LOCAL CURVATURE ESTIMATES FOR THE LAPLACIAN FLOW

YILI

ABSTRACT. In this paper we give local curvature estimates for the Laplacian flow
on closed Gp-structures under the condition that the Ricci curvature is bounded
along the flow. The main ingredient consists of the idea of Kotschwar-Munteanu-
Wang [24] who gave local curvature estimates for the Ricci flow on complete man-
ifolds and then provided a new elementary proof of Sesum'’s result [36], and the
particular structure of the Laplacian flow on closed G,-structures. As an immedi-
ate consequence, this estimates give a new proof of Lotay-Wei’s [33] result which
is an analogue of Sesum’s theorem.

The second result is about an interesting evolution equation for the scalar cur-
vature of the Laplacian flow of closed G,-structures. Roughly speaking, we can
prove that the time derivative of the scalar curvature R; is equal to the Laplacian
of Ry, plus an extra term which can be written as the difference of two nonnegative
quantities.

1. INTRODUCTION

Let M be a smooth 7-manifold. The Laplacian flow for closed G,-structures on
M introduced by Bryant [1] is to study the torsion-free G,-structures

(11) at?’t = A(pt(l)t/ (PO - §0/

where Ay, ¢r = dd, ¢r + dg, dey is the Hodge Laplacian of gy, and ¢ is an initial
closed G-structure. Since do¢g; = dtdAy @ = 0, we see that the flow (1.1) pre-
serves the closedness of ¢;. For more background on G;-structures, see Section
2. When M is compact, the flow (1.1) can be viewed as the gradient flow for the
Hitchin functional introduced by Hitchin [17]

1
(1.2) A [g]s — RY, @Ha/Mq)m,u:/M kol

Here @ is a closed Gy-structure on M and [¢] is the open subset of the cohomol-
ogy class [@] consisting of Gp-structures. Any critical point of .7 gives a torsion-
free Gp-structure.

The study of Laplacian flows on some special 7-manifolds, Laplacian solitons,
and other flows on G,-structures can be found in [12, 13, 14, 15, 18, 23, 28, 34, 35,
37, 38].

Recently, Donaldson [6, 7, 8, 9] studied the co-associative Kovalev-Lefschetz
fibrations Gp-manifolds and G;-manifolds with boundary.
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1.1. Notions and conventions. To state the main results, we fix our notions used
throughout this paper. Let M be as before a smooth 7-manifold. The space of
smooth functions and the space of smooth vector fields are denoted respectively
by C®(M) and X(M). The space of k-tenors (i.e., (0, k)-covariant tensor fields)
and k-forms on M are denoted, respectively, by @F(M) = C®(@F(T*M)) and
AK(M) = C®(AK(T* M)). For any k-tensor field T € ®k(‘./\/l), we locally have the
expression T = Tj..;dx" @ - - @ dx'k =: Tj,..; dx'19®%_ A k-form a on M can
be written in the standard form as & = fa, .. dx A+ Adx =1 Loy g dxN N
where ;,..;, is fully skew-symmetric in its indices. Using the standard forms,
if we take the interior product X_a of a k-form « € AF(M) with a vector field
X € X(M), we obtain the (k — 1)-form X ax = ﬁX’”txmil..,ik_ldxiM'“Mk*l which
is also in the standard form. In particular, consider the vector space ®%(M) of 2-
tensors. For any 2-tensor A = A;jdx'®/, define A® := 3 (A;; + Aj;)dx™] = Agfdx@]
and A" = %(Aij - A]-l-)dx@j = Al-Ajdxi@’f. Then A® is an element of ®%(M),
the space of symmetric 2-tensors. Sinceldx'N = dx'® — dx/®l, it follows that
AN = lAl-]-dxmf. Define a4 := %af}dxmj with txl‘f} := Ajj. Then we see that
at = AN € A2(M) and ®2(M) = @2(M) & A2(M).

A given Riemannian metric § on M determines two isomorphisms between
vector fields and 1-forms: bg : X(M) — AY(M) and g : AL(M) — X(M),
wherg, for every Vector“ﬁeld X = Xi% and 1-form a = a;dx’, be(X) = X'gjidx/ =
Xjdx) and fg(a) = a;g” % = o %. Using these two natural maps, we can fre-
quently raise or lower indices on tensors. The metric g also induces a metric on k-
forms g(dx1/\ Nk, dxhi ANk = det(g(dx'e, dxe)) = Yoes, sgn(o)gem - .. get)
where &7 is the group of permutations of seven letters and sgn(c) denotes the sign
(£1) of an element ¢ of &7. The inner product (-, -)¢ of two k-forms &, B € AE(M)
now is given by (&, B)¢ = %ailmikﬁil'“ik = %D‘ir“ikﬁ]’lmjkgilh - gk,

Given two 2-tensors A, B € ®?(M), with the forms A = Aijdxl@j and B =
Bl-]-dxi®j . Define ({(A,B))¢ := Al-jBif . There are two special cases which will be
used later:

(1) & = ja;;dx"™V € A*(M) and B = B;jdx™ € ©2(M). In this case, a can
be written as a 2—Pensor A" = A‘l?}dx@f with Afj» = a;;. Then ((a, B))q :=
<<A“,B>>g = tXi]'Bl].

2 a = %ucijdxmf and B = %ﬁijdxi/\f € A2(M). In this case, &, B can be both
written as 2-tensors A = A‘l?;dx@j and B = ijdxi@j with A?} = a;; and

Bf, = Bij. Then {(w, ))g := (A", BF))g = ;i = 2(a, p)s.

Un our convention, for any 2-form a« = %aijdxif , we have

d 0 1 i i Jd 0 1 -~ i 1
o <w, w) = sz,-]' (dx’®] — dx]®1) <W’ W) = Eaij ((5,’(6& 7511{(52) =5 (age — o) = gy

which justifies the notion ay, as a(a/axk,a/ax‘). In general, for any k-form & = %”‘fl---ik dxiA Nk e

have a; .., = ®(9/9x",- -+ ,9/0x'), because dx'1"\Mk = ¥, o, sgn () dx'o0 @ Flee),
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The norm of A € ®%(M) is defined by HA||§, = ((4,A))g = A;;AY, while
the norm of & € AF(M) is |zx|§ = (a,a)g = %ail...[ktxil”'ik. In particular, ||X||§ =
X; X! = |bg(X)\§ and ||o<||§ = 2|0¢|§, for any vector field X € X(M) and 2-form «.

The Levi-Civita connection associated to a given Riemannian metric g is de-
noted by 8V or simply V. Our convention on Riemann curvature tensor is Rg‘lkaxim

2 9.2 p) . .
= (ﬁ' W)W = (ViV; - VjVi)ﬁ and Rjjxy := Rg?kgmg. The Ricci curvature
of g is given by Rjx := Rij g’é . We use dVy and *, to denote the volume form and
Hodge star operator, respectively, on M associated to a metric g and an orienta-

tion.

We use the standard notion A * B to denote some linear combination of con-
tractions of the tensor product A ® B relative to the metric g; associated the ¢;. In
Theorem 1.4 and its proof, all universal constants ¢, C below depend only on the
given real number p.

1.2. Main results. Applying De Turck’s trick and Hamilton’s Nash-Moser inverse
function theorem, Bryant and Xu [2] proved the following local time existence for
(1.1).

Theorem 1.1. (Bryant-Xu [2]) For a compact 7-manifold M, the initial value prob-
lem (1.1) has a unique solution for a short time interval [0, Tmax) with the maximal time
Tmax € (0, 0] depending on ¢.

As in the Ricci flow, we can prove following results on the long time existence
for the Laplacian flow (1.1).

Theorem 1.2. (Lotay-Wei [33]) Let M be a compact 7-manifold and ¢, t € [0,T),
where T < oo, be a solution to the flow (1.1) for closed Gy-structures with associated
metric g = g, for each t.

(a) If the velocity of the flow satisfies
sup [[Asgel[r < oo,
Mx[0,T)

then the solution @; can be extended past time T.
(b) If T = Tmax, then

lim sup (||Rmt||% + ||VtTt||%) = c0.
t— Tmax M

Here Ty is the torsion of ¢; (see (2.14)).

In this paper, we give a new elementary proof of Theorem 1.2, based on the idea
of [24] and the structure of the equation (1.1).

Theorem 1.3. Let M be a compact 7-manifold and ¢, t € [0,T), where T < oo, be a
solution to the flow (1.1) for closed Gy-structures with associated metric gt = g, for each
t. Suppose that

K:= sup ||Rict||s < oo, A :=sup|[Rmyllo.
Mx[0,T) M
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Then
sup ||Rmy|; < oo,
Mx]0,T)

where the bound depends only on n, K, T and A.

When M is compact, the theorem immediately implies the part (a) in Theorem
1.2. Indeed, we shall show that (see (3.18) and (3.37))

sup ||Argt||r < 0o <= sup ||Rict|] < oo.
Mx[0,T) Mx[0,T)

In the compact case, Theorem 1.3 shows that, if the conclusion in part (a) does not
hold, then T = Tmax and sup (. | ,...) | [Rm¢||¢ < co which implies sup . (o 7,....)
(]|Rm¢| |2 + ||VT¢||?) < oo, since the norm || V;T¢||? can be controlled by ||Rm||?
(see (3.63)). However, by part (b) in Theorem 1.2, it is impossible. Therefore, the
conclusion in part (a) is true.

As remarked in [24], to prove Theorem 1.3, it suffices to establish the following
integral estimate.

Theorem 1.4. Let M be a smooth 7-manifold and ¢, t € [0,T), where T < oo, be a
solution to the flow (1.1) for closed Gy-structures with associated metric gt = g, for each
t. Assume that there exist constants A, K > 0 and a point xy € M such that the geodesic
ball By, (x0, A/V/K) is compactly contained in M and that

A
Rics|; <K on B x9, — | x [0, T].
Ricil < K on By, (30,222 ) % [0.7]
Then, for any p > 5, there exists ¢ = c(p) > 0 so that

Rmy||PdV, < cl—l—KeCKT/
IRen T [

A
14 —2p\ ,cKT
(1.3) + cK (1+A )e voly (Bgo (xo, ﬁ))
forallt € [0, T].

Rmy||FdV,
'/Bgo(xofA/Zﬁ) )|| ollodVo

Now by the standard De Giorgi-Nash-Moser iteration (our manifold is compact
and the Ricci curvature is uniformly bounded), under the condition in Theorem
1.4, we can prove

(1.4) [[Rmr||7(x0) < d1(d2 + Ao),
where dy, d; are constants depending on K, T, A, and
Aoi=  sup  [[Rmollo.
BS’O (XO,A/\/R)

Actually, this follows from the same argument in [24] by noting that
(1.5) (Ar = 3¢)[[Rmy [ > —c| Ry 7.

To verify (1.5), we use (2.26), (3.61) and (3.65) to deduce that ||V T¢|| < c||Rmy||
and

|[VFT4|¢ < c||[ViRmy || + o Ry | [}/2.
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Then, by (3.31) and the Cauchy inequality

IVRm|[] < =353 — Ar)|[Reng |7 + cf [Rm | [F + ¢ Ry | [/2[| Vi Rm ||

< == (3 — Ap)[|IRmy|[F + ¢ [Rmy |7 + || VRmy| |7

NI~ NI

which implies (1.5). Now the estimate (1.4) yields Theorem 1.3.

The analogue of Theorem 1.2 in the Ricci flow was proved by Hamilton [16] (for
part (b)) and Sesum [36] (for part (a)). It is an open question (due to Hamilton, see
[3]) that the Ricci flow will exist as long as the scalar curvature remains bounded.
For the Kéhler-Ricci flow [39] or type-I Ricci flow [10], this question was settled.
For the general case, some partial result on Hamilton’s conjecture was carried out
in [3].

For the Ricci-harmonic flow introduce by List [29, 30] (see also, [31, 32]), the
analogue of Theorem 1.2 was proved in [29, 30] (see also, [31, 32]) and [4] (see
[27] for another proof). The author [25, 26] extended Cao’s result [3] to the Ricci-
harmonic flow. The same Hamilton’s conjecture was asked by the author in [25,
26].

We can ask the same question for the Laplacian flow on closed G,-structures. In
[33] (see Page 171, line -6 to -3, or Open Problem (3) in Page 230), Lotay and Wei
asked that whether the Laplacian flow on closed G,-structures will exist as long as
the torsion tensor or scalar curvature remains bounded. Let g; be the associated
metric of ¢;. Then the evolution equation for g; is given by

4
(1.6) 018ij = —2Rjj — §|Tt|%gij — 4T/ Ty;.

For the Laplacian flow on closed G;-structures, the torsion T; is actually a 2-form
for each t, hence we use the norm | - |; in (1.6). The standard formula for the scalar
curvature R; gives (see (3.23))

(17) ath = Ath + 2| |R1Ct‘ ‘% - gR% + 4RijkngkT]é + 4(V]le)(viT]’k).

Now the above mentioned open problem states that

Isit ture that lim R; = —o0?

t— Trmax

The “minus infinity” comes from the fact that along the Laplacian flow on closed
Gp-structures the scalar curvature is always nonpositive (see (2.26)). The following
Proposition 1.5 is motivate to solve this problem, and starts from the basic evolu-
tion equation (1.7) where the last two terms on the right-hand side do not have
good signature. However, using the closedness of ¢; (in particular, the identity
(3.23)), we can prove the following interesting evolution equation for R;.

Proposition 1.5. Let M be a smooth 7-manifold and ¢, t € [0, T), where T € (0, 0],
be a solution to the flow (1.1) for closed Gy-structures with associated metric gt = g, for
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each t. Then the scalar curvature R; satisfies

2 2 1 .. 2
Ry = MR+ {2 ’ Rjj + §|Tt|%gij T3 HRijule]mn = Yabmn| |,
t
1 ij 2 1 T g 2
+ 5 HZTiaijR mn — Yabmn ; + 5 HZTamen — Yabmn ;
N 26 1 i 2
(18) + 2|7} +4||vm|%} - {Rth% + SR+ 3 | |Ryao R

+2 ‘ ‘TiaijRifmn

2 T4
t+2||Tt||t+210}.

Here /Tl] = Tikaj-

Observe that the above well-arranged evolution equation can give us a weakly
lower bound for R, which can not prove or disprove the conjecture of Lotay and
Wei.

We give an outline of the current paper. We review the basic theory in Sec-
tion 2 about Gy-structures, Gy-decompositions of 2-forms and 3-forms, and gen-
eral flows on G;-structures. In Section 3, we rewrite results in Section 2 for closed
Gy-structures, and the local curvature estimates will be given in the last subsection.

1.3. Acknowledgments. The author is supported in part by the Fonds National
de la Recherche Luxembourg (FNR) under the OPEN scheme (project GEOMREV
014/7628746).

The main result was carried out during the Young Geometric Analysts Forum
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Forum.

The author, together with other six friends, thanks Yunhui Wu who personally
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The author thanks Joel Fine, Brett Kotschwar, Chengjian Yao, Yong Wei, and
Anton Thalmaier for useful discussion on the Laplacian flows and the earlier ver-
sion of this paper. He also thanks Jason Lotay for his interested in this paper.

2. BASIC THEORY OF G»-STRUCTURES

In this section, we view some basic theory of Gy-structures, following [1, 19, 20,
21,22,33]. Let {ey, - - - ,e7} denote the standard basis of R7 and let {el,- . ,e7} be
its dual basis. Define the 3-form

b 1= VN3 | pIMAS | GINGAT | 2NING _ 2ASAT _ SMAT _ BASAG

where ek = ¢l Aef A ek, The subgroup G,, which fixes ¢, of GL(7,R) is the
14-dimensional Lie subgroup of SO(7), acts irreducibly on R, and preserves the
metric and orientation for which {ej,---,ey} is an oriented orthonormal basis.
Note that G; also preserves the 4-form

*¢¢ —_ 64/\5/\6/\7 + 62/\3/\6/\7 + 62/\3/\4/\5 + el/\3/\5/\7 _ el/\3/\4/\6 _ el/\Z/\S/\6 _ 61/\2/\4/\7.

where the Hodge star operator *, is determined by the metric and orientation.
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For a smooth 7-manifold M and a point x € M, define as in [33]

N(TIM) = {q)x e N3 (TIM)

u*¢ = @y for some invertible
mapu € Hom]R(Tx/\/l,]R7)

and the bundle

N(T*M) = || A(TEM).
xeM

We call a section ¢ of A3 (T* M) a positive 3-form on M or a Gy-structure on M, and
denote the space of positive 3-forms by A3 (M). The existence of Gy-structures is
equivalent to the property that M is oriented and spin, which is equivalent to
the vanishing of the first and second Stiefel-Whitney classes. From the definition
of Gy-structures, we see that any ¢ € A3 (M) uniquely determines a Riemann-
ian metric g, and an orientation dV,,, hence the Hodge star operator *, and the
associated 4-form

(2.1) P = *4p0.

We also have the isomorphisms b, := b, and fi, := f,. For a given G,-structure
@ € N3 (M), we denote by (-,-)¢, ({-,)), | - lo, || - ||¢, the corresponding inner
products (-, ->g¢, (- '>>g<p and norms | - [g, || - [|g,-

Given a Gy-structure ¢ € A3 (M). We say that ¢ is torsion-free if ¢ is parallel
with respect to the metric g,. Equivalently, ¢ is torsion-free if and only if ?V¢ = 0,
where ?V is the Levi-Civita connection of g,.

Theorem 2.1. (Ferndndez-Gray [11]) The Gy-structure ¢ is torsion-free if and only if
@ is both closed (i.e., dp = 0) and co-closed (i.e., d xy ¢ = dp = 0).

When M is compact, the above theorem says that a Gy-structure ¢ is torsion-
free if and only if ¢ is harmonic with respect to the induces metric g,.

We say that a Gy-structure ¢ is closed (resp., co-closed) if dp = 0 (resp., dy = 0).
Theorem 2.1 can be restated as that a G-structure is torsion-free if and only if it is
both closed and co-closed.

2.1. Gy-decompositions of A2(M) and A3(M). A G,-structure ¢ induces split-
tings of the bundles Nk (T*M), 2 < k < 5, into direct summands, which we denote
by AK(T* M, @) with £ being the rank of the bundle. We let the space of sections of
NS(T* M, @) by AE(M, ¢). Define the natural projections

(2.2) 7k AN(M) — AE(M, ), a— 7h(a).
We mainly focus on the G,—decompositions of A2(M) and A%(M). Recall that

(2.3) N(M) = N(M, )AL (M, ),
(24) A (M) A (M, @) ® AF(M, 9) B A3y (M, ).
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Here each component is determined by

N(M,9) = {Xap:X e X(M)} = {Be N (M):x,(pAB) =28},
MM, @) = {BeN(M):pAB=0} = {Be A (M):x,(pAP)=—B},
NM, ) = {fg:feC*(M)},

(M, ) = {*(p(go/\o():uce/\l(/\/l)} = {Xup:X e xX(M),

Ny (M, @) = {neN(M):nng=nAp=0}.

For any 2-form g = 3B;jdx' € A*(M), its two components 7%(B) and 72, (B)
are determined by

e e - B (L ) d,
e wp) = LD (R ) ax
To decompose 3-forms, recall two maps introduce by Bryant [1]
2.7) ip: @* (M) — AP(M), j,: NP(M) — (M),
where
- i[9 Lo 0k
ip(h) = hyg/tdx' A (E)fo(P> = Shug jdx’
(2.8) = % (hiz§0€jk +hiopi'c + hké‘Pije) dx'%, b = hydx' € @*(M),
and
(2.9) (30 (X,Y) 1= 2 ((Xs9) A (Ya9) A1)

Then i, is injective and is isomorphic onto A3 (M, ¢) & A3,(M, @), and j, is an
isomorphism between A3 (M, @) ® A3, (M, ) and ®*(M). Moreover, for any 3-
form 17 € A3(M), we have

(2.10) 1 =lip(h)+ X

for some symmetric 2-tensor & € ®?(M ) and vector field X € X(M). Then

/2 3 1 1 )
Ui hiédxl A (axf JQ)) + XE (E)xf _Ill]) = Ehif(péjkdxl]k + gXélngijkdek
1 ) 1 ..
= 2 (Bh/(l’éjk + Xﬁlp&‘jk) dx'i* = gﬂijkdx”k-

Write h as h;; = l;l-j + %trq,(h)gq,, where /1 € ©3(M) is the trace-free part of /1, one
has

1, 1 )
(2.11) = (trq,(h)) ¢+ Ehif(pgjkdx’]k + 6X£Wijkdxl]k .

N W

3 (1) 3, (1) (1)
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2.2. The torsion tensors of a Gy-structure. By Hodge duality we obtain the G,-
decompositions of 4-forms A*(M) = AT (M, @) & A2 (M, ¢) & AL (M, @) and 5-
forms A\°(M) = AS(M, @) ® A3, (M, @), respectively. By definition, we can find
forms 1p € C®(M), 11,71 € AY(M), o € A2,(M, 9), and 13 € A3, (M, ¢) such
that

(2.12) dp =T +3T AN @+, AP =4T NP — *,T.

Since », € /\%4(/\/1, @), it follows that ) A ¢ = — x4 . Then (2.12) can be written
as in the sense of Bryant [1]

(2.13) dp =Y +3TANp+*,73, dYp =4T AP+ T A ¢.

It can be proved that 77 = 77 (see [22]). We call 1y the scalar torsion, T; the vector
torsion, 1> the Lie algebra torsion, and 13 the symmetric traceless torsion. We also call
Ty = {70, T1, T2, 3} the intrinsic torsion forms of the G,-structure ¢.

Recall that a Gp-structure ¢ is torsion-free if and only if d¢p = di = 0 by Theo-
rem 2.1. From (2.12) we see that ¢ is torsion-free if and only if the intrinsic torsion
forms T, == 0; thatis, o =11 = » = 13 = 0.

Lemma 2.2. (Fernandez-Gray, [11]) For any X € X(M), the 3-form V x ¢ lines in the
space A\3(M, @). Therefore the covariant derivative Vg € AL (M) @ A3(M).

Consequently, there exists a 2-tensor T = Tijdx@j , called the full torsion tensor,
such that

(2.14) Vg = T¢" Pnape-
Equivalently,
1

(2.15) Ty = ﬂ(vé(pabc)wmubc'
Write
(2.16) 7 = (m)dx' € AN'(M),

1
(2.17) T = E(Tz)abdxﬂb c /\%4('/\/[)/

1 ..
(2.18) o= E(TS)izqofijdxl]k € N37(M, ).

The associated 2-tensor T3 := (73);;dx'®/ of 73 lies in the space ©3(M). With this
convenience, the full torsion tensor T, is determined by

T 1
(2.19) Ty = Zogem —(T3)em — (B (11)290) ), — E(TQ)Zm
or as 2-tensors,
T 1
(2.20) T = 280~ T3 fo(T1)a9 — ST

Here the 2-form f, (11 )¢ is defined by

b (1) 29 = 5 (2g(r1)29) dx = 2 ((m)eghsy) dx""®.

As an application, this gives another proof of Theorem 2.1.
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For fixed indices i and j, set

(2.21) Rijjke := Rijke is skew-symmetric in k and £,
where

1 1
(2.22) Rijjee = ERij‘kgdxkf - ERijkgdx’“" € AZ(M).

Then, according to (2.5) and (2.6)

Rijke = Rijjee = (”%(Rzﬂn)) + (7[%4(Rij\-o)) ,

ke ke
where
1 1 , 1 1 ,
(ﬂ%(Riﬂ..))ké = Rk + gRija¥™ke = FRije + 2 Rijan™ ke,
2 1 ) 1 1 ,
(7-[%4<Rij|n))ké = 3Rijke — gRijla¥"ke = FRije = ¢ Rijanh™ ke

Karigiannis [22] (see also the equivalent formula obtained by Bryant in [1]) proved
that the Ricci curvature is given by

Ri = Ryug' =3 (”%(Rijlo.))kgglz -2 (n%‘*(R"f‘“))kﬁ g
223) = —(ViTjn = ViTin) 9" = Tj'Tip + (0o T) Tjs + Tjp Tiap™s,

= -V (Tj"%ki) +V; (Tin‘Pnkl) — T/ Ty + (tryT) Tjr — TjpTiatp"™.

Cleyton and Ivanov [5] also derived a formula for the Ricci tensor for closed G;-
structures in terms of d;,¢. Taking the trace of (2.23), we obtain Btyant’s formula
[1] for the scalar curvature

21 1
R = —12V'(m),+ ng —[lTsll5 + 511t (1) 0l 5 — lelelzf
21 1
(2.24) = 12V (n)¢ + 51 — [7alff +30lnlf — 5 nl,
For a closed G,-structure, we have 7 = 71 = 73 = 0 and then R = f%||T2| 12 <

0. On the other hand, we have (1)
T is actually a 2-form

ij = —2T;; by (2.20). Thus the full torsion tensor

1 ..
(2.25) T = Tydx' € A2(M)
and the scalar curvature can be written in terms of T
(2.26) R=—|IT|[; = =2|T[; <.

Hence, for closed G;-structures, scalar curvatures are always non-positive.

Finally, we mention a Bianchi type identity

1 1
(2.27) ViTjyy—V;Ty = _ERijabq’abK — T Tipo™ = — <2Ri]‘ab + Tiaij> 9"y

The proof can be found in [22].
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2.3. General flows on Gp-structures. For any family (¢¢); of Gy-structures, ac-
cording to the decomposition (2.10), we can consider the general flow
(228) th)t = i(Pt(ht) + XtJl/Jt

where iy € ©%(M) and X; € X(M). The general flow (2.28) locally can be written
as

(2.29) A pije = I puje + 1" pior + " pije + X i
We write for g; and dV; the metric and volume form associated to ¢;, respectively.

Theorem 2.3. Under the general flow (2.28), we have

(230) atgl-j = 2]’11']',

(2.31) gl = —2nf,

(232) atht = (trtht)th,

(2.33) HTpg = Tp"hmg — Tp" X Qromg — (Vi) @kg + VX

These evolution equations can be found in [22].

3. LAPLACIAN FLOWS ON CLOSED G,-STRUCTURES

We now consider the Laplacian flow for closed G,-structures

(3.1) orpr = A(pt @t = DMr@r, Qo = @,

where Ay, ¢r = ddy, ¢r + dg, dgy is the Hodge Laplacian of gy, and ¢ is an initial
closed Gy-structure. The short time existence for (3.1) was proved by Bryant and
Xu [2], see also Theorem 1.1.

A criterion for the long time existence for the Lapalcian flow on compact man-
ifolds was given in Theorem 1.2. In this section, we give a new elementary proof
of Lotay-Wei’s result in compact case.

3.1. Basic theory of closed G,-structures. Let A3 ,(M) C A3 (M, ) be the set of
all closed G;-structures on M. If ¢ € /\1’, (M) isclosed, i.e.,, dp = 0, then 19, 71, T3
are all zero, so the only nonzero torsion form is

1 1 y
(3.2) T=T = E(TZ)ijdxl] = Eri]-dx”.
According to (2.20) and (2.25), we have T;; = f%rij so that

1 i 1

(3.3) = ETijde] or equivalently T = 5T
isa2-form. Since dyp = TA @ = — %o T, we get dyT = xpd %o T = — ¢ d?p =0
which is given in local coordinates by
(3.4) Vit =0

For a closed Gp-structure ¢, according to (2.23), the Ricci curvature is given by
(in this case Tj; is a 2-form)

Rj = (V]-Tim - Viij) (Pmki _ TjiTik + ijTiulPiﬂbk-
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S}ilnce T € A3y(M,9) and T;; = —37j, it follows from [33] (see page 179 - 180)
that

(3.5) (ViTim) 9" = 2T} Ty
and therefore, for a closed G;-structure ¢, the Ricci curvature is given by
(3.6) Ri = = (ViTjm) @™ — T;' Tix.

Taking the trace of (3.6) yields (2.26). Moreover, the factor V;T;,, in (3.6) can be
expressed as (see Proposition 2.4 in [33])

1 1 1
ViTy = _ZRijmnqokmn - ;Rkjmn(l’imn + ZRikmnGDjmn
1 1 1
(37) = 3 TinTjn @™ = 5T Tjn@i™" + 5 Tim Trn ™"

If ¢ is a closed G,-structure, Section 2.2 in [33] shows that ﬂ;(A¢q)) = 0and
hence, according to (2.10),

(3.8) Ao =ig(h) € N}(M, @) ® N3 (M, @),

where

1 1 1 2
B9 hij = 5ViuTuig™" — 6|T|fogij - ;LTiEsz = —Rjj - §|T|%ogij — 2T Ty,
Here |T|3 = 3Ty, T = [|T| 3.

3.2. Evolution equations for closed G,-structures. Since the Laplacian flow (3.1)
preserves the closedness of ¢, it follows from (3.10) that we have

(3.10) Aot = ig, (1) € AJ(M, @1) ® N3 (M, @),
where

2
(3.11) hijj = —R;; — §|Tt|%gij — 2T/ Ty,

From Theorem 2.3, we see that the associated metric tensor g; evolves by
4
(3.12) Qigij = 2hij = —2R;; — 5| Trligi — 4T{ Ty,
and the volume form dV; evolves by
14 4
(313)  3dV; = (tryhy)dV; = (—R - S ITul? +4m%) dVvi = 3| TuffdVi.
Hence, along the flow (3.1), the volume of g; is nondecreasing.

Introduce the following notions
(3.14) W :=0;— Ay, ‘ . |t = | . “Pt’ Ay = A‘Pt’
where A; := ¢V, V j is the usual Laplacian of g; and A; is the Hodge Laplacian of
gt, and also the 2-tenor Sic; with components
2
(3.15) Sij := Rij + §|Tt|%gij +2T Ty = —hy;.
Then the evolution equation (3.12) can be written as

(3.16) atgl']' = —251']'.
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Moreover, the trace of Sic; is exactly the scalar curvature, up to a multiplying con-
stant,

. 14 4 2
(3.17) S; 1= tr,Sic; = Ry + §|Tt|f —4|Ty)? = fé\:rt\% = 3R
It was proved in [33] that
16 .
(3.18) |Arge|F = (trehe)® + 2| || |F = §|Tt|§1 + 2/ |Sicy| |7

This identity together with (2.26) shows that the boundedness of A;¢; is equiva-
lent to the boundedness of Ric;.

The evolution equation (2.33) implies that for the Laplacian flow on closed G,-
structures, the torsion Tj; evolves by evolves

(3.19) O Tij = T lg — (Viuhi) ™"
Furthermore, we can prove

Proposition 3.1. Under the flow (3.1), we have

1 1 2
W,T; = 3R*Ty—R/Ty— ERijkamk - ERmpiquk¢qum - §<Pjimvm|Tt|%
2
(3.20) + VT, (Tpkq)qu - 2T‘7k¢kjp) — SIT BTy — 4T T T
Proof. See [33]. O

For a geometric flow d;g;; = 17;;, for some symmetric 2-tensor 7;;, we have
1
IRy = 58&’ <Vz'Vj’7kp + ViVidgjp = ViV

= ViViny — ViViiip + Vjvp'?ik>,

1

atRjk = ig’”’ (qujﬂkp + quk’h’p - qupﬁjk - v]‘vk’hp) ’

oRy = — At + divy (diVﬂﬁ) — Ri]'hij,
where (divyy¢); = V';;. Applying those evolution equations to 77;; = —2R;; —
%|Tt %gz] — 4T,’ka]' = *251']‘ we have

28 8
trop = 2R — T +8|Tuff = ZITiff,
) ‘ 4 o
(divene)j = —2V'Rjj— gvj|Tt|% —4V'T;

4 -
= —VR— ngITt\? —4V'Ty,

. . P01 4 iin
div; (leH]t) = Vv (leﬂ]t)]' = — AR — gAt‘Tt‘% — 4V]VITZ‘]‘,
where the symmetric 2-tensor T is given by

(3.21) Tjj == TyT";.
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Plugging those identities into the above evolution equation for R;, we get

N . 4 ~
0t Ry —4At|Tt|% — ARy — 4V]V1Ti]' — RY <_2Rij — §|Tt|%gz] — 4Tij)

R 4 s
= ARy — 4VJVZTZ‘]‘ + 2| |RiCt| |% + §|Tt|%Rt + 4R1]Tl']'
which implies
2 PN ~
(3.22) W;R; = 2||Ric||? - gR% —4VIV'T;; + 4((Ricy, T))s.

Observe that the last two terms on the right-hand side of (3.22) are not determined
of their signs. In the following, we shall use the identity

(3.23) ViT; =0

follows from from (3.3) and (3.4), to simplify those two terms. Using the identity
(3.23), the term V/ Vif"l-]- can be simplified as follows.

VIViT; = VIV (Tikaj) - v [(virik)rkj + Tik(virkj)}
= TNV ViTy) = (VIT*)(ViTj).
On the other hand, from the Ricci identity
V,ViTY = V;V;Ty) — Ry T — Rj* Ty = Ryjiy T + Ry Ty,
we see that the evolution equation (3.22) is equivalent to
2 252 ik it j ik
(324) .th = 2||R1Ct||t - gRt +4Rijka T + 4(V T )(VlT]k)

From (3.15) and (3.21) we can rewrite the term ||Ric;||? in (3.24) in terms of Sic;
according to the following relation:

) 2 _ ) L i
sl = (Ry+ 3Ty 20y ) (R + 5imigt + 27"

. 4 S 28 8 ~ N
= ||[Rice[7 + §|Tt\%Rt + 4((Rict, Tt))+ + §|Tt|?+ §|Tt|%trtTt +4|T|7

. 2 LA 7 4 ~
= |[Rict||7 — gR% + 4((Rict, Tt))r + §R% - ng +4[|T4||7
. ES S 11
= [[Rice[F + 4[| T ][} + 4((Ricy, Tr))s — 5 RE,

where we used tr; T; = gijTikaj =T, TH = 72|Tt|% and R; = 72|Tt|%. Replacing
R; by St according to the identity (3.17), we can rewrite (3.24) as
16,42 16 32

ST = 3 (Ricy, To))i + 3 R

8 i 8
+ gRi]'kngkT]é + g(VJT”f)(vl-T]»k).

4 .
NS = §||Slct||%_

Similarly, replacing ((Rict, Tt> )t by ((Sict, Tt> )t with respect to the identity

o 2 A\ il . 1 _
((Sict, Tt)) = (Rij + §|Tt|%gij +2Tij) T = ((Ric;, Tr)) — gR% +2[| T4 7,
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we obtain the following evolution equation for S,
(325 WS = % U ’Sict - th’ ‘f - s%] + § [Rijkﬂf’frff + (vfrik)(vi:rjk)} :
Next, we try to deal with the last bracket in (3.25), which contains two terms
Rijie T*T/ and (VIT*)(V;Tj). Using (2.27) and (3.7), the term (V/T™*)(V,Tj)

is equal to

(VIT*)(V,Ty) = [VZT}k + (ZR”ab + TZHT]b> qvkab} ViTj
1/1 . o 1 1
= [[ViTelf + 5 <2R’fab + Tlanb) [— 5 Rijmn ™" k""" = 5 Rijuun " 9"

2
By symmetry the term

1. o 1 1
<2R”uh + TlaT]h> <_2Rkjmn§0imn¢kab + 5 Rign @™ <Pk”b>
is equal to, interchanging i <+ j and a <> b in the second term,
1. o 1 1. o 1
<2R1]ab + TlaT]b> (2Rkjmanimn€9kub) + (ZR]zba + T]leu) <2Rjkmn§9imn§9kbu)

which is zero. Similarly, we have, by interchanging m <+ n and theni <+ j,a <+ b
in the first term,

(le]ab i TlaT]h> (_Tkm Tjnﬁpimngokab + TinTin (P]mn (Pkab)

1
+ ZRitmn (P]mn (Pkub — T, Tjn (Pmnkq)kab — Tim Tjn (Pimn (Pkub + TimTin gojmn gokab:| )

1 .. o
= <2Rl]ab + Tl,JT]b) (—Tknij(Pinm(Pkab + TimTknq’jmnq’kah)

_ (zRﬂmT’aT’b) (=T Tine™" 4" + TinTrn™ ") = 0.

Therefore, using the identity ¢;jx ¢, = iagjp — gibgja + Pijav (see [22]), we arrive
at

o 1/71 . . 1
(V]le)(ViTjk) = ||VtTt| ‘% - E <2Rl]ab + TlaT]b> (2Rijmn + TimTjn) (Pmnkgokab

1/1 .. o 1
= VTl = 3 (3R 7Ty ) (GRy™ + T ) (330 = Gt + )
1 g o
= [|[ViTHl} — 3 (Rijub + 2Tiaij) { (R”“b + 2T”‘T1b)
- (Rijbu +2Tiija) + (Rijmn +2TimTjn> lpmnab]‘
Since, by our convention,
(Rjay +2T5a T ) (RI +2T9T) = |[Reny|[? + 4Ry TP + 4| T4 I,

(Rijap + 2T Ty ) (R 42T T9) - = —||Rmy |} — 4Ryjqp T T + 4[| T2,
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it follows that
. 1 o
(VIT*)(ViTg) = [IViTil|F + 3 [ — 2||Rmy |[7 — 8R;jp T T — 4[| T ||}
+4||T4[7 - (Rijub + ZTmij) (Rijm" + 2TimTj") l/Jmn”b}
and (3.25) can be written as
4. ~ 112 8 4 -~ 13
s = ||sic— 2B+ SUTTR + SRR - 2 IRyl - 257
(3.26) 1 (R-- + 2T, T; ) (Rif'“” +2TimTf") ab
. 3 ijab iat jb Pmn

Finally, we deal with the last term | on the right-hand side of (3.26). From the
identity Ipi]‘kggbl]ké = 168, we find that

1 . o
] = 3 (Rijab + ZTiaij> (Rl]m” + 2TlmT]n> Y™
1 .. . ) )
= 3 <_Rijale]mn¢mnab - 4TiaTthlJmnlpmnah - 4TaiTlm Tb]'T]nl/Jme)
2
_ % |: ‘ ‘RijubRijmn _ llpabmn o HRijabRijmn j _ @
+ HZT'”T'bRijn L pabmn 2 _4 ‘ ‘T,uT.bRijmn 2 — 168
ity Y ¢ L]
A b” mnab 2 T4
+ HZT ’t—4||Tt||t—168 .
Plugging the expression for | into (3.26), we obtain
Proposition 3.2. The scalar curvature Ry or Sy evolves by
s - Hslct o ||} + 211Vl + 5 2 | R R — || + 3102
2
62) 42 |[2Tu TR~ ||| + 5 Hznmrbn ~ Yamn [, — STl
4 .. 2
- 7||Rtht - ?Sz 3 HRz]ale mn ; - 5 HTiaijRl]mn ; —126.

Since S; = 2R, it follows from the above theorem that (1.6) holds true.

Before giving local curvature estimates for Laplacian flow in the next subsec-
tion, we derive evolution equations for Ric;, Rm;, and T in different forms. Using
the Lichnerowicz Laplacian

ALk = Al — RiP e — RiP1gjp + 2R pjggh ™,

we see that the evolution equation for R;; can be written as

1 * *
9Rjx = ~5 AL+ ViVitre + Vi(dine)x + Vi(dy Ut)j} ,
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where (djyt) := — V. For i = —2R;; — 5||T¢| |28 — 4T; ka] we have proved
trge = §||T4]1? and (dfn); = ViR; + 3 Vj||T¢||? + 4V'T;; with Tj; = T/ Ty;. Then

1 e
IR = AL (R1k+ | T¢l17gjk +2T]k> 5V (Vth + ngIITtllf +4vlTik>
4 2 1 4 2 i
3 ViVHITH[E = 5Vic ViRe+ S Vil| Tl [ +4V'Ty

2 N PN i~ 2
= AL (Rjk + §||Tt||%gjk + 2Tjk> —2VV'Ty = 2ViV'Ty = SV, Vi T 7.
But the first term is equal to

) A
A, (R]k + §||Tt| ‘%g]k + 2T]k> = AtRjk — 2ijRpk + ZRp]'qupq

2
+ {3 (At||Tt||t) Sk + 2T — 2RPT i — 2T ;P RP i + 4R, T" }’

we have

.tRl‘]‘ = —2RipRp]' + Zsz]quq + [2 (At| |T¢||7 ) gij + 2At/Tij - ZRip/ij
(3.28) — 2Ti"Ryj + 4Ry;jq TP — 2V, VP T, — 2V;VPT,; — %VN]-I || %] :
Consequently, the norm of Ric; satisfies
B |[Rici|[] = —2[|ViRict||} + 4Ry R R + [;LRtAtHTtH% +8R TR +
(329) §||Rict||%||Tt||% + 4RV AT — 8RIV;VFT; — iRif'vivjlthHﬂ :

The general formula for Rfjk gives
IRy = —ViViR{' = V;V Ry + ViV Ry + V; ViR + Ry TR  + Ry 1Ry,
2RGITy 4+ 2R Ty, — 2 (VIR 81— 2 (V9T )
(30 +: (vivfurtu ) s+ 3 (ViVHlITiR) g1
— 2V, Vi T} =2V, V Ty + 2V, V' Tj + 2V, V, T .
Hence, the evolution equation for ||[Rm;||? is given by
3| [Rmy||? = V?ZRic; * Rm; + Ric; * Rmy % Rm; + Rmy * Rmy + T
(3.31) + Ricy V3| T3P + Ry « V3T, + 5 T3 [Rong] 7.
Moreover, it was proved in [33] that
ViR < 5B [Reng |} 4 Co[Romg
(3.32) + Cl||Rmt||t/2||val‘||t + Ca| [Rmy |||V Tt 7
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where C; is some universal constant, and
(3.33) BT =Ry« Tr +Rmy x Ty x py + ViTp o Ty ok @p + T+ Tp x T
Squaring (3.33) gives

1
IViTH|7 < —§.t||Tt||%+C2||Rtht||Tt||%

(3.34) + Col [Tl [t TH| |7 + Cof I T [}

for another universal constant C; which may differs from C;. The Cauchy-Schwartz
inequality shows 2C, ||V T;||¢||T¢|[? < ||V¢T¢||? + C3||T¢||}, so that the evolution
inequality (3.34) becomes

(3.35) || VeTe|[? < — || T¢]|? + Ca|[Rmng|[¢| | T¢||? + Ca] | Te| |}

Here Cj is a universal constant.

3.3. Local curvature estimates. In this section, we consider the Laplacian flow
(3.1) on M x [0, T], where T € (0, Tmax). From now on we always omit the time
subscripts from all considered quantities. From (3.15), (3.29), (3.31), (3.32), and
(3.35) we have

1 1 2
||[VRic||> = —§I||Ric||2+Ric*Ric*Rm—g(AR)R—§|\Ric||2R

1

+ 2((Ric, AT)) + = ((Ric, V2R)) + Ric * T * Rm + Ric * VT,

3
1
IVRm[[? < — B||Rm|[? + C[[Rm][* + C||Rm|[*'2[|V2T]| + C|[Rm|[||VT|?,
?||Rm||> = V?2Ric * Rm + Ric * Rm * Rm + Rm * Rm * T

+ Ric V2| [ + R V2T + |7/ |Rm 2,
IVTI? < —®||T|*+C|[Rml||||T|]> +C||T||*,
7V = Z||T|Pav, R = —|IT|?
Choose an open domain () of M and assume that
(3.36) ||Ric|| <K

on Q x [0, T], Then the torsion T satisfies ||T|| < K!/? and metrics g; are all equiv-
alent to go. We also observe from (2.25) and (3.19) that

(3.37) IIRic|| <1+ |Ag| <1

and the following simple fact
(3.38) aullAlP = Ll1allP—2a, |4l 2
for any tensor A.

Choose a Lipschitz function 5 with support in () and consider the quantity

d
- P,2p —
i [ IRy, [=
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where p > 5. As in [27], we introduce the following “good” quantities
A = /||an||P172pdV, Ay = /||Rm||p’1172pdV,
Az = [Rml|P |Vl P2y, Ay o= [ [RelP7|V P22V
and also ”ba.d” quantities
B, := %/||VRic||2||RmHP’1172PdV, B, ::/||VRm||2HRm||7”’3172”dV.

We split the proof of Theorem 1.4 into four steps.
(a) In the first step, we can show that, see Lemma 3.3,

d
—A; < B+ KBy + KAy + KA+ cK2 Ay

dt
o [ (~mTIR) (Rl Py
(b) In the second step, we can prove that the term
c [ (—mITIR) lIRml7y2rav
is bounded from above by (see (3.47))

dt

Observe that the above integral is nonnegative, since the scalar curvature
R is nonpositive along the Laplacian flow on closed G;-structures. Hence
we obtain from the first step that, see Lemma 3.4,

%Al < 2By 4 cKBy + cKAy + cKA; + cK% A,
d

- g | Rl typrav).

(c) In the next two steps, we estimate the bad terms B; and B,. In the third
step, B; is estimated by (see (3.57))

By < KB+ cKAy+ cKA; + cK*A,
d |1
¢ IRmll 1 iRic PPy ¢ [ (=R)[RenP 127y .

By + cKBy + cK2A; + cK A, — [/c(—R)||Rm||7’1;72pdV] .

Cdt
Then the second step can be simplified as, see Lemma 3.5,

d
A < cKBy + cKA4 + cKAq + cK?A,

- 4 | J IRl Rl B2rav - [ (ROl Rl P2y
(d) Finally, we estimate the term B;. In this step we shall use the assumption
that p > 5. Using the inequality ||V T|| < ||[Rm||and ||V2T|| < ||[VRm|| +
[|IRm||||T|| + |[VT|||T|| + ||T||?, we can prove (see (3.67))
d

1 "
< L p—1,2p )
By, < cAy+cAq ; [ 7 / ||IRm||P~ 'y dV}



20 YILI

Plugging it into the third step, we arrive at, see Lemma 3.6,

%(Al—l—cKAz) < cK(Aj+cKAp) + cKAy

dlc i
- S [ IRmlp i Py
+ c/(—R)||Rm||P’1172pdV .

If we choose a geodesic ball () := Bg, (xo0,p0/ VK ) and a cut-off function # so that
[|[Vo|| < VKeKT /p, then the above inequality gives a proof of Theorem 1.4.

We are going to carry out the above mentioned four steps. From (3.39) and the
above evolution equations, we have

4
dt

_ 2
= [ Bl 2 (3irem) ) v + [ a1 (<58 ) av

= [ BliRm]r-2

(3.39) — %/RIIRmH”ﬂZpdV

JiIRmlrrav. = [ @[Rml|") v + [ ||Renl|y?ardv

V?2Ric * Rm + Ric * Rm * Rm
+ Rm * Rm * T + Ric * V2||T||? | #?PdV
+ Rm * V2T + 2| T||?||Rm| ?

< ¢ J IIRen[?2| V2Ric R -+ K [Ren| -+ K [Ren [+ V21 ]2+ Ri
+ sz*Rm} 172PdV+cK/ |IRm|[Py2PdV
< ¢ [ [Rm|["2 [V2Ric + Rm + V2| T|[* «Ric + VT +Rm| y?*dv

+ K / ||Rm|[Py2PdV.
It was proved in [24] that the first integral in (3.39) is bounded by

1
c/HRmHH (V2Ric «Rm) y2dv - < E/||VRic||2||Rm||”’l;72VdV

40)  + K [ VR [Ren||P3y2av +cK [ |[Ren[7=1] [y 2av.
Since ||T||> = —R, the same inequality holds for the integral
c [ IIRm]|"~2 (V2(|T|* Ric) V.

To deal with the last term in the bracket of (3.39), we use the same argument of
[24] to conclude

c/||Rme’2 (V2T +Rm) ¥V = c/ (VI[Rm|[72 5 VT 5 Ren) 1V

[ (IRm[P=2 « VT« VRm) y27av
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+ c/ (||Rm||"’_2 % VT % Rm % V;y) n?P-tdv
< ¢ [ [[Rm||" 2| VRm[||[VT|ly>dV +c [ |[Ren][* 2|V T [V Rm |y dV
¢ [ lIRaml|P 1|97 Vy] 2 dv

< C/IIRm\\”_ZIIVRmHIIVT’IMz”dV+c/\IRmII”_lHVTIIIIWIMzP_ldV-

According to the Cauchy-Schwartz inequality, the first and second integrals are
bounded by

[ 1R |72/ | VR ||| VT v
p3 p-1 o~
=/ (IR "= [[VRall ) (IIRe]| 2" IV T [57) dV
1 ~
< ok [ ||VRmlP|[Ran] [P-72av + o [ 10T [Ren] [P~ av

and

[ 1RmlP VTV 12 dv
N b1 B
B /(”Rm (VT ) (1Rl 2 (|9l ) dv
1 T - - —
< g IIVTIPIRm|1P22av 4 oK [ |[Rmi |V Py 2av.

Hence we obtain

¢ [ 1Reml[7=2 (V2T « Rm) y2#av - < %/HVTHZHRme_anpdV

641+ K [ |VRm|[Rem||" 22aV +cK [ |[Reml [P~V ]2 2av.
Using T = T+ T and R = —||T||? yields

« IS TIRIRm P~y

642 < ¢ [ISTIPITIPIRm|P1y2rdv < c [ (V1P| |R]~yPay

1 —
<cf (—4-||T||2+cRm||||T||2+c||T||4) [[Rm P12 dv

= o [ (~mTIP) |[Re]|P~ 1y v

+ CK/ ||Rm|[P72PdV + cK? / ||Rm|[P~ 152 dV.
Hence, using (3.40), (3.41), and (3.42), we arrive at

Lemma 3.3. One has

d
Al = M < By + cKBy + cKAy + cKAq + cK?A,

(3.43) + c/ (—mITI2) |[RmlP~Hav.
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In the following computations, we are mainly going to estimate or simplify the

bad terms By, By, and also the term involving —B||T||. Integration by parts on
the last integral in (3.43) and using R = —||T||?, we obtain

¢ [ (~mITIR) IRm|lP1?7av = ¢ [ (@1~ 8)R) [[Rm]|P 1y av
_ c/ (9R) ||Rmy|P—1;72Pdv+c/ (VR V (|[Ren] [P~ ) ) v
- % (c/R||Rm|p—1,72Pdv> —c/R (atIIRmHP—l) n?rdv
- C/R||Rm||’”_1172patdv+c/ <VR,||Rm||P—3Rm*VRm> n2Pdv
+c/<VR,HRm||7”1;72P’1V17> av
< ¢ [ |IRm||""2(VR, VRm)ydV +c [ [[Rm||" || VR[]l dv
+ c/ R2||RmHP—1;72PdV—c/R (atHRme_l) 7*Pdv

+ % (c/RRmHP_l;yZPdV) .
The first two integrals can be simplified by using the Cauchy-Schwarz inequality
as follows:
c/||Rm||p_2<VR,VRm>172’”dV < c/||VRic||||VRm||||Rm||P—2;72Pdv
-3 -1 1
< c/ (IIVRm][||Rm]| """ ) (||VRic|[[[Rm|| " y”) dV < By +cKB,
50
and

C/ |[Rm|[P~H[[VRI[[[Vy|[p*~1dV < C/IIRmH”_1IIVRiC|H\WHUZV_ldV

p-1 _ p—t . 1
< o[ (IRl [|9glly> 1) (1[Rm|"2"|[VRicl[g? ) 4V < By +cKAs

= 50
Therefore

c/ (—IHT||2) |Rm| [P~ 1y%dV < 57;031 + cKBy + cKAy + cK2 A,

(3.44) + % (c/R||Rm|P1;72PdV> —c/R (31 RmP=1) 27 av.

Now, the second integral in (3.44) is equal to

—c [ R (/[Ren]P1) v = e [ (~R) |[Rm|[7 (@] |Ran| ) 7 dv
= c/(—R)||me’3{VZRiC*Rm+Ric*Rm*Rm+Rm*Rm*T
~ 4
+ Ricx VT[4 R« V2T + 37| R 2

< c/(—R)||Rm||p_3 [ V2Ric + Rm — Ric « V2R + V2T « Rm| 1/ dV + ck? A,
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Using the identity, where p > 5,

p—3

V|[Rm[?* = 222 ((Rm][2) * " V[|Rm][> = ||Re||*""Rem « VRem
we obtain
c /(—R)||Rm| P=32P (V2Ric # Rm)dV = ¢ /(—R)||Rm| |P=342P (VRic ¥ VRm)dV
+ c/ {V [(=R)I[Rm|[P=2¢?] + VRic + Rm | 4V
- c/(—R)||RmHP*3172P(VRiC*VRm)dv+c/ ||Rm||P~35% (VR * VRic * Rm)dV
+c /(—R)qu’ (V| IRm||P~3 * VRic * Rm) dv
+c /(—R)||Rm| |P=352P~1 (V¢ * VRic * Rm) dV
< ¢ [ [Re|["2y||VRic||[VRm||dV +c [ ||VRic]|[[VRI[||Rm] |2y aV
+ ¢ [ lIRm||72||VRic| || VR[5>V +c [ |[Rm]||?~152 1| y]]||VRic||av
< [ (IVRicl[|IRm]| "= 57) (||VRam] [ [Rm]| =" " ) dV

. p—1 =1 1 1
+e [ (1IRicll[[Rm]|"= y7) (|1Vglll[Rm| = 71} dV < 5B+ cKBy + cKAs

Similarly, we can prove
c/(—R)||Rm||p’3 (—Ric « V2R> pPPdV < %Bl + cKB, + cKAy.

Using VT = VT « T < c||VT||||T|| < cK'/2||VT]|| yields

¢ [(=R)|[Rm[|" 37 (VT «Rm) dV = ¢ [(~R)|[Rml[" 2y (VT + VRm)aV
v c/ {V [(=R)|IRm|[P~3] VT +Rm } dv

= c/(—R)||RmH”737727’(VT*VRm)dV—i—c/||Rme*3172p(VR*VT*Rm)dV

+ c/(—R)qZP (VI[Rm|[P~3 = VT «Rm) 4V
+ c/(—R)HRme_S;sz_l (Vi + VT +Rm) v
< [ (IIRm]1? 22| [V Rm | + [ [Ren|[" 21| |1 ) (K29 T]) dV
< ¢ [ (IIVRmll[|Rm||"=" ) (197K [Ren]| 7 ) dV

' Pl p1
+ [ (IwnlliRml = 571) (IVTIKY2|[Ren] =57 dV

K
< ec [ IVTIPIRm||" a2

According to (3.44) we get

cK
By + ?A4.

c [V TIR|[Rm| |71y v
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< c/ (—m)IT)12) [[Ren| [P~ 1527 dV + KAy + K2 A

2
< %Bl + cKBy + cKAy + cK?> Ay + cKA;

+ % (C/R||Rm||P—1;72PdV> - C/R <at||Rm||P—1> n?Pdv

2
< %Bl + cKBy + cKAy + cK?> Ay + cKA;

+ % (/ RlIRm||P—1n2PdV) +c/(*R)IIRmII’7‘3 (91l IRm|2) av.
Hence
cK

_ 2 cK
¢ [(=R)|[Rm|["= (3|[Rm[2) gV < 2By + cKBa + cKAy + By + - Ay

+ € {52031 + cKBy + cKAg + cK? Ay + cKA; + % (/ cR||Rm| |”‘1172Pdv>}

+ec [(=R)lIRml[P> (o] [Rm ) 52V
Choosing € = % yields

C _
5 [ R Rm[[7=2 (31| |Ren 1) v

< %Bl + cKBy + cKAg + cK* Ay + cKAq +% (/cR|RmHP1;72PdV)

and
c [ IV TIP|[Rm| [Py v

< ﬁB1 + KBy + cKAg + cK?Ap + cKA; + % (/ 2cR||Rm||p_1172”dV> )

50
Thus
. 3

¢ [ (=R)|[Rm["~2 (3|[Rm|[?) 4 dV < 5By + cKB2
(3.45) + cKAy + cK? Ay + cKA; + % ( / ¢R||Rm| |7’1;727’dv)
and

¢ [IIVTIRIRm{IP 2PV < 2By + KB,
(3.46) + cKAy + cK? Ay 4 cKA; + % ( / cR||Rm| |P—1172Pdv>
and

c/(—-|m|2) IRm|[P142PdV < B+ cKB,
= 50

(3.47) + cK2Ay + cKA; + % < / ¢R||Rm| |P1;72Pdv) .

From (3.43) and (3.47) we arrive at
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Lemma 3.4. One has
Ay < 2By +cKBy + cKAy + cK?Ay + cKA;

(3.48) + % < / cR||Rm||P1;72PdV> .

We next estimate By and By. Actually, we shall see that B; can be estimated in
terms of By. Hence the key step is to estimate By. For By, using

1

3

~ 1 ~ ~

+ 2((Ric, AT)) + g<<Ric, V2R)) + Ric * T * Rm + Ric * V2T.

1 2
||[VRic|[> = —§l||Ric||2+Ric*Ric*Rm— (AR):I’—§R|\Ric||2

we obtain
1 o
B, < ﬁ/ I|Rm|[P~14% (& — a;) |[Ric|[2dV + cKA;
1 N
(3.49) + 3% (—R)||RmH”’1172PARdV+%/((RiC,AT>>HRm||p’17727”dV

1/ : -
+ 3% <<Ric,V2R>>||Rm||V_1172PdV+%/IIanH”‘l (Ric*VzT) 7?Pdv.

From the estimates V||Ric||?> < ||Ric||||VRic||, V||Rm||P~1 < |[Rm||P~2||VRm]||,
and 3/ |Rm|[P~! = Z1||Rm|[P~33;||Rm| |2, we have

[ 1IRen]|P 127 (& = 2y) | [Ricl Fdv
= _/‘VIIRicll2 # V (|[Rm|[P =) dv / [[R] [P~ (3] Ricl[2) dv
= /(VHRiCHz*VHRme_l)ﬂdeV+/<V||Ric||2*V17) |[Rm| [P~y ~1av
— L[ IrmpriiRicPav] + [ (o mli ) 2 Ric Pav
+ [ IRy Ric|[2(@rdv)
< oK [ ||VRicl|||VRam|||[Ren[ "2V + K [ || Ric ||| ¥y [Ren] [P~ 152~V
+ ¢ [ lIRml7=> (2] [Rm ) 7| Ric| PV + cK? Ay
a [ / ||Rm||P—1||Ric||2n2Pdv]
< ¢K (1131 + cKB2> +cK (151 + cKA4> + cK?Aq
50c 50c
+c [ IIRicl PI[Rml17=527 (30l R 2) av — & [ / ||Rm||P1||Ric2n2Pdv}
< EKBl + cK?By + cK? Ay + cK*A;

50
. _ d 1o
e [ IRicl PR [7-252 (3Rl ) av = 5 | [ 1Rem] P Ric v |
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Thus
(3.50) / ||Rm||P~ 1% ®||Ric||?dV < %KB1+CK2B2+CK2A4+CK2A1
d
e 1Ricl P Remf P2 (o IRl 2) v — % | [ 1Rl il B2y

Consider the term
C/||Ric||2‘|Rm||P—3772P (at||RmH2) v = C/||RiC||2||Rm||p_3172p

{VZRiC*Rm—&—Ric*an*Rm—I—an*Rm*T—I—Ric*V2||T||2—I—Rm*V2T
4
+3||T|2||Rm||2}dv < c/||RicH2|\RmHP—3;72P {VZRic*Rm—VzR*RiC

+ V2T « m} dV + cK?A,.
The three terms in the bracket can be estimated as follows. Firstly
c/||Ric||2||Rm||p’3172p (V*Ric «Rm) dv
- c/||Ric||2||RmH”_3172p (VRic * VRm) dV
+ C/ {V [||Ric||2\|Rm||P_3172p} * VRiC*Rm} av
= c/||Ric||2||Rm\|P—3172P (VRic * VRm) dV
+c/HRmHP—3;72P (VIIRic||? + VRic + Rm) 4V
+c/HRic||2172p (VI[Rem] [P~ + VRic s Ren ) 4V
+ c/ [IRic||2|[Rm|[P~342P~1 (Vy * VRic * Rm) dV
< oK [ |IRm|[?~242| | VRic| ||| VRm|dV +cK [ |IRen]|?~ 152~V Ric] ||| V|V

K K 1
< ¢K (eBl + €Bz> +cK (eBl + €A4) < KB+ cK?By + cK?Ay.
The same estimate holds for
c/ [[Ric| | [Rm| [P~y (— V2R + Ric) dV.
Finally,
¢ [ IIRic|P||Rm|[” 2 (V2T < Rm) dV = c [ [|Ric| |[Rm]|" 5
(VT* VRm) dV—l—c/ {V (||Ric||2HRm||p_3172p> * V’T*Rm} av
< c [ [Ric| [Ren] P2y (KV/2(| T [||VRm]| ) aV
+ ¢ [ (VIIRicl ) [[Rm| [P35 || VT [Ren] |4V

+c [ 1Rm| ([Rm|[7~2) || VT [Ren|dV
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+ ¢ [ IIRic| Bl[RmllP =252~V || VT [Ren] |4V

< oK [ |[Rm||"~2 (K12 VT ||| VR ) dV

oK [ |[Rml[7= 12 (K12 V] [1V'T]]) dV
< K [cKBﬁ Ci<A4+ec/||VT||2||Rm||’”—1172”dV]

< iI<B1 + cK?By + cK? Ay + cK3 Ay + cK*Aq +% [cK/RIIRmI”‘an’”dV]

50

Therefore

c/||Ric||2||Rm||”_3172p (8t||Rm||2> av < %KB1+cKZBZ+cK2A4+cK3A2
2 d p—1,2p

(3.51) + cK* Ay —I-CKE R||Rm|[P~ y“PdV

and

1 6
R/||Rm||r’*1;72P(A—at)||RicH2dV < %B1+CKBz+cKA4+cK2A2+cKA1

Kdt [/|Rmnp U[Ric| |2 2Pdv} o [/ R|[Rm]|"~! ZPdV]
(3.52) < %B1+CKB2+CKA4+CK2A2+CKA1

_ % [Il</||Rm||p_1||RiC||2q2pdV+C/(—R)||Rmp_lqu’dv] .

In the following, we estimate the left four terms in (3.49). We start from terms
involving the scalar curvature.

1 n
p—1 ZP - . _ p—1,2p
31</ R)|[Rm|| ARAV 3K/VR v[( R)|[Rm||P~ 1y ]dv

— i [ TR | - TRIRmIP U2 (< R) VR

1
G5  +2p(-R)| Rl 2y av < o [IIVRIP Rl
K/ R)|[Rm||"~2[| VR|[[| VRm|[* dV
K/ R)|[Rm|[P~1 =1 || VR][| | V]| dV
1 1
o ISR el yprav + & [ [VRIE|Renl P14y + By
s | IIVRIPIRm [P 12Pav + kA,

1
= / IIVRI[2[|Rm||P~ 52 dV + cKB, + cKAs.
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The another term involving the scalar curvature can be estimated by
1 . ) 1.2 1 i i -1.2
— P P = —— ] ! . p P
o [ (Ric, V2RDI[Rel [P 1y2rdv =~ [ VIRV [Ry||Rm] |1y ] dv

1 1 _ i _
— i [ VR[SV RIRm P12 4 Ry a7

(3.54) +Rij||an||P—12pq2P—1qu}dv < —6iK/||VR||2||Rm||P—1;72PdV

c . _
+ E/IIRICIIIIVRIIIIRmH” ?||VRm|[p*dV

C . _ _
+ < [IZRIIRicl [[Ran[?~ 1521 V][4V

1 2 1.2 1 2 -1,2
< = 4 p 7 4 p
<~ [ IIVRIPIRm|P127av + s [ [VRIP|Rm| |12 dV + cKB,
1
+18—K/||VR||2||an||ff’*1;72ﬂazv+cKA4 < KBy + cKAy.

Using (3.46) we obtain
%/<<Ric,AT>>||Rm||P*1;72PdV - %/(RiC*A?) |[Rm||P~152PdV

1 ~ 1 ~
= = i p—1,2p — i p—1,2p
K/(VRlC*VT) |[Rm| [P~ dV+K/R16*VT*V(||Rm|| ] )dV

o) . =~ _ C . = _
< < [ IIVRicl|[[VT[|[Re||*~1527aV + . [ |[Ricll|[ VT |[Ren] [P~ VR 527V

c . B _ _
+K/IIR1CHHVTIIIIRm||" V| ldv

(3.55) L ¢ [1IVTIPIIRm| 1527 dV + cKE,

<

= 50
+c/||VT||2||Rm||”_1112”dV+cKA4+c/||VT||2||Rm||”_1172”dV

51—081 + KBy + cKAy +c [ [[VTIR|[Re] P 1527dv

< 59—031 + cKBy + cKAg + cK* Ay + cKA; + % [/ cR||Rm||P—1;72PdV] .

Similarly, we can prove
1 . 27 p—1,2p _ 1 ~ T p—1,2p
E/(Rlc*v T) ||Rm||P~ y7PdV = K/ (VRlc*VT) ||Rm||P~ yPdV
L [Ric« VT +V (|Rm|[Py2) av < L [ (VRicx VT |[Rm||P 1y dv
o [Rm[[P L2 ) v < < Rm |7~
c . P -
+ E/IIRICIIIIVTIIIIRHIH” 2| VRm||p*dV
c . B _ _
(3.56) + E/IIRNHHVTIIIIRmII” PPVl ldv
c . =S _ c . = _
< = [IFRicll|[ VTl [Rml7 1 av + < [ |[Ricl [T |[Ren] -2 |V Ran s dV

c . = — —
+E/|IRICHHVTIIIIRm|I” P Vllav
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< S%Bl + cKBy + cKAg + cK? Ay + cKA; + % [/ cR||Rm||P1;72PdV] .

Plugging (3.50) and (3.53) — (3.56) into (3.49), and using (3.46) and ||VR||?> <
cK||VT||?, we obtain

B, < £B1+CKB2+CKA4+CK2A2+CKA1

50
d[1 1o 1122 -1,2
— 55 1 [ IIRml[P 1 Ricl Py + ¢ [ (—=R)|[Rm||P~ 1y dv
2 [URIERmiyrav + 5 L Lo [(R) Ry
K 50 dt

32
< %Bl + cKBy + cKAy + cK?> Ay + cKA;

d 1 1) 1ps -
~ 5 [ JIRmlP iRicl PPy -+ [ (ol Rty .
Thus
(3.57) By < KB+ cKAy+ cK*Ay + cKA;
d 1 “11ps -
- 5 [ S Imanll iRl ey ¢ [ -R)|Ranf -ty
From (3.48) and (3.57), we can conclude that

Lemma 3.5. One has
(3.58) Al < cKBy+ cKAy + cK?Ay + cKA;

_ % [;/HRme1||RiC||2172PdV+C/(—R)||RmP1;72Pdv] ‘

Observe that two terms in the bracket are both nonnegative, since R = —||T||> <
0.

Finally, we estimate the term B,. Using the evolution inequality
1
[IVRm|[? < —- B[ [Rm|[* + c[[Rm][* + c||V>T}[|[Rm][*/% + c| |[Rm] ||| VT
we obtain

_ 1
B = [ IVRm|PRm [P Sy < [ [ SRl ol R

+ ¢l VAT ||[[Rm|[*2 + CIIRmIIIVTIIZ] |[Rm| [Py dv

(3.59) < _% / (W|[Rm | [[Rm| P22V + cA,

+c [ VATl [Rm|[P*/22aV + ¢ [ ||V R |2 av.
For the first integral one has
1

1
_ 2 p—3.2p _ - 2 p—3,.2p
> | (WIIRm|) [Ren|P~2927av = 2 [ (a[|Rm|?) [Rm||? =25 av
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p—3,2p - _Z p—3,2p
- (at||Rm|| ) lIRm|P-S2rav = =3 [ (a]|RelP) |[Ren] 720y
=5 [ VIRm(R [ (VIIRm][7-2) 727 + [ [RenP=2 (772 ) | av
2.
-3 2 -
= P2 [(VIIRm| )| [Re] P2V
+ ¢ [ IRm||P=2 VR [|[ Vgl 527 av — 3 [ (3] Rom?) | Ren[P2 527V

1 _
< —B2+CA4—§/(8tHRm|| ) [[Ren |22 av.

- 50
Here we used the assumption that p > 5. On the other hand,
1
p=3,2p = —-— P=ly2r
=5 [ (iR R -ray = 3 [ Ran- v |

+ 5 [1Rm (2ulIRm|P=2) yrav + 5 [ [[Ren] P52 (2,47

< PT/HRmHP > (arl|Rm|[?) >V +cA - 52 [/llRmII” 1172”dV}

so that

~3 [ (iR [Renl 27y < ca - 2 2| [ iRmlp-rav]
Therefore
1 4 1
—5 (-||Rm|| )||Rme PPAV < 5Byt cAs+eAs
(3.60) - ﬁa [/||Rmp 1 %zv]
To estimate the remainder two integrals, we recall from (3.9) that
(3.61) VT =Rm#*¢+T*xTxg
and from (2.14) that
(3.62) Vo =Tx1.
From (3.61) we get
(3.63) IVT| < c|[Rml| +¢[|T|[* < ¢|[Rm]].

In particular, the inequality (3.63) yields
(3.64) / |IVT|)2||Rm]|P~ 252 dV < c/ I|Rm||P2PdV < cA,.
Taking the derivative of (3.61) and using (3.62) we obtain

(3.65) V2T = VRm* @+ Rm*T*p+ VT« T @+ T+ TxTxp.

The particular case ||V2T|| < c¢||[VRm|| + c¢|[Rm||||T|| + ||V T||||T|| + ¢||T||
leads to

e [T Rl P22y < c [ [[[9Rem]|+ [Ra] 7]+ 9T 1]

+rT||3]||RmP3/2¢2Pdv < ¢ [ (IIVRm]l[[Rm||"~2/29") (||Rm] /25" dV
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(3.66) + c/ ||Rm|[Py?PdV < 51—032 + cAj.
Plugging (3.60), (3.64), and (3.66) into (3.59) we arrive at
(3.67) By < cAy+cA— % |:pl_1 / IRm||P1;,]2pdV:| .

Together with (3.58) and (3.67) we finally obtain
(A1 +cKAy) < cK(Aj+cKAp) + cKAy

(3.68) —% LC(/||Rm||”_1||Ric||2172pdV+c/(—R)||Rm||p_1172pdV} .

Equivalently,
Lemma 3.6. If ||Ric|| < Kand p > 5, one has

d
o [A1+CKA2+IC</||Rm||p1||Ric||2172”dV+c/(—R)||Rm||”1172”dV}

(3.69) < cK(A1 4+ cKAj) + cKAy.
As in [24, 27], we choose the domain () := Bg, (x0,0/ \/K) and the function

0= <P/\/E‘dg<o>(x0")> .
+

p/VK
Then, for all t € [0, T],

B \/KECKT
e Mgy < g(t) <e™Mgo, [ Vedlle) < e I Vigllgo < Y
The proof of Theorem 1.4. Define
u = /||Rm||P¢2Pdv+c1</||Rm||P-1;72r’dv
(3.70) + %/||Rm|\p_1||Ric||2172”dV+c/(—R)||Rm||p_1172”dV.
Then (3.69) yields
3.71) U’ < cKU + cK Ay

For Ay, using the Young inequality, we have

Ay = [ IRl vyl P2y < [ (v00/ VK
80 107

(I[Rem] P22/ Y
p

| ||Rm| |p_1172p_2Kp_26CKTdV

(Kp7 ecKT)p

< + av

[ P
< A +Kpp_2ppeCKTV01g(t) (Bgo <xo,\;%>)

u+ CKngKTp_?'pVOlg(t) (Bgo (xo, &)) .

/ +1,cKT ,—2— p
U' < cKU + cKPTe™ p7 = Pyoly(y (Bgo <x0,ﬁ>).

Bg() (xo,p/ﬁ)

IN

Thus
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As in the proof of [24], one can easily deduce from above that

p cKT
/Bg ( o ||ng(t)||g(t)dVg(t) < C(l +K)€ / p
0

[IRmg, |[,d Vs,
XO,ﬁ Bgo (XO/W)

(3.72) + cK? (14 p72) eKTvoly (Bgo <x0, \;%) ) .

As an immediate consequence of the inequality (3.72) we give another proof of
the part (a) in Theorem 1.2.

REFERENCES

[1] Bryant, Robert L. Some remarks on Ga-structures, Proceedings of Gokova Geometry-Topology Con-
ference 2005, 75-09, Gokova Geometry/Topology Conference (GGT), Gokova, 2006. MR2282011
(2007k: 53019)

[2] Bryant, Robert L.; Xu, Feng. Laplacian flow for closed Gy-structures: short time behavior, arXiv:
1101.2004.

[3] Cao, Xiaodong. Curvature pinching estimate and singularities of the Ricci flow, Comm. Anal. Geom.,
19(2011), no. 5, 975-990. MR2886714

[4] Cheng, Liang; Zhu, Anqiang. On the extension of the harmonic Ricci flow, Geom. Dedicata, 164(2013),
179-185. MR3054623

[5] Cleyton, R.; Ivanov, S. On the geometry of closed Gy-structure, Commun. Math. Phys., 270(2007), no.
1, 53-67. MR2276440 (2007m: 53025)

[6] Donaldson, Simon. Adiabatic limits of co-associative Kovalev-Lefschetz fibrations, Algebra, geome-
try, and physics in the 21st century, 1-29, Progr. Math., 324, Birkhduser/Springer, Cham, 2017.
MR3702382

[7] Donaldson, Simon. Boundary value problems in dimension seven, four and three related to exceptional
holonomy, arXiv: 1708.01649.

[8] Donaldson, Simon. An elliptic boundary value problem for G, structures, arXiv: 1801.01806.

[9] Donaldson, Simon. Remarks on Gy-manifolds with boundary, arXiv: 1802.09694.

[10] Enders, Joerg; Miiller Reto; Topping, Peter M. On type-I singularities in Ricci flow, Comm. Anal.
Geom., 19(2011), no. 5, 905-922. MR2886712

[11] Ferndndez, M.; Gray, A. Riemannian manifolds with structure group G, Ann. Mat. Pura Appl.,
(4)132(1982), 19-45. MR0696037 (84e: 53056)

[12] Fernédndez, Marisa; Fino, Anna; Manero, Victor. Laplacian flow of closed Gy-structures inducing nil-
soltons, J. Geom. Anal., 26(2016), no. 3, 1808-1837. MR3511459

[13] Fine, Joel; Yao, Chengjian. Hypersymplectic 4-manifolds, the Gy-Laplacian flow and extension assuming
bounded scalar curvature, arXiv: 1704.07620

[14] Grigorian, Sergey. Short-time behavior of a modified Laplacian coflow of Gy-structures, Adv. Math.,
248(2013), 378-415. MR3107516

[15] Grigorian, Sergey. Modified Laplacian coflow of Gy-structures on manifolds with symmetry, Differential
Geom. Appl., 46(2016), 39-78. MR3475531

[16] Hamilton, Richard. Three-manifolds with positive Ricci curvature, J. Differential Geom., 17(1982), no.
2, 255-306. MR0664497 (84a: 53050)

[17] Hitchin, N. The geometry of three-forms in six dimensions, J. Differential Geom., 55(2000), no. 3, 547
576. MR1863733 (2002m: 53070)

[18] Huang, Hongnian; Wang, Yuanqi; Yao, Chengjian. Cohomogeneity-one Gy-Laplacian flow on 7-torus,
to appear in Journal of the London Mathematical Society.

[19] Karigiannis, Sprio. Deformations of G, and Spin(7)-structures on manifolds, Ph. D. Thesis, Harvard
Univesity, 2003.

[20] Karigiannis, Sprio. Deformations of G, and Spin(7)-structures on manifolds, Canad. J. Math., 57(2005),
no. 5, 1012-1055. MR2164593 (2006j: 53070)

[21] Karigiannis, Spiro. Some notes on G, and Spin(7) geometry, Recent Advances in Geometric Analysis,
129-146, Adv. Lect. Math. (ALM), 11, Internatial Press, Somerville, MA, 2010. MR2648941 (2011f:
53094)

[22] Karigiannis, Sprio. Flows of G structures, I, Q. ]. Math., 60(2009), no. 4, 487-522. MR2559631 (2011g:
53046)



LOCAL CURVATURE ESTIMATES FOR THE LAPLACIAN FLOW 33

[23] Karigiannis, Spiro; McKay, Ben; Tsui, Mao-Pei. Soliton solutions for the Laplacian coflow of some Go-
structures with symmetry, Diff. Geom. Appl., 30(2012), no. 4, 318-333. MR2926272

[24] Kotschwar, Brett; Munteanu, Ovidiu; Wang, Jiaping. A local curvature estimate for the Ricci flow, J.
Funct. Anal., 271(2016), no. 9, 2604-2630. MR3545226

[25] Li, Yi. Long time existence of Ricci-harmonic flow, Front. Math. China, 11(2016), no. 5, 1313-1334.
MR3547931

[26] Li, Yi. Long time existence and bounded scalar curvature in the Ricci-harmonic flow, J. Differential Equa-
tions, 265(2018), 69-97. MR3782539

[27] Li, Yi. Local curvature estimates for Ricci-harmonic flow, preprint, 2017. In prepartion of the second
revised version.

[28] Lin, Christopher. Laplacian solitons and Gy-geometry, J. Geom. Phys., 64(2013), 111-119. MR3004019

[29] List, Bernhard. Evolution of an extended Ricci flow system, PhD thesis, AEI Potsdam, 2005.

[30] List, Bernhard. Evolution of an extended Ricci flow system, Comm. Anal. Geom., 16(2008), no. 5,
1007-1048. MR2471366 (2010i: 53126)

[31] Miiller, Reto. The Ricci flow coupled with harmonic map flow, PhD thesis, ETH Ziirich, doi:
10.3929/ ethz-a-005842361, 2009.

[32] Miiller, Reto. Ricci flow coupled with harmonic map flow, Ann. Sci. Ec. Norm. Supér. (4) 45(2012), no.
1, 101-142. MR2961788

[33] Lotay, Jason, D; Wei, Yong. Laplacian flow for closed Gy-structures: Shi-type estimates, uniqueness and
compactness, Geom. Funct. Anal., 27(2017), no. 1, 165-233. MR3613456

[34] Lotay, Jason, D; Wei, Yong. Stability of torsion-free Gy-structures along the Laplacian flow, to appesr in
J. Differental Geom.

[35] Lotay, Jason, D; Wei, Yong. Laplacian flow for closed Ga-structures: real analyticity, to appear in
Comm. Anal. Geom.

[36] Sesum, Natasa. Curvature tensor under the Ricci flow, Amer. J. Math., 127(2005), no. 6, 1315-1324.
MR2183526 (2006£:53097)

[37] Weiss, Hartmut; Witt, Frederik. A heat flow for special metrics, Adv. Math., 231(2012), no. 6, 3288-
3322. MR2980500

[38] Weiss, Hartmut; Witt, Frederik. Energy functionals and soliton equations for Go-forms, Ann. Glob.
Anal. Geom., 42(2012), no. 4, 585-610. MR2995206

[39] Zhang, Zhou. Scalar curvature behavior for finite-time singularity of Kihler-Ricci flow, Michigan Math.,
59(2010), no. 2, 419-433. MR2677630 (2011j: 53128)

FACULTY OF SCIENCE, TECHNOLOGY AND COMMUNICATION (FSTC), MATHEMATIC RESEARCH
UNIT, CAMPUS BELVAL, UNIVERSITE DU LUXEMBOURG, MAISON DU NOMBRE, 6, AVENUE DE LA
FONTE, L-4364, ESCH-SUR-ALZETTE, GRAND-DUCHY OF LUXEMBOURG

E-mail address: yilicms@gmail.com



