1 4loc -—1 gloc -—1 gloc ~ Aloc
eve: iy A x =iy Afix)/mu(iy AL x) ~ AR
u = u(t).

Notations 3.1. (i) Let (f, f¥): (X,Rx) — (Y,;Ry) be a morphism of ringed
spaces. As usual, we denote by f* the functor

f*: Mod(Ry) = Mod(Rx), M= ffM:=Rx ® f ‘M.
7Ry

(ii) In order to keep the number of notations to a bearable level, we will write in-
distinctly psM for Acxx ® ps ! M and for A(lc"; x @ py ! M depend-
Py Ax py ARe

ing of whether M is considered as an Ay-module or an A'2*-module.

Definition 3.2. Let M be an Ax-module (resp. a A°-module) and set N' =
p3M and consider s € N. The module N is a Dc-module. The derivative with
respect to t of a section s in A is the section 9;s. It is denoted s’ and called the
derivative of s.



Definition 3.3. Let U be an open subset of C and let M be a coherent Ax-
module (resp. AY°-module). Let (s(t))ier be a family of section of M. We
say that (s(t)):ev depends holomorphically on ¢, if locally there exists a section
s € psM such that ev:(s) = s(t).

Proposition 3.4. Let X be a complex manifold and F be a coherent Ox -module
on X and U an open subset of C x X, u € piF(U) such that for every t €
p2(U), u(t) =0. Then u = 0.

Proof. This question is local. So, we can assume that we are working in the vicinity
of a point (tg,x) € C x X. We identify the local ring (Ox ., m,) with a subring
of the local ring (Ocx x,(to,2), M(te,2)) Via the morphism of locally ringed spaces
induced by the projection py: C x X — X . We denote by v, ) the ideal of
Ocx x,(to,2) generated by m,. For every ¢ € N, we have

(P3F ) (t0,2) [ (s,2) (P2F ) (t0,2) == Oc o @ Fo /MG T

Writing uy, (z) for the image of u in (pg]:)(to,x)/tgtoyz) (P5F ) (to,x) and choosing an
isomorphism F,/miF, ~ C", we can identify w, (z) with a vector (f1,...,fr)
where the f; € Oc,y,. It follows from the assumption that there exists a neigh-
bourhood V of ¢y such that for every t € V, f;(t) = 0. This implies that u, () =0
that is u(,,z) € t‘(]z’to)(pg]:)(w7t0). AS t(z10) C Mz o) and (p3F)(¢,,2) is a finitely
generated Ocyx x,(ty,z)-module, it follows from the Krull intersection lemma that
u(to,x) =0. O

Proposition 3.5. Let M be a coherent Ax-module, set N = piM , U an open
subset of C x X and let w € N(U) such that for every t € p1(U), u(t) = 0. Then
u = 0.

Proof. The O¢x x-modules A" N /R A are coherent and
BN RPN ~ pi (R M /BT M). (3.1)

Let ug be the image of u via the map N — N /AN Tt follows from the assumptions
that for every ¢ € p1(U), ug(t) = 0 and form the isomorphism (3.1) that ug €
p5(M/hM). Then by Proposition 3.4, ug = 0. That is u € hN.

Let us show by recursion that v € (-, A"A. We just proved that v € hN.
Assume that v € A"N and denote by u, the image of u via the map N —
"N /R"TIN . By the isomorphism (3.1) we identify u, with a section of the
coherent Ocyx x-module p3(h" M /"1 M) such that for every ¢, u,(t) = 0. Thus
by Proposition 3.4, u, = 0 that is u € h"T'N. It follows that u € ()5, A"\ and
N> "N = (0) by [KS12, Corollary 1.2.8] which proves the claim. O

Corollary 3.6. Let M be a coherent A'2°-module and let N' = p3M. Let U an
open subset of Cx X and u € N(U) such that for everyt € p1(U), u(t) = 0. Then
u=0.



Proof. Let (t,z) € C x X. There exists an open neighbourhood V x U C C x X
of (t,x) and finitely many u; € M|y such that M|y = >, A%u;. We consider
the Ay-module M’" = 7. Axu;. It is a finitely generated Ay-submodule of the
coherent A!9°-module M. Thus, M’ is coherent. Shrinking V x U if necessary
and multiplying u by A" with n € N sufficiently big, we can assume that A"u €
Ay« ®4, M’. The section h™u satisfies the hypothesis of the Proposition 3.5.
It follows that A"u = 0. But, the action of A on N is invertible. It follows that
u=0. O

Corollary 3.7. Let M be a coherent Ax-module (resp. A-module) and set
N = piM. Let U an open subset of C x X and v € N(U) such that for every
t€p(U), w'(t) =0. Then u € p; ' M.

Proof. Since M is coherent, locally it has a presentation
0=-Z A% - M—0.
Since Acy x is flat over Ax, the module N has the following presentation
0= AcxxZ = A x = N = 0. (3.2)

Let (tg,z0) € C x X. There exists an open neighbourhood V of (tg,z¢) and a
section s = Y"1 | a;e; € A% «|u such that its image in N is u.

By hypothesis v/ (t) = 0, it follows from the Proposition 3.5 (resp. the Corollary
3.6) that u' = 0 which implies that we can write

/— . .
5 —E bjv;
J

with b; € Acxx and v; € Z. Let ¢; be a primitive of b; in a neighbourhood
of to and set w = >, ¢; ® v;. Thus (s —w)" = 0 in AF, v which implies that
S —W € py 1A§}. Finally since s — w and s have the same image in N, it follows
that v does not depend on ¢ i.e u € p2_1/\/l. O

4 Holomorphic Frobenius actions

In this section, we precise certain aspects of the definition of a F-action on a DQ-
algebra or on a DQ-module. This notion was introduced in [KR08, Definition 2.2
and Definition 2.4].

Let (X,{-,-}) be a complex Poisson manifold. We assume that it comes
equipped with a torus action, C* — Aut(X), t — p; such that pi{f, g} =
t="{us f, nig} with m € Z*.

Notations 4.1. e We denote by o: C* x C* — C* the group law of C*,
o 11: C* x X — X the action of C* on X.

o : C*x X 5C*x X, (t,x) — (t, u(t,x))



e for t € C*, the morphism

i1: X 5> C* x X, z— (t,2).

o We write p; (resp. fi;) for the composition o iy (resp. fi o).

e Consider the product of manifolds C* x X. We denote by p; the i-th pro-
jection.

e Consider the product of manifolds C* x C* x X. We denote by ¢; the i-th
projection, and by ¢;; the (7, j)-th projection (e.g., ¢13 is the projection from
C* xC* x X to C* x X, (t17t2,$3) = (tl,.rg)).

e Recall that in all this paper, Ax is DQ-algebra and we write Acx  x for the
DQ-algebra O, KA.

Lemma 4.2. Let 0 : LY Acx « x — Acx xx be a morphism of sheaves ofpl_lOCx -
algebras such that the adjoint morphism ¥ : Acx xx — IxAcx xx 18 a continuous
morphism of Fréchet C-algberas. Then the dashed arrow in the below diagram is
filled by a unique morphism A of qﬁl(’)(cx <cx -algebras. If 0 is an isomorphism
then X also.

. —_ id x8
(idex x71) "1 (Ogx B Agx y x) —> Ocx B Acx w x

|

: ~ 1
(idex xm) " Acx xex xx — — e Acx xex xx

Proof. By adjunction, it is equivalent to show that the dashed arrow in the below
diagram is filled by a unique map of ql_; Ocx «cx-algberas.

idx6 . -
(Ocx B Acx xx) — (idexx i) (Ogx B Acx » x)
Acxxexxx = = — = = (ldexx ) e Acx xex x x
P
Denoting by X the external product of presheaves, there is a morphism
P~ P p
idX86: O(CX IZlACXxX _>O(C>< &,U*Acx X X (41)

DQ-algebras, the sheaf Ocx as well as i, Acx x x are sheaves of nuclear Fréchet
C-algebras. Moreover, there exists a countable basis B of open set of C* x C* x X
of the form U; x V; such that Acx x|y, is isomorphic to a star-algebra. Evaluating
the morphism (4.1), on the U; x V; € 9B, we get the continuous morphism of

P~
topological C-algberas idy, X6y, (As the spaces we consider are nuclear, the choice



of a topology on the tensor products does not matter. For instance, we endow all
the tensor product of nuclear spaces with the projective tensor product topology).

(1d®9)U1va Ocx (Us) @x Acx x (Vj) = Ocx (Us) ®x fieAcx x x (V)

P~
By definition the morphisms idy, Xfy, are compatible with restrictions and
applying the completion functor to the above morphisms, we obtain the following
diagram

O (U1) @5 Ack x (V) 2225 O (U1) @1 fisAcsnx (V)

Ocx (Us)@rAcx x x (V) BLLLd Ocx (U)@nfisAcx x x (V).

We have obtained a family of morphisms of Fréchet algebras {id ®§}Uixvje‘3~
We describe the completion of the topological vector spaces

Ocx (Ui) ®x Acx x (V) Ocx (Us) ®@r fixAcx xx (V).
Observe that, on Vj, there is an isomorphism of Fréchet algebra
Acxxx (V3) 2 Oy x (V)
Hence, we obtain a continuous inclusion with dense image
OCX( )®7TO(C><X ‘—)HOCX ®ﬂOCxXx(V)

Applying the completion functor and using the fact that it commutes with prod-
ucts, we obtain the following isomorphisms algebras

O(CX( )®7r (CXX _>HO(C>< ®7rO(C><><X(V) ACXX(CXXX(Ui X ij)
Similarly, we have that
Ocx (Us)@rieAcx x x (V;) 2= (idex X[1)wAex xex xx (Ui x Vj).

Hence, we have obtained a family of morphism of C-algebras {Acx wox xx (Ui X
V;) = (id x 1)« Acx xox x x (Ui X Vj) }u, xv;ess which extends to a unique morphism
of sheaves on C* x C* x X, A\: Apxxcoxxx — (1d X))« Acx wox x x- O

By [KS12, Lemma 2.2.9], there is a canonical morphism

g, -1
d23: a3 ACX xX —7 A(CX XCXx X+

We obtain the morphism A as the composition

(id <) gl _~_ A
— 8 ( d XM) 1A(C>< XCXxX —* A@x XCX XX+ (42)

A: (ld X,u)_l.A(cx x X

10



We introduce the functor
Evi: Mod(p; ' Ocx) — Mod(Cx)

M= a N (Ocx ¢ /my) ® i M~ iy M a my i T M.

o

ax Cex oy

In particular, Ev,(Acxxx) ~ Ax and Ev, (5 " Acx xx) =~ pu; " Ax.
The following definition should be compared with [KR08, Defintion 2.2] and
with [BLPB12, p.15].

Definition 4.3. A F-action with exponent m on Ax is the data of an isomorphism
of pl_lO(Cx—algebras 0: 17 Acx «x — Acx x x such that

(a) the morphism 6, := Ev(0) satisifies 6; = id,
(b) for every t € C*, 6,(h™) =t""h",

(¢) the adjoint morphism of g, {/; s Acx wx — e Acx x x 18 a continuous morphism
of Fréchet C-algberas,

(d) setting

1 ;—11)2 ~_1 0,
92[1 AX — U A(CXXX‘)A(CXXX
the below diagram commutes,

(idex xp)~ 'O B
(idex xp) ™ Aex xx

|

-A(CX XCX x X

T

(o x idx)il.A(Cx x X

(idex xp) 't Ax

o Xi —1g
(o x idx)~tp~ 1Ay 09

where A is provided by Lemma (4.2).

Definition 4.4. A F-action on AY° is the localization with respect to & of a
F-action on Ax.

Remark 4.5. It would be possible to define directly the notion of F-action on
Ale but the definition would be slightly more involved. Moreover, any such action
would be induced by a F-action on Ax. This justify the choice of our previous
definition.

The pair
(is, ev) : (X, ARS) = (C x X, A x) (4.3)

is a morphism of ringed spaces. The F-action on Ax induces another morphism

of ringed spaces
(1, 0): (C* x X, ALS ) = (X, AR°). (4.4)

11



Remark 4.6. A word of caution about Morphism (4.4). This morphism is a
morphism of C-ringed spaces but not of C"-ringed spaces.

The morphism
A (idxﬂ)_lA(lCOSxX _>A<ZCO>§><(C><><X (4'5)

provided by Lemma 4.2 and the data of the F-action 6 on A%2¢ allows to define a
morphism of ringed space

(id x g, A): (C x CF x X, ARE oy x) = (C x X, AlS ).
The morphism of sheaves
O'ﬁt O'ilo(cx — O(Cx xCX
induces a map
[
[N (0’ X idx)_lAcx x X Uﬁl}d Acx XCX x X
which provides a morphism of ringed spaces
(0’ X idx,a)i ((CX x C* x X,ACX xCX ><X) — ((CX X X,A(Cx ><X)'
Lemma 4.7. The morphisms of sheaves of rings 8, A\ and o are flat.

Proof. The proof for 6 and A are similar. Hence, we only provide the proof for
0. Since 6 is an isomorphism it is flat and = 'p} is flat by [KS12, Lemma 2.3.2].

Thus, 0 = 0o /flpg is flat.

We now prove the flatness of . Since o is a submersion, for every (t1,t3) €
C* x C*, there exist an open neighbourhood W of (¢1,t2) and a biholomorphism
g:U xV — W such that p1(z1,22) = 0 0 g(z1,22) = z1. Since flatness is a local
question, we can restrict a to an open neighbourhood of the form W x W’ with
W’ an open subset of X. Hence, we obtain the following commutative diagram

(gxidy )" aly g wr
. —1
(p1 x idw) " Auxx Ausxvsw:

. B olyw s w
(olw x idw:) P Acxx x - Acx sex s x |wxwr

where the top morphism (g x idw/ ) talwxw: = q§3 is flat by [KS12, Lemma
2.3.2]. This implies that « is flat. O

The following definition is an adpation of [KR08, Definition 2.4] along the line
of [MFK94, ch.1 §3 Definition 1.6].

Definition 4.8. A F-action on a .Af,‘gc—module M is the data of an isomorphism
of A(lc"f . x-modules

¢ p*M S psM (4.6)

12



such that the diagram

(idex xp)*o ~ 3
(idex xp)*p* M (Mo xi7e, (idex xp) psM ——= g53p* M SN 0335 M (4.7)
lz
a3 M

I

oxidx )™
(i)™ (0 % idx)*p5M.

(O’ X idx)*,u*M
commutes.

Following [KR08], we denote by Modg(A%¢) the category of (A%, §)-modules
whose morphisms are the morphisms of .Al)?c—modules compatible with the action
of C*. This category is a C-linear abelian category. We write Modg con(AY°) for
the full subcategory of Mody(.A°) the objects of which are coherent modules in
Mod(A%e).

Let M be an A%¢-module endowed with a F-action ¢: p*M — p3M and
t € C*. There is the following commutative diagram defining the morphism ¢;

-

) it
i M ——i;ps M

zl lz
—1 for
M

where the vertical map are isomorphism of C x-modules. Hence, we have obtained
a map of Cx-module

d)t: ,Uz;lM - M
such that

(a) ¢; depends holomorphically of ¢,

(b) G = ¢ur 0y g for t, t' € CX,

(c) ¢i(am) = 0;(a)d(m) for a € AR and m € M.

Remark 4.9. (a) We will usually write ¢y = ¢y oy instead of ¢y = dpropy ' dy.

(b) This implies that a F-action in our sense give rise to a F-action in the sense of
[KRO8]. In practice, the examples of F-action in the sense of [KR08] are also
F-action in our sense.

Let M be an A2-module endowed with a F-action ¢: u*M — p5M. The
F-action provides a derivation of M. Indeed, notice that p5 M has a structure of
left p5 !Dex-module. Hence, we have

@ O

wM

psM psM (4.8)

13



Let tg € C*. Consider the morphism
i, X = X x C*, .+ (z,1).

Applying the functor i;)l to the morphism (4.8), we obtain

doy(+) _ o e g0 e
dt lt=to : NtolM - ’tol,u M —— Zt01p2M —— Zt01p2M —> M.

In particular, when tg = 1, we get

-—1 % i@ —1 % iflat R evy
v M—i] p'M—— i pIM —— i psM —— M.

In other words,

v:M— M

d¢t(8)

S —1.
dt =1

The morphism v is a C-linear derivation of the module M.

5 Invariant sections

5.1 Generalities

We start by defining the notion of locally invariant and invariant sections.

Definition 5.1. Let (M, $) € Modg(A%R°), U C X and s € M(U).

(i) The section s is locally invariant at 2’ if there exists an open neighbourhood
U xV CC* x X of (1,2') such that for every (t,z) € V x U’, u(t,z) €U

and @¢(S,(t,2)) = Sz

(ii) The section s is locally invariant on U, if it is locally invariant at every

' el.

(iii) Assume that U C X is stable by the action of C*. A section s € M(U) is

invariant if for every t € C*, ¢(s) = s.

Lemma 5.2. Let M € Modp(AY®), U C X an open subset and s € M(U)
such that v(s) = 0. Then, for every o’ € U there is a neighbourhood V x U’ of

(1,2") € C* x U such that for everyt' € V

1. W‘t:t, = 0.

2. ¢p(slvv) = slur

14



Proof. (i) Since p is continuous, there exists a neighbourhhod V xU’ C U of (1, 2')
such that u(V xU’) C U. Hence for every ¢’ € V, we have the following equalities.

d¢t( |t'U') _ 1 d¢tt'(8|t'U')
p= " |t=1

dt 1= t dt
1 do(s|eur)
t,d%( it le=1

= 6w ((slor) =0,

(ii) Shrinking V' and U’ if necessary Corollary 3.7 implies that locally for every
teV ¢t’(5|t’U') = S|U/. O

Proposition 5.3. Let (M, $) € ModF con(A%°) and U be an open subset of X
stable by the action of C* and let s € M(U). The following conditions are equiv-
alent

(1) for everyt € C*, ¢:(s) = s
(2) v(s) =

Proof. (1) = (2) is clear.
Let us prove that (2) = (1). It follows from Lemma 5.2 that for every ¢’ € C*,
dd;(:) |t=¢ = 0. Then, Corollary 3.7 implies that ¢(s) = s O

Lemma 5.4. Let M ¢ ModF’coh(Al)?c). Locally, there exists a coherent Ax-
module Mo C M such that M ~ MY¥° and v(Mg) C M.

Proof. The question is local and M is coherent. Hence we can assume that M is
finitely generated. Thus, there exists s1,...,s, € M such that M = >""" | ACs;.
This implies that there exists I € N such for every 1 < ¢ < n, there exists a;; €

B! Acx  x such that
= aij(t)s;
j=1

Setting ¢t = e*, this implies that

de U

Setting N' = Y7 | Axs;, it follows that for every k € N,v*(s) € h='N. We
consider the submodules

S;-
u:O

Mo =" Ax vF(s;) Mo<p= > Axv(s;)
k,1 1<i<n
0<k<p

of h=IN. Tt is clear that My is stable by v, that M <, is a coherent Ax-module,
that for every p € N, My <, C Mg <pt1 and My = UpZO Mo <p. Since Ax is

15



a noetherian sheaf of algebras and h~'A/ is a coherent A x-module, the sequence
(Mo, <p)pen is locally stationary. Thus, there exists a covering (U;);ecs of X such
that for every j € J there exists p; € N such that My|y;, = Mo <p,. Hence, My
is coherent.

O

Theorem 5.5. Assume that the action u is free and let M € Modp con(ARC).
Then M is locally finitely generated by locally invariant sections.

Notations 5.6. We introduce the following notation. Let § = (d1,...,d,) (resp.
n=(n,-..,Mn)) with §; >0for 1 <i<n (resp. n; > 0for 1 <i<n). We denote
by R(x,d,n) the subset of C" the elements of which are the z = (z1,...,2,) € C"
such that for every 1 <i<n

%(l’z) —0; < %(Zl) < %(.ﬁz) + 6; and %(.’El) - < %(2» < %(.’lﬁl) + ;.
We call such a subset of C™ a rectangle centered in .

Proof of Theorem 5.5. By lemma 5.4, M has a coherent Ax-lattice M stable by
v. Let us show that this lattice is generated by locally invariant sections. This
problem is local. So, it is sufficient to work in an open neighbourhood U of a point
x € X. Since My is coherent, we can assume it is finitely generated on U by a
family (e;))1<i<;. For every 1 < ¢ < there exists a;; € Ay with 1 < j <[ such

that l
U(@i) = Zaijej.
j=i
We form the matrix A = (a;;)1<i,j<i € Mi(Ay) and set

€1 v(er)
e=|: v(e) =

e v(er)

It follows that v(e) = Ae.
If B € GL;(Ay) is such that v(Be) = 0 then, Be will provide a generating
family of My, formed of locally invariant sections. We have the following equalities.

v(Be) = v(B)e + Bu(e)
= v(B)e + BAe.

Therefore, we are looking for B in GL;(Ay) such that
v(B)e+ BAe = 0.
Hence, it is sufficient to prove the existence of B € GL;(Ay) such that

v(B) + BA = 0. (5.1)

16



Shrinking U if necessary, we can further assume that Ay is isomorphic to a
star-algebra (OF, %) the star-product of which is given by

fxg=>_Pif9)

i>0
where the P; are bidifferential operators. Writting A = Ekzo Aih* and B =
>0 BilY with Ay and B; in M(Oy ), we obtain

BA= (Y _WBj)x(>_ A

§>0 k>0

=D B Y Pu(BjAY)

n>0 k+j+m=n

and

v(B) = Zh” ( Z vg(B;) +man>

n>0 1+k=n

Thus, Equation (5.1) is equivalent to the recursive system of equations

Vn €N, vo(Bn) + Bu(mn id+40) + Y w(Bi)+ > Pu(Bj,Ax) =0.

i+k=n k+j+m=n
i#n Jj#n
(5.2)
Setting Cp = 0 and C), = — <Zi+k—n Vk(Bi) + Dkt jtm=n Pm(Bj, Ak))» the sys-
i#En j#n
tem (5.2) is rewritten as
Vn € N, vo(Byp) + Bp(mn id+Ag) = C, (5.3)

Notice that C), depends only of the B; with j < n.

Since the action of C* on X is free, vy does not vanish and we can find a local
coordinate system (z1,...,2,) on an open neighborhood of = (that we still denote
U) such that in this coordinate system

w=2
0= 521 '
Thus, the system (5.3) becomes
0B, .
Vn € N, + B, (mnid +4p) = C,,. (5.4)

(921
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If (z;u) is the coordinnate system on T*U associated to the coordinate system
(2) = (#1,...,2n) on U, it follows from [SK75] that the characteristic variety of
the system (5.4) is {u; = 0}.

Since U is open, there exists a rectangle R(x,0,n) CU. Set Y = {z € Ulz; =
p1}and Y =Y N R(x,d,n). Consider a function g € Oy (R(x,d,7)). We have the
following Cauchy problem B

of .
o + f(mnid+A4y) =g (5.5)
f|y/ = Il.

The hypersurface Y’ is non-characteristic. Thus, it follows from the Cauchy-
Kowaleski Theorem (see for instance [Sch85, Theorem 3.1.1]) that the equation
(5.5) admits a solution f in a open neighbourhood € of Y’. Moreover, any hy-
perplan the normal of which is the limit of characteristic directions in at least
one point of R(x,d,n) intersects Y’ since the characteristic variety of the system
(5.5) is {u; = 0}. Then it follows from [BS72, Theroem 2.1] that f extends to
R(z,8,n). This proves that for every n € N, the equation (5.2) has a solution B,
with B, |y = I; and defined on R(x,d,7). This implies in particular that By(p) = I,
is invertible. Hence, By is invertible in a neighbourhood V of . This ensures that
B =3",5¢ W Bj is invertible on V which proves the claim. O

5.2 The case of free and proper actions

We now assume that the action of C* on X is free and proper. We set Y =
X/C* and denote by p: X — Y the canonical projection. The morphism p is
a C*-principal bundle. We say that an open subset V of X is equivariant if
V=plp(V).

Lemma 5.7. Let M € Modp(AY°).

(i) If s € M is a locally invariant section, then s is locally the restriction of a
globally invariant section.

(it) If M s locally finitely generated by locally invariant sections, then M is
locally finitely generated by invariant sections.

Proof. (i) Let U be an open subset of X and assume that s € M(U). Let x € U.
Since s is locally invariant on U there exist a neigbourhoud U’ C U of x and a
neighbourhood V of 1 € C* such that for every t € V, 2’ € U’, u(t,2’) € U and
P:(s) = s.

(a) Shrinking U’ and V if necessary we can assume that the pair U’ and V
satisfies the following property. Let xg, 1 € U’ such that there exist t € C* such
that z1 = pu(t,zo) then t € V.

(b) Let y € W = p~Y(p(U’)). There exists (tg,z9) € C* x U’ such that
y = pu(to, o). We set

51/ = (z)t_ol(slo)'
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Let us show that the section § is well define. Assume that there exist (¢1,21) €
C* x U’ such that y = p(t1,21). Then there exists ¢t € V such that x1 = pu(t, zo).
It follows that
Sr, (52,) = 1y (& (521)) = @y, (50) = 5y

(ii) Since M is locally finitely generated by locally invariant sections, there
exists an open subset U of X and locally invariant sections (s1,. .., $,) generating
M|y. Keeping the notation and applying the construction of (i) to the family
(81,...,5n), we obtain some open sets U’ and V satisfying the same propreties
as in (i) and a family of invariant sections (§1,...,3,) defined on the open subset
W =p~Y(p(U")) of X. It remains to prove that (31,...,35,) is a generating family
of M|w . Since W is stable by the action, we can assume for the sake of simplicity
that X = W. The problem is now equivalent to check that the morphism of
sheaves of AY-modules u: (AZ)™ — M, e; — §; is an epimorphism. There is
the following commutative diagram of pfl(’)cx-modules.

 (Algeyr e e M (5.6)

|k

PHAR)" = pM.

Let #1 € X. Then there exists zp € U’ and t € V such that 1 = u(t,zq). We
consider the map

i(tw0): {Pt} = C x X, pt — (t,20)

and the evalutation map

-1

ﬁ L. -1 ~
Utz Utwo)P2 Ocx ~ O¢x , — C.

These two maps allow us to define the morphism of ringed spaces

(itao0): Ty ) ({PE}, C) = (C x X, p3 ' Ocx )

*

(t,20) to the diagram (5.6), we obtain

Applying the functor ¢

(), —

1
1 Mwl

9<wo,t>l ld’(mo,w

@

(Aloc)n s 0, M
X Jxo o

where the two vertical arrows are isomorphisms and the map ug, is an epimor-
phism. This implies that u,, is an epimorphism which proves the claim. O

Corollary 5.8. Let M € Modg con(AYS). Then there exists a covering (Vi)icr
of X by equivariant open subsets of X such that for each i € I, M|y, admits, in
Modg (A%¢|y,), a presentation of length one by free modules of finite rank.

Proof. This follows from Theorem 5.5 and Lemma 5.7 (ii). O
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6 From DQ-modules to modules over the ring of
invariant sections

From now on we assume that the action of C* on X is free and proper.

6.1 Equivariant extension and invariant sections functors

We define the sheaf of locally invariant sections of Ax as the sheaf on X such that
for every open set U

A (U) = {s € Ax(U)[v(s) = 0}

and we also set .
ARCC(U) = {s € A(U)|u(s) = 0}

The sheaf of invariant sections of Ax is defined as the subsheaf By (0) of p,Ax
which is given by, for every open set V C Y,

By (0)(V) = {s € pAx (V)[v(s) = 0} = {5 € p.Ax (V)|0:(s) = s}.
This is a sheaf of C-algebra. We define By similarly i.e.
By (V) = {s € p.AR“(V)[u(s) = 0} = {5 € p AR (V)|6s(s) = s}.
By definition of By (0) and By, there are morphisms of algebras
By (0) =AY, (6.1)

p By — Al (6.2)
Lemma 6.1. The morphisms (6.1) and (6.2) are isomorphims of C-algebras.
Proof. This follows from Lemma 5.7. O

We define the functor of locally invariant sections as follows

()" - Modp (A%°) — Mod(A")
M M

where MC™ is the subsheaf of M such that for every open U C X
ME(U) = {s € M(U)|v(s) = 0}
The functor of globally invariant sections is defined by

pE" i Modp(AR) — Mod(By)
M pl M= p (ME).
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Note that by definition of pfx , there is a natural transformation i : pfx — Ds, such
that for (M, 1) € Modg (A%°)

iM: p(EXM — peM

is given by the inclusion.
Consider the subsheaf M of p, M defined by

M(V) = {s € p.M(V) [ 64(5) = 5}
By definition of pfx M and M , there is a canonical map
M — p M. (6.3)

This is an isomorphism by Proposition 5.3. Hence, we do not make any distinction
between p¢~ M and M and denote both of them by p¢~ M.
By definition of By there is a morphism of sheaves of algebras

p By — AR (6.4)
This allows us to define the functor
p*: Mod(By) — Mod(A%) N pN = A @,-15, p ' N.

There is the following adjunction

p*: Mod(By ) === Mod(A%°): p..

The module p* N is canonically equipped with a F-action. Since pou = pops,
X
there is an isomorphism of algebras u~'p~ By ~ p; 'p~'By. As p~ By ~ AT
we get a monomorphism
p By — AY°
and obtain the following commutative diagram

—1,-1 —1 gl 0 l
popT By ——pm AR —— AN x

ll

—1, -1 —1 gloc l
py P By ——=py AR —— AL«

This implies that u*p* ~ pip*. Hence, there is an isomorphism ¢: u*p*N =
p3p*N. That is (N, ¢) € Mody(A%%). We obtain a functor pf.

Pix : Mod(By) — Modp(ARS), N+ pixN:= (p*N, ¢).

Proposition 6.2. The functors
Pl : Mod(By) === Mody (Ag°): pt~

form the adjoint pair (&, p<).

21



Proof. (i) Let N € Mod(By). We start by constructing the unit of the adjunction
(PExs pS"). Consider the unit 7': id — p,p* of the adjunction

p*: Mod(By ) === Mod(A%°): p..
The stalk of the map 7, in y € Y is given by

Ny — lim Ap—1(V)) @ Ny, n—=1@n.
yeV By.y

Sections of the form 1®n are invariant section of pg. N. Thus, the preceding map

factorizes through pfx Pex N and we obtain the following commutative diagram.

N L DN (6.5)
p(EX Dex N

We have obtained a natural transformation 7 : id — p(fx D -
Let (M, 1)) € Modp(A%°). Let ¢’: p*p. — id be the counit of the adjunction

p*: Mod(By ) =—= Mod(A%°): p..
We define the following natural transfromation
e=¢oi. (6.6)

By construction the folowing diagram commutes.

p*pM M M (6.7)

PExpS M
Let z in X. The stalk at 2 of Morphism (6.6) is given by

Al)?cm ® (p(SXM)p(m) — Mz, a®@m— am

Y,p(z)

This implies that the following diagram
wppS M it M

o &

P5EM

*, ok X *
p3p P M —— psM
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where ¢ is provided by the functor pf.,. is commutative. Hence, Morphism (6.6) is
equivariant i.e. € is a morphism of Modg (A%).
In view of diagrams (6.5) and (6.7), the following diagrams are commutative

id

PN T pppt N N D e

*i
p pEXNT

PexN pcxp* p@st —

CX C

Pex N
id

n,, N p*e/
pM —2 s p g p M — s p M

.. P+EM
PxP M

. X .
im ) p*p(*éxpf M im
n
pCX M i ox
pcxp* M
T’* p* EM

which proves that (pf., pfx) is an adjoint pair.

6.2 Coherence of the sheaf of invariant sections

In this subsection, we prove the coherence of By . The following result is elemen-
tary.

Lemma 6.3. Let © € X. Let vy be an holomorphic derivation of Ox that does
not vanishes at x. Then there exist a neighbourhood U of x such that for every
c € C the map

vo+c: Ox(U) = Ox(U), [froo(f)+cf
15 surjective.

Lemma 6.4. Let s € Ax(X) and assume that there is a covering (U;)ier of X
and u; € Ax(U;) such that s|y, = hu;. Then, there exist u € Ax(X) such that
s = hu

Proof. On U;NUj, hui|u,, = hugly,;. As his not a zero divisor, u;|y,; = ujly,;. O
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Lemma 6.5. Let x € X. There exists an equivariant neighbourhood V' of x and
a section s € Ax (V') such that v(s) =0 and s = hu with u € Ax (V') an invertible
section.

Proof. Let x € X and m € Z. Since vy does not vanish in x, there exists an open
neighbourhood U of x and an hypersurface Y in U which is non-characterisitic for
vg +m on U. Hence the following Cauchy problem

vo(f) +mf =0
fly =1

has a solution fp in an open neighbourhood U’ of z. Shrinking U’ if necessary we
can further assume that f; is invertible on it.
‘We now show that there exists u = Zi>0 hiu,; € Ax 5 such that

uo = fo and ov(hu)=0.

It follows from equation (2.1) that this is equivalent to show that there exist
u =7 .~ohu; € Ax, such that for every n € N

Z vg(u;) +m(n+1)u, = 0.
i+k=n

Thus, it remains to show that the recursive system

vo(un) +m(n+1)up = igk—n vi(u;)
k#£0
ug = fo

has a solution u in an open neighbourhood V' of z. This follows from Lemma
6.3. Finally using Lemma 5.7, we extend the section hu to an invariant section s
defined on an equivariant open set V.

Let us check that there exists an invertible section @ € Ax (V') such that s = fi.
Let y € V. By construction (see the proof of Lemma 6.5), s, = qﬁt_ol(huzo) =
htamgbt_ol(umo) and tamqﬁt_ol (ug,) is an invertible section. Finally, Lemma 6.4 im-
plies the existence of u. O

Assume that there exist a section s € Ax(X) such that v(s) =0 and s = hu
with u invertible. Consider the exact sequence

0— s"Ax — Ax = Ax/s"Ax — 0. (6.8)
and apply the functor (-)€” to it. We obtain the left exact sequence
0— (s"Ax)S = AY = (Ax/s"Ax)C". (6.9)
Lemma 6.6. The left exact sequence (6.9) is exact.

Proof. The proof is similar to the one of Lemma 6.5. O
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Lemma 6.7. Assume that there exist a section s € Ax(X) such that v(s) =0
and s = hu with u invertible. Then

P (Ax /5" Ax) ~ By (0) /5" By (0).

Proof. Notice that p,s" Ax =~ s"p.Ax. Hence, p‘fx (s"Ax) ~ s"By(0).
Applying pC” to the sequence (6.8), we obtain the following left exact sequence

0 = s"By (0) — By (0) "5 pC" (Ax/s" Ax). (6.10)

Let us show that the above sequence is exact. Let y € Y, a € p&~ (Ax/s"Ax)y.
Thus, there exists an open subset V' C Y such that y € V, a € Ax/s" Ax(U) where
U =p~1(V) and a is an invariant section. Choose x € U such that y = p(x). Since
the sequence (6.9) is exact, there exist an open set W C U containing = and a
locally invariant section u € Ax (W) such that 7(u) = alw. Hence, there exists
an equivariant open subset U’ and an invariant section b € Ax (U’) such that on
a neighbourhood W/ ¢ W NU’ of z, bl = ulw/. Moreover, shrinking U’ if
necessary, we can assume that the orbit of W’ under the action of C* is U’. As a
and b are invariant sections, it follows that m(b) = a|y. This proves that pf., 7 is
an epimorphism of sheaves. O

The following theorem is a minor variation of [KS12, Theorem 1.2.5 (i)] and
the proof is the same.

Theorem 6.8. Let k be a field of characteristic zero, R a sheaf of k-algebras and
s a section of R such that

(i) sR =TRs,
(ii) R == R is a monomorphism,

(iii) R~ JmR/Rs"

neN
(iv) R/Rs is a left Noetherian ring.
Then R is a left Noetherian k-algebra.
Theorem 6.9. (i) The sheaf By (0) is a Noetherian sheaf of C-algebras.
(i) The sheaf By is a Noetherian sheaf of C-algebras.
(iii) The sheaf .A([);(X is a Noetherian sheaf of C-algebras.

(iv) The sheaf Al)?c’cx is a Noetherian sheaf of C-algebras.

Proof. (i) We apply Theorem 6.8. Coherency is a local property. Hence, using
Lemma 6.5, we can assume that that there exist there exist a section s € Ax (X)
such that v(s) = 0 and s = hu with v invertible. Then point (i) and (ii) of
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Theorem 6.8 are immediately satisfied. Since pfx is a a right adjoint it commutes
with limits. Thus,

By (0) = p&" Ax = p* (@AX/SRAX) a ILDPEX (Ax/s"Ax).

n

Moreover, Lemma 6.7 implies that pC” (Ax /s" Ax) ~ By (0)/s"By (0). Hence

By (0) >~ m By (0)/8”81/(0)

This proves that condition (iii) of Theorem 6.8 holds as well as condition (iv) since
By (0)/sBy (0) ~ Oy. Thus, By (0) is Noetherian sheaf of C-algebras.

(ii) We keep the notation of (i) and consider a section s = hiu as above. Consider
the free algebra By (0)(T") and impose the relations

Va € By (0), T-a=1y,(a) T

where 1, (a) = u~lau. We obtain the skew polynomial algebra By (0)[T;),]. Tt
follows from (i) and [DK11, Theorem 5.1.1] that the ring By (0)[T’; %,] is Noethe-
rian. Using [Kas03, Proposition A.10], this implies that By ~ By (0)[T;v.]/(Ts —
1)By (0)[T; ¢,,] is also Noetherian.

(iii) & (iv) We have that AS" ~ p~'By(0) (resp. .Al)?C’CX ~ p~!'By). Hence the
result follows from (i) (resp. (ii)) and [Kas03, Proposition A.14]. O

Proposition 6.10. (i) The sheaf Ax is faithfully flat over Aﬂ?j ,
(ii) the sheaf A is faithfully flat over .Al)?c’(cx.
Proof. (i) The proof is similar to point (i) of the proof of [KS12, Lemma 6.1.2 (a)].

(ii) This follows from the isomorphism

l loc,C*
A = Ay @ o AR

6.3 The equivalence of categories

The aim of this subsection is to prove the following theorem.

Theorem 6.11. The adjoint pair (p. ,pfx) induces a well defined adjunction

Pex : Modeon(By) =—= Modp, con (AY): pfx. (6.11)

These functors are equivalence of categories inverse to each others.
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For that purpose, we have to prove that the adjunction is well defined and that
the unit and the counit of this adjunction are isomorphism.

Lemma 6.12. Let M € Modg con(A%C). The natural morphism (6.6)
€: p%xpfx/\/l — M
s an isomorphism.

Proof. Tt follows from Corollary 5.8 that the morphism (6.6) is an epimorphism.
Let us prove that it is a monomorphism. Let 2 € X andlet m =Y.' | w;®m; €
A, L®«:>< pE" (M) p(a)- We can assume that my,...,m, are invariant sections
AL
of M defined on an equivariant open subset V' of X containing z. Consider the
map
¢: (AR)" v = My, ¢le;) =my, 1<j<n

where (€;)1<;<n is the canonical basis of (A2°)". Then we get the following left
exact sequence

0 — ker ¢ — (A" S M|y
The module ker ¢ belongs to Modg, con(A%¢|v). It is locally finitely generated by
invariant sections. Hence there exists an equivariant open set V' containing x and

invariant sections s1,...,s; where s; = (8;1,...,Sin) with s;; € Af;gc’cx (V') and
generating ker ¢|y.

Assume that e(m) = Y27 wym; = 0. Thus, w = (wi,...,w,) € ker ¢, and
we have

q
w = E ;S5
=1

with o; € .Al)?“x Then

n n q
S uyoms = 32 aum) o,
j=1 j=1 i=1
q n
=Y (i ® () siymy)) =0
=1 i—=1
N
=0
This proves that the map (6.6) is a monomorphism. O

Proposition 6.13. The functor p(fx restricted to Modp, Coh(Al)‘;C) is exact.

Proof. As p(fx is a right adjoint it is left exact. Let us show it is right exact on
Modg, con(A°). Consider the exact sequence

0> M MM =0
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and apply the functor p(*cxpﬂfX to the above exact short exact sequence. Since

péxpfx is isomorphic to the identity functor on Modp, con(A%¢), we obtain the
short exact sequence

0— pExpSXM/ — prxpSXM — p(’EXpEXM" — 0.
The ring AY° is faithfully flat over .Al)?c’(cx, this implies that the sequence
0= p S M = p P& M = p1pE M =0 (6.12)

is exact. Moreover, p: X — Y is surjective. Hence taking the stalks of the short
exact sequence (6.12) in every x € X, we find that for every y € Y the sequence

X X X
0— (pg M)y — (p(f M)y — (pg M)y =0
is exact. This proves that pfx is exact. O

Lemma 6.14. The functors p.. and p(fx preserve coherent modules.

Proof. (i) Since A%2¢ is coherent, a A2°-modules is coherent if and only if it admits
a presentation of length one by finitely generated free modules. This implies that
Pix preserves coherent modules.
(ii) Let M be a coherent A'2°-module endowed with a F-action. It follows from
Corollary 5.8 that there exists an equivariant open subset V' of X such that M|y
has a presentation of length one by free modules of finite rank in Modp, con (Alf(’c),
ie

(ARl — (AR)y)™ — M|y — 0.
Applying the exact functor p&” to the above sequence, we obtain the right exact
sequence

By lp(v))" = By [pv))™ = (05 M)|pv) = 0.
As By is coherent, this implies that pEEX M is a coherent By-module. O
We are now ready to prove the main result of this section.

Proof of Theorem 6.11. Tt follows from Proposition 6.2 and Lemma 6.14 that the
adjunction (6.11) is well defined. Because of Lemma 6.12, it only remains to show
that for every N € Modcon(By)

vt N = S i N (6.13)

is an isomorphism. The By-module A is coherent. Hence, there is a covering
(Vi)ier of Y such that for each i € I, Ny, has a free presentations of length one.
It follows that the morphism (6.13) is an isomorphism since p{.. and pC" are right
exact functors and 7, is an isomorphism. O
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6.4 An example: the case of WX

In this section, we sketch the construction of the canonical weight one F-action on
Wy. Let M be a complex manifold and we set X = M. We denote by WX( ),
the standard quantization of the cotangent bundle and Wy = C™9¢ @cn Wy (0)
(sce for instance [KS12, p.133]). We write £y for the ring of formal microdif-
ferentials operators on X, 3 x(0) for the subsheaf of order zero microdifferential
operators and set Acx y x := O, KWx (0).

We endow C with a coordinate ¢, T*C with the coordinate system (¢, 7). Simi-
larly, we equipped C* with the coordinate r and T*C* with the coordinate system
(r,\). We consider the map

v: T*(C* xC) = T*(C* x C), (r,t; \,7) = (r,t; X\, 7/7).
and the isomorphism of sheaves

-~

i (B exe,06.0) 5 (B exeyi6,0))  9rs7) = glrsm/r)

(6.14)
where

~

Ere x50 = {P € Er._ cxsc(0)] [P.r] = 0 and [P,0] = 0},

Remark 6.15. Here, we have used the fact that there are global coordinate
systems on T*C and T*(C* xC) which allows us to identify formal microdifferential
operators with their total symbols.

Applying () K gx(O) to the morphism (6.14), we obtain the isomorphism

»-yﬁ X id: ET_;‘#)(CX XC),f,ér(O) X 5)((0) (v x id)« 5 Lo(CX xC), 8,0, (0) X Ex(0).
Since SAT*# (€ xC), 1,0 (0) and 3 x(0) are sheaves of nuclear Fréchet algebras and
T#£0 » LOr

~* is continuous, we get, by completing the tensor products, an isomorphism

At

™)
N

T*o(CX XC)x X, £.5,(0) = (y xid). 5 o(C*XO)x X, £,8, (0). (6.15)
Consider the morphism
p:T740(C* xC) x X = C* x X, (r,t,x;A,7,8) = (r,2;8/7)
Applying p, to (6.15) provides the continuous morphism
1 Acsxx (0) 5 FreAex wx (0).
By adjunction, we get the F-action

0: i  Acxxx = Acxxx-
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Let V' be an open subset of C* and (U,x;u) a local symplectic coordinate
system of X where U is a conical open subset of X. Then

Ovxu: i Wexxx (0)(V x U) = Wex x x (0)(V x U)
Zfi(r,x;u)hi > Zfi(r,:v;r . u)rlhz

i>0 i>0
This implies that
br: 1 W (0)(U) = Wx (0)(U)
Zfz(x,u)h’ — Zfi(x;r u)r'ht.

i>0 i>0

A section s = Y_,o, filz;u)h' in Wx (0)(U) is invariant, if for every r € CX,
0,.(s) = s. That is,

for every i > 0, f;(z,ru) = " fi(x, u).

This implies that s € «(Ex(0)(U)) and in particular that ()7\}\)((0))(CX ~ Ex(0) and
W}C(X ~ Ex. Hence, applying Theorem 6.11, we obtain the proposition

Proposition 6.16. The adjoint pair (pf.« ,pfx) induces a well defined adjunction

pEX : MOdcoh (Ey) S —— MOdF,coh(WX): pLEX .

These functors are equivalence of categories inverse to each others.

7 The codimension three conjecture for formal
micro-differential modules

In this subsection, we deduce the codimension-three conjecture for formal microd-
ifferential modules from the codimension-three conjecture for DQ-modules. Let M
be a complex manifold, X be an open subset of T*M, T*M = T*M\M, P*M the
projective cotangent bundle and p: 7'« M — P*M be the canonical projection.
We denote by dx the dimension of X.

Let [ be a non-negative integer, from now on, we set X; := (C*)! x X, sim-
ilarly Z; := (C*)! x Z and Ay, = O?CX)ZEVV\X (0). We will need the following
proposition whose proof is similar to the one of [KK81, Theorem 1.2.2].

Proposition 7.1. Letr andl be non-negative integers and M be a coherent Al)‘gf—
module so that Extill)?lc (M, ARS) =0 for any j > r. Then H), (M) = 0 for any
closed analytic subset Z of X and any j < codim Z — r.
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Lemma 7.2. Assume X does not intersect the zero section of T*M. Let A
be a Lagrangian subvariety of X, Z be a closed analytic subset of A such that
codimp Z > 2, j: X\ Z < X the inclusion and M a holonomic Wx -module sup-
ported by A. Let (f, f*): (X}, Ax,) — (X1, Ax,) a morphism of C-ringed space
such that f* is flat. Set V. = X \ Z and denote by fy the restriction of f to V.
Then

(id((cx)z X])*f{'}./\/l‘v ~ f*M
Proof. Consider the following exact sequence
0 — HY, (f*M) = f*M = (idcxy xj)s(idexy x4) " f*M — Hy, (f*M) — 0.
Since M is holonomic and f* is exact, it follows that for any j > dx /2

Eaty,,. (f* M, A) = 0.

loc
'AXL

Hence, by Proposition 7.1, H]Zl(f*./\/l) =0 for 0 < j < 2. Then, the above exact
sequence implies that

(idexy Xg) S My = (idexy x4)w(idexy x§) T fF M~ f*M.
O

Lemma 7.3. Assume X is a conical open subset of T*M and does not intersect
the zero section. Let A be a conical Lagrangian subvariety of X, let Z be a closed
conical analytic subset of A such that codimy Z > 2, j: X \ Z < X the inclusion

and M a holonomic Wx - module supported in A such that M € ModF(W\X|X\Z).
Then M € Mody(Wy).

Proof. Set V. =X\ Z; On C* x V, the F-action is given by
o' iy My = pi v My
Applying (idex Xj).«, we get
(idex x3)26: (idex xj)opiy My — (ides %)y MIV.
By Lemma 7.2,

(idex Xj)wpy Mly = p" M, (idex xj)«pa vy M|y > pyM.
Thus, we obtain a morphism
@ WM — ps M.

Applying (id(cx)2 xj)« to the below diagram diagram

(idex Xpv)* o’
— >

. * . - ~ q;z,v¢ .
(idex xpy)* py Mly (idex XMV)*Pz,v/V”V — qrz,vﬂ*\}M‘V — ‘ITQ,VPQ,VM‘V

|

‘Ig,vM

Tz
idy)* ¢’
(o x idy)*py M|y (oxidv)o (o xidy )*ps M|y .
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and using the isomorphisms provided by Lemma 7.2, we obtain a commutative
diagram identical to Diagram (4.7). This shows that ¢ is a F-action.
O

We recall the DQ-module version of the codimension three conjecture.

Theorem 7.4 ([Petl7, Theorem 1.5]). Let X be a complex manifold endowed with
a DQ-algebra Ax such that the associated Poisson structure is symplectic. Let A
be a closed Lagrangian analytic subset of X, Z a closed analytic subset of A such
that codimp Z > 3 and j : X\ Z — X the open embedding. Let M be a holonomic
(A%¢| x\ z)-module, whose support is contained in A\ Z. Assume that M has an
Ax|x\z-lattice. Then j.M is a holonomic module and is the unique holonomic
extension of M to X whose support is contained in A.

We now deduce the codimension three for formal microdifferential modules
from the one for DQ-modules.

Theorem 7.5 ([KV14, Theorem 1.2]). Let M be a complex manifold, X an open
subset of T*M, A a closed Lagrangian analytic subset of X, and Z a conical
closed analytic subset of A such that codimy Z > 3. Let Ex the sheaf of formal
microdifferential operators on X and N be a holonomic (Ex|x\z)-module whose

support is contained in A\ Z. Assume that N possesses an (5X(0)\X\Z)—lattice
Ny. Then N extends uniquely to a holonomic module defined on X whose support
is contained in A.

Proof. (i) The unicity is proved as in [KV14]. Thus we do not repeat the proof
here.

(ii) Proving the coherence of an extension of A is a local problem. By the dummy
variable trick, we can assume that X does not intersect the zero section of T* M.
Hence, for any = € X, there exists a neigbourhood V' of z, a conical open subset U,
of X such that V C U and a coherent Ep~y-module A together with a Ep«y(0)-
lattice Ny such that Ny ~ (p7*A7)|y and Noly =~ (p~*N)|v where py : U —
P*U is the restriction to U of the canonical projection. We can further assume
that Z and A are subset of U. - .

The module M := p&, N’ belongs to Mod, con(Wu v\ z), has a Wy (0)[p z-
lattice and its support is contained in A\ Z. By [Pet17, Theorem 1.4], j.M is
an holonomic module supported by A and is also endowed with a F-action by
Lemma 7.3. Moreover it follows from Proposition 6.16 that p(fx j«M is a coherent
3 p+y-module such that

S M) pnpz) =05 ((GM)]inz) = N

This proves that pC” j, M is a coherent extension of 7. This implies that j, N is
a coherent £€x-module. O
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