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Abstract

Using the tools of stochastic analysis, we prove various gradient estimates and Har-
nack inequalities for Feynman-Kac semigroups with possibly unbounded potentials.
One of the main results is a derivative formula which can be used to characterize a
lower bound on Ricci curvature using a potential.
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1 Introduction

Suppose M is a geodesically and stochastically complete and connected Riemannian
manifold of dimension n, with Levi-Civita connection V and Laplace-Beltrami operator
A. Suppose V € L} (M) is bounded below. Then the operator H := —1A + V is essen-
tially self-adjoint [3] and bounded below. Essential self-adjointness means that H can be
uniquely extended from the domain C§°(M) of smooth functions with compact support
to a self-adjoint operator H with maximal domain D(H) = {f : f,Hf € L*(M)}. The
corresponding semigroup generated by —H consists of bounded self-adjoint operators
on L?(M). Under certain conditions on V the semigroup is continuous and given by the
Feynman-Kac formula

PY f(z) = B[V} f(Xo(2))].
Here X (x) is a Brownian motion on M starting at = and

for x € M and t > 0. A class of potentials that is of particular interest is those V for
which

¢
lim sup E {/ |V(Xs(x))ds] =0.
0 zeMm 0

Such V is said to belong to the Kato class, first introduced by Kato in [8] using an
equivalent definition. The local Kato class consists of those potentials V' for which 1V
belongs to the Kato class for any compact set K C M. This is a very large class of
potentials, encompassing nearly all physically relevant phenomena, for which one can
still expect the Feynman-Kac formula to make sense pointwise for all x € M. We refer to
Aizenman and Simon [1] and Simon [12] for a comprehensive account of all this, and to
the more recent work of Giineysu [7] for generalizations to Schrodinger type operators
on vector bundles.

Our focus will be on the derivative, or gradient, of the Feynman-Kac semigroup P, f.
For the heat semigroup P, f, a probabilistic formula for the derivative dP, f, not involving
the derivative of f, was proved by Bismut in [2] using techniques from Malliavin cal-
culus. A transparent generalization of this, using an argument based on martingales,



was later given by Elworthy and Li in [6] and developed further by Thalmaier in [14].
Thalmaier’s formulation is based on local martingales and allows to localize the contri-
bution of Ricci curvature. A formula for dP) f was proved by Elworthy and Li in [6],
some applications of which were recently explored in [10].

The present work is a continuation of the author’s recent article [16], in which local-
ized versions of the derivative formula were proved, together with an extension to the
Hessian. In all cases, these derivative formulae involve the derivative of V. Therefore,
as in [6] and [16], we will assume throughout that V' is continuously differentiable.

In Section 2, we start by using the derivative formula from [16] to obtain explicit
gradient estimates for PV f. These estimates are then used to derive Theorem 3.2,
which states that if .
sup E {/ dV|(XS(x))ds] < 00 (1)

0

zeM

with the Ricci curvature of M bounded below, then

(AP f)(v) =E {Vf((df)xt(x)(//tQtv) - f(Xt(x))/O (@V)x.()(//sQsv)ds)

forall f € C}(M), x € M, v € T,M and ¢ > 0. The composition @//~! is the damped
parallel transport along the paths of X (z), determined by the solution to equation (3)
below, and C} (M) denotes the space of all bounded continuously differentiable func-
tions on M with bounded derivative. Note that condition (1) is satisfied if |dV'| belongs
to the Kato class.

One application of this derivative formula is that it allows to characterize a lower
bound on Ricci curvature using the potential V, as explained in Section 3. For example,
suppose V € C*(M) is bounded below with VV bounded and K € R. Then, according
to Theorem 3.3, the following are equivalent:

(1) Ric > 2K;

(2) if f € C}(M) then
v _KtpV 1—e X v
|VPt f|§€ Pt |Vf|+||VV||oo 7[( Pt ‘f|

forall¢t > 0.

In particular, if the above gradient estimate is verified for some suitable V' then it must
hold for all such V.

The derivative formula stated above is also applied in Section 4 to prove a Harnack
inequality, given by Theorem 4.1. Afterwards, in Section 5, we prove the counterpart to
the Bismut formula for differentiation inside the semigroup, namely Theorem 5.3, and
use it to derive two further derivative estimates, Propositions 5.4 and 5.5, with corres-
ponding shift-Harnack inequalities, Theorems 5.6 and 5.7. Shift-Harnack inequalities
were introduced by Wang in [18]. Exploring such inequalities in the present setting was
motivated by a question posed by Feng-Yu Wang during a workshop at the University of
Swansea in 2017.

2 Uniform gradient estimates

In [11], Priola and Wang derived uniform gradient estimates for semigroups gener-
ated by second order elliptic operators with irregular and unbounded coefficients and
bounded, measurable potentials V. They did not require local Holder continuity of the



coefficients, instead replacing the gradient of the semigroup with the Lipschitz con-
stant. Although we will only consider the particular operator —%A + V, we do allow for
the potential to be unbounded.

Let us first briefly consider the case in which the potential V' is bounded. In this
case, we have the following gradient estimate, which depends only on the supremum
norm of V:

Proposition 2.1. Suppose V € C'(M) is bounded with Ric > 2K. Then for all bounded
measurable functions f we have

2 - —tin
[dP) fllos < \/EEK CL 2t Voo™ V) || flloo

forallt > 0.

Proof. According to the variation of constants formula we have

PtVfZPtf—/OtPt—s(VP;/f)dS

and therefore .
IdPtVf|§|dPtf|+/ |dP;—s(VPY f)|ds. 2)
0

2 _
AP ] <\ e fll

and similarly for the integrand. The result therefore follows by substituting these es-
timates into (2), integrating the latter. O

It is well known that

We now turn our attention to the case of unbounded V. Let us recall the Bismut
formula for P f that was proved in [16]. For this, denote by // the stochastic parallel
transport along the paths of X (z) and by B the anti-development of // to T, M. Then B
is a Brownian motion on 7, M starting at the origin. Denote by @ the End(T, M )-valued
solution to the ordinary differential equation

L. f%//leic“//tQt 3)

dt
with Qg = idr, 7. The composition @//~! is called the damped parallel transport. Now
suppose D is a regular domain in M and denote by 7 the first exit time of X (z) from D.
In [16] it was proved, for a bounded measurable function f and x € D, that there is the
following local derivative formula:

@rY 9o =~ [Vis o) ( [ @ubusb + av(//.Qunis )]

for all t > 0, where h is any bounded adapted process with paths belonging to the
Cameron-Martin space L'2([0,t]; Aut(T,M)) such that hg = 1, hy = 0 for s > 7 A t with
E] OTM |hs|?ds] < co. Such h can always be constructed, as shown for example in [4]. It
follows that if the Ricci curvature is bounded below, in the sense that

inf{Ric(v,v) : v € TM, |v| =1} > —o0,

and if

ky(t) := sup E [ |dV(Xs(a:))ds} < 00
zeM 0



then dPV f is uniformly bounded on [e, ] x M for all ¢ > 0 and ¢ > 0. Arguing as in the
proof of [16, Theorem 7], it follows that in this case there is the following non-local, but
explicit, version of the derivative formula:

@ry ). = 1B [vison) ([ @uds - savyrQin)| @

for all ¢ > 0. Using formula (4), we can quickly derive some simple gradient estimates.
For convenience, and without loss of generality, we will assume that V' is non-negative.
Note also that in the sequel, K will always denote a real-valued constant.

Theorem 2.2. Suppose V € C'(M) is non-negative with ry(t) < oo and Ric > 2K.
Then for all f € L>°(M) we have

AP flo < e <\/Z + ﬁv(ﬂ) Il

Proof. Since for each ¢t > 0 the stochastic integral fot (Qs,dBs) is a centred Gaussian ran-

for allt > 0.

. . . t - . .
dom variable with variance fo |Qs]|?ds < te*! and since for centred Gaussian random

variable with variance 1 we have E[|X|] = \/g we have by formula (4), that

Hflloo% (E H /Ot<Q5,st> ] + KR [/Ot(t - s)|dV(Xs(x))dsD

57 fllo (@ TE [ / t |dV|<Xs<x>>ds])

from which the result follows, by the definition of kv (). O

P f|(z)

IN

IN

For p > 1 we can similarly obtain an estimate using the L” norm (as opposed to the
L norm), for which we should assume that

(/Ot |dV(XS(:c))ds)q] % < 00

Theorem 2.3. Suppose V € C'(M) is non-negative with Ric > 2K. Suppose p > 1, set
g =p/(p—1) and assume Ky 4(t) < co. Then for all f € LP(M) we have

Ky,q(t) = SSJ\%E
x

where ¢ is the conjugate of p.

1/q

_ Cq
||dPtVf||p <t (\/i + “qu(t)> £l

for allt > 0, where C, is the constant from the Burkholder-Davis-Gundy inequality.

)]

Proof. By the Burkholder-Davis-Gundy inequality, we see that

B H /;(Qs,st) q} <E KOS;I; /OS<Qr7dBT>

t 3
( / IQs||2d8>
0

<C,E




and so, by formula (4) and Holder’s inequality, we have

q] 1/q
(f (i lav(X.(a))ds) ] %

< KB (X, ()] (o;/q\% ; f'iv,q(t))

4B fl(2) < B @)]7 (E | [1@uan

+ef R

forall¢t > 0and z € M. Thus

- C;/q ) 1/p
ldPY fllp < e < i +f€v,q(t)> (/ME[If (Xi(2))] dff)

and the result follows by Fubini’s theorem. O

Theorem 2.2 implies that if the Ricci curvature is bounded below then dPV f is
bounded on [e, 00) x M for each € > 0. A similar observation applies to Theorem 2.3. Our
next step will be to use Theorems 2.2 and 2.3 to obtain quantitative estimates which are
uniform across all space and time. The price we pay is the inclusion of a term involving
Hf. These are generalizations of the estimate proved by Cheng, Thalmaier and the
author in [4] and [5].

Theorem 2.4. Suppose V € C*(M) is non-negative with ry(§) < oo for some § > 0
and Ric > 2K. Suppose f € C?(M) with f, Hf bounded. Then the derivative dP" f is
uniformly bounded on [0, 00) x M and moreover

[dPY fllo < ¥ ((@ - ma)) |7l +9 <\/§ - HV(5)> ||Hf||oc>

forallt > 0.

Proof. According the forward Kolmogorov equation we have

b
P =PVf~ [ PYHEY fas
0
and therefore
5
[dPY f|(z) < \dpﬁtfl(xH/ |dPY (HPY f)|(x)ds (5)
0

for all z € M. By Theorem 2.2 we have

AR 1) < €< OPY Sl (@ + mé)) < e (@ + w«s))

and similarly
- 2
APy (HP) f)|(x) < ™ *|H fllo (\/ s %v(5)> :
Consequently

4
4P} f1(z) < 70 ((ﬁ + Hv(5)> 11l + (ﬁ +/ HV(S)dS) ||Hf||oo>

from which the result follows, since kv is non-decreasing. O



Theorem 2.5. Suppose V € C'(M) is non-negative with Ric > 2K. Suppose p > 1,
set ¢ = p/(p — 1) and assume kv 4(§) < oo for some § > 0. Suppose f € C*(M) with
f,Hf € LP(M). Then the derivative dP" f is uniformly LP-bounded on [0,00) x M and
moreover

1/q 1/q
[dPY fll, < K7 ((C + wq(é)) 1l +6 (20 n nv,qw)) IIHfIIp>

V6 V6

where C, is the constant from the Burkholder-Davis-Gundy inequality.

Proof. By (5) and Minkowski’s inequality we have

)
1dPY fll, < [dPY. s 1l, + / |dPY (HPY f),ds.

By Theorem 2.3 we have

B Cl/q
ldP s fll, < €™ ° ( \% + "W,q(5)) 11l

and similarly
1/q

-s[C
ldPY (HP f)ll, < e ( y +Hv,q(8)) IH £l

NE

from which the result follows, as is the case p = oo. O

3 Characterizations of Ricci curvature

It is well known that Ricci curvature can be characterized in terms of the gradient
of the heat semigroup; see for example [17, Theorem 2.2.4]. Next we show that this
characterization extends to the Feynman-Kac semigroups considered above. This shows
a way in which the derivative dV, appearing in the gradient estimates of the previous
section, occurs naturally:

Theorem 3.1. Suppose V € C'(M) is bounded below. Let x € M and X € T, M with
|X| = 1. Suppose f € C5°(M) with Vf = X, Hess f(z) = 0 and set « := f(x). Then for
any p > 0 we have

‘m PY|VfP(z) = VP fIP(x)

i
tl0 pt

1 1
=3 Ric(X, X) + (1 — p) V + adV (X).
Proof. By Taylor expansion at the point z we have
PY|VfIP = V7 +t(3A = V)|VF +o(t)

and also
IVPY fIP = VP +pt|V P2 (V(3A = V), V) +o(t)

for small ¢ > 0. Furthermore at the point x we have

1 2
Ga-Vsp =59sr (38 2v) 1vsp + & (5 -1) wap e e

with |V|Vf|?|?(x) = |2(Hess f(x))*(Vf)|? = 0, and by the Bochner formula

%A|Vf|2 = (VAS,Vf) + Ric(Vf, Vf)

6



so therefore

_PYIVP—|VPYfP 1 1

= %Ric(X,X) + <1 - p) V +adV(X)

as required. O

In the Section 2 we considered uniform estimates on dP" f which involved either the
supremum norm of f and a constant which diverges for small time, or the supremum
norms of both f and H f and a constant which does not. In light of the previous theorem,
we would also like to consider derivative estimates for functions belonging to C}} (M).
To do so we use the following derivative formula:

Theorem 3.2. Suppose V € C'(M) is bounded below with ky (t) < oo. Suppose the
Ricci curvature of M is bounded below with f € C}(M). Then

(AP f)(v) =E Vf((df)xt(@(//tQtv)—f(Xt(w))/o (@V)x.(2)(//sQsv)ds) (6)

forallx € M andv € T, M.

Proof. First suppose f € C§°(M). Setting fs := PY_f and Ns(v) := dPY  f(//sQsv),
using the definition of () as the solution to equation (3) and by It6’s formula and the
Weitzenbock formula

dAf = tr V2df — df (Ric?)

we see

3

AN, (v) = dfs(//50sQsv)ds + (sdfs)(//sQsv)dt + %tf V2(dfs)(//sQsv)ds
V(Xs(2))Ns(v)ds + fs(Xs(2))dV(//sQsv)ds

where = denotes equality modulo the differential of a local martingale. It follows that
d(ViNy(v)) = Vi fo(Xs(2))dV (//5Qsv)ds

so that
VIR D o/):Qe0) = [ VEPL SO @)@ ) (@) )

is a local martingale. To verify that it is a true martingale, we see that

E | sup (V (AP f) x.)(//5Qsv) / ViR, (X (2 ))(dV)XT(I)(//rQrU)dT>]

s€[0,t]

< X ol (1dPY fll Lo o, xar) + || fllsoriv (1))

which is finite, by Theorem 2.4. Formula (6) follows by evaluating the expected value
of (7) at times 0 and ¢, extending to all f € C} (M) by approximation. O

Combining Theorems 3.1 and 3.2, we obtain the following equivalence:

Theorem 3.3. Suppose V € C*(M) is bounded below with VV bounded. Let K € R.
Then the following are equivalent:



(1) Ric > 2K;
(2) if f € C{(M) then

3 1— efKt
VP A< R IV (S ) P @

forallt > 0.

Proof. That (1) implies (2) follows immediately from Theorem 3.2. To prove that (2)
implies (1), suppose z € M and X € T, M with |X| = 1 and choose f € C§°(M) so that
f(z) =0, Vf = X and Hess f(x) = 0. Then, by applying Theorem 3.1 to the case p = 1,
we obtain

\4 _ A%
1 pic(x.X) = tim FAVS1@) ~ VR fi(2)
2 10 ¢

> tim (2 (K PY V(@) = 9V PY 1 @)
) Kt t * ot !
— K|Vf|(x) — [VV ol f(@)]
= K
as required. O

For the case V = 0 it is well known that Ric > 2K if and only if (8) holds. So in fact
Ric > 2K so long as (8) holds for some V € C'(M) which is bounded below with VV
bounded. Moreover, if (8) holds for some such V then it must hold for all such V.

4 Harnack inequalities

Denoting by p the Riemannian distance on M, we have also the following Harnack
inequality for P f, the proof of which is based on that for the V = 0 case [17, The-
orem 2.3.4]:

Theorem 4.1. Suppose V € C'(M) is non-negative with VV bounded and Ric > 2K.
Then for all bounded measurable functions f > 0 and p > 1 we have

pp*(x,y) tp(:ay)IIVVlloo}
(p— 1)C(t, K)t 205(t, K)

(P17 (@) < (Y 1) (@)exp |5

forallz,y € M andt > 0, where

2Kt _ 1 Kt <Kt>

Cl(t,K) = oKt y CQ(t7K> = 7 coth

Proof. Suppose first that f € C?(M) with f bounded, inf f > 0 and f constant outside a
compact set. Given = # y and t > 0, let v : [0,¢] — M be a geodesic from z to y of length
p(x,y). Let vy := s, so that |vs| = p(z,y)/t. Let

e2Ks -1
for s € [0,t], so that h(0) = 0 and h(t) = t. Let y, := () and define

¢(s) :=1log PY (PY . f)")(ys)



for s € [0,t]. Then
d
£¢(3)

— v (P ) gy 2y (nrasy)
PP ) )

- PV(PlVf> (QA ~V)PY(PY )7 = pPY (PY PP (30 = V)PV f)

(VY (PP, y's>) (%)

1
= W(Psv(éA(Ptvsf)p) —pPY((PY )P 'SAPY f)

- DRV (VY L f)P) + (VPY <P¥sf>p,y's>) ).

Since
A(Ptv;sf)p = p(PtV;sf)p_lAPtV;sf +p(p - 1)(Ptv;sf)p_2|vpt‘isf|2>
it follows from Theorem 3.3 that

d
%917(3)
1 p(p—1) _
- e (7 (L)
(o - VBV (V(PY ) + (VEY (BY 1)), y's>) )
> MPSV ((Ptv_sf)”<p(p;1)|v1og Py P+ -1V
PP (e T 1og P
_ ,—Ks
- LD 9 () ) o)
po?(z, y)W (s)?e 255 p(x,y) ,, 1— e Ks
> e — ~ PN @) IVV | (K)
Since -
, e
h'(s) = 2Kt (eQKt—1>
we have

d 2pp2($,y)K2€2Ks e2Ks —GKS
—¢(s) > — —2 e | |[VV
d8¢(8) = (p _ 1)(62Kt _ 1)2 p(ﬂ?,y) eth -1 || ||OO

which integrated between 0 and ¢ yields the inequality. By approximations and the
monotone class theorem, as in [17, Theorem 2.3.3], this extends to all non-negative,
bounded measurable functions. O

5 Shift-Harnack inequalities

In this section we prove two further differentiation formulae, which complement for-
mula (4), and use them to deduce shift-Harnack inequalities, first introduced by Wang



in [18] and similar to Theorem 4.1 except that the shift in space variable takes place in-
side the semigroup. The approach will be similar to that of [15]. In particular, we start
by supposing that « is a bounded continuously differentiable 1-form and a; a solution
to the equation

9

ds
for s € (0,t] with ap = a. Here A denotes the Hodge Laplacian —(d* + d)? acting on
1-forms, were d* denotes the codifferential operator.

s = (30— V)a, (9)

Proposition 5.1. Suppose V € C'(M) is bounded below and that hs is a bounded
adapted process with paths belonging to the Cameron-Martin space L2([0,t]; [0, )).
Then

V:d*atfs(Xs(l'))hs + Vgatfs (//SQS </"S th;ldB'r'))
0
+ / VAV, ) (X () hdr (10)
0

is a local martingale.

Proof. Since d* commutes with A, with
—d*(Vas) = —Vd*as + (dV, as),
by equation (9) we have

%d*as = (3A = V)d* o, + (dV, o).

Consequently, by It6’s formula, we find that

ne = VI (d*ay_s)(Xs( /V (dV, o) (X (2))dr

is a local martingale and therefore so is
nahs - / nyhydr (11)
0

with the latter starting at d*a;hg. Moreover

n

VZ(d*at—S)(Xs(x))hst = -Vy§ Z(V//SEiat—S)(//sei)hsds

i=1

_ _vg<z (V))er0-)(//sQs )dB§7h5Q;1st>

where {e;}!, is any orthonormal basis of T,, M. Since
A(V5as(//5Qs)) = VI D (V) /.e,00-5)(//+Qs)dBS (12)
i=1

it follows that

/0 V(@) (X @) by £ Ve (/5Q4) ( /0 oo dBT) .

10



is also a local martingale. Using the fact that (11) and (13) are local martingales, and
since by integration by parts

//v AV, o) (Xu(2))duthndr = — /v (AV, ) (X0 (2))drhs
/V (dV, ) (X, () by dr,

we easily verify that (10) is also a local martingale. O

Theorem 5.2. Suppose V € C'(M) is bounded below with VV and Ric bounded. Sup-
pose « is a bounded continuously differentiable 1-form with d*« bounded. Then

R 0@ =18 [Via (/7@ [ Q7 ap.+ - s)//7 V)|

forallx € M andt > 0.

Proof. According to the assumptions of the theorem, with hy = (¢t — s)/t, the local
martingale (10) is a true martingale. Furthermore, by (12), it follows that

=E[Via(//:Q:)]

so the result follows by evaluating the martingale (10) at the times 0 and ¢, and applying
the Markov property to the term involving VV. O

Given a vector field Y, the Bismut formula (4) provides a probabilistic expression
for the derivative Y (P, f) which does not involve derivatives of f. By Theorem 5.2, and
using the facts that divY = —d*Y” and div(fY) = Y f + f divY, we obtain the following
theorem which provides a similar expression for the derivative PY (Y (f)):

Theorem 5.3. Suppose V € C*(M) is bounded below with VV and Ric bounded. Sup-
pose f is a bounded C' function and Y a bounded C' vector field for which divY and
Y (f) are also bounded. Then

BY(Y(f)(z)
= — E [V} f(X¢(2))(divY)(X¢(2))]

+ 1B | VE O (Y (). /i [ QB 9 v

forallx € M andt > 0.
By Theorem 5.3, we have the following two propositions:

Proposition 5.4. Suppose V € C'(M) is non-negative with VV bounded and 2K <
Ric < 2L for constants K and L. Suppose f is a bounded C' function and Y a bounded
C! vector field for which divY and Y (f) are also bounded. Then

PV (Y (N)I(@) < o (V)P f?)% ()

forall x € M andt > 0, where

” . oKt /2Lt _ |\ 2
Al (V)= v Yo + ¥ ( )

e—Kt
N

m‘h
—~
@)
@]
=
=
—| =
w‘h
S—
|
—_
S—
|
—_
v

11



Proof. By Theorem 5.3, we have

|PY (Y (f))|(x)
([rn)
—tK

: € ! Ls V op2y1
+ (dleoo+||Y||oo||VVlloo /0 e (t—S)dS) (P f7)2(z)

1
2

(P f2)? ()

e—tK

t

E

IN

1Yo

t
1
= o (Y)(PY [?)2(x)
as required. O

Proposition 5.5. Suppose V € C'(M) is non-negative with VV bounded and 2K <
Ric < 2L for constants K and L. Suppose f > 0 is a bounded C' function and Y a
bounded C' vector field for which divY and Y (f) are also bounded. Then

[P (Y (f)I(x) < 8(PY(flog f)(x) — P flog P f(x)) + B (8, Y) P} f(x)
forallz € M, t > 0 and d > 0, where

BY(5,Y) = [ldivY e + V]2 s (£2 21
LA 9t 2Lt

—Kt 1
—-1].
L % (coth (%) — 1)
Proof. By Theorem 5.3 and [13, Lemma 6.45], the latter being essentially Jensen'’s in-
equality, we have

[PV (Y ()l(2)

e
F 1Y laeIVV oo

< div Y] o)
n 'ba V(Y (). /0 [ Q5B+ (e 9/ TV ) \
< 8(PY (flog )(x) - PY f(@)log PY f(@))
e—Kt t
0 foptog: [oxn IV | [ @:ta||
efKt t
+ (1Yl VIOV [ ettt = 9)ds) PY (0
< S(PY (Flog )(w) — PY Flog PY §(w)) + 6Y (6.Y)PY f()
as required. O

These estimates can be used to derive shift-Harnack inequalities, as introduced by
Wang for Markov operators on a Banach space; [18, Proposition 2.3]. In particular,
suppose as in [15] that {F,: s € [0,1]} is a C! family of diffeomorphisms of M with
Fy = idys. For each s € [0, 1] define a vector field Y; on M by
4 d

ds
and assume that Y; and div Y; are uniformly bounded.

Ye = (DFG) E@

12



Theorem 5.6. Suppose V € C'(M) is non-negative with VV bounded and 2K < Ric <
2L for constants K and L. Suppose f > 0 is a bounded measurable function and that Y
and div Y, are uniformly bounded. Then

1 3 L
PXf(x)éPtV(foFl)(xH( / <a¥>2<Ys>ds) (PY £2)? ()

forall x € M andt > 0, where 042/ is defined as in Proposition 5.4.
Proof. It suffices to prove for f continuously differentiable. Since

d

%(foFs) = st(foFS)7

and following the proof of [18, Proposition 2.3], we see for all » > 0 that
d f
—PY Py
ds * (1+7‘sf( ! )>

Py (ﬂiﬁm_s)) _py (Yl_s (Hfrsf(ﬂ_s)))

for all s € [0,1]. Applying Proposition 5.4 and proceeding as in the proof of [18, Pro-
position 2.3], integrating over s € [0, 1] and minimizing over r > 0, we easily obtain the
desired inequality. O

Theorem 5.7. Suppose V € C'(M) is non-negative with VV bounded and 2K < Ric <
2L for constants K and L. Suppose f > 0 is a bounded measurable function and that Y
and divY, are uniformly bounded. Then

(PV [P (2) < PY(f7 0 Fy)(x) exp [/01 1+(§— e (Hp(p_11>8,m> ds}

forallz € M, t> 0 and p > 1, where (3, is defined as in Proposition 5.5.

Proof. As for the previous theorem, it suffices to prove for f continuously differentiable.
The result extends to more general f by approximation. Applying Proposition 5.5, as in
the proof of [18, Proposition 2.3] with 3(s) := 1+ (p — 1)s for s € [0, 1], we obtain

%log (PtV (fﬁ(s)(Fs)) (z))% > —%@V (pﬁ(s)l,Ys)

for s € [0, 1]. Integrating over s yields the result. O

Looking ahead, it would now be desirable to weaken our assumptions on dV, such
as to suppose simply that dV exists in some weak sense and is locally Kato, or indeed
to eliminate terms involving dV altogether. To do the latter could however be diffi-
cult, since dV appears natually in Theorem 3.1. Assumptions involving dV do appear
elsewhere in the literature, such as in the celebrated work of Li and Yau [9].
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