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Abstract

We introduce a novel meshfree Galerkin method for the solutn of Reissner-Mindlin
plate problems that is written in terms of the primitive vari ables only (i.e., rotations and
transverse displacement) and is devoid of shear-locking. fie proposed approach uses linear
maximume-entropy basis functions for eld variables approximation and is built variationally
on a two- eld potential energy functional wherein the shear strain, written in terms of the
primitive variables, is computed via a volume-averaged nodl projection operator that
is constructed from the Kirchho constraint of the three- e Id mixed weak form. The
meshfree approximation is constructed over a set of scatted nodes that are obtained from
an integration mesh of three-node triangles on which the mds#ree stiness matrix and
nodal force vector are numerically integrated. The stabilty of the method is rendered
by adding bubble-like enrichment to the rotation degrees offreedom. Some benchmark
problems are presented to demonstrate the accuracy and pemfmance of the proposed
method for a wide range of plate thicknesses.
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1. Introduction

Shear-deformable thin-structural theories such as the Tineshenko beam and Reissner-
Mindlin plate theories are widely used throughout engineeing practice to simulate the
mechanical response of structures with planar dimensionsaf greater than their thickness.
The shear deformable theories' popularity over the classal thin-structural theories, Euler-
Bernoulli beam and Kirchho -Love plate theory, is primarily due to the following two
factors:

They capture the shear-deformable behaviour inherent to tlicker structures [1, 2].
Capturing this behaviour is necessary for simulating moden engineering structures
constructed from e.g. functionally graded materials 8.

They are second-order PDEs giving rise to weak formulationswith H1( ) reg-
ularity, whereas the classical theories are fourth-order BPEs with weak formula-
tions demanding H?( ) regularity. The di culty in the construction of an e cient
H2( )-conforming nite element method (FEM) is well-known. In ¢ ontrast, H( )-
conforming FEMs are straightforward.

Unfortunately, it is also the case that naswely constructed low-order polynomial H( )-
conforming numerical methods su er from shear-locking. Shar-locking is a numerical issue
caused by the inability of a numerical method to represent tte Kirchho limit as the plate
thickness parameter tends to zero. This usually results in anonconvergent numerical
method, or at best, very poor convergence.

The majority of solutions to the shear-locking issue in the nite element literature
resort to a mixed variational method where the transverse skar stress is treated as an
independent variational quantity in the weak form. There is a huge amount of mathematical
and engineering literature related to constructing plate dements for FEM analysis, which
we cannot hope to do justice to here. Particularly popular examples of this approach
include the Mixed Interpolation of Tensorial Components (MITC) or Assumed Natural
Strain (ANS) approach [4{7], and the Discrete Shear Gap (DSG) method §{ 10].

One desirable aspect of both MITC and DSG is that even though hey can be math-
ematically analyzed using (and are based on) an underlying imed formulation, the -
nal systems of equations are expressed in terms of the primainknowns of the standard
Reissner-Mindlin problem only. This is achieved by the use ban operator that reduces or
projects the shear stresses expressed in terms of the primariables onto an underlying
mixed nite element space. This \unlocks" the formulation.

Given the success of using mixed variational methods in comsicting shear-locking free
nite elements, it should be no surprise that many authors have taken this route to con-
struct convergent methods for more modern numerical techrjues, such as in Isogeometric
Analysis (IGA) [ 11{13] and meshfree methodsq, 10, 14{17].



The work described in this paper is a continuation of the lineof research presented in
the PhD thesis of Hale [L8] on developing meshfree methods for shear-deformable sttures
using mixed formulations. There the volume-averaged nodapressure technique that was
proposed in Refs. 19, 20] for the Stokes and nearly-incompressible elasticity prolems
and later generalized as the volume-averaged nodal projeon (VANP method [21], was
adapted to the Reissner-Mindlin problem. In the VANRapproach, bubble-like enrichment
is used to ensure inf-sup stability R2] mimicking the MINI element [23] and the volume-
averaging procedure is closely related to the average-notstrain nite element formulation
proposed in Ref. R4]. The adaptation of the VANRpproach from the Stokes problem to the
Reissner-Mindlin in Ref. [18] was achieved using a stabilized mixed variational formuldon
developed in Ref. P5]. Using this stabilization it is possible to bypass the coecivity on the
kernel condition in the LBB theorem [22], opening up the possibility of using inf-sup stable
designs for the Stokes problem (e.g. the MINI elementd3] or the VANPRoperator [19, 20])
almost directly for the Reissner-Mindlin problem. This stabilization comes at the expense
of the introduction of a stabilization constant. A more detailed analysis in Refs. 6, 27]
shows that in a nite element context it is possible to quite precisely relate this constant to
the element size and obtain good convergence rates. Unfonately, numerical experiments
to choose a good scheme for the stabilisation constant in theneshfree context of Ref. 18]
were less successful.

In this paper, we develop a new meshfree scheme for the ReigsrViindlin plate model
with many of the best aspects of the formulation in Ref. [L8], but with none of its drawbacks,
such as reliance on a stabilization scheme with an a priori uknown constant. The scheme
uses linear maximum-entropy basis functions for eld variébles approximation and is built
variationally on a two- eld potential energy functional wh erein the shear strain, written
in terms of primitive variables (i.e., rotations and transverse displacement), is computed
via a volume-averaged nodal projection operator that is costructed from the Kirchho
constraint of the three- eld mixed weak form, which is an idea adapted from the VANP
formulation of Ref. [21] and that leads to a symmetric stiness matrix. The meshfree
approximation is constructed over a set of scattered nodeshat are obtained from an
integration mesh of three-node triangles on which the meshée sti ness matrix and nodal
force vector are numerically integrated. We use recent advaces in integration techniques
for meshfree methods, e.g. the work of Duan et. al28], to ensure e cient and accurate
integration of the weak form. Bubble-like enrichment of the rotation degrees of freedom
is added to ensure inf-sup stability, similarly to the recert nite element of Song and
Niu [29] and many others. No further stabilization is required to ensure the stability of
the discrete problem. The nal system of equations is expresed in terms of the primal
unknowns only, an improvement over the work of Hale 14]. Our numerical experiments
show that the proposed method is optimally convergent for a wde range of thicknesses
(shear-locking-free).

The remainder of the paper is given as follows. Sectio2 provides a summary of the
notation used in this paper. The main ingredients for the conputation of the maximum-



entropy basis functions are given in Section3. In Section 4, the classical three- eld for-
mulation for the Reissner-Mindlin plate model is summarizal along with its discretization
using meshfree basis functions. Th&ANRnethod for the Reissner-Mindlin plate model is
developed in Section5. Section 6 presents some numerical examples that are solved using
the proposedVANRapproach. We end with some concluding remarks in Sectiofd.

2. Notation

The following is a summary of the main notation used in this pger. Slanted bold
symbols such asv are used to represent vectors and tensors. In particular, tb follow-

n-dimensional space and/ = (vyx; vy) in the two-dimensional Cartesian coordinate system.
Lowercase (nonbold) upright symbols are used to representow and column vectors.
Their entries are written between square brackets. For insance,r =[r; rn] is a row
vector andc=[c; ch]" is a column vector.
Uppercase (nonbold) upright symbols are used to represent atrices. Their entries are
written between square brackets. An example of a matrix repesentation is given as follows:

2 3
Mmi1 Ma2 Min
Mz1 M22 Man

m=g T
Mp1 Mp2 Mnn

The gradient operator is denoted asr and the trace operator as tr().

3. Maximum-entropy basis functions

Consider a convex domain represented by a set of scattered nodes and a prior (weight)
function wy(x) associated with each noda. The approximation for a scalar-valued function
u(x) is given in the form:

X0
u(x) = a(X)Ua; (1)
a=1
where u, are nodal coe cients. On using the Shannon-Jaynes (or relaitve) entropy func-
tional, the max-ent basis functionsf ,(x) OgjL; are obtained via the solution of the
following convex optimization problem [30]:

Problem 1.
x a(x)

min x)In
2RY a(x) Wa(X)




subject to the linear reproducing conditions:

xn
a(x)=1; a(x)ca = 0:

a=1 a=1

In Problem 1, c, = X5 x are shifted nodal coordinates and ' is the nonnegative orthant.
In this paper, we use as the prior function the Gaussian radihbasis function given
by [31]
Wa(X) = exp chak2 ; (3)
a
where is a parameter that controls the support size of the basis funtion and h, is a
characteristic nodal spacing associated with node.
On using the method of Lagrange multipliers, the solution to Problem 1 is given by [30]

L pZaki ()
i )= P X o)

where the Lagrange multiplier vector (x) is obtained as the minimizer of the following
dual optimization problem (x is xed):

Za = Wa(x)exp( (x) ca(X)); 4)

Problem 2.
(x)=arg min InZ(x; ):
2R

Problem 2 leads to a system of two nonlinear equations given by

X
fC)=r Inz()= a(X)xa = 0; ®)

a

wherer  stands for the gradient with respect to . Once the converged solution for the
Lagrange multiplier vector is found through (5), the basis functions ,(x) are obtained
by setting = in (4).

Finally, the gradient of the basis function is [31]:

roax)= ax; YA ) teax); (6)
where
X xn
J(x; )= a(X; )ca(x) ca(x) r(x; ) r(x; ) r(x; )= a(X; ) ca(x):
a=1 a=1
(7



4. Governing equations for the three- eld formulation

The method that is proposed in the next section relies on the lassical three- eld
Reissner-Mindlin plate problem formulation. It is instruc tive to review this formulation as
many of its aspect are preserved in the new method. Thereforén this section we provide a
summary of the classical three- eld formulation for the Reissner-Mindlin plate model and
its discretization procedure using the maxent basis funcins.

4.1. Strong form

Consider the midplane of an elastic plate of uniform thicknesst that occupies the open
domain R? and is bounded by the one-dimensional surface . The coordinates of
a point in this domain is denoted by x = (x;y). The rotations of bers normal to the
midplane, the transverse displacement of the midplane, andhe scaled transverse shear
stresses are denoted by (x) = (rx;ry), w(x), and s(x) = ( sx;Sy), respectively. A trans-
verse loadq(x) 2 L2( ) is also acting on the plate. A schematic representation of he
plate is depicted in Fig. 1.

Fig. 1. Schematic representation of the plate.

The boundary of the plate is assumed to be entirely subjectedb the essential (Dirichlet)

boundary conditions"(x): p! R?andw(x): p! R, whichimpliesthat = p.
The boundary-value problem for this Reissner-Mindlin plate con guration reads [32]:
Problem 3. Findr(x): ! R? w(x): ! Rands(x): ! R?such that

r (C'(r)) s=0 8x2;
r s q=0 8x2 ;

1
(rw ) ﬁszo 8x 2 ;

r=r, w=W 8x2 p:



In Problem 3, " (r) = % rr+(rr)T isthe straintensor,C = 12('157Y2)((1 "+tr(")1)
is the tensor of bending moduli, and = % where = 5=6 is the shear correction
factor; Ey and are the Young's modulus and the Poisson's ratio of the plate raterial,

respectively.

4.2. Three- eld mixed weak form
Let the spaces

R:
Ro:

rer2[HY )% r=ron p
r:r2[HY )% r=0o0n p

be the trial and virtual spaces for the rotation eld, respectively,

W .
Wp :

w:w2HY( );w=won p
w:w2HY ); w=0on p

be the trial and virtual spaces for the transverse displacerant eld, respectively, and
S:= z:z2[L% )P

be the space for the trial and virtual scaled transverse sheastresses.
On using the preceding space de nitions, the three- eld mixed weak form reads 32, 33:

Problem 4. Find (r;w;s)2 R W S such that
Z Z
("( r)TCc"(r)dx s rdx=0 8r 2Ry
Z Z
s r wdx gwdx =0 8w 2 Wj;

(rw r) % sdx =0 8s2S:

In Problem 4, "(r) = ["x "yy 2"xy]" is the strain tensor in Voigt notation, and C is the
Voigt representation of the tensor of bending moduli and is gven by

2 3

Ey 1 0
= 4 1 0 9: 11
217 4 o1 4

2

C



4.3. Discrete equations using maxent basis functions

The discrete version of Problem4 is obtained by approximating the eld variables
using the maxent basis functions over a set of scattered nodethat discretely represent
the continuous plate. Due to the nonpolynomial nature of the maxent basis functions, the
weak form integrals cannot be computed exactly. Thus, numedcal quadrature is used to
evaluate them. For this purpose, we construct a nite elememn mesh whose elements are
used to de ne integration points and its nodes to discretizethe eld variables. The whole
procedure can be thought as a nite element method with basisfunctions having a radial
support. The support is controlled by the maxent parameters and its size is typically
larger than the support of a nite element basis function. The construction of maxent
basis functions depends only on the nodal coordinates (seee&ion 3) for which they are
regarded as \meshfree." An advantage of using meshfree basfunctions is that since the
element is not involved in the computation of them, the resuting method is less sensitive
to mesh distortion than the nite element method.

For the construction of the integration mesh, we follow the sandard practice in nite
elements. That is, we consider a mesh of so-called mixed nételements that would produce
convergent and stable nite element solutions for the three eld mixed weak form that
models the Reissner-Mindlin plate problem. Several mixed nite elements are available
in the nite element literature (see for instance Ref. [34]). In this paper, we construct
the integration mesh inspired by the recent work of Song and M [29], as follows: let the
domain be partitioned into disjoint nonoverlapping three-node triangular cells. We denote
an integration cell as E. The partition formed by these cells is denoted asT", where
h is the maximum cell diameter among the cells in the partition The standard set of
nodes, denoted byN S, is formed by the vertices of the triangular mesh. In addition to
the standard node set, we de ne a barycenter node set ahl b with nodes located at the
barycenter of each cell. So, the enhanced node set is denecs&* = NS[N P, The
degrees of freedom associated with this partition is summazed as follows:

each node in the standard node set carries two rotations, ongansverse displacement,
and two transverse shear stresses.

each node in the barycenter node set carries two rotations.

Fig. 2 presents a schematic representation of the integration més

The partition T! is constructed using a triangular mesh generator and the loation
of quadrature points are computed based on this partition. The enhanced node seN *
is constructed when needed by adding the barycenter node séi P to the standard node
set N . This poses no problem or additional complexity in the methal since the absence
of the nite element structure in the computation of meshfree basis functions permits the
addition of nodes to the mesh very easily.

In the process of evaluating the discrete weak form, maxent &sis functions need to be
computed at integration points. To make clear the implications of the numerical integration

8



Fig. 2: Schematic representation of the domain partition irto cells and nodes for the
discretization of the three- eld mixed weak form. The shadel triangle is a typical cell of
the partition. The white circles represent the standard node setN ® and the black ones the
barycenter node setN .

procedure using meshfree basis functions, the concept of dal contribution is introduced as
follows: the nodal contribution at a given integration point with coordinates x is de ned as
the indices of the nodes whose basis functions have a nonzemlue at x. It should be noted
that due to the radial support of the maxent basis functions, the evaluation of the them
at an integration point is likely to have a nodal contributio n stemming not only from the
nodes that de ne the integration cell, but also from nodes Icated outside the integration
cell. A graphical explanation of the nodal contribution at an integration point located in
the interior of the cell and an integration point located on an edge of the cell is provided
in Fig. 3, where the support of nodal basis functions are representelly circles centered
at nodes. The circles drawn with continuous line and centeré at lled nodes represent
basis functions of nodes de ning the integration cell and haing a nonzero value at the
integration point. Hence, the indices of lled nodes are pat of the nodal contribution. The
circles drawn with dashed line and centered at lled dashed ndes represent basis functions
of nodes lying outside the integration cell and having a nonero value at the integration
point. Thus, the indices of lled dashed nodes are also part bthe nodal contribution. The
circles drawn with dotted line and centered at empty nodes reresent nodal basis functions
having a zero value at the integration point. The indices of enpty nodes are then not part
of the nodal contribution.

The nodal contribution concept is not restricted to the numerical integration procedure
only, it is in general applicable to any evaluation of basis finctions within ~ or on

On using the maxent basis functions, the discrete trial and wtual eld variables are



(@) (b)

Fig. 3: Graphical explanation of the nodal contribution concept for the evaluation of nodal
basis functions at (a) an integration point (depicted as ) located in the interior of the cell
and (b) an integration point (depicted as ) located on an edge of the cell. The support of
nodal basis functions are represented by circles centered aodes. The indices of the nodes
whose basis functions have a nonzero value at the integratiopoint (i.e., the indices of the
nodes whose associated circles contain the integration pu) de ne the nodal contribution.
In this example, the nodal contribution contains the indices of the nodes that de ne the
integration cell (lled nodes) and some nodes that lie outsde the integration cell (lled

dashed nodes).

obtained as follows:

r)qnh r)qnh

rh(x)= AOOra; rx)= b(X) Tb; (12a)
a=1 b=1
pétd pétd

wh(x) = A0OWa;,  wh(x) = b(X) Wp; (12b)
a=1 b=1
%td %td

s"(x) = a(X)sa;  s"(x) = b(X) Sp; (12¢)
a=1 b=1

where nenh and nstd are the number of nodes that de ne the nodal contributions atx in
the enhanced node setN *) and the standard node set (\ %), respectively, andr = r (X3a),
W, = W(X4) and s; = s(x4) are the unknown nodal coe cients.

10



Thus, the discrete three- eld mixed weak form at the integration cell level reads:

Problem 5. Find (rM;wh;sMm2 (R" R) (WM W) (S" S) such that

Z Z
(" rM)Terhrhydx s" r"dx=0 8r"2R} Ry;
E z 4
sh r whdx gwhdx=0 8w"2wl Wy;
E E
Z h
h h S h h 5 ch
rw' r T2 s'dx=0 8s"2S; Sp:
E

5. The volume-averaged nodal projection method

In analogy to the VANRmethod for nearly-incompressible elasticity 1], this method
when applied to the Reissner-Mindlin plate model allows theelimination of the scaled
shear stresses from the analysis, which leads to a method wten in terms of the primitive
variablesr and w. In this section, the VANRnethod for the Reissner-Mindlin plate model
is formulated.

5.1. Projection operator

Consider the discrete two- eld scaled variational formulation for the Reissner-Mindlin
plate model [32, 35]:

Problem 6. The eld variables (r";w") 2 (R" R) (W" W) can be found as the
unique minimum point of the following potential energy funtional:

z ,Z . z
CreTerMdx+ ——  rw? " o wh P odx gqwdx:
E E

hogohy —
r'>w')= inf =
( ) LU 7 .

2
Problem 6 requires the minimizing pair r";w" to satisfy the Kirchho constraint
r wh  r = 0 as the thickness of the plate becomes very small, which at thelement
level is a severe condition that leads to shear-locking. Tis issue is purely numerical and
manifests itself as the impossibility for a displacement-lased formulation (i.e., a formula-
tion in primitive variables r and w) to undergo deformations as the thickness of the plate
becomes too small.
As a remedy for shear-locking, the following modi ed versim of Problem 6 is considered:

Problem 7. The eld variables (r";w") 2 (R" R) (W" W) can be found as the

unique minimum point of the following modi ed potential energy functional:

\Z . 22 z

="y e (rMydx+ — @ wh T wh rh)dx gqw’ dx:
E E E

—/ hoghy —
; = inf
(r';wh rlh;wh >

11



The \bar" symbol in Problem 7 is intended to de ne a modi ed shear strain that alleviates
shear-locking.

On taking the rst variation of the modi ed potential energy functional in Problem 7,
leads to the following discrete modi ed two- eld weak form for the Reissner-Mindlin model:

Problem 8. Find (r";wM 2 (R" R) (WM W) such that
Z A Z
t 2 (r whTrwhdx t 2 ( wh)Trhdx wgdx =0
E E E
swh 2wl wyg;
Z Z Z
t 2 (rMTrwhdx+  (PCr) e erMdx+t 2 (rMTrhdx =0
E E E
8r"2RE R

In contrast to the system that gives form to the local patch projection method [18],
Problem 8 is a symmetric system. This is a consequence of the modi ed glar strain being
applied to the potential energy functional.

In order to develop the sti ness matrix from Problem 8, an appropriate construction
for the \barred" quantities that appear therein is needed | h ere \appropriate" means
that shear-locking is precluded. An e ective procedure to atieve this aim is o ered by
the Kirchho constraint given in the last equality of Proble m 5. The procedure consists in
rearranging the Kirchho constraint such that s" can be computed in terms of the primitive
variables, as follows:

Sh:ch h h_t2h h h .h . (15)

where " is a projection operator that adopts the form of an L2 projection. By comparing
the second equation in Problem8 with ( 15), the following equalities are proposed:

h i h i

rwh= P pwh; rh= hh (16)

rowh=
which give the de nition of the \bar" operator as ( ):= " ].

We are left with the explicit expression for the projection operator. It is derived as
follows: the discrete scaled transverse shear stresseseaivin (12¢) are replaced into the last
equation in Problem 5 (the Kirchho constraint), which after relying on the arbit rariness
of nodal variations yields in nodal form

Z h [ Z

dx) rwh M odx % o(X) p(X)spdx =0: (17)
E E

12



The integral that accompanies the nodal transverse shear s¢ss on the left-hand side of {7)
de nes a matrix H whose entries are given by

z
Heb = c(X) b(x)dx: (18)
E
Eq. (17) can be solved for the nodal scaled transverse shear stress #llows:
z h i
sp=t 2H,  o(x) rwh P odx; (19)

E

whereH_! is read as the nodal component of the inverse of the matrixd. Since the maxent
basis functions are positive functions, all the entries in he matrix H are nonnegative.
Hence, Eqg. (19) can be safely simpli ed by performing row-sum onH (i.e., by lumping)
leading to the following volume-averaged nodal scaled transverse shear stregsctor:

R
» E. C%)rwh r"odx

=t R ; 20
Sc . J(x) dx (20)
which is used to project the scaled transverse shear stres®ld, as follows:
R
e , e ( g, )T wh o odx
s’ = c(X)sc =t c(X) . (21)
c=1 c=1 Ec C(X) dx

The projection operator that de nes the \bar" operator is re alized by comparing (15)
with (21) and is given by

_ netd

()= "[1= c(x) ol I; (22)

c=1
where [ ] is the volume-averaged nodal projection(VANPoperator given by

(O Tdx.
g, c(x)dx

ol 1= (23)

In (23), E. is a representative nodal volume de ned as the union of all tle elements
attached to nodec. Fig. 4(a) depicts the nodal volumeE. when the standard node sefN S
is used, and Fig.4(b) when the enhanced node sel * is used.

The following precautions must be taken into account when ceputing the VANPper-
ator:

It should be noted that since (x) in (23) stems from the nodal shear stresses
variations its evaluation must always be performed inN S, which requires E. to be
de ned as in Fig. 4(a).

13



Observing the \barred" terms in Problem 8, it must be realized that between the
square brackets in theVANPoperator we will have eitherr™ or r w". The compu-
tation of the former requires the enhanced node set and thu&. must be de ned as
in Fig. 4(b), and the computation of the latter requires the standard noce set and
thus E; must be de ned as in Fig. 4(a).

The evaluation of the VANPoperator requires numerical integration at quadrature
points and thus the nodal contribution concept (see Fig.3 to recall this concept)
must also be considered.

Fig. 4. De nition of the representative nodal volume E. (shaded area) for the evaluation
of the integrals that appear in the volume-averaged nodal pojection operator. (a) nodal

volume based on the standard node sell °, and (b) nodal volume based on the enhanced
node setN *.

5.2. Stiness matrix and nodal force vector

The sti ness matrix and nodal force vector are developed by décretizing Problem8 with
the rotation and transverse displacement elds approximatons given in (128 and (12b),
respectively. On using these approximations, we write

2
I'th I'th a;x 0
"My = Ba()ra; ""(rM) = By(X) rp; Ba(x)=4 0 a4y O (24
a=1 b=1 ayy ax
and
%td %td _
rwh = Ga(X)Wa;, 1 wh= Go(X) Wp,  Ga(x) = ax . (25)
a=1 b=1 ay

14



In addition, the discrete rotation eld is conveniently rew ritten as

nenh nenh 0
= Na(ra r"= 0 No(x) rp; Na(x)= : (26)
a=1 b=1 a
And on using (22), (25) and (26), the following projected terms are obtained:
netd ( ngtd ) ngtd ( ngtd )
rowh= o(X) c[Ga(X)] Wa; 1 wh= c(X) c[Go(x)]  wp; (27)
a=l c=1 b=1 c=1
and
L ngnh ( netd ) L ngnh ( netd )
rh= o(X) c[Na(X)] ra; rh= c(X) cNo(X)] rp:  (28)
a=1 c=1 b=1 c=1

Finally, by collecting all the discrete quantities and replacing them into the modi ed
two- eld weak form (Problem 8), and appealing to the arbitrariness of nodal variations, the
following global system of equations is obtained after asgabling the local contributions:

Kww Kwr w fW
= ; 29a
K& Kee+ Kir r o (292)
where w and r are the global column vectors of nodal coe cients for the transverse dis-
placement and rotations, respectively;Kuw, Kur, Kee and K, are the assembled sti ness
matrices, andf,, is the assembled nodal force vector.

On de ning the assembly operator asA, the assembled sti ness matrices for the parti-

tion of the domain into nel integration cells are obtained as

nel E nel E nel E nel E nel E
Kww = Eél Kww:  Kwr = Eél Kiwri  Kee= Eél Keew Kir = Eél Ki: fw= Eél fs
(29b)
where the local sti ness matrices evaluated on the integraton cell E are
0 1
p@td p@td z gétd b gétd
Kiw = @t 2 c(X) ¢[Ga(x)] c(X) c[Gu(x)] dxA;  (29c)
a=1 b=1 E = =1
0 | 1
netd ngnh 4 netd ’ netd
Ker = @t 2 c(X) c[Ga(x)] o(X) ¢INp(x)] dxA;  (29d)
a=1 b=1 E =1 c=1
nenh ngnh z
KE, = BI(x)CBp(x)dx ; (29e)
_ E
a=1l b=1 0 | 1
ngnh ngnh z netd - T netd
KE = @t 2 c(X) c[Na(x)] (X) cINp(X)] dxA;  (29f)
a=1 b=1 E 1 c=1
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and the nodal force vector is

netd Z

fo = a(x)a(x)dx (299)
a=1 E

It is recalled that in the implementation of these sti ness matrices and nodal force
vector, nstd and nenh are the number of nodes that de ne the nodal contributions in the
standard node set (\ ) and the enhanced node setN *), respectively, that result from
the numerical integration process. The numerical integraton of the nodal force vector is
done using standard Gauss integration on triangles, but thenumerical integration of the
sti ness matrices requires a special treatment which is elabrated in the next subsection.

5.3. Numerical integration

The cell-based integration of the stiness matrices that depend on basis functions
derivatives (i.e., Egs. (290-(29€) introduces integration errors when standard Gauss in-
tegration is used, which results in convergence issues andhé¢ patch test is not satis ed.
To alleviate these integration errors in the VANRnethod, a smoothing procedure known as
quadratically consistent 3-point integration scheme R8] is performed to correct the values of
the basis functions derivatives at the integration points. This smoothing procedure was al-
ready used in the linear R1] and nonlinear [36] VANRormulations for nearly-incompressible
solids. In this paper, we follow the same approach.

A representative integration cell E along with its integration points is depicted in Fig. 5(a)
when the standard node set N ®) is used and in Fig. 5(b) when the enhanced node set
(N ") is used. Basically, the situation shown in Fig.5(a) is used to evaluate the deriva-
tives appearing in (299 and (29d) through the nodal matrix G, and the situation depicted
in Fig. 5(b) to evaluate the derivatives appearing in 96 through the nodal matrix Bj.

A summary of the basis functions derivatives correction pra@edure follows. The Carte-
sian coordinate system is chosen, where for convenienge xi1 andy X». In addition,
nj (j =1,2) is the j-th component of the unit outward normal to a cell edge in the
Cartesian coordinate system. The integration accuracy of he smoothing procedure is of
second-order, which is obtained by requiring the basis furtions derivatives to satisfy the
divergence constraint

z z z

ajf (x)dx = o af (X)nj ds af j (x) dx; (30)
E E

wheref (x) is the rst-order polynomial base
fO) =11 x1 x2]"; (31)
whose derivative (j is the Kronecker delta symbol) is
fix)=[0 3 21" (32)
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(a) (b)

Fig. 5: Schematic representation of integration cells and heir integration points for cor-

rection of basis functions derivatives in the VANPapproach. The shaded region is the
integration cell E. The symbol represents integration points located in the interior

of the integration cell and the symbol represents integration points located on the cell
boundary. (a) Integration cell when the standard node set (N ®) is used and (b) integration

cell when the enhanced node setN *) is used.
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The expanded version of 80) is:

Z Z
z E Z@E
Via Z@E
E @E
Z Z
a2dx =
z E Z@E
a2X1dx =
Via Z@E
E @E

ahyds;
aX1nqids

aXanyds;

anz ds;
aX1no ds;

aXono ds

(33a)
(33b)

(33¢)

(33d)

(33¢)
Z

a dx
E

(33f)

The integration constraints (33) are solved using Gauss integration on the integration
cell E shown in Fig. 5. Consider the following notations:

hp = ("p1;"py) as the Cartesian coordinates of theh-th interior integration point

with an associated Gauss weight'w.

ve = ({e1; &) as the Cartesian coordinates of theg-th integration point that is
located on the k-th edge of the cell with an associated Gauss Weigtﬁv.

kN = (kNn1;kn2) as the unit outward normal to the k-th edge of the cell.

On using the preceding notations, the discrete version of th integration constraints (33)

is:
Wd, =fj; j =12 (34a)
where 2 1y 20 3 3
W=4 wlp 2w?p, 3w3p; 5; (34b)
1W1p2 2W2p2 3W3p2
2 P R g g 3
a(jc€) kN1 Vv
k=1 g=1
B R R
fl-E a(fe) Jerkny v a("p)"w 7; (34c)
k=1 g=1 h=1
P R
a(he) pe2knapv
k=1 g=1

18



B R
a(ge) kN2 EV
k=1 g=1
P 9a)0 g
fr = a(ge) gerknz v ; (34d)
k=1 g=1
B PR P
a(fe) fe2knz v a("p) "w
k=1 g=1 h=1
and the solution vector of the j -th basis function derivative evaluated at the three interior

integration points is
T

d = a;j (*p) a;j (%p) a;j (p) : (34e)
In the foregoing equations, indexa runs through the nodes that de ne the nodal con-
tribution either in NS or N *.
Finally, the numerical integration of the sti ness matrices is performed using 3-point
Gauss rule on the triangular cells, but the basis functions @rivatives at these three inte-
gration points are replaced by the corrected derivatives gien in (346.

6. Numerical experiments

In this section, several numerical experiments are performd to assess the accuracy
of the proposed VANPformulation for the Reissner-Mindlin plate model. Unless sated
otherwise, the default numerical integration procedure fo the VANPformulation is the
quadratically consistent 3-point integration scheme (QC3. For assessing Reissner-Mindlin
plate problems with known global solution, we use the relatve L2-norm of error and the
relative H -seminorm of the error, which are de ned, respectively, asdllows:

S s _n
ku ulkzy " E“E (u th)T (u uM)dx
kuk 2y C g puTudx ’
v
up R
ku ukyi) _f g g w0 Tw W dx
kukp1( e g U9 uodx ’

whereu = [w ry ry]T and u®=[w. Wy ey Ty Tyx Fyy]T are the exact solutions, andu”
and u? are their corresponding approximations.

In addition, on using the exact nodal scaled transverse sheastress solutions, and its
approximation sf, the following relative L2-norm of the nodal error is de ned to assess the

convergence of theVANHAnethod in the scaled transverse shear stress variable:
S 5

'J
ks SMur() o a(SapSh) (e Sh).
kSkLz( ) ' asgsa ,

since in the VANRapproach the scaled transverse shear stress is a nodal quéptthat can
be computed aposteriori from the primitive variables using (20).
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6.1. Zero shear deformation patch test

We start by performing a patch test to evaluate whether our VANHormulation, which
uses linear approximations, can reproduce a linear solutio within machine precision. We
also want to check that our method is devoid of the shear-lockhg phenomenon when
the transverse shear deformation approaches zero. For thed®&ssner-Mindlin problem, the
condition of zero shear deformation requires that the transerse displacementw is one
order higher than the order of the rotations r. To obtain an exact linear solution for
w and be able to test our method, we use the zero shear deformam patch test that is
provided in Ref. [37]. The lowest order solution given therein is quadratic inw and linear
in r. To obtain a linear solution in w, the exact solution provided in Ref. [37] is managed
by appropriately choosing the arbitrary constants so that the following particular exact
solution is obtained:

w=1+ Xx+y, ry=1; ry=1:

The linear patch test is built by imposing the above exact solition along the entire
boundary of a unit square domain. Three integration meshes i@ used as shown in Fig6.
The elastic parameters for the material of the plate are seto Ey = 10:92 1P psi and

(@) (b) (©
Fig. 6: Integration meshes for the zero shear deformation gah test.

= 0:3. The side of the plateL, which in this case is the unit, is taken as the characteristt
length for de ning the normalized thickness of the plate ast=L. The relative L2-norm and
H l-seminorm of the error are shown in Tablel and Table 2, respectively, for the three
integration meshes and various normalized thicknesses. H®se results reveal that for the
plates with normalized thicknessest=L = 0:1, t=L = 0:01 andt=L = 0:001, the errors are
extremely small and approaching machine precision; thus,tican be said that they pass
the zero shear deformation patch test in the numerical senseEven though the errors for
the plate with normalized thicknesst=L = 0:0001 are not within machine precision, they
are su ciently small to nearly pass the zero shear deformatbn patch test in the numerical
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sense. Also, the absence of the shear-locking phenomenontime VANRormulation is made

evident by these small errors.

Table 1: Relative L2-norm of the error for the zero shear deformation patch test.

Mesh | t=L =0:1 | t=L =0:01 | t=L = 0:001 | t=L = 0:0001
@ |23 10”26 10|15 101 ] 20 108
by |15 0¥ |63 10|60 10| 62 10°
(0 |17 10¥ |75 10|42 101 | 57 10°

Table 2: Relative H-seminorm of the error for the zero shear deformation patch ést.

Mesh| t=L =0:1 | t=L =0:01 | t=L = 0:001 | t=L = 0:0001
(@ |47 10|97 10853 10| 75 10°
by |34 1018|70 10|50 101 | 60 10°
(c) |21 10|39 10|25 10| 56 10°

6.2. Circular plate subjected to a uniform load

Fig. 7 depicts a circular plate of radiusr that is subjected to a uniform load g and is
clamped along its entire boundary. The normalized thicknes of the plate ist=L, wheret
is the thickness of the plate andL is a characteristic length of the physical domain, which
in this case is taken as the radius of the plate. The radius oflie plate is set tor =1 in so
that L =1 in, and the uniform load is set to g = 1 psi. The following elastic parameters
are considered for the material of the plate:Ey = 10:92 10° psiand =0:3. The exact
solution for this problem is given by [33]

- X(x2+y? 1) - y(x2+y? 1)
X 16D YT 16D ’
(x2+y?)? 2, .2 12 1 1 4, 1
=X 77 + o+ o+ = +
W 64D YY) 2t Tz Uten

whereD = Ey=(12(1  ?)).

The integration meshes that are considered for this problemare shown in Fig. 8.

We start by studying the convergence of the proposed/ANFormulation as the inte-
gration mesh is re ned. For comparison purposes, we also imgde the convergence re-
sults for the mixed triangular nite element of Duan and Li berman [7], which we de-
note by DL, and the three-node triangular element with cell-based smoothing for bend-
ing strain and discrete shear gap method for shear-lockingGS-DSG3) of Nguyen-Thoi
et al. [38]. The following normalized thicknesses are considered fahe VANPapproach:
t=L = f0:1; 0:01; 0:001; 0:0001y. For the DL element, we only show the convergence curve
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Fig. 7: Circular plate subjected to a uniform load.
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Fig. 8: Integration meshes for the circular plate subjectedto a uniform load problem.
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for t=L = 0:0001 since the curves for the other normalized thicknessesodchot change sig-
ni cantly. For the CS-DSG3 element only the curve for t=L = 0:01 is shown because
this element did not performed well for thinner plates. The wmnvergence rates are shown
in Fig. 9, where it is observed that the optimal rates of convergence? and 1, are delivered
by the VANPDL and CS-DSG3 approaches in both thelL >-norm and the H 1-seminorn of
the error, respectively. However, the accuracy of theVANFormulation is superior to the
accuracy of the DL and CS-DSG3 elements.

lol)
100 b
107! -
= =
El El
= =10
A =
B 102 5
| |
2 =
— x—-CS-DSG3 (t/L = 0.01) - — %~ -CS-DSG3 (t/L = 0.01)
2 — 57— -DL (t/L = 0.0001) 1 — 57— -DL (t/L = 0.0001)
—&O— VANP (/L =0.1) N —&— VANP (/L =0.1)
103 L I —A—VANP (/L =001) | ] 1072 1 —A— VANP (/L =001) |1
—&— VANP (t/L = 0.001) —G— VANP (t/L = 0.001)
—&— VANP (#/L = 0.0001) —f— VANP (/L = 0.0001)
107! 10° 107! 10°
Maximum edge size h Maximum edge size h

(@) (b)

Fig. 9: Rates of convergence for the circular plate subjectéto a uniform load. (a) L2-norm
of the error and (b) H!-seminorm of the error for several values ot=L. The VANPDL
and CS-DSG3 approaches deliver the optimal rates of conveemce, but the accuracy of the
VANRapproach is superior to the accuracy of the DL and CS-DSG3 efeents.

We also study the sensitivity of the convergence rates to thesupport parameter ( )
of the maxent basis functions. Three values are considered: = f1.5; 2:0; 3:0g, where
the largest one results in the smaller support. For this test the normalized thickness
t=L = 0:0001 is considered. The convergence rates are presented iflgF10, where it is
observed that the optimal rates of 2 and 1 are delivered by thev ANFormulation in both
the L2-norm and the H!-seminorn of the error, respectively, independently of thebasis
function support parameter. It is also observed that the VANRaccuracy decreases as the
support gets smaller, which is a reasonable behavior sincesahe support gets smaller the
maxent basis function approaches to the \hat" nite element basis function [31].

6.3. Square plate subjected to a nonuniform load

In this example, we study the convergence properties of th& ANRormulation in a more
complicated setting, which includes nonuniform integration meshes and a nonuniform load.
As shown in Fig. 11, the problem domain is a square plate that is clamped along & entire
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Fig. 10: In uence of the maxent basis function support paraneter ( ) on the VANRonver-
gence rates. Three values for are considered. Optimal convergence rates in the (a).?
norm and (b) the H! seminorm of the error are obtained for all these cases.

boundary. The side of the plate is taken as the characteristi length for de ning the
normalized thickness of the plate ast=L. In this problem, we set the side of the plate
to a = 1 in so that the characteristic length becomesL = 1 in. The following elastic
parameters are considered for the material of the plateEy = 10:92 10° psiand =0:3.
The nonuniform load is given by

4" ﬁ 12y(y 1B Sx+1RyHy 17+ x(x 1)Gy* 5y+1)

+12x(x  1)(5y? 5y+1)2x3(x 12+ y(y 1)(Bx?> 5Bx+1)) ;
and the exact solution is B5:
= YAy DX(x 1Px 1) ry= x3(x DAy 132y 1)
1 3 3,,3 3 2
3 (x 1)y (y 1) 50 )
+x3(x D%y 1By Sy+1) :

I'x

w vi3y 1)%(x 1)(5x? 5x+1)

The integration meshes that are considered for this problenmare shown in Fig. 12.

The convergence of theVANRapproach as the integration mesh is re ned is studied for
the following normalized thicknesses:t=L = f0:1; 0:01; 0:00% 0:0001g. The convergence
rates are shown in Fig. 13, where it is observed that the optimal rates of convergence2
and 1, are delivered by the VANPmethod in both the L?-norm and the H!-seminorn of
the error, respectively, for the normalized thicknesse¢=L = f0:01; 0:001 0:0001g. On the
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a a(x.y)

a

Fig. 11: Square plate subjected to a nonuniform load.
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Fig. 12: Integration meshes for the square plate subjecteda a nonuniform load problem.
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other hand, the convergence rates fot=L = 0:1 (the thicker plate case) are above the
optimal.

10°

1073 F 2 —O— VANP (t/L = 0.1) 1 1072 F 1 —&O— VANP (/L = 0.1)
—A— VANP (t/L =0.01) —A— VANP (¢/L =0.01)

(
(

1 —©— VANP (t/L = 0.001) 1 —O— VANP (t/L = 0.001)
(

—&— VANP (1/L = 0.0001) —g— VANP (¢/L = 0.0001)
. . . .
10! 10° 107! 10°
Maximum edge size h Maximum edge size h

(@) (b)

Fig. 13: Rates of convergence for the square plate subjecteéd a nonuniform load. (a)
L2-norm of the error and (b) H'-seminorm of the error for several values ot=L. The
VANRnethod delivers the optimal rates of convergence fot=L = f0:01; 0:001;, 0:0001g and
above the optimal for t=L = 0:1.

To illustrate the in uence of the numerical integration in t he accuracy of the VANP
formulation, we compare the numerical solutions using thre integration rules on the trian-
gular cell: the 3-point standard Gauss rule (ST3), the 6-pont standard Gauss rule (ST6)
and the default VANR integration scheme (QC3) that was developed in Sectiorb.3. For
this test, the normalized thicknesst=L = 0:0001 is considered. Figl4 depicts the conver-
gence curves for each of these integration schemes. As can $&en, the ST3 scheme fails
to converge in both the L2-norm and the H -seminorn of the error. Even though the ST6
scheme exhibits much better convergence properties than # ST3 scheme, the optimal
performance is observed for the QC3 scheme.

6.4. Parallelogram plate subjected to a uniform load

This example is tailored to show the performance of theVANFormulation when dis-
torted integration meshes are used. The problem consists ia parallelogram plate of unit
thickness that is clamped along the entire boundary and subgcted to a uniform load, as
shown in Fig. 15. The problem parameters are set as follows:a = 200 in, b = 100 in,
q = 100 psi. The plates' material parameters areEy = 10:92 10° psi and = 0:3.
The analytical reference value for the maximum transverse tplacement can be found in
Ref. [39].

The integration meshes that are considered for this problenmare depicted in Fig. 16.

26



100 b

l[a = (| 2/[fu] 2

1072
2

1

1073 ¢

—&— VANP (ST3)
—&— VANP (ST6)

—%— VANP (QC3)| 1

10() L

o

41

1071

u— [l /[u]m

107!
Maximum edge size h

@)

10°

—&— VANP (ST3)
—&— VANP (ST6)
—%— VANP (QC3)

107!
Maximum edge size h

(b)

10°

Fig. 14: In uence of the numerical integration on the VANRonvergence rates. (a)-norm

of the error and (b) H!-seminorm of the error for the ST3, ST6 and QC3 integration
schemes. The ST3 scheme fails to converge, the ST6 improvelset convergence and the

QC3 provides the optimal convergence.
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45°

Fig. 15: Parallelogram plate subjected to a uniform load.
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(@) (b)

© ()

(e)

Fig. 16: Integration meshes for the parallelogram plate prblem.

The transverse displacement eld solution for the integration meshes shown in Figs16(d)
and 16(e) are presented in Fig.17. Table 3 summarizes the maximum transverse displace-
ment (located at the center of the plate) that is obtained for each of the integration meshes
considered. The table also provides the analytical refereze solution. It is observed that

the numerical solutions are close to the analytical referece solution for all the integration
meshes considered.

(@) (b)

Fig. 17: Transverse displacement solution for the parallaigram plate problem when the
integration meshes (a)16(d) and (b) 16(e) are used.

Finally, once again we show the importance of the QC3 integrion scheme that was
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Table 3: Transverse displacement for the parallelogram plee problem.

Integration mesh
16(a) 16(b) 16(c) 16(d) 16(e) | Ref. solution
6.51227 6.52950 6.53558 6.53697 6.52780 6.52000

developed for the VANPformulation. Fig. 18 provides the transverse displacement eld
solution for the integration mesh shown in Fig. 16(d) when the 3-point standard Gauss
rule (ST3) is used. A comparison between the results shown ifrig. 17(a) and Fig. 18
reveals that the ST3 integration scheme leads to an erroneautransverse de ection eld.

Fig. 18: Parallelogram plate subjected to a uniform load. Thre use of the 3-point standard
Gauss rule (ST3) on the integration meshl6(d) leads to an erroneous transverse de ection
eld solution.

6.5. Performance of the scaled transverse shear stress sthn

The performance of the recovered scaled transverse shearress predictions is now
assessed. The problem already presented in Sectidh3 is used to this aim. In addition
to the unstructured integration meshes shown in Fig.12, we consider the set of structured
integration meshes depicted in Fig.19. It is recalled that the scaled transverse shear
stress variable is directly recovered at the nodes using2Q) after the primitive variables are
computed.

Fig. 20 presents theL 2-norm of the nodal error of the scaled transverse shear stresso-
lution. The optimal convergence rate is delivered by theVANRormulation irrespectively of
the plate thickness when the structured integration meshesare used (Fig.20(a)), whereas
(with the exception of the thicker plate considered) the corvergence rate deteriorates to
a rate of about half of its optimal value when the unstructured integration meshes are
used (Fig. 20(b)) resulting in degraded accuracy. Notwithstanding this deteriorated per-
formance, the predicted solutions for the primitive variables is excellent and optimally
convergent as it was shown in Sectior6.3. We also stress that this poor convergence be-
havior of the scaled transverse shear stress variable shauhot be a concern as its uniform
convergence in theL2-norm is in general very di cult to achieve [ 40].
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Fig. 19: Structured integration meshes to assess the perforance of the transverse shear
stress predictions in the VANRormulation.
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Fig. 20: L2-norm of the nodal error of the scaled transverse shear stressolution using
(a) structured and (b) unstructured integration meshes in the VANHormulation. For the

structured integration meshes, optimal rates of convergece are delivered irrespectively
of the plate thickness. The unstructured integration meshea deliver the optimal rate of
convergence only for the plate with normalized thicknesg=L = 0:1, whereas the reminder
plates converge at about half of the optimal rate.
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7. Concluding Remarks

In this paper, a volume-averaged nodal projection YANP method for the solution of
Reissner-Mindlin plate problems using primitive variables (i.e., rotations and transverse
displacement) was presented. The proposed approach reliem the construction of a pro-
jection operator that permits the computation of the shear drain in terms of the primitive
variables without presenting shear-locking issues in theimit of the thin-plate theory. The
VANPmethod uses linear maximum-entropy approximations and bulble-like enrichment
of the rotation degrees of freedom is added for stability puposes. A special integration
scheme on triangular meshes was developed to x integratiorerrors in the computation
of the meshfree sti ness matrices. The assessing of thé ANFormulation through several
benchmark problems, which included a zero shear deformatiopatch test, a circular plate
subjected to a uniform load, a square plate subjected to a namiform load and a parallelo-
gram plate subjected to a uniform load, con rmed the accuray and optimal convergence of
the VANRipproach for a wide range of plate thicknesses without expé&ncing shear-locking
issues.

Further improvement of the numerical integration of the sti ness matrix and force vec-
tor is being explored by developing a nodal integration techique. From a mathematical
standpoint, the construction of error estimates for the VANRpproach would help in under-
standing its optimal performance. The extension of theVANRpproach to the von Karnan
theory for nonlinear plates is worth being developed and exipred. These topics will be
addressed in subsequent works.
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