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Abstract

The size and form of cities influence their social and environmental impacts. Whether cities have

the same form irrespective of their size is still an open question. We analyse the profile of artificial

land and population density, with respect to the distance to their main centre, for the 300 largest

European cities. Our analysis combines the GMES/Copernicus Urban Atlas 2006 land use database

at 5 m resolution for 300 larger urban zones with more than 100,000 inhabitants and the Geostat

population grid at 1 km resolution. We find a remarkable constancy of radial profiles across city

sizes. Artificial land profiles scale in the two horizontal dimensions with the square root of city

population, while population density profiles scale in three dimensions with its cube root. In short,

cities of different size are homothetic in terms of land use and population density, which challenges

the idea that larger cities are more parsimonious in the use of land per capita. While earlier

literature documented the scaling of average densities (total surface and population) with city

size, we document the scaling of the whole radial distance profile with city size, thus liaising

intra-urban radial analysis and systems of cities. Our findings also yield homogenous spatial defi-

nitions of cities, from which we can re-question urban scaling laws and Zipf’s law for cities.
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Introduction

More than half of the world’s population lives in urban areas today. This share is increasing
over time, while the world’s population is itself increasing (UNPD, 2014). This phenomenon
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leads to growing urban areas across the globe and consequent loss of (semi-)natural areas
and biodiversity around cities, to the benefit of artificial land uses (Seto et al., 2012). Urban
areas concentrate human activities within limited spatial extents. Consequently, cities also
concentrate the consumption of energy resources, including fossil fuels and their polluting
byproducts, such as carbon or nitrogen oxides, contributing to major health problems and
climate change. The surface and density of cities are undoubtedly two key factors in under-
standing their environmental and health effects.

There is research emerging toward an interdisciplinary science of cities (Batty, 2013) that
should eventually link the location of human activities in urban areas, the form of cities, and
their environmental consequences or socio-economic benefits. An active part of this field
focusses on quantifying environmental and socio-economic outcomes of cities with respect
to their size, i.e. the scaling of these outcomes with population (Bettencourt, 2013;
Bettencourt et al., 2007; Leit~ao et al., 2016; Louf and Barthelemy, 2014; Pumain, 2004;
Shalizi, 2011). This research, however, considers each city as a whole but disregards their
form and internal structure, which themselves can change with size, thus ignoring endoge-
neity effects (as also stressed for income by Thisse, 2014). In addition, research in this field
still lacks a coherent and homogeneous definition of what an urban area is across many
cities of different size. Louf and Barthelemy (2014) and Arcaute et al. (2015) show that the
spatial definition of a city has a major influence on scaling relationships. Here we contribute
to filling in both gaps.

Inspired by a long line of literature in urban geography and economics (Alonso, 1964;
Clark, 1951; Fujita, 1989; McDonald, 1989; Von Thünen, 1875), we consider the form of
cities through their radial profiles, i.e. how their structure changes with distance to the main
centre. We conduct a detailed empirical analysis of how the internal radial structure of the
European city scales with its population, with the aim to start bridging the gap between the
two aforementioned strands of urban modelling literature, namely the analysis of systems of
cities and the analysis of the internal structure of cities. We contend that space is insuffi-
ciently taken into account in the former, especially theoretically, while scaling effects are
insufficiently considered in the latter literature, especially empirically.

At the ‘systems of cities’ (or urban scaling laws) end of the literature, there is simply no
internal spatial structure. The research is mainly empirical and focuses on how different
aggregate variables that describe the socio-economic or physical state of cities evolve with
city population. Assuming only a single aggregate attribute and an average density for each
city is a hazardous assumption. Indeed, and fortunately, a large portion of urban economics
and urban geography research is devoted to the variation of densities, land uses, income or
rents within cities, because they matter for understanding and planning cities. Especially
important to this internal heterogeneity are distance to the centre effects, i.e. radial effects,
including transport costs but also centre-periphery amenities, which impact land use and
population densities, as shown along the Alonso–Muth–Mills’ monocentric tradition
(Alonso, 1964; Fujita, 1989; Mills, 1967; Muth, 1969).

Notwithstanding the relevance of internal city structures, the theory (which we denote
hereafter ‘systems of cities’ or ‘urban systems’) capable of approximating the distribution of
urban populations (particularly Zipf’s law) and other city aggregates across cities is largely
dominated by an a-spatial random growth framework (following Gibrat, see for example
Favaro and Pumain, 2011; Gabaix and Ioannides, 2004; Krugman, 1996) that sometimes
invokes endogenous intra-urban – but usually non-explicitly spatial – processes. For exam-
ple, Gabaix (1999) and Eeckhout (2004) relate positive agglomeration and negative exter-
nalities effects to total population, not to the internal distribution of this population.
Rozenfeld et al. (2009) endogenise land consumption in a random growth model but
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assume costs to be proportional to the total surface consumed and densities to be constant.
Bettencourt (2013) proposes an intra-urban dissipative model with social interactions and
transport networks and relates outputs to scaling laws, but ignores radial distance effects.

At the intra-urban scale end of the literature, the empirical validation of increasingly
refined theoretical models from the monocentric tradition (Alonso, 1964; Mills, 1967; Muth,
1969) is still very rare. Most of the literature develops from stylised facts without validating,
jointly, all model components (density and rent profiles, costs, income, urban fringe).
Ahlfeldt (2011) offers one of the most comprehensive tests for a single city (Berlin).
Only the analysis of population density gradients, since Clark (1951), received an empirical
investigation effort that is comparable to the urban scaling literature, though more frag-
mented – the latest exhaustive review to our knowledge is McDonald (1989). It usually
considers individual case studies, not cross-sections of numerous cities. More importantly,
population density profiles are rarely discussed against land use profiles, the limits of the city
and total urban population. This is particularly sad because the location of the urban fringe
(the maximum extent of urban land uses) and the total population are key outcomes (or
constraints) in monocentric models. In Europe, Guérois and Pumain (2008) fitted a double
linear function to the profile of urbanised surfaces for 40 cities but could not link it to
density profiles due to the absence of coherent population data and definition of cities.
In the US, McGrath (2005) related the urbanisation area (via the urban fringe) to essential
parameters of the standard monocentric model (income, transport costs and the opportunity
cost of land) as well as to total population for 30 cities, but disregarded the density profile.

Obviously data gathering is a strong limiting factor to a thorough validation of standard
monocentric models. This is however gradually changing with the emergence of more pre-
cise, comparable and almost ubiquitous land use data.

An important difficulty that remains in both strands of the literature for comparing
results is the definition of spatial units. Within cities, density measurements are affected
by the modifiable area unit problem (MAUP) (Openshaw, 1983) as soon as areal units
(census tracts, municipalities) are used to retrieve population or artificial land surfaces.
Any change in the number or borders of the reference area units may substantially
change results because population is not homogeneously distributed within these units,
hence the importance of using the finest possible geographical units and both land use
and population data. In addition, the chosen limit of the city itself influences the value
of aggregate attributes and resulting scaling laws (e.g. Arcaute et al., 2015; Louf and
Barthelemy, 2014). Some researchers use administrative units and a functional definition
of cities (e.g. based on commuting patterns), other consider raster data and morphological
criteria (continuity of built-up space) or population density cutoffs. There is need for com-
parable methods for defining cities.

Rozenfeld et al. (2008, 2011) and Arcaute et al. (2015) define the boundaries and surface
of cities using a clustering algorithm in order to analyse deviations to Gibrat’s law.
Interestingly, Rozenfeld et al. (2011), using this endogenous definition of cities, find that
areas are essentially proportional to population with almost no role left to density within the
scaling behaviour. In the meantime, the authors also ‘defer to later work the interesting
question of the heterogeneity [in density] within cities’ (Rozenfeld et al., 2011: 2221).
We therefore find ourselves with a theory of urban scaling that is at best devoted to small
density variation across cities – a variation acknowledged to be small empirically compared
to intra-urban variations, while an entire empirical and theoretical literature is devoted to
this variation but struggles to assemble pieces empirically, particularly across the city size
distribution. We are somehow only left with the intuition of Nordbeck (45 years ago,
Nordbeck (1971)) that cities have the same form whatever their size. However, Nordbeck
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does not analyse empirically the internal structure of cities, but derives his laws from aggre-
gate measures of surfaces and populations.

Our paper challenges this situation by providing – for Europe – what we believe is the
first analysis of the scaling of the entire population density and land use profiles. Our work is
grounded on the finest comparable land use and population data. Although our approach
relies on an ex-ante definition of cities (larger urban zones (LUZ)), the scaling relationships
we find – one of them remarkably rejoining Nordbeck’s ratios – also allow us to derive new
definitions of cities that are consistent across sizes. Hence, in addition to characterising the
radial profile of the European city and its scaling, both in terms of land use and population
density, we can therefore also verify aggregate scaling behaviour (Zipf) for different
definitions of cities.

The remainder of the article is organized as follows: first, we provide a general definition
of the scaling and radial profiles used as our main research method; second, we present our
dataset and its processing; third, our results section reports the land and density profiles
obtained and how they scale with population; fourth, we address the robustness of our
generic profiles against variations across cities and against our radial assumption; finally
we offer a discussion and perspectives.

Homothetic scaling and radial profiles

In this work, we search separately for two scaling laws. The first one is a surface scaling law
to reflect variation in urbanised land use as population varies. Land use is indeed an areal
problem of two (geographical) dimensions. The second one is a volume scaling law to reflect
variations in population density as population varies. The distribution of population in
space can indeed be seen as a three-dimensional problem. Scaling laws have been studied
for a long time in biology and gave rise to a domain named allometry, which compares
the shape of large and small organisms across scales, usually in three dimensions.
After Nordbeck (1971)), allometric equations have also been transferred to cities.

In the study of the scaling of forms, laws are usually compared to a reference law named
isometric scaling, which describes organisms whose shape does not change across scales:
when the size changes, the elements that make the form, i.e. proportions and angles, are
completely preserved. In mathematics, an isometry is a transformation that preserves
all distances. Another term for isometric scaling is homothetic scaling. A homothety is a
mathematical transformation that multiplies all distances by a fixed factor. We favour the
homothetic scaling term here since it refers well to a homogenous dilation of an object (as
illustrated on Figure 1), but the term isometric scaling could equally be considered.
Comparatively, the term allometric scaling, despite its more general use by Nordbeck and
subsequent authors in urban growth theory, refers specifically to constant but different rates

Figure 1. Illustration of a homothety, and of isometric scaling.
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of changes for the different parts of an object (Huxley and Teissier, 1936). In that sense

using an allometric equation does not necessarily hold a preservation of forms. It is only the
case with the homothetic (or isometric) transformation.

In the case of three-dimensional organisms, homothetic (isometric) scaling gives rise to

the square-cube law: the volume of a given object grows with the cube of its size, while its

surface grows with the square. This is illustrated on Figure 1 for a cube and works similarly
for any shape. If a is the length of the side of this cube, then the area of each face (see for

instance the front face, coloured in blue) grows as a2 while the volume grows as a3.
Conversely to allometric research in city science that considers aggregate attributes (e.g.

the total urbanised surface) or attributes of parts of the object (e.g. average density or
income), we conduct a much refined analysis of the scaling of forms by using a radial/profile

approach, which is standard in urban economics. We consider the entire distribution of land

and people within the city. While a radial approach has limitations in the sense that a single

reference centre for the object needs to be defined, it is a considerable progress towards
understanding actual forms compared to the aggregate, spatially blind measures used in

scaling research.
We conduct a radial analysis of land use and population density, both separately

regarded as functions of the distance r to the city centre. Thus, we express respectively a
surface scaling law for the radial function of the urban land use s(r) and a volume scaling

law for the radial function of the urban density qðrÞ, both with homothetic form

saðrÞ ¼ fðr=NaÞ and qbðrÞ¼ Nbgðr=NbÞ (1)

where power functions of the total population N of cities are used in line with urban scaling

literature, with a and b the scaling exponents. In the first case (surface scaling), the rescaling

concerns only the two horizontal dimensions x and y (combined in the distance to the centre

r ¼ ðx2 þ y2Þ1=2). In the second case (volume scaling), it concerns the two horizontal dimen-
sions and the vertical one.

Data and geoprocessing

Our main data source is the European Urban Atlas 2006 developed by the GMES/

Copernicus land monitoring services. The database provides a precise description of land

use at 5 m resolution in the 300 major European urban areas, defined according to Eurostat

Larger Urban Zones (LUZ), with more than 100,000 inhabitants each in 2006. These urban
areas make up more than 200 million inhabitants, i.e. more than 40% of the EU population

in 2006. As in any system of cities, many of these 300 urban areas have a small population,

and few have a high population. This fact has been linked to Zipf’s law for many systems

(see the review by Nitsch (2005)) and has been studied for European cities by many authors

including recently Bettencourt and Lobo (2016).
We transform the Urban Atlas polygon dataset into a 20 m resolution grid with the same

land use information using a central point rule for aggregation: each cell of the grid is given

the value of the polygon that comprises the centre of the cell. This transformation facilitates

computing while preserving spatial objects of small width, like roads (conversely to a major-
ity rule). We then combine this land use grid dataset at the level of LUZs with population

density from the Geostat population grid, which covers the European Union (EU) with a 1

km resolution, also for the year 2006. Population counts given by the Geostat grid are

downscaled to the 20 m land use grid, using the ‘urban fabric’ classes of the Urban Atlas.
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Those classes are based on different levels of soil sealing (S.L.) as follows and illustrated on
Figure 2 for the inner city of Vienna, Austria: Continuous Urban Fabric (S.L.:> 80%),
Discontinuous Dense Urban Fabric (S.L.: 50%–80%), Discontinuous Medium Density
Urban Fabric (S.L.: 30%–50%), Discontinuous Low Density Urban Fabric (S.L.:
10%–30%), Discontinuous Very Low Density Urban Fabric (S.L.< 10%). Each class is
given a weight, respectively 0.85, 0.65, 0.4, 0.2 and 0.05, describing its contribution to the
residential location of households. The population in each 1 km2 cell is then attributed to
the (20 m wide) urban cells using these weights (Figure 2).

Since we conduct a radial analysis of the land use and population density profiles, an
important choice is the location of the city centre. In this work, we choose the location of the
city hall, which corresponds well in most European cities to the historical centre of the city
and is usually located in a completely artificialised area close to high population density
zones. Other authors have used the coordinates of the city hall as the location of the city
centre (see e.g. Walker, 2016; Wilson, 2012). In the online supplemental material (online
supplemental Figure 11), we show that the precise location of the city centre has actually
only a small influence on the results.

We define concentric rings of fixed width 100
ffiffiffi
2

p ’ 141 m around the city hall, and
average population density and the share of each land use within each of these rings
(Figure 2 bottom left panel). Looking at these curves individually shows, as expected, a
nonconstant distribution of land uses, with a concentration of artificial uses (mostly urban
fabric and transport infrastructures) around the centre, and increasingly natural uses (agri-
cultural1 or forest mainly) as one moves away from the city centre. This is illustrated on the
bottom right panel of Figure 2 for Vienna, Austria, and very similar for all cities.

As reminded above, the total population of a city has been widely used as a scaling
parameter, to evaluate the evolution with city size of different variables, such as income
or road space. In line with this scaling literature, we use the total population N as a measure

Figure 2. Illustration of the datasets and methods on Vienna, Austria: Urban Atlas 2006 (top left), Geostat
population grid (top right). Distribution of the population according to land use and rings of the radial
analysis (bottom left). Land use shares as functions of the distance to the centre (bottom right).
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of size. For consistency, we compute the total population of each urban area from the

population grid data (sum over all cells of the LUZ). Grid cells which are partially covered

by the LUZ are counted proportionally to the covered surface.

Results: Scaling laws

In order to compare cities of different size and to identify whether there exists a generic

radial profile that would be representative of a European city, we now study sequentially the

scaling of the artificial land use share and then the scaling of the population density curves.

Artificial land profile

We denote by s(r) the share of artificial land use2 at distance r of the city centre. When

comparing the shape of s(r) curves for different cities, as shown on the left column of

Figure 3 for different European capital cities (top) and for all cities of the database

(bottom), one can observe that their evolution is similar: they start at roughly 100% in

the very centre and decrease further from the centre. Additionally, we see that this decrease

is faster when the city population is smaller. On the top left panel of Figure 3, the different

curves appear clustered around population size groups: the two biggest cities in the dataset

(London and Paris, with roughly 12 million inhabitants), three smaller capital cities

(Warsaw, Budapest, Lisbon, roughly 2.5 million inhabitants) and three small ones

(Tallinn, Ljubljana and Luxembourg, with roughly 500,000 inhabitants). In order to com-

pare those curves to each other, it is then interesting to rescale the horizontal axis propor-

tionally to a power of the city population N. We perform this on the right column of

Figure 3. Left column: shares of artificial land use as functions of the distance to the centre in different
European capital cities (top panel) and in all 300 cities of the database (bottom panel). The total population N
is given in the legend. Right column: rescaled curves for the same cities – on the top panel, the rescaling
factor k (s.t. r0 ¼ rk) is given in the legend.
LUZ: larger urban zones.

Lemoy and Caruso 7



Figure 3, using on the horizontal axis the rescaled distance r0 ¼ r=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=NLondon

p
. Note that

this corresponds to the first part of equation (1), with a¼ 1/2. The legend of the top right

panel indicates the population size N and the rescaling parameter k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NLondon=N

p
for each

city. We use London, the largest city of the dataset, as a reference: kLondon ¼ 1 (and also

kParis ’ 1 because Paris is nearly as big as London). Figure 3 shows that with this rescaling,

the different curves of artificial land use share s(r) look very much like each other, even for

cities of very different size. We note that Lisbon for example deviates from that rule close to

the city centre, on both upper panels of Figure 3. This can be explained by the fact that

Lisbon is a coastal city (on the Atlantic Ocean) and also lies on the Tagus River estuary,

which occupies a large space very close to the city centre.
The second row of Figure 3 then presents the same exercise for all 300 cities within the

database. There are observable fluctuations after rescaling, as can be expected from cities

with very different characteristics other than size (physical aspects such as elevation

changes, presence of water bodies or climate variations, as well as historical and cultural

aspects of urbanisation, including planning policies). However the rescaling captures a very

clear common trend. We show in the online supplemental material section that the value

a¼ 1/2 for the rescaling exponent is robust and close to optimal.
How can we interpret this rescaling with the square root of city population? We have to

remember that the land use curves represent averages over two-dimensional rings, so that

two horizontal dimensions are actually rescaled with respect to the square root of city

population. This means that the artificial surface around the city centre scales linearly

with city population. Given the definitions above, we can conclude that cities are homothetic

in terms of land use profiles, and that the scaling with population size is linear. This is an

empirical evidence of the similarity of all European cities, irrespective of their size.

This result can be related to the proportionality between area and population found by

Rozenfeld et al. (2011) for US and UK cities, although the methods used are quite different

(a clustering algorithm and population data). It is also related to the much earlier analysis of

Tobler (1969), who obtained an exponent 0.44 for the scaling of the radius.
Figure 4 gives a different perspective of the same phenomenon. From the previous

results, we concluded that most European cities of the database are comparable in terms

of land use as long as the distance to the centre is rescaled with respect to the square root of

Figure 4. Average land use shares in discs of rescaled radius r0 ¼ 15 km (left panel) and r0 ¼ 35 km (right
panel), for all cities of the database. The lines representing average land use shares over all cities are meant
as guides to the eye.
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population size. Choosing a specific rescaled distance to the centre, for instance r0 ¼ 15 km

or r0 ¼ 35 km, this rescaling defines discs of different sizes for each city (their radius being

proportional to the square root of population), in which land use should be comparable.

Figure 4 shows that the land use shares in these rescaled discs are about constant with

respect to city population. Moreover, not only the artificial land use share is constant

but the share of land attributed to ‘urban fabric’ in the database (mostly housing) is

also constant, as well as the share of land used for transport (roads and railroads).

Again fluctuations between cities may be considered as important, but there is clearly no

drift from constant land use shares. Additionally, Figure 4 gives also a reason why some

cities do not follow the general rule. Indeed, for many cities some land is missing in the

studied discs of fixed rescaled radius r0: in most cases this missing land is covered by water,

as many cities of the database are coastal cities. In some rarer cases, we have border effects:

land is missing because it is outside of the LUZ of the considered urban area, either because

it corresponds to another country (city next to a national border) or another urban area

(neighbouring city).

Population density profile

We now perform a similar analysis for population density. The left column of Figure 5

shows that the density qðrÞ as a function of the distance r to the centre has a similar

behaviour for cities of different sizes. It is a decreasing curve, roughly exponential, except

Figure 5. Left column: population density as a function of the distance to the centre in different European
capital cities (top) and all cities of the database (bottom). The population N is given in the legend. Right
column: rescaled curves for the same cities – on the top panel, the rescaling factor l (s.t. r00 ¼ rl and q00 ¼ ql)
is given in the legend.
LUZ: larger urban zones.
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in the very centre where it is relatively constant3 or even increasing (this is known since
Newling (1969)). The decrease is faster for smaller cities, and the density in the centre is
higher for larger cities. This suggests rescaling both horizontal and vertical axes together
with respect to the city population.

We find that the exponent that works best in this case is the cube root of city population:
we use a rescaled distance to the centre noted r00 ¼ r=ðN=NLondonÞ1=3, and a rescaled density
q00ðr00Þ ¼ qðr00Þ=ðN=NLondonÞ1=3. This corresponds to the second part of equation (1), with
b¼ 1/3. The right column of Figure 5 shows that with this rescaling, the density curves of
cities of different sizes are quite similar, irrespective of their different characteristics. The top
right panel indicates the rescaling factor l, which this time is l ¼ ðNLondon=NÞ1=3. We show in
the online supplemental material that this b¼ 1/3 rescaling exponent is also robust and close
to optimal, and that the average rescaled profile of population density does not depend on
the way small and large cities are weighted.

This result is again an empirical evidence of the common radial organisation of European
cities, this time in terms of population density, and again of their similarity across different
sizes. It also shows that the population can be considered as the third dimension of a
volume, and that bigger cities are also ‘taller’ ones in population terms. A research perspec-
tive that follows directly would consist in applying this same approach to three-dimensional
data featuring building height (studied for instance by Schl€apfer et al., 2015) and test
whether the volume of city buildings scales with population size consistently with the scaling
of population density studied here.

Importantly, our results provide clear empirical evidence to the early intuition of
Nordbeck (1971) who stated that ‘It seems legitimate to claim that all urban areas have
the same form and shape’. Using dimensional analysis, he derived a scaling of urban surface
with the power 2/3 of the population (this relation between population and surface is studied
for instance by Batty et al. (2011)) and found a very good agreement with data from the
1960 and 1965 Swedish censuses. We prove here that this is a very general law and that it
holds when the distribution of densities within a city is considered. The city definition of
Nordbeck was different to ours but we find the same scaling: each disc inside a constant
value of our rescaled radius r00 hosts a population proportional to the total population and a
surface proportional to the power 2/3 of the total population.

This is actually another possible viewpoint on the scaling of population density, which
consists in studying the evolution with population size of the average population density in
the discs of different sizes (proportional to the cube root of the total population) defined by
a fixed rescaled radius r00 around each centre. This is done on the left panel of Figure 6,
which shows that the average rescaled density q00 is roughly constant in these discs.
Fluctuations between cities are high, but again, no drift from constant rescaled density
can be observed, whatever the rescaled radius r00. This provides us with a powerful way
of defining comparable urban areas at different scales, focusing for instance only on the core
city (low values of r00), or rather encompassing more distant periurban or exurban areas
(high values of r00).

The right panel of Figure 6 studies the size distribution of cities in the database. It
compares this distribution for the populations of the LUZs used in the database, to the
populations of reduced urban areas based on a fixed rescaled radius r00. The populations of
the LUZs do not follow Zipf’s law (corresponding to an exponent of –1 in the counter-
cumulative histogram of the right panel of Figure 6), as observed also by Bettencourt and
Lobo (2016) for European cities of more than 500,000 inhabitants. Reduced urban areas
also depart from Zipf’s law in the same manner. However, these cities follow quite clearly a
power-law tail distribution with an exponent close to �3=2, irrespective of the value of the
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rescaled radius r00 at which these cities are considered, and departing from the exponent –1

expected from Zipf’s law. Actually, the populations of LUZs themselves also follow a such

power-law tail distribution with exponent �3=2. This comes as a surprise, as LUZs are

considered a good homogenous definition of urban areas across European cities, and cities

of different geographical zones in the world have been shown to be quite consistent with

Zipf’s law (Nitsch, 2005).
We note that although London has the largest population (soon followed by Paris) across the

database when considered at the level of the LUZ, Paris is clearly the first European city when

considering discs defined with small values of the rescaled radius r00. This could simply point to

the fact that the Central Business District (CBD) of Paris is not located right next to the city

hall, as opposed to London. We note also that the power-law distribution observed on the

histograms of the right panel of Figure 6 fails to represent the distribution of smaller cities, with

a LUZ population size of 500,000 and less. One probable explanation is the fact that many cities

of population between 100,000 and 500,000 are missing from the Urban Atlas, maybe because

of constraints at the time of data gathering. On the contrary, no major city of size 500,000 and

more is missing, to our knowledge. We note also that some cities with population clearly smaller

than 100,000 are included in the database, as can be seen on Figures 4 and 6.
One possible reason for this observed deviation from Zipf’s law for European cities lies in

the way urban areas are defined in our approach: using a fixed rescaled radius r00 amounts

roughly to using a fixed rescaled density threshold q00 to determine the border of the urban

area, so that the (non-rescaled) density threshold q scales like the cube root of city popu-

lation. This is to our knowledge a new approach in the literature. Having a fixed density

threshold (as in Arcaute et al., 2015; Rozenfeld et al., 2011) would, by comparison, increase

the population of large cities and decrease the population of small cities, so that the power-

law exponent would be smaller in absolute value – that is, closer to Zipf’s law. We note also

that the exponent of this distribution of city sizes has been shown to decrease over time in

the last centuries (Bretagnolle et al., 2007; Nitsch, 2005). This could be an explanation why

European cities, which still bear the trace of a long history, present a high exponent.

Moreover, our use of a restricted definition of cities with fixed rescaled radiuses r00 of low

Figure 6. Left panel: average rescaled density q00 in a disc of rescaled radius r00, for all cities of the database
and different values of r00. The horizontal lines give the average value over all cities. Right panel: counter-
cumulative distribution of city sizes in the database Pðx � NÞ, using population counts inside discs of rescaled
radius r00, for several values of r00. The lines are meant as guides to the eye.
LUZ: larger urban zones.
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value in the right panel of Figure 6 could be a way to capture former stages of development

of cities, before the sprawling patterns that occurred in the last 50 years.

Robustness

In this section, we address two challenging limitations of our results and approach: the fact

that there are fluctuations around the average profiles, and the fact that the radial approach

smoothes out non radial structures, including subcentres interspersed in the structure. As

explained earlier, we already checked robustness against varying locations of the city centre.

Fluctuations

Here we wish to discuss and quantify the amount of deviation observed around the generic

radial profiles of land use and population density of Figures 3 and 5. In the online supple-

mental material, we use a signal to noise ratio to find the optimal value of the scaling

parameters. As explained earlier, we show that the values a¼ 1/2 and b¼ 1/3 of the rescaling

exponents are very close to optimal. Importantly, we also see that there are clear maxima,

implying a clear central profile, in both cases. In addition, in the case of the land use profiles,

the ratio of ‘explained’ variations (signal) to residual variations (noise) is quite high (as high

as 3.5 on online supplemental Figure 12) and slightly lower for the density profiles (as

high as 2 on online supplemental Figure 12). Further, we also show in the online supple-

mental material that the rescaled profiles do not depend on the way small and large cities are

weighted (online supplemental Figure 13), which implies that the contributions of small and

large cities to these fluctuations are quite similar.
To complement this robustness analysis, we display here the distribution of the fluctua-

tions around the average for each distance to the centre. This is represented on Figure 7,

showing that the spread is actually fairly limited in the case of artificial land use profiles, and

wider for population density, especially in the peripheries. We also note that this spread is

evenly distributed when comparing positive and negative fluctuations, at least regarding

land use.
Figures 4 and 6 are also telling about the homogeneity (no drift) of the fluctuations when

cities are cropped at different distances. Following the recommendations of Shalizi (2011),

we presented earlier per capita quantities in those figures (i.e. rescaled quantities where the

Figure 7. Distributions of artificial land use (left) and population density (right) rescaled radial profiles for
all 300 cities of the database.
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population effect is taken off) since it provides a clear view on potential deviations from

proportionality. We can however use these data for linear estimation, following the common

procedure in urban scaling research: keep the population effect and fit non-rescaled quan-

tities against total population (after taking the logarithm of both quantities). The dependent

variable is then the artificial area Saðr0Þ (or the area used for housing Shðr0Þ, or for transport
Shðr0Þ) within a fixed rescaled distance r0 on Figure 4, and the population Nr00 within a fixed

rescaled distance r00 on Figure 6. Mathematically, these fits can be written

logðSaðr0ÞÞ�aþ blogðNÞ and logðNr00 Þ�aþblogðNÞ (2)

where we expect the estimated value of b to be close to 1 in each case, indicating propor-

tionality. This is exactly what we can observe on Table 1.
A number of conclusions can be drawn from the table: first, the fact that all estimated b

coefficients are quite close to unity confirms the validity of our two scaling laws. Second, the

measured coefficients of correlation R2 are high. In particular, they are very high compared

to most urban spatial scaling laws (see for instance Batty et al. (2011)). This is again a

positive point for the spatial scaling laws uncovered here. More strikingly, the decrease in

the coefficient of correlation R2 is very small when we impose proportionality (b¼ 1) in

equation (2), to the point that it can barely be seen on the last line of Table 1 because it

affects mostly the third or fourth digit. Third, the land use fits performed only on non-

coastal cities are systematically better than those performed on all cities, which confirms the

fact, observed on Figure 4, that non-coastal cities follow the general rule more closely than

coastal ones, and that the presence of large bodies of water close to the city centre is a major

source of discrepancy from the general behaviour.

Non-radial urban structure

We now approach a second limitation of our work, i.e. the smoothing-out of non-radial

structures within cities. Indeed, although the internal structure of cities has a clear radial

component as we show in this work, it is clearly not the only aspect of the internal urban

structure. We can typically think of subcentres or directional spatial heterogeneities. We

Table 1. Summary of the linear fits (equation (2)) corresponding to Figures 4 and 6.

Land use Population density

r0 ¼ 15 km r0 ¼ 35 km Values of r00 (km)

a aa h ha t ta a aa h ha t ta 10 20 40 60 90

b 1.02 1.01 .96 .96 1.02 1.02 1.02 1.03 1.01 1.02 1.01 1.01 .89 .96 1.01 .99 1.00

ðbÞ .01 .01 .02 .01 .01 .01 .01 .01 .02 .02 .01 .02 .02 .02 .01 .02 .02

df 300 244 300 244 300 244 300 230 300 230 300 230 300 300 284 252 170

R2 .96 .98 .92 .95 .94 .95 .95 .97 .90 .92 .94 .95 .84 .91 .94 .92 .90

Imposing proportionality (b¼ 1) in equation (2)

R2 .96 .98 .92 .95 .94 .95 .95 .96 .90 .92 .94 .95 .83 .91 .94 .92 .90

Note: b is the estimated scaling exponent, and ðbÞ the standard error of b. df indicates the number of degrees of freedom

(see the note on urban boundary in the online supplemental material). a, h and t stand for artificial, housing and transport

surfaces, respectively.
aFits performed only on cities which have less than 20% missing data within the considered r0.
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present here a preliminary attempt to link our radial analysis to more general analyses of the

internal urban structure. Our approach still consists in analysing radial profiles, but we

compare different portions of discs (wedges) instead of focusing only on the full disc, in

order to verify the robustness of the profiles within a city. We perform this analysis on

London and Paris, the two largest cities of the dataset, which arguably can present the

largest spatial heterogeneities or more subcentres.
More precisely, we divide the urban space in different wedges of angular width 2p=n,

where n ¼ 2; 3; 4; 6. We take the East direction from the city centre as a reference (0 angle)

and measure angles counter clockwise. For each value of n, we study 2n angular portions: a

first set ð0; 2p=nÞ; ð2p=n; 4p=nÞ; . . .; ð2ðn� 1Þp=n; 2pÞ, and a second (overlapping) set shifted

by p=n: ðp=n; 3p=nÞ; ð3p=n; 5p=nÞ; . . .; ðð2n� 1Þp=n; ð2nþ 1Þp=nÞ. For n¼ 2 for instance, we

study four half-discs oriented in the four cardinal directions. Results are presented on

Figure 8. We can see that the radial structure of Paris and London does not

change much if we study half discs instead of full discs, be it in terms of land use or

population density.
However, the size of our wedges and of the studied samples decreases as n increases. As a

result, fluctuations increase, which is expected from the central limit theorem. We represent

this on Figure 9, which shows for London the radial profile of the fluctuations for different

values of n (that is, different angular widths 2p=n): for each n and each distance to the centre

r, we compute the standard deviation rnðrÞ of the artificial land use share and of population

density over the 2n angular portions described above. We observe that the fluctuations of

land use are (very roughly) constant with respect to the distance to the centre, while the

fluctuations of population density follow (roughly) the same evolution as population den-

sity itself.
Moreover, these fluctuations increase with n as the angular width (and sample size)

decreases. Again from the central limit theorem, which would suppose that all samples

are taken from the same distribution and hence that there is no spatial structure apart

from the radial one studied here, we would expect these fluctuations to increase as

rnðrÞ�1=
ffiffiffiffiffiffiffiffiffiffi
2p=n

p
(where 2p=n is the sample size) when n increases. We would then expect

an exponent 1/2 for the increase with n: rnðrÞ�n1=2. Instead, we observe that fluctuations

increase faster with n, with higher exponents c around 0.7 and 0.66 for London (0.9 and 0.94

Figure 8. Angular variations of artificial land share (left) and population density (right) radial profiles for
London and Paris: the radial profiles obtained on half discs oriented towards the cardinal directions are
compared to the profile of the full disc.
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for Paris) for artificial land and population density, respectively. This is illustrated on
Figure 9 by presenting rescaled fluctuations rnðrÞ=nc (dashed lines).

We obtain these exponents with a systematic analysis, presented on Figure 10: for each
distance r to the centre and different values of the scaling exponent c, we compute the
standard deviation of logðrnðrÞ=ncÞ over the four studied values of n (n ¼ 2; 3; 4; 6), which
we then average over all distances from 0 to 40 km. We observe on Figure 10 that the
obtained quantity, which is a measure of the dissimilarity between the rescaled curves, has a
clear minimum for both the land use and the population density cases. Moreover, the
obtained exponents are consistent between land use and population density for each city,
but differ between cities. Fluctuations are higher in Paris, and also increase faster with n
than in London.

Figure 9. Standard deviation of artificial land use share (left) and population density (right) for portions of
discs of different angular width. The dashed lines indicate rescaled curves rnðrÞ=nc (shifted upwards): the
exponents used are c¼ 0.7 (left) and c¼ 0.66 (right).

Figure 10. Study of the exponent of angular fluctuations of land use and population density. The ordinate
measures the dissimilarity between rescaled curves logðrnðrÞ=ncÞ for n ¼ 2; 3; 4; 6.
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While powerful to capture a major spatial component of urban forms and its scaling, a
full disc radial analysis indeed hides additional urban spatial structures, possibly quite city-
specific. This is of course well-known to empirical urban research, including fractals or
polycentricity measures. The methodology used in this section could prove useful to link
radial analysis to these other approaches and later draw theoretical links.

Discussion

This study provides empirical evidence across 300 European cities of the simple geometrical
scaling of cities as seen from the radial evolution of their land use and population density.
While it is only a specific view of internal urban forms, our radial analysis and the derived
scaling laws proved to be robust. European cities show remarkably constant profiles across
city size. It is striking that the radial profiles are so well captured by rescaling with the
square and cube roots of city population. We can consider cities as simple volumes that
spread over a surface in proportion to their population. Urban forms are homothetic in
both land and density. Land is a two-dimensional object; hence each of its dimensions scales
with the square root of city population. Population density is three-dimensional; hence each
of its dimensions scales with the cube root of city population.

The two homotheties we find also mean that there are no economies or diseconomies of
scale related to urban form. Bigger cities are more expanded in surface, but are not more (or
less) parsimonious in the use of land per capita. Similarly the volume per capita is constant:
when cities get bigger they also get taller.

Our findings complement theoretical intuitions and dispersed empirical results that
appeared decades ago in the literature (Nordbeck, 1971; Tobler, 1969), when datasets
were less detailed and extensive. These former works suggest that the scaling laws we find
here for Europe are probably also valid for other areas in the world and other time periods.
We confirm for instance that the urban area scales as the power 2/3 of city population – the
result of Nordbeck (1971) – when density curves are considered, but the urban area and
population are proportional when considering land use.

Our work also identifies the common radial structure of the European city and shows
that people and activities are very inhomogenously located in urban areas. A large part of
urban areas is actually (semi-)natural, as Figure 3 shows. This clearly calls for reconsidering
the aggregate/average density approaches in urban systems analysis and for drawing explicit
links between scaling laws and monocentric intra-urban models (Delloye et al., 2018).
Obviously, generic urban models, that would aim to cover cities of different sizes, should
be able to account for the scaling phenomena studied here and the generic profiles of land
uses and population we have found.

Our results are consistent with the theoretical model proposed by Bettencourt (2013) – at
least for the scaling of population density. Rather than adding to it or developing competing
models that would cover the radial evidence and scaling we show here, we think priority
should be given to explicitly liaising with standard urban economic models (Alonso, 1964;
Fujita, 1989). They are definitely well established in geographic, economic and planning
research and explicitly relate the radial internal structure of cities – which we identify here
empirically – to households’ and firms’ behaviour. Whether these models are also able to
respond to the scaling effects empirically demonstrated here should be the object of future
work (Delloye et al., 2018). Their ability to let non-urbanised land emerge within a city, as is
the case here for all European cities, or their ability to explain building heights in such a way
that the density structure shown here can be replicated given land use constraints and across
city-size, are two key challenges and perspectives. Empirically, such tests will require the
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profile of land or housing prices to be retrieved coherently, as well as building heights to be

captured (e.g. lidar data), and both to be analysed for many cities of different population size.
There is a lot to gain from capitalising on, and further integrating, intra- and inter-urban

modelling literature, especially by bringing more space into scaling laws research and more

scaling behaviour into intra-urban research. For instance, we have demonstrated here that

understanding the scaling of the entire urban profile offers a very practical tool for comparing

cities by providing coherent definitions of cities that are largely lacking in urban research.

We have shown here how such scaling-based homogeneous definitions of urban areas can

affect our understanding of Zipf’s law for cities (Figure 6). It could be used in the future for

other city-wide attributes, in particular for the comparison of those environmental or socio-

economic outcomes of cities that, in urban planning, are supposed to derive from urban form

rather than city size. Depending on objectives, one can adapt the definition and spatial extent of

cities by choosing either the scaling of land use as reference, typically where environmental or

biodiversity effects are supposed to depend on land take or fragmentation, or the scaling of

population density as reference, typically when social interactions or agglomeration economies

are studied. An important perspective of work consists in relating these scaling laws to commut-

ing patterns, from which the definitions of functional urban areas (such as LUZs) are derived.
A limitation of our work has been to use as a scaling parameter the population provided

from the area covered by the LUZ. A better approach should be to loop between the data

and the scaling law from which we derive the city definition. This is an interesting perspec-

tive, provided that convergence to a fixed point can be reached.
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Notes

1. Actually, an aggregation of agricultural areas, semi-natural areas and wetlands.
2. By ‘artificial’ we mean all land use categories of the Urban Atlas except water, agriculture, urban

green and forests.
3. Let us note that the original 1 km resolution population data can bias the results for very small

distances to the centre.
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the Université catholique de Louvain (BE). His research is devoted to understanding spatial
patterns and dynamics with specific foci on urban forms and residential choice, their impact
on transport and the environment, the role of green space, and the integration of geo-
simulation and urban economics.

Lemoy and Caruso 19

https://arxiv.org/pdf/1102.4101v2

	table-fn1-2399808318810532
	table-fn2-2399808318810532


<<
	/CompressObjects /Off
	/ParseDSCCommentsForDocInfo true
	/CreateJobTicket false
	/PDFX1aCheck false
	/ColorImageMinResolution 150
	/GrayImageResolution 600
	/DoThumbnails false
	/ColorConversionStrategy /LeaveColorUnchanged
	/GrayImageFilter /FlateEncode
	/EmbedAllFonts true
	/CalRGBProfile (sRGB IEC61966-2.1)
	/MonoImageMinResolutionPolicy /OK
	/ImageMemory 1048576
	/LockDistillerParams true
	/AllowPSXObjects true
	/DownsampleMonoImages true
	/PassThroughJPEGImages false
	/ColorSettingsFile (None)
	/AutoRotatePages /None
	/Optimize true
	/MonoImageDepth -1
	/ParseDSCComments true
	/AntiAliasGrayImages false
	/GrayImageMinResolutionPolicy /OK
	/JPEG2000ColorImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/ConvertImagesToIndexed true
	/MaxSubsetPct 100
	/Binding /Left
	/PreserveDICMYKValues false
	/GrayImageMinDownsampleDepth 2
	/MonoImageMinResolution 1200
	/sRGBProfile (sRGB IEC61966-2.1)
	/AntiAliasColorImages false
	/GrayImageDepth 8
	/PreserveFlatness true
	/CompressPages true
	/GrayImageMinResolution 150
	/CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
	/PDFXBleedBoxToTrimBoxOffset [
		0.0
		0.0
		0.0
		0.0
	]
	/AutoFilterGrayImages false
	/EncodeColorImages true
	/AlwaysEmbed [
	]
	/EndPage -1
	/DownsampleColorImages true
	/ASCII85EncodePages false
	/PreserveEPSInfo false
	/PDFXTrimBoxToMediaBoxOffset [
		0.0
		0.0
		0.0
		0.0
	]
	/CompatibilityLevel 1.3
	/MonoImageResolution 1200
	/NeverEmbed [
	]
	/CannotEmbedFontPolicy /Error
	/AutoPositionEPSFiles true
	/PreserveOPIComments false
	/JPEG2000GrayACSImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/PDFXOutputIntentProfile ()
	/JPEG2000ColorACSImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/EmbedJobOptions true
	/MonoImageDownsampleType /Average
	/DetectBlends true
	/EncodeGrayImages true
	/ColorImageDownsampleType /Average
	/EmitDSCWarnings false
	/AutoFilterColorImages false
	/DownsampleGrayImages true
	/GrayImageDict <<
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/QFactor 0.76
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/AntiAliasMonoImages false
	/GrayImageAutoFilterStrategy /JPEG
	/GrayACSImageDict <<
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/QFactor 0.76
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/ColorImageAutoFilterStrategy /JPEG
	/ColorImageMinResolutionPolicy /OK
	/ColorImageResolution 600
	/PDFXRegistryName ()
	/MonoImageFilter /CCITTFaxEncode
	/CalGrayProfile (Gray Gamma 2.2)
	/ColorImageMinDownsampleDepth 1
	/JPEG2000GrayImageDict <<
		/TileHeight 256
		/Quality 15
		/TileWidth 256
	>>
	/ColorImageDepth 8
	/DetectCurves 0.1
	/PDFXTrapped /False
	/ColorImageFilter /FlateEncode
	/TransferFunctionInfo /Preserve
	/PDFX3Check false
	/ParseICCProfilesInComments true
	/ColorACSImageDict <<
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/QFactor 0.76
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/DSCReportingLevel 0
	/PDFXOutputConditionIdentifier ()
	/PDFXCompliantPDFOnly false
	/AllowTransparency false
	/PreserveCopyPage true
	/UsePrologue false
	/StartPage 1
	/MonoImageDownsampleThreshold 1.3325
	/GrayImageDownsampleThreshold 1.5
	/CheckCompliance [
		/None
	]
	/CreateJDFFile false
	/PDFXSetBleedBoxToMediaBox true
	/EmbedOpenType false
	/OPM 1
	/PreserveOverprintSettings true
	/UCRandBGInfo /Remove
	/ColorImageDownsampleThreshold 1.5
	/MonoImageDict <<
		/K -1
	>>
	/GrayImageDownsampleType /Average
	/Description <<
		/ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
		/PTB <>
		/FRA <>
		/NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
		/KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
		/NOR <>
		/DEU <>
		/SVE <>
		/DAN <>
		/ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
		/JPN <>
		/SUO <>
		/CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
		/CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
		/ESP <>
	>>
	/CropMonoImages true
	/DefaultRenderingIntent /RelativeColorimeteric
	/PreserveHalftoneInfo false
	/ColorImageDict <<
		/HSamples [
			2.0
			1.0
			1.0
			2.0
		]
		/QFactor 0.76
		/VSamples [
			2.0
			1.0
			1.0
			2.0
		]
	>>
	/CropGrayImages true
	/PDFXOutputCondition ()
	/SubsetFonts true
	/EncodeMonoImages true
	/CropColorImages true
	/PDFXNoTrimBoxError true
>>
setdistillerparams
<<
	/PageSize [
		595.26
		841.88
	]
	/HWResolution [
		1800
		1800
	]
>>
setpagedevice


