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From the very beginning of their history, mathematical objects have been developed in close relationship with the symbols they use. Starting from an epistemico-historical analysis of the development of algebraic notation, this article proposes a theoretical reflection on the interdependence between objectification and symbolisation that is specific to the mathematical thinking. Based on recent Radford’s recent definitions of learning and mathematical objects, it aims to develop the importance of symbolisation activities organised into chains of significations and of social interactions in mathematics learning conceived as a social process of objectification. It finally proposes an example of a classroom activity illustrating the theoretical principles. 

Introduction

Right from the start, mathematics has developed in close relation to the symbols it uses. From the first markings denoting quantities on stone tablets to formal representations of imaginary numbers, the process of creating symbols has been inseparable from the emergence of mathematical objects and their development. From a learning perspective, ever since the dissemination of Vygotsky’s work in mathematical education, sociocultural approaches have considered mathematics discourse and its objects to be mutually constitutive (Font, Godina & Gallardo, 2013). Hence symbols, defined as any formal or informal written marking used to communicate mathematical reasoning, are elements in mathematics discourse; they are the mediating tools for communication, i.e. signs in the sense used by Vygotsky. For Vygotsky, it is indeed the appropriation of these signs that essentially marks the transition from elementary to more advanced activities. In the classroom, research literature has for many years highlighted the difficulties students face in using mathematical symbols such as letters, the equals sign, or the minus sign (Kieran, 1992; Vlassis, 2004). These difficulties are at least partially connected with teaching practices in which symbols are always presented in their definitive form and with the underlying implicit idea that they must be considered independently from the concepts they represent. This viewpoint often leads students to regard mathematics as the manipulation of meaningless symbols.

The aim of this article is to present a reflection on the interdependence of mathematical objects and their symbolisation starting from an epistemico-historical analysis of the development of algebraic notation. This reflection is largely based on recent work by Radford and by Font et al., which offer new approaches in terms of mathematical objects and learning. The originality of this article lies in the links that are established between these works on the one hand and the semiotic and activity theories on the other, leading to the structuring of activities into chains of signification rooted in specific classroom practices. It will make these principles more concrete by presenting a generalisation activity in the field of elementary algebra that is planned on the basis of this structure; this will also highlight the importance of social interactions and the teacher’s interventions during the activity to encourage the emergence of mathematics.  
THE HISTORY OF ALGEBRA: A CONCEPTUAL (R)EVOLUTION RESULTING FROM A MAJOR SYMBOLIC DISCOVERY
The history of algebraic notation in the West is an illuminating example of the interdependence of symbolisation and conceptualisation in the development of mathematics. We will take a quick look at the history of algebra in order to understand the emergence of mathematical objects over the course of history. According to several authors (Harper, 1987; Kieran, 1992; Ifrah, 1994) the development of algebraic notation occurred in three main phases. The first phase was that of rhetorical language, in which natural language alone was used to solve problems which were very often related to agriculture, economic transactions or some other concrete situation. The second phase saw the development of a syncopated language. Diophantus’ major innovation was the idea of arithme: an indeterminate quantity of units. The conceptual change introduced by Diophantus with the arithme is that this unknown quantity is to be taken into account in calculations. His symbolic innovations consisted of abbreviated words. They proved necessary due to the limitations of writing at the time, as effective techniques for copying mathematical manuscripts more quickly. Diophantus’ advances took place in the context of solving problems related to the grouping of numbers (cubes, squares, etc.). This period saw increasingly extensive use of mathematical symbolism, which allowed ever more sophisticated operations to be developed that would have been impossible to carry out in words. Finally, in the third phase, symbolic language brought a radical change through the work of François Viète (late 16th century), with letters also starting to be used as parameters, i.e. as given quantities. Thanks to this symbolic language, it became possible to express general solutions and to use algebra as a tool to demonstrate the rules governing numerical relations. Ifrah points out that this is what made possible the emergence of other mathematical concepts, such as that of functions – a discipline which today constitutes one of the foundations of applied mathematics – as well as the algebraisation of analysis and the rise of analytical geometry.

THE IMPORTANCE OF SYMBOLISATION IN THE LEARNING OF MATHEMATICAL OBJECTS 

The preceding analysis shows how mathematics is a human and social construct which undergoes constant change, and in which symbolism has played a key role in the emergence of more and more sophisticated mathematical concepts, making it possible to solve increasingly complex problems set in a given socio-cultural context. While our purpose here is certainly not to assimilate the ontogenesis of mathematical objects with a kind of phylogenesis, we will follow Radford (1997) in postulating that a certain parallelism exists between the two; however, this has more to do with the order of the process rather than the knowledge of the facts in themselves – a process in which symbolisation and conceptualisation interact in order to solve a specific problem in a given socio-cultural context. This section first presents a redefinition of the learning process on the basis of a definition of mathematical objects proposed by Radford (2008) and then explores the importance for learning, of symbolisation activities and, more broadly, of signs and chains of signification in the emergence of mathematical objects.
Mathematical objects and learning
According to Radford (2008, p.223), ‘learning is not about constructing or re-constructing a piece of knowledge, but rather about actively and imaginatively endowing the conceptual objects that the students find in his/her culture with meaning’. This is what he calls a process of objectification, that is to say a social process of progressive awareness of a cultural object, for example a figure, shape or number, the general characteristics of which we gradually perceive at the same time as we give it meaning. This definition involves clarifying the nature of mathematical objects. According to Radford (2008, p.222), ‘mathematical objects are fixed patterns of reflexive activity incrusted in the ever changing world of social practice mediated by artefacts’. This understanding of mathematical objects is in fact quite close to Vygotsky’s definition of concepts (1997) according to which ‘from the psychological angle, a concept is at any stage of its development an act of generalisation’. Both Radford and Vygotsky put an emphasis on action (‘activity’ in Radford / ‘act’ in Vygotsky) as well as on generalisation (‘pattern’ in Radford / ‘generalisation’ in Vygotsky). Moreover, both seem to suggest that a concept/object is not monolithic, but may be composed of several levels of development: Radford (2008, p.226) adds that ‘the conceptual object is an object made up of layers of generality’. In the context of this article, we will consider mathematical concepts and objects in a very similar way. Radford also speaks of ‘conceptual objects’ and does not make a clear distinction between the two ideas. 

Another important point here is that Radford places special emphasis on the idea that objects are ‘incrusted’ in mediated social practices. He argues that access to mathematical objects is only possible via the social and mediated activity that requires them. In other words, social interactions and the mediating tools of communication, such as symbols, are consubstantial with learning. Similarly, Font et al. (2013) note that mathematics is a human activity and that the entities involved in this activity (i.e. objects) emerge from the actions and discourse through which they are expressed and communicated. The authors use the term ‘emergence’ intentionally in this context to emphasise the fact that these objects emerge from the practices of individuals. They must not be regarded as independent of people, of the language used to describe them or of their representations. This is why, in the view of Radford (2011), it is incorrect to say, as several authors have done (for example, Duval, 2000; Sfard, 2000), that access to objects is only possible via their representations. Access to these objects, according to Radford (2011), is not just a question of representation: rather, such access is only possible through the social and mediated activity that requires it. 
Symbols, signs and mathematics classroom activity
From the point of view of symbols and signs, this emphasis on the mediating tools of an activity leads us to turn to semiotic theory in order to refine our understanding. Like Radford (2013), we would draw attention to the fact that the idea here is not to produce a mere amalgam between semiotics on the one hand and socio-cultural approaches on the other, but to use the foundations of the former to express (or even transform) the presuppositions of the latter. Thus, on the basis of semiotics, in this section we offer a definition of a sign and a reflection on the development of the chains of signification that flow from this definition. In the work of semioticians (Lacan/Saussure, cited by Gravemeijer, 2002), a sign is generally taken to consist of a ‘signifier’ and a ‘signified’. This definition of a sign is modelled by the circle representing these two inseparable dimensions of a sign as shown in Figure 1 below. 
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Figure 1: Proposed definition of a sign including the idea of activity
However, taking into account the importance of activity as explained in the previous point, this conception of a sign cannot be considered adequate. It should be remembered that for Radford (2008), it is mediated social activity that allows access to mathematical objects, while for Font et al. (2013), objects emerge from individuals’ practices. In sociocultural approaches, a sign is never an entity in itself: it exists and makes sense in the context of a specific activity, and is produced in order to achieve a given objective (Radford, 1998). In this article, we will retain the basic definition of an activity put forward by Radford (1998). He claims that an activity has two important characteristics: 1) it is mediated by signs and therefore embedded in a culture, and 2) it is focused on a goal. Thus, from our point of view, a sign is defined by a signifier and a signified in close relation to each other, mediating a given activity focused on a goal. This is why we propose to add to the representation of a sign proposed by semiotics by setting it in the midst of the activity in which it is produced (see Figure 1).

Signs and chains of signification 

In the context of learning activities, Gravemeijer and Stephan (2002) have defined different stages of symbolisation constituting a chain of signification (see also Presmeg, 2006) in which the basic component is the sign. The development of signs in a chain of signification implies that the new signified encompasses the original sign, while the signification of the original sign changes in a progressive process of mathematisation that is increasingly abstract. This development of the sign is made necessary by activities of increasing complexity, as in the history of mathematics where symbolisations developed in step with the problems that were addressed and inversely. These chains of signification constitute a framework which we believe to be suitable for structuring a mathematical activity a priori by defining beforehand a structured learning trajectory on the basis of symbolisations of increasing complexity which permit different levels of generality of the mathematical objects. The advantage of this process, according to Presmeg (2006), is that at every point in the chain there is the possibility for students to go back, including to the very first actions. It should be noted that Gravemeijer and Stephan (2002) emphasis the idea that the development of signs emerges with the development of activities in the classroom. Surprisingly, however, their initial schematic presentation of a chain of signification fails to take this dimension into account. This is why we have adapted it to our definition of a sign, including signs in the context of evolving activities. In the next point we offer an example of a chain of signification that we have adapted to this context and which creates a structure for a learning environment on generalisation (see Figure 3). 
an exAmple of a classroom activity 

On the subject of ‘activity’, Radford (2016) makes a distinction between the activity as planned and the activity as it unfolds. He believes that an activity cannot be reduced to a description on paper, just as a symphony cannot be reduced to its score. For Radford, the score, as the activity described on paper, is something ‘general’ which presents ‘potential’. But mathematical objects will only become objects of consciousness, feeling and thought when this general aspect is deployed and transformed into something ‘sensible’. The ‘singular’ is the appearance of the ‘general’ through the mediation of human activity. Thus, starting from the same ‘general’ entity (i.e. the written description of an activity), the activity that takes place in the classroom can lead to very different results depending on how the students and teachers engage in the discussions, how agreements and disagreements are managed, etc. and ultimately depending on the richness of the interactions that take place within the classroom.
Description of the activity
In our experiment we used a generalisation activity called ‘Antoine makes some mosaics’ based on the ‘manufacturer problem’ (Bednarz, 2005), in two classes in early secondary education (grades 7 and 8). This type of environment is considered potentially rich for developing algebraic thinking. The main mathematical objects involved in this activity were the formula and the variable. The situation was presented using pictorial representations: a mosaic composed of coloured squares inside and a border of white squares. Figure 2 below shows two mosaics given as examples to the students.
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   An toine veut réaliser des mosaïques carrées réalisées à partir de carrés, dont certa i n s  so nt colorés et d’autres pas. Ces mosaïques sont de différentes tailles mais elles so n t   t o utes produites sur le même modèle comme dans les exemples ci-dessous :     

         

         

         

         

         

 

 

Mosaïque réalisée à partir de  

3 

carrés de couleur sur un côté 

Mosaïque réalisée à partir de 

 

4

 carrés de couleur sur un côté 

 

An toine veut réaliser des mosaïques de différentes tailles. Pour prévoir le matérie l ,   i l  

ch erche un moyen de calculer le nombre de carrés blancs dont il aura besoin à partir  d u  

n o

m

bre de carrés de couleurs qu’il veut mettre sur un côté de la mosaïque. 

 

1)   Antoine voudrait réaliser une mosaïque à partir de 5 carrés de couleur sur un côté .    

A l’aide du matériel, construisez cette mosaïque.  

Combien de petits carrés blancs sont-ils nécessaires pour réaliser cette mosaïqu e ?  

  ……………………………………………………………………………………………… …  

2 )   Antoine voudrait réaliser une mosaïque à partir de 7 carrés de couleur sur un côté .    

 Cherchez cette fois un calcul qui lui permettra de trouver combien de carrés bl

a

n cs 

sont nécessaires dans ce cas.  

……………………………………………………………………………………………… …  

3)   Faites de même pour une mosaïque construite à partir de 32 carrés de couleur  su r 

un côté. 

  ……………………………………………………………………………………………… …  

4 )   Trouvez un moyen qui permette de calculer, à chaque fois, le nombre de carré s 

blancs nécessaires pour réaliser une mosaïque, quel que soit le nombre de carré s 

colorés de côté. 

  ……………………………………………………………………………………………… …  

  ……………………………………………………………………………………………… …  

  ……………………………………………………………………………………………… …  

 

5)   Ecrivez ce moyen en langage mathématique.

  ……………………………………………………………………………………………… …  

An t o i n e   f a i t   d e s   mo s a ï q u e s  

 

Figure 2: Two models shown to students in ‘Antoine makes some mosaics’

The questions which accompanied this activity involved asking students to find a way to determine the number of white border squares for any number of coloured squares along one side (n). The situation implied a progression along a chain of signification starting with concrete material (small cubes) used to work out the number of white border squares (n = 5) (question 1). Students were then asked to produce a calculation, initially for a small number of squares (n = 7) (question 2) and then for a larger quantity (n = 33) (question 3). Finally, students had to find a general solution, which must be expressed first in everyday language (question 4) and then in mathematical language (question 5). Several ‘formulas’ could emerge, reflecting different visual presentations. Thus the activity was structured according to a chain of signification presented in Figure 3 below: 
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Figure 3: Chain of signification for the activity ‘Antoine makes some mosaics’

The social interactions at the heart of the dialectic between objectification and symbolisation
It is obviously impossible to discuss all the results of these experiments in this article. Figure 4 below presents two formulas very frequently produced by students in response to question 5. These formulas corresponded to the visual presentation of the border of white squares in terms of 2 (n + 2) + 2n, i.e. two long sides (2 x (n + 2)) and two short sides (2 x n).  
	
	Formulas produced by students for question 5

	1
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Figure 4: Examples of formulas produced by students for question 5
In example 1, the formula, although still contextual, correctly identifies the variable as ‘indeterminate’ (Radford, 2014), and the status of the formula as an act of generalisation. In example 2, by contrast, students are not yet fully aware of the variable: they express the two different lengths using different letters. In the classroom, this process of awareness did not occur spontaneously in the groups: it was only achieved later on, thanks to the teacher’s input, followed by discussions within these groups, the checking and refining of hypotheses using cultural artefacts (returning to actions with the material, and to the meaning of the operations produced in questions 2 and 3), etc. Radford (2008) emphasises in this regard that ‘the investigation of the students’ and teachers’ interactions and use of semiotic means of objectification is indeed a methodological strategy to account for the processes of learning in the classroom. It provides a broad, but sufficiently specific, frame with which to track students’ progressive acquisition of cultural forms of mathematical being and thinking’ (p. 227).
Final considerations

These observations which have just been briefly described highlight the value of developing activities which, both in the way they are structured beforehand and in their occurrence in the classroom will encourage the simultaneous emergence of symbolisation and mathematical objects in a social process of progressive awareness. Note that authors such as Warren and Copper (2009) speak more of a teaching-learning trajectory than of a purely learning trajectory, in order to bring out the idea that the act of teaching is as important as the learning trajectory that has been planned beforehand. Thus, these activities designed according to the principles discussed in this article will allow students to assign meaning to mathematical objects, but also to broaden their understanding in a variety of usage contexts, thus encouraging levels of generality that are increasingly abstract and detached from the initial settings. In no case is there any question of confining students to their informal attempts and symbolisations. On the contrary, the aim is to use these as a lever in a social and gradual process of objectification-symbolisation in close interaction, similar to that which has occurred naturally in the history of mathematics. 

References

Bednarz, N. (2005). Parler les mathématiques. Vie pédagogique, 136, 20-23.
Duval, R. (2000). Basic issues for research in mathematics education. In T. Nakahara & M. Koyama (Eds.), Proceedings of the Twenty-fourth International Conference for the Psychology of Mathematics Education (Vol. I), (pp. 55-69). Hiroshima. 

Font, V., Godino, J. D., & Gallardo, J. (2013). The emergence of objects from mathematical practices. Educational Studies in Mathematics, 82(1), 97-124.

Gravemeijer, K., & Stephan, M. (2002). Emergent models as an instructional design heuristic. In K., Gravemeijer, R., Lehrer, B., van Oers, & L., Verschaffel (Eds.), Symbolizing, modeling and tool use in mathematics education (pp. 145-169). Dordrecht, The Netherlands: Kluwer Academic Publishers.
Kieran, C., (1992), The learning and the teaching of school algebra. In D. Grouws (Ed.), Handbook of research on Mathematics Teaching and Learning (pp. 390-419). New York: Mac Millan.
Presmeg, N. (2006). Semiotics and the “connections” standard: Significance of semiotics for teachers of mathematics. Educational Studies in Mathematics, 61(1-2), 163-182.

Radford, L. (2016). Mathematics and Mathematics classroom activity through the lens of a metaphor. In M. Iori (Ed.), La Matematica e la sua Didattica/ Mathematics and Mathematics Education. In occasion of the 70 years of Bruno D’Amore (pp. 439-446). Bologna: Pitagora Editrice.
Radford, L. (2014). The progressive development of early embodied algebraic thinking. Mathematics Education Research Journal, 26, 257-277. 

Radford, L. (2013). On semiotics and education. Education & didactique, 7(1), 185-204.

Radford, L. (2011). Vers une théorie socioculturelle de l’enseignement-apprentissage: la théorie de l’objectivation. Éléments, 1, 1 – 27.

Radford, L. (2008). The ethics of being and knowing: Towards a cultural theory of learning. In L. Radford, G. Schubring & F. Seeger (Eds.), Semiotics in mathematics education: epistemology, history, classroom, and culture (pp. 215-234). Rotterdam: Sense Publishers.
Radford, L. (1998). On signs and representations, a cultural account. Scientia Paedagogica Experimentalis, 1, 277-302.
Sfard, A. (2000). Symbolizing Mathematical Reality Into Being - Or how mathematical discourse and mathematical objects create each other. In P. Cobb, E. Yackel, & K. McClain (Eds.), Symbolizing and communicating in mathematics classrooms. Perspectives on discourse, tools, and instructional design (pp. 37-98). Mahwah, NJ: Lawrence Erlbaum Associates.

Vlassis, J., (2004). Making sense of the minus sign or becoming flexible in ‘negativity’. Learning and Instruction, 14(5), 469-484.

Warren, E. & Cooper, T. (2009). Developing mathematics understanding and abstraction: The case of equivalence in the elementary years. Mathematics Education Research Journal, 21(2), 76-95.


1 - 1
2018. In NNN (Eds.). Proceedings of the 42nd Conference of the International Group for the Psychology of Mathematics Education, Vol. 1, pp. XX-YY. Umeå, Sweden: PME.
1 - 8
PME 42 – 2018

1 - 7
PME 42 – 2018

