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|
Derived D-Geometry *

Combine

@ Derived algebraic geometry (Toén-Vezzosi - derived stacks), and

@ D-Geometry (Beilinson-Drinfeld - jet bundle formalism)

and find a proper framework for a coordinate-free approach to BV
Costello, Gwilliam, Schreiber, ...

*Joint with Damjan Pistalo
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Koszul-Tate resolutions as cofibrant replacements of algebras over
differential operators

(JHRS, 2018)

Homotopical algebraic context over differential operators
(JHRS, 2018)

=] F = = DA
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Historical note

@ 1967: Faddeev-Popov ghosts in GQFT
(consistency path integral formulation)

@ +1975: BRST formalism
(rationalization of ghosts)

@ +1982: BV formalism
(generalization of BRST for YMT to any Lagrangian GFT)

@ + 1995: Abstract BV (e.g., AKSZ)
(So, sym, S =Sy +...,{S,5} =0, {S, ¢} resolves quotient by sym)

@ Interest: Gauge anomalies, renormalization
L ~ L(&), quantization independent of £, BV handles problem)
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Classical Batalin-Vilkovisky complex

dS =0 B(t,q(t),4(1), (1)) = 0 E(t, 4,4, ) jq(0) = 0

J*E
3/ GS: orbit space
/ (gs close on )
/\Z: critical locus

KT (Koszul-Tate) complex (O(J*E)[¢;,, C;, ], 0xT) resolves O(X)

LE algebra (O(J*E)[C}],d)

BV complex (O(J>®E)[¢F,,C% ), C], éxr +d+ ...) ‘resolves’ O(L/GS)

wpr Tapr ~p
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Derived geometric Batalin-Vilkovisky complex
O(B), dS=0 (1); O(2/GS) (2)

JOOE/GS (1) (H:gscloseoﬁE);dSZO (2)
J®E/GS ~ C=J%E//GS ~ X1 =Xy ~

Xy —= X1 = Xo

‘ C = J>*E//GS : co-groupoid

=] F = = DA
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Spaces viewed as sheaves

| @ :Aff 5 e ci=Homyee(—, ) € Fun(Af£*, Set) |
Lime¢ ~Lime

Colim ¢ — Colim ¢

=} F = = DA
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NS
Spaces viewed as sheaves

| e :Aff 5 ¢ = Homyse(—, ) € Sh(AF£°P, Set) |
Lime¢ ~Lime

Colim ¢ ~ Colim ¢

=} F = = DA
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|
Spaces viewed as sheaves

| e :Aff 5 ¢ o= Homye(—, ) € Sh(AF£P, Set) |

Limc¢~Limc

Colim ¢ ~ Colim ¢

trivial space «~ representable sheaf
space «~ sheaf

scheme «~ locally representable sheaf
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-
co-groupoids viewed as sheaves

./. Of Aff ~ OO'grOUpoid ~» SSet (simplicial set s.th. any horn has a filler)

L
N of Aff ~» ® of CA ~ ® of DG, CA

Sh(Aff°P Set) = Sh(CA, Set) : spaces

Sh(CA, SSet) : stacks

Norbert Poncin Derived D-Geometry Polish Academy of Sciences 8/31



-
co-groupoids viewed as sheaves

./. Of Aff ~ OO'grOUpOid ~» SSet (simplicial set s.th. any horn has a filler)

L
N of Aff ~» ® of CA ~» ® of DG, CA

Sh(Aff°P Set) = Sh(CA, Set) : spaces
Sh(CA, SSet) : stacks

DS = sh(DG, CA, SSet) : derived stacks
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-
co-groupoids viewed as sheaves

./. Of Aff ~~ oo-grOUpOId ~» SSet (simplicial set s.th. any horn has a filler)

L
N of Aff ~ ® of CA ~» ® of DG, CA

Sh(Aff°P Set) = Sh(CA, Set) : spaces
Sh(CA, SSet) : stacks

DS = sh(DG, CA, SSet) : derived stacks

’ C = J>*E//GS : co-groupoid ‘

| C=J%B//GS € DS =5Sn(DG,CA,SSet) |
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Sheaf condition for ' € Fun(CA, Set)
UxplU; — U

j
l \of, . Ue ca®—ass
Hij Ui xuU; =11, U; — U
hN /"
Colim(. . .)
IL; EU; xu Uy =11, £(U;) — F(U)
N ~

F(Colim(. . .))
FU) = [, F(U:) = [1,; E(U; <y U;): equalizer diag

FU) =1 F(U:) = Hij F(U; xu Uj)
Polish Academy of Sciences 9/31
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Homotopy theory in model categories

model category M
weak equivalences W (weak homotopy equivalences)
fibrations (‘good’ surjections)

cofibrations (‘good’ injections)

[Ho(M) = M[W 1] |
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Homotopy colimits

X 5V % Z ¢ Diag(Top)

Norbert Poncin

Derived D-Geometry
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Homotopy colimits

Model category M

Colim : Diag(M) — M

HoColim

=} F = = DA
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Homotopy colimits

Model category M

Colim : Diag(M) — M

HoColim := L Colim : Ho(Diag(M)) > D + Colim(Cpiagm) D) € Ho(M)

=} F = = DA
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Homotopy hypercovers
Fun( = CA, Set), U ¢

CAP = Aff, U € Fun(

CA, Set)

=} F = = DA
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Homotopy hypercovers

Fun(DG CA, SSet) , [/ € DG, CA°” =D _Aff, U € Fun(DG,CA, Set)

=} F = = DA
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Homotopy hypercovers

Fun(DG CA, SSet) , [/ € DG, CA°” =D _Aff, U € Fun(DG,CA, Set)

—_— S
A ho — hi =  hy
P2l p1d po 4
—_— N
- U —= U = U

De i he = U in Fun(DG;CA,SSet), mo(he) = mo(U) ~» 70N DG, CAP

[m] = - =
Norbert Poncin Derived D-Geometry
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Homotopy sheaf condition for ' € Fun(DG, CA, SSet)

F € Fun(CA, Set)

Uecar [1,U;xpU; = 1[,U; = U, Colim(...) > U, F: isom

F € Fun(DG,CA, SSet)

U €DG,CA°P | pg: he = U, HoColim(he) — U , F : isom
+

F(U) = F (HoColim(h,)) = HoLim F(h,) = HoLimyjea F(hn)

=} F = DA
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Homotopical algebraic geometric context

| Infunctors: C' = J*E//GS € DS = Sh(DG,CA,SSet) |

Data: DG, CA, 7 on DG, CA°P

Additional data: P < Mor (DG, CA%P)

‘ In spaces: C' = J>*E//GS : groupoid s,t: X1 = Xj

Groupoid in spaces / manifolds: ¢ € Mor(C* Man)

s: X193 (g,x)—»xeXy t: X123 (g,2)—g-x€ Xp
Groupoid internal to DS: ¢ € Mor(DS) ~ € Mor(DG, CA?) ~ f€P

Condition: (DG..CA, 7, P) is a homotopical algebraic geometric context

=] F = = DA
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Derived stacks over differential operators D
J®E = X, O(J*F)
dS=0«

E(t7 Q(t), Q(t)a Q(t)) =0«&

E(ta q, (L q)|]°°‘](t) = 0

=} F = = DA
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NS
Derived stacks over differential operators D
J®E = X, O(J*F)

dS =0« df E(t,q(t),q(t),4(t) =0 <
dy ~ Dy =0+ G0, + Go; + . ..

E(ta q, (j? q)|]°°‘](t) = 0

=} F = = DA
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Derived stacks over differential operators D

J®E = X, O(J*E)
dS =0 di Et,q(t),q(t),§(t) =0 DFE(t.q.q.G)|jeq@ =0

D(X) - O(J*E) : O(J®E) € Mod(D) N DA

[m] = - =

Norbert Poncin Derived D-Geometry
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Derived stacks over differential operators D

J®E = X, O(J*E)

d§ =0 dp B(t,q(t),4(t),4(t) = 0 DF E(t,¢.4.4)|jeqee) =0
di ~ Dy =01+ (0q + {04+ ...

D(X) - O(J*E) : O(J®FE) € Mod(D) N DA

(DG.C A, 7,P)is a homotopical algebraic geometric context

D S=35h(DG.C A SSet)

=} F = = DA
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Derived stacks over differential operators D

J®E = X, O(J*E)

d§ =0 dp B(t,q(t),4(t),4(t) = 0 DF E(t,¢.4.4)|jeqee) =0
di ~ Dy =01+ (0q + {04+ ...

D(X) - O(J*E) : O(J®FE) € Mod(D) N DA

(DG4 K A, 7,P) is a homotopical algebraic geometric context

DK S =Sh(DG, K A, SSet)

=} F = = DA
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Derived stacks over differential operators D

J®E = X, O(J*E)

d§ =0 dp B(t,q(t),4(t),4(t) = 0 DF E(t,¢.4.4)|jeqee) =0
di ~ Dy =01+ (0q + {04+ ...

D(X) - O(J*E) : O(J®FE) € Mod(D) N DA

(DG4 DA, T,P) is a homotopical algebraic geometric context

D DS =Sh(DG, DA, SSet)

=} F = = DA
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Results |

@ Cofibrantly generated model structure on

» DG4 DA
» DG4+ Ox-qc CA(Dx), X smooth affine

@ Cofibrations = retracts of relative Sullivan D-algebras
@ Specific explicit functorial TrivCof-Fib and Cof-TrivFib factorizations

@ Homotopy sheaf condition for F' € Fun(DG DA, SSet) is a

fibrant object condition

» Object-wise model structure on Fun(DG; DA, SSet)
» Bousfield localization w.r.t weq in DG DAP

» Bousfield localization w.r.t homotopy hypercovers
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Results Il

@ Mod(A) := Modpe, pu(A), A€ DG DA, s a

cofibrantly generated combinatorial proper symmetric monoidal model
category which satisfies the monoid axiom, and

— ®4 M : Mod(A) — Mod(A), M € Mod(A) cofibrant, preserves weq

@ Alg(A) := CMon(Mod(A)), A€ DG, DA, is a
combinatorial proper model category, and

B®a — :Mod(A) — Mod(B), B € Alg(.A) cofibrant, preserves weq
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Koszul-Tate resolutions and Sullivan models

(Dissertationes Math., 2018)

=} F = = DA
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Koszul-Tate resolutions in 5 different fields

@ KTR of a quotient of a Noetherian commutative unital ring (homological
algebra, Tate)

@ KTR of a higher-order reducible gauge theory (field theory,
Henneaux-Teitelboim)

© KTR of a compatibility complex (cohomological analysis of PDEs,
Verbovetsky)

© KTR as cofibrant replacement in a coslice category of DG DA (homotopy
theory, PP)

@ KTR in D-geometry (algebraic geometry, PP)
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Results Il
@ Field theoretic KTR resolves on-shell functions O (%)
@ JeDA, TCJ D-ideal, J — J/Z in DG, DA
Homotopy theoretic KTR of 7/Z

J —J ® 8V 5 J/T in DG, DA, J ® SV resolves 7/,
J ® SV cofibrant replacement of J/Z in J | DG, DA

@ X smooth scheme, Ax € qcCA(Dx), p: Ax — Bx in DG1qcCA(Dx)
Algebraic geometric KTR of ¢

(D Cx — Bx in DG+qCCA(.AX [Dx]) , QIS in DG+qCM(Ax['Dx}) ,
Cx of Dx-Sullivan type
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Results IV

@ Homotopy theoretic KTR: same structure as field theoretic KTR

@ Algebraic geometric KTR: extension of homotopy theoretic KTR to an
arbitrary smooth scheme

@ Existence: both KTRs do always exist
@ Comparison theorems: all 5 KTRs are of the algebraic geometric type

@ 5 different fields: dictionaries between their languages
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Homotopical algebraic geometry and BV complex

=} F = = DA
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Function algebras of derived K-stacks

D_Aff =DG,KA® > > DGKA®P
L

DS = Sh(DG, KA, SSet)

=} F = = DA
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Function algebras of derived K-stacks

D_Aff =DG,KA® >~ > DGKA°P
L

DS = Sh(DG, KA, SSet)

=} F = = DA
Norbert Poncin Derived D-Geometry



BN
Function algebras of derived K-stacks

D_Aff =DG,KA® >~ > DGKA°P
L

DS = Sh(DG, KA, SSet)

=} F = = DA
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Explanation
C = J>®E//GS:

=} F = = DA
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Explanation

C = J*E//GS: gauge Lie algebroid C — J>*FE
(C,[e, 0], R) = d € Der_ (I'(AC*)) ,d?> =0
T(AC*) = O(J®E)[C*| ={> F C* ... C*}

d = Ri,(y)C*8y: + 5C4(y)C* A CP e

d = DY(R(C)dgy + FD2(CT4(C, 07y
Noether operators, Faddeev-Popov ghosts, fields

O(C) = D(AC*) = O(J®E)[C°]
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Explanation

C = J*E//GS: gauge Lie algebroid C — J>*FE
(C,[e, 0], R) = d € Der_ (I'(AC*)) ,d?> =0
T(AC*) = O(J®E)[C*| ={> F C* ... C*}

d = Ri,(y)C*8y: + 5C4(y)C* A CP e

d = DY(R(C)dgy + FD2(CT4(C, 07y
Noether operators, Faddeev-Popov ghosts, fields

O(C) = D(AC*) = O(J®E)[C] € DGKA !
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-
Explanation

C = J*E//GS: gauge Lie algebroid C — J>*FE
(C,[e, 0], R) = d € Der_ (I'(AC*)) ,d?> =0
T(AC*) = O(J®E)[C*| ={> F C* ... C*}

d = Ri,(y)C*8y: + 5C4(y)C* A CP e

d = DY(R(C)dgy + FD2(CT4(C, 07y
Noether operators, Faddeev-Popov ghosts, fields
O(C) =T(ANC*) = O(J*E)[C*] € DGKA !

LE algebra

Norbert Poncin Derived D-Geometry Polish Academy of Sciences 25/31



|
Derived critical locus: the problem

C = J*®E//GS € DS = sh(DG, KA, SSet) (1), Cras—oy * (2),BV?

S € O(C) e DGKA (given), dS:C>m—d,, S T*C ?

Cras=0y —=C
\L O J/O Homotopy pullback ?

c—95 ¢
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Derived critical locus: an almost meaningful problem

O(T*0) 2L o)

10 O l Homotopy pushout ?

Derived stacks over the derived stack C: O : DS = — DGKA°P
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|
Derived critical locus: an almost meaningful problem

O(T*0) 2L o)

10 O l Homotopy pushout ?

Derived stacks over the derived stack C: O : DS/C — DGKA°P /C
H: C' € DGKA°P = DAf£(K) !

DGKA°P/C' ~ DAf£(K)/C ~ (O(C)/DGKA)P ~ DGKA?;’(C)
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|
Derived critical locus: an almost meaningful problem

O(T*0) 2L o)

ig O l Homotopy pushout in DGKAx ¢y  ?

o) —— O(C{d s:o})
N————

BV complex ?

Derived stacks over the derived stack C: O : DS/C — DGKA°P /C
H: C' € DGKA°P = DAf£(K) !

DGKA°P/C' ~ DAf£(K)/C ~ (O(C)/DGKA)P ~ DGKA?;’(C)
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Definition of the data

O(T*C) =T(ATC) = So(c) Der O(C) € DGKAp(c) ?

d ,®
... — Der, O(C) oy ]Derk—l O(C) — ... € DGKMp () !

is: SocyDer O(C) = Soc)O(C)

19 : S@(C) Der O(C) — So(C)O

=] F = = DA
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Derived critical locus: a meaningful problem
)

So(cyDer O(C) —— Sp(yO(C)
\’io O

\ Homotopy pushout in DGKAo ()
S@(C)O EEEE——

Der O(C) —== O(C)
SO(C’) HoColim

Co L Co
lm 0] l = SO(C) Colim lclo e} L
) —— %

CO——x
=] 5 = = DA
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Derived critical locus: a meaningful problem

So(cyDer O(C) —— So(yO(C)

lio O l Homotopy pushout in DGKAo (¢
So)0 O(Cras=oy)
N————’
BV complex ?
Der O(C) —2> O(C) Co—55 Co
So(c) HoColim lio o l = So(c) Colim iCio o J{
) ————x% CO ——=x
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Derived critical locus: a meaningful problem

So(cyDer O(C) —— So(yO(C)

lio O l Homotopy pushout in DGKAo (¢
So)0 O(Cras=oy)
N————’
BV complex ?
Der O(C) —2> O(C) LN
So(c) HoColim lio “ l — Soc) Colim l v o J{
0 * CO —— %

C0 = Der O(C)[1] @iq Der O(C)
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Derived critical locus: a meaningful problem

So(cyDer O(C) —— So(yO(C)

lio O l Homotopy pushout in DGKAo (¢
So)0 O(Cras=oy)
N————’
BV complex ?
Der O(C) —2> O(C) LN
So(c) HoColim lio “ l — Soc) Colim l v o J{
0 * CO —— %

Cip: 0 =DerO(C) — CO = Der O(C)[1] Bia Der O(C)
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Derived critical locus: the solution

[do(c),e]
-o» ——Der, O(C) — Dery_1 O(C) ——---

S, 's = O(Cias=
o(c) o) o) (Cras=oy)
BV complex ?
do(c)

s 01 (0) — 2 s 04 o (C) —— - -

LE algebra (O(C), do(c)) = (O(J*E)[C*],do(c))

KT complex (O(J*®E)[¢}, C%], oxr)
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Derived critical locus: the solution

[do(c),e]
-o» ——Der, O(C) — Dery_1 O(C) ——---

S is = O(Cras5=0})
0(C) &> &P {d S=0}

BV complex 7

do(c)
e 031 (C) —2 D 045 (C) ——— -

LE algebra (O(C), do(c)) = (O(J*E)[C*],do(c))

KT complex (O(J*E)[¢;,Cx],0kT) , Oyi, O
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Figure: Photo by Adam Bouse on Unsplash
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