LONG TIME EXISTENCE AND BOUNDED SCALAR CURVATURE IN THE
RICCI-HARMONIC FLOW

YILI

ABSTRACT. In this paper we study the long time existence of the Ricci-harmonic
flow in terms of scalar curvature and Weyl tensor which extends Cao’s result [6]
in the Ricci flow. In dimension four, we also study the integral bound of the “Rie-
mann curvature” for the Ricci-harmonic flow generalizing a recently result of Si-
mon [38].

1. INTRODUCTION

In this paper we study the long time existence of the Ricci-harmonic flow (RHF)
(11) atg(t) = —ZRng(t) + Za(t)Vg(t)cp(t) ® Vg(t)(l)(t), 8t<p(t) = Ag(t)(l)(t)

introduced in [25, 26, 30, 32], where g(t) is a family of Riemannian metric, ¢(t) is a
family of functions, and t € [0, T) (with T < +o0). Here a(t) is a time-dependent
positive constant. In particular, we may choose a(t) = a a positive constant. If
all functions ¢(t) = 0, we obtain the Ricci flow (RF) introduced by Hamilton in
his famous paper [23] and definitely used by Perelman [34, 35, 36] on his work
about the Poincaré conjecture. The flow equations (1.1) come from static Einstein
vacuum equations arising in the general relativity, and also arise as dimensional
reductions of RF in higher dimensions [28].
For the RF, Hamilton [23] showed that the short-time existence and

(1.2) T < co = limsup (mﬁx |Rmy é(t)) = oo,
t—=T

Later, Sesum [37] improved Hamilton’s result as

(1.3) T < co = limsup (m}\%x Ricg () ;(t)) =00
t—T

by blow-up argument. For the integral bounds, Ye [47] and Wang [42] indepen-
dently proved that

T m+2 m+2
(1.4) T <o0o=— (/0 y |ng(t)| 2.4V, (t)dt> = oo0.
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Moreover, Wang [42] proved another version for RH that

2
m+2
(15) Rng(t) >-C,T<oo— </ / |R t)| (t dt> ’ = 0.

Here C is a uniform constant. For other works on integral bounds, see for example
[8,29, 43, 46].
A well-known conjecture (see [6]) about the extension of RF states that

(1.6) Is it true for lim sup | max R =o00? Here T < o0.
p 8(t)
t—=T M

This conjecture was settled for Kdhler-Ricci flow by Zhang [48] and for type-I
maximal solution of RF by Enders-Miiller-Topping [11]. Cao [6] proved the fol-

lowing
(1.7)
. either limsup,_, (maxM Rg(t)> = o0, or
S : Welg _
imsup,_,r (maxpy Re(y) ) < oobut limsup, . —f W =

where W, ;) denotes the Weyl tensor of g(t).
For 4D RF, Simon [38] and Bamler-Zhang [5] independently proved

- 2 ' 2
(1.8) T < oo, |Rg(t)| <C=— /M |R1Cg(t)|g(t)dvg(t), /M |ng(t)|g(t)dvg(t) < o4
by different methods (for earlier work see [41]).

On the other hand, for the Ricci-harmonic flow (RHF) we have the following
results. When m = dimM > 3 and T < +oco. Miiller [30, 32] showed that (1.2)
is also true for RHF. Recently, Cheng and Zhu [9] extended Sesum’s result [37] to
Ricci-harmonic flow, that is, (1.3) is true for RHF. For more results about the RHF,
see[1,2,3,4,7,9,12,13,14,15, 16,17, 18,19, 20, 21, 22, 24, 25, 26, 27, 30, 31, 32, 33,
39, 40, 44, 45, 49].

The first main result is an extension of Cao’s result [6] to RHF.

Theorem 1.1. Let (M, g(t), ¢(t))ico,r) be a solution to RHF (1.1) with a(t) = a a
positive constant on a closed manifold M with m = dimM > 3 and T < +oo. Either
one has

lim sup (maxR ) = o0
t—T M st
or

W, +[V2,,0(t)
lim sup (max Rg(t)> < oo but limsup | max | st) ‘g( m(l) | = o0.
t—=T M t—T M Rg(t)

Here W4y is the Weyl part of Rmg )
The second main result focuses on the 4D RHF. Write

According to Theorem 2.2 below we can find a uniform constant C such that S o(t) T
C>O0forallt € [0,T).
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Theorem 1.2. Let (M, g(t), ¢(t));e(o,T) be a solution to RHF (1.1) on a closed manifold
M withm = dimM = 4, T < +oo, a(t) = a a positive constant. Choose a uniform
constant C in Theorem 2.2 such that S¢(y) 4+ C > 0. Then

(1.9) /M Sico oo @Ve) < ZCO(M,g(O),tp(O),S)+%V01(M, 2(5))
+ 1148¢%C /O ; /M S2y Vi dt,
/OS /M\Sicg(t)\é(t)dVg(t)dt < sco(M,g(o),4>(o),s)+%2 /OSVOI(M,g(t))dt
(1.10) + 4592¢36Cs /0 i /M S2y V0,

foralls € [0,T). Here, Ay = maxy |Vg(0)¢(0)|§(0) and

co(M, (0),9(0),s)
2567T2x (M) [ s6cs 10402 A3Vol(M, g(0))  35¢s  cs
) = Sl (1) 350 (e =)
+ 37Cs AV I(M (0))+ 36Cs |Sng(0)|§(0) av
e L4 1 (0} ,g e MW g(o)

According to Theorem 2.3 below and following [38], we consider the basic as-
sumption (BA) for a solution (M, g(t), ¢(t));e(o,7) to RHF:

(a) M is a connected and closed 4-dimensional smooth manifold,

(b) (M, g(t),$(t))ic|o,r) is a solution to RHF with a(t) = a a positive constant,
(c) T < 400,

(d) maxyg,(o,1) [Se(ry| < 1.

The upper bound 1 in condition (d) is not essential, since we can rescale the pair
(g(t), ¢(t)) so that the condition (d) is always satisfied. Furthermore, since

|vg(t)¢(t)|§(t) < A
(by (3.6)) it follows that condition (d) is equivalent to the uniform bound for Rep)-

Theorem 1.3. If (M, g(t), ¢(t))c(o,r) satisfies BA, then
. 2
(1.12) ./M |Sng(S)|g(s)dVg(s) < b(M,g(0),¢(0),s),
S
- 4
(113) | [ 1Sicqn Vet < b(M,g(0),0(0),5),
forany s € [0, T). Here

: 1152 .
b(M, g(0),$(0),5) = 9¢5 /M Sicg(0) 30y V(o) + g~ X (M) (e88 —1)

(1.14) + %(ocAl)zVol(M, ¢(0)) (eSSS - eZS)

+ 9(x A1) Vol(M, g(0))e.
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Define
c(M,8(0),9(0),) = 9| [ icy o Vg0 + nx(M)
(1.15) + [(2A1)? + (aAq)]Vol(M, g(0)) |.

Then |b(M, g(0),$(0),T)| < ¢(M,g(0),$(0), T). Theorem 1.3 now yields
Theorem 1.4. If (M, g(t), §(t))c(o,) satisfies BA, then

(1.16) sup |Sicg(t)|§(t)dvg(t) < ¢(M,g(0),4(0),T) < oo,
te[0,T) /M

telo,T) ' M

+ 13(aA1)*Vol(M, g(0))e*T < 0.

Remark 1.5. For a time-dependent tensor field, we always omit time variable in its
components. Although in Theorem 1.2-Theorem 1.4, we assume that a(t) = aisa
positive constant, the same results also hold for a(t) > 0 and &(t) < 0 (see Section
4).

The proof of Theorem 1.1 is based on a “curvature pinching estimate” for RHF
(see Theorem 2.2). The new ingredient in the proof of Theorem 2.2 is an intro-
duction of “Riemann curvature tensor” Smy, ;) for RHE, so that we can express the
Weyl tensor W, ;) in terms of Smy ;).

The proofs of Theorem 1.2-Theorem 1.4 follow from the method of Simon [38].
As in [38] we define

|Sng(t)|2
P . _g. . (7., o ()
Zige 1= (ViSik) (Sgtty +C) = S (ViSg()) » Zgtoy 1= (Zi), £ T
Analogous to [38], we can show that
d B |Z|? » . Sm(Sic, Sic)
a/Mfdvg(” B /M[ 25+ 0P 2f +a4—51¢ fs

Sic 2
— 20 | Ao~ V| + 2a|vz¢|2} AV

The main difference is the last term on the right-hand side of the above equation.
To control the integral of |V2¢|> we make use the evolution equation for |V¢|?
(see (3.6)) so that

t o,
2 2 2 Cf
2 [ [ IVP0PaVyds + [ VgPaVg) < e AVol(M, 5(0)).

The above estimate not only controls the space-time integral of | V2¢|?, but also an
uniform bound for the integral of |[V¢|2. These two estimates play essential role in
the following proof. In dimension four, the famous Gauss-Bonnet-Chern formula
(3.10) should transform to (3.13), where the terms involving |V¢|? can be bounded
by the above discussion. A modification of [38] is now applied to the RHF.
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2. CURVATURE PINCHING ESTIMATE FOR RHF

Consider a solution (M, g(t), ¢(t))c[o,r) to RHF with coupling time-dependent
constant ()

(21)  ag(t) = —2Ricy(y) +2a(t) Vo @(t) @ Ve @(t), () = Dg(pyp(t).
Let

Doty 7= 0t = Bg(ry-
As in [25, 26, 30, 32] we define the following notions

(2.2) Sicg(t) = Ricg(t) — Oc(i’)vg(t)(,b(t) X vg(t)4)(f),

2
2.3) Se(y = tgSicgn) = Rg<t>*"‘(t)‘V8<f>¢(t)‘g<t>‘

Here a(t) is a family of time-dependent functions. Motivated by RF, we introduce
a “Riemann curvature” type for RHF

o
(2.4) Sijke := Rijke — 5 (gjgvi¢vk<p + gkgVZﬂ)ngb) .
Our notation for S;jx, implies that
Sij = 8" Siktj = Rij — aVipV ¢ = g Sy

which coincides with the components of Sic,,;). The corresponding tensor field for
Sijke is denoted by Smg(t).

Lemma 2.1. For a solution (M, §(t), §(t))ic(o,r) with a time-dependent coupling func-
tion a(t), we have

2 2
25) OgnSetny = 2ISicgqn 2y +20(0) ‘Ag(t)q)(t)‘g(t) —&(t) ’Vg(t)gb(t)‘g(t),
Og(nSicg(ry = 2Smy(y)(Sicy(y), -) — 2Sicy
(2.6) + 20 (1) Ag(n (1) V9 (£) — &(H) V() © V()

where Sicé(t) = (Siijggké)ij and Smg(t) (Sng(t), ) = (Ski]'gskz)ij.

Proof. The first equation can be found in [32], Corollary 4.5. In the same corollary
we also have

atsl’]’ = Ag(t),LSij + ZlXAg(t)(p(t)vingb — IXVZ4)VJ¢
Here A, ;) 1, denotes the Lichnerowicz Laplacian with respect to g(¢) defined by
Ag(t),LSij = Ag(t)sij + ZRki]'gSkZ — Riijk — R]«kSik.
Then
Dg(t)si]‘ = ZRkingké - Riks]‘k — R]-kSl-k + ZaAg(t)4>(t)ViV]-cp - aVZ¢V1¢>

Plugging S;; = R;; — aV;¢V ;¢ into the above equation yields the second desired
equation. O

As a corollary of Lemma 2.1 we have (see [32], Corollary 5.2)
(2.7) mNiIn Se(t) = mNiIn Sq(0), Provided a(t) > 0and &(t) < 0.
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Theorem 2.2. (Curvature pinching estimate) Let (M, g(t), ¢(t));co,1) be a solution
to RHF on a closed manifold M withm = dim M > 3, T < o0, a(t) > 0and &(t) < 0.
There exist uniform constants Cy, Cy, C, depending only on m, g(0), ¢(0), «(0) such that

|Wg(s)|g(s) + |v§(s)¢(s)|§(s)
Sg(s) +C

|Sin
(2.8) Sg(t) +C>0, ;

s0ls) _
Sqn +C = Te,ma J

g

where choiirllfl(t}:( ?icg(t) — %g(t) is the trace-free part of Sicy) and Wy ;) is the Weyl
tensor field of g(t).

Proof. The first inequality follows from (2.7). Let

_ [Sing |§(t)

, 0.
(Sg(t) + C)7 -

Since Sing(;) = (Sicy(s) + Ce(t)) — (%)g(t), it follows that

: C 2
_ |Slcg(t) + ﬁg(t”g(t) _ l(s n C)z_,y
(SO m 8t '

In the following we always omit the subscripts t and g(¢) and set
. . C ,
SICZg(t) = Slcg(t) + %g(t)/ Sig(t) = Sg(t) —+ C = trg(t)SICg(t)'

In the following we always omit the subscripts g(f) and t. Using the equation
(3.21) in [10] we have

SidP 1 o sidP ISP v
T = el - g - (v Dl VS
2
+ M%(WSAC’F,VS’).

It is clear from (2.6) that
O|Sic|> = —2|VSic|? 4 4Sm (Sic, Sic) + 2<Sic, 20ApV2p — iV ® V¢(t)>.

Therefore

2
Ojsic'|? = D[|Sic2+fn+zﬂ(js}

= O|Sic)® + % [2\Sic|2 +20|Ap)F — i |V4>|2]
= —2|VSic'|* 4 4Sm(Sic, Sic) + %|Sic|2
+2 <Sic’, 20APV3 — &V @ V4>>

4C2

4
= —2|VSic'|* 4 4Sm(Sic, Sic’) — £|Sic’\2 +-—5
m m

+ 2(Sic’, 2aApV>p — &V @ V)
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and

27|Sic’|* 4
(8t (S
|Sic’|2| VS |2 2y
(S/)7+2 +(S/)7+1
4C2 8 4Cc(1-7)S'+19C G2
B Gl T COTr

|SIC|2 _ 2 s 12
NN

—v(r+1)

Sm(Sic/, Sic’)

(V|Sic’ |, VS')

( ;) (Sic/, 20 ApV>p — &V @ V)
S
- (75|,)1§+1 26189 — & VP],

according to

2
0s" = 2|sic|* - CS’+£+20¢|A§D\2—&|V¢|2.
Using the identity
2
v'sm‘ , VS L visidP, Vs — —1_|vsPisic]?,
(SHr”’ (S’)“r (S
we arrive at
Sic'|? 2y /o |Sic)? oo 2 e 11
O sy — 9 v (S’)V’VS (S ,),H2|S VSic'|
r(r=1) e 2y e
+W\Sl 2| VS'|2 + s ) (Sic, Sic") — W|Slc’|
g S’ _g( _7)S/+§7C|Sicl|2
TSN m (s)71 11
2
N C (Sic', 2aApV*Pp — &V @ V)

Sic’|2 )
- 25|’)7+|1 [20]89? — | Vo).

On the other hand, the following two identities

S'VSIc'[? = [S'V;S — S VS + 54 V,S'|)?
= |S'ViSj — Sy VS|P — [Sic'P|VS'|* + S (V[sic'|?, VS'),
< 12
.12 N 1oy 1SiC| ,
(V|Sic'|?, VS') = <v [(5) (S,)W},vs>

Sic! 2
= JISic VS + (87 <v |(Slf)L ,vs’>

7
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implies
|Sic'|? 2(y-1) |Sic'|? / 2 Iv .ol / /|2
==Y pgep . 4 sy 2vlSic]*
G ISic’ || VS'|= + (S,)VSm(Slc,Slc) Gk
g S’ _£(1_7)5,+%7C|51C/|2
m2 (ST m (S
LS/ZAVZ — &V \v4 _"}/|SiC,|2 2alA 2_~v 2
+ (S/)/}/< 1C, o 4) 4) a ¢® ¢> (S/)f)/+1 [X| ¢| lx| ¢| .

It is clear that (S')>™7 = (2 — 4)(S")1="0S" — (2 — 9)(1 — 7)(S")~7|VS'|?> and

|Sic|? = |Sic’|? + %2 - %S/ These yield

D(S/)Z—'y _ 2(’)/57 1) <v(s/)2—'y’vsl> +2(2 _ ,y)(sl)l—'y|SiC/|2
_(2—7)(7—1) 2=y a2 _ AY S g_gf
T (S PTIVS P @) (8)' T | T s
+(2=7)(8)177 (2a]ag — &|VgP?).
Then
2(y—1) 2
bOf = o (Vf,VS) - W|5'Vz‘5§k — Sy Vis')?
2— -1
(2.9) —(’()/S)/()’)Z/)|V5/|2f+o@1+o@2+o@3
where
2(2— . 4 . 27|Sic’|*
(210) 2 = - ( — 7)(8’)1 7|Sic’|? + (S,)ysm(Sm',Slc’) - (,?/)Hv ,
_ 4| e (1-7)8+31C L, 2—yC—28
@I 22 = e T eyt el T Sy ey
95 = o7 (Sic/, 20ApV?p — &V @ V)
20|APP — & V1> [ o2 2=
(2.12) — (S v[Sic'|? + 7(5’)2 .
Observe that
_4ccC C 1 e

ey = o gt et (- I

The 27 terms can be written as

2
(st

2,

2
(2.14) G

['Ym_z |Sic’|?(s")? + 25'Sm(Sic’, Sic) —

|Sic'|4}

[(z ~ p)Isic Fisinf? 2 (JSic'| - §'Sm(sic, Sic')) ]



LONG TIME EXISTENCE AND BOUNDED SCALAR CURVATURE IN THE RICCI-HARMONIC FLOW 9

where Sin = Sic — S¢ = Sic’ — S¢ — S¢ = Sic’ — 5 ¢ =: Sin’. Recall the decom-
position of Rm that

R(giegjk — Sik&jt)

Rijre = ﬁ(Riégjk + Rjx8ir — Rixgje — Rjugix) — (m—1)(m —2) + Wijke
where Wjji, stands for the Weyl tensor field. Then
St = Wikt + —— ! ( i08jk + Six8it — Six8je — SjuSix) — S;Siigg (_mgfgljf)
+ < (8ie&jk — &ik8jt) — < (8iKgit — &jeSik)
m(m —1)(m —2) J ] m(m —2) ) I
(2.15) + ﬁ(é’jkvﬂvw +8itVioVip — it VioVid — ik VoV i)
a| Vel

[
- m(gizgjk —8ik8jt) — 5 (8jeVipVid + g VipV ).
Together with (2.15), we get

13
Sm(Sic,Sic’) = L {Zm S'|Sic’ |2 — 2Sic"® — mS—J + W(Sic, Sic’)

m—2
) (1s'12 - 1sic’]?)

(2.16) __ <C
<S Sic’ — 2 ic’? V¢®V¢>

m—1
2u

where Sic”® = Sl’-]-S’ 7Sk Substltutlng (2.16) into (2.14) we arrive at

2 . . 1o
9, = oy [(2 — 7)|Sic’|?|Sin|* — 224 + 25'W(Sic, Sic")

_i E a 13 g2
2.17) m_1<m+m_2 >(s s'lsic'[2)

2 12a; t Meag. 12
+ 2<S Sic 2SSlc ,V¢®V¢>

m —

where

s [(2m— s
g4 "2 3
(2.18) 2, = |Sic'| = < S |Sic’|* — 2Sic — 1) .

The first term
(2 — 7)|Sic’|?|Sin|? — 224 + 25'W(Sic/, Sic')
on the right-hand side of (2.17) can be written as

. 2(m*+2m—2) v .
_ 4 T er 2
7v|Sin| —1—[ (m—1)(m—2) S'%|Sin|
T e 4_ %) " — —‘i 55'Sic” +25'W(Sic, Sic')

by using the fact that |Sic’|? = |Sin|? + ﬁ , where Sic’? is equals to

5’3
Sic’® — Sin® + 22 |51 >+
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and therefore

2(m—2)

Qi |4 I P T B T AT (G G
v|Sin|* + {m(m—l) m]s |Sin| m—ZS Sin” 4+ 25'W(Sin, Sin),

because of W(Sic’,Sic') = W(Sin, Sin). Finally, we obtain

2
Of = 2(7—1)<Vf,VlnS’>—W|Vi5]’~k—5;kviln5’\2
(2.19) — 2=y —D|VInS'*f + 2, + 2, + 2;
where
9. — 2 S+ 2m—4 (8)rH2f — 45/4ﬁ
LT (o 7 nm—1) m m—2 83
Sin Sin 2 /C VYN (m—1
N3 ekt R S 3 _ ny+1
+2(5) (S"S’) m—1<m+m—2 m S Col
2w 12g; Mg 12
+ = (§"sic’ - Z5'Sic ,V¢®V¢> ,
4CfC C 1 vC
% = Gls et (1))
9, = (;)7 (Sic', 2aAPV2P — &V © V)
2u|AP|? — &k|V|? 25"
i e ml (SR el B

from (2.9)—(2.13) and (2.17)—(2.18).
In particular, when ¢ = 2, we have f = |Sin|?/S5'? = |Sic'|?/S'? and

2

.
(2.20) Df_Z(Vf,VlnS’>—2’V (;’,“) L9+ D+ 2,
where
2 Sin® 1 Sin Sin
— 48| — 2 f _ — =
2 S{ m(m—1) m—2S’3+S’W(S"S’>

1 /C «afVeP?\ (1 f 1 a /Sin?
S’<m+m—2 m m—1) T gm_a\ g VIOVe
1 a|VeP
S 2m(m—2) |’
4C [ C C C
2, = nﬂ[s,+5,3+mf(1—s,>},

2, — S%[(Sin,ZaAchZ(P—ﬁéVcP@V@—(2“A4’|2_‘5‘|V4’|2>f}
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Since a(t) > 0 and &(t) < 0, it follows from [32], Proposition 5.5, that |V¢|? is
bounded from above by a uniform constant. Consequently

2 W]
< 12 f 3/2 Wi
2, < 4S(f m(m_1)+m_2f +Cngr f+Cof |,
2, < 45’(C0+C0f),
v2 2
2; < 48 (C0+C0| Sfﬂ f”2>

where C,, = C(m) > 0 and Cy = C(m,g(0),¢(0),a(0)) > 0. Without loss of
generality, we may assume that f > 1. In this case, we have

1 2

< l rel ¢ 1/2
of < 2<Vf,V1nS>—|-4Sf[ f ey m—2f
W V2 2
2.21) 4 Cot c0||+s|,"’}
Applying the maximum principle to (2.21) yields
2 1 W[+ V2
— —Cy—Cp Y T~

f m—2f + m(m—1) Co—Co S’ =0

at the point where f achieves its maximum. Thus we obtain (2.8). O

As an immediate consequently of Theorem 2.2 we obtain the following theorem
that is an extension of Cao’s result ([6], Corollary 3.1).

Theorem 2.3. Let (M, g(t), ¢(t));c(o,1) be a solution to RHF with nonincreasing a(t) €
[0,7],0 < & <& < +o00, on a closed manifold M with m = dimM > 3and T < +oco.
Either one has
lim sup <maxR ) = 0
t—T M s)
or

2 2
(max (Wer) gy + [V (1) g(t)> .
M

lim sup <m1\2x Rg(t)> < oo but limsup Ry

t—T t—T

Proof. Suppose now that

2 2
Weinlstr) + Ve #(8) g(t)) o

lim sup <m}\2x Rg(t)) < o0 and limsup <m}\2x Ry

t—T t—T

In this case both Ry(;) and W4 [g(r) + |V§(t)¢(t) |§(t) are uniformly bounded. The-

orem 2.2 then implies that [Sing()|,(;) is uniformly bounded. Since Siny;) =
Sicg () — anﬁ g(t), it follows that Sic,(;) is uniformly bounded. However, the as-
sumption on a(t) tells us that [V, ¢(#) |§ (118 uniformly bounded (e.g., [32], Propo-
sition 5.5). Thus Ricg(t) is uniformly bounded, contradicting with the fact (1.2).
Therefore we prove the theorem. 0
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3. 4D RICCI-HARMONIC FLOW WITH BOUNDED Sg4: I

Let the constant C be given in Theorem 2.2 and we assume that « is a positive
constant so that &(t) = 0, and m = dim M = 4. As in [38] we define

3.1) Zij = (Vz'sjk) (Sg(ry +C) — Sk (visg(t)) » Zgy = (Zijk)-
In the proof of Theorem 2.2, we actually have proved

. 2 2 . 4 . .
|Sic]| _ z= 5 |Sic| +4Sm(SIC,SIC)
S+C (S+C)3 (5+C)? S+C

1
“Giop [ <2a|A4>|2 — a\Vq>|2) |Sic|?

O

(3.2)

-2(8+0) <Sic, 20ApV3p — iV ® ch> } .
The bracket in the right-hand side of (3.2) can be expressed as
2 “slcmp (5S4 0C) v2¢‘ (S+C)? |v2¢>2}

because of & = 0. Therefore the identity (3.2) is equal to

|Z|? » . Sm(Sic, Sic)
Of = —2—21L 92 42020
f G+op i sre
Sic 2
(3.3) —2u ’A¢S+C o +2a|V30)?,
where
~|Sicl?
(3.4) f= STC

which differs from the previous one in the proof of Theorem 2.2. Integrating (3.3)
over M yields

d B B |Z|? Sm(Sic, Sic)

dt/Mdeg(t) B /M[ 251y —2f S+C fs
Sic 2

(3.5) — 2 ’mp St V| + 20(|V24>|2} dVy(r)

To control the integral of |V2¢|? we recall the evolution equation for |V¢|? (see
[32], Proposition 4.3):

(3.6) O|V¢? = —2a|Ve @ Vo[> — 2| V39|
In particular, we see that
) = Al.
=0
Moreover we have

& | 190Pavyy < [ [~(5+OIVgl 2V + CIVof] av

(3.7) |Vo|? < max <|V4>
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which shows that

ot
38) 2 /O /M|V2¢|2dVg(s)ds+ /M|ng|2dvg(t) < ¢St A Vol (M, g(0)).
Define
Az(f) = /M |V2<p|2dVg(t)
Plugging (3.8) into (3.5) we arrive at

d Sm(Sic, Sic
(3.9 7 ./Mfdvg(t) < /M |:—2f2 + 4% —fS:| dVg(t) + 20 Ao (1).

In the following we restrict ourself in 4D RHE, i.e., m = dim M = 4. In the case,
the famous Gauss-Bonnet-Chern formula says that

(3.10) B72x(M) = /M [IRm[? — 4[Ric]? + R?| dV,

for any t € [0, T]. In order to use the formula (3.10) we should translate the inte-
grand in (3.10) into a function in terms of S;j;.

Lemma 3.1. For any m-dimensional manifold M, one has
IRm|% — 4|Ric|> + R> = [Sm|? —4|Sic|*> + 2

_ mT”az\vq)r* — 9aSic(V, V) + 205 V|2,

Proof. Using Sk = Rijke — 5(8j¢Vip Vi + 8k ViV ) we obtain
Rm|? = Ry R™
14

(Sijkz t3 (8j¢VipVirg + 8keVz‘¢Vj<P))
) (Sz‘jkf + %(gjévicpvkq) +gkevi¢vj¢))

(3.11)

= [Sm[*+ T"‘2|V<P|4 +a (Sijkég]zvl‘})kap + Sijkégkevl‘f)v](l)) .
Compute
; m+1 m+3
Sijkeg’ = —Ra— 5 aVipVip = —Sig— —5—aVipVid,
m+1 m+1

Sijes™ = &Ry — 5 aVipVip = ———aVipVip
because of the first Bianchi identity ngRiij = _ng(Rjkif + Rkijé) = _(_Rji +
R;j) = 0. Consequently

RmP = JsmP + "2 vg

m+31x
2

+a|-sic(ve, vp) - "0 vl - " Lavgpt

—  |Sm|? — aSic(V, V) — mT%zsz(pﬁ.
Similarly, we can show that
[Ric|> = |[Sic|* +2aSic(Ve, Vo) + a®|Vo|*,
R? = S2+a?|Vo[* +2a5|Ve|>.
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Combining those identities we obtain (3.11).
From (3.10) and (3.11) one has, in dimension m = 4,
/M [I5m(? — 4jsicl? + 82| vy = 257 (M)+ 123’“2 /M Vo|*dVy,
(3.12) 49 /M Sic(Ve, V)V,
2 /M SIVeLAVy,

Using the inequality
. . Vol 9
< 2 |7 — 2
Sic(V¢, Vo) < €|Sic|” + ic €7 2

we obtain from (3.12) that, in dimension m = 4,
/M [Ism[> - 4[sicl? + 52| vy < 2P72x(M) + 1302 /M V|4V,
(313) +og | IsicPdvy,
— 2 /M SIVgLdvy,

For any € > 0 we have

Sm(Sic,Sic) _ 5, 1 4/Sic|? 4 5 9 n
4777 < 28 _— = S
stc SePmHgrerop = af telsml
so that
Sm(Sic, Sic) 4
92 omisic, o) < o2 %2 2 2
2f*+4 STC fs < =2f +€2f +€e“|Sm|” — fS

4
= 2f24¢? <|Sm|2 — 4Sic|? + Sz> + 4€?(Sic|* — €25% + e—zf2 —fs

4
€? (|5m|2 — 4[Sic|® + 52) + (4€ —1)fS — <2 — (-:2) 2 4+4Ce?f — 282,
Using the estimate (3.13) we have

Sm (Sic, Sic
/M [—2f2+4é+c)— fs] AVep < € {327127((1\/1)

+ 1302 A3VOL(M, (0))e + - / (S +C)avy } / Fdvy,

+ (452 — 1) /MdeVg(t) — (2 — €2> /Mfzdvg(t) —|—4Cez ./Mfdvg(t)

= € [32772)((M) + 130{2A2V01(M,g(0))ea}

+/{ (2—>f2 ( +de )fs+(géﬂez)cjf—ezsz}dvg(t).
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For any 17 > 0 we have fS < 5f% + ﬁSZ and then

/M {—2f2+4écs)—f5] AVep < € [327127((1\/1)

+ 130{2A%V01(M,g(0))ea} + /M {_ (2 _ ;iz _ (ii e ) ,7) 7

81 R+4e? L)\

If we choose
(3.14) N=s—\ €>2

then
Sm(Sic, Sic
I [‘2f2+ R —fs} Ve < 62[32772X<M>

- 13a2A%Vol(M,g(O))eCt} +/M [ (2— ) 7+ ( +4de ) Cf

(3 +4€?)? 202
+ (16—1 €“S :|dvg(t)'

In particular, when € = 24/2 in (3.14) we arrive at

5 ., Sm(Sic, Sic)
(3.15) < /M (—f2+36Cf +5748%) Vi
+8 [327127((M) +1302A2Vol(M, g(O))eCt} .

Plugging (3.15) into (3.9) implies

d 2 2

G SV < [ (= +36CF +57182) avy,
(3.16) + [256712;((1\/1) + 10442 A2Vol(M, g(0))e + 2aA2(t)] :
Theorem 3.2. Let (M, g(t), ¢(t)):cpo,r) be a solution to RHF on a closed manifold M

withm = dimM = 4, T < +oo, a(t) = w a positive constant. Choose a uniform
constant C in Theorem 2.2 such that So(;) + C > 0. Then

|Sic, S)| |Sicy(s
(3-17) /M Sg(s) + C / / -|- C ( )d

< Co(Mrg(O)rfP(O)/S)+574636CS/0 /Msg(t)dv
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Furthermore,

618 [ icy(o gV

IN

2c0(M, 8(0), 9(0), ) + 5 Vol (M, g())

scs ° [ o2
+ 118 [0 52 aviat

IN

s ) C2 s
/O /M Sicg(o) B @Vydt < 8o(M, g(0), $(0),5) + — / Vol(M, g(t))dt
36C.
(3.19) + 459¢36C / / 52V,

§ 131
/0 /M\Smg(t)@(t)dvg(t)dt < 5 C / Vol(M, g(t))dt

13zx2A%Vol(M,g( ) (.cs

(3.20) + S eo(M,g(0), «p( > ) + 3272 x(M)s

+( 2 @ /O/Msg<t>d"g<f>dt

foralls € [0,T). Here, A; = maxy |Vg(0)¢(0)|§(0) and

A

co(M,£(0),9(0),s)
25672 x (M) s 10402 A2Vol(M, g(0)) . Cs
(321) = = (636C _1) + 135C <e35C _ec>

|SiC (0)|2
37C 36C 8(9)1¢(0)
+ e?~*aA1Vol(M, g(0)) +e s/ Sy - C AV 0)-

Note that when C < 0, the constant co(M, g(0), ¢(0),s) can be chosen to be independent
of s.
Proof. By (3.16) one has
% <e—36Ct /Mfdvg(t)) | p36Ct /M deVg(t) < 574 3Ct /M Sdeg(t)
+ e 3Ct A5(t)
where A3 (t) = 256712 x (M) + 104a? A2Vol(M, g(0))e! + 2a Ay (t). Therefore

S
p—36Cs /Mdeg(s)"‘e*%CS/o /Mfdeg(t)dt
S S
| At tar 574 [ e [ aviart [ favy,
S
| [256712)((M)+104zx2A%V01(M, $(0)e +20 [ |v24>|2dvg(t)} ¢~3Ct gy

[ 2
v [ Savgar+ [ vy,

256712 (M) _36Cs 10442 A2Vol(M, g(0)) _35Cs
ol Cal e 35C (1=e%)

* —36C 2,12 s 2
4o /0 ¢~36Ct /M |V2p[2dVyp dt + 574 /0 /Ms AV (pdt + /M fdVyq)

IN

IN
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According to the estimate (3.8), we obtain the first inequality.
For the second statement, we use the following inequalities

Sic|>  S+C

Sicl < 5+ 18] <2Isic
so that
, Sic|> [Sic|] C
< = L =14 =
Siels sttt
and
, Sic|> C
: < =
(3.22) |Slc\_28+c+2

From (3.22) and (3.17) we obtain (3.18).
For (3.19), we observe that

|Sic|* +(S+C)2 < 4 |Sic|* +52+c2

(S+C)? 16 - (5+0C)2 8
4 |Sic|* |Sic|2+C72

= (S+4C)2 2 8

|Sic|?

IN

4

so that
Sic|*  C?
VT
(§+C) 4
For the last one, we use the inequality (3.13) to deduce that

|Sic|?2 < 8

/M Sm2dVy,) < 3272 (M) + 13a2A3Vol(M, g(0))e "

81 , S*P4+C? 0
+ g v <f + 2> dVg(t) +4/M |SIC‘ dVg(t}'

Now the estimate (3.20) follows from (3.17) and (3.19).

17

O

Theorem 3.3. Let (M, g(t), ¢(t)):cpo,r) be a solution to RHF on a closed manifold M
withm = dimM =4, T < +oo, a(t) = a a positive constant. Suppose miny Sq¢(0) >

0. Then
(3.23) /M|Sicg(s)|g(s)dvg(s) < 2a9(M, g(0),$(0),s) + 1148 /O | /MS§(t)dVg(t)dt,
/O i /M Sicg(n 20 dVedt < 8ao(M, g(0),9(0), 5)
(3.24) + 4592 /0 i | /M Sy AVi(uyd,
/0 i /M|Smg(t)\§(t)dvg(t)dt < 3272 x(M)s + 13(xA1)?Vol(M, g(0))s
(3.25) - %ao(M,g(OW(O),S)
+ 101;: i /O | [ 82 dVynit
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foralls € [0,T). Here

a0(M, (0),¢(0),s) = 25672 x(M)s + 104(aA;)*Vol(M, g(0))s

Sicg(0) 30

(0)

Proof. We use the fact [Sic| < 2|Sic|?/S and Theorem 3.2 (where we take C = 0).
Then

S
/M [SicldVy(s) < 2a0(M, g(0),$(0),5) + 1148 /0 /M S2dVydt.

The inequality (3.24) follows from Theorem 3.2 and |Sic|?> < 8|Sic|*/S?. The last
estimate follows from the inequality mentioned at the end of the proof of Theorem
3.2. g

According to Theorem 2.3 and following [38], we consider the basic assumption
(BA) for a solution (M, g(t), ¢(t))co,r) to RHF:

(a) M is a connected and closed 4-dimensional smooth manifold,
(b) (M, g(t),$(t))ie(o,r) is a solution to RHF with a(t) = a a positive constant,
(¢) T < oo,
(d) maxyg(o,7) [Sgr)| < 1.
The upper bound 1 in condition (d) is not essential, since we can rescale the pair
(g(t),¢(t)) so that the condition (d) is always satisfied. Furthermore, since

Ve ®()30 < Ai
(by (3.6)) it follows that condition (d) is equivalent to the uniform bound for Rep)-

Theorem 3.4. If (M, g(t), p(t))ic(o,) satisfies BA, then

d . .
o /M fdVyy < /M (—f2 +88f) vy,
(3.27) + [1287%(M) + 52(wAr)2Vol(M, g(0))e + 20z (1)) .

where f := |Sicg(t)|§(t)/(sg(t) +2).
Proof. Recall the estimate

Sm(Sic, Sic) 4|Sic|* 2 a2
R - . i
S+2 - e2(5+2)2+€‘5m|
4
< Sf2+e(ISml? - 4fSicP + 57) + 4€7[Sicl?
4 .
< S+ e (ISm - 4fSicl + 87) +4e2(S +2)f.

Since —1 < S < 1, it follows that 4€?(S + 2)f < 12€2f. Hence

Sm(Sic, Sic)

4
S+2

4 .
e (|Sm|2 — 4ISic? + 52) +12€%f.
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Using the inequality —fS = —f(s +2) +2f < 2f and (3.13), we arrive at

[ .. ., Sm(Sic,Sic)
[ 2 4 2 2 2 s 12 2 2
< /M 2 o f e (\5m| —4ISic? + S )+12€f—f5} Vg
_ [ 4\ 2L (122 2 2 2, Q2
_ /M - (2—>f (1262 +2)f +e (|5m| —4lSic? + S )]dVg(t)
4
g/M ( 5 ) 22| v,
24
+ €2 [3271 x(M) + 13e*(a A;)?Vol (M, g(0)) ﬂ - 2—63e2 /M fdVe
4 555 2
B /M ( ez ( 2 f} Ve
+ €2 [327%(M) + 13¢X(wA1)2Vol (M, g(0) )¢ |
From (3.9) we get (3.27) (compare with (3.16) when C = 2). O

Theorem 3.5. If (M, g(t), §(t))c(o,) satisfies BA, then

(3.28) /M [Sicg(s) 2oy @Vetsy < b(M, 5(0),(0),5),

. /M [Smg(q) 26 @Ve(s) < 327°X(M) +13(aA1)*Vol(M, g(0))e*

185
(3.29) + 5 (M, 8(0),(0),5),
S
(3.30) /0 /M Sicg(o) 4y dVndt < b(M,5(0),9(0),5),
T . P T@—p)
| IsiclaVendt < [16(M,g(0),¢(0), )T+
(33D) [Vol(M, g(0))] & (T —5)"%"
foranys € [0,T) and 0 < p < 4. Here
P 1152 .
b(M,g(0),$(0),s) = 9¢58 /M Sicg(o) 210y #Vs(0) + - x(M) (5~ 1)
(3.32) + %(acAl)zVol(M, 2(0)) (esgs - ezs)

+ 9(aA1)Vol(M, g(0))e%.

Proof. Write Az(t) := 1287%x(M) + 52(aA1)?>Vol(M, g(0))e? + 2aAy(t). The in-
equality (3.27) implies

i e < A5+ [ (< w8sp) avig

and then

<88t/ fd g(t) e 88t/ FLdVypy +e 3 A5(8).
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Therefore

—88s [° 2 88
e S/() /Mf dVg(t)dt—i‘e S/Mdeg(s) S /Mdeg(O)

+ / " o8t [1287‘(2)((M) +52(aAq)*Vol(M, g(0))e* + 2aA2(t)} dt
0

128 5 —88s) | 02 2 —86
_ /Mfdvg(o) + 25 X (M) (1-e®) + o (a1)Vol(M, g(0)) (1-e%)

+20¢/S/ |V2(P‘2dv (t)dt
[ v+ @%X(M)( —et) %(wlﬂwl(M, 5(0)) (15

+ (A1) Vol(M, g(0))e*

IN

by (3.8). Because |S| < 1, we have %\Sic|2 <f< |Sic|2 and hence

e85 s - p—88s o
5 / / |Sic|*dV, th—T/M\Sld AV (s)

12
< [ IsicPdvy +?;”2X( ) (107

26(04A1)2V01(M <(0)) ( 67865) + (xAq)Vol(M, g(0))e*

This estimate yields (3.28) and (3.30).
For (3.29), we use (3.13):

/M Sm2dV,,, < 3272x(M) + 13(aA;)?Vol (M, g(0))e®

+ % Sicl2dVy +4/M Sicl2d V)
= 327%x(M) + 13(xA1)*Vol(M, g(0))e* + %b(M, 2(0),¢(0),1)
by (3.28).
For (3.31), we use
%Vol /de and —1<5<1

to deduce
e~ TVol(M, g(0)) < Vol(M, g(t)) < e"Vol(M, g(0)).

Consequently, forany 0 <s <r < T,

[ e < (] fmomn) (] fmion)”

< [B(M, g(0),9(0), T)|J* (r—5)'F" ™5 [Vol (M, g(0))] *
Thus we get (3.31). O

TS
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Define
c(M,g(0),9(0),T) 1= 97| [ fSicgo o Vo) + (M)
(3.33) + [(aA1)? 4 (xAq)]Vol(M, g(0)) .
Then |b(M, g(0),$(0), T)| < ¢(M, g(0),¢(0), T). Theorem 3.5 now yields

(3.34) SE,lp) |Sicg(t)|§(t)dVg(t) < ¢(M,g(0),4(0),T) < oo,
te|0, T

te[o,T) M

+ 13(aA1)*Vol(M, g(0))e*T < 0.

4. 4D RICCI-HARMONIC FLOW WITH BOUNDED Sg(t): II

We in this section consider the general case of 4D RHF (M, g(t), ¢(t));c(o,) with
T < ooand a(t) > 0,& < 0. Using the same notions as (3.1) and (3.4) we have

_ L, 2P, ,Sm(SicSio) Sic o |?
Uf = 2giep Pt sre R Mg VY
4.1) + 20| V292 + ﬁ\wﬂsmﬁ +24(S + C) (Sic, Vo @ Vp) .

Using f = [Sic|>/(S + C) we get

(SL%VIW\Z\SKF +24(S + C) (Sic, Vo ® V)
- & 2 . 1 4
= S+C\V¢|f—2a(S+C) [ef(S+C)+4€|v¢|

2 .
= —if [2¢(S+C)?— .[svfc} —%(HC)IWI4

IN

—&(S+C) Ve~
where € := |[V¢|?>/2(S + C)3. Hence, together with (4.1) yields

1Z|? » ., Sm(Sic, Sic)
O — —2fr g
fos 2Erep ¥ trtsic
(4.2) + 20| V2> — &(S + C)*| Vo).

As in the proof of (3.9) we arrive at

d » . Sm(Sic, Sic)
i < [ [2r TS ps|avg

4.3) 20 Ay (t) — iA /M(s +C)AdVyy.
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Using Lemma 3.1 yields

" / fdVey < / 2 +36CS +574S) AV — (1) Ay /M(S+C)4dvg(t)
(4.4) + [256772)((M) + 1040 () A2Vol(M, g(0))eS + Zoc(t)Az(t)} .

The above estimate can help use to extend Theorem 3.2 and Theorem 3.3 to the
general RHF. For example, we have

|Sicg(s |Sicg s
g(s / /
M Sqe + +c 5ot otV

(45) < co(M,g(0),¢(0), 5) + 574635 /0 /M 520y AVi(nydt

L (6Cs /O'S —&(t) /M (Sg(t)+C>4dVg(t)dt.

Similarly, we can extend Theorem 3.5 to the general RHF by the same argument
if an analogous result of Theorem 3.4 holds for the general RHE. However, this is
obvious, because alone the outline of the proof of Theorem 3.4 we have

S Sty < [ (= 880) aviy — a4y [ (s+C)avg,
(4.6) + [1287%(M) + 52(a(t) A1) Vol (M, g(0))e + 2a(t) As (1)
if (M, g(t), ¢(t))scpo,r) satisfies BA.
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