
Holomorphic Frobenius actions for DQ-modules
François Petit∗

Abstract
Given a complex manifold endowed with a C×-action and a DQ-algebra

equipped with a compatible holomorphic Frobenius action (F-action), we
prove that if the C×-action is free and proper, then the category of F-
equivariant DQ-modules is equivalent to the category of modules over the
sheaf of invariant sections of the DQ-algebra. As an application, we deduce
the codimension three conjecture for formal microdifferential modules from
the one for DQ-modules on a symplectic manifold.

1 Introduction
Relying on the notion of Frobenius action for Deformation quantization modules
(DQ-modules) introduced in [KR08], we establish an equivalence between the cat-
egory of coherent Frobenius equivariant DQ-modules and the category of modules
over the sheaf of invariant sections of the DQ-algebra. This result applied to the
special case of the canonical DQ-algebra Ŵ on the cotangent bundle provides an
equivalence between coherent F-equivariant DQ-modules and coherent microdif-
ferential modules on the projective cotangent bundle. This equivalence permits
to deduce the codimension three conjecture for formal microdifferential modules
[KV14] from the one for DQ-modules on a symplectic manifold [Pet17].

Deformation quantization algebras (DQ-algebras) are non-commutative formal
deformations of the structure sheaf of a complex variety. They are used to quantize
complex Poisson varieties. In the symplectic case, they are often presented as an
extension of the ring of microdifferential operators to arbitrary symplectic man-
ifolds. The ring of formal microdifferential operators Ê , introduced in [SKK73],
is a sheaf on the cotangent bundle of a complex manifold that quantizes it as
a homogeneous symplectic manifold. DQ-algebras and in particular the canoni-
cal deformation quantization of the cotangent bundle Ŵ ignore the homogeneous
structure and quantize this bundle as a symplectic manifold. This allows one to
produce quantizations of arbitrary complex symplectic manifolds using Ŵ (see
[PS04]) and in some sense extends formal microdifferential modules to arbitrary
symplectic manifolds (Note that it is always possible to quantize complex Poisson
varieties as proved in [CH11, Yek05] building upon ideas of Kontsevich [Kon01]).

∗The author has been fully supported in the frame of the OPEN scheme of the Fonds National
de la Recherche (FNR) with the project QUANTMOD O13/570706
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The ring Ŵ is an Ê algebra. Hence, it is natural to ask if it possible to identify
those Ŵ-modules which are extension of Ê-modules. For that purpose, it is nec-
essary to add an extra structure to encode the compatibility with the C×-action
on the fibers of the cotangent bundle. This can be achieved by using the notion of
holomorphic Frobenius action. They were introduced by Masaki Kashiwara and
Raphaël Rouquier in their seminal work [KR08] which introduced an analogue of
Beilinson-Bernstein’s localization for rational Cherednik algebras. Objects origi-
nating from deformation quantization are defined over the ring of formal power
series C[[~]] or its localization with respects to ~ that is the field of formal Laurent
series C((~)). This makes these objects too large for many applications since what
is often required is an object satisfying certain finiteness assumptions over C. To
overcome this difficulty, they introduced, in [KR08], the notion of Ŵ-algebra with
a holomorphic Frobenius action or F-action for short. Given a complex symplectic
manifold X endowed with an action of C× and quantized by a DQ-algebra, a F-
action is a compatible action of C× on the DQ-algebra, acting on the deformation
parameter ~ with a weight. This allows one to rescale Ŵ and the Ŵ-modules with
respect to ~. These actions have been subsequently used by several authors in
problems arising from the study of the representation theory of quantized conic
symplectic singularities, and in particular rational Cherednik algebras (see for in-
stance [BDMN17, BK12, BLPB12, McG12, Los12, Los15])

In this paper, we study the notion of DQ-modules endowed with a F-actions.
The definition of a F-action initially provided by Kashiwara and Rouqier is a
punctual definition which makes it difficult to use for problems of global nature as
questions of analytic extension (i.e. extending a F-action through an analytic sub-
set). Hence, we provide a reformulation in the spirit of G-linearization of coherent
sheaves (see [MFK94, Ch.1 §3]). Given a DQ-algebra AX , on a Poisson manifold
X, endowed with a F-action, and assuming that this action is free and proper, we
establish an equivalence between the category of coherent DQ-modules endowed
with a F-action and the category of modules over the sheaf of invariant sections on
the quotient space Y = X/C× (Theorem 6.11). Here we have to work on the quo-
tient space since C× is not simply connected and F-equivariant DQ-modules are
constant along the orbits. Our result generalizes the first example of [KR08, §2.3.3]
(provided without a proof) which states an equivalence of categories between good
Ŵ-modules and good micro-differential modules. We extend this example to DQ-
modules over arbitrary Poisson manifold and relax the finiteness conditions by
only requiring the DQ-modules to be coherent. To obtain this equivalence of cat-
egories, we first prove that a locally finitely generated AX -module endowed with
a F-action is locally finitely generated by locally invariant sections (Theorem 5.5).
This implies that if M is coherent, it locally has an equivariant presentation of
length one (Corollary 5.8). We prove that the invariant sections functor and the
equivariant extension functor form an adjoint pair (Proposition 6.2) and estab-
lish the coherence of the sheaf of invariant sections (Theorem 6.9). Then we can
prove the equivalence announced earlier (Theorem 6.11). As an example, we con-
struct the weight one F-action on the canonical deformation quantization Ŵ of
the cotangent bundle and obtain as a corollary of Theorem 6.11 an equivalence
between coherent Ŵ-modules and coherent formal microdifferential modules on
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the projective cotangent bundle (see Proposition 6.16 for a precise statement).
Finally, we use this result to deduce the codimension three conjecture for formal
microdifferential modules initially proved by Kashiwara and Vilonen (in the formal
as well as in the analytic case) in [KV14] from its DQ-module version proved in
[Pet17]. For that purpose, we have to extend F-action through analytic subsets,
which is one of the reason, we defined F-actions in a non-punctual manner.

Acknowledgements. I would like to express my gratitude to Masaki Kashiwara
and Pierre Schapira for their scientific insights. It is pleasure to thanks Gwyn Bel-
lamy, Damien Calaque, Vincent Pecastaing, Mauro Porta, Marco Robalo, Yannick
Voglaire for useful conversations.

2 Preliminaries on DQ-modules
We write C~ for the ring of formal power series with complex coefficients in ~ and
C~,loc for the field of formal Laurent series. Let (X,OX) be a complex manifold.
We define the sheaf of C~-algebras

O~
X := lim←−

n∈N
OX ⊗

C
(C~/~nC~).

Definition 2.1. A star-product denoted ? on O~
X is a C~-bilinear associative

multiplication law satisfying

f ? g =
∑
i≥0

Pi(f, g)~i for every f, g ∈ OX ,

where the Pi are holomorphic bi-differential operators such that for every f, g ∈
OX , P0(f, g) = fg and Pi(1, f) = Pi(f, 1) = 0 for i > 0. The pair (O~

X , ?) is called
a star-algebra.

Definition 2.2. A DQ-algebra AX on X is a C~
X -algebra locally isomorphic to a

star-algebra as a C~
X -algebra.

Notations 2.3. (i) If AX is a DQ-algebra, we set AlocX := C~,loc ⊗
C~
AX ,

(ii) if X and Y are two complex manifolds endowed with DQ-algebras AX and
AY then X×Y is canonically equiped with a DQ-algebra AX×Y := AX�AY
(see [KS12, §2.3]). There is a canonical morphism of C~-algebras

p]2 : p−1
2 AX → AX �AY → AX×Y

and this morphism is flat ([KS12, lemma 2.3.2]).

(iii) We denote by Mod(AX) the Grothendieck category of left AX -modules, by
Modcoh(AX) its full abelian subcategory whose objects consist of coherent
AX -modules. We use similar notation for the left AlocX -modules.
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There is a unique isomorphism AX/~AX
∼−→ OX of CX -algebra. We denote

by σ0 : AX � OX the epimorphism of CX -algebras defined as the following
composition

AX → AX/~AX
∼−→ OX .

These data induce a Poisson bracket {·, ·} on OX defined by:

for every a, b ∈ AX , {σ0(a), σ0(b)} = σ0(~−1(ab− ba)).

Lemma 2.4. Let (O~
X , ?) be a star algebra and v : O~

X → O~
X be a C-linear

derivation of (O~
X , ?) such that there exists v0 ∈ Der(OX) such that for every

u ∈ O~
X , σ0 ◦ v(u) = v0 ◦ σ0(u) and v(~) = m~. Then, there exists a unique

sequence (vk)k≥0 of differential operators such that for any f ∈ OX ,

v(f) =
∑
i≥0

~ivi(f).

In particular, for every u =
∑
i ~iui ∈ O~

X ,

v(u) =
∑
i

(∑
k

~i+kvk(ui) +mi ~iui

)
(2.1)

=
∑
n

~n
( ∑
i+k=n

vk(ui) +mnun

)
. (2.2)

Proof. This proof is an adaptation of the proof of [KS12, Lemma 2.2.3]. It is clear
that there exists a sequence (vk)k≥0 of endomorphism of OX such that, for every
f ∈ OX

v(f) =
∑
i

~ivi(f).

By assumption v0 is a differential operator. We will prove by induction that the
vk are differential operators. Assume that this is true for k < l with l ∈ N.
Let (Pn)n∈N be the sequence of bidifferential operators associated with the star
products ?. By assumption v is continuous for the ~-adic topology, thus for every
f , g ∈ OX ,

v(f ? g) =
∑
j≥0

v(~jPj(f, g)) =
∑
n≥0

~n
 ∑
i+j=n

vi(Pj(f, g)) +mnPn(f, g)


and

f ? v(g) + v(f) ? g =
∑
n≥0

~n
∑

j+k=n
(Pk(f, vj(g)) + Pk(vj(f), g)) .

Since v(f ? g) = f ? v(g) + v(f) ? g, we obtain∑
i+j=n

vi(Pj(f, g)) +mnPn(f, g) =
∑

j+k=n
(Pk(f, vj(g)) + Pk(vi(f), g)) .
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Using the induction hypothesis, we deduce from the above expressions that

vl(fg) +Ql(f, g) = fvl(g) + vl(f)g +Rl(f, g)

where Ql and Rl are bidifferential operators. This implies that

[vl, g](f) = vl(fg)− g vl(f) = f vl(g)−Ql(f, g) +Rl(f, g).

Since Ql(·, g) and Rl(·, g) are differential operators, it follows from [KS12, Lemma
2.2.4] that vl is a differential operator.

2.1 The canonical deformation quantization of the cotan-
gent bundle

LetM be a complex manifold. The cotangent bundle ofM , X := T ∗M is equipped
with the sheaf ÊX of formal microdifferential operators. This is a filtered, conic
sheaf of C-algebras. We denote by ÊX(0) the subsheaf of ÊX formed by the oper-
ators of order m ≤ 0. These sheaves were introduced in [SKK73]. The reader can
consult [Sch85] for an introduction to the theory of microdifferential modules.

On X, there is DQ-algebra ŴX(0) which was constructed in [PS04]. Here, we
review their construction.

Let C be the complex line endowed with the coordinate t and denote by (t; τ)
the associated symplectic coordinate on T ∗C. We set

ÊT∗(M×C),t̂(0) = {P ∈ ÊT∗M ; [P, ∂t] = 0}.

We consider the following open subset of T ∗(M × C)

T ∗τ 6=0(M × C) = {(x, t; ξ, τ) ∈ T ∗(M × C)|τ 6= 0}

and the morphism

ρ : T ∗τ 6=0(M × C)→ T ∗M, (x, t; ξ, τ) 7→ (x; ξ/τ).

We obtain the C~
X -algebra

ŴX(0) : = ρ∗(ÊT∗(M×C),t̂(0)|T∗
τ 6=0(M×C)) (2.3)

where ~ acts as τ−1. A section P of ŴX(0) can be written in a local symplectic
coordinate system (x1, . . . , xn, u1, . . . , un) as

P =
∑
j≤0

fj(x, ui)τ j , fj ∈ OX , j ∈ Z.

Setting ~ = τ−1, we obtain

P =
∑
k≥0

fk(x, ui)~k, fk ∈ OX , k ∈ N.
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We write ŴX for the localization of ŴX(0) with respect to the parameter ~.
There is the following commutative diagram of morphisms of algebras.

ÊX �
� ι // ŴX

ÊX(0)
?�

OO

� � // ŴX(0)
?�

OO

where the algebra map ι : ÊX → ŴX is given in a local symplectic coordinate
system (x1, . . . , xn, u1, . . . , un) by xi 7→ xi, ∂xi 7→ ~−1ui.

3 Section depending on a complex parameter
Let X be a complex manifold endowed with a DQ-algebra AX . We consider the
DQ-algebras AC×X = O~

C�AX on C × X. We denote by t the coordinate on C,
by p2 : C×X → X the projection on X and by p1 the projection on C. Note that
AC×X is a left DC-modules and in particular a left OC-module. Let t ∈ C, denote
by mt the maximal ideal of OC,t and consider the morphism

it : X → C×X, x 7→ (t, x).

Then, we have an evaluation morphism

evt : i−1
t AC×X → i−1

t AC×X/mt(i−1
t AC×X) ' AX

u 7→ u(t).

and

evt : i−1
t AlocC×X → i−1

t AlocC×X)/mt(i−1
t AlocC×X) ' AlocX

u 7→ u(t).

Notations 3.1. (i) Let (f, f ]) : (X,RX) → (Y,RY ) be a morphism of ringed
spaces. As usual, we denote by f∗ the functor

f∗ : Mod(RY )→ Mod(RX), M 7→ f∗M := RX ⊗
f−1RY

f−1M.

(ii) In order to keep the number of notations to a bearable level, we will write in-
distinctly p∗2M for AC×X ⊗

p−1
2 AX

p−1
2 M and for AlocC×X ⊗

p−1
2 AlocX

p−1
2 M depend-

ing of whetherM is considered as an AX -module or an AlocX -module.

Definition 3.2. Let M be an AX -module (resp. a AlocX -module) and set N =
p∗2M and consider s ∈ N . The module N is a DC-module. The derivative with
respect to t of a section s in N is the section ∂ts. It is denoted s′ and called the
derivative of s.
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Definition 3.3. Let U be an open subset of C and let M be a coherent AX -
module (resp. AlocX -module). Let (s(t))t∈U be a family of section of M. We
say that (s(t))t∈U depends holomorphically on t, if locally there exists a section
s ∈ p∗2M such that evt(s) = s(t).

Proposition 3.4. Let X be a complex manifold and F be a coherent OX-module
on X and U an open subset of C × X, u ∈ p∗2F(U) such that for every t ∈
p2(U), u(t) = 0. Then u = 0.

Proof. This question is local. So, we can assume that we are working in the vicinity
of a point (t0, x) ∈ C ×X. We identify the local ring (OX,x,mx) with a subring
of the local ring (OC×X,(t0,x),m(t0,x)) via the morphism of locally ringed spaces
induced by the projection p2 : C × X → X . We denote by r(t0,x) the ideal of
OC×X,(t0,x) generated by mx. For every q ∈ N, we have

(p∗2F)(t0,x)/r
q
(t0,x)(p

∗
2F)(t0,x) ' OC,t0 ⊗Fx/mqxFx.

Writing ut0(x) for the image of u in (p∗2F)(t0,x)/r
q
(t0,x)(p

∗
2F)(t0,x) and choosing an

isomorphism Fx/mqxFx ' Cr, we can identify ut0(x) with a vector (f1, . . . , fr)
where the fi ∈ OC,t0 . It follows from the assumption that there exists a neigh-
bourhood V of t0 such that for every t ∈ V, fi(t) = 0. This implies that ut0(x) = 0
that is u(t0,x) ∈ rq(x,t0)(p

∗
2F)(x,t0). As r(x,t0) ⊂ m(x,t0) and (p∗2F)(t0,x) is a finitely

generated OC×X,(t0,x)-module, it follows from the Krull intersection lemma that
u(t0,x) = 0.

Proposition 3.5. Let M be a coherent AX-module, set N = p∗2M , U an open
subset of C×X and let u ∈ N (U) such that for every t ∈ p1(U), u(t) = 0. Then
u = 0.

Proof. The OC×X -modules ~nN/~n+1N are coherent and

~nN/~n+1N ' p∗2(~nM/~n+1M). (3.1)

Let u0 be the image of u via the map N → N/~N . It follows from the assumptions
that for every t ∈ p1(U), u0(t) = 0 and form the isomorphism (3.1) that u0 ∈
p∗2(M/~M). Then by Proposition 3.4, u0 = 0. That is u ∈ ~N .

Let us show by recursion that u ∈
⋂
n≥0 ~nN . We just proved that u ∈ ~N .

Assume that u ∈ ~nN and denote by un the image of u via the map N →
~nN/~n+1N . By the isomorphism (3.1) we identify un with a section of the
coherent OC×X -module p∗2(~nM/~n+1M) such that for every t, un(t) = 0. Thus
by Proposition 3.4, un = 0 that is u ∈ ~n+1N . It follows that u ∈

⋂
n≥0 ~nN and⋂

n≥0 ~nN = (0) by [KS12, Corollary 1.2.8] which proves the claim.

Corollary 3.6. Let M be a coherent AlocX -module and let N = p∗2M. Let U an
open subset of C×X and u ∈ N (U) such that for every t ∈ p1(U), u(t) = 0. Then
u = 0.
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Proof. Let (t, x) ∈ C ×X. There exists an open neighbourhood V × U ⊂ C ×X
of (t, x) and finitely many ui ∈ M|U such that M|U =

∑
iAlocX ui. We consider

the AU -module M′ =
∑
iAXui. It is a finitely generated AU -submodule of the

coherent AlocU -module M. Thus, M′ is coherent. Shrinking V × U if necessary
and multiplying u by ~n with n ∈ N sufficiently big, we can assume that ~nu ∈
AV×U ⊗AU M′. The section ~nu satisfies the hypothesis of the Proposition 3.5.
It follows that ~nu = 0. But, the action of ~ on N is invertible. It follows that
u = 0.

Corollary 3.7. Let M be a coherent AX-module (resp. AlocX -module) and set
N = p∗2M. Let U an open subset of C × X and u ∈ N (U) such that for every
t ∈ p1(U), u′(t) = 0. Then u ∈ p−1

2 M.

Proof. SinceM is coherent, locally it has a presentation

0→ I → AmX →M→ 0.

Since AC×X is flat over AX , the module N has the following presentation

0→ AC×XI → AmC×X → N → 0. (3.2)

Let (t0, x0) ∈ C × X. There exists an open neighbourhood V of (t0, x0) and a
section s =

∑n
i=1 aiei ∈ AmC×X |U such that its image in N is u.

By hypothesis u′(t) = 0, it follows from the Proposition 3.5 (resp. the Corollary
3.6) that u′ = 0 which implies that we can write

s′ =
∑
j

bjvj

with bj ∈ AC×X and vj ∈ I. Let cj be a primitive of bj in a neighbourhood
of t0 and set w =

∑
j cj ⊗ vj . Thus (s − w)′ = 0 in AmC×X which implies that

s − w ∈ p−1
2 AmX . Finally since s − w and s have the same image in N , it follows

that u does not depend on t i.e u ∈ p−1
2 M.

4 Holomorphic Frobenius actions
In this section, we precise certain aspects of the definition of a F-action on a DQ-
algebra or on a DQ-module. This notion was introduced in [KR08, Definition 2.2
and Definition 2.4].

Let (X, {· , ·}) be a complex Poisson manifold. We assume that it comes
equipped with a torus action, C× → Aut(X), t 7→ µt such that µ∗t {f, g} =
t−m{µ∗t f, µ∗t g} with m ∈ Z∗.

Notations 4.1. • We denote by σ : C× × C× → C× the group law of C×,

• µ : C× ×X → X the action of C× on X.

• µ̃ : C× ×X → C× ×X, (t, x) 7→ (t, µ(t, x))
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• for t ∈ C×, the morphism

it : X → C× ×X, x 7→ (t, x).

• We write µt (resp. µ̃t) for the composition µ ◦ it (resp. µ̃ ◦ it).

• Consider the product of manifolds C× ×X. We denote by pi the i-th pro-
jection.

• Consider the product of manifolds C× × C× ×X. We denote by qi the i-th
projection, and by qij the (i, j)-th projection (e.g., q13 is the projection from
C× × C× ×X to C× ×X, (t1, t2, x3) 7→ (t1, x3)).

• Recall that in all this paper, AX is DQ-algebra and we write AC××X for the
DQ-algebra O~

C×�AX .

Lemma 4.2. Let θ̃ : µ̃−1AC××X → AC××X be a morphism of sheaves of p−1
1 OC×-

algebras such that the adjoint morphism ψ : AC××X → µ̃∗AC××X is a continuous
morphism of Fréchet C-algberas. Then the dashed arrow in the below diagram is
filled by a unique morphism λ̃ of q−1

12 OC××C×-algebras. If θ̃ is an isomorphism
then λ̃ also.

(idC× ×µ̃)−1(OC× �AC××X) id×θ̃ //
� _

��

OC× �AC××X� _

��
(idC× ×µ̃)−1AC××C××X

λ̃

// AC××C××X

Proof. By adjunction, it is equivalent to show that the dashed arrow in the below
diagram is filled by a unique map of q−1

12 OC××C× -algberas.

(OC× �AC××X) id×θ̃ //
� _

��

(idC××µ̃)∗(OC× �AC××X)� _

��
AC××C××X // (idC××µ̃)∗AC××C××X

Denoting by
p
� the external product of presheaves, there is a morphism

id
p
�θ̃ : OC×

p
�AC××X → OC×

p
� µ̃∗AC××X (4.1)

DQ-algebras, the sheaf OC× as well as µ̃∗AC××X are sheaves of nuclear Fréchet
C-algebras. Moreover, there exists a countable basis B of open set of C××C××X
of the form Ui×Vj such that AC×X |Vj is isomorphic to a star-algebra. Evaluating
the morphism (4.1), on the Ui × Vj ∈ B, we get the continuous morphism of
topological C-algberas idUi

p
�θ̃Vj (As the spaces we consider are nuclear, the choice
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of a topology on the tensor products does not matter. For instance, we endow all
the tensor product of nuclear spaces with the projective tensor product topology).

(id⊗θ̃)Ui×Vj : OC×(Ui)⊗π AC×X(Vj)→ OC×(Ui)⊗π µ̃∗AC××X(Vj)

By definition the morphisms idUi
p
�θ̃Vj are compatible with restrictions and

applying the completion functor to the above morphisms, we obtain the following
diagram

OC×(Ui)⊗π AC×X(Vj)
id⊗θ̃ //

��

OC×(Ui)⊗π µ̃∗AC××X(Vj)

��
OC×(Ui)⊗̂πAC××X(Vj)

id ⊗̂θ̃ // OC×(Ui)⊗̂πµ̃∗AC××X(Vj).

We have obtained a family of morphisms of Fréchet algebras {id ⊗̂θ̃}Ui×Vj∈B.
We describe the completion of the topological vector spaces

OC×(Ui)⊗π AC×X(Vj) OC×(Ui)⊗π µ̃∗AC××X(Vj).

Observe that, on Vj , there is an isomorphism of Fréchet algebra

AC××X(Vj) ' O~
C××X(Vj).

Hence, we obtain a continuous inclusion with dense image

OC×(Ui)⊗π O~
C×X(Vj) ↪→

∏
OC×(Ui)⊗π OC××X(Vj).

Applying the completion functor and using the fact that it commutes with prod-
ucts, we obtain the following isomorphisms algebras

OC×(Ui)⊗̂πO~
C×X(Vj)

∼→
∏
OC×(Ui)⊗̂πOC××X(Vj) ' AC××C××X(Ui × Vj).

Similarly, we have that

OC×(Ui)⊗̂πµ̃∗AC××X(Vj) ' (idC× ×µ̃)∗AC××C××X(Ui × Vj).

Hence, we have obtained a family of morphism of C-algebras {AC××C××X(Ui ×
Vj)→ (id×µ̃)∗AC××C××X(Ui×Vj)}Ui×Vj∈B which extends to a unique morphism
of sheaves on C× × C× ×X, λ̃ : AC××C××X → (id×µ̃)∗AC××C××X .

By [KS12, Lemma 2.2.9], there is a canonical morphism

q]23 : q−1
23 AC××X → AC××C××X .

We obtain the morphism λ as the composition

λ : (id×µ)−1AC××X
(id×µ̃)−1q]23−→ (id×µ̃)−1AC××C××X

λ̃→ AC××C××X . (4.2)
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We introduce the functor

Evt : Mod(p−1
1 OC×)→ Mod(CX)

M 7→ a−1
X (OC×,t/mt) ⊗

a−1
X
OC×,t

i−1
t M' i−1

t M/a−1
X mt i

−1
t M.

In particular, Evt(AC××X) ' AX and Evt(µ̃−1AC××X) ' µ−1
t AX .

The following definition should be compared with [KR08, Defintion 2.2] and
with [BLPB12, p.15].

Definition 4.3. A F-action with exponentm on AX is the data of an isomorphism
of p−1

1 OC× -algebras θ̃ : µ̃−1AC××X → AC××X such that

(a) the morphism θt := Evt(θ̃) satisifies θ1 = id,

(b) for every t ∈ C×, θt(~n) = tmn~n,

(c) the adjoint morphism of θ̃, ψ̃ : AC××X → µ̃∗AC××X is a continuous morphism
of Fréchet C-algberas,

(d) setting

θ : µ−1AX
µ̃−1p]2−→ µ̃−1AC××X

θ̃→ AC××X

the below diagram commutes,

(idC× ×µ)−1µ−1AX
(idC× ×µ)−1θ // (idC× ×µ)−1AC××X

λ

��
AC××C××X

(σ × idX)−1µ−1AX
(σ×idX)−1θ // (σ × idX)−1AC××X

OO

where λ is provided by Lemma (4.2).

Definition 4.4. A F-action on AlocX is the localization with respect to ~ of a
F-action on AX .

Remark 4.5. It would be possible to define directly the notion of F-action on
AlocX but the definition would be slightly more involved. Moreover, any such action
would be induced by a F-action on AX . This justify the choice of our previous
definition.

The pair
(it, evt) : (X,AlocX )→ (C× ×X,AlocC××X) (4.3)

is a morphism of ringed spaces. The F-action on AX induces another morphism
of ringed spaces

(µ, θ) : (C× ×X,AlocC××X)→ (X,AlocX ). (4.4)
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Remark 4.6. A word of caution about Morphism (4.4). This morphism is a
morphism of C-ringed spaces but not of C~-ringed spaces.

The morphism
λ : (id×µ)−1AlocC××X → A

loc
C××C××X (4.5)

provided by Lemma 4.2 and the data of the F-action θ on AlocX allows to define a
morphism of ringed space

(id×µ, λ) : (C× × C× ×X,AlocC××C××X)→ (C× ×X,AlocC××X).

The morphism of sheaves

σ] : σ−1OC× → OC××C×

induces a map
α : (σ × idX)−1AC××X

σ]⊗̂ id−→ AC××C××X

which provides a morphism of ringed spaces

(σ × idX , α) : (C× × C× ×X,AC××C××X)→ (C× ×X,AC××X).

Lemma 4.7. The morphisms of sheaves of rings θ, λ and α are flat.

Proof. The proof for θ and λ are similar. Hence, we only provide the proof for
θ. Since θ̃ is an isomorphism it is flat and µ−1p]2 is flat by [KS12, Lemma 2.3.2].
Thus, θ = θ̃ ◦ µ−1p]2 is flat.

We now prove the flatness of α. Since σ is a submersion, for every (t1, t2) ∈
C× ×C×, there exist an open neighbourhood W of (t1, t2) and a biholomorphism
g : U × V → W such that p1(z1, z2) = σ ◦ g(z1, z2) = z1. Since flatness is a local
question, we can restrict α to an open neighbourhood of the form W ×W ′ with
W ′ an open subset of X. Hence, we obtain the following commutative diagram

(p1 × idW ′)−1AU×X
(g×idW ′ )

−1α|W×W ′ //

o
��

AU×V×W ′

o
��

(σ|W × idW ′)−1AC××X
α|W×W ′ // AC××C××X |W×W ′

where the top morphism (g × idW ′)−1α|W×W ′ = q]13 is flat by [KS12, Lemma
2.3.2]. This implies that α is flat.

The following definition is an adpation of [KR08, Definition 2.4] along the line
of [MFK94, ch.1 §3 Definition 1.6].

Definition 4.8. A F-action on a AlocX -moduleM is the data of an isomorphism
of AlocC××X -modules

φ : µ∗M ∼→ p∗2M (4.6)
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such that the diagram

(idC× ×µ)∗µ∗M
(idC× ×µ)∗φ // (idC× ×µ)∗p∗2M

∼ // q∗23µ
∗M

q∗23φ // q∗23p
∗
2M

o
��

q∗3M

(σ × idX)∗µ∗M
(σ×idX)∗φ // (σ × idX)∗p∗2M.

o

OO

(4.7)

commutes.

Following [KR08], we denote by ModF(AlocX ) the category of (AlocX , θ)-modules
whose morphisms are the morphisms of AlocX -modules compatible with the action
of C×. This category is a C-linear abelian category. We write ModF,coh(AlocX ) for
the full subcategory of ModF(AlocX ) the objects of which are coherent modules in
Mod(AlocX ).

Let M be an AlocX -module endowed with a F-action φ : µ∗M → p∗2M and
t ∈ C×. There is the following commutative diagram defining the morphism φt

i∗tµ
∗M

o
��

i∗tφ // i∗t p
∗
2M

o
��

µ−1
t M

φt //M

where the vertical map are isomorphism of CX -modules. Hence, we have obtained
a map of CX -module

φt : µ−1
t M→M

such that

(a) φt depends holomorphically of t,

(b) φtt′ = φt′ ◦ µ−1
t′ φt for t, t′ ∈ C×,

(c) φt(am) = θt(a)φt(m) for a ∈ AlocX and m ∈M.

Remark 4.9. (a) We will usually write φtt′ = φt′ ◦φt instead of φtt′ = φt′ ◦µ−1
t′ φt.

(b) This implies that a F-action in our sense give rise to a F-action in the sense of
[KR08]. In practice, the examples of F-action in the sense of [KR08] are also
F-action in our sense.

Let M be an AlocX -module endowed with a F-action φ : µ∗M → p∗2M. The
F-action provides a derivation ofM. Indeed, notice that p∗2M has a structure of
left p−1

2 DC× -module. Hence, we have

µ∗M
φ // p∗2M

∂t // p∗2M (4.8)
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Let t0 ∈ C×. Consider the morphism

it0 : X → X × C×, x 7→ (x, t0).

Applying the functor i−1
t0 to the morphism (4.8), we obtain

dφt(·)
dt
|t=t0 : µ−1

t0 M // i−1
t0 µ

∗M
i−1
t0
φ
// i−1
t0 p
∗
2M

i−1
t0
∂t
// i−1
t0 p
∗
2M

evt0 //M.

In particular, when t0 = 1, we get

v : M // i−1
1 µ∗M

i−1
1 φ // i−1

1 p∗2M
i−1

1 ∂t // i−1
1 p∗2M

ev1 //M.

In other words,

v : M→M

s 7→ dφt(s)
dt
|t=1.

The morphism v is a C-linear derivation of the moduleM.

5 Invariant sections
5.1 Generalities
We start by defining the notion of locally invariant and invariant sections.

Definition 5.1. Let (M, φ) ∈ ModF(AlocX ), U ⊂ X and s ∈M(U).

(i) The section s is locally invariant at x′ if there exists an open neighbourhood
U ′ × V ⊂ C× ×X of (1, x′) such that for every (t, x) ∈ V × U ′, µ(t, x) ∈ U
and φt(sµ(t,x)) = sx.

(ii) The section s is locally invariant on U , if it is locally invariant at every
x′ ∈ U .

(iii) Assume that U ⊂ X is stable by the action of C×. A section s ∈ M(U) is
invariant if for every t ∈ C×, φt(s) = s.

Lemma 5.2. Let M ∈ ModF(AlocX ), U ⊂ X an open subset and s ∈ M(U)
such that v(s) = 0. Then, for every x′ ∈ U there is a neighbourhood V × U ′ of
(1, x′) ∈ C× × U such that for every t′ ∈ V

1. dφt(s|t′U′ )
dt |t=t′ = 0.

2. φt′(s|t′U ′) = s|U ′

14



Proof. (i) Since µ is continuous, there exists a neighbourhhod V ×U ′ ⊂ U of (1, x′)
such that µ(V ×U ′) ⊂ U . Hence for every t′ ∈ V , we have the following equalities.

dφt(s|t′U ′)
dt

|t=t′ = 1
t′
dφtt′(s|t′U ′)

dt
|t=1

= 1
t′
φt′

(
dφt(s|t′U ′)

dt
|t=1

)
= 1
t′
φt′(v(s|t′U ′)) = 0.

(ii) Shrinking V and U ′ if necessary Corollary 3.7 implies that locally for every
t′ ∈ V φt′(s|t′U ′) = s|U ′ .

Proposition 5.3. Let (M, φ) ∈ ModF,coh(AlocX ) and U be an open subset of X
stable by the action of C× and let s ∈M(U). The following conditions are equiv-
alent

(1) for every t ∈ C×, φt(s) = s,

(2) v(s) = 0.

Proof. (1) ⇒ (2) is clear.
Let us prove that (2)⇒ (1). It follows from Lemma 5.2 that for every t′ ∈ C×,

dφ(s)
dt |t=t′ = 0. Then, Corollary 3.7 implies that φ(s) = s

Lemma 5.4. Let M ∈ ModF,coh(AlocX ). Locally, there exists a coherent AX-
moduleM0 ⊂M such thatM'Mloc

0 and v(M0) ⊂M0.

Proof. The question is local andM is coherent. Hence we can assume thatM is
finitely generated. Thus, there exists s1, . . . , sn ∈M such thatM =

∑n
i=1AlocX si.

This implies that there exists l ∈ N such for every 1 ≤ i ≤ n, there exists aij ∈
~−lAC××X such that

φt(si) =
n∑
j=1

aij(t)sj .

Setting t = eu, this implies that

vk(s) =
n∑
i=j

dk

duk
aij(eu)

∣∣∣∣
u=0

si.

Setting N =
∑n
i=1AXsi, it follows that for every k ∈ N, vk(s) ∈ ~−lN . We

consider the submodules

M0 =
∑
k, i

AX vk(si) M0,≤p =
∑

1≤i≤n
0≤k≤p

AX vk(si)

of ~−lN . It is clear thatM0 is stable by v, thatM0,≤p is a coherent AX -module,
that for every p ∈ N, M0,≤p ⊂ M0,≤p+1 and M0 =

⋃
p≥0M0,≤p. Since AX is
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a noetherian sheaf of algebras and ~−lN is a coherent AX -module, the sequence
(M0,≤p)p∈N is locally stationary. Thus, there exists a covering (Uj)j∈J of X such
that for every j ∈ J there exists pj ∈ N such thatM0|Uj =M0,≤pj . Hence,M0
is coherent.

Theorem 5.5. Assume that the action µ is free and let M ∈ ModF,coh(AlocX ).
ThenM is locally finitely generated by locally invariant sections.

Notations 5.6. We introduce the following notation. Let δ = (δ1, . . . , δn) (resp.
η = (η1, . . . , ηn)) with δi > 0 for 1 ≤ i ≤ n (resp. ηi > 0 for 1 ≤ i ≤ n). We denote
by R(x, δ, η) the subset of Cn the elements of which are the z = (z1, . . . , zn) ∈ Cn
such that for every 1 ≤ i ≤ n

<(xi)− δi < <(zi) < <(xi) + δi and =(xi)− ηi < =(zi) < =(xi) + ηi.

We call such a subset of Cn a rectangle centered in x.

Proof of Theorem 5.5. By lemma 5.4,M has a coherent AX -latticeM0 stable by
v. Let us show that this lattice is generated by locally invariant sections. This
problem is local. So, it is sufficient to work in an open neighbourhood U of a point
x ∈ X. Since M0 is coherent, we can assume it is finitely generated on U by a
family (ei))1≤i≤l. For every 1 ≤ i ≤ l there exists aij ∈ AU with 1 ≤ j ≤ l such
that

v(ei) =
l∑
j=i

aijej .

We form the matrix A = (aij)1≤i,j≤l ∈ Ml(AU ) and set

e =

e1
...
el

 v(e) =

v(e1)
...

v(el)

 .

It follows that v(e) = Ae.
If B ∈ GLl(AU ) is such that v(Be) = 0 then, Be will provide a generating

family ofM0, formed of locally invariant sections. We have the following equalities.

v(Be) = v(B)e+Bv(e)
= v(B)e+BAe.

Therefore, we are looking for B in GLl(AU ) such that

v(B)e+BAe = 0.

Hence, it is sufficient to prove the existence of B ∈ GLl(AU ) such that

v(B) +BA = 0. (5.1)
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Shrinking U if necessary, we can further assume that AU is isomorphic to a
star-algebra (O~

U , ?) the star-product of which is given by

f ? g =
∑
i≥0

Pi(f, g)

where the Pi are bidifferential operators. Writting A =
∑
k≥0Ak~k and B =∑

j≥0Bj~j with Ak and Bj in Ml(OU ), we obtain

BA = (
∑
j≥0

~jBj) ? (
∑
k≥0

~kAk)

=
∑
n≥0

~n(
∑

k+j+m=n
Pm(Bj , Ak))

and

v(B) =
∑
n≥0

~n
( ∑
i+k=n

vk(Bi) +mnBn

)

=
∑
n≥0

~n

 ∑
i+k=n
k 6=0

vk(Bi) + v0(Bn) +mnBn

 .

Thus, Equation (5.1) is equivalent to the recursive system of equations

∀n ∈ N, v0(Bn) +Bn(mn id +A0) +
∑
i+k=n
i 6=n

vk(Bi) +
∑

k+j+m=n
j 6=n

Pm(Bj , Ak) = 0.

(5.2)

Setting C0 = 0 and Cn = −
(∑

i+k=n
i 6=n

vk(Bi) +
∑
k+j+m=n

j 6=n
Pm(Bj , Ak)

)
, the sys-

tem (5.2) is rewritten as

∀n ∈ N, v0(Bn) +Bn(mn id +A0) = Cn (5.3)

Notice that Cn depends only of the Bj with j < n.
Since the action of C× on X is free, v0 does not vanish and we can find a local

coordinate system (z1, . . . , zn) on an open neighborhood of x (that we still denote
U) such that in this coordinate system

v0 ≡
∂

∂z1
.

Thus, the system (5.3) becomes

∀n ∈ N,
∂Bn
∂z1

+Bn(mn id +A0) = Cn. (5.4)
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If (z;u) is the coordinnate system on T ∗U associated to the coordinate system
(z) = (z1, . . . , zn) on U , it follows from [SK75] that the characteristic variety of
the system (5.4) is {u1 = 0}.

Since U is open, there exists a rectangle R(x, δ, η) ⊂ U . Set Y = {z ∈ U |z1 =
p1} and Y ′ = Y ∩R(x, δ, η). Consider a function g ∈ OU (R(x, δ, η)). We have the
following Cauchy problem

∂f

∂z1
+ f(mn id +A0) = g

f |Y ′ = Il.
(5.5)

The hypersurface Y ′ is non-characteristic. Thus, it follows from the Cauchy-
Kowaleski Theorem (see for instance [Sch85, Theorem 3.1.1]) that the equation
(5.5) admits a solution f in a open neighbourhood Ω of Y ′. Moreover, any hy-
perplan the normal of which is the limit of characteristic directions in at least
one point of R(x, δ, η) intersects Y ′ since the characteristic variety of the system
(5.5) is {u1 = 0}. Then it follows from [BS72, Theroem 2.1] that f extends to
R(x, δ, η). This proves that for every n ∈ N, the equation (5.2) has a solution Bn
with Bn|Y = Il and defined on R(x, δ, η). This implies in particular that B0(p) = Il
is invertible. Hence, B0 is invertible in a neighbourhood V of x. This ensures that
B =

∑
j≥0 ~jBj is invertible on V which proves the claim.

5.2 The case of free and proper actions
We now assume that the action of C× on X is free and proper. We set Y =
X/C× and denote by p : X → Y the canonical projection. The morphism p is
a C×-principal bundle. We say that an open subset V of X is equivariant if
V = p−1p(V ).

Lemma 5.7. LetM∈ ModF(AlocX ).

(i) If s ∈ M is a locally invariant section, then s is locally the restriction of a
globally invariant section.

(ii) If M is locally finitely generated by locally invariant sections, then M is
locally finitely generated by invariant sections.

Proof. (i) Let U be an open subset of X and assume that s ∈ M(U). Let x ∈ U .
Since s is locally invariant on U there exist a neigbourhoud U ′ ⊂ U of x and a
neighbourhood V of 1 ∈ C× such that for every t ∈ V, x′ ∈ U ′, µ(t, x′) ∈ U and
φt(s) = s.

(a) Shrinking U ′ and V if necessary we can assume that the pair U ′ and V
satisfies the following property. Let x0, x1 ∈ U ′ such that there exist t ∈ C× such
that x1 = µ(t, x0) then t ∈ V .

(b) Let y ∈ W = p−1(p(U ′)). There exists (t0, x0) ∈ C× × U ′ such that
y = µ(t0, x0). We set

s̃y = φ−1
t0 (sx0).
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Let us show that the section s̃ is well define. Assume that there exist (t1, x1) ∈
C× × U ′ such that y = µ(t1, x1). Then there exists t ∈ V such that x1 = µ(t, x0).
It follows that

φ−1
t1 (sx1) = φ−1

t0 (φ−1
t (sx1)) = φ−1

t0 (sx0) = s̃y.

(ii) Since M is locally finitely generated by locally invariant sections, there
exists an open subset U of X and locally invariant sections (s1, . . . , sn) generating
M|U . Keeping the notation and applying the construction of (i) to the family
(s1, . . . , sn), we obtain some open sets U ′ and V satisfying the same propreties
as in (i) and a family of invariant sections (s̃1, . . . , s̃n) defined on the open subset
W = p−1(p(U ′)) of X. It remains to prove that (s̃1, . . . , s̃n) is a generating family
ofM|W . Since W is stable by the action, we can assume for the sake of simplicity
that X = W . The problem is now equivalent to check that the morphism of
sheaves of AlocX -modules u : (AlocX )n → M, ei 7→ s̃i is an epimorphism. There is
the following commutative diagram of p−1

1 OC×-modules.

µ∗(AlocX )n µ∗u //

θ

��

µ∗M

φ

��
p∗2(AlocX )n

p∗2u // p∗2M.

(5.6)

Let x1 ∈ X. Then there exists x0 ∈ U ′ and t ∈ V such that x1 = µ(t, x0). We
consider the map

i(t,x0) : {pt} → C× ×X, pt 7→ (t, x0)

and the evalutation map

i](t,x0) : i−1
(t,x0)p

−1
2 OC× ' OC×,t → C.

These two maps allow us to define the morphism of ringed spaces

(i(t,x0), i
]
(t,x0)) : ({pt},C)→ (C× ×X, p−1

2 OC×)

Applying the functor i∗(t,x0) to the diagram (5.6), we obtain

(AlocX )nx1

ux1 //

θ(x0,t)

��

Mx1

φ(x0,t)

��
(AlocX )nx0

ux0 //Mx0

where the two vertical arrows are isomorphisms and the map ux0 is an epimor-
phism. This implies that ux1 is an epimorphism which proves the claim.

Corollary 5.8. Let M ∈ ModF,coh(AlocX ). Then there exists a covering (Vi)i∈I
of X by equivariant open subsets of X such that for each i ∈ I, M|Vi admits, in
ModF(AlocX |Vi), a presentation of length one by free modules of finite rank.

Proof. This follows from Theorem 5.5 and Lemma 5.7 (ii).
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6 From DQ-modules to modules over the ring of
invariant sections

From now on we assume that the action of C× on X is free and proper.

6.1 Equivariant extension and invariant sections functors
We define the sheaf of locally invariant sections of AX as the sheaf on X such that
for every open set U

AC×
X (U) = {s ∈ AX(U)|v(s) = 0}

and we also set
Aloc,C

×

X (U) = {s ∈ AlocX (U)|v(s) = 0}.

The sheaf of invariant sections of AX is defined as the subsheaf BY (0) of p∗AX
which is given by, for every open set V ⊂ Y ,

BY (0)(V ) = {s ∈ p∗AX(V )|v(s) = 0} = {s ∈ p∗AX(V )|θt(s) = s}.

This is a sheaf of C-algebra. We define BY similarly i.e.

BY (V ) = {s ∈ p∗AlocX (V )|v(s) = 0} = {s ∈ p∗AlocX (V )|θt(s) = s}.

By definition of BY (0) and BY , there are morphisms of algebras

p−1BY (0)→ AC×
X , (6.1)

p−1BY → Aloc,C
×

X . (6.2)

Lemma 6.1. The morphisms (6.1) and (6.2) are isomorphims of C-algebras.

Proof. This follows from Lemma 5.7.

We define the functor of locally invariant sections as follows

(·)C
×

: ModF(AlocX )→ Mod(Aloc,C
×

X )

M 7→MC×

whereMC× is the subsheaf ofM such that for every open U ⊂ X

MC×(U) = {s ∈M(U)|v(s) = 0}

The functor of globally invariant sections is defined by

pC
×

∗ : ModF(AlocX )→ Mod(BY )

M 7→ pC
×

∗ M := p∗(MC×).
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Note that by definition of pC×∗ , there is a natural transformation i : pC×∗ → p∗, such
that for (M, ψ) ∈ ModF(AlocX )

iM : pC
×

∗ M ↪→ p∗M

is given by the inclusion.
Consider the subsheaf M̃ of p∗M defined by

M̃(V ) := {s ∈ p∗M(V ) |φt(s) = s}

By definition of pC×∗ M and M̃, there is a canonical map

M̃ → pC
×

∗ M. (6.3)

This is an isomorphism by Proposition 5.3. Hence, we do not make any distinction
between pC×∗ M and M̃ and denote both of them by pC×∗ M.

By definition of BY there is a morphism of sheaves of algebras

p−1BY → AlocX . (6.4)

This allows us to define the functor

p∗ : Mod(BY )→ Mod(AlocX ) N 7→ p∗N = AlocX ⊗p−1BY p
−1N .

There is the following adjunction

p∗ : Mod(BY ) // Mod(AlocX ) : p∗.oo

The module p∗N is canonically equipped with a F-action. Since p ◦µ = p ◦ p2,
there is an isomorphism of algebras µ−1p−1BY ' p−1

2 p−1BY . As p−1BY ' Aloc,C
×

X ,
we get a monomorphism

p−1BY → AlocX
and obtain the following commutative diagram

µ−1p−1BY //

o
��

µ−1AlocX
θ // AlocC××X

p−1
2 p−1BY // p−1

2 AlocX // AlocC××X .

This implies that µ∗p∗ ' p∗2p
∗. Hence, there is an isomorphism φ : µ∗p∗N ∼→

p∗2p
∗N . That is (N , φ) ∈ ModF(AlocX ). We obtain a functor p∗C×

p∗C× : Mod(BY )→ ModF(AlocX ), N 7→ p∗C×N := (p∗N , φ).

Proposition 6.2. The functors

p∗C× : Mod(BY ) // ModF(AlocX ) : pC×∗oo

form the adjoint pair (p∗C× , p
C×
∗ ).
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Proof. (i) Let N ∈ Mod(BY ). We start by constructing the unit of the adjunction
(p∗C× , p

C×
∗ ). Consider the unit η′ : id→ p∗p

∗ of the adjunction

p∗ : Mod(BY ) // Mod(AlocX ) : p∗.oo

The stalk of the map η′N in y ∈ Y is given by

Ny → lim−→
y∈V
AlocX (p−1(V )) ⊗

BY,y
Ny, n 7→ 1⊗ n.

Sections of the form 1⊗n are invariant section of p∗C×N . Thus, the preceding map
factorizes through pC×∗ p∗C×N and we obtain the following commutative diagram.

N
η′N //

ηN
##

p∗p
∗N

pC
×

∗ p∗C×N
ip∗

C×
N

99 (6.5)

We have obtained a natural transformation η : id→ pC
×

∗ p∗C× .
Let (M, ψ) ∈ ModF(AlocX ). Let ε′ : p∗p∗ → id be the counit of the adjunction

p∗ : Mod(BY ) // Mod(AlocX ) : p∗.oo

We define the following natural transfromation

ε = ε′ ◦ i. (6.6)

By construction the folowing diagram commutes.

p∗p∗M
ε′M //M

p∗C×p
C×
∗ M

εM

::

p∗iM

ee (6.7)

Let x in X. The stalk at x of Morphism (6.6) is given by

AlocX,x ⊗
BY,p(x)

(pC
×

∗ M)p(x) →Mx, a⊗m 7→ am

This implies that the following diagram

µ∗p∗pC
×

∗ M

φ

��

µ∗εM // µ∗M

ψ

��
p∗2p
∗pC

×

∗ M
p∗2εM // p∗2M
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where φ is provided by the functor p∗C× is commutative. Hence, Morphism (6.6) is
equivariant i.e. ε is a morphism of ModF(AlocX ).

In view of diagrams (6.5) and (6.7), the following diagrams are commutative

p∗N
p∗η′N //

id

&&
p∗p∗p

∗N
ε′p∗N // p∗N

p∗C×N p∗C×ηN

// p∗C×p
C×
∗ p∗C×N εp∗

C×
N
//

p∗ip∗
C×
N

OO

p∗C×N

p∗M
η′p∗M //

id

&&
p∗p
∗p∗M

p∗ε′M // p∗M

p∗p
∗
C×p

C×
∗ M

p∗p
∗iM

OO
p∗εM

88

pC
×

∗ M η
pC×∗ M

//
?�

iM

OO

η′
pC×∗ M

88

pC
×

∗ p∗C×p
C×
∗ M

pC
×
∗ εM

//

i
p∗
C×

pC×∗ M

OO

pC
×

∗ M
?�

iM

OO

which proves that (p∗C× , p
C×
∗ ) is an adjoint pair.

6.2 Coherence of the sheaf of invariant sections
In this subsection, we prove the coherence of BY . The following result is elemen-
tary.

Lemma 6.3. Let x ∈ X. Let v0 be an holomorphic derivation of OX that does
not vanishes at x. Then there exist a neighbourhood U of x such that for every
c ∈ C the map

v0 + c : OX(U)→ OX(U) , f 7→ v0(f) + cf

is surjective.

Lemma 6.4. Let s ∈ AX(X) and assume that there is a covering (Ui)i∈I of X
and ui ∈ AX(Ui) such that s|Ui = ~ui. Then, there exist u ∈ AX(X) such that
s = ~u

Proof. On Ui∩Uj , ~ui|Uij = ~uj |Uij . As ~ is not a zero divisor, ui|Uij = uj |Uij .

23



Lemma 6.5. Let x ∈ X. There exists an equivariant neighbourhood V of x and
a section s ∈ AX(V ) such that v(s) = 0 and s = ~u with u ∈ AX(V ) an invertible
section.

Proof. Let x ∈ X and m ∈ Z. Since v0 does not vanish in x, there exists an open
neighbourhood U of x and an hypersurface Y in U which is non-characterisitic for
v0 +m on U . Hence the following Cauchy problem{

v0(f) +mf = 0
f |Y = 1

has a solution f0 in an open neighbourhood U ′ of x. Shrinking U ′ if necessary we
can further assume that f0 is invertible on it.

We now show that there exists u =
∑
i≥0 ~iui ∈ AX,x such that

u0 = f0 and v(~u) = 0.

It follows from equation (2.1) that this is equivalent to show that there exist
u =

∑
i≥0 ~iui ∈ AX,x such that for every n ∈ N∑

i+k=n
vk(ui) +m (n+ 1)un = 0.

Thus, it remains to show that the recursive systemv0(un) +m (n+ 1)un =
∑
i+k=n
k 6=0

vk(ui)

u0 = f0

has a solution u in an open neighbourhood V ′ of x. This follows from Lemma
6.3. Finally using Lemma 5.7, we extend the section ~u to an invariant section s
defined on an equivariant open set V .

Let us check that there exists an invertible section ũ ∈ AX(V ) such that s = ~ũ.
Let y ∈ V . By construction (see the proof of Lemma 6.5), sy = φ−1

t0 (~ux0) =
~ t−m0 φ−1

t0 (ux0) and t−m0 φ−1
t0 (ux0) is an invertible section. Finally, Lemma 6.4 im-

plies the existence of ũ.

Assume that there exist a section s ∈ AX(X) such that v(s) = 0 and s = ~u
with u invertible. Consider the exact sequence

0→ snAX → AX
π→ AX/snAX → 0. (6.8)

and apply the functor (·)C× to it. We obtain the left exact sequence

0→ (snAX)C
×
→ AC×

X → (AX/snAX)C
×
. (6.9)

Lemma 6.6. The left exact sequence (6.9) is exact.

Proof. The proof is similar to the one of Lemma 6.5.
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Lemma 6.7. Assume that there exist a section s ∈ AX(X) such that v(s) = 0
and s = ~u with u invertible. Then

pC
×

∗ (AX/snAX) ' BY (0)/snBY (0).

Proof. Notice that p∗snAX ' snp∗AX . Hence, pC×∗ (snAX) ' snBY (0).
Applying pC×∗ to the sequence (6.8), we obtain the following left exact sequence

0→ snBY (0)→ BY (0) p
C×
∗ π−→ pC

×

∗ (AX/snAX). (6.10)

Let us show that the above sequence is exact. Let y ∈ Y , a ∈ pC×∗ (AX/snAX)y.
Thus, there exists an open subset V ⊂ Y such that y ∈ V , a ∈ AX/snAX(U) where
U = p−1(V ) and a is an invariant section. Choose x ∈ U such that y = p(x). Since
the sequence (6.9) is exact, there exist an open set W ⊂ U containing x and a
locally invariant section u ∈ AX(W ) such that π(u) = a|W . Hence, there exists
an equivariant open subset U ′ and an invariant section b ∈ AX(U ′) such that on
a neighbourhood W ′ ⊂ W ∩ U ′ of x, b|W ′ = u|W ′ . Moreover, shrinking U ′ if
necessary, we can assume that the orbit of W ′ under the action of C× is U ′. As a
and b are invariant sections, it follows that π(b) = a|U ′ . This proves that p∗C×π is
an epimorphism of sheaves.

The following theorem is a minor variation of [KS12, Theorem 1.2.5 (i)] and
the proof is the same.

Theorem 6.8. Let k be a field of characteristic zero, R a sheaf of k-algebras and
s a section of R such that

(i) sR = Rs,

(ii) R ·s−→ R is a monomorphism,

(iii) R ' lim←−
n∈N
R/Rsn

(iv) R/Rs is a left Noetherian ring.

Then R is a left Noetherian k-algebra.

Theorem 6.9. (i) The sheaf BY (0) is a Noetherian sheaf of C-algebras.

(ii) The sheaf BY is a Noetherian sheaf of C-algebras.

(iii) The sheaf AC×
X is a Noetherian sheaf of C-algebras.

(iv) The sheaf Aloc,C
×

X is a Noetherian sheaf of C-algebras.

Proof. (i) We apply Theorem 6.8. Coherency is a local property. Hence, using
Lemma 6.5, we can assume that that there exist there exist a section s ∈ AX(X)
such that v(s) = 0 and s = ~u with u invertible. Then point (i) and (ii) of
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Theorem 6.8 are immediately satisfied. Since pC×∗ is a a right adjoint it commutes
with limits. Thus,

BY (0) = pC
×

∗ AX = pC
×

∗ (lim←−
n

AX/snAX) ' lim←−
n

pC
×

∗ (AX/snAX).

Moreover, Lemma 6.7 implies that pC×∗ (AX/snAX) ' BY (0)/snBY (0). Hence

BY (0) ' lim←−
n

BY (0)/snBY (0).

This proves that condition (iii) of Theorem 6.8 holds as well as condition (iv) since
BY (0)/sBY (0) ' OY . Thus, BY (0) is Noetherian sheaf of C-algebras.

(ii) We keep the notation of (i) and consider a section s = ~u as above. Consider
the free algebra BY (0)〈T 〉 and impose the relations

∀a ∈ BY (0), T · a = ψu(a) · T

where ψu(a) = u−1au. We obtain the skew polynomial algebra BY (0)[T ;ψu]. It
follows from (i) and [DK11, Theorem 5.1.1] that the ring BY (0)[T ;ψu] is Noethe-
rian. Using [Kas03, Proposition A.10], this implies that BY ' BY (0)[T ;ψu]/(Ts−
1)BY (0)[T ;ψu] is also Noetherian.

(iii) & (iv) We have that AC×
X ' p−1BY (0) (resp. Aloc,C

×

X ' p−1BY ). Hence the
result follows from (i) (resp. (ii)) and [Kas03, Proposition A.14].

Proposition 6.10. (i) The sheaf AX is faithfully flat over AC×
X ,

(ii) the sheaf AlocX is faithfully flat over Aloc,C
×

X .

Proof. (i) The proof is similar to point (i) of the proof of [KS12, Lemma 6.1.2 (a)].

(ii) This follows from the isomorphism

AlocX ' AX ⊗AC×
X

Aloc,C
×

X .

6.3 The equivalence of categories
The aim of this subsection is to prove the following theorem.

Theorem 6.11. The adjoint pair (p∗C× , p
C×
∗ ) induces a well defined adjunction

p∗C× : Modcoh(BY ) // ModF, coh(AlocX ) : pC×∗ .oo (6.11)

These functors are equivalence of categories inverse to each others.
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For that purpose, we have to prove that the adjunction is well defined and that
the unit and the counit of this adjunction are isomorphism.

Lemma 6.12. LetM∈ ModF,coh(AlocX ). The natural morphism (6.6)

ε : p∗C×p
C×
∗ M−→M

is an isomorphism.

Proof. It follows from Corollary 5.8 that the morphism (6.6) is an epimorphism.
Let us prove that it is a monomorphism. Let x ∈ X and letm =

∑n
i=1 wi⊗mi ∈

AlocX,x ⊗
Aloc,C

×
X,x

pC
×

∗ (M)p(x). We can assume that m1, . . . ,mn are invariant sections

of M defined on an equivariant open subset V of X containing x. Consider the
map

φ : (AlocX )n|V →M|V , φ(ej) = mj , 1 ≤ j ≤ n

where (ei)1≤i≤n is the canonical basis of (AlocX )n. Then we get the following left
exact sequence

0→ kerφ→ (AlocX )n|V
φ→M|V .

The module kerφ belongs to ModF, coh(AlocX |V ). It is locally finitely generated by
invariant sections. Hence there exists an equivariant open set V ′ containing x and
invariant sections s1, . . . , sq where si = (si1, . . . , sin) with sij ∈ Aloc,C

×

X (V ′) and
generating kerφ|V ′ .

Assume that ε(m) =
∑n
j=1 wjmj = 0. Thus, w = (w1, . . . , wn) ∈ kerφx and

we have

w =
q∑
i=1

αisi

with αi ∈ AlocX,x. Then

n∑
j=1

wj ⊗mj =
n∑
j=1

(
q∑
i=1

αisij)⊗mj

=
q∑
i=1

(αi ⊗ (
n∑
j=1

sijmj)︸ ︷︷ ︸
=0

) = 0.

This proves that the map (6.6) is a monomorphism.

Proposition 6.13. The functor pC×∗ restricted to ModF, coh(AlocX ) is exact.

Proof. As pC×∗ is a right adjoint it is left exact. Let us show it is right exact on
ModF, coh(AlocX ). Consider the exact sequence

0→M′ →M→M′′ → 0.
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and apply the functor p∗C×p
C×
∗ to the above exact short exact sequence. Since

p∗C×p
C×
∗ is isomorphic to the identity functor on ModF, coh(AlocX ), we obtain the

short exact sequence

0→ p∗C×p
C×
∗ M′ → p∗C×p

C×
∗ M→ p∗C×p

C×
∗ M′′ → 0.

The ring AlocX is faithfully flat over Aloc,C
×

X , this implies that the sequence

0→ p−1pC
×

∗ M′ → p−1pC
×

∗ M→ p−1pC
×

∗ M′′ → 0 (6.12)

is exact. Moreover, p : X → Y is surjective. Hence taking the stalks of the short
exact sequence (6.12) in every x ∈ X, we find that for every y ∈ Y the sequence

0→ (pC
×

∗ M′)y → (pC
×

∗ M)y → (pC
×

∗ M′′)y → 0

is exact. This proves that pC×∗ is exact.

Lemma 6.14. The functors p∗C× and pC×∗ preserve coherent modules.

Proof. (i) Since AlocX is coherent, a AlocX -modules is coherent if and only if it admits
a presentation of length one by finitely generated free modules. This implies that
p∗C× preserves coherent modules.
(ii) Let M be a coherent AlocX -module endowed with a F-action. It follows from
Corollary 5.8 that there exists an equivariant open subset V of X such thatM|V
has a presentation of length one by free modules of finite rank in ModF, coh(AlocX ),
i.e

(AlocX |V )n → (AlocX |V )m →M|V → 0.

Applying the exact functor pC×∗ to the above sequence, we obtain the right exact
sequence

(BY |p(V ))n → (BY |p(V ))m → (pC
×

∗ M)|p(V ) → 0.

As BY is coherent, this implies that pC×∗ M is a coherent BY -module.

We are now ready to prove the main result of this section.

Proof of Theorem 6.11. It follows from Proposition 6.2 and Lemma 6.14 that the
adjunction (6.11) is well defined. Because of Lemma 6.12, it only remains to show
that for every N ∈ Modcoh(BY )

ηN : N → pC
×

∗ p∗C×N (6.13)

is an isomorphism. The BY -module N is coherent. Hence, there is a covering
(Vi)i∈I of Y such that for each i ∈ I, N|Vi has a free presentations of length one.
It follows that the morphism (6.13) is an isomorphism since p∗C× and pC×∗ are right
exact functors and ηBY is an isomorphism.
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6.4 An example: the case of ŴX

In this section, we sketch the construction of the canonical weight one F-action on
ŴX . Let M be a complex manifold and we set X = T ∗M . We denote by ŴX(0),
the standard quantization of the cotangent bundle and ŴX := C~,loc ⊗C~ WX(0)
(see for instance [KS12, p.133]). We write ÊX for the ring of formal microdif-
ferentials operators on X, ÊX(0) for the subsheaf of order zero microdifferential
operators and set AC××X := O~

C×�WX(0).
We endow C with a coordinate t, T ∗C with the coordinate system (t, τ). Simi-

larly, we equipped C× with the coordinate r and T ∗C× with the coordinate system
(r, λ). We consider the map

γ : T ∗(C× × C)→ T ∗(C× × C), (r, t;λ, τ) 7→ (r, t;λ, τ/r).

and the isomorphism of sheaves

γ] :
(
ÊT∗

τ 6=0(C××C), t̂,∂̂r (0)
)
∼→ γ∗

(
ÊT∗

τ 6=0(C××C), t̂,∂̂r (0)
)
, g(r; τ) 7→ g(r; τ/r)

(6.14)
where

ÊT∗
τ 6=0(C××C), t̂,∂̂r (0) = {P ∈ ÊT∗

τ 6=0C××C(0)| [P, r] = 0 and [P, ∂t] = 0}.

Remark 6.15. Here, we have used the fact that there are global coordinate
systems on T ∗C and T ∗(C××C) which allows us to identify formal microdifferential
operators with their total symbols.

Applying (·) � ÊX(0) to the morphism (6.14), we obtain the isomorphism

γ] � id : ÊT∗
τ 6=0(C××C), t̂,∂̂r (0) � ÊX(0) ∼→ (γ × id)∗ÊT∗

τ 6=0(C××C), t̂,∂̂r (0) � ÊX(0).

Since ÊT∗
τ 6=0(C××C), t̂,∂̂r (0) and ÊX(0) are sheaves of nuclear Fréchet algebras and

γ] is continuous, we get, by completing the tensor products, an isomorphism

γ̃] : ÊT∗
τ 6=0(C××C)×X, t̂,∂̂r (0) ∼→ (γ × id)∗ÊT∗

τ 6=0(C××C)×X, t̂,∂̂r (0). (6.15)

Consider the morphism

ρ̃ : T ∗τ 6=0(C× × C)×X → C× ×X, (r, t, x;λ, τ, ξ) 7→ (r, x; ξ/τ)

Applying ρ̃∗ to (6.15) provides the continuous morphism

ψ̃ : AC××X(0) ∼→ µ̃∗AC××X(0).

By adjunction, we get the F-action

θ̃ : µ̃−1AC××X
∼→ AC××X .
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Let V be an open subset of C× and (U, x;u) a local symplectic coordinate
system of X where U is a conical open subset of X. Then

θ̃V×U : µ̃−1ŴC××X(0)(V × U)→ ŴC××X(0)(V × U)∑
i≥0

fi(r, x;u)~i 7→
∑
i≥0

fi(r, x; r · u)ri~i.

This implies that

θr : µ−1
r ŴX(0)(U)→ ŴX(0)(U)∑
i≥0

fi(x;u)~i 7→
∑
i≥0

fi(x; r · u)ri~i.

A section s =
∑
i≥0 fi(x;u)~i in ŴX(0)(U) is invariant, if for every r ∈ C×,

θr(s) = s. That is,

for every i ≥ 0, fi(x, ru) = r−ifi(x, u).

This implies that s ∈ ι(ÊX(0)(U)) and in particular that (ŴX(0))C× ' ÊX(0) and
ŴC×
X ' ÊX . Hence, applying Theorem 6.11, we obtain the proposition

Proposition 6.16. The adjoint pair (p∗C× , p
C×
∗ ) induces a well defined adjunction

p∗C× : Modcoh(ÊY ) // ModF, coh(ŴX) : pC×∗ .oo

These functors are equivalence of categories inverse to each others.

7 The codimension three conjecture for formal
micro-differential modules

In this subsection, we deduce the codimension-three conjecture for formal microd-
ifferential modules from the codimension-three conjecture for DQ-modules. LetM
be a complex manifold, X be an open subset of T ∗M , Ṫ ∗M = T ∗M \M , P ∗M the
projective cotangent bundle and p : Ṫ ∗M → P ∗M be the canonical projection.
We denote by dX the dimension of X.

Let l be a non-negative integer, from now on, we set Xl := (C×)l × X, sim-
ilarly Zl := (C×)l × Z and AXl := O~

(C×)l�ŴX(0). We will need the following
proposition whose proof is similar to the one of [KK81, Theorem 1.2.2].

Proposition 7.1. Let r and l be non-negative integers andM be a coherent AlocXl -
module so that ExtjAloc

Xl

(M,AlocXl ) = 0 for any j > r. Then Hj
Zl

(M) = 0 for any
closed analytic subset Z of X and any j < codimZ − r.
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Lemma 7.2. Assume X does not intersect the zero section of T ∗M . Let Λ
be a Lagrangian subvariety of X, Z be a closed analytic subset of Λ such that
codimΛ Z ≥ 2, j : X \Z ↪→ X the inclusion andM a holonomic ŴX-module sup-
ported by Λ. Let (f, f ]) : (Xl,AXl) → (Xl′ ,AXl′ ) a morphism of C-ringed space
such that f ] is flat. Set V = X \ Z and denote by fV the restriction of f to V .
Then

(id(C×)l ×j)∗f∗VM|V ' f∗M.

Proof. Consider the following exact sequence

0→ H0
Zl

(f∗M)→ f∗M→ (id(C×)l ×j)∗(id(C×)l ×j)−1f∗M→ H1
Zl

(f∗M)→ 0.

SinceM is holonomic and f∗ is exact, it follows that for any j > dX/2

ExtjAloc
Xl

(f∗M,AlocXl ) = 0.

Hence, by Proposition 7.1, Hj
Zl

(f∗M) = 0 for 0 ≤ j < 2. Then, the above exact
sequence implies that

(id(C×)l ×j)∗f∗VM|V ' (id(C×)l ×j)∗(id(C×)l ×j)−1f∗M' f∗M.

Lemma 7.3. Assume X is a conical open subset of T ∗M and does not intersect
the zero section. Let Λ be a conical Lagrangian subvariety of X, let Z be a closed
conical analytic subset of Λ such that codimΛ Z ≥ 2, j : X \ Z ↪→ X the inclusion
andM a holonomic ŴX- module supported in Λ such thatM∈ ModF(ŴX |X\Z).
ThenM∈ ModF(ŴX).
Proof. Set V = X \ Z; On C× × V , the F-action is given by

φ′ : µ∗VM|V → p∗2,VM|V .

Applying (idC× ×j)∗, we get

(idC× ×j)∗φ : (idC× ×j)∗µ∗VM|V → (idC× ×j)∗p∗2,VM|V.

By Lemma 7.2,

(idC× ×j)∗µ∗VM|V ' µ∗M, (idC× ×j)∗p∗2,VM|V ' p∗2M.

Thus, we obtain a morphism

φ : µ∗M→ p∗2M.

Applying (id(C×)2 ×j)∗ to the below diagram diagram

(idC× ×µV )∗µ∗VM|V
(idC× ×µV )∗φ′ // (idC× ×µV )∗p∗2,VM|V

∼ // q∗12,V µ
∗
VM|V

q∗12,V φ // q∗12,V p
∗
2,VM|V

o
��

q∗3,VM

(σ × idV )∗µ∗VM|V
(σ×idV )∗φ′ // (σ × idV )∗p∗2M|V .

o

OO
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and using the isomorphisms provided by Lemma 7.2, we obtain a commutative
diagram identical to Diagram (4.7). This shows that φ is a F-action.

We recall the DQ-module version of the codimension three conjecture.

Theorem 7.4 ([Pet17, Theorem 1.5]). Let X be a complex manifold endowed with
a DQ-algebra AX such that the associated Poisson structure is symplectic. Let Λ
be a closed Lagrangian analytic subset of X, Z a closed analytic subset of Λ such
that codimΛ Z ≥ 3 and j : X \Z → X the open embedding. LetM be a holonomic
(AlocX |X\Z)-module, whose support is contained in Λ \ Z. Assume that M has an
AX |X\Z-lattice. Then j∗M is a holonomic module and is the unique holonomic
extension ofM to X whose support is contained in Λ.

We now deduce the codimension three for formal microdifferential modules
from the one for DQ-modules.

Theorem 7.5 ([KV14, Theorem 1.2]). Let M be a complex manifold, X an open
subset of T ∗M , Λ a closed Lagrangian analytic subset of X, and Z a conical
closed analytic subset of Λ such that codimΛ Z ≥ 3. Let ÊX the sheaf of formal
microdifferential operators on X and N be a holonomic (ÊX |X\Z)-module whose
support is contained in Λ \ Z. Assume that N possesses an (ÊX(0)|X\Z)-lattice
N0. Then N extends uniquely to a holonomic module defined on X whose support
is contained in Λ.

Proof. (i) The unicity is proved as in [KV14]. Thus we do not repeat the proof
here.
(ii) Proving the coherence of an extension of N is a local problem. By the dummy
variable trick, we can assume that X does not intersect the zero section of T ∗M .
Hence, for any x ∈ X, there exists a neigbourhood V of x, a conical open subset U ,
of X such that V ⊂ U and a coherent ÊP∗U -module N ′ together with a ÊP∗U (0)-
lattice N0 such that N|V ' (p−1N ′)|V and N0|V ' (p−1N ′0)|V where pU : U →
P ∗U is the restriction to U of the canonical projection. We can further assume
that Z and Λ are subset of U .

The module M := p∗C×N
′ belongs to ModF,coh(ŴU |U\Z), has a ŴU (0)|U\Z-

lattice and its support is contained in Λ \ Z. By [Pet17, Theorem 1.4], j∗M is
an holonomic module supported by Λ and is also endowed with a F-action by
Lemma 7.3. Moreover it follows from Proposition 6.16 that pC×∗ j∗M is a coherent
ÊP∗U -module such that

(pC
×

∗ j∗M)|p(U)\p(Z) ' pC
×

∗ ((j∗M)|U\Z) ' N ′.

This proves that pC×∗ j∗M is a coherent extension of N ′. This implies that j∗N is
a coherent ÊX -module.
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