EFFECT OF INCREASING THE RAMIFICATION ON
PSEUDO-DEFORMATION RINGS

SHAUNAK V. DEO

ABSTRACT. Given a continuous, odd, semi-simple 2-dimensional representation of Gg, np
over a finite field of odd characteristic p and a prime ¢ not dividing Np, we study the rela-
tion between the universal deformation rings of the corresponding pseudo-representation
for the groups Go,nep and Gg,np. As a related problem, we investigate when the uni-
versal pseudo-representation arises from an actual representation over the universal de-
formation ring. Under some hypotheses, we prove that the reduced mod p universal
deformation ring of the pseudo-representation is isomorphic to the reduced mod p uni-
versal deformation ring of a Borel representation and in some cases, we prove a stronger
result. We prove analogues of theorems of Boston ([10]) and Bockle ([7]) in these cases.
When the pseudo-representation is unobstructed and p divides £ + 1, we prove that the
universal deformation rings in characteristic 0 and p of the pseudo-representation for
Go,Nep are not local complete intersection rings.

1. INTRODUCTION

In [10], Boston studied the effect of enlarging the set of primes that can ramify on the
structure of the universal deformation ring of an odd, absolutely irreducible representation
of Gal(Q/Q) over a finite field which is attached to a modular eigenform of weight 2. His
results were generalized by Bockle in [7] to any continuous 2-dimensional representation
of Gal(Q/Q) over a finite field such that the centralizer of its image is exactly scalars.
The aim of this paper is to study the same problem for pseudo-deformation rings i.e.
universal deformation rings of pseudo-representations. Our interest in the problem mainly
arises from its potential application in determining the structure of characteristic 0 and
characteristic p Hecke algebras (as defined in [4] and [12]). But in this article, we stay on

the deformation side.

To be more precise, let p be an odd prime. For an integer M, denote by Gg arp the
Galois group of a maximal unramified extension of Q unramified outside {primes ¢ s.t.
q|Mp} U {oo} over Q. Let N be a positive integer not divisible by p. Let IF be a finite field
of characteristic p and W (F) be the ring of Witt vectors of F. Let pg : Gg np — GL2(F) be
a continuous, odd, reducible, semi-simple representation. So, (tr(po),det(po)) : Go.np —
[ is a continuous pseudo-representation of Gg np of dimension 2 (see [4, Section 1.4]
for definition and properties of 2-dimensional pseudo-representations and [11] for general
Wmatics Subject Classification. 11F80(primary).
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pseudo-representations). Let Rgg and Rgg’g be the universal deformation rings of the
pseudo-representation (tr(po),det(po)) for the groups Go,np and G nep, respectively (we

will define the rings more precisely below).

Our aim is to compare Rrpgéi,ﬂ with Rgg and determine the structure of Rgg’g in terms
of the structure of Rgg . In [10], Boston studied this problem for absolutely irreducible
representations using the techniques and results of pro-p groups and the same techniques
were used by Bockle in [7] to extend Boston’s results to residually Borel representa-
tions (see [7, Theorem 4.7]). However, their method crucially depends on working with
actual representations (and not just pseudo-representations). So, in order to use their
techniques and results, we first investigate when a pseudo-representation comes from an
actual representation which is also of an independent interest. As a consequence, under
some hypotheses, we get an isomorphism between the universal pseudo-deformation ring
of pp and the universal deformation ring of a Borel representation which allows us to use

results of [7] directly.

One of the main motivations to study this problem is the following: suppose pg comes
from a newform of level V. Then, we are interested in studying the relationship between
the po-components of characteristic 0 (resp. characteristic p) Hecke algebra of level N/ and
the characteristic 0 (resp. characteristic p) Hecke algebra of level N (see [4] and [12] for
the definitions of these Hecke algebras). In particular, it is natural to ask if the structure

of TEJ(NK) (resp. AEOI(NZ)), the po-component of the characteristic 0 (resp. characteristic
I'1(N) (N ))
PO PO ’
the po-component of the characteristic 0 (resp. characteristic p) Hecke algebra of level V.
pd,¢ N TF1(N€) and Rg(()i _ TF1(N)

Po po pPo
this question for deformation rings serves as a good starting point for this study and it

p) Hecke algebra of level N/, can be obtained from the structure of T (resp. A

Note that, we have surjective maps R . Thus, exploring

also gives us an idea of what to expect in the case of Hecke algebras. It would also be
interesting to investigate if the methods developed in this article can be suitably modified

L1V and TES(N). On the other hand, it might be

PO
NO t6 get more information about the structure of
1 (NY)
Po
and vice versa. We plan to address some of these questions in an upcoming work ([13]).

to study the relationship between T
possible to use some properties of 'H‘g&

Rgg’z. So, knowing the structure of Rgg’g can shed some light on the structure of T

In [10], Boston also connects the increase in the space of deformations, after allowing
ramification at an additional prime, to the level raising of modular forms. To be precise, he
writes the bigger deformation space, obtained after allowing ramification at an additional
prime ¢, as a natural union of its closed subspaces with one of them being the original

space that he started with. Then he shows, using the results of Ribet and Carayol, that



EFFECT OF INCREASING THE RAMIFICATION ON PSEUDO-DEFORMATION RINGS 3

each of the new closed subspaces contains a point corresponding to a modular eigenform

which is new at /.

Suppose pg comes from a newform of level N. Then, our results, in which we determine
the structure of Rgg’f in terms of the structure of Rg;i, can also be connected to level
raising of modular forms in the same way if the level raising is known those cases (see [5]
and [21] for level raising results for reducible py). In the cases where level raising is not
known, those results can be treated as an evidence for level raising. Similar to [10], the

case where p|¢ + 1 turns out to be more interesting and difficult than the other cases.

Before proceeding further, let us first fix some more notation and conventions, in ad-

dition to the ones established above, which we will use throughout the paper.

1.1. Notations and conventions. Denote by Gg the absolute Galois group of Q. For a
prime ¢, denote by G, the absolute Galois group of Q; and by I;, the inertia group at q.
From now on, by a representation (resp. a pseudo-representation) of Gg ap, we will mean
a continuous representation (resp. a continuous pseudo-representation) of G, mp unless
otherwise mentioned. We will follow the same convention of Gg,. All the cohomology
groups and Ext? groups of Go,mp and Gg, that we will work with are assumed to be
continuous unless mentioned otherwise. For G = G nyp, Gg,, given a representation p
of G defined over FF, we denote by dim(H*(G, p)), the dimension of H*(G, p) as a vector

space over [F.

For an integer M, fix an embedding iq . : Gg, — Go,mp- For a fixed M, such an
embedding is well defined upto conjugacy. For a representation p of Gg p denote by
p|GQq the representation p o gy of Gg,. Moreover, for an element g € Gg,, we denote
plig.a(9)) by p(g). If p|I, factors through the tame inertia quotient of I, then, given an
element g in the tame inertia group at g, we write p(g) for p(iga(g’)) where ¢’ is any
lift of g in Gq,. For a pseudo-representation (t,d) of Gg,np denote by (t|ay, ,dlag, ) the

pseudo-representation (t o g ar,d 0ig ) of Go,-

1.2. Deformation rings. We now introduce the deformation rings with which we will be
working for the rest of the article. Let C be the category whose objects are local complete
noetherian rings with residue field F and the morphisms between the objects are local
morphisms of W (IF)-algebras. For an object R of C, denote by tan(R) the tangent space

red js the quotient of

of R and denote by (R)™? its maximal reduced quotient i.e. (R)
R by the ideal of its nilpotent elements. We denote by dim(tan(R)), the dimension of
tan(R) as a vector space over F. Let Cy be the full sub-category of C consisting of local
complete noetherian [F-algebras with residue field F. Let Dj, be the functor from C to

the category of sets which sends an object R of C with maximal ideal mp to the set of
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continuous pseudo-representations (t,d) of Gg np to R such that ¢t (mod mp) = tr(po)

and d (mod mp) = det(pg). Let D, be the restriction of D, to the sub-category Co.

From [11], it follows that the functors Dj, and Djp, are representable by objects of

; pd pd . . .
C and Co, respectively. Let R;" and Rj; be the local complete Noetherian rings with
residue field F representing Dj, and Djp,, respectively. So, we have Rgs /(p) ~ Rg;j . Let
m and m’ be the maximal ideals of Rgf and (Rg;i yred | respectively. Let M and M’ be
the maximal ideals of Rgg and (Rgg)red, respectively. Let (t"V,d""V) be the universal
pseudo-representation of Gg np to Rg;i deforming (tr o, det pg). Let (T, D'V) be the

universal pseudo-representation of Gg ) to R%g deforming (tr pg, det po).

As p is odd, it follows that a 2-dimensional pseudo-representation (¢,d) of Gg arp to
an object R of C is determined by t which is a pseudo-character of dimension 2 in the
sense of Rouquier ([18]) (see [4, Section 1.4]). So, in this case, the theory of pseudo-
representations is same as the theory of pseudo-characters. Therefore, we will be working
with the residual pseudo-character tr(pg) and the universal pseudo-characters """ and

t"iV deforming tr(po) instead of working with the corresponding pseudo-representations.

Denote the pseudo-character obtained by composing t"™™V with the surjective map
Rg;l — (Rgf yred by gunivired and the pseudo-character obtained by composing TV with

the surjective map Rgg — (Rg;i)red by Tunivired,

Now, po = x1 ® x2 for some characters x1, x2 : Gonp — F*. Let x = x1/x2.
Thus, x : Gg,np — F* is an odd character. For a non-zero element = ¢ Hl(GQNp,X),

denote by p, the corresponding representation of Gg np. S0 pz : Gonp — GL2(F) is

such that p, = <>61 ;) where * corresponds to x. Similarly, for a non-zero element
2

yeHd I(GQ Np» x~1), denote by py the corresponding representation of Gg np.

Let z € H'(Gg np, X*) with i € {1,—1} be a non-zero element. Denote by Rggf the
universal deformation ring of p, in the sense of Mazur ([16]). Note that, for a non-zero
r € HY(Gg np, X*) with i € {1, -1}, the centralizer of the image of p, is exactly the set
of scalar matrices. Hence, the existence of R%:f follows from [16] and [17]. Let Rggf be

the universal deformation ring of g, in characteristic p. So, we have Rgif/ (p) =~ jof.

Let ¢ be a prime such that £ { Np. As Gg, np is a quotient of Gg, n¢p, the representations
po and p, with z € HY(Gg np, X') with i € {1,—1} are also representations of G, np.
Thus, we can view (tr(po),det(pp)) as a pseudo-representation of Gg n¢p as well. Let
Rgg’f and Rg;i * be the universal deformation rings of (tr(pg),det(po)) considered as a
pseudo-representation of G ngp in the categories C and Cy respectively. Let m! and m’*
be the maximal ideals of Rf—,’g * and (RES’Z)red, respectively. Let M’ and M'* be the

maximal ideals of R%g * and (Rgg’e)red, respectively. For a non-zero x € H*(Gg,np, X*)
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with ¢ € {1, -1}, Let jof’z and Rng’e be the universal deformation rings of p, considered

as a representation of Gg ngp in the categories C and Cp, respectively.

1.3. Main results. The surjective group homomorphism Gg ns — Gg,np induces the

: : . ppdt pd  ppdl pd ydefl def def ¢ def
following local morphisms: R;™ — Ry, R~ — Ry, Ry — R5 and R — RS

In [7], Bockle used the techniques of [10] to study the local morphism Rgif’e — R%:f and
found the structure of R in terms of the structure of R%:f (see [7, Theorem 4.7]).

P
pd, ¢ pd pd,¢ pd .
5o = Rﬁo and Rp0 — Rﬁ0 to determine
pd,¢
PO

Our aim is to study the local morphisms R
the explicit structure of Rgg £ (respectively of R, ") from the explicit structure of Rg;j

(respectively of Rf)—’;i ).

As mentioned above, Boston uses the theory of pro-p groups in [10] to prove the main
theorem and the same method is used by Bockle in [7] for residually Borel representations.
So, if we know that there exists a representation of Gg ngp — GL2 (Rgg ’e) whose trace is
the universal pseudo-character, then we can use their methods to determine the structure

of Rgg’e in terms of the structure of Rgg .

So we first investigate the existence of representations p : Gg np, — GLQ(RES) and
7: Gonp — GLQ(Rgg) such that tr(p) = "V and tr(7) = T"V. We get the following

results in this direction:

Given a non-zero z € H (G np, X*) with i € {1, -1}, let pi™ : Gg np — GLQ(R%:f)
be the universal deformation of p, taking values in R%:f. So, the trace of pU™V is a

pseudo-character of Gg,n, deforming tr(pg). Hence, it induces a map ), : RES — R%:f.

Theorem 2.17. Suppose p t ¢(N) and dim(H(Ggnp, X*)) = 1 for some i € {1,—1}.
Then there exists a representation p™® : Go Ny — GLQ((Rgg)’"ed) such that tr(p™?) =
tunivred - As o consequence, for a non-zero x € Hl(G@VNp, XY, the map vy : Rgg — jof

induces an isomorphism between (Rgg)md and (jof yred,

Theorem 2.19. Suppose p t ¢(N) and dim(H(Ggnp, X*)) = 1 for some i € {1,—1}.
Moreover, for such an i, assume that dim(H'(Gg np, x ")) € {1,2,3}. Then, there exists
a representation p : Go,Np — GLQ(R%) such that tr(p) = t“"™. As a consequence, for a
non-zero © € H(Gg.np, XY), Rgg o~ jof.

Denote by w, the mod p cyclotomic character of Gg. Because of the isomorphisms
(Rf—;g)red o~ (Rgif)red and R%;i o~ Rgif found above, we directly use [7, Theorem 4.7] after

some analysis to get the following results:

Theorem 4.4. Suppose p{ ¢(N), dim(H*(Gonp, X)) = 1 and dim(HY (Gg np, x77)) =
m for some i € {1,—1}. Let { be a prime such that p { 2 — 1 and Xﬁi|G@e = wp|GQ£.
Then:
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(1) For any non-zero x € H'(Gg np, X'), (Rgg’z)md o~ (Rng’g)red. As a consequence,

there exists ri,--- ,rp, ® € F[[ X1, -+, Xy, X]] such that
(RISt o (B[[X, - Xy X])/ (1, s X (D — 0))7 and
(REN™d o~ (F[[X1, -+, Xnll/(F1, -+, Fw))™, where r; (mod X) = 7.

(2) Suppose m = 1,2. For any non-zero x € H'(Ggnp, X"), Rgg’é ~ Rf)jf’é. As
a consequence, there exists r1,--- v, ® € F[[ X1, , Xy, X]] such that Rgg,g ~
F[ X1, Xn, X))/ (11, s, X(P—F)) cdegg ~F[[ Xy, X/ (F1, o Fwr),

where r; (mod X) = 7.

At the end, we turn our attention to the case when pg is unobstructed to get more precise
results. We call py unobstructed if p t ¢(IN) and dim(H'(Gg np, X)) = dim(H*(Go,np, X)) =
1. Note that, using [1, Theorem 2|, we see that this definition coincides with the ones
given in [4] and [12]. So, in this case, we have Rgg ~ W(F)[[X,Y, Z]]. We know that if
N =1 and p is odd, then the Vandiver’s conjecture implies that pg is always unobstructed
(see [4, Theorem 22| for more details and examples of unobstructed py for N = 1). In

this case, we get the following results:

Let £ be the Teichmuller lift of ¢ (mod p).

Theorem 4.6. Suppose py is unobstructed. Let £ be a prime such that p { €*—1, Xi|GQ£ =
wplGg, for some i € {1,—1}. Then, Rgg,z ~ W(F)[[X1, X2, X3, X4]]/(Xaf) for some
f € W(F)[[Xy, Xo, X3, X4]]. Moreover, if £/{ is a topological generator of 1+ pZ,, then
R~ W (F)[[X1, Xa, X3, Xa]l/ (Xa(p + X2)).

The isomorphism between Rgg’e (resp. RES’Z) and W (F)[[ X1, X2, X3, X4]]/(X4af) (resp.
W (F)[[X1, Xa, X3, X4]]/(X4(p+ X2)) when £/ is a topological generator of 1+ pZ,) that
we find in the proof of Theorem 4.6 is such that the kernel of the map Rgg’g — Rgg,
under the isomorphism, is the ideal (Xj).

Note that, if pg is unobstructed, x|q,, = wplag, and p|f+1, then dim(H (Go.nep, X)) =
dim(HY(Go.nep, x 1)) = 2. So, this case is different from the cases that we have dealt
with so far and none of the results mentioned above apply to this case. In this setting,

we prove the following results:

Theorem 4.10. Suppose py is unobstructed. Let ¢ be a prime such that £ = —1 (mod p),
red ~,

X|GQ@ = wp|GQZ and —{ is a topological generator of 1 + pZ,. Then, (Rggu) ~
F([X,Y, Z,T1, To]] /(T2 T2, T1 Z, T> Z).

As po is unobstructed, we have Rgg ~ F[[X,Y, Z]]. So, the surjective map Rggl oy Rggl
factors through (R};—’g’z)red. The isomorphism between (Rgs Hred and F[X, Y, Z,T1, To]) /(T\ T, T1 Z, To Z)
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that we find in the proof of Theorem 4.10 is such that the kernel of the map (Rg;j ’g)red —

Rp

5, » under the isomorphism, is the ideal (71, T3).

Theorem 4.18. Suppose py is unobstructed. Let ¢ be a prime such that £ = —1 (mod p),
X|GQZ = wp|G@z and —{ is a topological generator of 1 + pZ,. Then Rggu s not a local

complete intersection ring.

pd,¢
po

is not a local complete intersection ring. If N = 1, then x = w]’,f for some odd k as pg is

Using Theorem 4.18, we also prove that R ", under the hypotheses of Theorem 4.18,
odd. Therefore, in this case, if £ = —1 (mod p), then X‘G@e = wp\GQé will always hold.
Thus, when N = 1, using [4, Theorem 22], we get many examples of py and ¢ satisfying
the hypotheses of Theorem 4.10 and Theorem 4.18. Moreover, [4, Theorem 22| implies
that if Vandiver’s conjecture is true, then, given a pg with N = 1, any prime ¢ which is —1
(mod p) but not —1 (mod p?) satisfies the hypotheses of Theorem 4.10 and Theorem 4.18.

Suppose po comes from a newform of level N and p > 5. For M = N, N¢, N/2, let

Iy (M Iy (M

’]I‘ﬁg( ) (resp. Apg( ))
p) Hecke algebra of level M (notation is borrowed from [12]). The proof of Theorem 4.6,

along with results of [12] ([12, Section 2], proof of [12, Lemma 23] and [12, Theorem 1]),
Fl(Né) has

be the pg-component of the characteristic 0 (resp. characteristic

shows that in the cases considered in the Theorem, T Krull dimension 4 while

I'1(N0)
Az

de ¢ would be T

in the cases cons1dered in the Theorem, ’IF 1(NE2) has Krull dimension 4 while A;

has Krull dimension 2. When p|¢ + 1, the correct Hecke algebra to compare with

Fl(Ne ). The proof of Theorem 4.10, along with results of [12], shows that
Fl(Né )

has Krull dimension 2. Previously, only lower bounds on the Krull dimensions of Hecke

F1(]\75)

algebras were known in all these cases. We have a surjective map de ‘£ T, and

both the rings have Krull dimension 4. So, this suggests that TFI(NE )

may Well not be a
local complete intersection ring.

Note that, when p|¢+ 1, the deformation ring appropriate for comparison with ']I'Fl(NZ)

is the universal deformation ring parameterizing all deformations ¢ of tr(pp) such that

Fl(Nﬁ ) factors

t]GQ is reducible. Call this ring Spd ¢ Indeed, the surjective map de ¢ T,
through S’gf ‘. The proof of Theorem 4.10 also implies that (Sg;i é)red ~ W(F )[[X, Y, Z, T\, 15|/ (T T5, TV Z,
T»Z') for some Z' = Z (mod p). Since the characteristic 0 Hecke algebras are reduced,

this gives a potential candidate for the structure of ’]TFl(NE).

Recall that, Mazur’s conjecture ([16]) predicts that the mod p universal deformation
ring of an absolutely irreducible 2-dimensional representation of Gg 1, over some finite
extension of I, has Krull dimension 3. This also implies that the mod p universal defor-
mation ring is always a local complete intersection ring. Combining Theorem 4.10 and

Theorem 4.18, we find examples of mod p universal pseudo-deformation rings of Krull
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dimension 3 which are not local complete intersection rings. On the other hand, in [6],
Bleher and Chinburg found examples of absolutely irreducible representations of profinite
groups such that the corresponding universal deformation rings (in the sense of Mazur)

are not locally complete intersection rings.

1.4. Organization of the paper and overview of the proofs. Let us now give an
overview of the proofs of the results above and the organization of the paper. In Section
2.1, we do some Galois cohomology calculations and find some conditions on H! (Go,Nps X)
and H'(Gg,np, x~1) for 1"V to arise from an actual representation.. In Section 2.2, we
recall some standard definitions and results about Generalized Matrix algebras (GMA)

which will be used throughout the paper.

To prove the first part of Theorem 2.17, we first use the results of [19] which give, under
the hypotheses of the proposition, a presentation of Rgg as a quotient of a power series ring
similar to the one given in [8, Theorem 2.4]. After this, we use the properties of reducibility
ideal of t"™" along with the generalization of Krull’s principal ideal theorem to prove that
"V (mod P) is not reducible for any minimal prime ideal P of Rg;i . Then, we use the
arguments of the proof of [3, Proposition 1.7.4] to get the first part of Theorem 2.17.
Using [15, Corollary 1.4.4(2)], we get the second part of Theorem 2.17.

To prove Theorem 2.19, we first use results of [3] (presented in [2] in an alternate form)
to get a Generalized Matrix Algebra (GMA) over R;—’g which is a quotient of Rgg [Go,np)
and whose trace restricted to the image of G, n) is t"V - Then, we do a case by case
analysis which uses the presentation of Rg;i mentioned above and some basic commutative
algebra, to prove that this GMA is isomorphic to a Rg? -sub-GMA of MQ(R%? ) from which

the theorem follows.

In Section 3, we analyze when the analogues of Theorem 2.17 and Theorem 2.19 can
hold for characteristic 0 deformation rings and prove them under certain conditions. In
Section 4.1, we do some Galois cohomology computations to see how the dimensions of
certain Galois cohomology groups change after enlarging the set of primes that can ramify.
Note that, Theorem 4.4 immediately follows from the Galois cohomology computations of
Section 4.1, Theorem 2.17 and [7, Theorem 4.7]. To prove Theorem 4.6, we first use the
results of Section 3, Galois cohomology computations of Section 4.1 and Theorem 2.19
to prove Rgsl ~ jof’g for a suitable p, when py is unobstructed. Then, we use the
hypotheses to find a set of generators of the co-tangent space of Rgg’z. Finally, we use the
relations coming from G, between these generators, [8, Theorem 2.4], and Rgg’e ~ Rgif’z

to prove the Theorem.
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The proof of Theorem 4.10 is split up in many steps. Keeping the hypothesis of
def,¢
P

a NON-Zero € Hl(GQ,NpXi) with ¢ € {1,—1}. Using the explicit structure of Rg:f’e and

Theorem 4.10, we first use the results of [7] to find the explicit structure of R for
the hypothesis that pg is unobstructed, we find 3 distinct prime ideals of Rg;i ** such that
the quotient of RES’Z by each of them is isomorphic to F[[Z], Z3, Z3]]. We find a set of
generators of the co-tangent space of (ngéi ’Z)red and find relations between them using
GMA and [3, Theorem 1.4.4]. Combining all this with some basic commutative algebra,

we prove the theorem.

Finally to prove Theorem 4.18, we find a set of generators of the cotangent space of
Rg(? “ and use the GMA approach to get relations between them coming from Gg,. We
then use the hypotheses, Theorem 4.10 and some basic commutative algebra to conclude
that if Rf—:;i s a local complete intersection ring, then a specific subset of these relations
should generate all the relations in Rggl . But the description of this specific subset
implies that the Krull dimension of Rgg £ is at least 4 giving us the contradiction to prove

the theorem.

The method of Boston and Bockle crucially depends on working with actual represen-
tations. To be precise, they first find a minimal set of generators and relations of certain
appropriate pro-p groups. Then they send the generators to appropriate general matri-
ces. Using the relations between them, we get relations between the general variables
appearing in the entries of the matrices where the generators are getting mapped. This
gives the relations in the deformation ring. Thus, it does not work when the universal
pseudo-representation does not arise from an actual representation. However, we still
know the existence of a GMA and a representation from Gg g, to that GMA whose
trace is the universal pseudo-character. So, if one knows the exact structure of this GMA,
it might be possible to modify their method to get results in those cases. Note that, we
get most of the results by determining the cases where an actual representation gives rise
to the universal pseudo-representation and then using the results of [7]. So, our methods
do not apply to a general case. However, it might be possible to modify the proof of

Theorem 4.10 to get results in some cases which are not dealt in this paper.

Acknowledgments: I would like to thank Carl Wang-FErickson for helpful correspon-
dence regarding [19] and the Introduction section of this article. I would also like to thank
Gabor Wiese, Anna Medvedovsky and John Bergdall for many helpful conversations.

2. COMPARISON BETWEEN Rgg AND Rg:f

We are interested in determining when does the universal pseudo-character "™ comes

from a representation defined over Rgg. In this section, we will study when the universal
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mod p pseudo-character "™V arises from a representation defined over Rg;i. We do this
by first assuming the existence of such a representation to study its implications. Then,
we will explore if the necessary conditions found this way are sufficient for the existence

of such a representation and its consequences on the relationship between R;—’g and Rggf.

In this and the next section, we are going to take a slightly more general approach. To be
precise, instead of Gg,np, we are going to consider a profinite group G' which satisfies the
finiteness condition ®, given by Mazur in [16, Section 1.1] and a continuous representation
po : G — GLy(F) such that pg = x1 @ x2 with x1 # x2 and x = x1/x2. Moreover, we are
going to assume, throughout this section and the next, that H'(G,1) # 0, H (G, x) #
0 and H'(G,x™ ') # 0. Note that, the pair (Gg np,po) which was established in the
introduction, satisfies these hypotheses. Indeed, H 1(GQ7 Np» 1) # 0 is clear and as py is
assumed to be odd, by global Euler characteristic formula, we get that H'(Gg np, x*) # 0
for i € {1,—1}.

However, for this general set-up introduced above, we are going to retain the same
notation for all the deformation rings and universal deformations that was established in
the introduction. The reason for introducing the general set-up is to have clarity about
the proofs and the exact properties of various cohomology groups that we need for our
results. All the cohomology groups that we consider in this section and the next are also

assumed to be continuous without its mention.

2.1. Necessary condition for the existence of a representation with trace t"»V,
In this section, we will assume the existence of a representation over Rg;i with trace "™V to
relate the rings Rgg and Rg:f. Specifically, we will compare the dimensions of their tangent
spaces to get the necessary conditions for the existence of the required representation. We

begin by doing a tangent space computation:

Lemma 2.1. Letx € HY(G,x"), withi € {1,—1}, be a non-zero element. Let dim(H (G, x")) =
m, dim(HY(G,x™ %) =n and dim(H'(G,1)) = k. Then dim(tan(Rg:f)) <m+n+2k-1

Proof. Recall that, dim(tan(jof)) = dim HY(G,ad(p;)) ([16]). As p is odd, ad(p,) =
1@ ad®(p,). We have the following two exact sequences of G-modules:

(1) 0= x* = ad’(p,) = V =0,
2) 01—V —=xt=0.
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So, from the second short exact sequence, we get the following exact sequence of coho-

mology groups:
0— H°G,1) - H(G,V) - H(G,x ™) —
— HYG,1) - HYG,V) - HYG,x ") — H*(G,1)

We have HO(G, x %) = 0. Hence, we get dim(H'(G,V)) < dim(HY(G, 1))+dim(H (G, x7%)) =
k+n. From the first short exact sequence, we get the following exact sequence of cohmol-
ogy groups:
0— HYG,x") = H°(G,ad%(p,)) — H(G,V) —
— HYG,X") = H(G,ad"(p,)) — HY(G,V) — H*(G, x")

We have H°(G,x") = 0,H°(G,ad’(p,)) = 0 and dim(H°(G,V)) = 1. Hence, we get
dim(H'(G,ad"(p,))) < dim(HY(G,V)) 4+ dim(H'(G, x?)) — 1. Combining this with the
inequality dim(H(G,V)) < k4 n, we get that dim(H'(G,ad’(p,))) < k+m+n—1 and
hence, dim(H (G, ad(p,))) = dim(H*(G, ad’(p,)))+dim(H*(G, 1)) = dim(H' (G, ad’(5,)))+
k<2k+m+n-—1. O

We now prove a refinement of Lemma 2.1 for Gg, n, as it will be useful later.

Lemma 2.2. Let z € HYGonp, x'), with i € {1,—1}, be a non-zero element. Let
dim(HY(Go.np, X')) = m, dim(H (Go.np, X7%)) = n and dim(H (Gg np, 1)) = k. Then
maz{m — 1+ k,2k,n+k+ 1} < dim(tan(Rng)) <m+n+2k—1. So, in particular, if

p1@(N) and m =1, then dim(tan(jof)) =2+n.

Proof. The inequality dim(tan(jof)) < m+n+ 2k —1 follows from Lemma 2.1. Now,

we have the following:

(1) dim(H°(Gg,np, 1)) = dim(H*(Gg,np, V)) = 1 and H(Ggnp, x ™) = 0,
(2) It follows, from the global Euler characteristic formula, that dim(H?(Gg np, 1)) =
k—1.

Thus, from the long exact sequence coming from the short exact sequence 0 -1 =V —

X~ — 0, we see that max{k,n + 1} < dim(H'(Gg np,V)). We have the following:

(1) H(Go.vp, x') = H(Go.nvp, ad’(pr)) = 0 and dim(H*(Gonp, V)) = 1,
(2) It follows, from the global Euler characteristic formula, that dim(H?(Gg, np, X*)) =

m — 1.

Therefore, from the long exact sequence coming from the short exact sequence 0 — x* —
ad’(py) = V — 0, we get max{m —1,dim(H (Go np, V))} < dim(H (G np,ad’(pz))) <
m — 1+ dim(H"(Gg,np, V)). This, combined with the inequality for dim(H(Gg,np, V)),



12 SHAUNAK V. DEO

implies max{m—1, k,n+1} < dim(H(Gg,np,ad"(p;))). Finally, dim(H'(Gg np,ad(pz)) =
dim(HY(Gg.np, 1)) + dim(HY (Gg np, ad’(ps))) = k + dim(H'(Gg np, ad’(p,))). There-
fore, we get max{m + k — 1,2k,n + k + 1} < dim(H'(Gg,np,ad(ps))). This proves the

first assertion of the lemma.

For the second assertion, note that dim(H'(Gg np, 1)) = 1+ &/, where £’ is the number
of prime divisors g of N such that p|¢g — 1. Therefore, if p4 ¢(N), then k' = 0 and hence,
k = 1. Moreover, if m = 1, then max{m+k —1,2k,n+k+ 1} = max{1,2,n+2} =n+2
and m +n+ 2k —1 = n+ 2. This, along with the inequality for dim(H'(Gg, np, ad(pz))),
implies that dim(H(Gg np, ad(pz))) =n + 2. O

Before proceeding further, we first analyze some reducibility properties of t"™V. Let
R an object of C. Note that, a continuous pseudo-character ¢t : G — R of dimension n
gives rise to a continuous pseudo-character R[G] — R of the group algebra R[Gq np] of
dimension n and vice versa (see [2, Lemma 2.1.1] and [3, Section 1.2.1] for the definition
of the pseudo-character of an algebra). We will denote by ¢ the pseudo-character of R[G]
induced by ¢. So, for i = 1,2, x; induces a pseudo-character x; : F[G] — F of F[G] of

dimension 1.

Now suppose that t is a pseudo-character deforming tr(pg). Let I be the total re-
ducibility ideal of # (see [3, Definition 1.5.2] and [3, Proposition 1.5.1] for the definition
and existence). This means that for an ideal J of R, the pseudo-character t®g R/J of the
algebra R/J[G] is a sum of two one-dimensional pseudo-characters #1, t : R/J[G] — R/J
such that #; ®pr/gF=xifori=1,21if and only if I C J.

Let R be an object of C and t : G — R be a pseudo-character deforming tr(pg). We
will say that t is reducible if there exists characters n, 12 : G — R* such that t = 1 + 19

and 7); is a deformation of x; for i =1, 2.

Now, the pseudo-character t"™V gives rise to a pseudo-character "™ : R;—’g G] — Rg;i of
the group algebra RES[G]. Let I, be the total reducibility ideal of £V Observe that, for
an ideal J of Rg;i , 1Y (mod J) is a sum of two characters of G taking values in Rg;i /J and
deforming x1 and x» if and only if the pseudo-character "™V ® Rpd Rg;i /J RZ—’S /J[G] —
Rg;l /J is a sum of two one dimensional pseudo-characters 71, ts : Rgg /J[G] — Rf—f /J of
the algebra RES/J[G] such that #; ®R§§/J
1.5.1], we conclude that, for an ideal J of Rg;l , 1Y (mod J) is reducible if and only if
I, C J.

F = x; for i = 1,2. Therefore, by [3, Proposition

Before proceeding further, let G?" denote the continuous abelianization of G. Recall
that H2(G, 1) = 0 means that the abelianized p-completion of G i.e. Jim, G2 /(GPPYP' s

a torsion-free pro-p abelian group which is a finitely generated Z,-module.
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Lemma 2.3. If H*(G,1) = 0 and dim(H"(G,1)) = k, then R%/I;) ~ F[[X1, -, Xo]].

0

Proof. As I, is the total reducibility ideal of £*", it follows, from [3, Proposition 1.5.1],
that there exists two characters X1, X2 : G — (Rgd/Iﬁo)* such that

0

(1) The characters Y1 and X3 are deformations of x; and x2, respectively,
(2) t""V(g) = X1(g) + X2(g) for all g € G.

It follows that the maximal ideal m/I5, of Rgg/[,;o is generated by the set {x1(g9) —
x1(g)lg € G} U {X2(9) — x2(9)lg € G} ([11, Remark 3.5]). As H?*(G,1) = 0 and
dim(H(G,1)) = k, we have lim, G /(G2P)P' ~ [, Z,. Tt follows, from [16, Section
1.4], that m/I, is generated by at most 2k elements. Thus, we have a surjective map

FF[Xy, - Xog]] = RY /I,

0

On the other hand, by [16, Section 1.4], we know that the mod p universal deformation
ring of x1 and o for G is F[[T1,--- , Tx]]. Let x{™VY, x4V : G — (F[[T3,--- , T}]])* be the
universal deformations of y; and ya, respectively. Let Y3V : G — (F[[Xq,- -+, Xox]])*
be the character obtained by composing XV with the continuous F-algebra homomor-
phism F[[Ty,---,Tx]] — F[[X1,- -, Xox]] sending T; to X;. Similarly, let Y3 : G —
(F[[X1,- -+, X2]])* be the character obtained by composing x4™V with the continuous
F-algebra homomorphism F[[17,--- ,Tk]] — F[[X1, -, Xox]] sending T; to Xiy;. Thus,

Suniv cuniv

the pseudo-character x| X5™ of G is a deformation of tr(pg) to F[[X1,- -+, Xag]].

So, this induces a map Rggl — F[[X1, -, Xox]] which factors through Rggl/lﬁo by [3,
Proposition 1.5.1]. Let f’: Rgg/lﬁo — F[[X1, -+, Xok]] be this map. From the description
of X'V and 4™V ([16, Section 1.4]), it follows that (1 + X;) + (1 4+ X;) is in the image
of f/ for every 1 < i < k. As x1 # X2, there exists a go € G such that x1(g0) # x2(90)-
So, x1(90)(1 + X;) + x2(90)(1 + Xk+4) is also in the image of f for every 1 < i < k.
Therefore, both 1+ X; and 1+ X ; are in the image of f’ for every 1 <4 < k and hence,
f’ is surjective. Thus, the homomorphism f"o f: F[[Xy,- -, Xog]] = F[[ X1, -+, Xox]] is
surjective and hence, injective as well. As f is surjective, this implies that f’ injective

and hence, an isomorphism. So, we get that RES/IﬁO ~ F[[Xq,- -, Xog]] O

Note that, one can also prove an analogue of Lemma 2.3 in the case when H?(G, 1) # 0
but we don’t prove it here as we will mostly restrict ourselves to the case H*(G,1) = 0

in what follows.

We are now ready to analyze when t"™V is the trace of a representation defined over

pd
R
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Proposition 2.4. (1) Suppose H?(G,1) = 0. If there exists a continuous represen-

(2)

Proof.

tation p : G — GLQ(R%) such that tr p =t then either dim(H(G,x)) =1 or
dim(HY(G,x 1)) = 1.

Suppose H?(G,1) # 0. If there ewists a continuous representation p : G —
GLQ(R%?) such that tr p = t“° then:

dim(tan(RE)) < 2dim(H'(G,1)) + maz{dim(H" (G, x)), dim(H' (G, x 1))}

(1) Let k = dim(H(G,1)), m = dim(H'(G, %)) and n = dim(H* (G, x™1)).
Recall that, Ext(n,0) ~ HY(G,d/n) and Ext(n,n) ~ H%*(G,1) for any con-
tinuous characters n, 6 : G — F*. Hence, from [1, Theorem 2], it follows that
dim(tan(Rggl)) = 2k + mn (see also [4, Proposition 20]). As m # 0 and n # 0,
dim(tan(Rgg)) > 2k.

Suppose there exists a continuous representation p : G — G:Lg(Rgéi ) such that
trp = t"V, Let p be its reduction modulo m. As trp = tr py, it follows, from the
Brauer-Nesbitt theorem, that p is isomorphic over F to either pg or p, for some
r € HY(G,x) or HY(G,x™!) with = # 0.

Suppose p =~ pg. So, by changing the basis if necessary, we can assume that
p = po. For g € G, let p(g) = <CCL§ Zg) Therefore, we see that by, ¢, € m.

9
Moreover, we can change the basis such that ay = x1(g) (mod m) and dy; = x2(9)

d

(mod m). Thus, we get two characters Y1, X2 : G — (Rp /m?)* sending g to ag

(mod m?) and dy (mod m?), respectively. Moreover, the pseudo-character "%V
(mod m?) = tr(p) (mod m?) is the sum of characters ¥; and Y.

Thus, we see, from [3, Proposition 1.5.1], that the quotient map RES — RES /m?
factors through Rg? /I5,. By Lemma 2.3, it follows that dim(tan(Rf—j[()1 /m?)) < 2k.
But this contradicts the fact that dim(tan(Rg;l)) > 2k. So, we conclude that
p % Po.

Thus, p ~ p, for some x € H'(G,x") with i € {1,—1} and = # 0. So,
by changing the basis if necessary, we can assume that p = p,. This means
that p is a deformation of p, and hence, there exists a continuous morphism
b - R%jf — RES. Moreover, ¢, is surjective as the elements "V (g) = tr(p(g))
with g € G are topological generators of Rgg as a local complete F-algebra ([11,
Remark 3.5]). So, in particular, dim(tan(Rg:f)) > dim(tan(Rg;l)).

From Lemma 2.1, we know that dim(tan(Rggf)) <2k+m+n—1. So, we get
that 2k +m +n —1 > 2k + mn which implies that 0 > (m —1)(n —1). Therefore,
we conclude that either m =1 or n = 1.

Let k = dim(H(G, 1)), m = dim(H(G, x)) and n = dim(H'(G,x™1)). By [1,

Theorem 2], we have the following exact sequence:
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0 — Exts(x1,x1) ® Exts(xe, x2) — tan(Rg;l) 4 Extg (1, x2) @ Exts (2, x1) —
Extg(x1, x1) @ Extg(xa, X2)-

If there exists a continuous representation p : G — GLQ(R%;I ) such that trp =
t"V then every pseudo-character of G to F[e]/(e?) deforming tr pg is the trace of
a representation defined over F[e]/(€?). So, from [1, Theorem 4], it follows that
Image(i) consists only of pure tensors. Hence, Image(i) is a subspace of either
Ext&(x1,x2) ® Vo with Vg a subspace of Extl(xa,x1) of dimension at most 1
or Wy @ Extg (e, x1) with Wy a subspace of Ext{ (1, x2) of dimension at most
1. So, it follows that dim(Image(i)) < max{m,n}. Therefore, it follows that
dim(tan(Rg;l)) = 2k + dim(Image(7)) < 2k + max{m,n}.

O

Remark 2.5. Suppose G' = Gg np and pg is an odd representation of Gg,np. So both x
and x !
teristic formula, that m # 0 and n # 0. If p ¥ ¢(N), we have dim(H'(Gg np, 1)) = 1.
Therefore, by Tate’s global Euler characteristic formula, H*(Gg,np,1) = 0. If p|¢(N),
we have dim(H'(Ggnp, 1)) > 1. Thus, by Tate’s global Euler characteristic formula,
dim(H*(Go.np, 1)) = dim(HY(Go.np, 1)) — 1 > 0 and hence, H*(Gg np,1) # 0. There-
fore, when py is odd, Gqg np satisfies hypotheses of the first part of Proposition 2.4 if
pt ¢(N) and Go,np satisfies hypotheses of the second part of Proposition 2.4 if p|¢p(N).

will be odd characters of Gg np. Thus, it follows from the global Euler charac-

Remark 2.6. The first part of the proposition also follows from [1, Theorem 4].

Remark 2.7. Let us assume p|¢(N). Let k = dim H (Gg np, 1), m = dim(H*(Gg np, X))
and n = dim(H'(Gg np, x1)). It follows, from Lemma 2.2, that dim(tan(Rg:f)) <m+
n + 2k — 1. On the other hand, from [1, Theorem 2] and the global Euler characteristic
formula, it follows that dim(tan(Rgg)) > 2+ mn. Therefore, from the arguments used in
the proof of the part 1 of the proposition above, we can conclude that there does not exist
a continuous p : Go Np — GLQ(R%) such that tr p = t“" if 2+ mn > m+n+2k—1 i.e.
if (m—1)(n—1) > 2k — 2.

2.2. Reminder on Generalized Matrix Algebras (GMAs). In this subsection, we
recall some standard definitions and results about Generalized Matrix Algebras which will

be used frequently in the rest of the article. From now on, we will use the abbreviation
GMA for Generalized Matrix Algebra.

We first recall the definition of a topological Generalized Matrix Algebra of type (1,1).
Let R be a complete Noetherian local ring with maximal ideal mp and residue field F.
So, R is a topological ring under the mpg-adic topology which we fix from now on. Let

A= (g g) be a topological GMA of type (1,1) over R. This means the following:
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(1) B and C' are topological R-modules,

92) An element of A is of the form | b with a,d € R, b€ B and c € C,
c

d
(3) There exists a continuous morphism m’ : B&r C — R of R-modules such that for
all by, be € B and ¢, ¢ € C, m/(by ® ¢1)by = m/(by ® ¢1)by and m/(by ® ¢1)c2 =

m’(b1 ® c2)cy.

cq di co  do
a1 +as by + by .1 . . a1 b as by .
<01 Yoy dy d2>’ the multiplication given by <Cl d1> . <02 d2> =
ajaz +m' (b1 ® ca) a1by + daby
dica + azcq didy +m/(by ® ¢1)
B and C. For more information, we refer the reader to [2, Section 2.2] (for GMAs of type
(1,1)), [2, Section 2.3] (for topological GMAs) and [3, Chapter 1] (for the general theory

of GMAs).

So, A is a topological R-algebra with the addition given by (al bl) + <a2 b2> =

and the topology given by the topology on R,

For the rest of this article, GMA means topological GMA unless mentioned otherwise.
By abuse of notation, we will always denote by m’ the multiplication map B ® g C — R
for any GMA and any R. From now on, given a profinite group G and a GMA A, a
representation p : G — A* means a continuous homomorphism from G to A* unless
mentioned otherwise. For a topological R-module B, we denote by Hompg(B/mpgrB,F)
the set of all continuous R-module homomorphisms from B/mgrB to F.

Let A= (g g) be a GMA with the map m : B®g C — R giving the multiplication

in A. We say that A is faithful if the following conditions hold:

(1) If be B and m'(b®c¢) =0 for all ¢ € C, then b =0,
(2) If ce C and m'(b®¢) =0 for all b € B, then ¢ = 0.

We say that A’ is an R-sub-GMA of A if there exists an R-submodule B’ of B and an
/

R-submodule C" of C such that A" = <£’, g) ie. A = <i Z) € Albe B',ce C'}

(see [2, Section 2.1] for the definitions of sub-GMA and R-sub-GMA). Note that, A’ is a

sub-algebra of A and hence, a GMA over R.

Lemma 2.8. Let R be a complete Noetherian local ring with mazimal ideal mp and

residue field F. Lett : G — R be a pseudo-character deforming tr(po). Then, there exists

a faithful GMA A = (g g) and a representation p : G — A* such that

(1) t =tx(p),

(2) For g € G, if p(g) = (Zg Zg>, then ag = x1(g9) (mod mg) and dg = x2(9)
(mod mpg), Y

(3) m'(B ®gr C) C mpg, where m is the map giving the multiplication in A and the

total reducibility ideal of t is m'(B ®p C),
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(4) RIp(@)] = 4,

(5) B and C are finitely generated R-modules,

(6) Number of generators of B as an R-module < dim(H'(G,x)) and number of
generators of C' as an R-module < dim(H*(G,x™1))

Proof. The existence A and p with most of the given properties follows from parts (i),
(v), (vii) of [2, Proposition 2.4.2]. The only claims not implied by [2, Proposition 2.4.2]
are the assertions about the reducibility ideal of ¢ and the number of generators of B and
C. Note that, R[G]/ker(f) is a Cayley-Hamilton quotient of (R[G],#). Hence, from [3,
Proposition 1.5.1], we get that the total reducibility ideal of ¢ is m'(B ®g C).

The proof of the last assertion is same as that of [3, Theorem 1.5.5]. We only give
a brief summary here. Note that, R[G] = A. Given f € Hompg(B/mprB,F), we
get a morphism of R-algebras f* : A — M(F), sending an element <Ccl b) of A to

d
(a (mod m) f(b)
0 d (mod m

and hence, an element f* of H'(G, x) (see proof of [3, Theorem 1.5.5] for more details).

)> Thus restricting f* to G gives us an extension of ys by x1

So, we get a linear map j : Homp(B/mpB,F) — H'(G,x) sending f to f*. From the
proof of [3, Theorem 1.5.5], we get that the map j is injective. Hence, Nakayama’s lemma
gives the assertion about the number of generators of B. The assertion about the number

of generators of C' follows similarly. O

Remark 2.9. It follows, from Lemma 2.8, that if H(G,x') = 0 for some i € {1,—1},
then t“™ is reducible and hence, there exists a 2-dimensional G-representation over Rf,—’g

whose trace is t¥™V,

We now turn our attention to the case when G' = Gg v, and state some results which

will be used later.

Lemma 2.10. Let R be a complete Noetherian local ring with mazimal ideal mp and
residue field F. Let ¢ be a prime such that £+ Np and X’GQZ #1. Lett: Gonegp — R be
a pseudo-character deforming tr(po). Let g¢ be a lift of Froby in Gg,. Then, there exists

a faithful GMA A = (2 g) and a representation p : Gg,nep — A* such that

(1) t = tr(p),
(2) m'(B ®@g C) C mpg, where m’ is the map giving the multiplication in A,

(3) Rlp(Go,nep)] = A,
(4) B and C are finitely generated R-modules,

(5) p(ge) = (g 2), where a = x1(Froby) (mod mpg) and d = x2(Froby) (mod mpg).

Moreover, R[p(Gq,)] is a sub R-GMA of A.
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Proof. The existence A and p with given properties follows from parts (i), (iii), (v), (vi)

of [2, Proposition 2.4.2]. The rest of the lemma follows from [2, Lemma 2.4.5]. O

Lemma 2.11. Let R be a complete Noetherian local ring with mazimal ideal mp and
residue field F. Let ¢ be a prime such that ¢ { Np and X|G@e # 1. Let gy be a lift of
Froby in Gg,. Lett : Goneyp — R be a pseudo-character deforming tr(po). Let A be
the GMA associated to the tuple (R, ¢,t,g¢) in Lemma 2.10 and let p : Go ne — A be
the corresponding representation found in Lemma 2.10. Then, p|;, factors through the

Zy-quotient of the tame inertia group at £.

Proof. Let K be the maximal extension of (Q unramified outside the set of primes dividing
Ntp and co. So, Gg nep = Gal(K(/Q). Let K be the extension of Q fixed by ker(pg). So,
K is a sub-extension of Ky and K is unramified at ¢. By [11, Lemma 3.8|, the pseudo-
character ¢ factors through R[Go np/H], where H € Gal(Ky/K) is the smallest closed
normal subgroup such that Gal(Ky/K)/H is a pro-p quotient of Gal(Ky/K).

Since A is faithful, p|Gai(x, k) factors through Gal(Ko/K)/H. Indeed, let g be an ele-
ment of H. As t factors through R[Gg np/H], we get t(zg) = t(z) for all z € R[Gg, neup)-
So, in particular tr(p(¢'g)) = tr(p(¢’)) for all ¢ € Gonep- So, tr(p(g)) = 2 and

hence, p(g) = 1 —(il—a 1E Now, tr(p(geg)) = tr(p(ge)) implies that a = 0. Let
R B 1 b a v a v
A= <C R>' As R[p(Go,nep)] = A, we get tr(<c 1> . (c’ d,)) = tr((c, d,)) for

a v
all <c’ J
faithfulness of A implies b = 0. Similarly, putting ¢ = @’ = d’ = 0 gives us ¢ = 0 which

€ A. Putting ¥ =d =d =0, we get m'(b®@ ) =0 for all ¢ € C. So

proves the claim.

As K is unramified at ¢, we see that p|;, factors through the Z,-quotient of the tame
inertia group at /. O

2.3. Existence of the representation over (Rgg)red. It follows, from Proposition 2.4,
that if H?(G,1) = 0, then dim(H'(G,x")) = 1 for some i € {1,—1} is a necessary
condition for t"™V to be the trace of a representation defined over Rgg . Now, we explore
if this condition is sufficient for t"™V to be the trace of a representation defined over Rg(? .
Let t™ivred he the pseudo-character obtained by composing "™V with the surjective map

d d . : . -
Rgo — (Rg0 yred . We will now prove the existence of such a representation for #umiv:red,

We first prove a lemma about the structure of Rg;i

Lemma 2.12. Suppose H*(G,1) = 0, dim(H'(G,1)) = k and dim(H*(G,x")) = 1 for
some i € {1,—1}. For such an i, let dim(H(G,x™ %)) = m, dim(H?*(G,x" %)) = m/
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and dim(H?*(G,x")) = n'. Then, Rgff ~ F[[X1, -, Xma2k)]/I where I is an ideal of

F[[ X1, , Xmaok]] generated by at most m' + mn' elements.

Proof. Since we are assuming that dim(H!(G,x")) = 1 for some i € {1,—1}, it fol-
lows, from [19], that no relations in R;—’g arise from invariant theory and so, all of
them come from H? (see [19] for more details). As a consequence, we see that the
map given in Theorem 2.3.1 of summary of [19] is injective. Now, dim(Ext{ (x1,x1)) =
dim(Extg (2, x2)) = k. Hence, by [19, Theorem 2.3.2 of summary], it follows that Rgg ~
F[[ X1, , Ximtok)]/I where I is an ideal of F[[X1, -, X,,12]] generated by at most ko
elements, where kg = Z?Zl dim(ExtZ (x;j, x;)) + dim(ExtZ (x1, x2))- dim(Extg (x2, x1)) +
dim(Ext2 (x2, x1)- dim(Extl (x1, x2)

Recall that, ExtZ(n,d) ~ H?(G,§/n) for any characters 7, § : G — F* and we have
assumed H?(G, 1) = 0. Therefore, we see that k = 25:1 04+ (m/).1+m.n’ =m/+mn’. O

Theorem 2.13. Suppose H?(G,1) = 0. Suppose there exists an i € {1,—1} such that
dim(HY(G,x") = 1, H*(G,x") = 0 and dim(H*(G,x7%)) < dim(H'(G,x7%)). Then
there exists a representation p™? : G — GLQ((RE;Z)TEC[) such that tr(pe?) = turivred - A
a consequence, for a non-zero x € H'(G, "), the map v, : Rgg — jof induces an
isomorphism between (Rgg)md and (Rﬁjf)md.

Before proving the theorem, we prove a couple of lemmas which will be used in the
proof of the Proposition. Let us set up the notation first. Let K}, be the total fraction
field of (Rgg )*d. So, Ky, = [[peg Kp, where S is the set of minimal primes of (Rgg yred
and Kp is the fraction field of (R;—’g)md /P. As (R;—’gl)red is Noetherian, S is a finite set.

Lemma 2.14. Suppose H*(G,1) = 0. Suppose there exists an i € {1,—1} such that
dim(HY(G, x") = 1, H*(G,x") = 0 and dim(H?*(G,x ")) < dim(H(G,x7%)). If P € S,

then the pseudo-character t*"*™¢ (mod P) is not reducible.

Proof. Without loss of generality, assume dim(H'(G,x)) = 1. Let dim(H(G,1)) = k,
dim(H'(G,x™!)) = m and dim(H?(G,x™')) = m'. As we are assuming that H?(G,1) =
H?(G,x) = 0, we get, by Lemma 2.12, that RES ~ F[[X1, -, Xpnrok]]/I where I is an
ideal generated by at most m’ elements. Let @ be a prime ideal of F[[ X1, -, X,n12k]]
which is minimal over I. As I is an ideal of F[[Xy, -, X,,1ok]] generated by at most
m’ elements, it follows, from the generalization of Krull’s principal ideal theorem ([14,
Theorem 10.2]), that the height of @ is at most m’. Since F[[X7, - , X}, 12k]] is universally
catenary, we have that the Krull dimension of F[[ X1, -+, X;,12k]]/Q is at least 2k+m—m/.
Since we are assuming m > m/, we see that the Krull dimension of F[[X1, -+, Xp42k]]/Q

is greater than 2k.
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Let Q' be the image of Q) in Rg;j under the surjective map F[[ X1, -, Xppo1]] — Rg;i.
So, Q' is a minimal prime of RY and RE®/Q' ~ F[[X1, -+, Xpyor]]/Q. If Iy C @', then
Lemma 2.3 implies that dim(Rf)—’;1 /Q") < 2k. But, from the previous paragraph, we know
that dim(Rgd/Q’) > 2k. Hence, we get that I, ¢ Q'

0

Therefore, we get, from [3, Proposition 1.5.1], that the pseudo-character "V ® prd
PO

Rg(? /@' is not a sum of two one dimensional pseudo-characters 7; and 7j2 of Rf—;g /Q'|G]
taking values in Rgg /@’ such that 7; ® RP gy F = x; for i = 1,2. Hence, it follows that
0]

" (mod Q') is not reducible which proves the lemma. O

Note that, given any non-zero element z € H'(G, x*) with i € {1, -1}, one has a map
Yy Rg;l — jof induced by the trace of pi™V. We now recall a result due to Kisin ([15,

Corollary 1.4.4(2)]) on the nature of the map v,:

Lemma 2.15. If dim(HY(G,x")) = 1 for some i € {1,-1} and x € HY(G,X") is a

non-zero element, then the map ¥, : Rgg — Rgff 18 surjective.

Proof of Theorem 2.13. Without loss of generality, assume dim(H'(G,x)) = 1. Let

I d <RBd)red Bred 3 niv,r d
At = po q be the GMA obtained for the pseudo-character ¢*™:7¢¢ :
Cred ( Rgo )red

G — (R%g )*d in Lemma 2.8 and p be the corresponding representation. By [3, Theorem
1.4.4, Part(ii)], we can assume that B™¢ and C™¢ are fractional ideals of K, and the

multiplication map m/(B*!® ( C"*4) is given by the multiplication in K 5o~ We keep

Rg(‘)i)rcd
this assumption for rest of the proof.

By Lemma 2.8, we see that B™d is generated by at most 1 element. If B4 = 0, then
we get that *1V7d i5 a sum of two characters of Gg v, taking values in ((Rf,—’g)red)* and
deforming y; and x2. By Lemma 2.14, this is not possible. Hence, we get B™ #£ 0 and

it is generated by 1 element.

Let b be a generator of B™d. Viewing B¢ as a submodule of K5, =[] pes Kp, we can
write b = (bp) pes with bp € Kp for all P € S. Suppose bp, = 0 for some Py € S. In this

case, b.C™ C Py as b.C™4 C (Rgg)red. Therefore, we have B™4.C™d ¢ Py. For g € G,

a;, b
suppose ) = (22 1

maps G — ((Rgg)red/Po)* sending g to ay (mod Py) and d,; (mod Pp) are characters of G

). Then, B*4.C™ ¢ Py and Lemma 2.8 together imply that the

deforming x; and xo, respectively. But we know that this is not possible by Lemma 2.14.
Hence, we get that bp # 0 for all P € S.
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b1 0

Thus, we see that b is a unit in Kj,. If Q = ( 01

) € GLa(Kp,), then QA™IQ~! =
(REd)red (REd)red red dyred redH)—1 ; dyred

( b'lgred (Rgzd)red - As b.C™ C (RI)™, we see that QA™Q ™! is a (R )*-sub-

GMA of Mz((Rggl yred). Hence, we see that Qp@Q~! is the required representation. This

finishes the proof of the first part of the theorem.

We will now prove the second part of the Theorem. Note that, if dim(H(G,x")) =1
for some i € {1,—1}, then p, ~ p, for all non-zero z, ' € H'(G,x"). Indeed, if z,
2’ € HY(G, ") are both non-zero, then 2’ = ax for some non-zero a € F. Therefore, by

8 ? , we get p,r. Therefore, we see that R%if ~ R%:f for
any two non-zero x, ¥’ € HY(G,x*) with dim(H'(G, x*)) = 1.

conjugating p, by the matrix <

Without loss of generality, assume dim(H'(G,x)) = 1. Now, we have found a repre-
sentation p'd : G — GLQ((RE(? )red) such that tr(pred) = twivred  Moreover, we have also

shown that the reduction of p**d modulo m’ is a non-split extension of y2 by x1. Let g

rd (mod m’) = py,. Thus, p*d induces

be the non-zero element of H'(G, x) such that p
a map jog — (Rggl)red which is surjective as {tr(p™4(g))|g € G} is a set of topological
generators of (Rg;i )*d over I as a local complete F-algebra. So, this induces a surjective

map (wl)red . (R(;ef )red N (Rgg)red.

o Pxq

On the other hand, we have the surjective map ¢;%d : (Rgg yred (Rgii)red induced

by %s,. So, the composition (¢/)d o 1/1};%‘1 gives us a surjective map from (Rlpfg1 yred to

o
itself. Now if g € G, then (¢/)5 oyt (£ (g)) = (¥)5 (tr(p5e™ (9))) = tr(p™%(9)) =
twivred(g) - Hence, (¢ )E%d o w;%d is identity and as a consequence, wg’)d : RES — jo(f) is
an isomorphism. O

Remark 2.16. The first part of Theorem 2.17 can also be proved using [3, Proposition
1.7.4]. Indeed our argument is based on the proof of [3, Proposition 1.7.4].

As a consequence, we get the following theorem for G' = Gg np :

Theorem 2.17. Suppose p 1 ¢(N) and dim(H'(Ggnp, X)) = 1 for some i € {1,—1}.
Then there exists a representation p™® : Go Ny — GLQ((Rgg)TEd) such that tr(p™?) =
tunivred - As o consequence, for a non-zero x € HI(GQpr,Xi), the map Y, : Rgg — jof

induces an isomorphism between (Rgg)’"ﬁd and (Rﬁ:f yred,

Proof. 1t suffices to check that the hypotheses of Theorem 2.13 hold in the case considered
here. Without loss of assume dim(H!(Gg, np, X)) = 1. So, we have dim(H(Gg np, X 1)) =
m. As we have assumed that p { ¢(N) and pg is odd, it follows, from the global Euler

characteristic formula, that:
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(1) m #0,
(2) H*(Ganp: 1) =0,
(3) H*(Gg,np, x) = 0 and dim(H*(Ggnp, X 1)) =m — 1.

Therefore, we see that the hypotheses of Theorem 2.13 are satisfied. Hence, the theorem
follows. 0

2.4. Existence of the representation over Rgg. We will now present an improvement

of Theorem 2.17 in certain cases. We do so by improving Theorem 2.13.

Theorem 2.18. Suppose H?(G,1) = 0. Suppose there exists an i € {1,—1} such that
dlm(Hl(Ga XZ)) =1, HZ(Ga XZ) =0, dlm(Hl (G7 sz)) S {17 2, 3} and dlm(H2(G>X71)) <
dim(H(G, x7%)). Then, there exists a representation p : G — GLQ(R%;I) such that tr(p) =

tUn - As a consequence, for a non-zero x € H' (G, ), Rgff ~ Rgsf.

Proof. Without loss of generality, assume dim(H'(G, x)) = 1. So, we have dim(H' (G, x 1)) €

RY B
{1,2,3}. Let A = ( Po 4
c m

Go,np — Rf)—’;l in Lemma 2.8 and let p be the corresponding representation. Note that,

A is a faithful GMA. This means that if y € RIP-’(? annihilates B i.e. yB = 0 then

y.m' (B ®ppa C) = 0. From Lemma 2.8, we get that I, = m/(B ® ppa C). So, we have for
PO PO

y € REYif y.B = 0 then y.I5, = 0.

be the GMA attached to the pseudo-character t"™V :

By Lemma 2.12, RS ~ F[[Xy, Xa, -, Xpniot]]/I, where k = dim(H'(G,1)), m =
dim(H'(G,x™ 1)) and I is an ideal of F[[X1, Xa, - - - , X,n42]] generated by at most dim(H?(G, x™1))—
1 elements. By Lemma 2.3, it follows that X, Xa, -+, X109 can be chosen such that
the ideal I5, of Rgg is generated by the images of the elements Xog 11, -+, Xjpyox in Rg;l.

Hence, we see that I C (Xogt1,- -+, Ximaor) in F[[ X1, Xo, -+, Xopaor]]. As I # 0, we

see that m'(B ® ppa C) is not zero and hence, B and C' are non-zero.
PO

Let y € Rg;i be such that y.B = 0. So, we have y.I;, = 0 in Rg;l. Let g be a lift of y in
F[[X1, X2, -+, Xmtok]]- So we have §.X; € I for all 2k +1 < i < m+ 2k. Now, we will
do a case by case analysis.

Suppose dim(H(G,x~')) = 1. In this case, Rg(? ~ F[[X1, -, Xokt1]].- In this case,
we have §. X911 = 0. This implies § = 0 and hence, y = 0.

Suppose dim(H!(G,x 1)) = 2. In this case, Rgg ~ F[[X1, -, Xoky2]]/I, where I is
either (0) or () for some non-zero a € F[[ X1, -+ , Xog1o]]. We have §.Xop11, §.Xogio € I.

If I = (0), then this implies § = 0 and hence, y = 0.

Suppose I = («) for some non-zero o € F[[ X7, -, Xop12]]. So we have a|g.Xa11 and

a|y.Xogta. As F[[X1,- -+, Xokyo]] is a regular local ring, it is also a UFD ([14, Theorem
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19.19]). Note that, Xor11 and Xogio are irreducible elements in it. So, a|y. Xog41 implies
that if f is an irreducible element of F[[X71,- -, Xor12]] such that f # Xogi+1, then the
highest power of f dividing < the highest power of f dividing g. Similarly, «|g.Xog120
implies that if f is an irreducible element of F[[X7, - - , Xor12]] such that f # Xopi o, then
the highest power of f dividing o < the highest power of f dividing 3. So, we conclude
that for any irreducible f € F[[X1,- -, Xog12]], the highest power of f dividing a < the
highest power of f dividing § and hence, a|y. So, we get y = 0.

Suppose dim(H(Ggnp, X)) = 3. In this case, RES ~ F[[ X1, -, Xokys]]/I, where
I is generated by at most 2 elements and we have §.Xopy1, §.Xogt2, 4. Xogrs € I. If
I = (0), then this implies § = 0 and hence, y = 0. If I = («) for some non-zero «, then
the argument given in the previous case implies that § € («) and hence, y = 0. Let us

denote F[[ X1, -, Xokt2]] by R for the rest of the proof.

Suppose I = («, 5) with a t 5 and 51 a. Note that, as I C (Xok+1, Xokt2, Xok+3), the
image of the prime ideal (Xogi+1, Xok+2, Xok+3) in R/I is also a prime ideal. Now, R is
regular local ring and hence, a UFD. So, we can find f, o’ and 8’ € R such that f.o/ = a,
f.8" = p and o/ and ' are co-prime. By the argument given in the previous case, we get

fly. Let ¥ =g/f. So, ¥ € R and ¥ Xopt1, ¥ - Xogro, ¥ Xogys € (¢, 3').

Suppose §' & (/, 8’). Then, it follows that the ideal (Xox+1, Xok+2, Xok+3) of R consists
of zero-divisors for R/(c/, 8"). Hence, it is contained in the union of primes associated to
the ideal (o/, ). As (Xogi1, Xokt2, Xokr3) is a prime ideal, it follows, from the prime
avoidance lemma ([14, Lemma 3.3]), that (Xog41, Xokt2, Xog+s3) is contained in some

prime associated to (o, 5').

Note that, R is a regular local ring and hence, a Cohen-Macaulay ring ([14, Corollary
18.17]). As o and ' are co-prime, it follows that o/, §’ is a regular sequence in R.
Therefore, every prime associated to (o/,8") is minimal over it and hence, has height 2
([14, Corollary 18.14]). As the height of (Xokt1, Xog+2, Xok+3) is 3, it can not be contained
in any prime associated to (a/, 3"). Therefore, we get a contradiction to our assumption
that §' € (o/,8"). Hence, we have §' € (¢/,0') and g € (fd/, f5) = (o, 8) = I. So, we

get y = 0.
So, in both cases, we have y = 0 which means the annihilator ideal of B is (0).

As we are assuming dim(H*(G, x)) = 1, it follows, from Lemma 2.8, that dimg (Hom ,pa (B/mB, F))

g
ped(B/mB,F)) >
PO

B/mB,F)) = 1 which means B is generated by

< 1. On the other hand, we know B is non-zero which means dimg(Hom

1. Therefore, we get that dimp(Hom ppa(
70

one element over Rgg . This, combined with the fact that annihilator of B is (0), implies

that B is a free Rg;l -module of rank 1.
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pd pd
Let A’ be the Rf—;g -sub-GMA of MQ(RES ) given by };ﬁo Rg% . Let v be a generator
Po PO
f B. Consider th FiA— A whichsends (¢ °) c At @ ") wh
of B. Consider the map f : which sends | o\ miyoe) d) Where

b e R%;i is such that b = b'.y. It is easy to check, using the fact that the multiplication

map m' @ B ®ppa C — Rggl is Rg(? -linear, that f is a continuous homomorphism of
0

Rg;i—algebras. Now, as B = Rg;i*y, m/(y ® ¢) = 0 implies that m/(b ® ¢) = 0 for all

b € B and hence, ¢ = 0. Therefore, it follows that the map f is injective. Moreover, as

I;, =m/(B ®R§§ C), B = RESV and m' is Rgg—linear, we get that I, = m/(y®C). Hence,

f is also surjective which means that f is an isomorphism of Rgg—algebras. Note that, if

a € A, then tr(a) = tr(f(a)).

Composing the representation p : G — A* with the map f , we get a representation
p:G— GLQ(RESI). As tr(a) = tr(f(a)), we see that tr(p/(g)) = t"V(g). Therefore, p' is

the required representation.

Moreover, from the description of A’ we see that p’ (mod m) = p, for some non-
zero x € H'(G,x). Therefore, p’ is a deformation of p, and hence, it induces a map
(/A R%ﬁf — Rg;i. This map is surjective as the set {tr(p'(¢g))|g € G} is a set of topological
generators of Rlpfgl over F. So, we get a surjective map v, o ¢, : Rggl — Rlpfgl . Now for
all g € G, ¥ 0 (t"™(9)) = ¥i(tr(pi™"(g))) = tr(p'(g)) = t"""(g). Therefore, we
see that ¢/ o1, is just the identity map and hence, v, is injective which means 1, is
an isomorphism. From the proof of Theorem 2.17, it follows that Rgg ~ R%:f for any

non-zero x € H'(G, x) which completes the proof. O

Theorem 2.19. Suppose p t ¢(N) and dim(H'(Ggnp, X*)) = 1 for some i € {1,—1}.
Moreover, for such an i, assume that dim(H'(Gg np, x ")) € {1,2,3}. Then, there exists
a representation p : Go,Np — GLQ(R%?) such that tr(p) = t“"™. As a consequence, for a

non-zero © € H(Gg.np, XY), Rgff = jof‘

Proof. Tt suffices to check that the hypotheses of Theorem 2.18 hold in the case considered
here. Without loss of assume dim(H!(Gg np, X)) = 1. So, we have 1 < dim(H(Gg np, X 71)) <
3. As we have assumed that p 1 ¢(N) and po is odd, it follows, from the global Euler

characteristic formula, that:

(1) H*(Gonp, 1) =0,
(2) H*(Gg.np, X) = 0 and dim(H?*(Gonp, X 1)) = dim(H (Gg.np, x71)) — 1.

Therefore, we see that the hypotheses of Theorem 2.18 are satisfied. Hence, the theorem
follows. O
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Remark 2.20. It follows, from the work done so far, that if pt ¢(N) then the following

are equivalent:

(1) There exists a representation p : Go np — GLQ(R%Z) such that tr(p) = t“™,
(2) dim(H' (Go.np, xP)) = 1 for some i € {1,—1} and for such an i, the map ¥y :

Rgg — jof is an isomorphism for any non-zero x € HI(GQ,NP, x%).

Remark 2.21. More generally, if we remove the assumption dim(H(Ggnp, X)) €
{1,2,3}, the proof of Theorem 2.19 still works if we know that Rf)—’g 18 1somorphic to a
quotient of F[[ X1, -+, Xin]] by an ideal I such that the prime (X3, -, X;n) is not a prime
associated to I. In particular, the proof works if I is generated by at most 2 elements.
Note that, if m > 6 and I is generated by at most 2 elements, then the Krull dimension
of Rgg is > 4. In [9, Section 4], there are examples of Rgsf having arbitrary large Krull
dimension. So, it is indeed possible to have I to be generated by 2 elements even when

m > 6.

Remark 2.22. Without the assumption dim(H"(Go,np, X %)) € {1,2,3}, we know that
Rgg ~ F[[ X1, , Xmi2]]/I, where m = dim(H*(Go.np, X %)) and I is an ideal generated
by at most m — 1 elements. If I is generated by at least 3 elements and we do not
know that (X3, -+, Ximy2) is not a prime ideal associated to I, then we can not use the
method of the proof of Theorem 2.19. To be precise, the analysis of the annihilator of B
breaks down. The main reason of this breakdown is the following: If the minimal number
of generators of an ideal I of the ring F[[X1, -, Xy]] with m > 6 is m — 3, then for
y € F[[ X1, -+, Xn]l, yX; € I for all 3 < i < m does not necessarily imply that y € I.

2u — y?v) in Fl[z,y,u,v,z,w]]. Now,

For example, consider the ideal I = (zu?, yv?, x
zyuwv & I but {zyw.z, ryuv.y, zyuv.u, zyuwv.w} C I. However, if we can prove that the
annihilator of B is (0), then the proof of Theorem 2.19 would imply the existence of such

a representation.

def

3. COMPARISON BETWEEN Rgg AND Rﬁx

In this section, we will turn our attention to characteristic 0 deformation rings R%g
and R%Ef. Let T : Gg np — ’Rrpfj be the universal pseudo-character deforming tr(pp).

We would like to explore what information the techniques and results of the previous
pd
Po
representation 7 : Gg,np — GLQ(RES) with tr(r) = 7V,

section can give about the relationship between R~ and R%Ef and the existence of a

As in the previous section, instead of G, np, We are going to consider a profinite group
G which satisfies the finiteness condition ®, given by Mazur in [16, Section 1.1] and a

representation pg : G — GLga(F) such that pg = x1 @ x2 with x1 # x2 and x = x1/x2
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with the hypotheses, that H(G,1) # 0, HY(G,x) # 0 and H*(G,x™!) # 0. As in
the previous section, we are going to retain the notation for the deformation rings and

universal deformations from the introduction.

Note that, Rgg/(p) o~ Rgg and RI/(p) ~ R3. Thus, if d = dim(tan(Rf,—’;i)), then
Rgs ~ W(F)[[X1,---,X4]]/I, where I is an ideal contained in (p, (X1,---, X4)?). Sim-
ilarly, if d = dim(H'(G,ad(p,))), then R ~ W(F)[[X1,- -, Xq]]/J, where J is an
ideal contained in (p, (X1,---,X4)?) and it is generated by at most dim(H?(G, ad(p,)))
elements ([8, Theorem 2.4]). Most of the initial results of the previous section carry over

to the characteristic 0 deformation rings. We briefly give a list of such results first.

Given any non-zero element x € H' (G, x%) with i € {1, —1}, one has a map ¥, : Rg? —
R%jf induced by the trace of the universal deformation of p,. We have an analogue of
Lemma 2.15 for ¥, ([15, Corollary 1.4.4(2)]):

Lemma 3.1. Ifdim(H(G,x")) =1 for somei € {1,—1} andx € H' (G, x") is a non-zero

]Zd

element, then the map ¥, : R5,

def - . .
— R, is surjective.
Thus, it follows, from the previous section, that if H?(G,1) = 0 and there exists a
representation 7 : G — GLQ(RES) such that tr(7) = 7", then the following holds:

(1) dim(HY(G, x")) =1 for some i € {1, -1},
(2) 7 (mod M) ~ p, for some non-zero x € H'(G, x"), where i € {1, —1} is such that
dim(HY(G, X)) = 1.

Moreover, using the arguments of the previous section, we see that the existence of such
pd
Po
non-zero x € H'(G, x*) where i € {1, —1} is such that dim(H'(G, x*)) = 1.

a representation implies that the morphism ¥, : R — Rgif is an isomorphism for all

Now, the pseudo-character 7"V gives rise to a pseudo-character Tumiv RES[G} — R%g
of the group algebra RES[G]. Let Zj, be the total reducibility ideal of 7"V From the

I_>d Tuniv

arguments used in the case of t"V, we get the following: For an ideal J of R s

(mod J) is a sum of two characters of G taking values in Rgg /J and deforming x; and
x2 if and only if Z;) C J. As I5, # (0), Zp, # (0).

Lemma 3.2. If H*(G,1) = 0 and dim(H(G, 1)) = k, then RE /T;, ~ W (F)[[X1, - -+ , Xo]].

0

Proof. Same as that of Lemma 2.3 after making appropriate changes to account for the

fact that we are working with W (F)-algebras instead of F-algebras. (]

On the other hand, the techniques of the proof of Lemma 2.12 can not be used to prove

a similar statement for Rgg. This is because the results of [19] play a key role in the proof



EFFECT OF INCREASING THE RAMIFICATION ON PSEUDO-DEFORMATION RINGS 27

of Lemma 2.12 and they are only known for the equi-characteristic pseudo-deformation

rings. But we can prove the analogue of Lemma 2.12 under an additional hypothesis.

Lemma 3.3. Suppose H?(G,1) = 0, dim(H*(G,1)) = k and dim(H'(G,x")) = 1 for
some i € {1,—1}. For such an i, let dim(H(G,x7%)) = m, dim(H*(G,x~ %)) = m’ and
dim(H?(G,x")) = n'. Ifp is not a zero-divisor in Rgg, then Rgg ~ W [[Xy, - Xinrokl]/Z
where T is an ideal of W(F)[[ X1, -+, Xm42k)] generated by at most mn' +m’ elements.

Proof. In this case, dim(tan(Rgg)) = m + 2k. So Rgg ~ W(F)[[X1,- -, Xmtak)] /T
Suppose the minimal number of generators of 7 is greater than mn’ + m/. Let j be the
minimal number of generators of Z. So j > mn' +m’ + 1. Let {f1,---, f;} be a minimal

set of generators of Z. Let f; be the image of f; in F[[X1,- -+, Xpyor]]-

Now, R2'/(p) ~ RY. By Lemma 2.12, R2 ~ F[[Xy, -, X;ni2]]/] with minimal
number of generators of the ideal I at most mn’+m’. Therefore, we see that the minimal
number of generators of the ideal Z of F[[X1, - - - , X,n10k]] generated by the set {f1,--- , f;}
is less than mn/ + m’ + 1. Let kg be the minimal number of generators of Z. So, ky <
mn’ +m' +1 < j. Let {g1, -+, Gk, } be a minimal set of generators of Z. So, for every
1 <i<j, we have f; = Zfﬁl Bi,lgl with Bi’l € F[[X1, -+, Ximqox]] for all 1 <i < j and
1 <1< k.

For 1 < i < ko, let g; be a lift of g; in W(F)[[X1,--, Xin+2k]] belonging to Z. As
T is the image of Z in F[[Xy,---, X,n 2k]] we can choose such lifts. For 1 < i < j and
1 <1 < ko, choose a lift h;; of hi; in W(F)[[X1,- -+, Xim+ax]]. So, for every 1 < i < j,
there exists a f/ € W(F)[[ X1, -, Xintok]] such that f; = ngl hiig; + pf]. This implies

Pd it follows that fl €T for

that pf; € Z for all 1 <i <j. Asp is not a zero-divisor in Ry,

1<i<]j.

Now, So = {g1,"* ,9ke,Pf1, -+ ,pf}} is a set of generators of Z. Let S’ C Sy be
a minimal set of generators of Z i.e. the set S’ generates Z but no proper subset of it
generates Z. As j is the minimal number of generators of I and kg < 7, it follows that there
exists some 4g such that pf; € S’. This means that pf; # 0 and hence, f; # 0. As f] €
Z, we have fi =a(pf{ )+ Zaes/\{pﬁo} aq.a, where a and a, € W(F)[[X1, -+, Xpnrok]-

Since S’ is a minimal set of generators of Z, we see that a # 0 as otherwise we would
get that S"\ {pf; } generates Z. However, this means (1 — ap)f; = ZaeS’\{pf{O} .0
But (1 —ap) is a unit in W(F)[[X1,- -+, X;iok]]. Therefore, we see that f; is in the
ideal generated by S’ \ {pf; }. But this implies that the set S"\ {pf{ } generates 7
contradicting the minimality of S’. Hence, it follows that Z is generated by at most

mn' +m’ elements. O
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Let Twivred he the pseudo-character of G obtained by composing 7"V with the
surjective map Rgg — (Rgg)red. Let K5, be the total fraction field of (Rg;l)red. So,
K5y = I pes Kp, where S is the set of minimal primes of ("Rgg)red and Cp is the fraction
field of (Rggl)red /P. As (Rgg )red is Noetherian, S is a finite set.

Lemma 3.4. Suppose H?(G,1) = 0. Suppose there exists an i € {1,—1} such that
dim(HY(G,x") = 1, H*(G,x') = 0 and dim(H?(G, x~ %)) < dim(H'(G,x7%)), and p is
not a zero-divisor in Rgg. Then, the pseudo-character T (mod P) is not reducible
forall P€S.

Proof. The proof is exactly same as that of Lemma 2.14. We only give a summary of
key points here. It follows, from Lemma 3.3, generalization of Krull’s principal ideal
theorem ([14, Theorem 10.2]) and the proof of Lemma 2.14, that the Krull dimension of
(Rgg)red/P is at least 2k 4 2 for all P € S. Now, Lemma 3.2 implies that if Jj, is the
image of Z;, in (’Rgg)red, then J5, ¢ P for all P € S. This proves the lemma. O

Proposition 3.5. Suppose H?(G,1) = 0. Suppose there exists an i € {1,—1} such that
dim(HY(G,x") =1, H*(G,x') = 0 and dim(H?*(G, x7%)) < dim(H'(G, x~%)). For such
an i, let * € H' (G, x") be a non-zero element. Suppose p is not a zero-divisor in Rgg.

Then:

(1) There exists a representation 7% : G — GLg((R%)md) such that tr(r™?) =
Tunivred — Ag g consequence, Wy - Rgg — Rg:f induces an isomorphism between
d d
(Rgo)’r’ed and (Rﬁjf)red‘
(2) Moreover, for such an i, if dim(H'(G, x~%)) € {1,2,3}, then there exists a repre-
sentation 7 : G — GLQ(R%) such that tr(1) = T"". As a consequence, the map

. ppd def . . .
Uyt Ry, — Rp, is an isomorphism.

Proof. (1) The proof is exactly same as that of Theorem 2.17. We only give a summary
of key points here. As p is not a zero-divisor in Rgg , we know, by Lemma 3.4, that
the pseudo-character T7""V:d (mod P) is not reducible for all P € S. Following
the proof of Theorem 2.17 for the GMA attached to T""v-red ; G — (Rgg)red gives
the existence of 77°d. Following the proof of Theorem 2.17 gives us the rest of the
assertion.

(2) The proof is exactly same as that of Theorem 2.19. We only give a summary
of key points here. Without loss of generality, assume dim(H'(G,x)) = 1. Let

pd
Rcﬁo lf)d> be the GMA attached to the pseudo-character 7" : G — Rgf

o
in Lemma 2.8.

A=
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By [3, Proposition 1.5.1], we have m(B@deC) »- By Lemma 3.2, de/l'po ~
W(F)[[ X1, , Xox]] where k = dim(H(G, 1)) As W(F)[[Xl, -+, X4]] is a regu-
lar local ring, it is a UFD and a Cohen-Macaulay ring ([14, Theorem 19.19] and
[14, Corollary 18.17]). Therefore, we can imitate the case by case analysis done
in the proof of Theorem 2.19 to conclude that the annihilator of B is (0). This,
along with the facts 7, # (0) and dim(H'(G, x)) = 1, implies that B is free
Rg;j -module of rank 1. Following the proof of Theorem 2.19 from here, we get the
representation with trace 7"™V and see that ¥, is an isomorphism for all non-zero

€ HYG,x).

O

Proposition 3.6. Suppose p{ ¢(N) and dim(H*(Gonp, X)) = 1 for some i € {1,—1}.
For such ani, let x € Hl(G@,Np, X") be a non-zero element. Suppose p is not a zero-divisor
n R’p—’g. Then:

(1) There exists a representation 7% : Gg np — GLQ((R%)“’d) such that tr(r7?) =
Tunivred  Ag g consequence, ¥, de =+ R; f induces an isomorphism between
(Rigg)red and (Rdef)red

(2) Moreover, for such an i, if dim(HY(Gonp, X)) € {1,2,3}, then there exists a
representation T : Gg Np — GLQ(R%) such that tr(1) = T*™". As a consequence,

the map U, de — Rdef s an isomorphism.

Note that, if we can prove Lemma 3.3 without the assumption that p is not a zero
divisor in Rgg, then we can prove the analogues of Theorem 2.17 and Theorem 2.19 for

pd . . . .. . pd . .
R5, without the assumption that p is not a zero divisor in Rj;. Finally, we now give a

result which will be used in the next section.

Proposition 3.7. Suppose H?(G,1) = 0. Suppose there exists an i € {1,—1} such that
dim(HY(G,x%)) = 1, H*(G,x") = 0, dim(H (G, x™")) € {1,2,3} and dim(H?*(G,x™")) <
dim(HY(G, x7%)). Let x € HY(G,x") be a non-zero element. If p is not a zero-divisor in
Rgff: then the map Wy : Rgg — jof is an isomorphism.

Proof. We have the following commutative diagram:
de Rdef

fll ifz
pd Y def
Rﬁo — Rﬁj

univ

Here the vertical maps fi; and fo are the morphlsms induced by "V and pi™V, respec-

tively. Now, ker(f1) is the ideal generated by p in RP4 while ker(f2) is the ideal generated

Po
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by p in R%ﬁf. By Theorem 2.19, 9, is an isomorphism. So, ker(v, o f1) = ker(f1) = (p).
As ¢y 0 f1 = fo 0 Uy, it follows that ker(fo o ¥,) = (p). Thus ker(¥,) C (p).

Let h € ker(¥,). So, h € (p). Suppose h # 0. As Rgs is a complete local ring,
Np>1(p™) = (0). Therefore, we have h = p"h' where ng > 1 is an integer, h' € Rgg
and h' & (p). Thus, b’ & ker(¥,) and hence, ¥,(h') # 0. But ¥,(h) = 0. So, we get
U, (h) = Uy(p™0.h') = p™. U, (h') = 0. Thus, we get that p is a zero-divisor in R%fjf which
contradicts our assumption. Therefore, it follows that ker(V¥,) = (0). From Lemma 3.1,

we know that ¥, is surjective. Hence, it follows that W, is an isomorphism. U

After putting G = G, np in the proposition above, we get the following result:

Proposition 3.8. Suppose pt ¢(N) and dim(H (Gg,np, X*)) =1 for some i € {1,—1}.
For such an i, assume that diim(H' (G np, x7%)) € {1,2,3}. Let z € H(Gg np, X*) be a
non-zero element. If p is not a zero-divisor in jof, then the map U, : R%’g — Rgff s an

isomorphism.

4. INCREASING THE RAMIFICATION

Let us summarize what we have done so far. We fixed an odd prime p, a natural number
N such that p { N and an odd, semi-simple reducible representation pg : Gg,np — GL2(F).
After fixing such a data, we studied the relationship between universal deformation rings
of the pseudo-representation (tr(py),det(po)) : Gg,np — F and the universal deformation
rings of the representations p, : Gg np — GL2(F) such that the semi-simplification of
Pz 18 po. In this section, we will study, for a prime ¢ Np, the relationship between the
universal deformation rings of the pseudo-representation (tr(pg),det(pp)) for the groups

Go,np and Go,nep, respectively.

We keep the notation from the introduction in this section. So, we are interested in

studying the relationship between R%M (resp. Rg(? ) and Rgg (resp. R;—’g). In particular,

we want to know what information one can deduce about the structure of Rgg’e (resp.

REd,é

5 ) from the structure of Rg(‘j (resp. Rg(fl ). Let """+ be the universal pseudo-character

from G nep to Rg(? £ deforming tr(pp) and TWiv:l he the universal pseudo-character from
Gao,nep to Rgg,e deforming tr(pg). Denote the pseudo-character obtained by composing
with the surjective map Rf)—’;i’é — (Rgg Hyred by (ganiviéyred - Denote the pseudo-
character obtained by composing 7"+ with the surjective map Rggl £y (RES’E)red by

tunivl

(Tuniv,é)red )

Let p : Gonp — GL2(FF) be a representation which is either irreducible or Borel
(i.e. reducible but not semi-simple). In this case, the relationship between the universal

deformation rings Rgef’g and Rgef’z was studied in [7]. So, from [7], we know how to
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determine the structure of Rgef’e from the structure of Rgef. We will use the results from
[7] for the Borel case, along with the results obtained in the previous sections to compare
Rgg’e (resp. Rf)—’g ) with Rgg (resp. RSS ). Throughout this section, we will assume that

p1 ¢(N) unless otherwise mentioned.

4.1. Effect of increasing the ramification on the tangent spaces. We first turn
our attention to tangent spaces. As p {1 ¢(IV), it follows from [1, Theorem 2| that
dim(tan(Rgf)) = 2+ mn, where m = dim(H(Gg np, X)) and n = dim(HY(Go.np, x 1))
Let my = dim(H'(Go.nep, X)) and ny = dim(H'(Gg nep, X7 1)). Now, from[1, Theorem
2], it follows that if p { £ — 1, then dim(tan(Rg;i’e)) = 2 + mynq, while if p|¢ — 1, then
3+ming < dim(tan(Rg;i’e)) <4+ min;.

So, we now analyze how addition of the prime ¢ changes the cohomology groups of

x and x 1.

Let w, be the mod p cyclotomic character. If x = wp, then by Kum-
mer theory, dim(H'(Gg np,wp)) = 1+ number of distinct primes dividing N (see the
proof of [12, Proposition 24] and the remark after it). Thus, dim(H(Ggnep,wp)) =
1 + dim(HY(Go,np,wp)). If X # 1,w, and x is odd, then, by the Greenberg-Wiles ver-
sion of the Poitou-Tate duality ([20, Theorem 2]), we see that dim(H!(Ggnp, X)) =

dim(Hg (Go,np, X~ wp)) +1+37 v, dim(HO (G, X~ 'wplag, ), Where Hg (Go np, X~ wp) =

ker(HY (G .np, X wp) — [Tgnp Hl(GQq,X_lwp|GQq)). Thus, if x # 1, wp, then dim(H' (Gg,np, X)) <
dim(H" (Gonep, X)) < 1+ dim(H' (Gg,vp: X))-

So, if dim(H'(Gg nep, X)) = 1 + dim(H(Gg,np, X)), then Xlag, = wplag,- On the
other hand, if x|q,, = wpla,, and HY (Go,np, X twp) = 0, then dim(HY(Gonep, X)) =
1 + dim(H'(Gg np, X)). However, it is not clear if Xlag, = wplag, is sufficient for
dim(HY(Go.nep, X)) = 1 + dim(H (Ggnp, X)) as the group H(Go nep, X wp) might
be strictly smaller than H}(Gg, Nps X lwp). If it is indeed smaller, then the difference
between their dimension would be 1 and hence, we would get dim(H'(Gg nep, X)) =

dim(H*(Go.np: X))-

To summarize, if dim(H'(Gg np, X)) = m, dim(H(Gg.np, x~ 1)) =n and £ is a prime
such that £{ Np and p{ ¢ — 1, then we have:

(1) T Xloo, # wplaa, % cr,  then dim(H' (Ggxeps X)) = m, dim(H(Ggveps X)) =
n?

(2) f p f £+ 1 and X|g,, = wplag,, then m < dim(HY(Gonep, X)) < m + 1,
and dim(H'(Ggnep, X 1)) = n. Moreover, dim(H'(Ggnep, X)) = m + 1 if
Hy (Gonp, X~ 'wp) =0,
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B)Iptl+1and xlg, = wp_l\c;@é, then m = dim(HY(Gonep, X)), and n <
dim(HY(Gonep, x™ 1)) < n+ 1. Moreover, dim(H'(Gg N, x ') = n+ 1 if
Hg(Go,np, Xwp) = 0,

(4) If plt + 1 and x|gy, = wplag,, then m < dim(H (Go.nep, X)) < m + 1, and
n < dim(HY(Gg nep, X 1)) < n+ 1. Moreover, dim(H'(Gg nep, X)) = m + 1 if
H} (Go.np, X twp) = 0 and dim(HY(Go nep, X 1)) = n+1if HY(Gg.np, xwp) = 0.

Suppose pp is unobstructed i.e. p{ ¢(N) and dim(H (Gg np, X)) = dim(H (Go.np, X 71)) =
1. Note that, Vandiver’s conjecture implies that py is unobstructed if N =1 (see [4]). In
this case, by Lemma 2.2, we know that dim(H'(Gg np,ad’(p;))) = 2 for any non-zero
T € Hl(GQNp, x") with i € {1, —1}. In this case, we know the following result:

Lemma 4.1. Suppose p + ¢(N) and po is unobstructed. Then, for a non-zero x €
HY(Go.np, X') with i € {1,—1}, the map V¥, : Rgg — jof is an isomorphism and both
are isomorphic to W(F)[[X,Y, Z]].

Proof. Since py is odd and p 1 ¢(N), we get, by the global Euler characteristic formula,
that H*(Gonp, 1) = HX(Go.np, X) = H*(Gonp, x 1) = H*(Go.np, ad(p;)) = 0. There-
fore, we get, from [8, Theorem 2.4], that Rggf ~ W(F)[[X,Y, Z]]. The result now follows
from Proposition 3.8. O

Let us now analyze dimensions of some Galois cohomology groups.

For ¢ € {1, -1}, we have:

(1) As x* is odd, H*(Gg, x*) = H°(Gwo, ') = 0, where G is the subgroup of order
2 generated by a complex conjugation c. As |G| = 2 and p > 2, we have
Hl(Gom Xi) =0,

(2) For all primes ¢|N, by the local Euler characteristic formula, dim(H*(Gg,, X" |G, ))—
dim(HO(GQq7 Xz’GQq )) = dim(HO(GQqa Xﬁle’GQq )) >0,

(3) Suppose dim(H°(Gg, x ‘wp)) = k. By the local Euler characteristic formula,
dim(Hl(GQp)Xi‘G@p)) - dim(HO(GQpa Xi|GQp)) =1+ dim(HO(GQpa X_in’G@p))
>1+k.

Now, by the Greenberg-Wiles version of the Poitou-Tate duality ([20, Theorem 2]), we get

that dim(H'(Go,np, x*)) 2 dim(Hg (Go,np, X)) +dim(H' (Gg,, X[y, ) ~dim(H(Gg,, x'|cg, )+
dim(H°(Go, x"))~dim(H*(Gq, x 'wp)) = 1+dim(Hg (Go,np: X'))- As dim(H'(Gg,np, X)) =

1, we get that H} (Gonp, X') =0 for i € {1,—1}.

For i € {1,—1} and non-zero x € H'(Gg np, X'), we have:
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(1) Note that, H°(Gg,ad"(p;)) = 0. As p, is odd, dim(H®(Guo,ad’(py))) = 1. As
|Goo| = 2 and p > 2, we have H' (G, ad’(p,)) = 0,

(2) For all primes ¢| N, by the local Euler characteristic formula, dim(H"(Gqg,, ad®(p,) G, ))—
dim(HO(Gg,,ad"(71) |y, ) = dim(HY(Ga,, (ad(5,))* @ wplag, ) = 0,

(3) Suppose dim(H(Gg, (ad’(p))* ®w,)) = k. By the local Euler characteristic for-
mula, dim(H'(Gg,,ad’(p2)|,, ) —dim(H*(Gg,, ad”(p2)|cq, ) = 3+dim(H*(Gq,, (ad’(p))* @
ol ) = 3+ K.

Now, by the Greenberg-Wiles version of the Poitou-Tate duality ([20, Theorem 2]), we get

that dim(H' (Go,np, ad’(pz))) > dim(Hj (Gg np, ad’(p2)))+dim(H' (G, ad”(pz)| g, ) —
dim(H(G,,ad" (5.l ) + dim(HO(Gg, ad”(5,))) — dim(HO (G, (ad®(5,))* @ 1))

(Y (Goo, ad® (5,)))—dim(HY(Goo, ad®(5)) = 3+~ 1—K+dim(H} (G xp, ad*(51)) =
2+dim(H¢ (Go,np, ad’(p2))). As dim(H' (G np,ad’(p2))) = 2, we get that HE (Gg,np, ad’(p,)) =
0 for i € {1,—1} and non-zero z € H*(Gg np, X*)-

Now let £ be a prime such that p{¢? — 1 and XlGq, is w;;|(;@£ with ¢ € {1, —1}. In this
case, wp|GQ£ #+ wp_1|GQ£. So, from the discussion so far, we get dim(Hl(GQng,X)) =2
and dim(H'(Go nep, x 1)) = 1 if XlGq, = wplag,, while dim(HY(Go.nep, x)) = 1 and
dim(HY(Gonep, x™ 1)) = 2 if Xlag, = w1;1|GQz' Let z € H(Ggnp, X*) be non-zero with
i € {1,—1}. From the discussion above, H}(Gg np,ad’(p;)) = 0. Therefore, we have
HY(Go.Nep,ad®(pr)) = 0. By the Greenberg-Wiles version of the Poitou-Tate duality
([20, Theorem 2]), we get that dim(H'(Gg,yep, ad’(pz)))
— dim(H (G ad’(5,))) + dim(H (Gg,, ad"(,)la,)) — dim(HO(Gg, ad(752)|6, ).
By the local Euler characteristic formula, dim(H'(Gg,, ad’(p.) |Gq, ))—dim(H°(Gg,,ad’(p:) |Gg,))
— dim(HO(Ggy, (ad°(5,))* ® wplay, ).

Now, ad0(ﬁ$)|GQe ~ 1& X|GQZ D X_1|GQZ- As p Jf ? — 1 and Xi‘G@Z = wp’G@é for
some i € {1,—1}, it follows that dim(H%(Go,, (ad’(p.))* ® wplGg,)) = 1. Thus, we get
dim(H (G nep, ad’(py))) = dim(HY(Go np,ad’(p))) +1 =2+ 1 = 3. As p t ¢(N¢),
dim(H"' (Gonep, ad(pz))) =3+ 1= 4.

Now let £ be a prime such that £ = —1 (mod p) and x|gg, is wplcg,- In this case
wplGg, = wp 1\(;@[ and hence, Xfl\g@é = wplgg,- From the discussion so far, we get
dim(HY (Gg nep, X)) = dim(H (Ggnep, x 1)) = 2. On the other hand, for i € {1, -1},
let 2 € HY(Gg np, X') be a non-zero element. Then, we get that dim(H*(Gg nep, ad”(pz)))
— dim(H (Go.np ad”(5:))) + dim(HO(Ga, (ad’(7))" © wplag,)- As ad(o)lq, 16
wp|Gg, ® wplag,, we get that dim(HY (G nep,ad®(py))) = dim(H*(Gg.np,ad"(5z))) + 2
= 2+ 2 = 4. Hence, we have dim(H"(Gg, nsp, ad(py))) = 5.
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4.2. Comparison between Rgg £ and Rg:f’z. For a prime ¢, denote by ¢ be the Teich-
muller lift of £ (mod p) in Z,. So, ()l el + pZy. For a € F, denote by & its Teichmuller
lift in W(F). Let £ be a prime such that ¢ { Np and x|q,, # 1. Fix a lift g, of Froby

in Gg,. Let AP%* be the GMA found in Lemma 2.10 for the tuple (RES’Z,&T“niV’[,g@)

and pP4! be the corresponding representation. So we have pPLt(gy) = <g 2) with

a = Xl(/FH)g)(l + ay) and d = Xg(/FH)g)(l + dy) for some ay, dy € M’ Let Igo be the
total reducibility ideal of T"™Y-¢. We first give a set of generators of the maximal ideal of

REM which will be used later.

Lemma 4.2. Let { be a prime such that £ Np, pt £ —1 and Xi|GQ[ = wp|GQ[ for some
i € {1,—1}. Moreover, assume that E/g is a topological generator of 1+ pZ,. Then, in
the notation as above, the ideal of Rgg’z generated by p, ag, dy and Zﬁo is ME.

Proof. Let I be the ideal of Rgg’g generated by p, ag, d¢ and Igo. Therefore, from [3, Propo-
sition 1.5.1], we see that 7" (mod I) is sum of two characters ¥; and 12 of G nep
such that v; is a deformation of x; for i =1,2. As p{ ¢ — 1, we get G’%bng/(G&bng)p o~
G&]?Np/(G%]?Np)p- Therefore, it follows, from [16, Section 1.4], that both ; and 19 factor

through Gg np and hence, are unramified at £.

Since ay, dg € I, we have ¢1(Froby)+1,(Froby) = x1(Frobg)+x2(Frob,) and ¢ (Froby)is(Froby) =
x1(Froby)xa(Froby). Suppose 1;(Frob,) = x;(Frob)(1 + a;) with a; € M*/I for i = 1,2.
So, the equalities above imply that 37 | x;(Frobg)a; = 0 and (1 4 a;)(1 4 ag) = 1. This
implies that fa; = —ag and ay(1—£—fa;) =0. Asptl—1and a; € M*/I, (1 —{—{ay)

is a unit in de’e/l. Hence, it follows that a1 = 0 and as = 0.

Thus, for ¢ = 1,2, 9; is a deformation of x; with ¢;(Froby) = x;(Froby). As p{ ¢(N),
G&%Np/ (G&?Np)p ~ Zp. Moreover, as ¢ /f is a topological generator of 1 4 pZ,, it follows
that the image of Froby in G(?f]vp/(Gg?Np)p is a topological generator of G%‘?Np/(G(?ﬁNp)p.
Therefore, it follows, from [16, Section 1.4], that ¢ = x1 and 92 = x2. Therefore, we have
T4 (mod I) = tr(po), and hence, from ([11, Remark 3.5]), we get that I = M‘. O

Lemma 4.3. Ifpt{/{—1 and X‘G@e # wp|G@z’wP_1|G@z’ 1, then Rgg,g ~ Rgff.

Proof. From Lemma 2.10, there exists a faithful GMA A" over Rgg’e and a repre-
sentation p : Gone — A" such that tr(p) = TV, Rgf’g[p(GQ,ng)] = A" and

pd,l
Rg;i’e[p(GQé)] is a sub RES’Z—GMA of A™Y. So, Rgg’g[p(GQZ)] = <RPO B ), where

pd,?
Cg Rﬁo
B, and Cy are Rgg *_submodules of B and C, respectively and hence, both of them are
finitely generated Rgg’é—modules.
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As A"V s a faithful quotient of (RgS’Z[GQ Nepl, TUV:4) | it follows that Rgg’g[p(GQl)]
. . . pd,? /;;/Z
is a Cayley-Hamilton quotient of (R} [Gq,], T ’RES’Z[G@A)'

pd,¢

Therefore, by repeating the proof of Lemma 2.10 for R

[p(Gg,)], we get injective
homomorphisms

Homngg,e (Be/M"By,F) — H'(Gy,, X|c,,) and Hongg,z(Cg JMECy,F) = H' (Goys xag,)
(see proof of [3, Theorem 1.5.5] as well). But as x|c,, # wp|GQ[,wp_1|GQZ,1, by local Euler
characteristic formula, we get that Hl(G@e,X\G@[) = HI(GQZ,X*HGQZ) = 0. Therefore,

we get, by Nakayama’s lemma, that By = Cp, = 0.

Thus, we get characters x1,x2 : Gg, — (Rgg’g)* sending g € Gg, to the upper and
lower diagonal entries of p(g), respectively. As p t ¢ — 1, Z; does not admit any non-
trivial pro-p quotient. Hence, ¥1(I;) = X2(I¢) = 1. So, the pseudo-character "¢ factors
through Gg np. Hence, this induces a surjective map f : Rgg — Rgg’z. Viewing 7"V
as a pseudo-character of Gg n¢p gives us a surjective map f’ : jo’g — Rgg. Now, for
g € Go.np, F(TUY(g)) = TWiV4(g) for any lift ¢’ of g in G yep. Thus, f/o f(TUY(g)) =
(T (gh)) = T™V(g) for all g € Ggnp. Therefore, f' o f is the identity map and

. . . pd _ ppd/f
hence, f is an isomorphism. Thus, we get R’ ~ R O

Theorem 4.4. Suppose p{ ¢(N), dim(H'(Gg np, x%)) = 1 and dim(H*(Go,np, X %)) =
m for some i € {1,—1}. Let £ be a prime such that p { £> — 1 and X Gy, = wrleg,-
Then:
(1) For any non-zero x € H*(Gg.np, XY), (Rgod’e)md ~ (joﬁé)red. As a consequence,
there exists i, ,rp, ® € F[[ X1, -+, Xpn, X]| such that
(Rgg’e)md = (F[[Xh o 7Xn7X]]/(r17 T X(Cb - g)))red and
(Rgg)md ~ (F[[Xy,---, Xn]]/(F1,- - ,Fn/))red, where r; (mod X) = 7;.
(2) Suppose m = 1,2. For any non-zero x € H*(Gg.np, X"), Rgg’e ~ joﬂ. As
a consequence, there exists ri,--- ,r, ® € F[[X1, -+, Xy, X]| such that Rg;i’e ~
F([ X1, -, Xn, X))/ (11, - 1, X (X)) cdegg ~F[[ Xy, -, Xpll/(F1, -+ Fur),

where r; (mod X) = 7;.

Proof. Under the hypotheses of the lemma, we see, from the calculations done in the previ-
ous sub-section, that dim(H(Gg nep, X)) = 1 and m < dim(H(Go.nep, X 7%)) < m + 1.
So, dim(H'(Ggnep, x*)) = dim(HY(Ggnp, X')) = 1. Therefore, by Theorem 2.17, we
have for any non-zero z € H'(Gg np, X*), (Rg;i yred ~ (R3eF)red and (Rg;i Hyred (jof’g)red.
Moreover, if m = 1,2, then by Theorem 2.19, for any non-zero z € H'(Gg np, X*), Rg;i ~
Rggf and RE;M ~ Rg:f’e. It follows, from [7, Theorem 4.7], that if z € H'(Gg np, X*) is non-
zero, then, under the hypotheses of the lemma, there exists r;, - -+ ,r,, ® € F[[ X1, -+, X5, X]]
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such that Rg:ﬂé ~ F[[Xla e aXTLaX]]/(Tla e ,’I“n/,X((I’—E)) and Rgf:f =~ F[[le e 7XTLH/(7"1> e

where r; (mod X) = 7;. Combining all these observations, we get the lemma. O

4.3. Structure of Rg(:u with unobstructed py and p { ¢ — 1. We now turn our
attention to unobstructed pp. Recall that, we say pg is unobstructed if p t ¢(N) and
dim(HY(Go,np, X)) = dim(H'(Ggnp, X)) = 1. In this sub-section, we are going to
work with unobstructed pg and a prime ¢ such that £+ Np and p {2 — 1. For a non-zero
r € HY(Go.np, X') with i € {1,—1}, let punivE Go,nep — GLQ(jof’Z) be the universal
deformation of p, over Rg:f’f.

Proposition 4.5. Suppose pg is unobstructed. Let £ be a prime such that p { (> — 1,
Xi|GQZ = wp|GQZ for some i € {1,—1}. Then, for any non-zero x € H (Ggnp, X",
pdl _ 15 defl

Proof. Without loss of generality, suppose X’G@e = wp\(;@[. We have already seen that,
in this case, dim(H'(Gg nep,ad(py))) = 4 for any non-zero z € H (Ggnp, X~ 1). By
the global Euler characteristic formula, this means that dim(H?*(Gg,nep,ad(ps))) = 1.
Therefore, by [8, Theorem 2.4], Ra™ ~ W (F)[[X,Y, Z, W]]/I where I is either (0) or a
principal ideal of W (F)[[X,Y, Z, W]].

Suppose p is a zero divisor in Rgif’z. As W([[X,Y, Z,W]] is a UFD, this means that
I = (pf) for some f € W(F)[[X,Y,Z, W]]. Thus, we get RS ~ F[[X,Y, Z, W]].

From [7, Lemma 4.8] and [7, Lemma 4.9], it follows that pi™"*‘|;, factors through the

Zy-quotient of the tame inertia group at £ and if 4 is a generator of this Z,-quotient, then

g 1 w
unlv,é(u) _ 0 1 for some w € Rg:f,f

Du . Moreover, there exists a lift z of Froby in G,

0 ¢2
¢, we see that (¢1/¢p2 — )w = 0.

such that pgniv’é(z) = <¢1 0 > From the action of Frob, on the tame inertia group at

If w = 0, then the universal deformation p;niv’e factors through Gg np. So, all the
infinitesimal deformations of p, for Gq ¢, factor through Gg np. But this would im-
ply that dim(tan(Rgif’z)) < dim(HY(Gg,np,ad(pz))) = 3 which is not true as we know
dim(tan(Rg:f’z)) = 4. Therefore, we see that w # 0. As Rg:f’g is an integral domain, we
get that ¢1/¢pa = L.

Let f1 : R%lf;f’e - Rg:f obtained by considering pa™***

as a representation of Gg, nyp-
; . ) /

As fi o piivt — pamv - we see that pi™v(Froby) = (%1 (]?,2> with ¢} /¢, = ¢. This

means K(WM)Z = det(p™(Froby)). Now 1 : Rg;l — Rg:f is an isomorphism.

Therefore, we see that E(WLSM)Q = d"™(Froby).
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Consider the pseudo-character Y{™V + Y3V : Ggnp — F[[X1, X2]] constructed in
the proof of Lemma 2.3. It is a deformation of tr(pg). Therefore, we should have
E(X?niv(FrObéziicgmv(Fmb"))2 = ¥{"V(Froby,).x4""(Froby). This equality simplifies to give
(£X4™Y (Froby) — X3V (Froby)) (Y™ (Froby) — £X4™Y(Froby)) = 0. But i (Froby) and
X35V (Froby) are in the subrings F[[X1]] and F[[X3]] of F[[X1, X5]], respectively. There-
fore, (£ (Froby) — Y4™V(Froby)) # 0, (Y™ (Froby) — X"V (Froby)) # 0 and hence,

(€45 (Froby) — 3™V (Froby ) ) (R4 (Froby) — £X5™Y (Froby)) # 0, giving us a contradiction.

Hence, R;—ljf’g #+ F[[X,Y, Z,W]] and p is not a zero-divisor in R;—ljf’e. From the discussion
before, we know that dim(H*(Gg nep, X)) = 2 and dim(H' (Gg nep, x 1)) = 1. Therefore,
by Proposition 3.8 and Theorem 2.19, we conclude that de £ Rde” for any non-zero
v € H' (G X ). 0

Theorem 4.6. Suppose po is unobstructed. Let £ be a prime such that p{ %> —1, Xi|GQ£ =
wplGg, for some i € {1,—1}. Then, REYE o~ W (F)[[X1, X2, X3, Xa]]/(Xaf) for some
f € W()[[X1, Xo, X3, X4]]. Morcover, if ¢/l is a topological generator of 1 + ply, then
REM o W (F)[[X1, Xo, X3, Xa])/ (Xa(p + X2)).

Proof. Without loss of generality assume ><|GQ = wp\(;@é. By Proposition 4.5, we have
dez ~ Rdefe for any non-zero z € H! (Go,Neps x~1). Therefore, there exists a represen-
tation p : Go,np — GLQ(RES e) such that tr(p) = T"V"*. Moreover, from [7, Lemma 4.8]

and [7, Lemma 4.9], we see that p(Gg,) is generated by two elements and we can choose

them to be <(%1 Q? > and (0 11U> Note that, the generators are chosen such that p(Iy)
2
$1

is the group generated by (0 1> and p(ge) = ( 0 ¢(>)> for some lift gy of Frob,. From
2
the proof of Proposition 4.5, we also get that w # 0 and w(¢a/¢1 — £) = 0.

Note that, the kernel of the map fi : RES’Z — Rgg is just (w), the ideal generated by
w in Rgg’z. Indeed, we have fi(w(¢1/p2 —¢)) = 0 but, from the proof of Proposition 4.5,
fi(p1/p2 — €) # 0. As Rgg is an integral domain, this means that fi(w) = 0. On the
other hand, 7" (mod (w)) factors through Gg n, and hence, the natural surjective
map dez — de *“ /(w) factors through Rgg. This implies that ker(f1) C (w). From
Proposition 4.5 and [8, Theorem 2.4], we know that Rgg’e ~ W(F)[X,Y,Z,W]]/I, where
I is a non-zero principal ideal of W(IF)[[X,Y, Z,W]]. As ker(f1) is a principal ideal and
RES ~ W (F)[[X1, X2, X3]], we get that REM ~ W (F)[[X1, X2, X5, X4]]/(Xaf) for some
fe W)Xy, Xe, X3, X4]].

Now assume £// is a topological generator of 1+pZ,. Recall that, Rgg ~ W(F)[[X1, X2, X3]]
and de/Z— ~ W(F)[[X1, X»]]. Thus, Zj, is generated by one element. Let Z be a lift of

_ pd,¢
a generator of Z;, in R
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Therefore, ¢ = leg)(l +y) and ¢ = Xg@g)(l + 2) for some y, z € M*. Let I
be the ideal of Rgg’e generated by the set {p, Z,y, z,w}. Therefore, from [3, Proposition
1.5.1], we see that 7"V (mod I) is a sum of two characters deforming x; and y. Thus,

I contains Igo. Hence, it follows, from Lemma 4.2, that I = M¢.

Hence, we have a surjective local homomorphism f : W(F)[[X,Y,Z,W]] — Rgg’e of
W (FF)-algebras sending X, Y, Z, W to Z, y, z, w, respectively. Now, from Proposition 4.5,
we know that Rg(()u ~ W(F)[[X1, X2, X3, X4]]/J where J is a non-zero principal ideal.
Therefore, ker(f) is a non-zero principal ideal. As w(¢1/¢p2 — ¢) = 0, we see that ker(f)
contains W (X1 (Froby)(1 + X) — £xa(Froby)(1 + Y)). Note that, X1 (Froby) = £X2(Froby).
Therefore, ker(f) contains W (¢ — £ 4+ X — £Y). As £/{ is a topological generator of
1+ pZ,, we get that { — ¢ = p.u for some u € Z,. Therefore, by the Eisenstein criteria,
{ —{+ X — (Y is an irreducible element of the UFD W (F)[[X, Y, Z, W]).

Since ker(f) is principal ideal, we see that it is either (W), (£ — £+ ¢X — (Y) or
(W — 0+ (X —(Y)). But we know w # 0. If / — ¢+ £ — ¢y = 0, then it would
imply that ¢1/¢2 — ¢ = 0 which is not true. Therefore, we see that ker(f) is not (W)
and ({ — + (X — (Y). Hence, ker(f) = (W — ¢+ (X —1Y)). Taking X; = X,
Xy = u‘l(ZX —tY), X3 =27, X4 =W gives us the proposition. O

Remark 4.7. The structure of jof’e under the hypotheses of Theorem 4.6 was also found
in [7, Theorem 4.7]. But it is not clear how to get the explicit structure of Rg:f’z as grven

in Theorem 4.6 directly from [7, Theorem 4.7] or its proof.

4.4. Structure of Rg(:i’é with unobstructed py and p|¢ + 1. We now turn to the
case where py is unobstructed and ¢ is a prime such that ¢ { Np and p|¢ + 1. As we
will see, this case is a bit more complicated than the previous case. Even in the cases
considered in [10] and [7], the structure of the deformation ring obtained after allowing
ramification at a prime ¢ which is —1 (mod ¢) was different and more complicated than

the structure of the deformation ring obtained after allowing ramification at a prime £
def, ¢

P

under certain hypotheses. Before proceeding further, we need a piece of notation. Let
{hili € Z,i > 0} be the set of polynomials in F[/1+ UV] satisfying the recurrence
relation b;11 — 2(v/1+UV)b; + b;_1 = 0 with hg = 0 and h; = 1 (see [10] for more
details). So, {h;|i € Z,i > 0} C W(F)[[U,V]]. Note that, hy = ¢ (mod (UV)). For a

non-zero = € H' (G np, x') with i € {1, =1}, let 72" : Go nep — GLQ(R%§f7Z) be the

which is not 1 or —1 (mod p). We begin by determining the explicit structure of R

universal deformation of p,.

Lemma 4.8. Suppose py is unobstructed. Let ¢ be a prime such that £ = —1 (mod p),
X|GQ[ = wp|G@Z and —{ is a topological generator of 1+ pZ,. Let x € HY(Gg np, X') be
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a non-zero element for i € {1,—1}. Then, jof’é ~ W([X,Y,Z,UV]]/(U(1+X)+
he(1+Y)), V(1 +Y)+ he(1+ X))).

Proof. From [7, Lemma 4.8] and [7, Lemma 4.9], it follows that 72|, factors through

the Z,-quotient of the tame inertia group at ¢ and if i is a generator of this Z,-quotient,

then 7—3‘}“1"’[(@'4) = (” 1 Z_ uv \/11—1“)) for some u,v € Rg:f’e. Moreover, there exists a
lift w of Froby in Gg, such that 72" (w) = <%1 (]? >
2

From Lemma 4.1, we know that Rgg o~ Rggf. Hence, we have a representation p :
Go,np — GLQ(RES) such that tr(p) = 7" and p (mod M) = p,. Considering p as
a representation of Gg np, We get a map fi : Rg:f’g — Rg;l . As Rgg is topologically
generated over W (F) by T%V(g) with g € Gq,np, wWe see that f7 is surjective. Note that,
ker(f1) = (u,v).

We know that 75, is generated by one element. Let z be a lift of a generator of
Z5, in R%gf’z. Let N be the maximal ideal of R;—ljf’g. Now, ¢ = Xl(/Fﬁ)g)(l + Z) and
¢2 = x2(Froby)(1 + y), with Z,y € N. Let I be the ideal of R%:f’z generated by the set
{p,Z,y, z,u,v}. So, there exists two characters ni,n2 : Gonp — (Rg:iv’g/l)* such that
tr(pa™™) (mod I) = ny + 12, n; is unramified at £ for i = 1,2, 1; is a deformation of x; for
i=1,2, H?:1 n;(Froby) = H?:l xi(Froby) and 212:1 ni(Froby) = Z?:l Xi(Froby). Thus,
from the proof of Lemma 4.2, we get that n; = x; for i = 1,2. Therefore, we have I = N.

Thus, we have a surjective map ho : W(F)[[X,Y, Z,U,V]] — jof’é of W(IF)-algebras
sending X to Z, Y to y, Z to z, U to uw and V to v. Let Jy = ker(hg). As Rg:“/(u,v) o~
Rgg ~ W(F)[[ X1, X2, X3]], we get that Jo C (U,V). From the action of Froby, on the
tame inertia group at ¢, we see that (¢1/¢2 — he)u = 0 and (¢2/¢1 — hy)v = 0. Note
that, as p[f+1 and x|g,, = wplag,, We have Xl(/FE)g) = —Xgﬁ-l"o\bg). Therefore, we have
(1+2) +he(1+y)u=0and ((1+y)+ he(l+2))v=0. So, (1+X)+ he(1+Y))U,
(1+Y)+he(l+ X))V € Jo. In this case, we know that dim(H'(Gg nep,ad(ps))) = 5.
By [8, Theorem 2.4], Rgif’g ~ W(F)[[X1, X2, X3, X4, X5]]/J, where J is generated by at

most 2 elements. Therefore, Jy is generated by at most 2 elements.

Denote W(F)[[X,Y, Z,U, V]] by R and its maximal ideal (p, X,Y, Z, U, V) by my. Note
that, hy = ¢ (mod (UV)). Thus, (1+X)+h(1+Y))=({+14+ X +¢Y) (mod (UV))
and (1+Y)+h(1+X))={l+1+Y +/¢X) (mod (UV)). So, (1+X)+ h(1+Y),
(1+Y) + he(1+ X) € mo\ m2. So, both of them are irreducible elements of the UFD R.
If Jp is generated by one element, say «, then a|((14+X)+he(14+Y))U and of((1+Y) +
he(1+X))V. This means that either o|((14+X)+he(1+Y)) or af((1+Y)+he(14+X)). As
both ((1+X)+he(14Y)) and ((1+Y)+he(1+ X)) are irreducible, we see that («) is either
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(1+X)+he(14+Y)) or (1+Y)+he(1+ X)). Hence, either Jy = ((1+X)+he(1+Y))
or Jo=((14Y)+he(14+ X)). But this is not true as Jy C (U, V). So, Jp is generated by

two elements.

Suppose Jy = (h1, ha). Recall that, R%jf’z /(p) ~ Rgsf’e and dim(tan(jof’Z)) =
dim(HY (Go nep, ad(pz))) = 5. As Jy C (U, V), it follows that hy, ha € Umg+V.mg C mé.
It follows from Nakayama’s lemma that Jy/mgJy is a vector space over I of dimension
2. As hy = £ (mod (UV)) and moJy C mg, we see that the images of the elements
(14Y)4+he(14+ X))V and (1+X)+h(1+Y))U) in Jo/moJy are linearly independent over
F. Hence, they form an F basis of the vector space Jy/mgJy. Therefore, by Nakayama’s
lemma we get that Jo = (1 +Y) +h(1 + X))V, (1 4+ X) + he(1 +Y))U). O

Remark 4.9. The structure of Rg:ﬂ under the hypotheses of Lemma 4.8 was also found

def,l

in [7, Theorem 4.7]. But it is not clear how to get the explicit structure of R;" as given

in Lemma 4.8 directly from [7, Theorem 4.7] or its proof.

We now turn our attention to the problem of finding the structure of Rg;i * when 00
is unobstructed and p|¢ + 1. Note that, in this case, we have dim(H(Go nep, X)) =
dim(HY(Go.neps x 1)) = 2. So this case is different from the cases we have dealt with

so far. So, we can not use the results obtained so far. However, we can still use the

pd,¢

technique of comparing Rj,

with the universal deformation rings of residually Borel

representations. However, we need to make a small change in our approach. So far, we

Ed,ﬁ

were comparing RPO

with the universal deformation ring of a specific Borel representation

pd,¢
Po

deformation rings of multiple Borel representations. It turns out that using this approach,

Ed7f)red
PO

coming from the situation. But in this case, we have to compare R; ~~ with the universal

we can find the structure of (R

Theorem 4.10. Suppose pg is unobstructed. Let £ be a prime such that { = —1 (mod p),
X’GQZ = wp‘G@g and —¢ is a topological generator of 1+ pZ,. Then, (Rgg’e)red ~
FI[X,Y,Z, T, To)| /(1 To, Th Z, T2 Z).

We will first prove a series of lemmas which will be used to prove Theorem 4.10.

Lemma 4.11. Suppose py is unobstructed. Let £ be a prime such that £ = —1 (mod p)
and X’G@e = wp](;@e. Let R be a complete Noetherian local ring with maximal ideal mg and

residue field F. Fiz a lift g; of Frob, in Gg,. Lett : Gg Ny — R be a pseudo-character

deforming tr(pg). Let A = (g g) be the GMA associated to the tuple (R,{,t,gy)

in Lemma 2.10. Let p : Gonep — A" be the corresponding representation found in

Lemma 2.10 and iy be a generator of the Zy,-quotient of the tame inertia group at £.

. b
Suppose p(ig) = (CCL d>'
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(1) Then, both B and C are generated by at most 2 elements.
(2) There exist b/, € R such that B and C are generated by {b,b'} and {c,c'},

respectively.

Proof. (1) Imitating the proof of the last part of Lemma 2.8, which uses the proof
of [3, Theorem 1.5.5], we get the following injective maps of F-vector spaces: j; :
Hompg(B/mrB,F) — H(Gg.nep, X) and jo : Homg(C/mgC,F) — HY(Go,nep, X7 1).
We have already seen that under the conditions on £ and py, dim(H' (G nep, X)) =
dim(HY(Go.neps X~ 1)) = 2. So, by Nakayama’s lemma, we see that both B and
C are generated by at most 2 elements.

(2) By Lemma 2.11, p(iy) is well defined and p(1y) is generated by p(ig). Let = be an
element of the subspace Hompg(B/R.b+mprB,F) of Homp(B/mgrB,F). So, ji(zx)
is an element of H'(Gg nep, x) such that ji(z)(I;) = 0 i.e. ji(z) is unramified
at £. Thus, ji(z) lies in the image of the injective map ji : H(Gonp,X) —
HY(Gonep, X)- So, ji(Hompg(B/R.b + mgB,F)) C ji(HY(Ggnp, X)) Hence,
dim(Hompg(B/R.b+mpB,F)) < dim(H'(Gg np, X)) = 1, Therefore, by Nakayama’s
lemma, B/R.b is generated by at most 1 element. By the same logic, we also get
that C'/R.c is generated by at most 1 element. So, if B = R.b, then we can take
b = 0. Otherwise, B/R.b is generated by one element and let b’ be a lift of the
generator in B. Thus, {b,b'} generates B in both the cases. The lemma for C

and c follows similarly.

O

Let P be a prime Rggl £ Fix a lift ge of Frob, in Gg,. Let Ap be the GMA obtained in
d,¢

REU /P Bp
Cp RES’E / P

and pp : Gg nep — Ap be the corresponding representation. By Lemma 2.11, we see that

Lemma 2.10 for the tuple (Rg(‘)u/P, £,t9V:4 (mod P), g). Let Ap =

ppl1, factors through the Zy,-quotient of the tame inertia group at ¢. Fix a generator i,

of this Zy,-quotient. We will now use this notation throughout the paper.

Lemma 4.12. Suppose { is a prime such that £+ Np, pt{—1 and X‘G@e #1. If P isa

prime of Rgg’z, then t“"** (mod P)lcq, is reducible.

Proof. By [2, Lemma 2.2.2], we can choose Bp and Cp to be fractional ideals of Kp =

Frac(Rgf)1 * / P) such that the multiplication map m’ : Bp® reat pCp = Rgg’é /P coincides
]

/P
with the multiplication map in Kp.

From Lemma 2.11, we see that pp|;, factors through the Zy,-quotient of the tame inertia
group at £. By the action of Froby on the tame inertia group by conjugation, we see that

pp(ig) is conjugate to pp(ig). So, if a € Kp is an eigenvalue of pp(ig), then a’ is also an
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eigenvalue of pp(ig). As pt{—1, det(pp(l;)) = 1. Hence, we get that either a* = a or
a’ = a~'. In particular, a is an n-th root of unity for some n € N. As K p has characteristic
p, it follows that pp(i;) has finite order. As i, is a generator of the Z,-quotient of I, we
see that pp(i¢) has order p” for some n € N. Since Kp has characteristic p, it follows that

1 is the only eigenvalue of pp(if).

So, there exists some Q € GLa(Kp) such that Qpp(if)Q~ ! = (0 1

1 w> for some w € Kp.

Thus, Qpp(I;)Q~ ' = {<é n1w> |0 <n <p-—1}. As I; is normal in Gg,, we see that

Qppr(Gq,)Q™ ! is a subgroup of the group of upper triangular matrices in GL2(Kp). By

Lemma 2.10, we know that pp(g¢) = <aéj dg:) € GLg(de ‘/P) such that ap and dp

are congruent modulo m‘/P to yi(Froby) and yo(Froby), respectively. So there exists

’ 1 e ap ' dp '
w’ € Kp such that Qpp(ge)Q " is either < 0 dp) or < 0 CLP>'

Note that, pp(Gq,) is generated by pp(ge) and pp(i¢). So, from the description of
Qpp(I,)Q~" and Qpp(g,)Q ™", it follows that ™V (mod P)lag, = tr(pp)lae, = b1 + 02,
where 6;, 62 : Go, — (de /P)* are unramified characters such that 6;(Froby) = ap
and 0y(Froby) = dp. As a, (mod m‘/P) = x;(Frob,) and d, (mod m‘/P) = y2(Froby),
it follows that 61 and 0, are deformations of x; and Y2, respectively. So, in particular,
vl (mod P)|cq, is reducible. O

univ,?

For a non-zero z € HY(Gg np, X), tr(pz ) induces a map fi, : RES’Z — R%jf’ﬁ. For
a non-zero y € HY(Gg np, x 1), tr(py™ %) induces a map foy Rg;l’z — Rc—lef’e. Note
that, these maps are not surjective. Composing f2, with the surjective map Rdef{Z —

def,¢ d,l def,¢ .
R;/(V, X =Y), we get amap f;,: Rp — R5™"/(V, X —Y) and composing f1,, with
the surjective map Rg:“ — Rg:fg/(U, X —Y), we get amap f], : RES’Z — jof’ﬁ/(U, X —

Y).

Lemma 4.13. Suppose py is unobstructed. Let ¢ be a prime such that £ = —1 (mod p),
XlGq, = wplag, and —L is a topological generator of 1+pZ,. Then, the maps fi. and f3,

are surjective and both ker(f] ) and ker(f;,) are prime ideals of deé'

Proof. Let y € HY(Gg.np, X~ ') be a non-zero element. By Lemma 4.8, we know that
Ry ~ FIX,Y,Z,UV]/(UQ + X + he(1 +Y)), V(L +Y + he(1 + X))). Note that,
h¢={=—1 (mod (UV)). So, we have Ry /(V, X —Y) ~ F[[X', Z,U]].

On the other hand, by composing f2,, : Rg;l £y Rqe” with the surjective map Rde” —

Rggl , we get the surjective map f : RES’K — de Note that, ﬁ;nwé = pZmM (mod (V)) :
Go,ne — GLg(RdeM/(V)) is a representation such that ﬁumve(w) = <(1) I{) Observe

that, tr((ccl Z) : ((1) (1]>) - tr(<z Z)) = cU. As 5" is a deformation of py, there
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exists some g € G ngp such that tr(py™V (g.ip)) — tr(py™(g)) = s.U for some s €

(RI/(V))*. Note that, (REH/(V))/(U) ~ RE.

Combining all this, we see that composing f2, with the surjective map jof’g —

def,¢
R,

Y

co-tangent spaces. Therefore, the map j; is surjective. Hence, the map fﬁ,y is surjective.

/(V), we get a map ji : Rgg £y Rng’g /(V) which is surjective on the corresponding

Now, as hy = ¢ = —1 (mod (UV)), we have Rg:f’z/(U,X -Y) ~F[[X', Z,V]]. By the
logic used in the case of the map féﬁy, we see that f{@ is surjective. As the images of
both fi , and f; , are power series rings, both ker(f] ;) and ker(f; ) are prime ideals of
REd,K O

po

Under the hypotheses of Lemma 4.13, let Pi = ker(f],) and P, = ker(f3,). From
what we have already seen, we know that P; and P> do not depend on the choice of z

and y, respectively.

Lemma 4.14. Suppose pg is unobstructed. Let £ be a prime such that { = —1 (mod p),
X’GQZ = wP’G@e and —{ is a topological generator of 1 + pZ,. Then, Py, P1 and Py are

.. . . pd,l
distinct prime ideals of R;™.

Proof. Now clearly, Py # P; and Py # P5 as t"™V* (mod P,) factors through Gg, Np but
twivl (mod Py) and t"V (mod P,) do not. Suppose P; = P,. So we have, RES tp =
Rg? ’g/ P». Let us call this ring R, its maximal ideal by mg and its fraction field by K.
Note that R ~ F[[Z, Z2, Z3]].

Let y € HY(Gg.np, X 1) be a non-zero element and p'p, be the representation obtained
by composing p;niv’f (mod (V; X — Y)) with the isomorphism ngef’g/ (V,X-Y)~R
considered in the proof of Lemma 4.13. From the proof of Lemma 4.8, we know that
there exists a lift g, of Froby in G,y such that p'p (g¢) is diagonal with diagonal entries
distinct modulo mg. Hence, from [2, Lemma 2.4.5], it follows that R[pp, (G nep)] is a
sub-R-GMA of Ma(R). As pp, is a deformation of py, it follows that R[p} (Go,nep)] is

the GMA (R !

R R> for some ideal I of R. Note that, tr(p}p,) = Ve (mod Py).

Let © € HY(Gg.np, X) be a non-zero element and pp, be the representation obtained
by composing pi™"* (mod (U, X — Y)) with the isomorphism Rg:f’f/(U,X -Y)~R
considered in the proof of Lemma 4.13. Note that, p};l is a deformation of p;. From

the logic given in the previous paragraph, we get that tr(p};l) = tWiv¢ (mod Py) and

R[pp, (Gg,nep)] is the GMA <?, g) for some ideal I’ of R. As Py = P, tr(plp, ) = tr(pp, )

From the proof of Lemma 4.8, we know that the upper triangular entry of p, (i) and

the lower triangular entry of p},l (i¢) are both not zero. Hence, I # 0 and I’ # 0. Thus,
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we have K[pp (Gonep)] = K[pp, (Go,nep)] = M2(K). Thus, pjp and plp, are absolutely
irreducible representations over K with the same trace. So, by Brauer-Nesbitt Theorem,

there exists @ € GLa(K) such that Qplp, (9)Q~ ! = Pp,(g) for all g € Gg,nep- Note that,

for i = 1,2, plp.(90) = ag" d?:) with ap, = x1(Froby) (mod mg) and dp, = x2(Froby)

i

(mod mg). Recall that, x1|G,, and x2|cg, are distinct unramified characters of Gg,.

Therefore, we must have ) to be diagonal matrix, ap, = ap, and dp, = dp,.

Note that, conjugation by @ induces an isomorphism of R-algebras between R[ps, (G, nep)]
and R[pjp2 (Go,nep)]- As Q is diagonal, it follows that, under this isomorphism, the R sub-

module <8 é) of R[p,(Gg,nep)] onto the R submodule <8 g) of R[pp, (Go,Nep)l-

Thus, it follows that I ~ R as R-module and in particular, I is generated by one element.

From the proof of Lemma 4.8 and Lemma 4.13, we know that ap, = x1(Froby)(1 + a)
and dp, = x2(Froby)(1 + a) for some a € mg. Let J be the ideal of R generated by a and
I. Thus, J is an ideal generated by two elements. Now, by [3, Proposition 1.5.1], I is
the total reducibility ideal of t"™V+* (mod P,). So, we get, by Lemma 4.2, that J = msy.
But the minimal number of generators of mg is 3, while J is generated by two elements.

Hence, we get a contradiction. So, P; # Ps. O
We are now ready to prove Theorem 4.10.

Proof of Theorem 4.10. Our startegy to prove the theorem is the following: We first find
a set of generators of the co-tangent space of (Rg;i ’E)red and then find the relations between
them using GMA. Using the series of lemmas that we proved above, we will show that
the relations we find generate all the relations in (Rg;i,f)red_
) ) ) X REdue red Bred
Fix a lift g, of Froby in Gg,. Let A™d = <( girez (Rlzd7€)red
o
tuple ((RES’E)red,E, (tmivyred o) and p*d be the corresponding representation. Let Kg
be the field of total fractions of (Rz—’f’z)red. By part (ii) of [3, Theorem 1.4.4], we can take
B4 and C™ to be the fractional ideals of Ky such that the map m’(B*® (B2 )red cred)
)
coincides with the multiplication in K. Now, A4 = (Rgg £ yred [p"4(Gg,)] is a (Rggl #yred_
(Rlzdag)red Bred,’
£0
d,0 .
Cred,f (Rgo )red

) be the GMA for the

sub-GMA of Ard, Tet Aredt = <

Note that, A™4* is a Cayley-Hamilton quotient of ((Rgéi’e)red [Go,l, (tuni"vf)red)|(de,e)md o )
. PO L
From Lemma 4.12, we get that (tunl"’e)r‘ld|g(@/Z is reducible modulo every prime ideal of

(Rg;i’é)red. Hence, by [3, Proposition 1.5.1], we see that B4 044 is contained in every
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prime ideal of (RES fyred  Ag (RES yred s a reduced ring, we have Brd.Cred¢ = (. There-

fore, for g € Gg,, if p™4(g) = (Zg Zg>, then the maps Gg, — ((Rgg’é)red)* sending g to
g Gg

ag and d4 give two characters deforming x1 and x2, respectively.

red

0
that pd| 1, factors through the Z,-quotient of the tame inertia group at £. As p{ /¢ —1

From Lemma 2.10, we know that p*d(g,) = <a dgd> . From Lemma 2.11, it follows

and the diagonal entries of pred(GQZ) give characters deforming y; and ys2, we see that

pred(ip) = <:‘: 117) and be = 0. So, p™4(Gg,) is generated by p*d(g,) and p°d(i,).

By Lemma 4.11, we see that C™ and B™9 are generated by at most two elements and
there exists b/, ¢’ € (de “yred guch that {b, b’} is a set of generators of Bl”ed while {¢, ¢} is a
set of generators of C™4. Let z = b'c/, 21 = bc’ and z2 = b'c. Now, a** = y1(Froby)(1+ap)

and d** = x5 (Froby)(1 + dp) for some ag, dg € m’’.

Let J be the ideal generated by the set {ag, dy, z, 1, 22}. By [3, Proposition 1.5.1], we
know that the ideal generated by {z,x1,z2} is the total reducibility ideal of (£wiv:¢)red,
Thus, by Lemma 4.2, we see that J = m’ £ Thus, we get a surjective local morphism of F-
algebras go : F[[X,Y, Z, X1, X5]] — (Rg(?’z)red such that go(X) = ag+do, go(Y) = ap — do,

QO(Z) =z gO(Xl) = x; and gO(XQ) = 9.

Let Iy = ker(gg). We will now analyze Iy. As be = 0, we get x1.22 = b .b'c = 0.
So, X1Xs € Iy. Note that, from the action of Froby on the tame inertia group, we get

o . . B 1 ared dred b
P (geieg, ) = prd(ie)’. Now, p™(geieg, ) = ((dred/ared)c ( /1 ) > As be = 0,

we have pred(if) = (;c gib) Thus, we have (a™/d**d — )b = 0i.e. (a"% —£.d*)b =0

and (d"4/a*d —l)c = 0 i.e. (@4 —l.a"%)ec = 0. As x1(Froby)/x2(Froby) = wy(Frob,) = ¢,
we get (ap — dp)b =0 and (dy — ag)c = 0. Thus, (ap — dp)x1 = (ap — do)z2 = 0 and hence,
YXl, Y X5 € 1.

Therefore, the surjective map go : F[[X,Y, Z, X1, X3]] — (Rgg,é)red factors through
F[[X,Y, Z, X1, X2]]/ (X1 X2, Y X1,YX5). Fori=0,1,2, let P! be the kernel of the map
gi : FI[X,Y, Z, X1, Xo]] — Rgg’Z/PZ- obtained by composing gy with the surjective map
(Rg;i’e)red — Rg;l’z /P;. Here, the primes P — i are the ones appearing in Lemma 4.14.
As each g; is surjective, each P/ is a prime of F[[X,Y, Z, X, X5]] containing Iy and in
particular, (X1X5,YX;,YXs) C P/ for i = 0,1,2. So each P/ contains one of the
(Y, X1), (Y,X2) or (X1,X2). Now, REM/P; and hence, F[[X,Y, Z, X1, X]]/P] is iso-
morphic to F[[Z, Za, Zs]] for i = 0, 1,2. Therefore, every P/ is either (Y, X1), (Y, X2) or
(X1, X2). Since Py, P; and P, are distinct prime ideals of RES’K (by Lemma 4.14), Pj,
P| and Pj are distinct prime ideals of F[[X,Y, Z, X1, X3]]. Hence, we have {P}, P/, Py} =
{(Y, X1), (Y, X2), (X1,X2)}. So, [y C PsNPNPy= (Y, X1)N (Y, X2) N (X1, X2).
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Note that, (V,X2) N (Y, X;) = (Y, X1 Xs2). If Yf € (X1,X2), then f € (X1, X2)
and hence, Yf € (YX1,Y Xs). Therefore, (Y, X1X2) N (X1, X2) = (Y X1,V X9, X1 X5).
Hence, Iy C (Y X1,Y X, X7 X5). This implies that Iy = (Y X1,Y X5, X1 X2) and hence,
(REMred ~ R([X, Y, Z, Xy, Xo]] /(Y X1, Y Xs, X1 X). O

Remark 4.15. The proof of Theorem 4.10, description of the GMA A™, and [3, Propo-
sition 1.7.4] together imply that there does not exists a representation p : Gonep —
GLa((REM)™™d) such that tr(p) = (t*t)red,

pd.l
Sﬁo

tion ring parameterizing all pseudo-characters t of Go nep deforming tr(po) such that

Remark 4.16. As mentioned in the introduction, let be the universal deforma-

d.l\red
0 )7’6

t|GQe is reducible. The proof of Theorem 4.10 can be used to prove that (Sﬁ
W(F)[[X,Y, Z, T, To)| /(Th T, T1 Z, T5Z") for some Z' = Z (mod p).

It is natural to ask if the same approach can give us the structure of (Rgg’g)red as
well. But the method does not work. More specifically, Lemma 4.12 is not true for Rgg’e.
Indeed, let € H'(Gg np, ') be a non-zero element with i € {1, —1} and O be the ring of
integers in the finite extension of @, obtained by attaching all the p-th roots of unity to Q,.
Let ¢, be a primitive p-th root of unity. It can be checked that there exists a W (IF)-algebra
morphism R = W(F)[[X,Y, Z,U, V])/(U((1+X)+he(1+Y)), V((1+Y ) +he(14X))) —
O[[Z]] sending both U and V to %, X and Y to 0 and Z to Z. Composing this
map with the map Rgg’e — R%:f’e, we get a map f : Rgg’e — O[[Z]]. Observe that
f oTuniV7é|GQ£ is not reducible and ker(f) is a prime ideal. See [10, Section 3] for a similar
analysis. Thus, the ring Rgg ** has more than 3 minimal primes and probably has a more

complicated structure.

Corollary 4.17. Suppose py is unobstructed. Let £ be a prime such that £ = —1 (mod p),
X’GQZ = wP|G©e and —{ is a topological generator of 1+ pZ,. Then Rgg’z 18 not reduced

Ting.
Proof. This follows directly from Theorem 4.10 and the fact that dim(tan(Rggi’e)) =6. O

Though we do not determine the explicit structure of Rg;i £ in this case, we can still

prove the following theorem:

Theorem 4.18. Suppose pg is unobstructed. Let £ be a prime such that { = —1 (mod p),
X’G@g = wP’GQz and —{ is a topological generator of 1+ pZ,. Then Rggu s not a local

complete intersection ring.

Proof. We use a strategy similar to the one used in the proof of Theorem 4.10. Namely,

pdl and then find the relations

we first find a set of generators of the co-tangent space of R
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between the using GMA. After assuming that Rg;j s a local complete intersection ring,
we will find a subset of these relations which will generate all the relations in Rg;i £,
But the description of this subset will give a contradiction to Theorem 4.10 which will

complete the proof.

Rgd,f Brd
Fix a lift g, of Froby in Gg,. Let APY = C'?Sd opdt be the GMA associated to the
Po

tuple (RES’E,E, £Vl g0) in Lemma 2.10 and p : Go,nep — (AP9)* be the corresponding

representation. By Lemma 2.11, p|;, factors through the Z, quotient of the tame inertia

group at £. Suppose pPd(ig) = (Z Z) By Lemma 2.10, we know that pPd¢(g,) =

a 0
0 do/)°
By [3, Proposition 1.5.1], I5 is m(BP? @ ppa.c CP?). From Lemma 4.11, it follows that
PO
there exists V/, ¢ € Rgg’f such that {b,b'} is a set of generators of BP4, while {c,c'} is a
d : L
set of generators of CP“. Thus, the ideal I3 is generated by the set {m/(b® c), m/(¥' ®
c),m' (b d),m' (b @dd)}. Let z = m'( @), 21 = m'(b® ), 2o = m'(V/ ® ¢) and
x3=m'(b®c).

Now, ag = x1(Froby)(1 + a)) and dy = x2(Froby)(1 + dj)) for some af),d) € m’.
Let J be the ideal generated by the set {ag,dj, z, 21,22, x3}. Thus, from Lemma 4.2,
we see that J = m‘. Thus, we get a surjective local morphism of F-algebras gy :
F[[X,Y, Z, X1, X2, X3]] — Rgg’z such that go(X) = af + df), 90(Y) = aj — djy, 9o(Z) = =,
90(X1) = x1, go(X2) = x2 and go(X3) = x3. Let Jy = ker(gop). Denote the maxi-
mal ideal (XY, Z, X1, X2, X3) by mg and F[[X,Y, Z, X1, X, X3]] by Ro. We know that
dim(tan(RgS’Z)) = 6. Hence, Jy C m3. Suppose Rg;l’z
The Krull dimension of Rgg ‘s 3 by Theorem 4.10. This means that J; is generated by

is a local complete intersection ring.

3 elements.

Note that, Rg;i’g[ppd’f(GQE)] is a Cayley-Hamilton quotient of (RES’Z[GQZ],funiv’e|GQE).
As p(Gg,) is generated by p(z) and p(ig), it follows, from [3, Proposition 1.5.1], that

the ideal (z3) is the reducibility ideal of t~uni"’e|REd,e . Thus, if g € Gg, and p(g) =
()

[G@z}

(Zs ZZ), then we get two characters ci, ¢z : Go, — (RES’Z/(mg))* sending g to a4
(mod (z3)) and dy (mod (x3)), respectively. Moreover, ¢; and ¢y are deformations of
Xl‘G@Z and X2|G@z’ respectively. As pt ¢ — 1, this means that c;(Iy) = c2(Iy) = 1. So, we

have a = 1 + 230’ and d = 1 + x3d'.

From the action of the Frobenius on the tame inertia, we get that p(zigz 1) = p(ig)¢. As
1+ z3al,  b(n+ x3b))
c(n+xsc),) 1+ xsd),

’o pd,¢ a (GO/dO)b _ 1+ xSGZ b(ﬁ + x3blz)
for some ay,, by, ¢;,, d;, € R Therefore, we get that <(d0/a0)c d et asd) 1+asd, )

x3 = m/(b®c), we see, by induction, that for a positive integer n, p(is)" =
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Thus, (ag/do)b = b( + x3b)) implies that m’((ag/dy — £ — x3b))b ® CPY) = 0 and
(do/ag)c = c(€ + z3c,) implies that m'((dy/ag — ¢ — x3¢))c @ BPY) = 0. Therefore, we
have z3(ag/do — £ — x3b)) = 0, z1(ap/do — £ — x3b;) = 0, x3(do/ap — ¢ — x3¢;) = 0 and
xo(do/ap — € — xz3by) = 0. As p|¢ + 1 and x;(Froby) = £x2(Frob,), we get the following
relations from the relations above: there exists b, ¢’ € Rgg *“ such that zs(al—d)+asb”) =

0, z1(ay — djy + x3b") =0, z3(dy — ay + z3¢”) = 0 and zo(df, — af + x3c”) = 0.

Thus, Jy contains the elements X3Y + X§Q1, X1Y 4+ X1 X399 and —XoY + X5X3q3
for some q1, g2, g3 € Rp. As minimum number of generators of Jy is 3, it follows, by
Nakayama’s lemma, that Jy/mgJy is an F vector space of dimension 3. As myJy € mg,
we see that the images of X3Y + X§q1, X1Y + X1 X3q2 and —XoY + X9 X3¢3 inside
Jo/mgJy are linearly independent over F. Therefore, they form an F-basis of the vector
space Jy/mgJy. Hence, by Nakayama’s lemma, we get that Jy = (X3Y + X32q1,X1Y +
X1X3q2, —XoY + X2 X3q3).

In particular, Jy C (X3,Y). This implies that the Krull dimension of R};{?’f is 4.
However, we know that the Krull dimension of Rggl s 3. Hence, we get a contradiction
to the hypothesis that Jy is generated by 3 elements. Therefore, Rgd’z is not a local

complete intersection ring. O

Corollary 4.19. Suppose py is unobstructed. Let £ be a prime such that ¢ = —1 (mod p),

pd,l

5 s nota local

X’GQZ = wp\(;@z and —{ is a topological generator of 1+ pZ,. Then R

complete intersection ring.

Proof. Since T\’,Ip—)(?’z/ (p) ~ Rg;l ’Z, we see, from Theorem 4.10, that the Krull dimension
of RES’Z is either 3 or 4. As pg is unobstructed, we know that Rg;i ~ W(F)[X,Y, Z]].
We have surjective map Rgg L Rg;l induced from the surjection Go nep — Go,nNp-
Hence, the Krull dimension of Rgg’z is 4. As dim(tan(Rgg’Z)) = 6, we know that Rgg’e o~
W(F)[[X,Y, Z, X1, X2, X3]]/J for some ideal J of W(F)[[X,Y, Z, X1, X, X3]]. If RE;M is
a local complete intersection ring, then J is generated by 3 elements. But this would
imply that Rgg,z is a local complete intersection ring which is not true by Theorem 4.18.

Hence, we see that Rgg’e is not a local complete intersection ring. O
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