LOCAL CURVATURE ESTIMATES FOR THE RICCI-HARMONIC FLOW

YILI

ABSTRACT. In this paper we give an explicit bound of A, u(t) and the local cur-
vature estimates for the Ricci-harmonic flow

Btg(t) = 72Ricg(t) +4Vg(t)u(t) (2] ngu(t), atu(t) = Ag(t)u(t)

under the condition that the Ricci curvature is bounded along the flow. In the sec-
ond part these local curvature estimates are extended to a class of generalized Ricci
flow, introduced by the author [42], whose stable points give Ricci-flat metrics on
a complete manifold, and which is very close to the (K, N)-super Ricci flow re-
cently defined by Xiangdong Li and Songzi Li [35]. Next we propose a conjecture
for Einstein’s scalar field equations motivated by a result in the first part and the
bounded L2-curvature conjecture recently solved by Klainerman, Rodnianski and
Szeftel [26]. In the last two parts of this paper, we discuss two notions of “Riemann
curvature tensor” in the sense of Wylie-Yeroshkin [2324}[67]68], respectively, and
Li [44], whose “Ricci curvature” both give the standard Bakey-Emery Ricci curva-
ture [T], and the forward and backward uniqueness for the Ricci-harmonic flow.
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1. INTRODUCTION

In this paper we continue the study (see [42} 43]) of Ricci-harmonic flow
(1.1) 8tg(t) = —ZRng(t) +4Vg(t)u(t) ® Vg(t)u(t), atu(t) = Ag(t)u(t)

on a complete n-dimensional manifold M, where g(t) is a family of smooth Rie-
mannian metrics on M and u(t) is a family of smooth functions on M. The short
time existence established by List [46] 47] and later extended by Miiller [49, 51],
says that, given an initial data (go, t9) with gy and u( being, respectively, a smooth
Riemannian metric and a smooth function on M, the system exists over a
maximal time interval [0, Tmax ), Where Tmax is a finite number or infinity.

In the following we consider the Ricci-harmonic flow on M x [0, T| or on M X
[0,T), depending on different situations, with T € (0, Tmax). We brief our main
results below.

Convention: From now on we always omit the time variable t and write [J, A, V,
u,Rm, Ric, R, dV;, | . | for Dg(t) =0y — Ag(t)/Ag(t)f Vg(t),u(t),ng(t), Rng(t), Rg(t)r
dVy(r), | - [g() in the concrete computations, respectively. We write P < Q or

Q 2 P for two quantities P and Q, if P < C Q for some uniform constantﬂ C de-
pending only on g, g, and the dimension #. The uniform constants C may vary
from lines to lines.

(O) Some known results. It is known that the Ricci-harmonic flow shares the
many properties with the Ricci flow. Here we list some results both for the Ricci-
harmonic flow and the Ricci flow, see Table 1. Besides these results, there are
other works on the Ricci-harmonic flow including gradient estimates, eigenvalues,
entropies, functionals, and solitons, etc., see [8,[13, (18,19} 20} 21} 43} 44} [50].

In particular, we mention a result on the gradient estimates of u(t). Under the
curvature condition

(1.2) sup ‘chg(t)|g(t) <K,

Mx[0,T]
Theorem [B.2]shows that

2

(1.3) |Vg(t)u(t)|g(t) SK
on M x [0, T|, where < depends only on 1. Moreover, under a stronger condition
(14) sup |ng(t) ‘g(l‘) S K,

Mx[0,T]

1Given a flow on M x [0,T] or M x [0,T), a uniform constant C in this paper means a positive
constant depending only on the initial data of the flow, M, and T. Of course, when T varies, C varies
too.
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TABLE 1. Ricci-harmonic flow (RHF) via Ricci flow (RH)

Known properties for Tpax < o RF | RHF
lim;_, 1 maxy |ng(t) |§(t) =00 221 | [4e)t
lim;_,7__ maxy |Ricg(t) |§(t) =00 5412 | [13]
either lim;_,7,__ maxg oy = 07
maxpg R g(t) N <1 and [7] [43]3
T |Wg(t)\g(t)+\vg, Olgty
1M Tnax Re) =
T < oo, n=4, |R ety S1=
: 2
S IRicgqp) o4 ) 0) 5 nd [4,55] | [43)

1
fM|ng<>| 2n@Very S1

Conjecture :

4
limt*)Tmax maxpg Rg(t) = 00 see [7] [44]

Pseudo-locality theorem [52] [18]

1 For the general Ricci-harmonic flow, this result was proved by Muller [49].

2 Recently, a new and elementary proof was given by Kotschwer, Munteaun, and Wang [32].

3 Here Wy is the Weyl tensor of g(t), and for RF we let u(t) = 0. According to the evolution equation
for Ry(y) (see - (A.9)) and the maximum principle, we can assume that R,(;) > 0 for all t.

4 This conjecture is due to Hamilton and was verified for the Kdhler-Ricci flow by Zhang [72] and the
Type-I Ricci flow by Enders, Miiller and Topping [17].

Theorem [B.2]also gives
2 2
(1.5) Ve u()lg S K

on M x [0, T|, where < depends only on n.
However, Cheng and Zhu [13] proved that under the condition the Rie-

mannian curvature remains boundedﬂ and hence the Hessian V; ) u(t) isbounded
along the flow.

(A) Gradient estimates under the condition (I.2). In this section, we assume
that M is closed. It is clear from (A.8) that the gradient of u(t) along the flow (1.1) is

2Their bound is implicit, however, following the argument of [32], we can give an explicit bound.
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boundedﬁ without any curvature condition, in terms of an initial data. According
to Lemma integrating (A.8) over M x [0, T], one can prove that the total space-
time L2-norm of Vé(t)u(t) is boundedﬂ ie.,

/OT ./M ‘Vﬁ(t)u(t)‘;t) AVidt < e”

for any T < Tmax, without any curvature conditions such like (1.2) or (1.4). For
fixed T € (0, Tmax), One can get an upper bound, without any curvature condi-
tions, for Vg( t)u(t) and then Ayyu(t) on M x [0, T], however this bound may

depend on time T and even tends towards to infinity when T — Tax.

The first result in this paper is to obtain the time-independent (i.e., depends on
Tmax) bound of Ag(t)u(t) under the curvature condition (1.2). We have mentioned
that this time-independent bound has been implicitly obtained in [13], and our
contribution is to obtain an explicit bound of Ay, u(t). Under the condition (1.2),
one can prove (see Proposition

(1.6) / |Ag(u(t) PdVyy < C(1+K)eCIHIT < (1 4 K)eCI K Tmax ¢ € [0, T,
M

for some uniform constant C. This L?-norm bound together with the non-collapsing
result (see Corollary [2.5) implies that

‘Ag(t)u(t)’ < mexp {C (l—l—T—i-KT—l—eC\/E)}

C(1+K) exp [C (1+ Trmax + KTnax + ¢V |

1.7)

IN

over M x [0, T], where C is a uniform constant.

Theorem 1.1. (See also Theorem If the Ricci-harmonic flow satisfies the
curvature condition , then Ag(t)u(t) is bounded and an explicit bound is given by

2.

(B) Results for a generalized Ricci flow. The author [43] introduced a class
of generalized Ricci flow (For motivation see Section[3), called (1,0, B1, B2)-Ricci

flow:

(1.8) 9g(t) = —2Ricy(y) +2a1Vgu(t) @ Vypu(t),

(1.9) du(t) = Agpyu(t) + P \vg(t)u(t)@(t) + Bau(t).

Here a1, B1, B2 are given constants. Under a technical condition “reqular” (for def-
inition, see subsection B.T) the system - has the following estimate:
(1.10) [Vemu®)lgm <C

for some uniform constant C depending only on &1, 81, B2, n. Thus, roughly speak-
ing, the regular condition on constants a1, 81, B2 guarantees the boundedness of

3When M is complete and noncompact, the same result is still true for List’s solution of the Ricci-
harmonic flow, see Theoremand Theorem
45 general estimate is obtained in ll where a generalized Ricci flow is considered.
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The flow - is connected with the (K, N)-super Ricci flow introduced
in [35], along which the W-entropy is constant. For more detail, see Section
Theorem 1.2. (See also Theorem(3.2) Let (g(t), u(t))c(o,r) be a solution to the regular

(a1,0, B1, B2)-Ricci flow - on a closed n-dimensional manifold M with T < co
and the initial data (go, uo). Assume that Sy + C > Co > 0 along the flow for some
uniform constants C,Co > 0. Then

Si W + (V2 u(s)]?
a1y B0l oo max |0l F Ve MOl
Sg(t) +C Mx[0,t] Sg(s) +C
where
Sng(t) = Rng(t) - alvg(t)u(t) ® Vg(t)u(t),
Sey = trgSicgry = Ry — 1| Vgt
S
Singm = Sng(t)—%g(t)

and Wey is the Weyl tensor field of g(t).

Here the technical assumption S o(t) T C > Cp > 0is necessary in the theorem,
since, due to the undermined signs of a1, 81, B2, we can not in general deduce any
bounds for S, ;) from the evolution equations of - (see, for example, the
evolution equation (3.11)). In the simplest case, a1 > 0 and 1 = B = 0 (ie,
Ricci-harmonic flow), we have a lower bound from Lemma

This result is obtained by applying Hamilton-Cao’s method (see for example
[7,43]) on — (1.9). More precisely, we consider the quantity

[Sicy(r) + 8B
(112) froim S0 TR )
(Se(ty +C)
and deduce the following evolution inequality
Of < 2(Vf,VIn(S+C))

S+C

A direct consequence of the maximum principle applied on (1.13) yields (1.11). In
conclusion, we can derive the long-time existence of (1.8) — (1.9).

2 2,12
(113) as+)f (—f+ 25 e cEEIE)

Corollary 1.3. (See also Corollary Let (8(t), u(t))sefo,T) e a solution to the reg-
ular (aq,0, B1, B2)-Ricci flow - on a closed n-dimensional manifold M with
T < co and the initial data (go, uo). Then only one of the followings cases occurs:
(@ T =oo;
(b) T < coand [Ricy(y)|e(r) < C for some uniform constant C;
(@) T < ooand [Ricy|g(r) — o0 ast — T. In this case, there are only two subcases:
(1) [Rg)lg() =
(c2) |Rg(t) | o(t) < C for some uniform constant C and there exist some uniform
constants C1,Cy > 0 such that Sg(t) +Ci>Cy>0and

|Wg(t)|g(t) + |V§(t)”(t)|§(t)
Sg(t) +C
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ast — T.

This is a general picture of the long time existence for regular («1,0, B1, B2)-Ricci
flows, containing results in [7,43]. Since the signs of a1, 31, B2 are not determined,
we can not discard the case (b) which is of course true for Ricci-harmonic flow and
Ricci flow.

In the case of dimension n = 4, we can consider another quantity
; 2
[Sicg(s) ‘g(t)
S g(t) +C

Since the sign of a1 is undermined, some term in the evolution inequality (see
1} for f, will contain the L*-norm of V; ( t)u(t). Though we can prove

(1.14) foi=

< CeCT < CeCTmax

L%U 7 L2(M)

(1.15) ‘ ‘Vé(t)u(t)’

forany T € (0, Tmax), it is not clear whether we can get its (spatial) L4—nor1rﬂ

Corollary 1.4. (See also Corollary |3.6) Let (g(t),u(t))c(o,) be a solution to the reg-
ular (a1,0, B1, B2)-Ricci flow - on a closed 4-manifold M with T < co and the
initial data (go, ug). Assume that Sety +C = Co > Oand ng(t) < C1 < oo along the

flow for some uniform constants C, Co, C; > 0. Then

S . P

(1.16) C'[1 — sgn(ay, 0 // V2 u(D)dVy

C'(1+45)eC +

IA

/0 /M |ng(t)|§(t)dVg(t)dt S Cl(l + S)ECIS +

(1.17) C'[1 — sgn(ay,0 / / V2 () FdVy

forall s € [0,T), where C' = C'(go, uo, %1, B1, B2, C, Co, C1, A1, X (M)) is a uniform
constant. Here |V o(pyu(t) |§(t) < Aj holds along the flow (by the reqularity) for some
uniform constant Ay > 0 (which depends only on go, ug and wg, B1, B2).
In the corollary, the shorthand notion sgn(ay,0) is deﬁned to be 1 ifa; > 0,and
0 otherwise. When a1 is nonnegative, the inequalities (T.16) and (1.17) give us uni-
form L% )LZ(M)-norms to Sicg(;) and Rmy ). Moreover, using an equahty (above
43)) for Vol; and |V gu(t)[2 2 < A1, the integral of Sicy(,) can be replaced by
the mtegral of Ricg ). Thus, in the case that oy > 0, Corollary[1.4] gives uniform

Lig, T)LZ(M)-norms to Ricg(;) and Rmyy).

To derive L%O T) LP(M)-norms for Sicy(;) and Rmygy), for simplicity, introduce
the basic assumption BA, original defined in [4, [55] (see also [43]), for a solution
(8(t), u(t))sefo,1) to the regular (aq,0, B1, B2)-Ricci flow:

5Under the curvature condition , we can always get a bound for the L*-norm of V§ ( t)u(t) by

Theorem
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(a) M is a closed 4-manifold;

(b) T <oo;

(c) —1< Sg(t) < 1 along the flow;

(d) |Vg(t)u(t)\§(t) < Aj along the flow.
The last condition is obtained from the regularity of the flow and the third condi-
tion implies Sg(t) +C>Cy>0, whereC=2and Cy = 1.

Theorem 1.5. (See also Theorem Suppose that (g(t), u(t))ic(o,r) satisfies BA.
Then

) L4 ~ C
/O /M ‘Slcg(t)lg(t)dvg(t)dt S C(l +S)e s

(1.18) + C[1 - sgn(ay,0 / [ V2 u(t) vt

T
/S /M\Sicg(t)@(t)dvg(t)dt < [(T—s)e" Vol = {C(1+T)

14
4
(1.19) C[1 —sgn(ay,0 // Vet *dVepdt|

forany s € [0, T). Here C is a uniform constant which depends only on go, o, a1, B1, B2,
Alr X(M) .

(O) A conjecture for the Einstein scalar field equations. This conjecture is
based on the following, where M is a complete manifold,

Theorem 1.6. (See also Theorem [2.7) Let (g(t), u(t))c(o,r) be a solution to the Ricci-
haronic flow (LI). Suppose there exist constants p,K,L,P > 0 and xo € M such that
Bg0)(x0,p/ V/K) is compactly contained on M and the following conditionfﬁ

(1.20) Ricg(plgn) < K |[Venyu()lgny S L [Vau(®)lgn < P

hold on By ) (xo, 0/ VK) x [0, T]. For any p > 3, there is a constant C, depending only
on n and p, such that

P CA,T
IR (1)o@ Vo) < CAreT™ /

P

/Bg(())(x[)/P/Z\/K)
—2p) ,CA,T %
(1.21) + CKP? (1 +p P) e-2 Volg(t) <Bg(0) (Xo, ﬁ)) .
Here Ay := 1+ Kand Ay := K+ L+ L%+ P>(1+K™1).

This theorem extends [32] to the Ricci-harmonic flow. Along the argument in
[32] we consider the quantity

d
P p2P
dt/ |[Rm|P¢pPdV;

OThe second assumption |V u(t)|g() < L can not be derived by Theorem Actually, by Theo-
rem[B.I} one has the estimate

K 1 2
Vgu(®)lge) < p*C <p—2 + ;> =G, <1< + PT)

which depends on time £.



8 YILI

where ¢ is a Lipschitz function with support in B,(q)(xo, 0/ V/K). For the Ricci-
harmonic flow, extra integrals involving derivatives of u(t) appear in the compu-
tation, however, these integrals can be treated with the help of the last assumptions
in (1.20).

By Holder’s inequality we can get a similar upper bound for p = 2. From
Theorem we can get an upper bound for the L?>-norm of Rm, ;). Motivated
by the inequality (1.21), we in this section impose a conjecture for the Einstein
scalar field equations, which is analogous to the corresponding conjecture for
the Einstein vacuum equations proved by Klainerman, Rodnianski, and Szeftel
[26] 56|57, 58| 159, [60].

Consider Einstein’s scalar field equation or Einstein Klein-Gordon system
1 1
(1.22) Rup — 5Rgap = Tap, Tup = 20,udgu — E|Du\zg,

where u is a smooth function on a four dimensional Lorentzian space-time (M, g),
Rup, R, and D denote, respectively, the Ricci curvature tensor, scalar curvature,
and the Levi-Civita connection of g. In this case, the Einstein equation (1.15) can
be written as

Ryp — 20qudgu = 0.
As discussed in [53], we should impose a matter equation
Au =20
for u, where A := D*D,. Hence we should consider a system of PDEs
(1.23) Rpp — 20qudgu =0, Au=0.

Aninitial data set (%, g, k, 1o, u1) for (1.23) consists of a three dimensional manifold
%, a Riemannian metric g, a symmetric 2-tensor k, together with two functions g
and 17 on X, all assumed to be smooth, verifying the constraint equations,

(1.24) V]kl] —Vitrk = w1 Viu,
(1.25) R— [k + (trk)?> = 3+ |Vuo|?,
where V is the Levi-Civita connection of g.
Given an initial data set (%, g, k, ug, u1), the Cauchy problem consists in finding

a four-dimensional Lorentzian manifold (M, g) and a smooth function u on M
satisfying (1.22), and also an embedding : : ¥ — M such that

(1.26) r'g=g, u=uy, "K=k "(Nu)=nuy,

where N is the future-directed unit normal to ((X) and K is the second fundamen-
tal form of /(X). The local existence and uniqueness result for globally hyperbolic
developments can be found in, for example, [53], Theorem 14.2. For stability and
instability for Einstein’s scalar field equation, we refer to [14} 15} 33} 34} 62, 63, [64,
65].

For Einstein’s equations (i.e., u = 0 in (1.22), and the corresponding initial data
set is denoted by (%, g, k)), Klainerman [25] proposed the following conjecture:
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The Einstein vacuum equations admit local Cauchy developments for ini-
tial data sets (X, g, k) with locally finite L?-curvature and locally finite
L2-norm of the first covariant derivatives of k.
This conjecture was recently solved by Klainerman, Rodnianski and Szeftel [26]].
Motivated by Theorem [I.6land Klainerman’s conjecture, we propose the following

Conjecture 1.7. (See also Conjecture The Einstein scalar field equations admit
local Cauchy developments for initial data sets (X, g,k, ug,u1) with locally finite L2-
curvature, locally finite L?-norm of the first covariant derivatives of k, locally finite L2-
norm of the covariant derivatives (up to second order) of ug, and locally finite L?-norm of
the covariant derivatives (up to first order) of uy.

(D) Some notions on Riemann curvatures of Bakry-Emery Ricci curvature.
We now compare our curvature Sm with a1 = 2 (see ) with a notion of curva-
ture introduced recently by Wylie and Yeroshkin [68]. Let (M, g) be a Riemannian
manifold with a smooth function . Wylie and Yeroshkin introduced the following
weighted connection

(1.27) V5Y = VxY — (Yu)X — (Xu)Y.
By Proposition 3.3 in [68], we have
(1.28) zyjkf = Rijkf + V‘Vkugig - Vivkug][ + V]-quugifz - Viquugje,

where Rj, := (Rm"(9;,0;)dx, 9¢) and Rm" is the induced Riemann curvature ten-
sor associated to the connection V. The Ricci curvature associated to V¥ is de-

fined by

Here the last formula also follows from Proposition 3.3 in [68]. Recall from (3.10)
that (with a1 = 2)

(1.30) Sijké z]ké Vi quug]g ViuVu g
From now on, we are given a smooth function u on M and write
L .7 WY ._ pu
Rije = Sijker Rijge = Rijer
L _ il WYy . u il
(1.31) Ri = g'Rigy RYY = Rj = g"RYJ,
L ._ ik pL WY ._ jkpWY
R* = ¢'Rj, R = &Ry’

From (1.29) and (1.30), we have
Ricl = Ric — 2du @ du, Ric"Y = Ric+ (n — 1)du @ du + (n —1)V?u

Consider another Ricci curvature of Ri‘%}:
R‘)/I:’ = gl[R]zék Rjk + (Au + |Vu|2) Sjk — V]-Vku — Vjuvku.
There are some relations between those two notions on “Riemann curvature ten-
sors, e.g.,
(132)  RYJ — Rl = ViuVjugy + ViuViugiy + ViViugio — ViViugjs,
and
(1.33) Ric"WY — RicWY = (Au + |Vl ) —n (Vzu tdu® du) .
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We note that Rict and Ric"Y are actually the Ricci curvatures in the sense of Bakey-
Emery [1]. We here use our notions to keep the paper smoothly.

We now have four different types of Ricci curvatures, Ric, Rict, Ric"Y, and

R/i\CWY, and three different types of scalar curvatures, R, RL and RWY. In order to
compare those quantities, we introduce a notation P <y, Q, which is an integral
inequality with respect to the measure p.

Given two scalar quantities P, Q on (M, g), and a measure y, we write P <1y @
if the following inequality

(1.34) /Mde < /M Qdyu

holds. When dy is the volume form dV, we simply write (1.34) as P <; Q. When
dy is the measured volume form e/dV, we write l) as P<1,sQ. Similarly, we
can define Pru Q.

Proposition 1.8. (See also Proposition For any measure y on M and smooth
function u on M, we have

(1.35) R* <y R, R< RWY, R=p, RWY.

This proposition shows that RY <; R <y RWY and RL <1u R =14 RWY. Thus,
in the sense of integrals, Ry is weaker and RWY is stronger than R, respectively.

Next we consider the similar question on Ricci curvatures. Let (M, g) be a
closed Riemannian manifold with a smooth function u#, and u be a given measure

WY
on M. Given two Ricci curvatures Ric®, Ric¥ € Ricy 1= {Ric, Rict, Ric"Y, Ric 1,
we say
(1.36) Ric* <, Ric®

if Ric®* (X, X) <tu Ric? (X, X) holds for all vector fields X € X(M). Similarly we
can define Ric* <1 Ric® and Ric* <if Ric®. We say

(1.37) Ric* <, Ric®

if Ric® (X, X) <1y Ric? (X, X) holds for all Killing vector fields X € Xk (M), where
Xk (M) is the space of all Killing vector fields on M. Similarly we can define
Ric®* <k Ric® and Ric* SIK f Ric®.

Consider the subset Xgc(M) of Xk (M), which consists of Killing vector fields
on M with constant norm. we say
(1.38) Ric* <ixc, Ric®

if Ric* (X, X) <1y Ric® (X, X) holds for all X € Xgc(M). Similarly we can define
Ric* <IKC Ric® and Ric* <IKC,f Ric®. We then obtain the following two results.

Theorem 1.9. (see also Theorem[5.6) Let (M, g) be a closed Riemannian manifold with
a smooth function u and y be a given measure on M. Then we have
(i) Ric" <y Ric.
(ii) Ric <jxc Ric"Y.
(i) Ric <pgc RicWY.
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A consequence of Theorem 1.9)indicates
(139) RiCL SIKC Ric SIKC RiC‘NY and RiCL <ikc Ric <ikc Iii\CWY.

Theorem 1.10. (See also Theorem [5.8) Let (M, g) be a closed Riemannian manifold
with a smooth function u and y be a given measure on M. Then we have

(i) Ric < 7 Ric"Y, and
WY'

(ii) Ric gIchlii\c
wheref:: U — Umin + co and cg > 1/e.

For a given odd-dimensional sphere, we can always find a Riemannian metric
g and a Killing vector field X of constant length with respect to g.

Proposition 1.11. (See also Proposition[5.9) On each of 28 homotopical seven-dimensional
spheres M, there exist a Riemannian metric g and a nonzero vector field X, such that
e Ric'(X, X) <1 Ric(X, X) <1 RicWY(X, X) and Ric (X, X) < Ric(X, X) <;
Ric"WY (X, X) hold.

e for any smooth function u on M, RicL(X, X) < 7 Ric(X, X) < 7 RiCWY(X, X)

and Ric*(X, X) < Rie(X,X) < 7 RicWY (X, X) hold, where f := u — umin +
co withcy > 1/e.

We say that a Riemannian metric g on M is of cohomogeneity 1 if some compact
Lie group G acts smoothly and isometrically on M and the space of orbits M/G
with respect to this action is one-dimensional.

Proposition 1.12. (See also Proposition [5.10) Let n > 2 and € > 0. On the sphere
S21=1  there are a (real-analytic) Riemannian metric ge, of cohomogeneity 1, with the
property that all section curvatures of ge differ from 1 at most by €, and a (real-analytic)
nonzero vector field X¢, such that

e Ricy (Xe, Xe) <i Ricg, (Xe, Xe) <1 Ricy' ¥ (Xe, Xe) and Ricy (X, Xe) <
Ricg, (Xe, Xe) <1 Ricg! ¥ (Xe, Xc) hold.

o for any smooth function u on M, Ricé;e (Xe, Xe) < 7 Ricg, (Xe, Xe) < 7 Ric;’ZY

(Xe, Xe) and Ricg_(Xe, Xe) < Ricg, (Xe, Xe) <4 7 RicVY (X, Xc) hold, where

f i =1u—Umin +cowithcy > 1/e.

Berestovskii and Nikonorov [2] observed that (see Remark [5.11) that if the S1-
action obtain by Tuschmann [61] is free, then we can find for € > 0 a Killing vector
field X, of unit length with respect to ge.

The nonnegativity of R}}u was used in [66] to prove the compactness for gra-

dient shrinking Ricci harmonic solitons. There is no useful relation between Rm"
and Rm"Y. More precisely, we can find (see Example a Riemannian manifold
(M, g) so that RmL(X, Y,Y,X) < RmWY(X, Y,Y, X) for some triple (X,Y,u) of
smooth vector fields X, Y and smooth function #, and Rm® (X,Y,Y,X) > RmWY (X,
Y,Y, X) for another such triple (X', Y’,u').

(E) Uniqueness for the Ricci-harmonic flow. The uniqueness problem for the
Ricci flow was proved by Hamilton [22] in the compact setting, Chen-Zhu [12]
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for forward uniqueness of complete solutions, and Kotschwar [28)29] for forward
and backward uniqueness of complete solutions.

It is a natural problem to prove the forward and backward uniqueness for the
Ricci-harmonic flow. Actually, the forward uniqueness of the Ricci-harmonic flow
when the underlying manifold is compact, was proved by List [46]. In this paper,
we use the strategy of Kotschwar to prove the uniqueness for complete solutions
of the Ricci-harmonic flow. List [46] has proved that (see Theorem[A.3) if (M, g) is
a complete and non-compact Riemannian manifold satisfying

|Rmg|¢ + [u| + |Vgulg + |V§,u|g <1

then a local time existence holds for the Ricci-harmonic flow with the initial data
(g,u), and moreover

R gy + [10(E)| + [V gyt (8) gy + [V (8) gy S 1.

Hence one may expect that the uniqueness of the Ricci-harmonic flow holds in the
class {(g,u) : Rmg, Vgu, Vzu bounded}. Surprisingly we prove that the unique-
ness of the Ricci-harmonic flow holds in a larger class {(g,#) : Rmy bounded}.
The reason is that if the Riemann curvature is bounded along the flow then
all derivatives of u(t) is still bounded by Theorem To state the results, consider
the following curvature condition

(1.40) sup ([Rmy(o) g1 + [Rmgey ) < K,
Mx[0,T]

where K is some uniform constant.

Theorem 1.13. (See also Theorem [6.1) Suppose that (g(t), u(t)
two smooth complete solutions of satisfying (1.40). If (g(0), u(
then (g(t),u(t)) = ((t),i(t)) foreach t € [0, T|.

The Basic idea on proving Theorem follows from the approach of Kotschwar
[29] who considered the quantity

2
— -1 — 5(1)|? - —T.
e = | [t 180 =803 + P [Ty~ T,
2
(1.41) + ‘ng(t) _ng(t)’g(t)]e WdVg(t)

for the Ricci flow, where B € (0,1) and 7 is a cutoff function (so that the integral is
well-defined as t tends to zero). In our setting, the corresponding quantity for the
Ricc-harmonic flow takes the form

E(t) = / tg(t) — g2 +t P ‘r -T ‘2 + ’Rm ~Rmyy |
= a8 T E e OB G $(t) ~ R0 |
(1.42) + Ju(t) — ﬁ(t)@,(t) + ‘Vg(t)u(t) — vg(t)ﬁ(t)‘g(t) ] e_WdVg(t)

It can be showed
(1.43) E'(t) < NE(t)

on [0, Ty}, for some Ty < 1and N > 0. From (1.43) together with the initial data
£(0) =0, we get £(t) =0on [0, Tp] and then on [0, T1.
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Theorem 1.14. (See also Theorem [6.6) Suppose that (g(t), u(t))

an t
two smooth complete solutions of (1) satisfying ([1.40). If (¢(T),u(T)) = (§(T),a(T)),
then (3(1), u(£)) = (3(1), (£)) for cach t € [0, T]

To prove Theorem we use an idea of Kotschwar [28] and set

T := Rm—Rm, U := VRm— VRm,

h = ¢g-§ A:= V-V, B:= VA

y = Vzu—ﬁzﬁ, z = V3u—§3ﬁ,

Vo= u—1d, w = Vu—?ﬁ, x = Vw,

X = ToUdy®dz, ¥ := hOADBOvDPwdx.

As the same argument of [28], we can prove

D XBe S XE o + Y30

~

(1.44) 0eY 3 S XE +IYE ) + VX

8()
on any [5, T], where 6 € (0,T). A result of Kotschwar (see Theorem [6.5 below)
implies X =Y = 0 on [J, T|, and then on [0, T].

Acknowledgments. The main results were announced in the Conference Geo-
Prob 2017 in the University of Luxembourg from July 10 to 14, and 2018 Mini-
Workshop about Function Theory on Riemannian Manifolds in the University of
Science and Technology of China from October 5 to 6. The author thanks Professor
Anton Thalmaier and Zuoqgin Wang, respectively, for his invitation. Some part was
done when the author visited Tsinghua University invited by Professor Guoyi Xu
with whom I discussed the boundedness of potentials in the Ricci-harmonic flow,
and Chinese Academy of Sciences invited by Professor Xiang-Dong Li with whom
I discussed the super-Ricci flow.

2. GRADIENT AND LOCAL CURVATURE ESTIMATES

In this section we assume that (g(t), u(t))[o 7] is a solution of (1.1) on a closed n-
dimensional manifold M and use the convention in Section|l} From the equation
(A.8) in Lemma we see that | Vu/|? is uniformly bounded, i.e.,

@.1) \Vu| < L

on M x [0, T] for some uniform constant L depending only on the initial data
(g0, 10) = (g(0),u(0)). We also notice from (A.9) that

2.2) R-2|Vu*> -1=—=R2> -1
Moreover, integrating over the space-time M x [0, T], we get
4 / \Vul?dV, = / 3| Vul>dV; +/ |Vul*0:dV;
at Jm JM M
2.3) - / [~2/V2uf? - 49uf* - (R - 2/Vuf)] dvi
M
and then

5/ \Vu|2th+2/ |V2u|2th:—4/ |Vu|4th—/ (R—2vu?) av.
dt Jm M M M
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Denoting Vol; the volume of (M, g(t)), we have
ot ot
(2.4) / / IV2u2dVidt < 12Voly + C / Volyds
JO JM 0

from (2.1) and (2.2), where C is a uniform constant. Using (A.10) and (2.2), we

have
3;Vol; :/ 3,4V, :/ (—R+2|vu|2) dV; < CVol;
M M

consequently,

(2.5) Vol; < e“Voly.

Plugging (2.5) into (2.4) we conclude that
t

2.6) / / [V2u2avide < (12 4€) Volg < C(1+ L2)e 5 e,

0 /M

According to (A.5) we obtain

(2.7) OAu = —4|Vul|*Au + 2RV V/u — 4V uV uV' V.

In particular, the square of Au satisfies

o|Aul®> = 2A8udiAu = AlAu|? —2|VAul? —8|Vu|?|Aul* + 4 (R,-]-Vivju> Au
—8 (viuvjuvafu) Au

< Aldu —2/Vaul? - 8Vul|Aul + 4 (Ric| +2|Vul?) |V2ul|au

A

AJaul? +2 ([Ric? + 2| Vul?) [Auf +2 ([Ric| +2|Vul?) |V2ul?

Taking integrations on both sides yields

2.8) i/ \Au2dv; = /8t|Au|2th+/ |Auf? (—R+2|Vuf?) av;
dt Jm M M

< / (2IRic| - R +6/Vu?) \Au|2th+/ (2IRic| +4Vul?) [V2ulaVi.
M M

When the Ricci curvature is uniformly bounded, together with (2.6), we can prove
that the L?>-norm of Au is finite.

Proposition 2.1. If the curvature condition holds, then
2.9) / |AudV; < C(1 + K)eCU+KIT
M
for some uniform constant C > 0.
Proof. Compute, using and (2.2),
i/ Audv; < (2K +C +6L2) / |Auav; + (2K + 4L2) / IV2u[2dV,.
dt Jm M M
Therefore

d {6(2K+C+6K2)t/ |Au|2th] < (2K+4L2) 67(2K+C+6L2)t/ \V2u|2th.
dt M M
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From (2.6), we obtain

/ \Au2dV;
M

IN

t
Ce2KH+CH6L2)t | <2K+4L2>/ / V2024t

0 JM
Ce(2K+CH6L2t | ¢ (21< + 4L2) (1 + L2) eCt

which implies . O

2.1. The boundedness of Ag(t)u(t). According to [13], Chen and Zhu proved an
analog of Sesum’s theorem for the Ricci-harmonic flow. As a consequence, we see
that A, u(t) is uniformly bounded. Our contribution in this paper is to give an
8(t)

explicit bound for Agu(t).

We first review a non-collapsing theorem for the Ricci-harmonic flow. Suppose
that M is a closed manifold. For any Riemannian metric g, any smooth functions
u, f, and any positive number T, define (see [46])

IN

(2.10) Wi(g,u,f,T):= /M [T (Sg + |ng|§) +f- ”} (4;;;/2’1‘@

with S¢ 1= Rg — 2|Vgu|§, and

-f
(211) u(g,u,7):=inf {W(g, u,f,t): feC?M)and /M mdvg = 1} .

Observe that
(2.12) u(tgu,t)=pu(gul), v>0.
Proposition 2.2. If (g(t), u(t), T(t))se(o,1) Solves

atg(t) = —ZRng(t) + 4Vg(t)u(t) & Vg(t)u(t),

d

ET(t) = -1,
then u(g(t), u(t), T(t)) is monotone nondecreasing in time t.
Proof. See [46} 47,49, 51]. 0

In the definition (2.10), introduce the function
i ot 1/2
(2.14) W= 7(47”)’1/2
so that we can rewrite the functional W as
_ 2 2\ h 2
W(gu f,t) = /M [T (w S¢ +4|ng|g> (Zlnw +3 In(47t) + n) w } dVg
2 n 2

(215) = v [ sqtdVy— [J i) +n) [ w?dv,

—Z/wzlnde - 27|V wde}.
[ P nwav — 20|V oy
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The last term in (2.15) can be handed by the logarithmic Sobolev inequality (see
[10], Lemma 17.1): for any a > 0 there exists a constant C(a, g) such that if ¢ > 0
satisfies [, p*dV, = 1, then

(2.16) /M ¢*InpdVy, —a /M |Vggo|§dVg <C(a,g),
where

1 —2/n n’
(217) C(ll,g) = aVo (M,g) + m

and C;(M, g) denotes the L?-Sobolev constant.

Lemma 2.3. Let M be a closed n-dimensional manifold. For any Riemannian metric g,
any smooth function u, and any T > 0, we have

(2.18) ulgu,7) > TSg¢,min — 2C(27,9) — gln(élm.') —n,

(2.19) u(g,u,7) < TSgavg +InVol(M,g) — gln(47rr) —n.

Here S¢ min := miny Sg and Sq avg denotes the average of Sg over (M, g).

Proof. Taking f = In Vol(M, g) z 1n(47'm' in (2.11) gives the first inequality. The
second estimate follows from (2.15) and (2.16} - O

Lemma 2.4. Foreveryn > 2, p € (0,00), and D > 0, there exists c = c¢(n,p,D) > 0
such that if (M, g) is a closed n-dimensional Riemannian manifold, u is a smooth function
on M, and if for some r € (0,p] and A < oo we have (g, u,1?) > —A, then for any
p € Mwith Ricg > —Dr~2 on Bg(p,r) and Ry < Dr=% on Bg(p,r), we have

(2.20) Volg(Bg(p, 1)) > xr"

where x 1= ce~ .
Proof. Since Sg = Rg — 2|Vgu|§ < Ry, the proof is almost the same as the proof of
Proposition 5.37 in [11]. O

Actually, the constant ¢ in Lemma 2.4 can be explicitly determined. We can take
the constant c in such a way that it depends only on # and C. From the proof of
Proposition 5.37 in [11], we have

Vol, (B, (p,
pu(gu,r*) <In M +C'(n,7) + %(47{)7"/2&1(”/7)

where

n In(47t) +1InC(n,r)

C'(n,r) :=36(4m) 21" 4D, Cy(n,r) = 5

and

D

dt, K':== ———.
’ (n—1)r2

Cln,r) = " sinh( \/>t //r/2 sinh \/>t

0
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The last quantity C(#,r) can be bounded as

C(n,r) = '/O.r (emt — e_\/m) dt/ '/O-r/z (e\/ﬁt - e‘m) dt
B e\/@—l—e’mt”) B VKT 4 o= VET 9
oVK't +e—\/ﬁt|g/2 eVK'T/2 L o=VK'r/2 _ o
(eVK'1/2 _ o= VK'r/2)2 (eVKT —1)2
(eVK'r/4 _ o=VK'1/4)2 eVKT/2(eVKT/2 _1)2
= (6\/5\/;1/;;_2 D = VK24 94 VK2 < 34 VKT/2
Hence
(2.21) C(n,r) <34 eVDP/4n-1)
and the constant ¢ in Lemma [2.4] can be taken to be
(2.22) c=C(n)exp [—C(n) exp (C(n)\FD)} ,

where C(n) is a uniform constant depending only on 7.

From the rescaling

(2.23) ‘Ricrzg

21 _
g r~“[Ricgg, Brzg(p/ r) = Bg(p,1),
we can conclude from Lemma [2.4] that

Corollary 2.5. For every n > 2 and D > 0, there exists ¢ = c(n,D) > 0 such that if
(M, g) is a closed n-dimensional Riemannian manifold, u is a smooth function on M, and
if for some A < co we have y(g,u,1) > —A, then for any p € M with |Ricg|¢ < D on
Bg(p, 1), we have

(2.24) Vol (Bg(p, 1)) > x

where k = ce~*. Moreover, c = c(n,D) can be taken to be given in for some
constant C(n) depending only on n.

Proof. Write ¢ := r?g for any given r > 0. Then the conditions u(g,u,1) > —A
and [Ricg|¢ < C on By(p, 1) become

1. C
¢ = r—2|R1cg|g < 2 on Bg(p, 7).

u(g, u,rz) =u(gul) >-A, |Ric§
We obtain from Lemmathat xkr'" < Volg(Bg(p,r)) = r"Volg(Bg(p,1)). O

To prove the boundedness of Ay u(t), we first verify that pu(g(t), u(t), 1) is
always bounded from below by some uniform constant. Set, for each real number

T, »
C®(M) = {f € C®(M) : /M Ve = 1} .

CO(M) 3 fr— fi= f+=1In2 € C2(M)
2 T

The mapping
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is one-to-one and onto. Choose f € C3 (M) so that p(g,u, 1) = W(g, u, f,71) and
define f := f — %ln% € C%(M). Hence, for 7,2 > 0,

wgun) < Wgufn)
= /M [TZ (5g+ |ng|§> +f—”} (47:;;,1/2‘1%
- [ {TZ (Ss+IVf2)+f-n—Fin ] ey Ve

(47
= /M {Tl (Sg|vgf|§) +f— n] (47TTJ;

n e

T2 (- )/ (5¢+1v |)7fdv
2T LT VAN ofls (4t )n/27 78

n/2

~f
_ _n,n _ 2y ¢
= u(gumn) > In - +(n—m) /M <5g+ |ng|g> (47”1),1/2””/8

When 73 > 1 > 0, one has

(2.25) u(gu,m) <ulgumn)-— gln% + (72 — T )Sg,min-

In particular, if 0 < 7(t) < 1, then the inequality implies

226)  p(g(t),u(t), T(t)) < u(g(t),u(t),1) - ElnT(f) + [T(8) = USg(t) min-

By the monotonicity of the Ricci-harmonic flow, Proposition . we obtain from

(2:26) that
n
u(g(t),u(t), 1) = p(g(0),u(0),7(0)) + 7 In[t(0) — ] + [1 + = 7(0)]Sg(t) min
when 1+t —1(0) > 0and 7(0) — ¢ > 0. In particular, together with Lemma

and (24),

2 plg(t) (1), 1) 2 §in JEL L4 (14115 0)mn — 20(27(0),5(0))

whenever 7(0) — 1 < t < 7(0).

Theorem 2.6. There exists a uniform constant C depending only on n,g(0), and 1(0)
such that the following statement is true: If [Ricy( < Kon M x [0, T], then

C(1+K)
s Wl = gy
over any geodesic ball By (p, v/1+T). In particular, the estimate holds on M x
[0, T].

Hlg(r)

(2.28) |Ag(e exp [C (1+T+1+KT +¢VK)]

Proof. Let
Fe b T L s = e (TH1)D), @(F) = u((T+1)F).
T+1’ T+1 T+1
Then (§(f),a4(f)); fe[o,7) 1 a solution of the Ricci flow with T € (0,1). In this case
we choose 7(0) := (14 T)/2sothat 7(0) —f > (1+T)/2—-T=(1-T)/2>0
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and1+F—%(0)>1—(14+T)/2= (1—T)/2 > 0. Therefore the estimate (2.27)
applied to the rescaling Ricci-harmonic flow holds for all f € [0, T7, i.e.,

JUpTOp n. 1-T ~ ~
u(g(F),i(f),1) > Eln T (1+ T)|Sg(0),mm| —2C(1+T,4(0)) —Indmr —n.

Since the L2-Sobolev constant Cs(M, ) is invariant under scaling the metric, it

follows from (2:22) and that

00 = Gt (1)
£),i(t),1) > =In — |14+ ——= | (T+1)S,0) min| —In4T —n
HE@ a0 2 Gt — ) [(T+ DS,
142T _ ~2/n n?
-2 (14 T)~"/2Vol(M, g(0)) - 1
1+T { } 4021121 C5(M, g(0))
= —Zin(1+27) - (1+27) {|5 +2}
- T2 gO)minl o1 (M, ¢(0))2/
n?(1+T)
— T A AT G (M, 5(0)
n 2 n?
> - - [ S —
> —(1+27) [2 + |Sg(0),min| + Vol(M,g(O))”/z} Indm —n 262C. (M, 3(0)
Consequently,
(2.29) w(g(F),i(F),1) > —C(1+2T)

for some uniform constant C depending only on g(0) and u(0). Because |RNng(;) |z
= |Ricg(s)lg(r)/(1+T) < K/(1+T) on E'g(;) (p,1) = Byt (p, V1 +T), we have

Vol 1 o1 (Bﬁguﬂp'l)) 2 K

1+T
where x = C(n) exp[—C(n) exp(C(n)/K/(1 + T))]e~C1+2T), Thus
Volg (Bg(t)(p, V1+ T)) > C(1+4T)"*exp [—C (1 +2T 4 €€ K/(HT))}
(2.30) > C(1+T)"2exp [~C (1427 +VK) ],

We now can prove the estimate (2.28). Suppose otherwise that

C(1+K)
|Ag(t)u(t)| > (1+T)n/2 €
over some geodesic ball By ;) (p, /1 + T) and for some time ¢ € [0, T|. On the other
hand, from Proposition and (2.30), we get

C(1 + K)eCUHKT > .
| | VOIg(t)(Bg(t)(P,m))l g(t) ()] o (t)

xp {C [(1+K)T+1+2T+VK| }

2C(1+K)
@+ Ty

> 2C(1+ K)eCUHKIT exp [c (1 +2T + ecﬁ)} > 2C(1+ K)eCU+KIT,
This contradiction shows that we must have (2.28). O

exp {2(: [(1 +K)T+1+2T+ ecﬁ} } Volyy, (Bg(t) (p, VIt T))
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2.2. Local curvature estimates. In this subsection we assume that
[Ric| <K, |Vu| <L, |VZu|<P
over an open subset () in M and ¢ is a Lipschitz function with support in ).
From Lemma(A.T} we can deduce that
OJRic]* = —2|VRic|? 4+ 4R;jsRP1RY — 8R,,;, RTV uVTu
(2.31) + 8AURIV;V;u — 8RIV;Vu V¥V ju — 8R;; R/ V'uVu.
In particular

| VRic|?

IN

—%D|Ric|2 + CK?*|Rm| + CKL?|Rm|
(2.32) + CK|V2u||Au| + CK|V?u|? + CK?L?
< —%D]Ridz + CK(L? 4 K)|Rm| + CKP? + CK?L?,

by the fact at [Au| < /n|V?u|. Similarly, from (A.6), we have

1
(2.33) |[VRm|? < —§D|Rm|2 + C|Rm|? + C|Rm|P? 4+ CL?|Rm|?.
Moreover, we can prove that, see Lemma
9/|Rm|?> = VZ2Ric*Rm 4 Ric * Rm * Rm
(2.34) + Rm * V2u % V24 + Rm # Rm * Vu * V.

As in [32], we consider the quantity

d

sl Rm|? 2P

T /M |[Rm|P¢pPdV;
which can be rewritten as, using (2.34),

d
fadl P 2P = Py 2P Pp2p (— 2
- /M|an o2V, /M(at|M| )¢ dv+/M|an ¢ (~R+2/Vul) avi
= g/ |Rm|p2[VzRiC*Rm—I—Ric*Rm*Rm—i-Rm*Vzu*vzu
M
+Rm*Rm*Vu*Vu}¢2pth—/ R\Rm|p¢2pth+2/ |Rm|?|Vu|>¢p*dV;
M M
<cC / [Ren?~2 (V?Ric + Rm ) ¥V + CK / IRm|? ¢ dV
M M
+CP2/ \Rm|P—1¢2PdV+CL2/ IRm|P¢?dV;
M M

+ C/ |Rm|P—2 (Rm * Vil * Vsu) p*dv;.
M
From (2.5), (2.6), and (2.7) in [32]], we know that

1
p—2 (o2p; 2p < / .12 p—1,2p
C/ |Rm]| (V Rlc*Rm>(p av, < X | VRic|”|Rm|P~ ¢ PdV;

+ CK/ |vm|2\Rmv’*3<p2Pth+c1</ IRm|~ 1|V [2$2P 24V,
M M
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Combining all terms yields

' 1
%./M [Rn|P¢dV; < /M |VRic|?|Rm|P~1¢?dV;

235  + CK/ IVRmIZIRmI”‘3¢2’7dW+CK/ IRm|P 1|V 22 2dV,
M M

+C(K+ L2)/ IRm|?¢2PdV + CPz/ IRm [P~ 192 dV;
M M

In (2.35) the first two terms are “bad terms”, since these contain derivatives of
curvature. As in [32] we set

1 o
B, = —/ VRic[Rm[P~1¢>*dV;, B ::/ VRm|2[Rm|[P—3¢>dV;.
1KM||||¢t2.M|||‘¢t
We also introduce
A= [ RmPlgPavi, Az = [ [RmpPlgPav,
M M
Ay = [ RGP AV, Ay = [ (R Vg g 2av.
Then the estimate (2.35) can be rewritten as
(2.36) % / IRm|P¢*dV; < By + CKBy + CKA4 + C(K + L2)A; + CP?A,.
M

Using (2.32) yields

B; < /M {211< (A —9¢) |Ric|? + C(L? 4+ K)|Rm| +C(P2+KL2)] |Rm|P~1p?PdV;

= i /M [(A —9) |Ric|2] |Rm|P~19p?PdV; + C(L* + K) Ay + C(P? 4+ KL2) Ay

1
= 7K /M <A|Ric|2) |Rm|P*1(P2Pth + C(L2 + K)A1 + C(P2 +KL2)A2

1 .2 ~1,2 s 02 —1Y\ 42
N 4 P _ P P
5 [at (|R1C| IRm|P~¢ th) |Ric| (3t|RHl| )(P dvi

— [Ric|*[Rm|P~ 19 (7R+2|Vu|2) th}

_ 1 - 12 p—l Zp .12 zp p—l
_ 2KUM<V|R1C|  VIRm|" 1) g th+/M<V|R1c|,V<p )[RV,

1d

TN /M IRic|*[Rm|P~'¢*>PdV; + C(L? + K) A1 + C(P? + KL?) A

1 - 12 —1\ 42 2
4 P
+2K/MIR1CI (athml )gb dV; + CKL?Ay + CKA;

1

— ic|2, VIRm|P~1) 2P 12 T 2P p-1

< 2K [/M <V|R1C| , V|Rm| ><P th+/M <V|R1c| , Vo >|Rm| th]
14 - 15

- = p=1g2p

s ai . IRiclRm|P~1g2rav;

i n
2K Jm
+ C(L? 4+ K) Ay + C(P? + KL?) Ay.

IRic|? <8t|Rm|7’_1) P> dv,
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From (2.10) and (2.11) in [32], one has

1 . B 1
o p=1\ p2p <

(2.37) 5% M<V|R1c| , V|Rm| >4> dVi < 15B1+CKBy,
1 : 12 2p p—1 1

‘ _ < = :

(2.38) 5% M<V|R1c| Ve >yRm| dVi < 5B+ CKA

According to (2.34), we have

1 . _ -1 . _
" /M [Ricl? (ay|Rm|P 1) g¥av; = E—- /M [Ricl? (|Rm|?~33;[Ren ?) g2 av;
= % / IRic|?|Rm|P~3¢?F {VzRic * Rm + Ric * Rm % Rm
M
+Rm*V2u*V2u+Rm*Rm*Vu*Vu]th

< % /M |Ric|2|Rm|P—3¢?F (V2Ric * Rm) dVi + CKA; 4 C(P? 4 KL2) Ay
From the proof of (2.13) — (2.15) in [32], we can deduce that
1
¢ / IRic|?[Rm|? 3¢ (VZRic x Rm) dV < =By + CKB, + CKA,.
K /m 5
In summary, we arrive at
1 o _ 1
il p=1) p2r < Z
- /M [Ric® ([Rm|"1) ¢?dVi < By + CKB, + CKA,
(2.39) + C(P? + KL?) Ay + CKA,.

Plugging (2.37), (2.38), and (2.39) into the inequality for B;, we get
Bi < CKBy+C(K+L?*)A;+CKA4

1d
2 2 % s 12 p—142p \V/
(2.40) + C(P*+ KL*) Ay 2Kdt/ [Ric|?|Rm|P~1¢p?PdV;.

To deal with the term By, we use the evolution equation (2.33) and then obtain

it
By < /M [2 (A —0;) [Rm|* + C[Rm[> + C(L* + PZ)Ilez} [Rm|P 3¢ dV

1
= 3 /M (AIRm?) [Rm[P~3¢27dV; + CAy +C(L2 + P?) Ap

1 2 p—3 +2p
5 | (9/RmP?) [Rm[P=2¢? v,
< c/ |VRm||V||[Rm|?~2¢?P~1dV; + CA; + C(L? + P?) Ay
M
1 ) _
i p—3 2p
5 M(at|an| ) IRm|P=2g? v,
1 1
< 3By+CAy+CAy+C(I2+ P2 A, - E/M (3[Rm[?) [Rm[P=2¢?7a
As the proof of (2.18) - (2.19) in [32], we have
1 2 p—3 1 2p _ _}/ 2 p—3 ,2p
5 M(8t|Rm| )|Rm| prave = — | o (|Rm| IRm|?—3¢ th)
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—[Rm? (at|Rm\p’3) PPV, — |Rmp1¢2p8th}

1 d p—
p—1 2p / p—3 2p
= T |Rm\ avi+ —— |Rm| <8t|Rm| ) avi

1
- / R[Rm|?~ ¢ dV; + / IRm P~ |Vu[2¢?dV;
2 Im M

and therefore

1
—= M(8t|Rm|2) IRm|P—3¢?PdV; < _ﬁa/ IRm|P~L¢?dV; + CA; + CL2A,.
In summary,

(2.41) BZ<—ﬁE/ IRm|P~1¢?dV; + CA; + CAy + C(L2 + P2 A,.

From (2.36), 2.40), and (2.41), we finally obtain

;t {A1+CKA2+/ [Ric|?|[Rm|P~1¢p?dV;| < C(K+L*)A;

+ CKA4 + C(KL? + KP? + P? + KL) As.

Theorem 2.7. Let (g(t),u(t))ic(o,r) be a solution to the Ricci-haronic flow. Suppose

there exist constants p, K, L, P > 0 and xo € M such that By o) (x0, 0/ V/K) is compactly
contained on M and

Rico(n)lg(t) <K [Veuu(®lgwy <L [Viu(®)lge <P

on By (g)(xo0, 0/ VK) x [0, T]. For any p > 3, there is a constant C, depending only on n
and p, such that

Rm. P dv < CA €CA2T/

—2p\ ,CA,T 4
+ CKP (1 —‘rp P) e-2 VOlg(t) <Bg(0) (.XQ, ﬁ)) .
Here Ay :=1+Kand Ay := K+ L+ L?>+ P>(1+K1).
Proof. Choose ) := By q) (x0,0/VK) and

¢ = (p/\/f_dg(o)(xo")> .
+

R Podav,
‘/Bg(o)(x()/P/z\/E) | mg(O)‘g(o) 2(0)

p/VK

Then e~ *g(0) < g(t) < ¢*X'g(0) and |V ¢lg(r) < e [Vg(0)plgo) < VKT /p
forany t € [0, T]. Let

1
u::/ Rm|P¢2PdV, CK/ Rm|P— 124V, —/ Ric]2|Rm [P~ 1% dV;.
[ Rl + CK [ R g 5% [ [Ricl R g2 a

Then
U < C(K+L*U+ CKAy+ C(KL? + KP?> 4 P? + KL)

==



24 YILI

For A4, we can estimate it as follows:

A, = /|Rm|pfl|v¢|2¢2p72dw < / )|Rm‘p71¢2p72Kp72eZKTth
M B

5(0) (x0p/ VK

(Rm|?~1g?r2)71 | (Ko~ 26KT)r

/Bg(o)(xofp/ﬁ) [ %

IN

< Ay + KPR pp Vol <Bg(0) <x0’ P>

< U+ CKPP*ZPeZKPTVOIg(t) <Bg(0) <X0, &) ) .

Hence
u < c {K+L2+L+P2 <1+11<>}

u
+1,,—2p 2KpT %
+ CKP 1Y pe p VOlg(t) (Bg(()) (xo, \/K)> .

Since, for each T € [0, T,

P CKT 0
Vol <Bg(0) <x0, \/E>) < e Vol <Bg(0) <x0, ﬁ)) ,

as argued in (2.27) of [32], we deduce that

(242) u(r) < et [”(0) +Cp~PKPVoly,) (Bg(m <x0, fk) ﬂ '

According to the Young inequality
1.2 . ' —1,2p-2Y\ ;2
/M [Rmg () |7 ¢pFdVo) = /M (|Rm|p ¢F )4’ dVe(0)

p—1 2 1 2
; /M [Rmg o) "¢ d V) +;/M4’ PdVe(0),

IN

we obtain

u(o)

IN

C(1+K) /M ‘ng(O) |P¢2PdVg(0) + CKVOlg(O) (Bg(O) (xo, &))
C(1+K) /M ‘ng(O) |§’(70)4>2”dVg(0)

4 CKeCKTVOlg(T) (Bg(()) (XO, jﬁ))

2p
o /Bgm)(xo,p/m Rns0 g0/ V50

CKT [
+ CKe VOlg(T) (Bg(O) (Xo, ﬁ)) ’
and ¢ > 1/2 on By g (x0,p/2vK), we complete the proof. O

IN

IN

The same method can be applied to the regular Ricci flow (see Section 3), since
all computations only involve the evolution equations for the metrics, which take
the same forms in the Ricci-harmonic flow.
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3. RESULTS FOR A GENERALIZED RICCI FLOW

In this section we extend the main estimates in [43] to a generalized Ricci flow
introduced in [42], where I proved that for any complete n-manifold M, the fol-
lowing two conditions are equivalent:

(i) there exists a Ricci-flat Riemannian metric on M;
(ii) there exists real numbers «, B, a smooth function # on M, and a Riemannian
metric g on M such that

(3.1) 0= —Rjj+aV;Vju, 0=Agu+ B|Vgul3.

The main ingredient in the proof is Chen’s result [9] which says that any complete
noncompact steady gradient Ricci soliton has nonnegative scalar curvature.

Observe that the first equation in is actual the vanishing of the co-Bakry-
Emery Ricci tensor. Indeed, the N-Bakry-Emery Ricci tensor is defined by

. . df ®@df
. 2
(32) RICg’N’f = RICg + V f — m
for N finite, and
(3.3) Ricg,eo,f := Ricg + V2f
for N infinite. Thus the first equation in is equivalent to Ricg,eo,—au = 0.
Motivated by the above equivalence conditions I introduced the following gen-
eralized Ricci flow [42]:
B4) og(t) = —ZRng(t) + 209 Vg(t)u(t) & Vg(t)u(t) + 2042V§(t)u(t),
(35)  du(t) = Agpu(t)+ B Vepult) |§(t) + Bou(t).

Here a1, a5, B1, B2 are given constants. This system is called (aq,ap, B1, B2)-Ricci
flow. In particular, when (a1, a2, B1,B2) = (2,0,0,0), we get the Ricci-harmonic
flow (1.1). In view of (3.2), we see that (3.4) can be written as

018(t) = —2Ricq(s) N,—ayu(t)
where N = n—l—a%/al ifag #0,and N = o0 if a7 = 0.
According to Proposition 2.12 in [42], we know that an (a1, ap, B1, B2)-Ricci flow

is equivalent to the (a1,0, B1 — ay, B2)-flow. By this reduction, in the following we
main study the (a1, 0, B1, B2)-Ricci flow:

(3.6) atg(t) = *ZRng(t) + Zwlvg(t)u(t) ® Vg(t)u(t),
(3.7) oru(t) = Dgpult) + P1Vgu(t) f;(t) + Bau(t).

Here a1, B1, B2 are given constants. Recall the notion U,(;) = 9 — A and intro-
duce as in [43],

(3.8) Sicg(t) = Ricg(t) — (leg(t)u(f) ® Vg(t)u(t),
(39) Sg(t) = trg(t)Sng(t) = Rg(t) — oc1|Vg(t)u(t)\§(t).

Another interesting flow involving (g (), u(t)) is the so-called super-Ricci flow
introduced by X. D. Li and S. Z. Li [35] and in terms of our notions and
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can be written as, according to whether or not N is infinity

1 .
5918(t) + Ricg( nu(r) = Kg(t)

which is called a (K, N)-super Ricci flow, where N € R, and, respectively,

1 .
5918(t) + Ricg(p) cou(r) = Kg(t)

which is called a K-super Perelman Ricci flow. Under the super-Ricci flow, the au-
thors studied Harnack inequalities [35, (37, [39], W-entropy formulas [35} 145} 138} 139,
40], (K, N)-Ricci solitons [38], etc. For example, they proved thatif (g(t), u(t))c(o,7]
satisfies

1 . 1
5918(t) + Ricg(y nury = 0, dru(t) = Strgey (9eg(t)),
then the W-entropy Wi (f(t)) := & [tHn(f(t))] with

Hulf(0) 1= = [ F(O)Inf)dVygy — 5 [1+In(ar0)

(
is constant along the flow, where f(t) is the fundamental solution to the heat equa-
)

tion d; f(t) = Dgp) f () — (Vg(nyu(t), Vig(r) f(£)) g(r)- However, we can not apply this
result to our flow or

0:8(t) = —2RiCy (1) N, apu(t)s
since the second equation (3.5) may not satisfy the constraint equation d;u(t) =
%trg(t)atg(t) .

n [43] we also introduced a “Riemann curvature” type for RHF

o1
(3.10) Si]‘kg = Rz]k[ 2 (g]gV uVyu +gkgv UV 1/{)

mann curvature” type for (3.2) is given in [68]. A detailed discussion of these two
notions of “Riemann curvature” will be given in Section 5}

so that 5;; = gkésikgj = gkéski-g = Rjj — a1 VuVju. A related construction of “Rie-
‘

According to Lemma we have
Lemma 3.1. Under the flow (3.6) — (3.7),

0S = 2[Sic|* + 21 |Aul® — 204 Bo| Vu|* — 4a1 f1 V'uV/uV;Vu
(3.11) = 2|Sic|® + 2a;|Au|* — 201 82| Vu|* — 4oy B1(V*u, Vu @ Vu),
OSij = 2Sk;S — 284S¥; + 201 AuV; Vju
(3.12) — 201 B2 VuV ju — 201 1 VU (V ViV + ViuV;Viu).
3.1. Long time existence. Given an initial data (g, #g), define ¢y := |Vg0u0|§o.

We always assume that ¢y is a positive number. According to Corollary 2.10 and
Definition 2.11 in [42], we say the («1,0, B1, B2)-Ricci flow is regular, if aq, B1, B2
satisfy one of the following conditions:

(i) B2 <0and ag > ﬁ%,

(i) B2 >0and ¢y B2+ > wg > B3
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Then Corollary 2.10 in [42] tells us that
(3.13) |Vul? <1

along the (1,0, B1, B2)-Ricci flow equations (3.6) — (8.7), where < depends only on
a1, ,Bl/ ,32 and €o-

Theorem 3.2. Let (g(t), u(t));e(o,1) be a solution to the regular (ay,0, B1, B2)-Ricci flow

on a closed n-dimensional manifold M with T < oo and the initial data (go, ug). Assume
that Sy + C = Co > 0 along the flow for some uniform constants C,Co > 0. Then

[Sing(s) gt
314 PRs0lst) 4 ¢
(3.14) S +C 1+ G2 max

|Wg(s) |g(s) + |V§(S)M(S)|§(s)
] Sg(s) +C

where Sing ;) 1= Sicg(y) — @g(t) is the trace-free part of Sicy () and Wey) is the Weyl
tensor field of g(t).

Here the assumption S (1) + C > 0 is necessary in the theorem, since, due to the
undermined sign of a1, f1, B2, we can not in general deduce any bounds for S, ;)

from the evolution equation (3.11). In the simplest case, #; > 0and f; = B2 =0
(i.e., Ricci-harmonic flow), we have a lower bound from (3.11)).

Proof. As in [43], consider the quantity

_ [Sings) %1 _ [Sicge + F8OE 1

3.15 : Lo iopr o
o (Sgry +€) (Sg(ny +C)7 2 Sey T
and set

VA . C ;o
(3.16) Sicy (s := Sicg(e) + 8(t), Syir) = Sg(ry + C.

From the identity (3.21) in [11], we have

O |(551f;|j = (s})v OjSic’ 2 — v (51;;51 0S —y(y+1) (gi;;jz VS 2
" (S?)ZH (Visic2, vs').
Using (3.12), we get
O[Sic]>? = —2|VSic|? + 4Sm(Sic, Sic) + 2 <Sic, 200 AUV — 201 B Vi @ w>

(3.17) — da1 By <Sic, Vu® V|W|2>
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where Sm(Sic, Sic) = Ski]'gSij Sk, As in [43], we can prove

2
Ojsic’|> = 0O|Sic|* + fms

= —2|VSic'|* 4 4Sm(Sic, Sic) + %|Sic]2

+ 4ay (Sic/, MuVPu — BV ® Vi) — das py (Sic!, Vi ® V| Vul?)

4C2

4
= —2|VSic'|> 4 4Sm(Sic’, Sic’) — 7C|Sic’|2 + ?S’

+ 4ay (Sic/, MuVPu — BV ® Vi) — das py (Sic!, V@ V| Vul?)

and

< 12
oSl _ —[VSic'?

2 _ 2ylsid’[* 4
(87)7 (8)

CIRNE)
|Sic|?| VS| 27y

—v(r+1) (81 +2 (§/)r+

2C2(1 - )8 +1C

Con (St

5 Sm(Sic’, Sic’)

ac? g

: 12 /

<V|SIC | ,VS > + ?W

2w 7y|Sic’|2
(57)7+1

4
ISic’ |2 + —L(Sic/, &) —
(8")7

tr=

where trZ is the trace of E with respect to (), and
(3.18) E:= AuViu — BVu® Vu — 1 Vu® V|Vul?

From the identities

Sic’|? 1 . " .
<v|(s,)L,vs’> = (S/)7<V|SIC/|2,VS/>—(S/)7+1|VS/|2|SIC/|2,
|S'VSic' |2 = |Z/)? - [Sic[*|VS'|? + S'(V|sic|?, VS),

where Z' is a 3-tensor with components Zz{jk = S’ViS;k — S;kViS’, we have

<12 - - 12 - 114
|Sic’| _ 2(y—1) v|Slc | v - 2 Z/P - 2y|Sic’|
(S")r s/ (S")7 (8)r+2 7(5,)(%1)
=) (r—1) .2 2 4 c e ) 47(:2 s’
W\Slﬂ |VS'|7+ (S,)YSm(Slc,Slc)—i— e ]
2C2(1—9)S"+9C . ;o 4ar .., - 2apy[Sid >
_ 7W|SE |+ (S/)'Y<SIC ,2) — Wtr‘_‘,

The identity
O(8")*7 = (2= )(8)'7708" = 2 -1 - 1)(s) VS
implies

Of = 2(y—1)(Vf,VInS') - (S,)ZMz’z— (2-7)(y 1)V Ins'Pf

(3.19) + D+ Do+ D
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where

2(2 — i 4 2|Sic’ [+
= — ( - ’Y) (S/)l ’}’|SIC/|2+ (S/)ry 'Y‘ |

(S
2
= o |2 p)IsicPsin -2 (Isic[* — $'sm(sic’ sic) )|,
)

(Sic’, Sic”) —

(877t
2 2w, (214 7Y gy 4(8")* sin®
- (S’)"Y“[ YT+ nn—1) n (5) f_n—Z(S’)3
Sin Sin 20 n
N3 oL oL 1 N2g: o Pargi 2
+2(8) W(S,, s') = ((8')8ic’ — 28'Sic?, Vu® Vu)

2 C , a|Vuf? n—1 .13 N+l
_n—l(n+ n—l)( n SV =) |
g, . 4| s (1—7)s’+%7c|s. o 2=rC-28
27 | n(9)? (8)r+1 2n (/)1
sy + < + L +nf 1-——
S/ (S/)'yfl (S/)y—z T 28/ 4
L 4061 s = thltrfE 2 12
.@3 = (S/)7<SICIH>_W ( |SC| |S |
and Sin® = Sin,-]-Sinj kSinki and (Sic’z)l-]- = Slka]’-k . Some detailed computations can
be found in [43].
In particular, for v = 2, we have from (3.19) that

. 2
(3.20) szZ(Vf,VlnS’>2‘V<S;1) + D+ D+ P,
where
4 o f 2 sn® 1 (Sin Sin
7= 45[ L o R (AT W
1 | Vu|? f 1 «a Sin?
S’<+ n2>(n n1>+5’n2 (S’)Tvu@vu
1 a|Vulf?
+ G5r—at |,
S 2n(n —2)
acfc C C
2= als e (-9)

40(1 SiC —_
@3 = ? |:< 5/ ,\_.,> ftr\_.} .

Since the flow is regular, we have a uniform upper bound for |Vu|, together with
S’ > Cy > 0, and then

P < 4S’{—f2—n(nf_1) f3/2+C| |f+C+Cf
9, < 48 (C+Cf),

[V2ul?

75 < 4CS (f+112) =g
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for some uniform constant C depending only on on 1, Cy, C, a1, B1, B2, g0, and uy.
Without loss of generality, we may assume that f > 1. In this case we have

W+ |V2ul?
s/ '

Now the maximum principle yields the desired estimate. g

Of <2(Vf,VInS') +45'f <—f+ %fl/szCJrC

As immediate consequence, we have the following

Corollary 3.3. Let (g(t),u(t))e(o,1) be a solution to the regular (ay,0, B1, B2)-Ricci
flow on a closed n-dimensional manifold M with T < 0 and the initial data (go, ug). Then
only one of the followings cases occurs:
@) T = oo;
(b) T < o0 and |Rng(t)|g(t) g 1,
(¢) T < coand Ricy |g(t) — oo as t — T. In this case, there are only two subcases:
(1) Ry lg(r) = oo
(2) [Ryp)lg(r) < 1and there exist some uniform constants C1, Co > 0 such that
Sg(t) +Cy > Cy>0and

|Wg(t)|g(t) + |V§(t)u(t)|§(t)
Sg(t) +C

— 00

ast — T.

This is a general property of the long time existence for a regular Ricci flow,
generalizing results in [7, 43]]. Since the signs of a1, 81, B2 are not determined, we
can not discard the case (b) which is true for Ricci-harmonic flow and Ricci flow.

3.2. Bounded scalar curvature. We assume that (g(#), u(t));c[o,r) is a solution to

the regular (a1,0, B1, B2)-Ricci flow on a closed 4-dimensional manifold M with
T < oo and the initial data (g, ug), and also assume that S¢(r) + € = Co > O along
the flow for some uniform constants C, Cy > 0. According to (3.13) one has

(3.21) Vet 3 < Ar

along the flow.

In the proof of Theorem [3.2] we actually proved the following identity

Sic|> L 1z ) |Sic|* N 4 Sm(Sic, Sic)
S+C (5+C)3 (§+C)? S+C
20(1 =12 P
(322) — m [tr._,|SIC| — 2(5 + C) <SIC, \_4>j| ,
where Z is the 3-tensor with components
(3.23) Zijk = S’ViS]-k - SjkViS’ = (S+C)ViSi — Si VS,

and E is given in (3.18). Observe that the last term in (3.21)) can be written as
trZ|Sic|? — 2(S + C)(Sic, &)

. 2
— (s+C)‘Au\/SSIi7C—\/s+cv2u —(S+C)2|V2u|2]
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2
Sic VvVS§+C 2 2
— B2 | (S+C) <|Vu\/s+7C ~ TVl Vu@Vu) — (54 C)*|Vul
—2B1(S+C) [(V*u, Vu® Vu) [SicP —2{ Sic 1Vu®V\Vu|2
! ' S+C 2 '

To further analysis, we need to know an estimate for | V2u|?. Recall that
(324)  O|Vul|?> = 2B|Vul|? = 2|V2ul*> — 2a1| Vu|* + 4B, (Vu @ Vu, V?u).
Given any € > 0, we have from (3.24) that

Ovul> < 2ﬁ2|Vu|2—2|V2u|2—21x1|Vu|4+4|,81|(6|V2u|2—|—41€|Vu|4>

25| Vu? — 2 (1 — 2¢|By ) [V2ul? — 2 (le - "231') Vult

From the evolution equation 0;dV; = —SdV;, we arrive at

d 2
i VeV

/at|w|2dvt+/ Vul?3dV;
M M

/D\wﬁdvt—/ S|Vul2dv;
M M

IN

2 /v 20V, —2(1-2 /v2 23V,
B2 M| ul“dvy —2( €lB1l) M| ul~dV;

—/ S|Vu|2th—2<zx1—|ﬁl|)/ IVul*dV,
M 2 ) Jm

and then
d
5[ vuPavi < 20 -2eipi]) [ [VPufav

(3.25) + (2|2 +©) /M IVul2 -2 («1 - 'g;') /M \Vultdv,

because of S+ C > Cy > 0.
(1) B1 = 0. In this case, the inequality becomes

d
i /M VulPdv; < -2 /M [V2ul?dV; + (2|2| + C) /M |Vul2dV; — 20 /M [Vul*dV;.
When a7 > 0, we furthermore have
i/ \Vu2dV; < —2/ |V2u|2th+(2\ﬁz|+C)/ IVu2dv
dt Jm M M

or in this form

a [e—(zwzucw / W|zdvt} < _oe-ClBal+O) / V2uPdv,.
dt M M

Integrating over the interval [0, ] and using (3.21), we obtain

t
(3.26) 2 / / V20 2dVidt + / IVu2dV; < eRIB21+0% 4 Vol
0 JM M
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where Vol is the volume of the initial metric gop. When ay < 0, we similar
have

%./M VuPdvs < =2 [ [V2uPdvi+ 2lpal + 2lasl i +C) [ [Vulavi
Replacing |B2| by |B2| + |a1| A7 in (3.26), the case that a; is negative implies
327) 2 /O t /M IV2u2dVidt + /M (Vu2dV; < e@lB2l+2lmlA1+C)t 4 vl
(2) B1 # 0. In this case we choose € = 1/4|B1] in and obtain
%[QVM%W < - [ IV2uPavi+ @Ial +0) [ [VuPav;
~2( — 2/3%)/ |Vu\4th.
A similar argument used to obtain equations (3.26) and (3.27) we get
(3.28) / / |V2u|2thdt + / \Vul2dV; < e<2lﬁ2\+2\“1—2ﬁ?\A1+C>fA1vO10.

Finally, from (3.27) and (3.28), we have

(3.29) / Ap(t)dt < e@lB2l+2lm=2B1 41 +C)t 4 o],
0
where
(3.30) Ao(t) := /M|V2u|2th.
Introduce
@ +C)? Y S+C
and rewrite ( as
2 C
(3:32) Of = —2 20 o ,SmESO L

(§+C)3 s+C
To determine a lower bound for a1 A we consider the following cases.

(i) aq > 0. In this case we shall also find a lower bound for A.
(ia) When 8, <0, we have

V2u||Vul|? |Vu | V2ul?
S _|v2y2 _ 2 | _ VALY 21
A2 (9P Va2 T gy (54 TR
V2u||Vul? V2ul|?|Vul#
> (VP — Bl T - 20 T gy (4 VAL

(ib) When B, > 0, we get the same estimate in (ia), where, in the case, the
term —|B2||Vu|? is now replaced by

B /32 | | VS+C
S+C \/ﬁ V]

which is bounded below by

2B 2 S+C 4 2 f
- > — FAD
e (f|Vu| + IvM|Z|Vu| > —2B|Vul|~ 1+ Co

2
Vu® Vu)
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From (ia) — (ib), we obtain for any B,

A > —|V2ul> = 2|B||Vul? (1 + Cf)
0

|V uHVu|2

(3.33) 21y |V2ul2lwl4> '

sl £+

(if) a1 < 0. In this case we shall find an upper bound for A.
(ila) When 8, > 0, we have

1 Sic 2
A < ———|(S+0)|Au———= — S+ CV? S+ C)?|Vul?
|V ul|Vul? |Vul*|V2ul?
1
= A VS + CV2u Vul?
S M e VST " pvu
|V2u||Vu|2 |Vu|* V2ul?
XY 3 L L H ) ey A
+ 2|B1 f+2|Bil | f+ S C
2
< ¢ [(Au)2f+ (S +C)[V2u?] + Bl Vul?
V2u||Vul? Vul*|VZul|?
+ 2|1 \%HZI&I (f+ |S|—|kC|>
<

2|V2ul? (1 + g) + B2|Vul?
0

‘]V 2u||Vul? |Vu|4|V2u|2>

+ 2l AT 2 (74 B

(iib) When B, < 0, we also have

A < 2|Vl (1+4f>—2;32|W|2 (1+f>
Co Co

IV2u||Vul? |Vul*|V2u|?

From (iia) — (iib), we obtain for any S,

+ 2|1

A < 2|VZul? 1+ Y +2|B2||Vul? 144
Co Co

|V2uHVu|2

472,12
(3.34) +2|B1] |V“||V“|> _

f+aipal £+ 700
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Lemma 3.4. If a1 > 0, one has

d » . Sm(Sic, Sic)
— V < — — V
dt/Mfd* = /M[ 2f H—51¢ fs}dt

2
(3.35) " /M% {|ﬁ1+ A1(|/52|+C|0ﬁlv ”D}fdvt

24311
Co

+ 204 <1 + ) Ay + 4&1A1|ﬁ2|V01t.

If a1 < 0, one has

d > Sm(Sic, Sic)
adl < _ _
dt /Mfdvt - /M{ 2f +4 S+C fS} avi

2 2,12
(3.36) _ /M4‘X1 [|ﬁ1| L MlBal + |ﬁ1||CV0 ul) +4|V2ul fav,

2A2
— 201 (2 + (1:|‘Bl|> Az — 4a1A1|ﬁz|Volt.
0

Here Vol; denotes the volume of g(t).
This follows immediately from (3.32) - (3.34). According to (3.35) and (3.36) we
have
d Sm(Sic, Sic)
4 < _of2 442G 0 / 4
il < [ [ar s s avis [ sl |11+

(337) A(|Ba| + 1B [1V2u]) +C‘j(l - sgn(al,o))|v2u|2]fdw

Af|B1]
+4‘0¢1| 1+7C A2+4|zx1|A1|,32|Volt,
0

where sgn(aq,0) = 1if a3 > 0, and otherwise 0. For a; > 0, the above estimates
shall imply integrals bounds for |Sic|, [Sm| as in [43]. On the other hand, the case
a1 < 0 will prevent us to obtain the previous-type of estimates, since we have no
control on |V2u|? even in the integral sense. Hence in the case that &; is negative,
we will impose another conditiorﬁ

(3.38) Vel < A

along the flow for some uniform constant A;. Note that the condition (3.38) is
stronger than (3.29). A weakened condition is

(3.39) V301 Olls gy < Ar

along the flow for some uniform constant A;.

7'For the Ricci-harmonic flow or the (&, 0,0, 0)-Ricci flow, the estimate is always true provided
that the curvature condition holds.



LOCAL CURVATURE ESTIMATES FOR THE RICCI-HARMONIC FLOW 35

In the the case of dimension 4, we have the following Gauss-Bonnet-Chern for-
mula

(3.40) 32n2)((M):/ [yRm|2—4\Ric|2+R2} dv,
M

for any Riemannian metric g on M, where x (M) is the Euler characteristic number
of M. Applying the formula (3.40) to g(t) and noting that (see Lemma 3.1 in [43])

IRm|? — 4[Ric|> + R> = |[Sm]|? — 4Sic|* + S2
Eaﬂwr‘ 9a1Sic(Vu, Vu) + 2a1S|Vu|?
we have (see (3.12) in [43])
/M [IsmP? —4[sic + 5| avi = 3zn2X(M)+1zﬁa§ /M|Vu|4th
(3.41) 49, /MSiC(Vu,Vu)dW—Zal /MS|Vu|2th.

Moreover we also have (see (3.15) in [43])

Sm(Sic, Sic)
52, gomioIc,o1c) < ) 2
/ [ 2f°+4 ST C fS} av; / ( f —|—36Cf—|—5745)d[/t

(3.42) + 8 [3272 (M) + 1303 AFVolgel2 ol 2 —26l Ar+Ct
where we used (3.28) to control the integral
/ IVul*dv;.
M
Plugging (3.42) into (3.37) and using yields
adl < _-
G| fave < /M< S HCIf+CS >th

(3.43) + C3A2 4+ C4 [1 —sgn(aq,0)] /M IV2u|*dV; + CseSot + C.
where
4|aq1|A
Cl = 36C+4|“l.81|+|1|col|‘82 = Cl(C,C0,0C],,Bl,‘BLAl),
C, = 574,
16|a1|2A3(B4)?
C3 = % 4‘ |<1+ ’ﬁl|> = C3(C0,¢x1,ﬂ1,A1),
0
2561 |2
(344)Cy = é;' = C4(Co 1),
0
C5 = (1040(%14%+4|0€1|A1|ﬁ2|)\7010 = C5(1X1,‘32,A1,V010),
Co = 2[pa|+2|ms —267||A1| +C = Cs(C,a1, b1, 2, A1),
C;, = 256m%x(M).

Note that Cy, Cg are linear functions of A1 and Cs, Cs are quadratic functions of A;.
Furthermore, Cy, C7 are constants depending only on the topological quantities of
M. Finally, C4 depends only on &, and the term containing Cy in ( vanishes
provided that &y > 0.
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Theorem 3.5. Let (g(t), u(t)) (o) be a solution to the regular (ay,0, B1, B2)-Ricci flow

on a closed 4-manifold M with T < oo and the initial data (o, uo). Assume that S +
C > Cp > 0along theﬂowfor some uniform constants C, CO > 0. Then

|Sicg(s |SlC
M S () / / Vg(t)dt

(3.45) < C'(1+8)eCs 4 CleC / / s2dwdt
0 JM

’ S
+ C'1 —sgn(as,0)]eC / / IV2u[4dvidt,
0 JM

S
Si v,y < C'(1 C's 4 CleC's / / S24V,dt
/M| iCo(s)|g(s)dVgs)y < C(1+s)e*+Cle e t

’ S
(3.46) + C'1 —sgn(as, 0)]eC / / IV2u[4dVidt,
0 JM
S ’ ’ S
/O /M |Sng(t) |§(t)dVg(t)dt < C’(l + s)eC s 4 C'eC's / / Sdetdf
(3.47) + C'[1 - sgn(ay, 0) / / IV 2u|tdVidt,

° 2 / Cls | ~1,Cs [° 2
| ] 18mg BVt < Ca e+ e [0 [ Saviar
’ S
(3.48) + C'1 —sgn(ay, 0)]eC / / IV2u[4dVidt,
0 JM

forall s € [0,T), where C' = C'(go, 1o, «1, B1, B2, C, Co, A1, x(M)) is a uniform con-
stant. Here |V o u(t) |§(t) < Aj holds along the flow (by the regularity) for some uniform
constant A1 > 0 (which depends only on go, ug and wg, B1, B2).

Proof. Integrating (3.43) over [0, s] we obtain
e_clt/ Fav, + e / / F2dVidt

S
< / [C3A26_C1t+C7e_clt+C5e(C5_C1)t} dt +Cy / e Cit / S24V,dt
0 0 M

+c4/ ~Girpy fsgn(lxl,O)]/ |v2u|4dwdt+/ £V,
M M

Using (8.29), the above inequality becomes
»

S
v // 20vdt < 2601 (/ v,
/Mf ot 0 Mf ! = Mf !

Secls, C1 = G,
e(CFCe)s /|Cy — Cq, Cy # G,

t=0

+ 2C3ze(C1HCe)s 4 ZC—Qecls +2Cs -
1

S S
+ ZCZecls/ / S2dVydt + 2Cs[1 — sgn(oal,O)]ecls/ / e~ V2u[*dVdt.
0 JM 0 JM

S
< Cy(1 4 5)elC1FCo)s 4 2CyeCrs / / S24Vdt
0 JM
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S
+2C5[1 — sgn(ay, 0)]eCrs / / e~ Ot V2 [4av,dt
0 JM

for some uniform constant Cg which depends only on gy, 1o, #1, 81, B2, C, Co, and
Alr X(M) .

The second and third estimates follows from (see (3.22) and below in [43]))
|Sic|? |Sic|* C2

< c*
|81<:\_2S . (S+C)+

+ —, |Sic|?> < 8

and Vol; < e“tVol,.
The last estimate follows from (3.41), as the argument in [43]. O

Corresponding to case (c2) in Corollary E we obtain

Corollary 3.6. Let (g(t),u(t));c(o,1) be a solution to the regular (ay,0, By, B2)-Ricci
flow on a closed 4-manifold M with T < oo and the initial data (go, ug). Assume that
Sey +C = Co > 0 and Sé(t) < (€ < oo along the flow for some uniform constants

C,Co,Cy > 0. Then
s : 2 C
/0 /M |Slcg(t)|g(t)dvg(t)dt < C’(l +s)e s

(3.49) +C'[1 — sgn(ay,0 / / IV2ul4dvidt,

S
/O /M |Smg(t)|§(t)dvg(t)df < C,(l +S)€Cs
(3.50) + C'1 - sgn(as, 0 / / IV 2u|tdVidt,

forall s € [0,T), where C' = C'(go, uo, %1, B1, B2, C, Co, C1, A1, x(M)) is a uniform
constant. Here |V o(pyu(t) |§(t) < Aj holds along the flow (by the reqularity) for some
uniform constant Ay > 0 (which depends only on gy, ug and wg, B1, B2).

To get the L%O T)Lp (M)-estimate of Sic,y), introduce the basic assumption BA
for a solution (g(t), u(t));co,r) to the regular (a1,0, B1, B2)-Ricci flow:
(a) M is a closed 4-manifold;
(b) T < oo
(c) —1<S o(t) <1 along the flow;
(@A) [Vgult )2 2 < A1 along the flow.
The last condition is obtained from the regularity of the flow and the third condi-
tion implies Sg(t) +C>Cy>0 whereC=2and Cy = 1.
Under BA, given € > 0, one has (see the proof of Theorem 3.4 in [43])

o2, ,Sm(Sic,Sic)
/M{ 2f2 447 20— fs | dV,

4\ 2 2 2 L2 Q2
< /M {— (2—€2>f + (122 + 1)f + € (|Sm[? - 4|Sic[? + 82 | dV;
where f = [Sic|>/(S +2). In this case, Cy = 1, so that (3.37) becomes

d > ., Sm(Sic, Sic)
- < _ st St At
di’./Mdet - /M{ 2f 4 S5+2 fS]th
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+ [ alea] [IB1] + A1(1B2] + B1][V2u]) +4(1 = sgn(ws,0))[V2uf] FaV;
+ 4|a1\(1 + A3|B1]) + 4|ar| A | B2|e* Voly.
< /M { (2 - > 7+ (12€2 + 1+ 4fa By +4\“152|A1) f} dVy
+é /M (ISm[2 — 4[Sic[? + 52) Vi + 4la | (1 + A3|B1) Az + 4l | A1 | B2 ¥ Volo
e [ [(@pn)2 A3 92 +256]0 (1 = sgn(a1,0)) | V2ul*] Vi,
On the other hand, the identity (3.41) implies (see (3.13) in [43]])
24
/ [15m/? — 4fsic? + §%] dv; < 327°x(M) + 13a1/ Vultav; + 22 / Fdv.
M
Therefore, taking €2 = 12 and using (3.28),

d - - _ o~
E/Mfdvt < /M <_f2+C1f)dW+C2A2+C3+C4eC5t

(3.51) + Col1 — sgn(w,0)] [ [V2ultavi,
Im
where
- 1458 ~
Ci = 145+ 4|a1Bq| + 4|la1B2| A + —5— 3 = Ci (a1, B1, B2, A1),
Co = 4laq|(1+ A3|B1]) +12(a1B1)*A2 = Co(ay, B, A1),
C3 = 385mx(M),
64 = (1560(%141 +4‘0€1|A1|‘32‘)V010 = 64(061,,32,141,\/010),
Cs = 2[Ba|+2|as —2B3[A1+2 = Cs(y, B1, B2 A1),
Ce = 3072a;)?> = Celmy).

Theorem 3.7. Suppose that (g(t), u(t)),cpo,r) satisfies BA. Then

/M |SICg(s)|§(s)dVg(s) < C(l —|—S)E Cs

(3.52) + C[1 — sgn(ay, )] / / V2 () *Vy(
2
], 18mo 3tV < C1ts)e”
(3.53) + C[1 — sgn(ay,0 / / (V2 () [F Vi,
s r _
/0 /M ‘Sng(t) ‘g(t)dvg(t)dt < C(l + s)e
(3.54) + C[1 — sgn(ay,0 //\vg(t 4d Vi dt,

IN

[(T—s)eTvOlo} & {C(1+T)

T
: P
/; /M ‘Sng(t) \g(t)dVg(t)dt

)
4
(3.55) +C[— sgn(aq,0 / / |V2 t)|4dVg(t)dt
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foranys € [0,T) and 0 < p < 4. Here C is a uniform constant which depends only on
80, Uo, X1, ,Bl/ ﬁZ/ Al/ X(M)

Proof. From (3.5T) and (3.29), one has
—515/ Ve [N paviar < [ fav
e e
Mf ’ Jo Mf = Mf tt:O

~ C é/3 _C ~ S, Cvl = 65/
+ G+ =2 (1—e %) + G4 - AU G
2 C] ( ) * { e(Cl—"—CS)S/K:] + CS‘/ Cl # C5/
_ s =
+ Co[1 — sgn(ay,0)] /O /Me—clt|v2u|4dwdt
and hence

S ~ ~
dav. / / 20vidt < C,(1 (C1+Cs)s
./Mf st 0 .Mf ! - 7( +s)e

~ 5 s -
+ Col1 — sgn(ay, 0)]eCrs / / O |V2ul4dV;dt.
0 JM

for some uniform constant 67 which depends only on go, uo, a1, B1, B2, A1, x(M).
Because |S <1, we have 1ISic|?> < f < [Sic|>. The above estimate immediately

implies (3.52) and (3.54). The second estimate follows from (3.41)) as the argument
in [43] (see the proof of Theorem 3.5). The last estimate follows from Vol; < efVoly

and the Holder inequality. U

According to our definition of Sic, Sm in (3.10), we see that the boundedness of
Sic, Sm is equivalent to the boundedness of Sic, Rm for any regular Ricci flow.

Corollary 3.8. Suppose that (g(t),u(t));c(o 1) satisfies BA. Then

/M|Ricg(s)|§(s)dvg(s) < C(1+s)e™

(3.56) + C[1 — sgn(ay,0) / / V2 () 4V,
/ |Rm, g(s Vos) < c1 —l—s)eés

(3.57) C[1 — sgn(a1,0 |v2 (B)[*dVy(
gn(

forany s € [0, T). Here C is a uniform constant which depends only on go, uo, a1, B1, B2,
Al/ X(M)

4. BOUNDED L2-CURVATURE CONJECTURE FOR THE EINSTEIN SCALAR FIELD
EQUATIONS

From Theorem we can get an upper bound for the L?-norm of Rm, ;). Mo-
tivated by this estimate, we in this section impose a conjecture for the Einstein
scalar field equations, which is analogous to the corresponding conjecture for
the Einstein vacuum equations proved by Klainerman, Rodnianski, and Szeftel
[26] 56,57, 58, 159, [60].
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4.1. Initial value problem. In this section we recall some basic results for Einstein
scalar field equations from [53]. Consider Einstein’s equation

1
(4.1) szﬁ - ERngﬂ = Taﬁ

where R, 5 and Rdenote, respectively, the Ricci curvature tensor and scalar curva-
ture of a four dimensional Lorentzian space-time (M, g). If the energy-momentum
tensor T, is chosen as

T2
(4.2) Typ = 20,udgu — §|Du| g,

where D is the Levi-Civita connection of g and u is a smooth function on M. In
this case, the Einstein equation can be written as
Ryp — 20qudgu = 0.
As discussed in [53], we should impose a matter equation
Au =0
for u, where A := D*D,. Hence we should consider a system of PDEs
(4.3) Rpp — 20qudpu =0, Au=0,

which is called the Einstein scalar field equation or the Einstein-Klein-Gordon
equation.

An initial data set (X, g,k, ug, uq) for (4.3) consists of a three dimensional mani-
fold ¥, a Riemannian metric g, a symmetric 2-tensor k, together with two functions
ug and u1 on %, all assumed to be smooth, verifying the constraint equations,

(4.4) iji]«—vitrk = w1 Vjuy,
(4.5) R— k> + (trk)?> = u? 4 |Vugl?,

where V is the Levi-Civita connection of g.

Given an initial data set (X, g, k, ug, u1), the Cauchy problem consists in finding
a four-dimensional Lorentzian manifold (M, g) and a smooth function u on M
satisfying (4.3)), and also an embedding ¢ : . — M such that

(46) [*g =& fu = Uo, 'K = k, L*(Nu) = Uy,

where N is the future-directed unit normal to () and K is the second fundamen-
tal form of ((X).

The local existence and uniqueness result for globally hyperbolic developments
can be found in [53], Theorem 14.2. For stability and instability for Einstein’s scalar
field equation, we refer to [14, (15,33} 134, 62} 163} 164, [65]].

4.2. Bounded L?-curvature conjecture for Einstein’s equations. For Einstein’s
equations (i.e, u = 0 in , and the initial data is denoted by (%, g, k)), Klain-
erman [25] proposed the following conjecture:

The Einstein vacuum equations admits local Cauchy developments for

initial data sets (X, g, k) with locally finite L?-curvature and locally finite

L2-norm of the first covariant derivatives of k.
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This conjecture was recently solved by Klainerman, Rodnianski and Szeftel [26]].
To give a precise result, we assume that the space-time (M, g) to be foliated by the
level surfaces ¥y = t71(t) of a time function t. Let T denote the unit normal to
Y, and let k the second fundamental form of ¥, i.e., kij = —g(D,T, ej), where
(ei)1<i<3 denote an arbitrary frame on X;. We also assume that the X-foliation is
maximal, i.e., we have

trek =0
where ¢ = ¢(t) is the induced metric on %;.

Theorem 4.1. (Klainerman-Rodnianski-Szeftel, 2015) Let (M, g) an asymptotically
flat solution to the Einstein vacuum equations together with a maximal foliation by space-
like hyper-surfaces Xy defined as level hyper-surfaces of a time function t. Assume that the
initial slice (¥, g, k) is such that the Ricci curvature Ric € L?(X), Vk € L?(Z), and &
has a strictly positive volume radius on scales < 1, i.e.,

(4.7) rvol(zrl) = inf inf w

> 0.
pEX re(0,1] r3

Then there exists a time

T = T (|[Ricl 2(s) |Vl 12(5), Fvot(£,1)) > 0
and a constant

C i= C (IIRicl | 2(z), || VKl 2y Fvol (1)) > 0

such that the following control

. 1
Rl 12z < Co ([ VIl 2wy <G dnf nai(E1) = ¢

holds on t € [0, T].

4.3. Bounded L’-curvature conjecture for the Einstein scalar field equations.
Motivated by Theorem [2.7/and Theorem [£.1} we propose the following

Conjecture 4.2. The Einstein scalar field equations admit local Cauchy developments for
initial data sets (X, g, k, ug, uq) with locally finite L?-curvature, locally finite L2-norm of
the first covariant derivatives of k, locally finite L?>-norm of the covariant derivatives (up
to second order) of g, and locally finite L>-norm of the covariant derivatives (up to first
order) of u7.

An interesting question related to Theorem [4.1]is
Question 4.3. Can we extend Theorem 4.1|to the Einstein scalar field equations?

5. Sm AND WYLIE-YEROSHKIN RIEMANN CURVATURE

In this section we compare our curvature Sm with a1 = 2 with a notion
of curvature introduced recently by Wylie and Yeroshkin [68]. For other notions
of sectional curvatures, see [23} 24} 67].

Let (M, g) be a Riemannian manifold of dimension 7 with a smooth function .
Wylie and Yeroshkin introduced the following weighted connection

(5.1) LY = VY — (Yu)X — (Xu)Y.
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By Proposition 3.3 in [68], we have

(5.2) ijke = Rijke + ViViugio — ViViugio + ViuViugi — ViuViugje,
where Rijy) := (Rm"(9;,0;)0x, 9¢) and Rm" is the induced Riemann curvature ten-
sor associated to the connection V¥. The Ricci curvature associated to V* is de-
fined by

(5.3) 4= 8 Rl = Ry + (n = 1)V Vi + (n — 1) Vju V.

Here the last formula also follows from Proposition 3.3 in [68].
Recall from (3.10) that (with aq = 2)

(54) Sijke = Rijee — ViuViugie — Vit Vit .

From now on, we are given a smooth function # on M and write
Rz’ije ‘= Sijkts Rmé{ = Z‘kzr

(5.5) Rj = ¢'Rly, RYY = Ri = ¢“RNY,
RV = ¢FRY, RWY = oFFRYY.

From and (5.4), we have
Rict = Ric — 2du @ du, Ric"Y = Ric+ (n — 1)du @ du + (n — 1)V?u.

Remark 5.1. We note that Rict and RicWY are actually the Ricci curvatures in the sense
of Bakey-Emery [1]. We here use our notions to keep the paper smoothly.

There is another type of Ricci curvature given by
(5.6) R i= g R = Ryc+ (8u+ [Vul?) gje — V; Vi = Vju Vi
Lemma 5.2. (Basic identities for RLM and Rz]k/) We have
(5.7) RYY — Rl = ViuVjugy + ViuVugip + ViViugi — ViViugi,
(5.8) Rl]kg R]lké =2 (Vjuvkugw = ViViugjo+ ViuViugy — Viuvkugja ,

RS —RYX = ViVpugj + ViViugi — ViViugio — V;Vugi
(5.9) + Viuveugjk + VjuViugyy — ViuViugj — ViuVugi,

(5.11) R}jkg — R].Likg = VjuViugio — ViuViugj,
(512) Rl%‘ké — Rl%fk = viMVgug]'k — Viuvkugjg,
(513) Rl]kf Rl];fij = Vkuvgugij — ViuVjugkg,

(5.15) RicWY — RicWY = (Au +|Vu ) o (Vzu fdu® du) .
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5.1. Integral inequalities for scalar and Ricci curvatures. We now have four dif-

ferent types of Ricci curvatures, Ric, Rict, Ric"Y, and Iii\CWY, and three different
types of scalar curvatures, R, RL and RWY. In order to compare those quantities,
we introduce a notation P <y, Q, which is an integral inequality with respect to
the measure y.

Definition 5.3. Given two scalar quantities P, Q on (M, g), and a measure j, we write
P <y Q if the following inequality

5.16 / Pdy < / d

(5.16) s | Qdp

holds. When dy is the volume form dV, we simply write as P <1 Q. When du
is the measured volume form efdV, we write as P<y, 7 Q. Similarly, we can define
Pr,u Q.

Proposition 5.4. For any measure y on M and smooth function u on M, we have
(5.17) RM <y R, R< RWY, R=p, RWY.
Proof. It follows from the definitions
RV =R —2|Vul?2, RWY =R+ (n—1)(|Vul® + Au)
and the fact that integral of (Au + |Vu|?) with respect to e"dV is zero. O

This proposition shows that RY <y R <y RWY and R <iu R =14 RWY. Thus,
in the sense of integrals, Ry is weaker and RWY is stronger than R, respectively.

Next we consider the similar question on Ricci curvatures.
Definition 5.5. Let (M, g) be a closed Riemannian manifold with a smooth function u,
and p be a given measure on M. Given two Ricci curvatures Ric*, Ric” € Ricy =
{Ric, Rict, RicWY, Ric"' '}, we say
(5.18) Ric* <, Ric?
if Ric* (X, X) <iu Ric® (X, X) in the sense of Definition for all vector fields X €
X(M). Similarly we can define Ric® <y Ric® and Ric*® <1f Ric®.

We say
(5.19) Ric* <, Ric®

if Ric®* (X, X) <1y Ric® (X, X) in the sense of Definition for all Killing vector fields
X € Xk (M), where Xx (M) is the space of all Killing vector fields on M. Similarly we
can define Ric®* <k Ric® and Ric*® <IK,f Ric®.

Consider the subset Xxc (M) of Xk (M), which consists of Killing vector fields on M
with constant norm. we say
(5.20) Ric* <ixc, Ric®

if Ric* (X, X) <iu Ric® (X, X) in the sense of Definition for all X € Xgc(M).
Similarly we can define Ric*® <IKC Ric® and Ric* <IKC,f Ric?.

Theorem 5.6. Let (M, g) be a closed Riemannian manifold with a smooth function u and
u be a given measure on M. Then we have
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(i) Rict <1 Ric.
(ii) Ric <jxc Ric"Y.
(iii) Ric <ixc RicWY.
Proof. From (5.5), we have Ricl' (X, X) = Ric(X, X) — 2(X, Vu)? and then the first
part follows. To prove the last result, we compute

/M [Ric™Y(X, X) — Rie(X, X)| 4V = (n — 1) /M (X, Vu)? + XIX/V,Vu] dV.

Then we sulffice to verify that the last integral is nonnegative for any Killing vector
field X. According to (5.23), we can prove (ii) and (iii) immediately. Indeed, for
(iii),

_ 3
WY _Ri - 2 2
/M[Rlc (X, X) — Rie(X, X)| av 2/MuA|X| %
+ / X2 Vuf? — (X, Vi)2|dV
M

3 2
° [ ualx
2/M” Xy

v

for any Killing vector field X. O

To prove Lemma we first recall Yano's formula (see [69, 70, 71] and, [45] for
related topics)

(5.21) /M | Leg2dV = /M[|VX|2 +1div(X)[2 = Rie(X, X)]dV, X € X(M),

gives a necessary and sufficient condition to X being Killing or not. Namely,
(5.22) X € Xk(M) <= AX + VdivX + Ric(X) = 0 = divX.

Lemma 5.7. For any vector field X and any smooth function u, we have
/ XiXIV,Vudv = / (X, AX + VdivX + Ric(X))dV
M M
1
(5.23) n / “u| Zxgl? — AIX[P1AV —/ (X, Vi) divXdV.
M2 M
In particular, when X € Xx (M), we get
P 1 1
(5.24) / X XIV;VudV = —7/ ul|X[2dV = —7/ IX[2Audv.
JM 2 /M 2 /m
Proof. We start from the computation:
/ XXV, ViudV = —/ VuVi(XIx)dv
M M
— / Vju (XdivX + X'V;X7) dv
M

= — [ (X, Vu)divXdV + [ uV;(X'V;x))dV.
M Mo
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The last integral, denoted by I, as a function of u, is equal to

I, = /u(vjvaixf)dwr/ uX'V;V,XidV
M M
_ /u(VinVin)dV—i-/ uX' (VdivX + R dv
M M
- /u{VinVin—l—Ric(X,X)} dV—/ divX ((X, Vi) + udivX) dV
M M

- / u [ VXV + Rie(X, X) — [div(X) 2] av - / (X, Viu)divXdV,
M M
Using the following identities:

1 .
§|«$Xg|2 = |[VX[+V;X'V;X,

/ u|div(X)[2dV [ (udivX)Vixiav
M

Il
\

= X (ViudivX + uV,divX) dV
M

- / (X, Vu)divXdV — / u(X, VdivX)dV
M

/u|vx|2dv /uV X,V Xidv = —/ X (Viuv! X~+uAX]~) av
M

- /uXAXdV—f/VuV|X|2dV
M
we obtain
(525) I, = / u [(X,AX+ VdivX + Ric(X))dV + %|$Xg|2 - %A\X|2 dv
M

Then (5.23) follows from (5.25). O

A consequence of Theorem [5.6]indicates

(526) RiCL SIKC Ric SIKC RiC‘NY and RiCL <ikc Ric <ikc Iii\CWY

To prove an analogous result in Theorem between Ric and RicWY, RicWY
along constant Killing vector fields, for some measure y other than the volume
form, we first do the following computation. For the measure e/dV, where f =

f(u) is a smooth function depends only on u, we have
(5.27)

/M [Ric™Y(X, X) — Rie(X, X)] eV = (n—1) /M (X, Vu)? + XX 9,V ju] fav.
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As above, the last integral is equal to
/ XXV, VuefdV = —/ VuVi(ef XX AV
M M
= — [ Vu(f'VuX'X + XidivX + X'V;X/ ) efdV
Im
S / (X, Vi)divXeldV — / £V, X)2e/dV
M M
(5.28) + [ el VANV + [ uf'ef uxivix
M M
S / (X, Vu)divXe dV — / £V, X)2e/dV
M M
+ Iuef - Iqu’ef — /M Mv] (Mf/ef) szlX]dV
where we used the notion I, that is explicitly given in (5.25). Next we require

uf'ef =1 = we can take f(u) = Inln .

However, in the above function f(u), we should assume that u is strictly positive.
It motivates us to consider the modified function associated with u.

Given a smooth function u on the closed Riemannian manifold (M, g), set
~ 1 - _
(5.29) U:=1U— Umnin +Co = o = > f:=Inlnu,

where Uiy := miny u and ¢y > e~ ! is the unique constant such that coIncy = 1.
Replacing (u, f) by (i, f) in (5.27) (since Vii = Vu), we immediately obtain

/M [Ric"Y(X, X) — Rie(X, X)] efdV = (n - 1) /M [(X, Vit + XXV, ;i f av
where

/ XiXIV,V el 4V
M

~ [ (x, vidi deV—/ 7V, X)2efdV
/M< i)divXe Mf(u )oe

~77 . .
+ I — ILTzf’ef - /M uv; (”f ef) X'ViXdv
1

2,f
ﬁlnﬁ<X' Vii)“el dV

- / (X, ViD)divXe/ dV — /
M M
When X € Xkc(M), we can simplify the above integral into
/ X XIV;Vjiefdv = - / !
M

MuUlnu

(X, Vii)2e/ dv

and hence

/M [Ric™Y(X, X) — Rie(X, X)] efdV = (n - 1) /M

ulnu

(1 _ ! > (X, Vi) dv.
Since the function tInt, t > e 1, is increasing, it follows that #lnu > colncy = 1.
Therefore, we obtain the first part of the following theorem.

Theorem 5.8. Let (M, g) be a closed Riemannian manifold with a smooth function u and
u be a given measure on M. Then we have
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: WY

(i) Ric gIKCd; Ric™*, and

(ii) Ric <ppe 7 RicWY,

wheref:: U — Umin + coand cg > 1/e.

Proof. The proof of the second part is precisely the same as that of (iii) in Theorem
O

5.2. Killing vector fields with constant length. In Theorem [5.6|land Theorem[5.8}
we proved integral inequalities along Killing vector fields with constant length. In
this subsection we review some existence results on such vector fields.

Eisenhart [16] proved that a unit vector field X on a (connected) complete Rie-
mannian manifold (M, g) is the unit Killing vector field if and only if the angles
between X and tangent vectors to each geodesic in (M, g) are constant along this
geodesic. As earlier, Bianchi [5] proved that A Killing vector field X on a complete
Riemannian manifold (M, g) has constant length if and only if every integral curve
of X is a geodesic in (M, g). For a proof, we refer to [2].

There are two necessary conditions for the existence of Killing vector fields of
constant length on a given Riemannian manifold (M, g), one is x(M) = 0 by
Hopt’s theorem while another one, by Bott’s theorem [6], is that all the Pontrja-
gin numbers of the oriented cover of M are zero

The existence of Killing vector fields with constant length on a complete Rie-
mannian manifold (M, g) is connected with Clifford-Wolf translations or Clifford
translations, which is an isometry sV on (M, g) such that d(x,s“W(x)) = constant
forall x € M.

e If a one-parameter isometry group generated by a Killing vector field X
consists of Clifford-Wolf translations, then X had constant length.
o If X is a Killing vector field of constant length on a compact Riemannian
manifold (M, g), then the isometries (t), generated by X, are Clifford-
Wolf translations for sufficiently small |¢|.
The first fact is obvious by definition. The compactness condition in the second
fact can be generalized to the condition that (M, g) has the injectivity radius,
bounded from below by some positive constant. A proof can be found in [2].

Proposition 5.9. On each of 28 homotopical seven-dimensional spheres M, there exist a
Riemannian metric g and a nonzero vector field X, such that
e Rick(X, X) < Ric(X, X) <1 Ric"Y(X, X) and Rict(X, X) <i Ric(X, X) <;
RicWY (X, X) hold.
e for any smooth function u on M, Ric* (X, X) <17 Ric(X, X) <, 7 Ric"Y(X, X)
and Ric*(X, X) < Ric(X, X) <, 7 RicWY(X, X) hold, where f := u — timin +
co withcg > 1/e.

Proof. According to [2] (see Corollary 11) and [48] we can take X to be a Killing
vector field of constant length with respect to g. Then the results follow from
Theorem[B.6land Theorem£.8 O

We say that a Riemannian metric g on M is of cohomogeneity 1 if some compact
Lie group G acts smoothly and isometrically on M and the space of orbits M/G
with respect to this action is one-dimensional.
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Proposition 5.10. Let n > 2 and € > 0. On the sphere S*"~1, there are a (real-analytic)
Riemannian metric ge, of cohomogeneity 1, with the property that all section curvatures
of ge differ from 1 at most by €, and a (real-analytic) nonzero vector field X, such that
e Ricy (Xe, Xe) <1 Ricg (Xe, Xe) <1 Ricy ¥ (Xe, Xe) and Ricy (Xe, Xe) <
Ricg, (Xe, Xe) <1 Ric'Y(Xe, X) hold.
o for any smooth function u on M, Ric;;E (Xe, Xe) <4 17 Ricg, (Xe, Xe) < RlCWY

=Lf
(Xe/ Xe) and RiCé‘e (Xer Xe) S RngS(Xe/ Xe) < f RICWY(Xe, Xe) hOld, where
f "= U — Umin + Co With cg > 1/e.

Proof. According to [2] (see Theorem 21), we can take X to be a Killing vector field
X of unit length with respect to g. Then the results follow from Theorem [5.6|and
Theorem 5.8 O

Remark 5.11. Fix n > 2and D > 0. Let &, p denote the class of simply-connected n-
dimensional Riemannian manifolds (M, g) with the sectional curvature |Secg|q < 1 and
with diam(M, g) < D. The class &, /3 contains a subsclass PGS, 5, which consists

of all simply-connected n- dlmenszonal Rlemanman manifold (M, g) with the sectional
curvature 0 < 6§ < Secg < 1.

Tuschmann [61]] proved that there is a positive number v := v(n, D) with the following
property: if (M, g) € &, p satisfies vol(M, g) < v, then

(i) there is a smooth locally free action of the S'-action on M, and
(i) for every e > O there exists a S'-invariant metric ge on M such that

e g <ge<eg |Vg—Vgls<e |V;€ngs|g < C(n,i,e).

If the S'-action in (i) is free, Berestovskii and Nikonorov [2] observed that we can find
a Killing vector field X of unit length with respect to gc. Consequently, in this case,
e Ricy (Xe, Xe) <i Ricg, (Xe, Xe) <1 Rich¥(Xe, Xe) and Ricg (Xe, Xe) <1
Ricg, (Xe, Xe) <y Ricg ¥ (Xe, Xe) hold.
e for any smooth function u on M, Ricg (Xe, Xe) < 17 Ricg, (Xe, Xe) < RlCWY

Lf
X, Xe) and Rick (X, X.) < Ricy (Xe, Xo) < RchY X, Xe) hold, where
8Le 8e If
f:: U — Umin + Co with cg > 1/e.

5.3. Remark on Rm" and Rm"Y. The nonnegativity of R}}M was used in [66] to
prove the compactness for gradient shrinking Ricci harmonic solitons.

There is no useful relation between Rm' and Rm"Y. More precisely, we can
find a Riemannian manifold (M, g) so that RmL(X, Y,Y,X) < RmWY(X, Y,Y, X)
for some triple (X, Y, u) of smooth vector fields X, Y and smooth function u, and
RmL(X, Y,Y,X) > RmWY(X, Y,Y, X) for another such triple (X', Y',u’).

Example 5.12. Consider the Euclidean space (R", grn) with the flat Riemannian metric
grn. Consider a smooth function u(x) = ¢(r) with r = |x|2, where @(r) is a smooth
function of variable r. Let T = x'd/0x" denote the position vector field on R". Then

V,'u = 2Tiq}/, V,»V]»u = 4TiT]'§D” + 251'ng/.
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According to (5.5), we have
Riye = —4¢"TTidj — 49" TiTjdy,
RWY = (49" TiTi+20'0)) i — (49" TiTx +29/6i) ¢
+ 4926y T; T — 4903 TiTy,
so that
RmM(X,Y,Y,X) = —8¢2(X,T)(Y,T)(X,Y),
Rm"™Y(X,Y,Y, X) 4(9" + ¢') (|X|2(Y, T)> — (X, T)(Y, T)(X, Y))
+2¢'(IXP|Y? — (X,Y)?)

For any vector fields X,Y. Choosing X = T and Y with the property that (Y, T) = 0
yields

RmY(T,Y,Y,T) =0, Rm“WY(T,Y,Y,T) =2¢'|T|?|Y%
When ¢(r) = r, we have RmL(T, Y,Y,T) < RmWY(T, Y,Y, T). On the other hand, for
@(r) = —r, we have Rm"(T,Y,Y, T) > RmWY(T,Y,Y, T).

There is also no useful pointwise relation between Rm and Rm". By definition,
Rm(X,Y,Y,X) =Rm(X,Y,Y, X) — 2(X, Vu)(Y, Vu)(X,Y)
for any vector fields X, Y € X(M).

Remark 5.13. (1) For n > 2, take X,Y € X(M) so that (X,Y) = 0 at a point. Then, at
this point, we get RmkE (X,Y,Y,X) =Rm(X,Y,Y, X).
(2) When X = Vu, we have

RmY(Vu,Y,Y,Vu) = Rm(Vu,Y,Y,Vu) — 2|Vul|*(Y, Vu)?> < Rm(Vu,Y,Y, Vu).

(3) For n > 3, take X,Y € X(M) so that (X,Vu),(Y,Vu),(X,Y) < 0 at a point.
Then, at this point, RmL(X, Y,Y,X) >Rm(X,Y,Y, X).
(4) In general, for any vector fields X,Y € X(M), we have

Rm(X, X, X, X) = —2(X, Vu)?|X|> <0 =Rm(X, X, X, X)
and the equality holds at a point if and only if (X, Vu) = 0 or X = 0 at this point.

To give a relation between Rm'(X,Y,Y,X) and Rm(X,Y,Y, X) in the sense of
IKC, we let

(5.30) J(X,Y) = /M<X,w><y,w><x,y>dv, X,Y € X(M).

It is clear that J(X,Y) = J(Y, X). Compute
/M<x,w><y,w><x, Y)dv = /X Vi [XE(Y, Vu) (X, )] dv
_ /Mu [div(X)(Y, Vu)(X, ¥) + XIV,((Y, ) (X, )) | dV

S /Mu [div(X)(Y, Vu)(X, ¥) + XV,(YI7uxk;) | dv

= —/ u{div(X)(Y,Vu}(X,w+Xi(VinVqukYk
M
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+ YV, VuXY + YVu VX5 4+ Y VqukViYk) ] dv
- - /M udiv (X) (Y, V) (X, Y)dV — /M uXiV IV Xk dv
- /M uXYIV,Vux*y,dv — /M uXYIV uV; XY, dv — /M uXYIV uX*V,Y,dV

— /M udiv(X) (Y, Vi) (X, Y)dV — Jy — Jo — J5 — Ja.
Using the definition of Lie derivative that (Zyg);x = V;Yx + VY;, we have

I /M uXYVuXkVdv = — /M UV (uX YIXEV,Y,)dv
- /Mu [v]-uxiwx"viyk +uV XY XV,
+ uX'div(Y) XV, Y + uX'YI VXV Y + uxiykavjviyk} v
— - /M 2 {div(y)xixkviyk + XY XFV V.,
+ XYV XV Y+ Xkyfvjxiviyk} av
- - /M ? [div () X'XEV Y + XYXEV V3% + XYV XK (Lg) ] 4V

hence
(5.31)

Ju = u? [div(y)xixkviyk + X'YIXEV; VY + XYV XK (zyg)ik} dv.

3 Ju

In particular
(5.32)

1 .y 1 o
Ji=—5 | A (XYIXEV V) dv = = /M WA(XIXIYEVEVY)AV, Y € Xk (M).
Similarly,

I = /M uXYIV YV Xdv = — /M UV (uXIYIYEV X)) dv
— —/Mu {v]-uxiyfykvixk + UV XYIYEY X,
+ uX'div(Y) YV X + uXYIV, YV X + uXinYijViXk} dv
- /M 2 {div(Y)XiYkViXk + XYIYFY VX,

+ VX'V XYY+ V]-YkViXkXin} dav.
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Hence
I3 = —% Mu2 {div(y)xiykvixk + XYYV, VX
(5.33) + VX'V X YIYE 4+ (Vi X, vyyﬁ dav.
From (5.32) and (5.33), we obtain
I(X,Y) = —/ uvluVXY]KX,Y)dV—/M uXYIV,V (X, Y)dV

2 / XYY,V + Ty XT3 Y+ (VX Ty Y)| dv
s / (XXIYE,viy;) dv
(534 = f/ u(X,Y) [(Va, VxY) + X'YIV,Vu] dv
+ 5 / [ VxX, VyY) + (Vy,xX,Y)
+ XYYV VX + vakviyj)} dv
According to the following identities
XYYIViViXe = YYVIVI(X'ViX) - YYIVXIV X
= YNV, VxX — Vy X'V X YE
= (Y, VyVxX) — (Y, Vy,xX),
XYV = YRXIVI(XIVLY) — YRV XYY
= Y*XIV,VxY; - Vy X'V, Y X
= (X, VyVxY) — (X, Vyg,xY),
we find that
(VxX, VyY) + (Vy,xX,Y) + X'Y*(YIV;VX; + X'V, V,Y))
= <Vxx, VyY> + <Y, Vvyxx> + <X, VYVXY>
+ (Y, VyVxX) — (X, Vy,xX) — (YVy,xX)
= (X, VyVxY = Vy xX) + (VxX, VyY) + (Y, VyVxX)
= Rm(Y, X, Y, X) + <VXVyY — VVXyY, X> + Y<Y, VXX>
Plugging it into (5.34) and using VxX = 0 for any X € Xgc(M) yields
1(X,Y) = —/ (X, Y)[(Vit, VxY) + X'YIV,V u)dV

(5.35) +5 / Rm(X,Y,Y,X) — (X, Vo, Y)] 4V, X,Y € Xxc(M).
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Since | is symmetric, we can rewrite (5.35) in a symmetric form. Changing X and
Y in (5.35) we have

I(X,Y) = —/ (X, Y)[(Vit, VyX) + X'YIV,V u)dV
2/ Rm(X,Y,Y,X) — (Y, Vg, xYX)]dV, X,Y € Xxc(M).

Combining it with (5.35) we arrive at

I(X,Y) = —/Mu<X,Y> B<Vu,vXY+vyx> + XYIV,Vu| dv
(5.36) v % /M 2AdV, XY € Xie(M)
where
(5.37) A= —Rm(X,Y,Y,X) — %(X,vayﬂ - %(Y,VVYXX>.

The following obvious identities
—Rm(X,Y,Y,X)—(X,Vy,yY) = -Rm(X,Y,Y, X) + (Y, Vy,yX) - VxY(X,Y),
—Rm(X,Y,Y,X)—(Y,Vy,xX) = —Rm(X,Y, Y, X) + (X, Vy, xY) — VyX(Y, X),
imply
A = —-Rm(X,)Y,Y,X)— Z<X'
1

(5.38) +34 (Y, Vi X) + (X, Vi x) Y

Y)(VxY + VyX)

In summary, we obtain
/M Rm!(X,Y,Y,X)dV = / (X, > (Vi VXY + VyX) +2XYIV;Vju | dv
(539) + / [(X, Vv Y) + (Y, Vg, xX)] dV

+ /M (1+ w2 )Rm(X,Y,Y,X)dV, X,Y € Xxc(M).
or

/MRmL(X,Y,Y,X)dV - / (X, >[<w VY + VyX) +2XYIV;Vju) dv
+ / Y)(VxY + VyX)dV

(5.40) - /M . [<Y VixnX) + (X, iy x¥)| v

+/ (1+ 12 )Rm(X,Y,Y,X)dV, X,Y € Xxc(M).
JM
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6. UNIQUENESS FOR THE RICCI-HARMONIC FLOW

In the section, we prove the forward and backward uniqueness of solutions for
the Ricci-harmonic flow. Suppose that (M, go) is a complete Riemannian manifold
of dimension 7 and ug is a smooth function on M. Consider the Ricci-harmonic
flow

(6.1) 0:g(t) = —2Rng(t) +4Vg(t)u(t) & Vg(t)u(t), ou(t) = Ag(t)u(t),
on M x [0, T].
6.1. Forward uniqueness. We now use the idea in [29] to prove the following

Theorem 6.1. (Forward uniqueness of the Ricci-harmonic flow) Suppose that (g(t),
u(t)) and ((t),1(t)) are two smooth complete solutions of with

(6.2) sup <|ng<t>|g(t> + |ng~<t>|g<t)) <K
Mx[0,T]
for some uniform constant K. If (g(0),u(0)) = (£(0),i(0)) = (go,uo), then g(t) =
§(t) foreach t € [0, T].
We now write
g:= g(t), Rm := ng(t), I:.= rg(t)/ u:= u(t), V.= vg(t)/ dv .= dVg(t)/
and

g~ = g(t), R/E = ng(t)’ f = rg"(t), .= ﬂ(t), % = Vg(t), d‘7 = dVg(t).
We further fix anorm | - | := | - (). The (p,g)-tensor fields T = (Til"'ipjl,,,]-q) are
smooth sections of the (p, q)-tensor bundle 7;]’] (M) over M. For (p,q) = (0,0), we
write 7 (M) as C*®(M). Introduce

(h, A, T,0,w,y) € (M) ® T, (M) @ T3H(M) & Tg (M) & T (M) & T, (M)
according to the following definitions:

(6.3) ho= ht) == §=8& hj = gij—&ij,
(6.4) A = A(t) = V-V, Aif]. = rf]. - Fﬁ‘]
(6.5) T = T(t) = Rm—Rm, Tj = Rj—Rj,
(6.6) v = o(t) == u—1,
(6.7) w = w(t) = Vu—-Vi, w; = Vo,
(6.8) y = yt) = Viu-V2, yij = ViViju — @,ﬁjﬁ.
From the definitions, we have
i = ofu— ki (r;; - fk]) Ot + T (9t — )

= [ r5p0) - (- i) -
o1 :
= Viw;— A?]’ak“ = 5 (Viw; + Vjwi) — Ai'(faku
so that
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Here V * W means the linear combination of contractions of tensors V and W with
respect to g(t). From [29], we have

(6.10) §1-g1 = §'¢ha, g1 -5 = §lxgxh,
(611) Vil = §UAL+gA, Vi = gxA
Further,

othij = —ZTfij + 4 (9;udju — 0;110;1)
so that

(6.12)  dthyj = —2Tf;; + wywj + w;djil + wdiil = —2Tfy; + wxw +w * Vil.
The evolution of atA;‘]» can be derived similarly as that in [29]. Indeed,
oAl = ™ (ViR + ViRiw = ViuRy) = 8" (ViRjn + VjRin — ViuR;)
+4 (gmkvmuvivju - gmkamﬁﬁﬁj@
= §'%h*VRm+A*Rm+1%VT
4 [(g’”" - g’”k) Vil ViV i+ g (VmuViVju - %mﬁﬁjaﬂ
where the third line comes from the computation in [29]. In the last line, writing
VauttVi Vi = VitV Vit = (Vs = Vit ) ViVt 4 Vot (Vi = 9,9
we can conclude
#A = §ls«hxVRm+A*Rm+1%VT
(6.13) + g Yk hx Vusx V2 +w* Vi + Vuxy.
The same argument gives
AT = Va(g"VyR—gUV,RG) +§ 15 A% VRm+ g 4k +Rm+ Rm
+ T« Rm + T« Rm + g (V;VuVVju — V; ViV V1)
S CATATERAAAM IR
Since
&V iV u ViV — §"NV Vil Vi Vil

— (8/'}'" - gzm) ViVuilViVji + g™ (Vz‘vmuvkvj” - ﬁﬁmlﬁ’ﬁfﬁ)
= § xhx V2 V2 + g { (ViVm” B 6ﬁ’”ﬁ) ViVji

+ ViVnu (Vkvju — ﬁkﬁjﬁ) } = g lxhx V2ii % V2l + Y * V2 + y* V2,
it follows that

ATl = Va(g"VuRfy— g VyRy) +§ "+ A VRm+g " /i« Rm +Rm
(6.14) + T*Rm+ T *«Rm+ § s hx V2« Vil 4+ y x V2u 4 y x V2il.
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Finally, we compute the evolution equation of v. Because
v = AMu—Ai = Au—d)+ (g”VV V)
Vi)

= do+ (87— g7) ViV + g7 (Viv; = ViV
o (1) ST (715
we get
(6.15) atv:Aijg_l*h*%zﬁ—f—A*%ﬂ.
From (6.12) — (6.15), we arrive at
(6.16) o < |T|+ o] + ol Val,
9Al S 1gIRIIVRm] + | A||Rm| + [9T|
(6.17) + 1§ BV + [w][ V2] + [Vully],
0:T — AT —divs| < [g7'||A|[VRm|+ || |h||Rm[* + |T|(|Rm| + [Rm])
(6.18) + 1§ BV + ly|(1V2ul + [V2a),

(619) oo — Aol S |gTH[K||VRal+ | Al Vil.

~

Here the tensor S = (Sfﬁ() is defined as

Sl]k gﬂbva,Jk 8ubeR1]k = g_l x hox %ﬁ}/n + A % Rm
and satisfies
(6.20) S| < 1§ [k |VRm| + |A|[Rm].

To further study, we need a version of Bernstein-Bando-Shi (BBS) estimate on
higher derivatives of Rm and u#. Under the curvature condition (6.2), according to
Theorem [B:2] we have

(6.21) Vul S1, |V S 1,
and
(6.22) |VRm| + |V2u| + [VRm| + |V2i| < 1.

Proposition 6.2. Assume the curvature condition (6.2). We first prove
(6.23) n(t)| < Kot, |A(H)] < Kot'/?, [o(t)] < Ko,
on M x [0, T| for some uniform constant Ky = Ko(n, K, T, go, up).

Proof. Since g(0) = §(0) = go, the inequality (6.23) is trivial for + = 0. In the
following we may without loss of generality assume that t € (0, T]. Given a space-
time point (p,t) € M x (0, T]. The first can be proved by using (6.21}

Bl S Ol S [ ps)lds S / 05h(p,s)]ds

S [ [+ P+ el 9al] (s < [las < n
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For second one, using , one has, by (6.22),

t t
Alp )] S AP Dlgy S [ 10sA(ps)lgeds < | [05A(p,s)lds
0 0

br o - -
< [ [IVRm| + |VRm| + [Val [V2u] + ||| 2] ds
t
< /ds<t<t1/2.
~Y 0 ~Y ~
The last one follows from [9;0| < |V2u| 4 | V2. O

Notice that the above proposition gives an explicit bound for V2u and hence
for Au, provided the condition (6.2) holds. However, Theorem or Theorem
gives an explicit bound for Au under a weaker condition (1.2).

To prove the uniqueness, we need the following

Lemma 6.3. Consider a smooth family (g(t)) (o] of complete metrics on M with g(t) >

y~1g for some uniform constant -y, where g := ¢(0). Choose any given point xo € M
and set r(x) := dg(x,x0). Then the following statement is true: For any given con-
stants L1, Ly > 0, there exist a constant T' := T'(n, vy, L1,Ly, T) > 0 and a function
7 : M x [0, T'] — R smooth in t, Lipschitz on M x {t}, and satisfying

(6.24) o > L1|11|§(t), el < e
on M x [0, 7] forall T € (0, T'].
Proof. See [29]. Actually, we can pick T' = min{T,1/4(yL1L;)/?}. O

Under the condition (6.2), Lemma implies that for any given (sufficiently
small and independent of T) constant B > 0 there exist a constant T' =T (n,K,B,
T) > 0 and such a function 7 : M x [0, T'] — R satisfy

(6.25) e < e BT, 3y > BIVy?

on M x [0,7] for all T € (0,T']; hence 9;1,|Vy|? are e~dV-integrable for all
t € (0, T']. For detail, see [29].

There are three claims about the integrability of £(t) defined below. The proof
is similar to that in [29], except for some extra terms.

() t71 |2, tP|AJ%, |T|? |v%, and |w|? are uniformly bounded. It has been
proved in Proposition

(b) 9¢|h|?, 9| A%, 9| T|?, 8¢|v|?, and 9¢|w|?* are uniformly bounded on M x [0, T]
and consequently are e 7dV-integrable for all t € (0, T']. Compute

‘at|h|2’ = ‘at(gfl*gfl*h*h)’
= ‘gil*g’l*g’l*atg*h*h—i—g*l*g’l*h*ath‘

< IRicl W2+ k][ < AP+ 1 (1T]+ [P + wl) < 1,
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by (6.16) and (6.22). For 9¢|A|? one has
‘8t|A|z‘ = (g lxg lagxAxA)
= g_l*g_l*g_l*g*atg*A*A—l—g_l*g_l*g*A*atA
IRic||A[> + |A]|0: Al
AP+ |A] (|VRm| + [VRm| + |Vul[V2ul + Vi V2a]) S 1,

by (6.21), (6.22), (6.23), and the proof of Proposition Similarly, we can
deal with 9¢|S|2, 9¢|v|?, and 9;|w|?. For example,

S
S

01fo?| S ol [IV2u] + V28] < ol S1
using again Proposition [6.2}
Fixed B € (0, 1), introduce the quantity
626)  E(t):= / (£ + P LAR + TP + o2 + w]2) e V.
M

Here the function # is determined by (6.25).

(c) £(t) is differentiable on [0, T’] and lim; o E(t) = 0. This follows from
Proposition[6.2]and Lebesgue’s dominated convergence theorem.

The above claims (a) - (c) allow us frequently to take time derivatives inside the
integrals.

Proposition 6.4. Assume that the curvature condition is satisfied. There exist uni-
form constants N = N(n,K, T, go,up) > 0and Ty = To(n,K, T, go,uo,B) € (0,T]
such that

(6.27) E'(t) < NE(t)
fort € [0, Tp). Hence E(t) =0 forall t € [0, Tp).
Proof. Asin [29], for any ¢ € (0, T] and a € (0,1), define

(6.28) G(t) = /M\T\%*ﬂdv, H(t) = /Mrl|h|2f’7dv,
629)  I(t) = /Mt*/g|A|2e*’7dV, T = /M|VT|2e*’7dV,

(6.30) V(t) := /M\v|ze”7dV, D(t) = /M y[2e~"dv, B(t) == /M|w|ze”7dV.
Then
(6.31) E(t) =G(t) +H(t) +I(t)+ V(t) + B(t).

We denote by C any constant depending only on #, and by N any constant de-
pending on n, K, T, o, uo, B
Since g(t) are all uniformly equivalent to ¢ = g(0), we can replace the norm | - |

in (6.26) by | - |;. Hence we may regard the norm | - | in (6.26) is independent of
time.
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(1) Estimate for G’. Start with

g = /M {at|T|2 — TP + (—R+2|Vu|2) |T|2} e dv

< NG+ / 2,7, T) — TPauy| e 7av.
M
Using (6.18), (6.20), (6.2), (6.29), and (6.31), we have

g/

IN

Ng+/ {2<AT+divs,T>+C|g~1||€I€&\Ay|ﬂ
M
+Clg ! |[Rm[*[h]|T| +C (IRmI + IRAIHI) IT|> = | T3

+ Clg YIFaRI 7]+ (172 + 92 e nav

IN

NG + /M { (2<AT +divS, T) — |T|23t’7)

+ Nt~V2|A||T| + N|k||T| + N|T|> + N|y||T|} e~ 1dV
The same argument in [29] implies
/M [2(8T +divs, T) = |T[2] e 14V < —F + NH + Ni#T
by choosing an appropriate constant B in (6.25). Therefore
(6.32) G' < NG+ NH + <N+t/3*1>I—J+%D.
(2) Estimate for #H'. Since d;17 > 0, we get

H = ! /M (20041, 1) = 120 + 12 (~R + 2| Vul?) | e 1av

IN

(N—t ) 4ct! /M Ih| (|T|2 + |w]? + |w||§a|) e 1AV

IN

(N—rl)H+cr1/ |h||T|e*’7dV+Nt’1/ Ih|wle~1dV
M M

IN

<N - 1t1> H+CG+ N/ w|2edV.
2 M
Thus

(6.33) H < <N — ;tl) H+CG+ NB.
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(3) Estimate for Z'. As in the estimation of H’, we have

7 < (= gzt [ 1a(1g Y TRmlA -+ 4] R

VT + 137V 152 [H] + o] 92| + Vu||y)e_'7dV

< (N—/srl)IJr/ <Ct/5|VT||A| + Nt 2P| A
M
+ Nt~P|h||A| + Nt~ P|w||A| + Nt‘ﬁ|A||y|)e—’7dv
< (N-pt )T+ (CtPT+7)+ (NH+CHPT)
_ _ 1
+ (NH+tT) + (Ct ﬂI+NB) + (Nt PT + 47)) )
Consequently
(6.34) 7' < NH+ (N — Bt + Nt’ﬁ> Z+J+NB+ jID.

(4) Estimate for V. This estimate is similar to (1),
V< NV+/ 2(dv,v) ]v\zam} e 1dv
< NV+/ 2(A0,0) — [ol2a + Clo| (1371192 + | 4[|Vl )| e1av
< NV+ ./M 2 (Av,v) — |v|28t17] e 1dV + N/M (||| + |0||A]) e”"dV
< NV tH T + /M [2/ V0P +2[0]|Vy|| Vo] — [o2ay] e 7V
Thus, by choosing an appropriate constant B in (6.25),

(6.35) VI < NV+tH+tPT - B

(5) Estimate for B’. Because the evolution equation (A.4) is linear in V;u, we
conclude that

(6.36) 0w = Aw + Rm * w
and hence

Bl

IN

NB—I—/ 2(0rw, w) |w|28t17] e 1dv

(6.37)

IN

NB —l—/ 2(Aw, w) |w|28t77] e 1dv

IN

NB — / |Vw|?e~TdV
by choosing an appropriate constant B in ( . From (6.32) - (6.37), we arrive at

(6.38) g <Ne—t7 (p—tf - Ntl’ﬁ) T4+ip_ / V|2 dV.
2 M
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On the other hand, the equation yields

1 1 2 -7 2 21 ~12 —
p - 2 < 1
ZD 2/M|y| e 1dv < /M [|Vw| + N|A|7|Vii| }e av

IN

/M IVw|2%e1dV + NPT,

Therefore, the inequality can be rewritten as

(6.39) £ < NE -+ (5 - Ntl—ﬁ‘) T.

Now we can choose appropriate constants Ty and N such that the term g — tf —

Nt'~P is nonnegative for any t € [0, Ty]. In this case, the inequality (6.43) gives us
the desired estimate £'(t) < NE(t) on [0, Tp]. O

The proof of Theorem Now the proof immediately follows from the above
Proposition [6.4]
6.2. Backward uniqueness. In this subsection we use the main idea in [28] to
prove the backward uniqueness of the Ricci-harmonic flow. Recall

Theorem 6.5. (Kotschwar [28]) Consider a smooth family of complete Riemannian met-
rics (g(t)) (o, on a smooth n-dimensional manifold M, satisfying the evolution equation

(6.40) %g(t) = b(t),
and a symmetric, positive-definite family of (2,0)-tensor fields A(t), t € [0, T|, with
(641) O:= at - AA(t),g(t)/ AA,g(t) = trA(t)Vé(t).

Let 2, % be finite direct sums of the (p, q)-bundle EP(M) over M, and X € C®(Z" x
[0,T]), Y € C®(# x [0,T]). Suppose the following assumptions hold:
(1) there exist positive constants P, Q, w1, ap such that
bOlgn +IVswbBlge < P,
|9:A(t) é(t) + |vg(t)A(t)|§(t) Q,
wg () < AW < mgl(),

(2) there exists a nonnegative constant K such that Ricg () > —Kg(t),
(3) there exist positive constants a, A and some point xo € M such that

IN

IN

(6.42) 1X(x,t) é(t) + [V X(x, t)|§(t) +1Y(x, t)|§(t) < Adsn o),
(4) Xand Y satisfy the inequality
2 2 2 2
(6.43) OXPy < C (X2 + Ve X P + YR
2 2 2 2
(6.44) DYy < C(IXP + Ve YR + 1Y)

for some positive constant C.
IFX(T)=Y(T) =0,thenX =Y =00on M x [0, T].

Theorem 6.6. (Backward uniqueness of the Ricci-harmonic flow) Suppose that
(g(t),u(t)) and (3(t),1(t)) are two smooth complete solutions of (6.1) satisfying
for some uniform constant K. If (¢(T),u(T)) = (§(T),u(T)), then (g(t),u(t)) =
(g(t),1i(t)) for each t € [0, T].
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Recall notions in (6.3) - (6.8),

- 5 _ 5 . W/ kK _ k Tk
T := Rm-—Rm, Ték = Rfjk — ﬁf’]-k, v = u—i, w := Vu-Vi,
w; = Vju, y = V2u — V2, vij = ViVju-— ﬁlﬁjﬁ.

Define new tensor fields

(6.45) B := VA,

(6.46) U := VRm-— VRm,
(6.47) x = Vuw,

(6.48) z = Veu-—-vV

Consider direct sums of tensor fields
X=(ToelU)e(y®dz), Yi=hdA®B)® (vdwdx).
Using Lemma we obtain

ol = ¢ '+« VRm+g 1% VuxVy,
OdRm = ARm+g '+*Rm*Rm+g ' +Rmx* Vux Vu+g 1+ V2ux Vy,
%VRm = AVRm+ g '*Rm* VRm + g 1% VRm * Vi Vu
+ ¢ L xRm* Vu s V2u + g7+ V2u  Viu.

We also recall

g,ij _gij _ gi“gfbhab or g l—gl=gluglun
and
(6.49) Vehay = Alapy + Al Gap or Vh=Axg.
The last identity follows from

vvhab = avhab - rfahpb - rfbhap
= 0c8ab — 0c&ab — Tha8pp + Thapp — Thy8ap + T Gap
= V& —9cfap + (Afa + ffa) Spp + (Afb + ff;;) Sap
= Ve — Vegap + Alagpp + AL Sap.
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Lemma 6.7. One has

0
(6.50) +4 (wiwj Vi + wﬁ,»a) )
koo k(1P p P
GRS {_ g" (uipjm + Ui — umpij)
(6.51) + gkbgm”hab (6,’1?]'"1 + ﬁjﬁim - ﬁmﬁij) :| + 4g’”kvmuyij

+ 4gmkwm616]ﬁ - 4gmugkbhub6mﬁ%iﬁjﬁ,

OB = {vquh*A*gl*?RA&JrA*gl*?RAﬁ

+h*g—1*62ﬁ;ﬁ+A*u+A*6ﬁn] b ek Vi V20
(6.52) —l—g"_]*A*@ﬁ*@zﬁ—l—g_l*h*@zﬁ*ﬁzﬁ—l-Vu*Vzu*A

+§ Y xhx Ax Vi« Vii+§ L xhx Vi« Vi

+ V2usy+ Vus Vy+xx Vi +w Vi + Axw* Vi,

Or = {h*g1*621?n+A*%§Tn+T*§Tn+T*T+A*A*RAIE

+B*R/\n/1+h*g"71*lirvn*R/\rr/1 —I—h*g”*l*li\nq*@ﬁ*@ﬁ
(6.53) +Rm*w*w+Rmsws Vil + T Vil % Vi + T s w * Vil
+ Txwsxw+yxy+ys Vii+hxg ' x Vi Vi,

ou - [h*g—lwﬁszﬁM*mﬁmB*@ﬁn

+h*g’1*ﬁgl*§RAﬁ+U*ﬁﬂ1+T*§§H1+T*U

+h% g '« VRm * Vi« Vil + U s w w4+ w * w * VRm
(6.54) +Usw*Vi+VRms*wx Vi + Ux Vit « Vil

+hx gV« Rm* Vi« Vi + T+ Vixy +Rmx Vil y

+T*w*€2ﬁ+f{§1*w*€2ﬁ+T*@ﬁ*§2ﬁ+T*w*y

—|—RAn/1>kw>ky+h*g’1*@212*?%—i—y*z—i—y*?%—i—z*%zﬁ.
Proof. For h;j, one has

dhij = 01gij—0§ij = —2Ryj+4VuVu+2R; —4V;iaV;i

= 2T+ 4 (w4 Vitt) (w; + Vi) - 4ViaV;a

which implies (6.50).

In (6.51), the terms enclosed in the bracket were derived in [28]. The remaining
terms are

49" UV ju — 4N i1V V i1
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which, using Yij = VZ'V]'M - %Z‘%jﬂ, Wy = Vi — ﬁmﬁ, and g~mk — gmk = gm”gkbh

is equal to

abs

gmkvmu (yij + 61'6]'11) — gmkﬁmﬁﬁiﬁjﬁ
= gmkvmuyij + (g’”kvmu — g"‘mkﬁmio 6,‘6]‘11
= gmkvmuyi]- + [gmk (Vmu - ?mﬁ) — (g"* —gmk) Vmﬁ} V, Vil
= gmkvmuyij + gmkwmﬁiﬁjﬁ - gmagkbhubﬁmﬁﬁiﬁjﬂ.
In particular, (6.51) implies
A = (g_l*ll—f—g_l*g_l*h*%ﬁﬁ).
According to the relation 0;B = 9;VA = Vd;A + o' * A, we obtain (6.52) where
the bracket follows from [28] and the remaining terms are
¢ s Vus Veusx A+ g '« Viusy4+ ¢ % Vux Vy+ g ' Vw Vi
—|—g71*w*Vﬁzﬁ—i—g*l*ngl*h*ﬁﬁ*ﬁzﬁ—l—g*l*gwl*Vh*ﬁﬁ*ﬁ%I
+ g g M hx VI« V2 + g e g e hx Vit x VY24,
Applying the formula
(6.55) VW =VW+ AxW
for any tensor field W, Vh = §x A,and V§ ! = ¢! x A, which follows from
Vig! = 88" Viha = §°5" (AL + Alygap) = §° AL, + &7 Al

we complete the proof of (6.52).
To prove the last two identities, recall from [28] that

(6.56) VW = VW + A« VW +BxW+AxAx W
for any tensor field W. In particular,
ARm = g”_l*h*ﬁzlf{\r/n+ARﬂrﬁ+A*@RAIEJFB*I/{_EJFA*A*I/{_E,

AVRm = gil*h*%g’f{rvn—!—A%RAni—f—A*ﬁzRArﬁ—i—B*?If{rvn—i-A*A*%If{rvn.
For (6.53), we have
Or = (at—A)(Rm—EB)

= ¢ '«Rm*Rm+ ¢ '« Rm Vu s Vu+ ¢!« V2u * V2u — ;Rm + ARm
= ¢ '*Rm*Rm+ g ' *Rm* VuxVu+ g '« Vux Vi
- [Zﬁ\rrll—i—g*l*RNm*ﬁ\rﬁ—i-g*l*ﬁ*?ﬁ*?ﬁﬁ—g*l*%zﬁ*@zﬁ}
+ [ZR/E—kh*g_l*%Zf{?n—i—A*%ﬁrvn%—B*Rfﬁ—i—A*A*R/E}
= hx§ '+« V?’Rm+ A% VRm+ B*Rm+ A * A *xRm
+g_1*<T+I/{rVn)*(T+I?n/1)—g_1*I/{rvn*I?n/l
+g’1*<T+R/B>*<w+§ﬁ)*(w—i—?ﬂ)—g’l*f{a*?ﬁ*ﬁﬁ

+ g (y+V2a) s« (y+ V20) - g7 VP VP,
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Simplifying terms gives . Similarly,
ou = h*g”*631/?rvn+A*€2lirvn+B*§R\rﬁ+A*A*§R\rﬁ
+ {g’l * (T+RArﬁ> * <U+?l/2rvn) —g! *l/i\rﬁ*?lirvn}
+ [g_l * (U—l—%ﬁﬁ) * (w+€ﬁ) * (w—l—%ﬁ —-§! *ﬁlf{ﬁ*ﬁﬁ*ﬁﬁ}
+ {g_l * (T—{—R/E) * (w—}—%ﬁ) * (y—i—%zﬁ) —g_l *ﬁn*%ﬂ*%zﬁ}
+ [gil * (y + 6211) * (z + 6311) - ng1 * V2 6351] .
Simplifying terms gives (6.54). O

According to Theorem the condition [Rm|g(,) + |Rm)| z(r < Kimplies that,
for all m > 0, there exist constants Cy, = Cy, (6, K, n, T) > 0 such that

657)  |V"Rm|+ [V 4 [V Rm| g

on M x [0, T]. We also have
1 -
;g(f) <g(t) <vg(t)

on M x [0, T], for some positive constant v = (K, T). Hence V"Rm, V"+1y,
V™"Rm, V"1, m > 0, and §~! are uniformly bounded with respect to g(t) on
[0, T] so that we can replace the norm | - |5y by [+ | := [ |¢(s)-

Lemma 6.8. 11, A, B, T, U are uniformly bounded with respect to g(t) on [0, T|. Moreover,
v, w, X, Y, z are also uniformly bounded with respect to g(t) on [0, T].

Proof. The first part was proved in [28] in the exact manner. The second part fol-

lows immediately from Lemma O
Lemma 6.9. Using the above lemma, one has

oeh> < TP+ |wf?,

AP S [UP+ B + [y + w],

0:BI* < IVUP A+ [P+ [AP + [UP + |y + [Vy)* + [x + [w],

oo S [y + [P

P S |2+ AP+ |1+ Jof?,

x> S (V2] + B + [AP + |1 + [0 + [w]?,

Oyl> < 1P+ AP+ [BP + TP + [w]* + [y[?,

Dz < (AP + AP+ [BP + [T + [z + (U] + |y + [w]*.

Proof. The first four inequality follows from Lemma For the next three in-
equalities, we verify only the inequality for [9;v|?. By definition,

dv = Mu—Ai = ¢IV,Vu—giv,v;
= &I (ViVju— Vi) + (87 - gV = gy - g ha ViV
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sothat 90 = g1 sy + § 1 % g~ 1 % It V2. Similarly
dw = ¢ xVy+G lxAxhxV2i+3 L xgx AxV2i
+ g Txhx (§3ﬁ+A*§2ﬁ)
with Vy = V(V2u — V2i) = z + A x V2. For the final two inequalities we only
verify the inequality for |Jy|2. From the identity
AV = ¢ VAV
= AVZi+hxg '« Vi + AxV3i4+ B+ V2i4+ Ax Ax V2,

and
9;:V2u = AV?u + Rm « V?u + gfl * Vi« Vux Vu,
we obtain
Oy = [Rm * V2u+ ¢ s Vux Vu* Vzu} — V2l + AV?il

= h*g’l*§4ﬁ+A*63ﬂ+B*§2ﬁ+A*A*§2ﬁ
+ (T+Rm) « V2u — Rm+ V20
+g_1*(w+€ﬁ)*(w+§ﬁ>*(y—f—%zﬂ)—g_l*%ﬁ*%ﬁ*ﬁzﬁ
= hxg '« V4 AxV3i4+ B« V2ii+ Ax Ax AxV2i+T*Vu
+w*w*y—l—@ﬁ*w*y—)—?ﬁ*ﬁﬁ*y—i—w*w*?zﬁ—t—w*%ﬁ*%zﬁ
+hx§ s Vi« Vi V2l
For |Dz|2, we need the evolution equation
V3u = AVPu+g¢ 's«Rmx* Vu+ ¢ '+ VRmx V2u
—Q—gfl*Vu*Vzu*Vzu—i—g*l*Vu*Vu*V3u
and the identity
AV3 = AVPU +hx g2 Vou4+ A« Viu+ B+ Viu+ Ax AxVou.
Thus we prove the results. O

The proof of Theorem The above two lemmas, Lemma [6.8]and Lemma
imply
7> < |rP A+ AP+ TP+ B + [l + [y,
OUE 5 1P+ AP+ B+ U + TP + [l + |y + |2
Together Lemma [6.9] we have
2 2 2
BXlgry = Xlgo + Ny

S
2 2 2 2
9 Yoy S KXl + Ylgey + 1VX[g0)-

To apply Theorem 6.5 we need to check the boundedness of X, VX and Y on [0,
which are however, followed from Lemma Therefore, X = Y = 0 on [O,

Thus, (g(t), u(t)) = (§(t),d(t)) =0on [0, T].

1

T
T]



66 YILI

APPENDIX A. EVOLUTION EQUATIONS OF THE RICCI-HARMONIC FLOW

We review some basic evolution equations of the Ricci-harmonic flow. Consider
a Ricci-harmonic flow
(A1) 018(t) = —2Ricy(y) +4du(t) @ du(t), duu(t) = Dg(pyu(t)
on a smooth manifold M. As before, we follow the convention in Section[I}

Lemma A.1. Under the flow , we have

OR;j = —2RyRN; +2Rj,RPT — 4Ry, VPuVTu
(A.2) +4AuV;Viu — AV, Viu ViV,
(A3)  arf = g (—viR][ — ViRiy+ VR + 4ViVjquu) )
(A4) Dou = —R;Vi,
(ASOV:Viu = 2R;jgVPVIu — Ry, V;VPu — R, ViV u — 4 Vul?V;Vu,
URjjke = 2 (Bijkz — Bjjox — Bigjk + Bikjé)
(A.6) - (R,‘pRp]'k[ + RPRijpe + Rg”Rijkp)

+ 4 (VZ'V[L{V]'V](M — VinuVngu) ’

where Bi]'kg = —gprgquiquergs, and

(A7) OR = 2[Ric|® + 4|Aul* — 4|V?u|? — 8Ric(Vu, Vu),
(A.8) OVul? = —2|V2u|? —4|Vul*,

(A.9) D(R72|Vu|2) = 2|Ric — 2Vu ® Vu[? + 4|Aul?,

(A.10) QdV = —(R—2|Vu|2)dV.

Proof. See for example [42)46]/47,/49,51]]. Note that in our notation for Rfjk defined
by
{ ) l Pl Pt

the tensors Rfjk is the minus of those used in [46]. O

Lemma A.2. As (1,3)-tensor, we have

A.11) 9Rm = ¢ 'V?Ric+ ¢ 'Ric* Rm + ¢ 'V?u % V2u + ¢ 'Rm « Vi % Vu,
g g g g
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and
R = [ARG+ 8" (Ryj, Ry — 2RNyRE, +2R 0, R ) — 991 (Rip R
(A12) + RjpRiy + RiR, ) + 8" RygRY, | — 4g" REVuvpu
+4g7" (V,VyuViViu — V;ViuV;Vpu),
VRl = [AVaRf+8"Va (Rj,Rly — 2R Rl +2RE, RY )

— 8" (RipVaRlj — RipVaRly — Ry VaR(jy ) + 8" Rpg VaRYy
— 4g7" VaRi].ququu — 4gP* Ri].kVququu - 4gp£R?jquuVHVpu
(A.13) + 4¢PV, ViV u Vi Viu + 4¢PV, V puV, Vi Viu
— 4¢PV, ViV VYV pu — 4¢P ViV, ViV pu
+ 4g£kR1]kVququu — 4g”kVaViquuR£jk
— 4¢"V, ViuVuRfy — 4"V ViuV juRfy,.
We also need the existence result for the Ricci-harmonic flow.

Theorem A.3. (List, 2005) Let (M, go) be a smooth complete n-dimensional Riemannian
manifold with bounded curvature |[Rmg,|q) < Ko. Consider a smooth function ug on M

satisfying
(A.14) |uo|3, + [Vgotiolz, < Co, [Vg,olz, < Ci.

= 20 =

Here Ky, Cy, C1 are some positive constants. Then there exists a positive constant T :=
T(n,K_,Co) such that the initial value problem with (g(0),u(0)) = (go, uo) has
a smooth solution (g(t),u(t)) on M x [0, T|. Moreover, the solution satisfies

1
(A.15) 8o <g(t) <Cgo, te]0,T],
for some constant C := C(n, Ky, Co, C1), and on M x [0, T| there is a bound
(A.16) R4y 2y + [ () + 1du(t) ) + V2 u(B)34) < C
for another constant C' := C'(n, Ky, Co, C1).
Proof. See [42] 46} 47, 49| 51]. O

APPENDIX B. SOME ESTIMATES OF THE RICCI-HARMONIC FLOW

In this section we assume that (g(#), u(t)) is a solution to (A.1) on [0, T] where M
is a complete nn-dimensional smooth manifold. Consider a geodesic ball By () (x0,7)
centered at a fixed point xg € M with radius R > 0.

Theorem B.1. (Interior estimates) Under the above hypotheses, we have
(i) If the following estimate
C

(B.1) sup  |Ricg(p)lg(s) R

By (x0,R)
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holds for some positive constant C, then, for all t € (0, T], there exists a constant
Cy, depending only on n, such that

1 1
(B.2) sup |Vg(t)u(t)|2 n < CCy (2 + > .
Bg(t) (XO/R/z) g( ) R t
(ii) If the following estimate
C2

(B3) sup |ng(t)‘g(t) < ﬁ

Bg(T)(XOVR)

holds for some positive constant C, then, for all t € (0, T| and all m > 0, there
exists a constant Cy, ;,, depending only on n and m, such that
(B.4)

“vm R ‘2 ‘vm+2 (t)‘Z :| < Cm+2C < 1 1 m+2
sup m + U < m | 55+ ) .
By (x0,R/2) T8O g 180 T gy "MAR ot
(iii) If in addition (g(t), u(t)) is constructed in Theorem[A.3] then
(B.5) infuy < u(t) <supup
M M

forall t € (0,T] as long as the constructed solution exists, where (o, ug) is the
initial data.

Proof. See [46] 47]. O

Theorem B.2. Suppose that (g(t),u(t)) is a solution to on M x [0, T], where M
is a complete n-dimensional smooth manifold and T € (0, 0).

(i) If the following estimate

(B.6) sup |Ricy(y)ler) < K
Mx[0,T]

holds for some positive constant K, then
(B.7) V() [}y < 2KCy
on M x [0, T, for some positive constant C,, depending only on n.
(ii) If the following estimate
(B.8) sup [Rmg|g < K
Mx[0,T]
holds for some positive constant K, then
(B.9) ‘vm Rm ‘2 n ‘Vm+2u(t))2 < Com(4K) %, m>0
' T8 W gy T80 T gy = Cu
on M x [0, T, for some positive constant Cy,,, depending only on n and m.
(iii) If (g(t), u(t)) is constructed in Theorem [A.3|with the initial data (o, uo) satis-

fying the condition (A.T4), then
2

2
m m+2 !
(B.10) |V Reng ‘g(t) + | u(t)‘g(t) < Clhr m>0,

on M x [0, T}, for some positive constant C,, ,,, depending only on n,m, Ko, Co, C;.
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Proof. Given a space-time point (xg, ) € M x (0, T| and consider the geodesic ball
Bg(t) (X(), \/E/Z) Since

sup  (VE)*[Ricg(ylgr) < (VK
Bg(T)(XOr\ﬁ)
by and (B.6), it follows that
1 1
sup |vg(t)u(t)|§(t) < (\/E)ZKCM ( + i’) = 2KC,y,.
By(r) (xov1/2)
In particular, |Vg(t)u(t)|§(t)(xo) < 2KCy,.

For (ii), consider the same geodesic ball By ;) (xo, V/t/2) and apply l) The
part follows from Theorem and the second one. U

APPENDIX C. EVOLUTION EQUATIONS OF THE RICCI-HARMONIC FLOW
Consider the (a1,0, B1, B2)-Ricci flow:
(C1) 9i8(t) = —2Ricy(y) +2m Vypu(t) @ Vgpu(t),
(C2) oru(t) = Agpult) + P1Vgult) é(t) + Bau(t)
on a smooth manifold M, where &1, 1, B2 are given constants.

Lemma C.1. Under the flow —(C2), we have

OR; = —2RyRYj+2RqRPT — 201 R 5 VP uV T
(C.3) + 200 AuV; Vi — 201V Vi ViV ju,
(C4) OR = 2|Ric> +2a;|Au|® —2a1|V?u|? — 4a1 (Ric, Vu ® Vu),
URjjke 2(Bijke — Bijox + Bikje — Birjk) — (Ri" Rpijke + RiP Ripre
(C.5) + RiPRijpe + RePRijip) + 201 (Vi V uV;jViu — Vi ViuV;Vu),

(CoOO|Vul> = 2B2|Vul* —2|V?ul? — 20 |Vul* + 481 (Vu ® Vu, V?u),
DV,-V]-u = ZRPZ-]-qV”un + ﬁzvivj‘u — Rl-prV]-u - R]-,,V”Viu

(C.7) — 201 |Vu |V, V ju + 2B VFuVV;Viu
+2B1V; VUV Vit + 281 R ijg VUV,
O(ViuViu) = —VAu(RyVju+ RyViu) — 2V, V*uV,;Viu + 2B,V uVu
(C.8) + 281 VEu(V ViV + ViuV, Vi),
where Bijry := —gP" ¢ RipjgReres-
Proof. See [42]. O
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