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Abstract

Let G be a real simple linear connected Lie group of real rank one. Then,
X := G/K is a Riemannian symmetric space with strictly negative sec-
tional curvature. By the classification of these spaces, X is a real/complex /-
quaternionic hyperbolic space or the Cayley hyperbolic plane. We define the
Schwartz space € (I'\G) on T'\G for torsion-free geometrically finite sub-
groups I' of G. We show that it has a Fréchet space structure, that the
space of compactly supported smooth functions is dense in this space, that
it is contained in L?(I'\G) and that the right translation by elements of
G defines a representation on % (I'\G). Moreover, we define the space of
cusp forms °%(I'\G) on I'\G, which is a geometrically defined subspace of
¢ (I'\G). It consists of the Schwartz functions which have vanishing “con-
stant term” along the ordinary set Qr C X and along every cusp. We
show that these two constant terms are in fact related by a limit formula if
the cusp is of smaller rank (not of full rank). The main result of this thesis
consists in proving a direct sum decomposition of the closure of the space
of cusp forms in L?(I'\G) which respects the Plancherel decomposition in
the case where I' is convex-cococompact and noncocompact. For technical
reasons, we exclude here that X is the Cayley hyperbolic plane.






Contents

1 Introduction 1

2 The convex-cocompact case

2.1
2.2
2.3

2.4

2.5
2.6
2.7

2.8

2.9

Geometric preparations . . . . . . . . ... 9
Convex-cocompact Eroups . . . . . . v v v vt e 15
The Schwartz space and the space of cusp forms on T\G . . . . . . 16
2.3.1 The Schwartz spaceon I'\G . . . . . ... .. ... ... .. 16
2.3.2  Density of C*(I'\G,¢) in €(I'\G,¢) . . . .. .. ... ... 20
2.3.3 The space of cusp formson I'\G' . . . . ... ... ... ... 26

2.3.4  The right regular representation of GG on the Schwartz space 32
Tempered distribution vectors, square-integrable distribution vec-

tors and Schwartz vectors . . . . . . .. ... ... ... ... 36
Some definitions and known results . . . . . . ... ... L. 38
Invariant distributions supported on the limit set . . .. . ... .. 49
Determination of the cuspidal invariant distributions supported on
the limit set . . . . . . . . . . ... ol
Discrete series representations . . . . . . . . . ... o7
2.8.1 Schwartz vectors are cuspidal . . . . . . ... .. ... ... 61
2.8.2 The (Af,g)-formula. . . . ... ... ... ... 64
2.8.3 The contribution of the discrete series representations to the

closure of the space of cusp forms . . . . . . ... ... ... 74
2.8.4 Topological decomposition of (Vy _ ® V,,) and of

(Ve @ V)T o 7
2.8.5 Topological decomposition of € (I'\G, ¢)4s(y) and of

C'(T\G,©)as(7) - -« v v oo 85
2.8.6 Equivalent topologies . . . . . .. .. ... 88
2.8.7 Decomposition of the Schwartz space . . . .. .. ... ... 89
The dual transform, Eisenstein series, Eisenstein integrals and wave
packets . . . ..o 90
2.9.1 The dual transform . . . . . ... .. ... ... ... ... 90
2.9.2  About the orthogonality of Eisenstein series to the space of

cusp forms . . . . ... 108
2.9.3 Wave packets of Eisenstein series . . . . . .. .. ... ... 114

2.9.4 FEisenstein integrals and its relation to the Poisson transform 118

2.9.5 The contribution of the wave packets of Eisenstein series to
the closure of the space of cusp forms . . . . . .. ... ... 123

il



3 The geometrically finite case 129

3.1 Decompositions for varying parabolic subgroups . . . . . . . . . .. 129
3.2  Geometrically finite groups and I'-cuspidal parabolic subgroups . . 134
3.3  NpN' decomposition of the unipotent radical N of a cuspidal parabolic
subgroupof G . . . . . .. 138
3.4 Generalised Siegel sets . . . . . . ..o 140
3.5 Computation of the critical exponent of I'g and definition of the
rankof acusp . . . . ..o 149
3.6 The Schwartz space and the space of cusp forms on I'\G . . . . .. 151
3.6.1 The Schwartz spaceon I'\G . . . . .. ... ... ... ... 151
3.6.2 The space of cusp formson I'\G . . . . . ... .. ... ... 157
3.6.3 The little constant term . . . . . .. ... ... ... ... 162
3.6.4 SU(1,2)-reduction. . . .. .. .. .. ... 165
3.6.5 Two geometric estimates . . . . . ... ... 168
3.6.6 The right regular representation of G' on the Schwartz space 174
3.6.7 Partition of unity indexed over I" . . . . .. . ... ... .. 181
3.6.8 Density of CX°(I'\G,¢) in €(I'\G,¢) . . .. ... ... ... 193
3.6.9 Examples of noncompactly supported Schwartz functions . . 194
3.6.10 Examples of cusp forms . . . .. .. ... ... ... 196
3.6.11 Series expansion of f . . . . ... ... 199
3.6.12 Rapid decay on Siegel sets . . . . . .. ... ... ... ... 201
3.7 Relation between the constant term along (2 and the one along a
smaller rank cusp . . . . . . . .. .. 206
3.7.1 Several small results . . . . ... ... ... ... ...... 207
3.7.2 The diffcomorphism Yy, . . .. .. ... ... L. 212
3.7.3 The diffeomorphism Yo, . . .. . . . ..o 215
3.7.4 The diffeomorphism Y,y . . . . . . ..o 217
3.7.5 The formula for left Ny Mr-invariant Schwartz functions . . . 221
3.7.6 The formula for derivatives of Schwartz functions in the nr-
direction . . . . . . ... 224
3.7.7 The general formula . . . ... ... ... ... ... ... . 230
3.7.8 The main theorem . . .. .. ... .. ... ......... 232
Appendices 235
A Some results about direct sum decompositions 235
B The group Sp(1,n) 237
C Results of independent interest about discrete series represen-
tations 243
Index of notation 256
Index of terminology 257
Bibliography 259

iv



1 Introduction

1.1 Let G be a real simple linear connected Lie group of real rank one. For
these Lie groups, the abelian group A in an Iwasawa decomposition G = NAK
is one-dimensional. Moreover, X := G/ K is then a Riemannian symmetric space
with strictly negative sectional curvature. By the classification of these spaces, X
is a real/complex/quaternionic hyperbolic space or the Cayley hyperbolic plane.
For technical reasons, we exclude X = QH? (Cayley hyperbolic plane) at several
places.

1.2 Let I' be a geometrically finite subgroup of GG. Roughly speaking, I' is a
torsion-free discrete subgroup of G such that I'\ X is a manifold with possibly
infinite volume having finitely many cusps (of smaller rank or of full rank, rational
or irrational) and funnels as ends. If the ends consist only of funnels, then T is
said to be convex-cocompact.

Here is an example of the shape of a manifold I'\ X (X: upper-half plane) of genus
3 having one cusp (of full rank) and one funnel as ends:

A

1.3 Since the classical Fourier analysis was so successful, one generalised it to
groups (not necessarily abelian or compact) and even to homogeneous spaces. An
important goal in harmonic analysis is to establish the Plancherel theorem for
L*(T\G), providing a “Fourier transform”. The abstract Plancherel theorem says
that we can decompose this space as a direct integral over the unitary dual G of
G. Consider now the right regular representation of G on L?(I'\G). Then, this
unitary representation has a direct integral decomposition into irreducibles:

L*(T\G) ~ /G ; N.&Vy dr(T) |

where V, is an irreducible unitary representation space of a representation belong-
ing to the class of 7 € G’, N, is a Hilbert space which is called the multiplicity
space of 7 in L2(T'\@) and  is a Borel measure on G which is called the Plancherel
measure.

M. Olbrich and U. Bunke determined the Plancherel decomposition quite explicitly
for L?(I'\G) in the convex-cocompact case (cf. Theorem 11.1 of [BO00, p.155]).
In the presence of cusps, it is in general not known. If 7 is however a discrete
series representation, then they showed only that N, which is equal to the space



(Vi —00)§; of T-invariant distribution vectors having square-integrable matrix coef-
ficients, is infinite-dimensional. We will provide a more precise description of N
(cf. (1.1) on p.7).

By Theorem 11.1 of [BO00, p.155|, L?*(T'\G) decomposes into a continuous and a
discrete part:

L*(T\G) = L*(T\@)4e ® L*(T\G)a -

Here, L*(T'\ Q). is generated by wave packets of matrix coefficients and L*(T\G)q4
can be further decomposed with the help of representation theory:

L*(T\G)q = L*(T\@)gs ® L*(T\GQ),es © L*(T\G)y

where L?(T'\G),s is generated by residues of Eisenstein series, L*(T\G)y is gen-
erated by matrix coefficients of “stable” invariant distributions supported on the
limit set and L?(T'\G)gs is generated by square-integrable matrix coefficients of
discrete series representations (it is denoted by L*(T\G)eusp in [BO0O]).

Matrix coefficients give in fact the fundamental relation between representation
theory and harmonic analysis.

In the group case (I' = {e}), the Plancherel theorem was established by Harish-
Chandra in 1976. He finished his work in [HC76]. It was Harish-Chandra who
found out that the discrete series representations are the key to representation the-
ory and harmonic analysis on connected semisimple Lie groups with finite center.
Moreover, he classified the discrete series representations for these groups. Sel-
berg, Gel’fand and Langlands proved the Plancherel theorem in the finite volume
case (vol(I'\G) < o0).

1.4 Let us continue by introducing some notations. Let (v,V,) be a finite-
dimensional representation of K. We form the homogeneous vector bundle V() :=
G xk V, over X and the locally homogeneous vector bundle Vi () := I'\V () over
Y :=T'\X. M. Olbrich and U. Bunke determined in [BO0O] the spectral decompo-
sition of the space of sections L*(Y, Vy-(7)) over Y with respect to the Casimir oper-
ator and other locally invariant differential operators when I' is convex-cocompact
as a consequence of the Plancherel decomposition of L*(T\G). Spectral decompo-
sitions of L*(Y,Vy (7)), respectively partial results, were already obtained before
(sometimes cusps are allowed)

e by Patterson |Pat75|, for trivial v and surfaces,

e by Lax-Phillips [LP82, L.P84-1, L.P84-2, LLP85] and Perry |Per87| for trivial
~ and higher dimensional real hyperbolic manifolds,

e by Mazzeo-Phillips [MP90| and Epstein-Melrose-Mendoza |[EMMO91] for dif-
ferential forms on real, respectively complex, hyperbolic manifolds.

More recent results in the presence of cusps were obtained by Guillarmou-Mazzeo
[GM12| for geometrically finite real hyperbolic manifolds and by Bunke-Olbrich
|BOO07| for rank-one symmetric spaces.



1.5 In the group case (I' = {e}) and the finite volume case, which are extreme
cases of geometrically finite groups, the so-called cusp forms provide us a geometric
characterisation of (most of) the discrete part of the direct integral decomposi-
tion. We define the Schwartz space € (I'\G) as well as the space of cusp forms
°¢(I'\G) C €(I'\G) for geometrically finite groups (in fact we allow also a twist
by a finite-dimensional unitary representation). For the analysis of the space of
cusp forms, we restrict us however to the convex-cocompact case.

1.6 The Schwartz space € (I'\G) consists of I'-invariant functions satisfying a
certain decay behaviour (involving also derivatives) at infinity, i.e. at the cusps
and at the funnels.

In order to be able to define this space, we generalise first the notion of a Siegel
set (cf. Section 3.4) so that the following holds:

Let & be a generalised Siegel set in X at a cusp and let

T XUQ->T\(XUQ), z—Tx.

Then, 7 restricted to &’ is a finite-to-one map and the closure of the image of &’
under 7 represents one end of I'\ (X U Q).

We use then these sets and sets which are “away from the limit set” to define some
seminorms controlling the behaviour of the functions at the cusps and the funnels.
We check that the Schwartz space is indeed a Fréchet space which is contained
in L2(T\G) and that the compactly supported smooth functions on T'\G form a
dense subspace of it (cf. Proposition 3.6.60).

Let us give now the precise definition of the seminorms controlling the behaviour
at the funnels:

Let 0X denote the boundary of X and let A := Ar C 0X be the limit set of T'.
Let Q2 := Qr = 0X ~ Ar be the set of ordinary points of I'.

Let U be an open subset of X which is relatively compact in X U Qr, i.e. the
closure of U in X U Qr is compact.

Picture for G = SL(2,R):

Each element of g € G has a Cartan decomposition g = ksa,h, with kg, h, €
K,a, € A,.

Let U(g) be the universal enveloping algebra of gc and let U(g), be the vector
subspace of U(g) consisting of elements of order at most [.

3



Let l € Ng. Forr > 0, X € U(g);,, Y € U(g), such that [y +15 <[ and a function
f e CYQ), set

Uprxy(f) = sup (1+log ag)"al|Lx Ry f(g)] -
gKeU

For the cusps, we define similarly a seminorm gp, x,y on a generalised Siegel
set, controlling the behaviour of the functions at a cusp, with resembling weight
functions, which depend on p (the half-sum of positive restricted roots) and the
rank of the cusp.

The Schwartz space €' (I'\G) on I'\G consists then of those functions in C*(I'\G)
having finite seminorms. One can show that this definition is equivalent to Defi-
nition 8.1 in [BO0O, p.129] in the convex-cocompact case.

1.7 Let us in the following define the space of cusp forms on I'\G. It is a geo-
metrically defined subspace of the Schwartz space. In the convex-cocompact case,
it consists of the Schwartz functions which have vanishing integrals along all the
horospheres in G over which a nonzero Schwartz function is integrable.

Fix an Iwasawa decomposition G = NAK. Let M = Zg(A) and P = MAN
(parabolic subgroup of G). Then, the boundary 0X of X is given by G/P = K/M.
All the horospheres in G/K are of the form HS x xn := kNk'gK (horosphere
passing through ¢K € X and kM € 0X).

Let us define now the constant term along 2 and the constant term along a cusp.
For g € G() := {g € G | gP € Q}, h € G and for a measurable function
f: G — C, we define

g, k) = /N f(gnh) dn

whenever the integral exists. This function is called the constant term of f along
Q. It is well-defined if f is a Schwartz function by Proposition 2.3.30.

When the geometrically finite group I' is not convex-cocompact, we define in
addition the constant term at a cusp.

Let Q be a parabolic subgroup of G representing a cusp kM € 0X (Q = kPk™1).
We call ) I'-cuspidal.

We choose a Langlands decomposition ) = MgAgNg so that we can construct
Nr g C Ng and Mr g C Mg such that

(1) T'o :=T'NQ is contained in Ny oM ¢, and
(2) T'g is a cocompact lattice in Np o Mr q.

For Mr g, we can take the smallest possible subset of M.
For g € G and for a I-invariant measurable function f: I'\G — C, we define

1

19>g) = / f(nmg) dndm
(9) vol(Ig\Nr,oMr o) I'o\NoMr o ( )

whenever the integral exists. We call this function the constant term of f along
Q. Again, it is well-defined if f is a Schwartz function (cf. Proposition 3.6.14).

4



The space of cusp forms °€(I'\G) on I'\G consists then of the functions f €
€ (I'\G) for which f? = 0 and f© vanishes for every I'-cuspidal parabolic subgroup
@. In Section 3.6.10, we determine the cusp forms on I'\G which are induced from
cusp forms on G.

1.8 We define the little constant term of a Schwartz function along a cusp:
For g € G and for a I-invariant measurable function f: I'\G — C, we define

1 /
\/()l(l Q\N 7()]\4— 7()) Q\NT,QMF,Q

whenever the integral exists. This function is called the little constant term of f
along Q).

The little constant term is equal to the constant term when we consider it along
a cusp of full rank. Moreover, the constant term at a cusp of a Schwartz function
is zero when the little constant term vanishes at this cusp.

We show in Theorem 3.6.68 that a Schwartz function, with vanishing little constant
term, decays rapidly on a (nongeneralised) Siegel set under some assumptions,
which are always fulfilled in the real hyperbolic case.

f%(g) =

1.9 We prove that the right translation by elements of G on the Schwartz space,
respectively the space of cusp forms, is a representation of G (see Theorem 3.6.44).
This result also implies that the Schwartz space does not depend on the choices
made in its construction (cf. Proposition 3.6.45).

1.10 We show that, in the real hyperbolic case, the constant term of a Schwartz
function f along a cusp of smaller rank (having not full rank as the cusps in the
finite volume case) is zero if f# = 0 (cf. Theorem 3.7.21). We conjecture that this
result is also true beyond the real hyperbolic case. The main result we need in
the proof is a limit formula:

Let G = SO(1,n)° = NAK, n > 2, be the identity component of SO(1,n). Let Q
be a ['-cuspidal parabolic subgroup with associated cusp of smaller rank. Without
loss of generality, ) = P. Let w € K be a representative of the Weyl element
satisfying w? = Id.

The group A can be identified with (0, 00) and the unipotent radical N of P can be
identified with R"~! = R""*~1 x R*. The group Nr p is identified with {0} x R*.
Let n, = (t, Ol,n_g) e NI'P = R»—F-1 x {0}

For simplicity, we state the result here only for right K-invariant Schwartz func-
tions:

Theorem 3.7.20. Let k = dim(Nr p) > 1 and let f € €(I'\G)k. Then,

lim — f2(s(nw),a)) (s € (0,400))

t—oo tF

15 up to a constant equal to

1
/ u”_g_Q(l - u)%_lfp(ag)du :
0 u



1.11 In the finite volume case, the closure of the space of cusp forms is contained in
the discrete part of L?(T'\G) and it has a “small” complement (Gel'fand, Selberg,
Langlands). In the group case, Harish-Chandra proved that the closure of the
space of cusp forms is equal to the discrete part of L?(G).

Let us look now at the case, where I is convex-cocompact, noncocompact (then
['\G has infinite volume). Famous examples, for X being the upper-half plane,

For such I'’s, we show that the closure of the space of cusp forms admits the
following decomposition:

Theorem 2.9.54. °¢(I'\G) = L*(I'\G)4s ® L*(T\G)y .

This result was already conjectured by M. Olbrich in 2002 (see [O1b02, p.116]).
In order to obtain this result, it was necessary to investigate the different parts
appearing in the Plancherel decomposition.

In this decomposition, matrix coefficients of I'-invariant distributions supported
on the limit set appear and we determine which matrix coefficients belong to
the space of cusp forms (see Theorem 2.7.11). From this, we can conclude that

L*(T\G)y is contained in °€'(T'\G).
We prove the following statement using the dual transform (defined in Section
2.9.1):

Theorem 2.9.21. Let v € K. Then,

“C(T\G,9)(v) NE(T\G, ) =°C(T\G,¢)(7) .

It follows then from this theorem and Theorem 2.7.11 (cf. Proposition 2.9.53) that
the space L?(I'\G),.s is orthogonal to the space of cusp forms.

For the continuous part of the decomposition, we show first that no nonzero com-
pactly supported wave packet is a cusp form (cf. Proposition 2.9.49).

Second, we show with the help of this result and Theorem 2.9.21 that L*(T\GQ)qc
is actually orthogonal to the space of cusp forms (see Theorem 2.9.51).

A very important role in the proofs play the asymptotic expansions in the sense of
N. Wallach (see Section 2.5) and the Bunke-Olbrich extension map (cf. Definition
2.5.15).

1.12 Tt remains to investigate L*(T\G)gs:

Let m denote a discrete series representation. Recall that (Vm,oo)g consists of the
[-invariant distribution vectors f for which the matrix coefficients ¢y, (v € Vi g,
where 7’ is the dual representation of 7) are square-integrable. We denote the
space of I'-invariant distribution vectors f for which the matrix coefficients cy,

6



(v € Vi) belong to € (T'\G) (resp. to *€(I'\G)) by (Vr—oo)ty (resp. (Vi —co)by)-
By Proposition 2.8.18, (Vi —co )ty = (Vi —00)te

We determine in the following a more precise description of the spaces (Vi _o )t =
(Vi—so)bps (Vi—oo)l and (Vi o)t from which follows that (Vi _ )% is dense in
(V)b

Let us continue with introducing some more notations. For A € af, set o\(man) =
o(m)a?~*. This defines a representation of P on V,, := V,. We denote by V (0y) :=
G xp V,, the associated homogeneous bundle over 0X = G/P.

We denote by w7 the G-representation on the space of sections of V() given
by the left regular representation of G and call it a principal series representation
of G.

Let us denote the dual representation of o by ¢. The space of distribution sections
C~*(0X,V(0y)) is defined by C>*(0X,V(6_,))". Here, we take the strong dual.
We denote the space of I'-invariant distributions in C'~*>°(0.X,V (0,)) which are
smooth on Q by C;, (90X, V(o))" and we denote the space of ['-invariant distribu-
tions in C~°°(0X,V(o_y)) having support on the limit set A by C~>°(A, V(o_y))'.
Let (m,V;) be a discrete series representation. Then, V; _,, can be realised in
C~>*(0X,V(0_))). Moreover, V; _, (realised) is the image of a G-intertwining
operator A: C~*(0X,V (o)) = C~>(0X,V(0_))). Let

Dy = A(C3®(0X, V(o)) and Dy= C~(A,V(e_x)" N (Ve o)’ .

By Bunke-Olbrich [BO00], it is known that D; is an infinite-dimensional subspace
of the multiplicity space (Vi _o)y.

We show that the K-finite matrix coefficients cy, with f € Dy @ Dy and v €
CE(0X,V(5y)) (K-finite) are cusp forms (cf. Proposition 2.8.24). Furthermore,

we prove that we have the following topological direct sum:
(11) (Vﬂ,foofj‘ :E@D2

Corollary 2.8.39). It follows from (1.1) that (Vi _oo)L = (Vi _s)l. is dense in

(Ve —oo)b. So, L3(T'\G)4s is contained in °¢'(I'\G).
Finally, we determine a more explicit description of (V, _«)' and of (V, _..)%:

Theorem 2.8.51. We have the following topological direct sum decompositions:
(Ve—oo)' = A(CT(0X, V(0n))") @ Dy

and

(Vi —oo)ty = C5(0X, V(o_»)) Nim(A) = D; @ D, .

To obtain this result, it was necessary to provide an explicit formula for some
scalar products (cf. Theorem 2.8.29). Our investigations provide also a direct
sum decomposition of the Schwartz space (cf. Proposition 2.8.62).



1.13  Finally, I would like to thank Prof. M. Olbrich for having given me the
opportunity to work in this beautiful field of research, for the many interesting
discussions we had and for helping me to overcome the occurring technical dif-
ficulties. A good example is here Appendix C, which was necessary in order to
complete the work about the discrete series representations. Moreover, I would
not have discovered the relation between the constant term of a Schwartz function
along the ordinary set and the constant term of a Schwartz function along a cusp
if my supervisor had not been convinced that there is one. Last but not least, my
thanks go to my family and friends who have accompanied me along the way.



2 The convex-cocompact case

2.1 Geometric preparations

Let G be a real simple linear connected Lie group of real rank one. We denote its
neutral element by e. Let g be the Lie algebra of G and let g¢ be its complexifi-
cation.

Let [ be a Lie algebra over R. Let U(l) be the universal enveloping algebra of I¢
and let U ([); be the vector subspace of U([) (filtered algebra) consisting of elements
of order at most, .

Fix a Cartan involution 6 of g, i.e. a nontrivial involutive automorphism on g.
We denote the corresponding Cartan involution on G also by 6. Let £ be the
1-eigenspace of 6 in g and let s be the (—1)-eigenspace of 6 in g.

We have: g = £ @ s (Cartan decomposition). Let K be the analytic subgroup of
G with Lie algebra £ (it is a maximal compact subgroup of G).

Fix a maximal (i.e. one-dimensional) abelian Lie subalgebra a of s (it exists as
s is finite-dimensional and it is unique up to the adjoint action of K by Lemma
2.1.9 of [Wal88, p.47]). Let A be the analytic subgroup of G with Lie algebra a.
Let M = Zk(A) C K be the centraliser of A in K. We denote the Lie algebra of
M by m.

Let af denote the complexified dual of a. For u € af, we set a* = er(°8(@) ¢ C.
Forpea*,setg, ={Xeg|[H X]=pnH)X VHEa}.

We denote by ® = &(g,a) := {pg € a* | p #0 and g, # {0}} the system of
restricted roots and by ®* a system of positive restricted roots. The multiplicity
of u € a* is by definition m,, := dimg(g,). Let a € ®* be the shortest root of ®
which is in @7,

It follows from Corollary 2.17 of Chapter VII in [Hel78, p.291] that ® is contained
in {+a, £2a}.

Set n = g, Doy and 0 = g , P g on. Put Ay = {a € A | a* > 1} and
A, ={a€ Ala*>1}. Let a, = Lie(A,) and a, = Lie(4,).

For s >0, put Ac;, ={a€ A|a®<s}and A.;,={a € A|a* > s}.

We identify a with R as an abelian Lie algebra via the algebra homomorphism
H € a— a(H) € R and we identify A with (0,00) as a group via the group
homomorphism a € A — a® = e*1°8(2) € (0, 00). Thus, A, = [1,00) as a set.
Hence, exp: a — A can be identified with the exponential map on R.

Define p € a* by p(H) = L tr(ad(H)|,) (He€a).

2
By construction, p is also equal to

% Z mypt = %(ma + 2maq v .
pedPt

We have
X |RH" |CH"| HH" |OH?
p ‘ "T’loz‘ na ‘ (2n+ 1) ‘ 1la

=

Let N be the analytic subgroup of G with Lie algebra n. Then, P := MAN is
called a parabolic subgroup of G. Let N = 6(N).

9



Each element of ¢ € G has a Cartan decomposition g = ksazh, with kg, hy €
K,a, € A,. Moreover, if g # e, then a, and k,M are uniquely determined.

The quotient space X := G/K is a Riemannian symmetric space of strictly neg-
ative sectional curvature. Its geodesic boundary is 0X = G/P = K/M. The
Oshima compactification (cf. |[Osh86]) endows the set X := X UdX with a struc-
ture of a compact smooth G-manifold with boundary.

We know from the classification of symmetric spaces with strictly negative sec-
tional curvature that G is a linear group finitely covering the orientation-preserving
isometry group of X and that X is a real hyperbolic space RH"™ (n > 1), a com-
plex hyperbolic space CH™ (n > 2), a quaternionic hyperbolic space HH" (n > 2)
or the Cayley hyperbolic plane QH?.

Since the restricted root space decomposition is an orthogonal decomposition
with respect to the Killing form (g is the orthogonal direct sum of simultane-
ous eigenspaces), m & a = g is orthogonal to n with respect to the Killing form.
Moreover, m = £ N g, is orthogonal to a = s N g, relative to B. See, e.g., Proposi-
tion 6.40 of Chapter VI in [Kna05, p.370|. Since a = s N go, a is also orthogonal
to ¢

Note that M is equal to K N P and that a is the unique maximal abelian Lie
subalgebra of m & a & n which is orthogonal to the Lie algebra of K.

With respect to the Iwasawa decomposition G = KAN (resp. G = NAK), we
write

g=r(g)a(g)n(g)  (resp. g =rv(9)h(9)k(g))

with k(g) € K, a(g) € A and n(g) € N (resp. v(g) € N,h(g) € A and k(g) € K).
Consider the function G x K 3 (g, k) — a(g~'k). Note that this function descends
to X x 0X.

Lemma 2.1.1. We can choose the normalisation of the distance function dx (gften
simply denoted by d) on X = G/K such that a = a® = e™5K) for aqlla € A, =
[1,00). If a € Ay, then a = e~4eKak),

Proof. Let d be a distance function on X (with arbitrary normalisation).

Since X is a Riemannian symmetric with strictly negative sectional curvature (in
particular it is a Hadamard space), the length of a geodesic segment connecting
to points z,y € X is equal to d(z,y).

Let F(H) be equal to +d(eK,exp(H)K), where the sign + is positive if H € a,
and negative otherwise. Using that eK, a; K and ayK are on a geodesic for
all ay,a0 € A and the above fact, one easily sees that F': a = R — R is a
continuous homomorphism. Since all nonzero continuous homomorphisms from
R to R are of the foorm x € R — Az € R for some A\ # 0, F(H) = \a(H)
for some A\ # 0. We normalise d so that A = 1. Hence, F(H) = a(H). So,

etdleKaK) — colloga) — g — ¢ for all @ € A. The lemma follows. m
Consequently,
(2.1) a, = eleK9K) (g € G)

due to the G-invariance of the metric.
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Let B be the Killing form of g. Then, the Riemannian metric induces a Ad(K)-
invariant inner product B on s. Since g is simple and of real rank one, the adjoint
action of K acts irreducibly on s (K acts transitively on {X € s | B(X, X) = 1}).
It follows now from Schur’s lemma that there is a nonzero c;, € R such that

B(X)Y) = ¢4 B(X,Y) for all XY € s. Thus, ¢4, B is an Ad(G)-invariant
nondegenerate symmetric bilinear form extending B. We denote this form also by
B. As both bilinear forms are positive definite on s, ciy > 0. For XY € g, set
(X,Y) = —B(X,0Y). Then, (-,-) is an Ad(K)-invariant inner product on g and
|Z| == \/{Z,Z), Z € g, defines a norm on g.

The map H € a — «(H) € R identifies a with R isometrically. Hence, ac can
be isometrically identified with C and pu € a* — (o, 1) € R identifies a* with R
isometrically. Moreover, « is identified with 1. So, we can identify isometrically
ag with C.

Let us determine now the constant cq, explicitly. Let H € a. Then,

|H|> = B(H,H) = cqy B(H, H) = ¢y tr(ad(H) ad(H)) .
As [H,Y]=0forall Y e m@ aand [H, X]| = pu(H)X for all X € g,
tr(ad(H)ad(H)) = 2maa(H)? + 2ma, (2a(H))2 = 2(mq + 4mag)a(H)? .
Let H; € a be such that a(H;) = 1. Then, |H,| = 1. Thus,
1= |H|* = cqy tr(ad(Hl) ad(Hl)) = 2C4, (ma + 4m2a) .

Hence,

1
2.2 = .
(2:2) Cx 2(meg, + 4may,)

If 1 € a*, then we define H, € a by B(H,H,) = pu(H) (H € a). This is well-
defined as B is nondegenerate. We define a symmetric bilinear form (-,-) on a* by

(u,7) = B(H,, H;) for all u, 7 € a*. For 1 € a*, set

il o=/ {p, ) = \/ B(H,, H,)

(well-defined since the Killing form is positive definite on a C s).

The two isometries H € a — a(H) € R and p € a* — (o, u) € R fix the Haar
measures on A and a*. We normalise the Haar measures on compact groups such
that the groups have total mass 1.

The push-forward of the Lebesgue measure on n (resp. n), normalised by the
condition

a(@(n)) > dn =1 (resp. /N a(m)"dn=1),

defines a Haar measure on N (resp. N). On G we consider the Haar measure
dg = dk dx, where dk is the Haar measure on K and dz is the Riemannian measure
on X = G/K. On discrete groups, we take the counting measure.

Let HS,x rn := kNk™'gK be the horosphere passing through ¢K € X and kM €
0X.

N
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Lemma 2.1.2. Let a € A. Then, the distance from eK to the horosphere
HSaK,eM = {TL(ZK | n c N}
passing through a K € X and eM € 0X is equal to d(eK,aK) = |logal.

Proof. Let a € A. As xK — a 'zK is an isometry of X, it suffices to prove that
the distance from a 'K to the horosphere HS.x .y = {n'K | n’ € N} passing
through eK € X and eM € 0X is equal to d(eK,aK) = |logal.

Let p = %(Id —0). Then, p: g — g is the projection on s = T.xX. Since
B(H,X) =0forall H € aand X € n®n, a C s is orthogonal to p(n) C s
with respect to B. Thus, {¢'K | a’ € A} is orthogonal to {n'K | n’ € N} in X.
As K +— nzK is an isometry of X for every n € N, {nd'K | o’ € A} is a geodesic
which is orthogonal to {n'K | n’ € N} for every n € N.

Assume now that a geodesic is orthogonal to {n’'K | n’ € N}. Since the latter
space has codimension 1 in X, it follows from the uniqueness property of a geodesic
that it is equal to the geodesic {na'K | a’ € A} for some n € N.

Since a~!'K must belong to the geodesic, it follows that {a’'K | o’ € A} is the
unique geodesic which passes through a=!K and which is orthogonal to {n'K |
n' € N}. Hence,

d(a 'K, HSckerr) = d(a 'K, eK) = d(eK,aK) = |logal
as the geodesic {a'K | @’ € A} intersects HS.x s = {n'K | n' € N} at eK. O
Lemma 2.1.3. We have:
(2.3) alg'k) <a, and a(g'k)' <aq, (g€ G keK).
Proof. By Lemma 2.1.2,
d(eK, HSyx enr) = d(eK, HSpg)ic.ent) = d(e K, h(g)K) = d(eK, a(g ') K) .
So,
d(eK,HS k km) = riLIelJde(eK’ knk 'gK) = Tilgjfvd(eK, nk™'gK)
— (K, HSgsgrcenr) = d(eK, (g™ k) K) = [log a(g™'k)
It follows that
a(g~tk) = et UK HSgx kar) (ge Gk eK),

where the sign =+ is positive (resp. negative) if eK lies inside (resp. outside) the
corresponding horoball. Thus,

lloga(g™'k)| < d(eK, kek 'gK) = d(eK,gK) = loga, .

Hence,
a(g'k) <a, and a(g k) <ay,

for all g € G and k € K. The lemma follows. O
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Lemma 2.1.4. Letn € N and a € A. Then,

Ung = Qg = a, a2, > a, and loga,, > |logal .

na

Proof. Let n € N and a € A. Then, a, < u,04-1 = apea, by the triangle
inequality for dx. It follows from (2.3) that a,, > a, = a. Thus, a, < a2, and
log ayq > loga, = |logal. O
Lemma 2.1.5. For all g,h € G,

1+ logag, < (1+1logay)(l+logay), 1+loga, < (1+logag)(l+logay)

and
1+ logay < (14 logay)(1+logag) -

Proof. Let g,h € G. Since it follows from the triangle inequality for the Rieman-
nian metric d on X that ag, < agap,

log ag, < logay + logay, .

Thus,

(1+1logay)(1+logay) =1+ loga, + logay + loga,log ay
> 1+logay +logay > 1+ logagy, .

We get the second formula by replacing g by gh and h by h~! and the third formula
by replacing g by ¢~! and h by gh. O

Lemma 2.1.6. If S; is a relatively compact subset of G and if Sy is a subset of
P such that {a(h) | h € Sy} is relatively compact in A (e.g. Sy is a relatively
compact subset of P), then there exist constants c1,cs > 0 such that
cra(z) < a(gxh) < coa(x)
forallge Sy, he Sy and x € G.
Proof. Let g € S1, h € Sy and z € G. Then,
a(grh) = a(gr(z))a(z)a(h) .

The lemma follows as {gr(z) | g € Si,# € G} is contained in the compact set
S1K and as {a(h) | h € Sa} is compact. O
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We write an element ¢ € NMAN as fig(9)mp(g)as(g)np(g) with iig(g) € N,
mp(g) € M, ag(g) € A and ng(g) € N (Bruhat decomposition).

Proposition 2.1.7. Write n € N as i = exp(X +Y) (X € g_o,Y € g oa).
Then,

(1) 2cosh(2logaz) =1+ |X[*+ (14 3| X[*)? +2|Y|?,

(2) a() = /(L + HIXP)2 + 2V ]2,

(3) ap(wn) = JHX[ +2V]2 (#e) .

Proof. See Theorem 3.8 in Chapter IX of [Hel78, p.414| for a proof. In order to

determine the appearing constant, we use that c¢;,, = m (see (2.2)). O

Definition 2.1.8. Let X be a set and let f, g be two nonnegative real-valued
functions on X. Then, we write f < g if there exists a positive constant ¢ > 0
such that f(z) < cg(x) for all z € X and we say that f is essentially bounded by
g. We use the notation f >~ gif g < fand f <xgif f <gand g =< f.

Corollary 2.1.9. We have
a, < a(f(n)) = a(nw) (neN) .

Let € > 0. Then,
a, < a(f(n)) < ag(nw)

for alln € N such that |logn| > e.

Proof. Since
ap(nw) = ap(w (v 'nw)) (ne€ N),

0(X)| = [X| = [Ad(w™)X|] (X en),
Ad(wil)ga CO-a Ad<w71)92a C g-2q

and since
: / 1
earccosh(:v) —x+ m — I(l + 1— _2> =T (5(] I~ [1, +OO)) s
x
the corollary follows immediately from Proposition 2.1.7. O]
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2.2 Convex-cocompact groups

In this section, we say when a torsion-free discrete subgroup I' of G is convex-
cocompact.

Let us recall first of all the definition of “torsion-free”:

Definition 2.2.1. Let H be a group. Then, we call x € H a torsion element if x
has finite order. We call H torsion-free if it has no nontrivial torsion elements.

Definition 2.2.2 (|Bou71, .10, II1.4]).
Let H be a locally compact group and let V' be a locally compact topological
space. If H acts continuously on V, then we say that H acts properly if

(2.4) {he H|hCNC + )

is compact for any compact set C' of V.
If H is discrete and acts properly, then (2.4) is finite and the action is called
properly discontinuous.

Remark 2.2.3. If H acts properly on V', then the space of orbits H\V, endowed
with the quotient topology, is Hausdorff.

Let I' be a torsion-free discrete subgroup of G. Then, the limit set Ar is by
definition the set of accumulation points of the I'-orbit U'yGF yK in X := X UdX
(here X := G/K and 0X := G/P = K/M). By Proposition 1.4 of [EO73, p.8§],
this set is a closed and I'-invariant subset of 0.X. Let Qr = 0X ~ Ar be the set
of ordinary points of I'. This set is open and clearly also a I'-invariant subset of
0X. If no confusion is possible, then we may simply write Q (resp. A) for Qr
(resp. Ar). By Proposition 8.5 of [EO73, p.88|, I' acts properly discontinuously
on X U Qr. As moreover I' is torsion-free, I' acts freely on X U Qr.

Definition 2.2.4.

(1) We say that a left (resp. right) proper action of a group H on a topological
space T is cocompact if the quotient space H\T is a compact space.

(2) We say that a torsion-free, discrete subgroup I' of G is convez-cocompact if
I' acts cocompactly on X U €.

15



2.3 The Schwartz space and the space of cusp forms on I'\G
2.3.1 The Schwartz space on I'\G

First, we define the Schwartz space on I'\G. Second, we determine some basic
properties of this space.

Let I' C G be a convex-cocompact, non-cocompact (€2 # @), discrete subgroup.

Definition 2.3.1. Let (¢, V) be a finite-dimensional unitary representation of I'.
Define

CH¥(M\G, @) ={f € C=(G, V) | flyx) = (M) f(x) VyeTl,zeG},
CX(I\G,p) ={f € C(I'\G, ¢) | f has compact support modulo I'}

and

LP(IT\G, ¢) ={f: G — V,, measurable |
fox) =p()f(@) ¥reTocG, [ |f@ldr<oc)
NG /N )
with the usual identifications, for p > 1.

Let Ur be the family of open subsets of X which are relatively compact in X U (2.
Let U € Z/{F.

Picture for G = SL(2,R):

For Z € g, set Lz f(g9) = %’tzof(e_tzg) and Rzf(g) = %|t20 f(get?). These
definitions are extended to U(g) in the well-known way.

Let [ € Ng. Forr >0, X € U(g),,, Y € U(g)i, such that [; + 1o <[ and a function
f € CHG,V,), set

UpT,X,Y<f) = sup (1 +10gag)Ta§‘LXRYf<g)| .
gKeU

Definition 2.3.2. Let (p, V) be a finite-dimensional unitary representation of I'.
Then, we define the Schwartz space € (I'\G, ¢) on I'\G by

{fe C™M\G,¢) | "prxy(f) <oo Vr>=0,X.Y €eU(g),U €Ur} .

We equip €(I'\G, ) with the topology induced by the seminorms.
By definition, ¢ (I'\G) = € (I'\G, 1), where 1 is the one-dimensional trivial repre-
sentation.
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Remark 2.3.3.

(1) This definition is a generalisation of Harish-Chandra’s Schwartz space (see
7.1.2 of [Wal88, p.230]) as we get this space when we take ¢ = 1 and I = {e}
by Theorem 4.5.3 of [Wal88, p.126].

(2) One can show that this definition is equivalent to Definition 8.1 in [BOO0O,
p.129].

Lemma 2.3.4. Let U € Ur, let r > 0 and let f € C®(I'\G,p) be such that
Up,. xy(f) is finite for all X,Y € U(g). For ally € T, there is a constant C,., > 0
such that

7UpT,X,Y(f) g Cr,’y Upr,Ad('yfl)X,Y(f) < o0 (Xa Y € U(g)) .

Proof. Let U € Ur, let r > 0, let f be as above and let X, Y € U(g). Then,

o xy(f) = sup (14 log asg)"a? | Lx Ry f(vg)|
g e

< (1+loga,)a? sup (14 logag)"a?|Laaq-1)x Ry f(9)]
gre
= (1+loga,)"al Upr,Ad(v—l)X,Y(f) <00,

where Ad: G — GL(g) is extended in the well-known way to Ad: G — GL(U(g)).
This completes the proof of the lemma. n

We denote by clo(S) (resp. int(.S)) the closure (resp. interior) of a set S in X USQ.

Lemma 2.3.5. There is a set Ur € Ur such that
MNX=TIUr.

Proof. As the compact set I'\(X UQ) is covered by (Jy ¢, (U Uint(clo(U) N 9X))
modulo I', we can choose finitely many U;’s in Uy, say Uy, ..., U;, such that the
union of them covers X modulo I'. Take Ur := Uizl Us. O

Fix Ur € Ur such that the previous lemma holds.

Lemma 2.3.6. €(I'\G, ¢) is equal to
(2.5) {f € C™(M\G,p) | "pxy(f) <oco VreNg,X,Yel(g)}
as topological spaces.

Proof. Let U € Ur. Then, this set is covered by finitely many I'-translates of Ur:
There exist 71,...,7s € I such that U C |J;_; %:Ur. Let now v € I', X, Y € U(g),
r >0 and let f bein (2.5).

Let r’ be an integer which is greater or equal than r. Then, Urp, xy(f) is less or
equal than “p,s xy(f) < oo. Thus, there is a constant C,., > 0 such that

D x oy (f) < Crry VT por aa-1yxy (f) < 00
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by Lemma 2.3.4. So,

S
Upr,x,y(f) < Z Cy Urpr',Ad(rl)X,Y(f) <00
i=1

The lemma follows. O

A net f, in C®(T'\G, ) converges to f € C°(I'\G, y) if for every compact subset
C of G, f, converges uniformly with all derivatives to f on C. This induces a
topology on C*(I'\G, ).

Lemma 2.3.7. The space C*(I'\G, ¢) is complete.

Proof. This well-known result can be proven similarly as in 1.46 of [Rud91, pp.34-
35].
m

Proposition 2.3.8. The Schwartz space € (I'\G, ¢) is a Fréchet space.

Remark 2.3.9. The proof is a straightforward generalisation of that for the case
I' = {e} (see proof of Theorem 7.1.1 in [Wal88, pp.227-228]).

Proof. We can write U € Ur as a (possibly infinite) union of open sets in X which
are relatively compact in X. Indeed, U is equal to |J,.ny(U N B(eK,n)).

To show that € (I'\G, ¢) is a Fréchet space, it suffices to prove that € (I'\G, ¢)
is sequentially complete as U(g) is countable dimensional and as it is enough to
consider r € Ny and U = Ur by Lemma 2.3.6.

Let (f;); be a Cauchy sequence in € (I'\G, ¢). Then, (f;); is a Cauchy sequence
in C°(I'\G, ). As C*(I'\G, p) is complete by the previous lemma, there exists
f e C*('\G, ¢) such that f; converges uniformly with all derivatives to f on
compact subsets of G.

Fixr >0, X, Y € U(g) and U € Ur. We have:

UNB(eK,n)

UpT,X,Y(f) = Sup Pr,X,Y(f) .

neN
By convention, “p, xy(f) = 0. Let ¢ > 0 be given. Let N € N be sufficiently
large so that Yp, xy(f; — f;) < § for all 4,j > N. Then,

€
Upr,X,Y(fz') < 5 + Upr,X,Y(fN)

for all i > N. Let N,, € N be sufficiently large (maybe larger than N) so that

UNB(eK,n)

DO ™

pr,X,Y(f - fl) <

for all ¢ > N,,. This is possible because for all n € N, there is ¢, > 0 such that

UNBEKm)y L (h) < e sup |Lx Ryh(g)| < oo

gKeUNB(eK,n)
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forall h € C=(I'\G, p). Thus, VNBEED v (f) < e+UNBEEM v (fy). Hence,

Upexy(f) <e+Yprxy(fn) <oo.

So, f € €(I'\G, ). Moreover,

URBERm b v (f = f;) S VPR p v (f = fi) + VB p sy (Fi = f5) < e

for all j > N and i > N,. It follows that Yp, xy(f — f;) < e forall j > N.
Consequently, € (I'\G, ¢) is sequentially complete. The proposition follows. [

Lemma 2.3.10. The integral [, a;**(1+loga,) "dg is finite if and only if r > 1.
G% g

Proof. Compare with the lemma in 5.1.3 of [Wal88, p.139|.
Since g = a4 is left and right K-invariant, there exists a constant ¢ > 0 by Lemma
2.4.2 of [Wal88, p.61] such that

/ ag_zp(l +loga,) " dg = C/A v(a)a™*(1+loga) " da ,
G +

where y(a) := [] e+ sinh(u(H)). Since

v(a) = H ehlloga) _ 3, cq+ nlloga) _ 2p(loga) _ ,2p

nedt

on A, this integral is finite if and only if

/(1+loga)_rda:/ (1+t)™"dt

is finite. The lemma follows as the last integral converges if and only if r > 1. [

Proposition 2.3.11. The Schwartz space € (T'\G, ) is contained in L*(T\G, ).
Moreover, the injection of € (T'\G, ¢) into L*(T\G, ¢) is continuous.

Proof. Let f € €(I'\G, ¢) and let r > 0. Then,
1£(9)] < praa(f)(1+logag) "a”

for all g € S := UprK C GG. We have:

115 = | M) dg < [ 5@ P g < paa(0? [ (1 loga) >a g

G

By Lemma 2.3.10, this is finite for r > % The proposition follows. O]
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2.3.2 Density of C>*(I'\G, ¢) in €(T'\G, )

In the following, we do some preparation needed to prove that the space
C>(I'\G, ¢) of compactly supported smooth functions on I'\G (viewed as a sub-
space of € (I'\G, ¢)) is dense (cf. Proposition 2.3.21).

Lemma 2.3.12. Let pu be a restricted root (i € {£ao, £2a}) and let X € g,,. Let
YV =2(X+60X)ect Ifac A~ {e}, then

o
X = 2" (ry — Ad(a)1Y) |

a?t —1

Proof. This can easily be proven by direct computation. Compare with Lemma
8.24 of [Kna&6, p.227|. O

Let A’ = A~ {e} = (0,00) \ {1}. Let us denote by C°(A) (resp. C°(A)) the
smooth functions f on A, (resp. A’) having uniformly bounded derivatives on
[1+ ¢, 00) for every € > 0 (resp. (0,1 —¢]U[1l + ¢, 00) for every € € (0,1)).

If f e G°(A'), then f[, clearly belongs to Cp(As).

Let dy,dy € Ny be such that d; < do. Let p (resp. ¢g) be a polynomial of degree
dy (resp. ds). Let C be a closed subset of R which does not meet the zeros of g.
Then, ’5’ has bounded derivatives of any order on C.

Thus, the following functions belong to C°(A’):

1 T d x?
E— an .
x2—1" x2—1 x?—1

(2.6)

Lemma 2.3.13. Let a € A'. Then,
U(g) = U(a) & (Ad(a) (O)U(g) + U(g)E) .

Proof. We have
UR)=CaolUl)t=Ca Ut .

Let a € A'. By Lemma 2.3.12,
gc =nc D ac B e = ac ® (Ad(a) e + &) .
Hence,

U(g) = (Ad(a)""U®))U(a)U(E) = (C o Ad(a) " (€U())U(a)(C @ U(E)E)
= U(a) ® (Ad(a)" (B)U(g) + U(g)E)

by the Poincaré-Birkhoff-Witt theorem. [

Let {H;} be the natural basis of U(a). Let X € U(a). Write
X =) c(X)H; .
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Let {X,,;} be a basis of U(g) induced from the above decomposition. Let X €
U(g). Write

X =) cailX)Xo,

When we speak in the following of the coefficients of an element X € U(g), then
we mean with this the numbers ¢, ;(X) € C.
Let p, denote the projection of U(g) to U(a) provided by the previous lemma.

Lemma 2.3.14. Let X € U(g). Then, a € A" — ¢;(po(X)) belongs to C°(A’) for
all 1.

Proof. Let | € Ny. If X € C, there is nothing to prove. If X € gc = n¢ @ ac @ €,
then the lemma follows from Lemma 2.3.12.

Let us prove now by induction that the lemma holds also for every X € U(g),
(I > 2). Assume that the lemma holds for every X € U(g);—;. Since

U(g) =U(8)i-1 ©DU(9)1-19 ,

it suffices to consider the case, where X = X1 X, with X; € U(g),_; and X5 € g.
We have

U(g)i-19 = (U(a)i—1 & (Ad(a)  (EOU(9)i—2 + U(a)1—28) ) (n © a B ¢)
= U(a)i_1n + Ad(a) " (O)U(g)1-1 + U(g)i_otn
+U(a); + Ad(a) (B)U(g)i—1 + U(g)1_oka

+U(g)l_1{3 .
Here, the terms which are not under the desired form are underlined. In order

to bring these terms in the form we want to have, we use that n is contained in
Ad(a™')€+ ¢ and the following relations:

(1) aAd(a')e = Ad(a"')(®)a + [a,Ad(a"1)E],
(2) tAd(a )= Ad(a"t)(B)E+ [¢, Ad(a"1)E],
(3) ta=at+ [¢ a].

For the new terms appearing containing one of these new Lie brackets, we must
check that we can apply the induction hypothesis. We do this by showing that all
the coefficients of terms not belonging to U(g)t are in C°(A’).

Let ¢ = 3(Id+6). Then, ¢q: g — g is the orthogonal projection on €. Since
g(n) = ¢(n) and g(a) = {0}, gn) Gm =g & m) =t

LetY € tand H € a. IfY € m, then [H, Ad(a " )Y] = [H,Y] =0, [, Ad(a ")Y] =
(6, Y] C tand [Y,a] = {0}.

For Zi € gro and H € a, we have:

(1) [H,Ad(a Y)q(Zk)] = La™*[H, Z},) + Ld*0([H, Z}]), where

[H,Zy] € n C €+ Ad(a)*'t .
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(2) Let Y’ € . Then,
/ -1 1 k! 1 k !
V!, A )a(Z)] = Lo Y 2]+ a0y )
If Y/ € m, then [V, Z;] € n C €+ Ad(a)*'E.
Let Z, € gra. Then, [¢(Z}),Z;] €Eg-a GmBadn.
(3) [¢(Zk), H] € n® O(n) C £+ Ad(a)"t.

In the third case, all the coefficients are in C°(A’). In the first and the second case,
the maximal growth behaviour is exactly the growth behaviour we are allowed to
have in order to have that the coefficients of the elements of an, respectively £n,
are as desired. The lemma follows now by induction. O]

We extend « to an algebra homomorphism from U(a) to C.
Define a homomorphism &: U(a) — C of Lie algebras by the following conditions:

d(X):(JforXea@®---®a@3ac®ac

and
a(X) = a(X) for X eC@ac .

Proposition 2.3.15. Let X1, Xy € U(g) anda € A;. Let f: GNK — C be a
smooth bi-K-invariant function. Then, there exist H, € U(a) (depending both on
X and Xs) such that a € Ay — a(H,) belongs to CF°(AL) and

Lx,Rx, f(9)|,—0 = Ru, (9,0 -

If f(g) = ag; then LX1RX2 f(g)‘g—a = &(H )a
If f(g) = log(ay), then Lx,Rx, f(9)|,—, = a(Ha)log(a).

Remark 2.3.16. a, is not differentiable at g € K: Let 0 # H € a. Then,

d

d
J— a - e
dt|,_ge P T at

max{ta(H), —ta(H)} = +a(H) .

t=0%

So, Rpa, does not exist when g belongs to K.

Proof. Let X1,Xs € U(g). It follows from the Poincaré-Birkhoff-Witt theorem
that
U(g) =U(a)U(n)U(E) .

By convention, this means that X € U(g) can be written as ) . H,Z;Y; with
H,elU(a), Z; eU(n) and Y; € U(®).

When we bring the left derivatives in U(n) to the right-hand side, then the cor-
responding right derivatives have coefficients in C°(Ay). Thus, we may assume
without loss of generality that X; = 1. The first part of the proposition follows
now from Lemma 2.3.13 and Lemma 2.3.14.
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The second part follows easily from the first part and the following formulas:

(1) Ruy, - R, a4l,_, = R, -+ Rya = Hlea(Hj)a for all H; € ac and all
a € A+,

(2) Rulog(ag)l,—, = Rulog(a) = a(H)log(a) for all H € ac and all a € Ay;
(3) fiHlRH2 log(ag)|g:a = RHlRHQ log(a) = (0 for all Hl, H; € ac and all a € A+.
0

Corollary 2.3.17. Let X1, Xy € U(g) and let V' be a neighbourhood of K in G.
Then, there ezists a constant ¢ > 0 (depending on X1, Xs) such that

|Lx, Rx, (1 + log(a,))| < c(l + log(ay))
forallge GNV.
Proof. We have

Lx, Rx,aq = LAd(kgl)Xl RAd(hg)Xz ar|x:ag :

Let [ € N be sufficiently large so that X, Xo € U(g);. Let {Y;} be a basis of U(g);.
For k € K, write Ad(k)X; =), ¢ j(k)Y;. Then, sup,cx |c;;(k)| is finite for all 1,
j. The corollary follows now from Proposition 2.3.15. O]

Lemma 2.3.18. Let (V. |-]|) be a finite-dimensional normed complex vector space
and let f € C®(G,V) be such that sup,cq |Lx Ry f(g)| < oo for all X € U(g),
Y € U(E) (resp. for all X € U(E),Y € U(g)). Then,

sup|Lx Ry f(g)] < o0
geG

for all X|Y € U(g).

Proof. Let f € C°(G,V) be such that sup, |Lx Ry f(g)| < oo for all X € U(g),
Y e U(E). Let X,Y € U(g). As Lxf € C®(G), we may assume without loss of
generality that X = 1. For g € GG, we have

Ry f(9) = Raan,)y (B, [)(kgay) .

Thus, it remains to prove that sup,.q |Ry (Rp, f)(kgay)| < oo for any Y € U(g).
Let Y € U(g). By the Poincaré-Birkhoff-Witt theorem, we have

U(g) = U(a)UR)U(E) .

By convention, this means that Y € U(g) can be written as ) . H;Z;Y; with
H; € Z/{(Cl), Z; € U(ﬁ> and Y € U(E)

So, without loss of generality, we may assume that Y = HZU with H € U(a),
Z cU(n) and U € U(E). Then, Z € U(n); for some [ > 0 and |Ry (Ry, f)(kgay)|
(9 € G) is less or equal than ‘

|Laagkgy Rz Ru (R, f)(kgag)| < |Ladakg)rLaday)zBu (B, f)(kgay)|
= |Ladky) i Lad(ag)zRadm,) 10 f(9)] -
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Let {Z;} be a basis of U(11);. As moreover sup,.q |Lx f(g)| < oo for all X € U(g)
and as Ad(a)Z = }_; cj(a)Z; for some coefficients ¢;(a) such that sup,ca, [c;(a)l
is finite, sup,cq [Lx Ry f(g)] is finite. The second case of the lemma follows from
the isomorphism C>®(G,V) — C®(G,V), f+— f, where f(g) = f(g™"). O]

Recall that we endowed X with a smooth manifold structure by using the Oshima
compactification. Let Ay be the Laplace-Beltrami operator of X.

Lemma 2.3.19. There ezists a cut-off function x € C>(X U, [0,1]) such that
(1) ZVEF Lyx =1,
(2) supyxex aqldx(gK)| < oo,
(3) supggex ag|Axx(9K)| < oo,
(4) sup,rex [Lxx(gK)| < oo for all X € U(g),

We denote by x~ the restriction of x to €.
Remark 2.3.20.

(1) It follows from Lemma 2.3.18 that sup,gcx |Lx Ry x(g)| < oo for all XY €
U(g)-

(2) The set {y € T | v"'U Nsuppyx # <} is finite for every U € Ur since
X € CX(X U, ]0,1]) and since I" acts properly discontinuous on X U (2.

Proof. See Lemma 6.4 of [BO00, p.113]. O

Let us recall now how the usual topology on C°(T'\G, ¢) is given.

A net f, in C°(I'\G, ¢) converges to f € C°(I'\G, ) if there is a compact subset
C of G and ( such that supp f, Usupp f C I'C for all « > g and f, converges
uniformly with all derivatives on C.

Proposition 2.3.21. The inclusion of CX°(I'\G, ¢) into € (I'\G, ¢) is continuous
with dense image.

Proof. Note first of all that C>*(I'\G, ¢) is contained in € (I'\G, ). Let U €
Ur, d > 0 and XY € U(g). It follows from the definition of the topology on
C>(I\G, ) that the maps Yp,y xy are continuous seminorms on C>®(I\G, ).
Thus, C2(I'\G, ¢) is continuously injected into € (I'\G, ).

Let us prove now that C°(I'\G, ¢), viewed as a subspace of € (I'\G, ¢), is dense
in €(I'\G, ). To show this we do a similar argument as in the proof of Theorem
7.1.1 in [Wal88, p.227].

Let h € C*(R) be such that h(x) € [0,1] for all x € R, h(z) = 1if x € [-1,1]
and h(z) =0ifz € R: |z| > 2. For r > 0, set u,.(g) = h(%) Then, there is
a neighbourhood V, (r > 0) of K such that u,(g) = 1 for all g € V,.. Thus, u, is
smooth.
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As every smooth function is locally Lipschitz, as A (0) = 0 for all n € N and as
h(™ (n € N) has compact support, there is a constant ¢, > 0 such that

(2.7) |5 (2)] < cala]

for all z € R and all n € N. As h(0) = 1, there is a constant ¢y > 0 such that
|h(z) — 1| < colz| for all z € [-2,2]. As |h(x) — 1] =1for all z € R: |z| > 2, the
previous estimate holds also for € R such that |z| > 2 if we choose ¢q > 3. So,

(2.8) |h(z) — 1] < colz

for all x € R. Let Xy, Xy € U(g). It follows from (2.7), (2.8), Corollary 2.3.17 and
the chain rule that there is a constant cy, , > 0 such that

1
2"

/

CX1,Xs
(2.9) |Lx By (wn(9) = ) € == (1 +1og(ay))  (9€G).
By Remark 2.3.20 of Lemma 2.3.19,

S:={yeT |y 'Unsuppy # @}

is finite. Let g € G such that gK € U. Then, |Zver(urx)(yflg) — 1] is less or
equal than

> lur(vg) = Ux(v ') -

veS

By (2.9) and as x takes values in [0, 1], this is again less or equal than

C, 1+log(a, —1,)
171 r

yeS
(ci1 = co). By Lemma 2.1.5, we can estimate this further by

1+1og(ag)

r )

€11

where ¢y, := ¢} ;> (1 +log(a,)) (this constant depends on U).

It follows from (2.9), Corollary 2.3.17, Lemma 2.3.19 and the Leibniz rule that
for all X,Y € U(g) such that X € gld(g) or Y € gld(g), there exists a positive
constant cyy (depending also on U) such that

[LxRy (3 Ly(w)) (9] = | - Laaiy-1x By (w0 ) (77 9)] < 22 (1 + log(ay))

vyel’ yeS

for all » > 0 and all g € G such that gK € U.

Since u,x € CX(G), D2 er Ly(urx) € CZ(T\G).

Let X,Y € U(g), and let {X;} be a basis of U(g);. Then, there exists a constant
¢ > 0 (depending on X, Y and U) such that

deY ZL (wrx)f — f Z Pa+1,X,,%; (

vyel

for all r > 0. Tt follows that > L, (u,x)f converges to f in € (I'\G, ¢). O
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2.3.3 The space of cusp forms on I'\G

In this section, we define the constant term of a Schwartz function, we show that
it is well-defined and we determine some basic properties of it. The space of cusp
forms is then the space of Schwartz functions having vanishing constant term.
For a set U in 0X, put

GU)={9eG|gPeU} and KU)={keK|kM €U} .

Definition 2.3.22. For g € G(Q2),h € G and for a measurable function f: G —
V., we define

g, k) = /N f(gnh) dn

whenever the integral exists. We call this function the constant term of f.

Remark 2.3.23. We will show in Proposition 2.3.30 that the constant term is
well-defined if f € € (I'\G, ).

Let E = exp(e; @ e2) for some vector subspaces ¢; C g, and ez C go,. It follows
that E' is invariant under conjugation in A. Let n; = dimg(e1), let ny = dimg(es)
and let (g = WZT—%

Recall that m,, (resp. ma,) denotes the multiplicity of the root a (resp. 2a).

For the moment we are only interested in the case where E = N (then (g = 1).
We state the following two results however in greater generality as we need it

under this form in the geometrically finite case.

Lemma 2.3.24. For x € N, set ¢(x) = ag(xw). Then, there is a volume form (a
nonvanishing differential form of highest degree) dx on {x € E | ¢(x) = 1} such

that
/f(n)dn:// f(z*) dx a®*** da
E A J {z€EB|¢(x)=1}

for all f € C.(E).

Remark 2.3.25. It follows from standard integration theory that the above for-
mula holds also if f € L'(FE) or if f is a nonnegative measurable function on
E.

Proof. The lemma is standard. We provide a proof for the convenience of the
reader. As hypersurfaces are orientable, {x € E | ¢(z) = 1} has a volume form
dy. Let n € N and a € A. Then, n = ng(nw)mp(nw)ag(nw)ng(nw)w. Thus,

n® = (anp(nw)a )mp(nw)aap(nw)a(a™'ng(nw)a)w .

Hence,
#(n") = ag(n“w) = a*ap(nw) = a*¢(n) .

The map
-1

O {reFE|o(x) =1} x A= E~{e}, (y,a) = y*
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is clearly a diffeomorphism. Its inverse sends n € E \ {e} to (n% a), where
a = ag(nw) 2.

So, dn = ¢g(y,a)dyda for some positive measurable function g on E x A (g is
smooth on (E \ {e}) x A). We have

(a/)—l d _ (a/)—l a : d d
Lo an= [ @) o) dydo
z// f(y*) gy, ad’) dy da .
A J{zeBlo@)=1)

Let y € E. Since (a/)** [, f(n)dn = [, f(n®)")dn, (@) g(y,a) = g(y, ad')
for all a,a’ € A. Taking a = 1 shows that g(y,d’) = (a’)*#?g(y,1). The lemma
follows. u

Proposition 2.3.26. The integral
(2.10) / a(n)~*2?(1 + log a(n))* dn
0(E)

is finite if and only if d > 1. Here, dn denotes the push-forward of the Lebesgue
measure on 6(ey) & 0(es).

Remark 2.3.27.

(1) It follows from this proposition and Corollary 2.1.9 that
/ a(n)~EP(1 + log az) % dn
0(E)

is also finite if and only if d > 1.
(2) Compare with Theorem 4.5.4 of [Wal88, p.126].

Proof. Let S ={exp(X +Y) | X € g, Y € goa : 1| X|* +2[V|* < 1} (compact).
Since a(f(n)) < ap(nw) on N ~\. S by Corollary 2.1.9, (2.10) is finite if and only if

/ ag(nw)*E°(1 4+ log ag(nw)) “dn .
E\S
By Lemma 2.3.24, this is again finite if and only if
/ / a"%e°(1 + 2log a)~* dx a®*** da
Ay J{z€Elap(zw)=1}
is finite. The above integral is again equal to

vol({x € F | ag(zw) = 1})/ (1+2loga) “da .

Ay

The proposition follows as ffh(l + 2loga)~%da is finite if and only if d > 1. [
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In order to show that the constant term is well-defined, we first need the following
lemma.

Lemma 2.3.28.

1) Letd>1,t>1and g,h € G. Then, n — a_* (1 +logaz,,)~? is integrable
gnh g
over N. Moreover, if ¢ € [0,d — 1), then there exists a positive constant C,
depending only on d and €, such that

/ a7 (1 + log aygu)~dn < Calg) Pa(h™) (1 + |log a(g)a(h™") 1))
N

(2) Let d > 1, t > &g and g,h € G be such that n(g) = n(h™') = e. Then,
n — agnh( + log agun)~? is integrable over E. Moreover, if ¢ € [0,d — 1),
then there exists a positive constant C', depending only on d and e, such that

/ gy (1 +10g agan) ™ dn < Calg)™Pa(h™) ™ (1 + [ log a(g)a(h™") 7)™
E

Proof. This proof is inspired by the one of Theorem 7.2.1 in [Wal88, p.231].
Fix g,h € G. Let e € [0,d — 1), n € N and a € A. Put v = 6(n). By formula
(23),

a(v) = a((va)a) = a(va™)a < aye-10 = pqa .

Thus, a,, > a'a(v). As in addition € € [0,d — 1) and the following hold by
Lemma 2.1.4

(1) logan, > |logal ,
(2) 1+10gan, =1+ tloga2, > 1+ 1log(a,) > 3(1+loga,) ,
we have

(2.11) a, (1 + 1og apg) ™ Pa(v) (1 +10g ang) (1 + log apg) 4T

<a
< 2%"a(v)”"(1 4 [logal)~*(1 + log a,) "+ .

As gnh = k(g )(a(g)(n(g)nn(hil)*l) (9)~ ) (g)a(h"Htk(h™1)~1, as F is invari-
ant under conjugation in A and as n(g) =n(h™')=eor E =N,

/ gnh(l +log agnn)” —d+e dn
E
is equal to
a(g)_Qtp/ a;(f(pg)a(h,l),l(l + 108 tna(g)a(n-1y-1) "= dn .
E

By (2.11) and as [, a(n)™*(1+logaz)~ 4t< dn is finite for all d > 1 + ¢ by
Proposition 2.3.26, this is less or equal than

Ca(g)"?a(h™)"*(1 + [loga(g)a(h™")~"|)“a(g) ™"

28



for some constant C' > 0 depending only on d and ¢. So,
[ a1+ logagm)dn < Calg) a(h™) (1 + | loga(ga(h) 1))
E

]

Definition 2.3.29. Let g € G(Q2) and h € G. Then, we denote by U, ), an open
set in X that is a relatively compact neighbourhood of gP in X U2 and contains
the horosphere gNhK = gNg~'(gh)K passing through ghK € X and gP € 0X.

Proposition 2.3.30. Let f € €(I'\G,p), g € G(?), h € G and X,Y € U(g).
Then, n — LxRy f(gnh) is integrable over N. Thus, the constant term f9 is
well-defined (take X =Y = 1). Moreover, if U € Ur and if r > 1, then there
exists ¢ > 0 (depending only on r) such that

/N |Lx Ry f(gnh)|dn < CUp2r,X,Y(f)@(g)fp@(hfl)fp(l + | log a(ﬂ)a(hfl)fl‘)fr

for all g € G(2) and h € G such that gnhK € U for alln € N.

Proof. Let f € €(I'\G,p) and X,Y € U(g). Let g € G(?) and h € G. Then,
gnh € Uy, for allm € N. Let now U € Ur, g € G(2) and h € G be as above. For
all d > 0, we have

|Lx Ry f(2)| < Ypaxy(f)a,?(1+loga,)™® (zK € Uyp)

by definition of € (I'\G, ¢). Thus, for r > 1,

/N |Lx Ry f(gnh)|dn < Ypar x v (f) /N g (1 + log agnp,) 2" dn .

By Lemma 2.3.28 applied to E = N, there exists a constant ¢ > 0 (depending
only on 7) such that this is again less or equal than

CUp2r,X,Y(f)a(g)_pa(h_l)_p(l + |10ga(g)a(h_l)_l|)_r .

Corollary 2.3.31. Fiz g € G(2) and h € G. Then,
e (T\G,p) = [(g,h) €V,
is linear and continuous. Thus, € (I'\G, ) is a closed subspace of € (I'\G, p).

Proof. Observe that the map is linear. Fix g € G(2) and h € G. Let f €
¢ (I'\G, ) and let r > 1. Then, by Proposition 2.3.30, there exists a constant
¢ > 0, depending on g and h, such that

|fQ(g7 h>| < CUgﬁp?r,l,l(f) .

Hence, f + f%(g,h) is continuous when g and h are fixed. O
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Corollary 2.3.32. Fiz f € €(T'\G, ). For g € G(Q), h € G and X,Y € U(g),
we have

LXRY/ f(gnh)dn :/ LxRy f(gnh)dn .
N N
In particular, f*(g,h) depends smoothly on g and h.

Proof. Let us check the assumptions of the theorem about differentiation of pa-
rameter dependent integrals. Fix XY € U(g) and r > 1. By Proposition 2.3.30,
we know that n € N — f(gnh) is integrable. The function g € G — f(gnh) is
smooth for every n € N, h € G as f is smooth.

Let V' be an open subset of G which is relatively compact in G(€2) and let W be an
open, relatively compact subset of G. Choose Uyy € Ur such that Uy, C Uyw
for all g € V and all h € W. By the proof of Proposition 2.3.30 and of Lemma
2.3.28 applied to £ = N, there is a constant C' > 0 such that

(2.12) |LxRy f(gnh)| < CYWpar xy(f)a(On(g)dndn(ht) ™)~
(1 + log a@n(g)&n@n(h_l)_l)7Ta’<g)7pa(hil)ip<1 + ‘ IOg a(g)CL(h‘il)ill)iT

forallg eV, h e W and n € N. By Lemma 2.1.5 and by Corollary 2.1.9, there
exists a constant C” > 0 such that

a(0n(g)nn(h=") ") (1 + 10g agn(g)ononn-1-1) " < C'a(On)~"(1 + log ag,) "

forall g € V, n € N and h € W. It follows that there is a constant C” > 0,
depending only on V" and W, such that (2.12) is bounded by

C"a(6n)~"(1 4 log ag,)™" (n€eN).

This is integrable over N by Proposition 2.3.26. Thus, |LxRy f(gnh)| is uni-
formly bounded by an integrable function for all ¢ € V and all h € W. Hence,
LxRy [y f(gnh)dn exists and is equal to [ LxRy f(gnh)dn. The corollary fol-
lows. [

Proposition 2.3.33. Let f € €(I'\G, ¢).
(1) For ge G(2), he€ G, v €T, we have
FHvg.h) = (1) (g, h) -
(2) For g € G(Q), h,x € G, we have
(Ref)™(g,h) = f(g,ha) -
(3) For g€ G(), he G, a€ A, m € M, we have
f(gam, h) = a2 f(g, amh) .

(4) f%(gni,nah) = fg, h) for all g € G(Q),h € G,n1,ny € N.
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Proof. Let f € €(I'\G, ¢).

(1) For g € G(), h € G, v € ', we have
g, h) =/ f(ygnh) dn = 90(7)/ flgnh)dn = o(7) (g, h) .
N N
(2) For g € G(Q2), h,z € G, we have
(R (0. 0) = [ flgnha)dn = 1°(g,ha)
N
(3) Forge G(Q), he G,a € A, m € M, we have

(gam, h):/ f(gamn(am) tamh) dn

= a_Qp/ f(gnamh)dn = a2 f%(g, amh)
N

as n +— m~'nm is a measure-preserving diffeomorphism and as d(a"'na) =
a=% dn.

(4) For g € G(?), h € G, ny;,ny € N,

(g, nah) = / F(gnunmah) dn = / f(gnh) dn = (g,h)
N N

as N is unimodular.

Definition 2.3.34. Define the following subspace of €' (I'\G, ¢):
"C(T\G,p) = {f € €(T\G, ) | [*(g,h) =0 VgeG(Q),heG}.

We call it the space of cusp forms on T'\G.

Remark 2.3.35.

(1) This subspace may be considered as the analog of the Harish-Chandra space
of cusp forms on G.

(2) Since f%(vg,h) = p(7)f%g,h) forally € T, g € G(Q), h € G by Proposition
2.3.33 (1), it suffices to check the condition f(g, h) = 0 for g belonging to
a fundamental set of G(2) for I'.
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2.3.4 The right regular representation of G on the Schwartz space

We show that the right translation by elements of G on the Schwartz space, re-
spectively the space of cusp forms, is a representation of G (see Theorem 2.3.42).

Lemma 2.3.36. Let U be an open subset of X. Then, U is relatively compact in
X UQ if and only if clo(U) N0X is a compact subset of ).

Proof. Let U be an open subset of X. If U is relatively compact in X U €2, then
clo(U) is compact in X U Q. Hence, clo(U) N 0X is a compact subset of ().

Assume now that clo(U) N 90X is a compact subset of Q. Let V' be an open,
relatively compact neighbourhood of clo(U)N0X C K/M which is also contained
in Q. Let V = {kaK | kM € V,a € A} UV. Then, V is relatively compact in
X UQ and a neighbourhood of clo(U) N 9X in X UQ. Thus, U \ V is relatively
compact in X. Hence, U is relatively compact in X U €. O

Let f be a function on G. For g,x € G, set

L,f(x) = flg~tz) and R,f(z) = f(zg) .
For f € €(I'\G, ¢), define

m(9)f(x) = Ryf(x) = f(zg) (9,2 €G).

Clearly, m(g)(€(I'\G, ¢)) C C®(I'\G, ¢) for all g € G.
For h € G and for a subset U of X, put U" = {ghK | gK € U}.

Lemma 2.3.37. For every h € G and U € Ur, clo(U")NOX is equal to clo(U)NOX
and UM belongs also to Ur.

Remark 2.3.38. The set {hgK | gK € U} (h € G) belongs also to Ur if h is
sufficiently close to e.

Proof. Fix h € G and U € Ur. Consider a sequence g; K in U converging to some
element kM in 0X. Without loss of generality, we may assume that h, = hy,.
Then, a,, tends to oo and k, M converges to kM € 0X. So, kyaga;, 'k, 'hK =
g; K converges also to kM. Note that the limit does not change if we consider
kya,ky 'hK. But (kya,k, ') K = kya, K = g;K € U for all i. Thus, kM belongs
also to clo(U") N 9X. Hence, clo(U) N 90X is contained in clo(U") N 9X.

As the above is also true for U” instead of U and h~! instead of h and as U =
(Uh)h_17

clo(UMNoX =clo(U)NoX c Q.

It follows now from Lemma 2.3.36 that U” is an open subset of X which is relatively
compact in X U, i.e. U" € Up. O]

Corollary 2.3.39. Let U € Ur and let S be a relatively compact subset of G.
Then, Jy,eq U™ belongs to Ur.

Remark 2.3.40. The set J,.s{hgK | gK € U} only belongs to Up if S is
contained in a sufficiently small neighbourhood of e.
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Proof. Let U and S be as above. Put US = |J,.sU" As U" € Ur and as
clo(U") N 90X = clo(U) N 9X for all h € G by Lemma 2.3.37, clo(U) N dX is
contained in clo(U%) N dX and U® is open in X as it is the union of open sets in
X. Since {ay | h € S} is bounded, the second part of the proof of Lemma 2.3.37
can be generalised to U°. Thus, clo(U®) N dX is equal to clo(U) N dX. Hence,
U® € Up by Lemma 2.3.36. O

Proposition 2.3.41. Let U € Ur, let X, Y € U(g), let f € €(T\G, ) and let
r > 0. Then,

(1) Yp.xy(Rnf) is finite for every h € G and Yp, x vy (Lyf) is finite when h € G
15 sufficiently close to e;

(2) Yprxv(Buf — ), Yprxy(Lunf — f) converge to zero when h tends to e.

Proof. To prove this proposition, we do a similar argument as in Lemma 14 of
[HC66, p.21].
Let he G,z € G, X,Y €U(g), U € Ur, and let f € €(I'\G, ¢). We have

Uprxy(m(h)f) = sup (1+logay)" af|Lx Ry (Rpf)(g)]

gKeU

< (14 log ah)’"ai SlyepU (1+log agh)Tagh’LXRAd(h—l)Yf(gh)‘
g

= (1+ logay)"ay Uhan,Ad(hfl)y(f) < 0 .
Thus, 7(h)f belongs to € (I'\G, ¢). Let {Xi,..., X, } be a basis of g. Let H € g.
Write H =Y, ¢;X;. We clearly have

i f(xexp(tH)exp(sH))dt

_/01

n

, ! o ds|,,

=1

n

1
d
Repof(x)_f(x):/ %
s=0
d
ds

) f(zexp(tH)exp(s Z ¢ X;))dt

=1

f(zexp(tH)exp(sX;))dt .

Hence,

‘LXRY(Repof)( ) LXRYf(

f(zexp(tH)exp(sX;))|dt .

s=0

< max |Cl / ’ Lny

1<i<n

Since all norms are equivalent on R", there exists ¢y > 0 such that

max |a;| < ]ZazX\

1<i<n
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for any a; € R. So, |Lx Ry (Rexpuf)(x) — LxRy f(x)] is less or equal than

n 1
o 13 [ LBy R o esplo) ar
=1

Consequently,

Uprxy(Ruf — f) = SI?PU (1+loga,) af|Lx Ry (Rexpuf)(x) — LxRy f(x)]
zKe

is less or equal than

n 1
o [HIS sup (1-+1oga)at [ Ly Ry R, o exp(el)| di

i—1 zKeU
<co-[H| sup sup (1+loga,) af|Lx Ry Ry, f(zexp(tH))]
i—1 t€[0,1]zKeU
Put V = UZeg:\Z\<1 Uee?) = {gexp(Z)K | gK € U, Z € g : |Z] <1}. Then, V
belongs to Ur by Corollary 2.3.39. If |H| < 1, then the above expression is less or
equal than

cHI Y Vprxyaxi(f)

i=1
where ¢ 1= ¢y maxzeg. |z<1(1+1og aexp(z))’"agxp(z). The proof of the other assertion
works analogously. The remarks 2.3.38 and 2.3.40 tell us to what one has to pay

attention. ]
Theorem 2.3.42. (7,4 (I'\G,¢)) and (7,°€(I\G, ¢)) are representations of G.

Proof. Since the constant term is G-equivariant with respect to the right trans-
lation, it is enough to prove that (W,%(F\G, cp)) is a representation of GG. Fix
X, Y eU(g),r>0and U € Upr. Let f € €(I'\G, ) and h € G. Then, U" € Ur
by Lemma 2.3.37.

By Proposition 2.3.41, w(h)f belongs to € (I'\G, ¢).

Assume that h; — h in G and that f; — f in €(I'\G, ¢). Let N" be a relatively
compact neighbourhood of h in G. Put

0" = ) U" = {ghK | gK € U,h e N"} .
heNh

This set belongs also to Ur by Corollary 2.3.39.
Let € > 0 be given. Let {Xy,..., X, } be a basis of g. Define X to be

X X,
N——

a factors
ifaeN:={1,2,3,...} and to be 1 if a = 0. For m € Ny :={0,1,2,...}, define

Im:{a::(Oél,...,Oén)‘OKZ'EN()ZZOéigm},
i=1
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Let Y € U(g);. Then, Ad(z~1)Y € U(g), as, by definition, Ad(z™)(V; ® Y3) =
Ad(z71)(YV)) @ Ad(z7H)(Y2). As Ad(xz™1)Y € U(g) and as Ad(x~1)Y depends
smoothly on x, there are smooth functions c,, . ., on G such that

.....

.....

-----

(2.13) Upnxy (w(h)f —w(hy)f;)
< Uprxy (w(h) f = w(h) )+ “prxy (m (b)) (f = f))

where Up, x v (m(h;)(f — f;)) is less or equal than

0\ Ut .
T ((1 +1logag) a?) an’Ad(hgl)Y(f £)

r 7 Uh 19
< ;frfel% ((1+logaz) al|cay, .an(h)]) Prxxcoxan (f = f;) < g
ael

for j sufficiently large. Here, we have used that h; € N" for j sufficiently large.
By Proposition 2.3.41 applied to w(h)f € € (I'\G, ),

Upr,x,y(w(h)f —7(h;)f) < g

for j sufficiently large. It follows that (2.13) tends to zero when j goes to co. This
finishes the proof of the theorem. O
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2.4 Tempered distribution vectors, square-integrable distri-
bution vectors and Schwartz vectors

First, we recall the notion of matrix coefficients of a representation 7 of G (on a
reflexive Banach space) are. Second, we use the matrix coefficient map in order
to define tempered distribution vectors, square-integrable distribution vectors and
Schwartz vectors.

Let (m, V;) be a representation of G on a reflexive Banach space with dual rep-
resentation (7', V). Then, we define the space of distribution vectors to be
Vi—oo = (Vi)' (strong dual). Here the subscript oo means that we pass to
the subspace of smooth vectors and we endow Vs ., with the canonical Fréchet
topology. We have then the following inclusions of G-representations

Vieo CVa C Vi .

We denote the subspace of K-finite and smooth vectors of V; by V, . Fur-
thermore, we denote the space of tempered distributions by €'(I'\G, ¢). It is by
definition the conjugate-linear strong dual of €(I'\G, ¢).

Definition 2.4.1. Let (7, V;) be an admissible G-representation of finite length
on a reflexive Banach space.

We say that a [-invariant distribution vector f € (Vi _oo ® ch)F is tempered (resp.
square-integrable) if the function

G2 g cralg) = (f, 7 (gv) €V, ,

called matriz coefficient of w, belongs to €' (I'\G, ) (resp. L*(I'\G, ¢)) for all
v € Vo ig. We denote the linear subspace of square-integrable (resp. tempered)
-invariant distribution vectors by (Vi —se ® V,,)y (resp. (Vi—oo @ Vy)iomp)-

Remark 2.4.2.

(1) This definition is equivalent to Definition 8.3 in [BO00, p.130] by Lemma
8.4 of [BO0O, p.130].

2)If feViww®V,and v € Vi o, then ¢y, is smooth as G — Vi, g —
7'(g)v is smooth and as f: Vi o, — V,, is continuous and linear.

(3) As L3(T\G, p) C €' (T\G, ¢), we have

(Vim0 ® Vi) € (Vim0 ® Vi temp C (Voo @ Vi)'

We equip (Vi —0o ® Vgp)F with the subspace topology.

Lemma 2.4.3. Let v € (Voo @V,)'. If w is irreducible and if ¢, € L*(T\G, ¢)
for some 0 £ v € Vo, then ¢, v € L*(T\G, ) for all v' € Vyr .

Proof. The proof works completely analogously to the proof of Lemma 1.3.2 in
[Wal88, p.23|. O
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Definition 2.4.4. Let (7, V;) be an admissible G-representation of finite length
on a reflexive Banach space.

We say that f € (Vi _oo ® V,)'' is a Schwartz vector (resp. cuspidal Schwartz
vector) if ¢, € C(I'\G, ) (resp. cp, € “€(I\G,p)) for all v € V. We
denote the space of Schwartz vectors (resp. space of cuspidal Schwartz vectors) by
(Va0 @ Vi)t (resp. (Vi —oo ® Vi)ts).

Remark 2.4.5.

(1) Assume further that 7 is irreducible. Since K is connected, Vi x = U(g)v
for any nonzero v € Vs k. It follows that f € (V; _oo ® V)" is a Schwartz
vector (resp. cuspidal Schwartz vector) if and only if there is a nonzero
v € Vo i such that ¢, € €(I\G, p) (resp. cg, € “C(I\G, p)).

(2) The space (Vi —oo ® V,,)% is clearly contained in (Vo @ V5.

Assume that 7 is irreducible. Fix 0 # v € V. We equip (Vi _o ® V)i, with
the coarsest topology such that the map f € (Vy _®V,)L — c;0 € €(T\G, ¢) is
continuous. Analogously, we equip (V; _o @ V,,)} with the coarsest topology such
that the map f € (Vi 0o @ V) > ¢4, € L2(T\G, ) is continuous.

As U(g)v is equal to Vi kg and as €(I'\G,p) — € (I'\G,¢), f — Ryf and
L3(T\G, ¢) — L*(T\G, ¢), f — Ry f are continuous for every Y € U(g), it follows
that the above two maps are continuous for every v € V. This shows that the

topologies on (V; o @ V,,)i. and on (Vi _o ® V,,)} do not depend on the choice
of v.

Lemma 2.4.6. The inclusions

(Vimoo @ V)i € (Vacoo ® Voliy (Vaewo ® Vo) CVroo ® W
are continuous injections.
Proof.

(1) Consider the following commutative diagram:

(Vimoo @ Vp)ig —— C(T\G, )

(Voo @ Vp)g —— L*(I\G, )

Let us view (Vy _0o @ V,,)L (resp. (Vi _oo®V,)}) as a subspace of €(I'\G, ¢)
(resp. LA(T'\G, ¢)). The first assertion follows as € (I'\G, ¢) — L*(T\G, ¢)

1S continuous.

(2) Since we consider on (V, _o, ®V,,)! the subspace topology, (Vi oo ® V)" <
Vi —0o ® V, is also continuous.

The lemma follows. O
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2.5 Some definitions and known results

We consider the right regular representation of G on L*(T'\G, ). By the abstract
Plancherel theorem (see for example Theorem 14.10.5 of [Wal92, p.336]), this
unitary representation has a direct integral decomposition into irreducibles:

(2.14) \G, ) Z /G " NGV, di(r)

where G denotes the unitary dual of G, V} is an irreducible unitary representation
space of a representation belonging to the class of 7 € é, N, is a Hilbert space
which is called the multiplicity space of © in L*(T'\G, ¢) and k is a Borel measure
on G which is called the Plancherel measure. The isomorphism F is a unitary
equivalence of representations, called “Fourier transform”. The action of G on the
right-hand side is given by Idy_ ® 7.

Definition 2.5.1. We say that a bounded linear operator ®: L*(T\G, ) —
L*(T\G, ) is decomposable if there is a measurable family of bounded linear maps
L.: Ny — N, (m € G) such that

O(f) = F " ((Lr @ 1)(Fa(f) )
for all f € L*(T\G, ¢).
Proposition 2.5.2. Any G-intertwining operator on L*(T\G, @) is decomposable.

Proof. Tf G is a so-called type I group (e.g. an abelian (resp. compact, semisimple)
connected Lie group), then a unitary representation of G admits by the abstract
Plancherel theorem a direct integral decomposition over é, which is similar to the
one of (m, L*(T\G,¢)). Theorem 3.24 of [Fu05, p.77] shows moreover that the
G-intertwining operators are decomposable. O

Bunke-Olbrich [BO00] give a much more precise description of the direct integral
decomposition (2.14):

By Corollary 8.7 of [BO00, p.132], N, can be realised as a subspace of (Vi _o ®
V)L, 7€ G, such that we have the following:

temp>

(1) The matrix coefficient map ¢: (Vi —oo ® Vy,)' @ Voo = €'(T'\G, p) induces
a map

Crt Ny@Vy — €'(T\G, ) .
We denote the adjoint of ¢, by Fr: € (T\G, ) = N.QV.

(2) The maps F; satisfy F(f)(w) = Fr(f) for all f € €(I'\G, ).
(3) The space N, is equal to (Vi oo @ V)5 if (Vi _oo @ V)5 # {0}
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In particular, the Plancherel measure « has support on

{m € Q| (Voo ® Vp)iemy # {01}

and r({r}) # 0 if and only if (Vv oo @ V)5 # {0} If (Vi —o @ V,,)§ # {0}, then
we choose the Plancherel measure and the scalar product on Ny = (Vi _oo ® V)
such that

(1) w({m}) =1,

(2) the matrix coefficient map ¢, induces an isometric embedding of N,.®V. into
L*(T\G, ).

In particular, F, extends then to a map from L*(T\G,¢) to (Vo _oo @ V)@V
The unitary dual G is the disjoint union of the discrete series representations, the
unitary principal series representations and the complementary series representa-
tions:

G=G,UG, UG, ,

where

Gq:= {m € G | V, is square-integrable} ;
G, = {r e G|V, is tempered} ~ Gy :
G, :={r € G|V, is not tempered} .

By Theorem 11.1 of [BO00, p.155], L*(T'\G, ) decomposes into a continuous and
a discrete part:

(215) LQ(F\G» QO) = L2<F\G7 So)ac D L2(F\Gv gp)d

Here, the space L2(T'\G, )4 is generated by wave packets of matrix coefficients
and L?(I'\G)4 can be further decomposed with the help of representation theory:

L*(T\G, p)a = L*(D\G, ¢)as © L*(D\G, ¢)res ® L2(T\G, @)

where L?(T'\G, ¢),.s is generated by residues of Eisenstein series, L2(T'\G, @)y is
generated by matrix coefficients of “stable” invariant distributions supported on
the limit set and L*(T\G, ¢)qs is generated by square-integrable matrix coefficients
of discrete series representations (it is denoted by LZ(F\G ©)cusp in [BOOOJ).

The space L*(T\G, ¢)ac corresponds essentially to G, and L*(T\G, )4 corre-
sponds essentially to G UG, L? (MG, )ds corresponds to G and LA(T\G, ©)es®
L*(T\G, @)y corresponds essentially to G..

In the following sections, we determine the contribution of the space of cusp forms
to each of the appearing spaces.

Let us denote the orthogonal projection on L?(T\G, ®)ae (resp. LAT\G, ©)res,

L2(F\G7 (P)U; L2(F\G7 Sp)ds by Pac (resp. Pres; PU, pds)-

Proposition 2.5.3. Let I be a G-intertwining operator on L*(T\G, ). Then, I
commutes With pae, Pas and Pres + pu-
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Proof. As I is decomposable by Proposition 2.5.2,

p(f) = F_1(<L7r ® Id)(*’rW(f))weG) :

Let p = puc (resp. p = pas, P = Dres +pu). By the proof of Theorem 11.1 of [BOO0O,
p.155],

p(f) = F (L @ 1) (Fr(f)) rec)

with L7 =0 or L} = Id for almost all m € G. As Lyo L', = Lo L, for almost all
m € (5, the proposition follows. n

Let us continue with some elementary consequences of the Plancherel decomposi-
tion.

Lemma 2.5.4. Let 1 € G be such that (Vy oo @ V)5 # {0}. Then, Fyr o ¢y is
the identity on (Vup _o @ V)@V, and

(cxoFr)?=croFr.
Proof. Let m be as above.
(1) For all f,g € Fo(L*(T\G,¢)) = (Vo oo ® V)&V, we have

(Frlex(f))s9) = (cx(f) cx(9) = (f9)

Since f and F,(c.(f)) belong to the Hilbert space (Vi _oo ® V,)E&V,, it
follows that f = Fr(c:(f)).

() Let f,9 € IA(T\G, ). As (Voo @ Vo)L # {0}, (cx 0 Fr)(F) € LA(T\G, ).
Thus, (¢, o Fr)?(f) is well-defined. Moreover, we have

(e 0 F)*(£), 9) = (Frl(cr 0 Fr)(f)), Frl(9)) e = (e © Fr)(f), 9) -
As (-, -) is nondegenerate, (c; o Fr)? = ¢ o Fr.
0

Corollary 2.5.5. Let 7 € G be such that (Vir—0o @ V)5 # {0}. Then, ¢, o Fy is
the orthogonal projection on cw((Vﬁz,_oo ® V¢)5®Vﬂ). Thus,

Pa: f € L2<F\G7 ()0) = Z CW(Fﬂ'(f)) S LZ(F\G7 (p)d

WEGA’: (Vﬂ/,7w®vv)g7é{0}
is the orthogonal projection on L*(T\G, ¢)4.

Proof. The corollary follows from the previous lemma and the equality (c,o0F;)* =
Cr 0 Fr. O
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Corollary 2.5.6. Let m € G be such that (Ve oo @ V), # {0}, let v € K and let
F be a subspace of V(). Then,

(2.16) er(Var—oo @ Vi) 3&V5)
and
(2.17) S = (Voo @ Vp)g @ F)

are closed in L*(T'\G, ¢).

Proof. Let p=1d —c, o F;. Then, p is a continuous orthogonal projection on the
orthogonal complement of (2.16). Thus, (2.16) is equal to ker p and hence closed.
S0, Srvi(y) = cﬂ((Vﬂg_oo @ V,), ® Vw(v)) = cﬂ((Vﬂg_oo ® V¢)5®VW)(7) is closed,
too.

Let v € K and let F be a subspace of V() (finite-dimensional). Let F'X de-
note the orthogonal complement of F' in V,(y). Then, S; r is the orthogonal
complement of S; g1 in Sy v, (y) and is hence closed. O

Fix 0 # v € V; k. It follows from Corollary 2.5.6 and the open mapping theorem
that the topology on N is the coarsest such that

[ € Ny cx(f@0)

is continuous. Recall that this topology does not depend on the choice of v.

Let us define now some representations and some bundles playing an important
role in the following.

Let (o, V,) be a finite-dimensional unitary representation of M. Then, we define its
Weyl-conjugate o by 0% (m) := o(w 'mw), where w € Ng(a) is a representative
of the nontrivial Weyl group element.

We say that o is Weyl-invariant if o is equivalent to o*. We assume that o denotes
a Weyl-invariant representation of M from now on. It is either irreducible or of the
form o’ @ o™ with o’ irreducible and not Weyl-invariant and it can be extended
in both cases to a representation of Ng(a). We denote this extension also by o.
As o(w) is only unique up to a sign, we fix such an extension. We denote the dual
representation of o by &.

Let (v, V,) be a finite-dimensional representation of K. We form the homogeneous
vector bundle V() := G' x g V, over X and the locally homogeneous vector bundle
V() :=T\G xg V, over Y := '\ X. Set V(y,¢) =V(7y) ®V, and Vy(v,¢) =
Vi (7) @ V.

Let W be a vector space which is equipped with a left K-action. Let

WE={veW|kv=v VkeK}.

Counsider the tensor product action of K on L*(I'\G, ¢) ® V.. Using the isomor-
phism L2(Y, Vy (7, ¢)) =~ [L*(T\G, ¢) ® V,]¥, we define

C(Y,Vy(7.9)) = [€(D\G, @) @ Vo]* € L2 (Y, Vi (7, 9)) .
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For A € af, set ox(man) = o(m)a”~*. This defines a representation of P on

V,, :=V,. We denote by V(o)) := G xp V,, the associated homogeneous bundle

over 0X = G/P. Let B = I'\QQ. Then, V(o)) := I'\V(04)|q, defines a bundle

over B.

Recall that (¢, V,,) is a finite-dimensional unitary representation of I'. We denote

its dual by (¢, V).

On the space of sections of V (o)), we consider the left regular representation of G.

We denote it by 77 and call it a principal series representation of G. We define

the bundle V(oy,¢) := V(o)) ® V,, on 0X carrying the tensor product action of
I' and we define Vg(oy, ) := T'\(V(02) ® V,)|o-

The space of distribution sections C~>°(0X,V (gy)) (resp. C~*(0X,V(ox, ¢)))

is defined by C*(0X,V(5_y)) (resp. C>®(0X,V(G_x,¢))). Here, we take the

strong dual. Analogously, we define C~°(B,Vg(0y)) (resp. C~2(B,Vg(oa,¢)))

by C*(B,Vg(c_y)) (resp. C~(B,Vp(5_x,¥))). Here, we take also the strong

dual. We denote the space of I'-invariant distribution sections by C~>(9X,V (o))"
(resp. C~(0X,V (o, 0))).

We denote the subspace of K-finite functions of C*°(0X,V (cy)) by CE(0X,V (0y)).
Note that we can identify distribution sections of Vg(0oy, ¢) with I-invariant sec-

tions of V(oy,¢)|,. By a slight abuse of notation, we denote the subspace of
C~°(0X,V(oy, p)) consisting of [-invariant distributions supported on the limit

set by C=°(A, V (o, ).

Let W be a vector space and let A € End(W). If we write A(f ® v) (f € W,

v € V,), then this means that we consider simply the trivial action on V:

A(f@v) =A(f)®wv (feWveV,).

In contrast to bilinear parings (-, -), we will always denote sesquilinear pairings by
(+,-). By convention, these pairings are complex linear with respect to the first
variable.

Definition 2.5.7 (10.1.2 of [Wal92, p.5|, [BO00, p.96]).
Let us consider f € C>*(0X,V (0))) as a function on G taking values in V,, and
satisfying

f(gp) = ax(p)~" f(9)

forall g € G and p € P. If Re(\) < 0, then the Knapp-Stein intertwining operator
JE\: C®(0X,V(0n)) = C=(0X,V(0™)))
is defined by the convergent integral
(Jzaf)la)i= [ flgmo)dn .
N
Its continuous extension to distributions is obtained by duality.

Set J,\ = a(w)j;‘j/\. Then, this operator from C*(0X,V (o,)) to C*(0X,V(c_,))
does not depend on the choice of w.

42



Remark 2.5.8.

(1) The convergence of the integral follows easily from Proposition 2.3.26 applied
to = N.

(2) We denote j;”/\ ®@1d: C*(0X,V(ox,¢)) = C*(0X,V (¥, ¥)) also by j;”/\

(3) If Re(A) > 0, then it is defined by meromorphic continuation (see [KS71] or
Lemma 5.2 of [BO00, p.97]).

The following is a well-known result, which we use in several proofs:

Lemma 2.5.9. Let f be a continuous right M-invariant function on K. Then,

/f ) dk — /f 2pdn—/f (k(nw))a(nw) 2 dn .

Remark 2.5.10. The map n — x(n)M is a diffeomorphism of N onto K/M
{wh'}.

Proof. Let f be a continuous right M-invariant function on K. Then,

/f M—/f )2 di

by Proposition 8.46 of [Kna05, p.542]. The normalisation is correct as

/Kldkzlz/Na(n)‘den.
/f %—/fwk%—/fwm )% din .

Since n € N — w™'nw € N is a diffeomorphism transforming dn into dn, this is
again equal to

Thus,

[ st yatu) 0 dn
]

Let 0X = U UQ, where U is open and () is the complement of U. Let A € af and
fe 00X,V (o, p)) with support in Q. Fix gP € U. Let 1y: N — R, n+— 1.
As f has support in @) and as the open set G \ {gP} = gNwP is diffeomorphic
to N, we can identify f with a distribution fy in C~*°(N,V, ® V,,) such that
[y flgnw) dn = (fn,1x)N is equal to j},’jkf(g).

We show next that matrix coefficients have under certain assumptions an asymp-
totic expansion in the sense of N. Wallach. The following two lemmas are proven
in [BO00, p.110] in the setting of the Poisson transform. For the convenience of
the reader, we redo here the proof for matrix coefficients.
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Lemma 2.5.11. Let 0X = U U Q, where U is open and Q) is the complement
of U. Let A\ € af.. Let f € C~(0X,V(ox,p)) with support in Q, let v €
CE(OX,V(5_5)) be a K-finite function, let a € Ay and let k € K(U),h € K.
Then, there exist smooth functions vy, ; (j € N) on K(U) such that

(218)  epulkah) = a” (T2, f)(R), o(h ™ w)) + ) a” 0y (k)

J=1

For a>> 0 and k in a compact subset of K(U), the series converges uniformly. In
particular, for a — oo, we have

(219)  cpulkah) = a A (R), o(h ) + Ofa W)
uniformly for k varying in a compact subset of K(U).

Proof. Let U, @, v and f as above. For k € K(U), h € K and a € Ay, we have

¢ so(kah) = /K (), 77 (kah)o (1)) dl = /K ), o(hta" k) di

where the integral is a formal notation meaning that the distribution f has to be
applied to the smooth integral kernel. Since K is unimodular, this yields

/K (F(hkul), v(h~"a~ wl)) d

By Lemma 2.5.9, this is equal to

/N (f(kwk(n)),v(h o tws(n)))a(n) 2 dn .

and

a(h ta twk(n)) = alak(n)) =

Thus, cf,(kah) is equal to
(2.20) o~ / a() Palana™t) "M (f (kwk(R)), v(h  wk(ana™))) di .
N
For ¢t > 0, define a; € A by t = a; ®. Define
®:(0,00) x N = N, (t,n) > a;na; "
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Asn=g_ , D g 24, this can be written as
O(t,exp(X +Y)) = exp(tX +t?Y) (X €90, YEG ).
Thus, we can extend ® and hence
(t,7) = a(ana; D)~ Po(h wk(adiar ) = v(h wagiiart)

to a function on R x N that has a Taylor expansion relative to ¢t at ¢ = 0 converging
in the space of smooth functions on N with values in V(5_y). As lim;_,oa;na; ' =
e € (G, it is given by

—(A+p)

a(amna;t) v(h twr(ana; ') = v(h ™ w) + ZAh,j(ﬁ)tj )

where Aj, j: N — V(5_,) are analytic. Inserting this expansion into (2.20) yields

=f(kwn)

A

¢ so(kah) = a0+ / ()7 (kwr(R), v(h—"w)) di

N

+Z o) [ a2 k(). Any () do

N lziiph’]‘ (k‘)

Since K (U) is open and since k € K(U), there exists a neighbourhood N, of e in
K such that kN, is still contained in K(U). As kwk(n) € K(Q) if f(kwk(n)) #
0, wr(n) € k1K(Q) for all n € N such that f(kwk(i)) # 0. Note that the
intersection of N, with k~'K(Q) is empty since U N Q = & and that the set
{n € N | wk(n) € N} is relatively compact. Thus, k — f(kwk(-)) is a smooth
family of distributions with compact support in N. Hence, the Yy, ;’s are smooth.
Since [ (f(kwn),v(h™'w)) dn is equal to

/N (f (knw), o(h™ w)) dn = (2 F) (), (b w)) |

we have finally
cru(kah) = a2, F)(K), v(h ™ w)) + Y a” PN (k)
j=1
[

Let U be an open subset of 0X. Let V be a relatively compact subset of U. For
any | € Ny, any bounded subset A of U(g), and any f € C°(U,V (o, ¢)) (viewed
as a function on G with values in V, ® V,,), set

pra(f) = sup [Rxf(k(k.))| .

XeAEMeV
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Then, p; 4 is a seminorm on C*(U, V (o), ¢)). As it suffices to take countably many

seminorms, the seminorms induce a Fréchet space structure on C*(U, V(oy, ¢)).
Define

Cy=(0X,V(or, @) = {f € C7(0X,V(ox,9) | fly € CF(U,V(or, 9))} -

We put on Cj;>(0X, V (o, ¢)) the coarsest topology such that the inclusion map
Cy 20X, V(oy, @) = C~(0X,V(0y,¢)) and the restriction map

resy: Gy = (0X,V(ax,9)) = CF(U,V(ar, ¢))

are continuous.

Lemma 2.5.12.

(1)

(2)

(3)

Let f € C®(0X,V(ox,¢)), veE CEOX,V(6_))) and k,h € K.
If Re(\) > 0, then there is € > 0 (depending on A but not on f) such that,
for a — o0, cfy(kah) is equal to

P (f(k), JE_yo(h ™)) + O(aRe W)
uniformly in k € K.
If |[Re(N)| < 1 and X # 0, then there is € > 0 (depending on X but not on
f) such that, for a — oo, cg.(kah) is equal to

AP (R), T2 o ™)) + a2 ) R) o (T w)) + O™ 277

uniformly in k € K. The remainder depends jointly on X and f.
Let f € C(0X,V(o_y,¢)) withRe(\) >0, v e CK(0X,V(5,)) and k,h €
K. Then, there ise > 0 (depending on \ but not on f) such that, for a — oo,
cro(kah) is equal to

(T ) (k) o(h™ w)) + O(a"e N =P7e)
uniformly in k € K.

Let 0X = U UQ, where U is open and Q) is the complement of U, and let
[ € Cr®(0X,V(ox, ) and let ve CH(OX,V(5_))).
If Re(\) > 0, then there exists € > 0 (depending on X but not on f) such
that, for a — oo, cs(kah) is equal to

P (f(k), Jy_yo(h ™)) + O(aRe W)
uniformly in kM € 0X varying in a compact subset of U.

If |[Re(A)| < 1 and X # 0, then there is € > 0 (depending on X but not on
f) such that, for a — oo, cg.(kah) is equal to

Q@

AP (f(k), JE_yo(h™'w ™)) 4+ a AP ((JE ) (), o(h ™ w)) + O(a”™2777%)

uniformly in kM € 0X warying in a compact subset of U. The remainder
depends jointly on X and f.
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Proof.

(1)

Let f € C®(0X,V(oy,p)) with Re(\) > 0, v € CX(0X,V(6_,)) and k, h €
K. By Theorem 5.3.4 of [Wal88, p.146],

lim a” *c;,(a) = /

a— 00 N

(f(e),v(n))dn = /N (f(e),v(w nw)) dn .
Thus, )
lim a” *cg,(kah) = (f(k), J¥_yo(h 'w™))

a—r0o0
as cyy(kah) = crong-1ysr0-3nyw(a). The above integral exists by Lemma
5.3.1 of [Wal88, p.144]. The first part of the assertion now follows by Theo-
rem 4.4.3 of [Wal88, p.119].

Let f € C®(0X,V(0_y,¢)) with Re(\) > 0, v € CX(0X,V(5,)) and k,h €
K. By Theorem 5.3.4 of [Wal88, p.146],

lim a**cs,(kah) = lim a**c, (b waw k™)
a—r o0 a—00

= (u(h~ w), (J\ ) (R)) = (T ) (R) o(h ™ w)) -

The above integral exists by Lemma 5.3.1 of [Wal88, p.144|. The second
assertion follows now from Theorem 4.4.3 of [Wal88, p.119].

The second part of the first assertion follows from the two assertions we have
just shown and the fact that the leading term in an asymptotic expansion
depends holomorphically on A € {u € af. | [Re(p)| < 3, 1o # 0} (see sections
12.4, 12.5 and 12.6 of [Wal92]).

Let W, W’ be compact subsets of U such that W C int(W’). Let x € C>*(U)
be such that x|, = 1. Then, f = xf + (1 — x)f with xf smooth and
supp ((1 — X)f) C 0X ~ int(W’). The third assertion follows by applying
(1) to xf and Lemma 2.5.11 to (1 — x)f for kM € W.

]

Definition 2.5.13. We call the smallest element dr € a* such that ) ay M)

~yel 7

converges for all A € a* with A > dr the critical exponent of I'. We set ép = —o0
if I' is the trivial group.

Remark 2.5.14.

(1)
(2)

If T is nontrivial, then dr € [—p, p).

It follows from (2.1) that this definition differs only by a p-shift from the
one defined in [Cor90].

Let us now introduce the push-down

T C®(0X,V(5-5,9)) = C=(B,Vp(6_x, %))
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needed to define the extension map that we will define in a moment. Let 7(v) =
5 2y) ® ¢() (v € T'). By using the identification

COO(Ba VB((}—M 95)) = COO(Q’ V((}—/\’ @))F )
we define m, by

T (f)EM) =) (7(N (kM) (f € C®(0X,V(6-,¢)), kM € Q)

vel’

if the sum converges [BO00, p.88]. By Lemma 4.2 of [BO00, p.89|, this is the case
when Re(\) > dr.

Definition 2.5.15 ([BO00, p.91]). For Re(\) > dr, the Bunke-Olbrich extension
map
ext: C™°(B, Vi(oy,0)) = C~(0X,V (o, )"

is defined to be the adjoint of ,.

Remark 2.5.16. When we want to make our notation more precise, we denote
ext by ext,.

If X # QH?, then ext has a meromorphic continuation to all of af. (see Theorem
5.10 of [BO00, p.103]).

Definition 2.5.17 (|[BO00, p.92|). We define the restriction map
res: C~(0X,V(ox, @) — C™(B,Vg(ox, ¢))
as the composition of the identification map
C™(Q, V(or, 0))" = C™(B, V(o ¥))
with the restriction
resg: C~(0X,V(ox, ) = C7(Q, V(ox, p)) .
By Lemma 4.5 of [BO00, p.92], it is the left-inverse of ext:

(2.21) resoext = Id .
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2.6 Invariant distributions supported on the limit set

Recall that we denote the space of I'-invariant distributions supported on the
limit set by C~>(A,V (o, ¢))". In the following, we provide some information
about these spaces. For further details, see [BO00]. They are important because
L*(T\G, @)y @ L*(T\G, ¢),es 1 generated by matrix coefficients coming from I'-
invariant distributions supported on the limit set.

By Theorem 4.7 of [BO00, p.93], C~=(A,V(oy, ¢))" = {0} for all X € a} such
that Re(\) > or.

Assume that X # QH?. Then, C~°(A,V (o, ¢))" is finite-dimensional for all
A € af by Theorem 6.1 of [BO0O, p.109].

Definition 2.6.1 ([BO00, p.126]). For A € af, define
Ur(on, ) = {6 € CT%(A,V(on, )" | res oy (9) = 0} .
We call it the space of “stable” I'-invariant distributions supported on the limit set.

Remark 2.6.2. The operator res oj;‘j/\ is well-defined on C~°(A, V (oy, )" by
Lemma 5.3 of [BO00, p.98|.

We denote the space of germs at A (A € af) of holomorphic families
p Ju€ C7F0X, V(o @) (resp. p= fu€ C7(B, Vp(ow, ¢)))

by
O\C™> (00X, V(c,¥)) (resp. O\C™(B,Vg(o.,v))) .

Let O3C~(B,Vg(o.,¢)) be defined by
{fu € OXCT=(B,Vp(0.,9)) | (p—A)ext f € OACT2(9X, V(0 ))} -
Definition 2.6.3 (|[BO00, p.119]). Let
En(ox @) = {Res,mx exty(fu) | fu € OXC™%(B, Vi(o.,9))}

(A € af) be the space of I'-invariant distributions on the limit set generated by
the singular parts of ext.

Proposition 2.6.4. For any \ € ai, Ex(oy, @) is contained in C=°°(A,V (o, ¢))'.

Proof. This follows from the identity res o ext = Id. See Proposition 6.11 of [BO00,
p.119] for a detailed proof. ]

By Proposition 7.6 of [BO00, p.126|, we have
C_oo(Av V(O-M @))F = EA(UM ‘p) D UA(UM 90)
for all Re(\) > 0.
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Proposition 2.6.5. Let A € af be such that Re(\) > 0. Then,

C™(A, V(ax,9))" # {0}
implies that \ € a*.

Remark 2.6.6. Proposition 7.8 of [BO00, p.127] provides even more information.
It shows for example that {\ € ai | Re(\) = 0, C(A, V(oy, )" # {0}} is a
finite subset of [0, dr].

Proof. The proposition follows from Lemma 7.2 and Proposition 7.3 of [BO00,
p.123]. O]

For 0 € M and A\ € a% with Re(\) > 0, we denote by (7°*,I72) the unique
irreducible subrepresentation of the principal series representation 7% acting on
C*>°(0X,V(0,)). We denote the underlying (g, K)-module of IZ* by I9.

The Langlands classification (c¢f. Chapter 5 of [Wal88]), a unique Langlands pa-
rameter (o,)), 0 € M, \ € az : Re(A) > 0, is associated to any irreducible
nontempered representation (m,V;) such that V, 1 is equivalent to (77, Iig‘o)
Let 0 € M, \ € ag with Re(\) > 0. By Proposition 9.2 of [BO00, p.135], we have

(Viroo @ Vi) = (170 @ V)i = (170 ® Vo) temp
= C (A, V(or, )" = En(or, ) @ Un(oy, ) ,

where 7 := 7°*. If one of these spaces is nontrivial, then 7 € G...
For A € ag, set

C™(A,V(or, 0))y = C(0X,V(0or,9))y N C(A,V(ox, )" .
Lemma 2.6.7. We have
C=2(0X,V (00, ¢))y = C(\,V(00,¢))y = Un(00, ) -

Proof. Tt follows from Lemma 2.5.11 that f € C~>(A,V(0o,9))" is square-
integrable if and only if resoJof = 0. Thus, C~(A, V (00, p))s = Ur(00, @) -
See Proposition 9.5 of [BO00, p.138| for a complete proof. O

If 7 = 7% € G,, then 0 = 0¥ and A € a* (see e.g. Theorem 16.6 in [Kna86,
p.656]).

Let (-,-) be the scalar product on (172 ® V,,)§ induced by the matrix coefficient
map to L2(T\G, ¢).

By Corollary 10.5 of [BO00, p.145], Ex(0x, @) @ Up(oy, ) is orthogonal with re-
spect to (-, ) if Re(\) > 0. By Proposition 4.23 of [O1b02, p.45], C~>°(A, V (0, ¢))"
is either Ey (00, @) or Up(oo, ).
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2.7 Determination of the cuspidal invariant distributions
supported on the limit set

In this section, we determine the cuspidal invariant distribution vectors among
the invariant distributions supported on the limit set.

Recall that we assume that X # QH?2. Because of Proposition 2.6.5, we consider
in the following only A € a7

Lemma 2.7.1. If A€ a’, f € C (A, V(or,¢)" orif f € C(A V(oo 9))k,

then f is a Schwartz vector.

Remark 2.7.2. If A € a?, then the lemma shows in particular that E, (o, ¢) is
contained in the space of Schwartz vectors by Proposition 2.6.4.

Proof. By assumption, A > 0. Let f be as above and let v € CK(0X,V(5_))).
Let U € Up, X, Y € U(g), k € K(Q), h € K and a € A,. There exists an
open relatively compact subset W of Q such that U is contained in {kaK | k €
K(W),a € Ay} modulo a relatively compact subset of X. Indeed, we can choose
any W strictly containing U. Thus, we may assume without loss of generality that
U is of the form {kaK | k € K(W),a € A.}. Hence, there exist smooth functions
Ynxy; (j € N) on K() such that

LnyCfﬂ) (kah) = Cwa,/\(X)f’W&,fA(y)vU{?CLh)

SO T m A (X)) (R), 7T TAY) +Za OOy x v (k)

by Lemma 2.5.11. If A = 0, then f € Uj(09g, ) by Lemma 2.6.7. So, if A = 0,
then the real part of the leading exponent of the asymptotic expansion for a — oo
of Lx Rycy,(kah) is less or equal than —p—a < —p as f € Up(0y, ) implies that
res oj;‘f/\ﬂ"’)‘(X)f = resow”w’_’\(X)j;‘j/\f = 0. If A > 0, then it is less or equal
than —\ — p < —p. As in any case the real part of the leading exponent is less
than p, ¢s, € €(I'\G, ). O

Proposition 2.7.3.
If f € C™=(A\,V(ox, )" with X € a*, then

(2.22) Cfv(gv )—< ,\f( ), j;—,\ﬂ(h_l»

for all g € G(), h € G and v € CF(9X, V(a \))-
If f € C=(\,V(00,9))y = Un(oo,9), then ¢}, =0 for all v e C*(0X,V(d0)).

Remark 2.7.4. The expression j;"/\f(g) is well-defined for all g € G(Q2) and all
fe C™™(A,V(ox )" by Lemma 5.3 of [BO0O, p.98].

Proof. Fix g € G(2) and h € G. Let f,v be as above. By Lemma 2.7.1, ¢y,
belongs to € (I\G, ¢). So, (cs.)%(g,h) is well-defined.
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Without loss of generality, we may assume that h = e (replace v by 7%~*(h)v in
order to get the general formula). Then, ¢s,(gn) (n € N) is equal to

(2.23) (f, 7 Ngn)v) = /K (f(gnk), v(k)) dk

By Lemma 2.5.9, this yields

(2.24) /N<f(gnn’w),v(n’w)>dn’:/N<f(gn’w),v(n1n’w)>dn’.

Let 1y: N — R, n — 1. Since f has support in ) and since the open set
G ~ {gP} = gNwP is diffeomorphic to N, we can identify f with a distribution
fnin C7°(N,V, ® V,) such that [, f(gnw)dn = fn(1x) is equal to JA;”’Af(g).
Let u(n) = v(n~'w) (n € N). Then, (2.24) is again equal to

(fn xa)(n) ,

where @(n) := u(n™') and * denotes the convolution on N. We have
[u(n)| = a(nw)™**|v(s(nw))| < Calnw) ",

where C' := ||v|oo,x = supyex |v(k)|. Let {X;} be a basis of U (n),;, where [ denotes
the order of fn. As fx is a distribution on N having compact support, there exists
a compact subset S of N such that

A—=p

|(fy *xa)(n)| < E ||LX Uloo,s < sup a(n” nw) A= P < a(nw)”
n’'eS
j

by Proposition 2.1.7. Thus, fy * 4 is integrable over N if A € af.
For A € a7, it remains to prove the following:

Claim 2.7.5. If A € af, then

[ s i dn = ). [ in)dn)

N
In other words, ¢},(g,e) is equal to <j;‘j/\f(g), jgj_)\v(e)>.

Proof. If fy were a compactly supported regular distribution of N with values in
V (o, ), then the claim would directly follow by Fubini’s theorem. Since this is
not the case, we take the convolution with a test function in order to be able to
apply Fubini.

Let ¢ € C(N) be such that [, ¢(n)dn = 1. Since fy and ¢ have compact
support and since ¢ x fy is a smooth compactly supported function on N with
values in V, ® V,,,

[ s aymyin= [ wwyin [ (ycsman= [ (o (s ) dn
= [ (s mydn = ([ (pepamdn, [ty dn) = ((esfa) 1), [ ato)
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and

(o= fn)(An) = ((80 * f) * 1N) (e) = (80 * (fv* 1N))(€) = (80 * fN(lN)lN) (e)
— fn(1) (0 * L) () = fiv(1x) /N p(n)dn = fu(ly) .

Thus,
[ s oy dn = ths(in), [ atwyan)

N
Here, fx(1x) = J¥, f(g) and

/N i(n) dn = /N w(n) dn = /N o(nw)dn = J¥_yu(e) |

Let us now look at the case A = 0.
De Rham theory asserts that we have the following assertions:

Lemma 2.7.6. Let M be a connected, oriented smooth manifold of dimension n.
Let ono(M) denote the de Rham complex of compactly supported smooth complex-
valued functions on M. Then,

H"( (M) ~C.
The isomorphism is given by [w] — [w € C.
Proof. For a proof, see for example Corollary 5.8 of [BT82, p.47|. ]

Lemma 2.7.7. Let M be a connected, oriented smooth manifold of dimension n
and let QO __ (M) be the de Rham complex of distributional forms (of compact

support) on M. Then,
O oo (M) = Q (M)
induces an wsomorphism in cohomology.
Proof. See Theorem 14 of [Rha73, p.94]. O

It follows from the two lemmas that H™(2;_ (M)) ~ C. The isomorphism is
given by
[w] — w(1a) (weQ:_ (M) .

c,—00

In particular, if w(1y7) = 0 for some w € QF (M), then
(2.25) w=dn

for some n € QUZL (M).
Claim 2.7.8. Let X € n. Then,

(Lyv)(nw)] < a(nw)~(5+7)

foralln € N.
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Proof. Let n € N. Write n as ana™! withn € N and a € A such that ag(nw) = 1.
Since

1

aia'w = ahwa = (ang(fw)a )mp(iw)(ap(fw)a?)(a ' np(hw)a) |

2

np(nw) = ng(n“w) = ang(nw)a! and ag(nw) = ag(nw) = ap(nw)a® = a*. So,

a=ag(nw)? .

Let S = {n € N | |log(n)| > 1}. Let X € n. Since n € N ~ v(n) belongs to
CY(N,V3),

v(n) = v(e) + O(|logn|)
and Lxv(n) = O(]lognl). Let

c = sup{|logng(nw)| |n € N :ap(nw) =1} < oo .

Then, there is ¢ > 0 such that

|Lxv(nw)| = |Lxv(ng(nw))|ag(nw)™? = |Lxv(ang(fw)a™")|a=2

< da|logang(iw)a™t| < cda™"% = e ag(nw) =5+

for every n € S. The claim follows as {n € N | |log(n)| < 1} is compact and as
ag(nw) < a(nw) for every n € S, by Proposition 2.1.7. O

By Lemma 2.6.7,C~°(A, V (00, »))s = Up(00,¢). Then, fx(1y) = 0.
Let {Z,} be a basis of n respecting the decomposition n = g, @® goa. By (2.25),
there exist finitely many S; € C. (N, V, ® V,,) such that

v = ZRZij -
J

Thus,
fN * U = Z(szsj) * U = — ZS] * (Lzﬂjl,) .

J J

Hence,
[ o) dn == 3745150, [ (L)) dr)
N r N

It remains to show that [, (Lzv)(nw)dn = 0 for all j.
Consider first the case dimn = 1. Since |(Lzv)(nw)| < a(nw)~(3*?) and since
v(nw) converges to zero when |log n| tends to oo, it follows that [ (Lz,v)(nw)dn =
0 for any j, by partial integration.
Assume in the following that dimn > 2. Let n; = RZ; and n; = P
n =n; ®n; is an A-invariant decomposition with dimn; > 1.
Let N; = exp(n;) and N; = exp(#;). We normalise the Haar measure dn; on
N; = R such that

i+; RZ;. Then,

/N F(n;)dn; = /R Flexp(xZ;)) dz

J
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for all F € L'(N;). By 4.A.2.1 of [Wal88, p.133], we can normalise the measure
dn; on Nj, given by the push-forward of the Lebesgue measure on n;, such that

/NF(n)dn:/Nj /N F(niy) ity dn,

for all F € L'(N). Thus, if Ly F is integrable over N, then [, Lz F(n)dn is
equal to

r—00

// Lz, F(exp(xZ;)n;) di; x—hm/ / Lz, F(exp(zZ;)n;) dij dx .
R Nj -

Since |(Lz,v)(nw)| < a(nw)™(2*?, (L v)(-w) is integrable over N by Claim 2.7.8.
As moreover F'(n;n;) is integrable over N; when n; varies in a compact subset of
Nj, the above is again equal to

: "d NS
_rlggo u . /Nj F(exp((x +t)Z;)n;) dn; dx

by the theorem about differentiation of parameter dependent integrals. This yields

— lim F(exp(rZ;)n;) dnjdx + lim F(exp(—rZ;)n;) dn; dx
r—00 N] T—00 N]
by partial integration. This limit is equal to zero as [ v(exp(zZ;)n;w)dn; con-
J
verges to zero when |z| tends to oo by the following claim.

Claim 2.7.9. fNj a(n;njw)=* dn; converges to zero when |logn;| converges to oo.

Proof. Let E; = {exp(X +Y) | X € ga,Y € goo 1 1| X|* +2]Y? < 1} NN
(compact). Slnce fE (njn;w)~? dn; converges to zero when |logn;| converges to

oo and since a(nw) < ag(nw) on N \ E; by Corollary 2.1.9, it suffices to show
that

(2.26) lim ap(exp(tZ;)n;w) " dn; =0 .
t—+oo N;<E;

As ap(n;njw) < y/ap(n;w)? + ag(njw)? for all n; € N; with |logn;| > 1 and all
n; € K. Let m; = 1if Z € go and m; = 2 if Z; € gao. By Lemma 2.3.24, we
have (2.26) if and only if

lim / / (ap(exp(tZ;)w)® + a*ap(zw)?) " dx a® ™ da = 0
A {zeN;|ap (zw

t—+oo i

) 2 N2 o , . aZP—m;
= lim (t™ +a*) 2a® ™ da=0 < lim ——da=0.
t—o00 A+ t—00 A+ tm 4 agp
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But

2p—m; oo ,.2p—m;—1 00 2p

a J €T J x

(2.27) / ——da = / ——dr = / (11
A+ t™i 4+ a2p 1 t™i 4+ x2p 1 tmi + ZEQp

Since ,
o tmi o

T m] 1 . T g T TI’LJ 1 g _2

tm™i + $2p T

for all z > 1 and all ¢ > 0, (2.27) converges to

/ T dy — / T N de =0
1 1

by Lebesgue’s theorem of dominated convergence. O]
So, cf o(9,€) = [ (Tx@)(n) dn vanishes. This finishes the proof of the proposition.
O

Proposition 2.7.10. If f € Ux(0x, @) with A € a’, or A =0, then f is a cuspidal
Schwartz vector.

Proof. Let v € C*(0X,V(6_,)) (A € a%). By Lemma 2.7.1, ¢y, € €(I\G, p)
and, by Proposition 2.7.3, c?v(g, h) is equal to zero as f € Up(oy, ) implies that

jj.‘j/\f(g) =0 for all g € G(Q2). Hence, cs, € “C(T'\G, ¢). O

Theorem 2.7.11.
If f € C™(A,V(or, )" with X € a¥ orif f € C°(A\,V (oo, )y, then [ is a
cuspidal Schwartz vector if and only if f belongs to Up(oy, ).

Proof. The implication from the right to the left follows by Proposition 2.7.10. As
the implication in the other direction is trivial for A = 0 by Lemma 2.6.7. Let now
A € a%. Without loss of generality, we may assume that C~>(A, V (o), ¢))" # {0}.
Let f be as above such that c¢;, € °@(I'\G, ). Let us assume now that there is
x € G(Q) such that j;”/\f(a:) # 0. Then, there is v € V(¢¢) such that

(2.28) (Jorf (@), ') # 0.

Let C = f “=rdni > 0 (finite by Proposmon 2 3 26 applied to £ = N)
and let g € C ((9X V(c®,)) be such that g(k) = £v’ for all k € K. Then,
jg‘j_/\g( ) = for all k € K by construction. By Proposmon 2.7.3, we have

(T2 f(@),v') = (T2 f(z), J¥_\g(k)) =0

for all k € K. This contradicts (2.28). So, Jw)\f( ) =0 for all x € G(Q2). In other
words, f € Ux(ox, ). This finishes the proof of the theorem. O
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2.8 Discrete series representations

We recall how a discrete series representation can be embedded into a principal
series representation and we show how the embedding map is related to the Poisson
transform, which can be viewed as sum of matrix coefficients.

Definition 2.8.1.

(1) We say that a representation (m,V;) is square-integrable if all the matrix
coefficients ¢, 5 (v € Vy o0, € Vi i) belong to L*(G).

(2) A representation (m,V;) is called a discrete series representation if it is an
irreducible square-integrable representation of G.

(3) A representation (m, V;) is said to be tempered if all the matrix coefficients
o (V€ Vi, ¥ € Vi i) belong to €' (G).

Remark 2.8.2.

(1) It follows from the previous definition that a discrete series representation
is tempered.

(2) By Lemma 9.4 of [BO00, p.137], we know the following:
If (m, Vz) € G is tempered, then (V; _o®V,,) (Vi —0o®V,)F. Moreover,

I _
temp
Vi @ VL)' 3 f ¢y € €'(T\G, p)

1S continuous.

(3) 7 is a discrete series representation (resp. tempered representation) if and
only if 7’ is a discrete series representation (resp. tempered representation).

Let (v,V,) be a finite-dimensional representation of K. Recall that V(y) :=
G x g V, (homogeneous vector bundle over X) and that V(vy,¢) = V(y) ® V.
Sections of V() will be viewed as functions from G to V, satisfying

flgk) = (k)" f(g)
forallge Gand k € K.

Definition 2.8.3 (|[BO00, p.93]). Let T' € Homy(V,, V) and A € ai. Then, the
Poisson transform

Pl C™°(0X,V (o)) = C=(X, V(7))

is defined by

(PT1)(g) = /K a(g™ K) O (g™ k)T £ (k) d:

where the integral is a formal notation meaning that the distribution f has to be
applied to the smooth integral kernel.
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Remark 2.8.4. We denote P ® @ Id: C=*(0X,V (0, ¢)) = C®(X,V(v,¢))
also by Pf.

Definition 2.8.5. Let (7, V) be an admissible representation of G of finite length
on a reflexive Banach space. Let Ay, . € a* be the real part of the highest leading
exponent appearing in an asymptotic expansion for a — oo of ¢, 5(ka) (v € V; o,
v E Vrr/,K)-

Remark 2.8.6. Alternatively, one could define Ay, asin 4.3.5 of [Wal88, p.116].
For any v € V5, p € ag and T' € Homyp(V;, V;), define vy, € C*(0X,V5,) by
(2.29) vr(k) ="T9(k™ v (k€ K).

Here, 4 denotes the dual representation of ~.

For the rest of this section, (7, V) will denote a discrete series representation unless
stated otherwise. Let us recall in the following the construction of an embedding
map [: Vi _o = C7®(0X,V(0_1)).

Casselman’s subrepresentation theorem provides an injective G-intertwining op-
erator from V; o, to C*(0X,V(0_,)). Let us give the explicit construction.

Let A € a* be such that —(A+p) = Ay, . As (7, V7) is a discrete series represen-
tation, 0 < \ € a*.

Let v € K and V, C Vz(7) be such that V, is a nonzero irreducible submodule
of Vz(7) (e.g. take the minimal K-type (v,V,) of V) and choose an embedding
0 #t € Homg (Vs, Vi), For v € Vo, define F, € C=(G,V,) by

(Fu(9),0) = (m(g v,10) (B €V5).

Then, F,(ka) has an asymptotic expansion for v € V; ., by Theorem 4.4.3 of
|Wal88, p.119]. So, there exists a nonzero map f: Vo — C=(0X, V((7|1)-2)
(which is a G-intertwining operator) such that

Fu(ka) = a7 (Bo) (k) + Oa™""%) .

Choose o € M such that Homy(V,,V,) # {0}. Let t € Homy(V,,V,) be such
that ¢Bv is nonzero for some v € Vi oo

For v € Vy o, set fu =tfv € C=(0X,V(0_))).

It follows from |Col85] that V, appears with multiplicity one in L?(0X,V (0_))).
Hence, 3 is unique up to a constant when o is fixed.

Definition 2.8.7. Let X; and X, be two topological spaces. We say that f: X; —
Xy is a topological embedding if it is a homeomorphism onto its image (equipped
with the subspace topology).

It follows from Casselman-Wallach globalisation theory (cf. Chapter 11 in [Wal92])
that the image of § is closed in C*(0X,V(o_y)). Thus, 5 is a topological em-
bedding. We get a projection

q: CT(0X,V (o)) = Vi —o
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by forming the adjoint with respect to Hermitian scalar products. We can extend /3
to a map between the corresponding spaces of distribution vectors by functoriality
and get a G-intertwining operator

A:=poq: C(0X,V (o)) = CT(0X,V(c_))) -
Thus, we have the following commutative diagram:

A:=foq

C=>*(0X, V(o))

C_Oo<8X7 V(o;)\))

Let us denote the operator § ® Id (resp. ¢ ® Id, A ® Id) also by f (resp. ¢, A).

Lemma 2.8.8. The maps B: V;_oo @ V, = C~®(0X,V(0_x,¢)), B: (Vi—oo ®
Vo)l — C==(0X,V(o_x,¢))" are topological embeddings.

Proof. Since : V; _o @V, = C~°(0X,V(0_x,¢)) is a continuous injection and
since it follows from the globalisation theory of Casselman and Wallach that im(/3)
is closed in C~*(0X,V(0_x,¢)), B: Vi—oo ® V,, = im(p) is a homeomorphism
when we endow im () with the subspace topology. The first assertion follows.

The second assertion follows as 5(v) (v € Vi _o ® V,,) is I'-invariant if and only if
v is ['-invariant. O

Let us recall now the relation between the Poisson transform P! and the matrix
coefficients of principal series representations. It is proven by a standard compu-
tation using integral formulas.

Lemma 2.8.9. Let o (resp. 7) be a finite-dimensional representation of M (resp.
K) and let T € Homy, (V,,V,). Consider the Poisson transform

Pl C™(0X,V(0x,9)) = C(X,V(7,9) = [CF(G,V,) @ V,]* .
Then, for any v € Vs, f € C~*(0X,V(ox,¢)) and g € G, we have
<P>Tf(g)7v> = Cfur _» (g) S V«p .

Let us show in the following how the Poisson transform and 3 o ¢ are related.
Let ve Vi _®V,and f e C7°(0X,V (o), ¢)) be such that ¢f = v. Then,

(2.30) (Fu(9), ) = (m(g™")v,#0) = ¢, 75(9) = ¢5rq0)(9)
for all g € G and © € V5. Define T' € Hom,,(V,, V,) by

(2.31) (T(v),0) = (v,['qot(D)|(e))  (vEV,TEV;).
Observe that 97,y = 'q(#(?)) for all & € V5. Thus,

(2.32) F(9) =P flg) (9€G)

by Lemma 2.8.9. Hence, we have the following:
Let f € C~(0X,V(ox,¢)) be such that ¢f € V; o ® V,, and let k € K. Then,

(2.33) lim a*** B f(ka) = (5(af))(k) -

a— o0
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Lemma 2.8.10. The map
C™*(0X, V(or, )/ ker(q) = C(X,V(v,9)), fr P'f

15 well-defined and injective.

Proof. By (2.32), F,; = P{ f. Thus, the above map is well-defined. As (F,;(g),0) =
cyrin(g) for all g € G and © € V3, by (2.30) and as v € V; oo ® V,, = ¢, 3 is in-
jective for every nonzero v € V5, the lemma follows. O
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2.8.1 Schwartz vectors are cuspidal
The main result, which we prove in this section, is that a Schwartz vector of a
discrete series representation is cuspidal (see Proposition 2.8.18).

It follows from Definition 2.4.4 that ¢f € (V; _oo ® V)" is a Schwartz vector (resp.
cuspidal Schwartz vector) if ¢, € €(I'\G, ) (resp. cs, € “C(T'\G, )) for all
ve CE(OX,V(c_y))Nnim(q).

Definition 2.8.11 (|[Bor97, p.14]). We say that a sequence (¢, )nen in CX°(G, R)
is a Dirac sequence if

(1) n=0 VYneN;

(2) supp(pn) — {e}: For any neighbourhood U of e, there is N € N such that
n—oo
supp(p,) C U for all n > N;

3) Joenlg)dg=1 VneN.

Remark 2.8.12. Let (p,)neny be a Dirac sequence in CX°(G,R) and let f €
C*(G,V,). Then, ¢, * f converges to f.

Lemma 2.8.13. Let f € €(I'\G, ). Let U,U" € Ur such that U' C U. Let V be
a symmetric, open, relatively compact neighbourhood of the neutral element e € G.
We assume that VU' C U. Let (¢n)nen be a Dirac sequence, let X, Y € U(g) and
let r > 0. Then, U’pnx,y((pn x [ — f) converges to zero when n goes to co.

Proof. Let f € €(I'\G, ¢) and let U, U’ and V be as above.

Let € > 0 be given. Let X € U(g), and Y € U(g). Let {X;} be a basis of U(g),. By
the proof of Proposition 2.3.41, there exists a symmetric, open, relatively compact
neighbourhood W C V of e such that

(2.34) sup V' prxy (Laf — f) <
zeW

DO ™

, sup V' prx, v (Lof — f) <
xeW

DO ™

for all i. Because of Property (2) of Definition 2.8.11, there exists N € N such
that supp(y,;) C W for all j > N.

Consequently, for j > N and gK € U’, we have by Property (3) of Definition
2.8.11 that

|Lx Ry (p; * f)(9) — Lx Ry f(9)]
=|/ ©;j(r) Ladg@-1x Ry (L f)(9) dx—/LXRYf(Q)SDj(x) dz|
G G

< /G |Lad@-1x Ry (Lo f)(9) — Lx Ry f(9)|¢p;(x) dx
:gj/\LAd@gXXfawwaxgﬂwj@»dx
G

+ [ IR (L)(0) - LR f(@)les (o) do
G
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Let us look now at the two integrals separately:

(1) The first integral is less or equal than

sup | Lad@1)x—x Ry (L f)(9)]

x€supp(p;)

< Z( sup |Ci(flf)\)8up sup | Lx, Ry (L.f)(9)! ,

5 x€supp(py) i xeW

where ¢; are smooth functions on G such that

Ad(z )X = X =) ()X

As moreover ¢;(e) = 0 for any 1, SUPsesupp(, y|ci(z)| converges to zero when
Jj tends to oo, for every 7. So, there is N’ > N such that

(2.35) D sup Ja(@))supsup Uy (Lo f — f) <

. xEsupp(y;) i zeW

DO ™

for every j > N'.

(2) By Property (1) of Definition 2.8.11 and as supp(y;) C W, the second
integral is less or equal than

/W L Ry (Lo f)(g) — LRy £(9) |0 (x) da
<sup |Lx Ry (L. f)(g) — Lx Ry f(g)] -

zeW
Thus,
Uprxyleix [ = f) < SUVI[)/UPT,X,Y(L:cf —f)<e
Te
for every j > N’, by (2.34) and (2.35). The lemma follows. O

Let g € G(Q) and h € G. Recall that Uy, denotes an open set in X that is a
relatively compact neighbourhood of gP in X U () and contains the horosphere
gNhK = gNg~'(gh)K passing through ghK € X and gP € 0X. Let U be an
open subset of X containing U, , that is relatively compact in X U(2. Let V be a
symmetric, open, relatively compact neighbourhood of the neutral element e € G
such that VU,, C U.

The following two results are due to Harish-Chandra.

Theorem 2.8.14. Let f € €(G) and assume that dim Zg(g)f < oo. Then,
fe“?(qG).

Proof. For a proof, see Theorem 7.2.2 of [Wal88, p.233|. O

Corollary 2.8.15. Let f € Vo and v € V. Then, cs, € °€(G).

62



Proof. Let k,h € K, a € A and X,Y € U(g). Since 7 is a discrete series rep-
resentation of G, dim Z5(g)f < oo and the leading exponent of the asymptotic

expansion of LXRycfv(kah) = Cr(x)f (V) (kah) for a — oo is less or equal than
—A — p. Thus, ¢;, € €(G). Hence, ¢y, e °¢ (G) by Theorem 2.8.14. O

Definition 2.8.16. Let (7, V) be a representation of G on a reflexive Banach
space. Let f € C.(G), v € V. Then,

v—/f gvdg € V.

For f € C.(G) and v € V; ® V,,, we set 7(f)v = (7(f) ® Id)v.

Remark 2.8.17. Let f € CX°(G) and v € Vi _o. Then, n(f)v € V; o (see, e.g.,
Dij09, p.136]).

Proposition 2.8.18. If f € (V; _®V,,)" is a Schwartz vector, then f is cuspidal.

Proof. Let (g;); be a Dirac sequence in C°(G,R). Let v € Vi g. As cp, €
C(I\G,p) C C(I\G,p) C C®(G,V,), Crip,)fw = @5 * Crop cONverges to cjy
in C>°(G,V,) and in particular pointwise. Moreover, as ¢; € C>®(G), n(p;)f €
Vi 00®@V,,. Since furthermore 7 is a discrete series representation, p;*cs, = Cr(e;)fv
belongs to °¢'(G,V,,) by Corollary 2.8.15. So, [y ¢; * ¢su(gnh)dn = 0.
Fix r > 1. Then, [y |¢; * ¢o(gnh) — cpo(gnh)| dn is less or equal than

p’r‘ll(sp *Cfv_cfv)/ gnh(l—l_logagnh) Td”?
N

where [ a,” (1 +10gag,)~" dn is finite by Lemma 2.3.28 applied to £ = N. By
Lemma 2.8.13, this converges to zero. Hence,

(cf,v)Q(g, h) = /chv(gnh) dn = lim ©; * crp(gnh)dn =0 .

j—)OO N
[l

Lemma 2.8.19. Fiz 0 # v € Vy i. Then, (Vo _0o ®@V,,)% is a Fréchet space which
is topologically isomorphic to {cw(f ®v) | fe(Vr-x®V, )Lt
Moreover, (Vy oo @ V)b @ Vi(v) (v € K) is topologically isomorphic to

(2.36) span{c,(f@v) | f € Va0 @ V), vEVZ(7)} .

Proof. Tt follows from Corollary 2.5.6 combined with the first part of Lemma A.2
that {c.(f @v) | f € (V-0 ® V)% } and (2.36) are closed.

Fix 0 # v € V k. Since moreover we take the coarsest topology on (Vi _o ® V)%
such that f € (Voo @ V)% — cx(f @ v) € €(T\G, ¢) is continuous and since
[ c(f@w) is injective, (Vi o ®V,,)% is topologically isomorphic to {c,(f®@v) |
[ € (Va—oo ®V,)i}. Hence, (Vi _oo @ V)i, is a Fréchet space, too. This shows
the first part. As it follows from this part that (Voo ® V) @ Vi (7) is a Fréchet
space and as

Crt Vim0 @V, = €'(G,V,), [ cx(f@0)

is injective, one can prove the second part similarly. O
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2.8.2 The (Af, g)-formula

The (Af,g)-formula (see Theorem 2.8.29) is an explicit formula for the pairing
between certain invariant distributions. This formula is absolutely necessary in
order to be, for example, able to describe the space of Schwartz vectors more
explicitly.

Assume that X # OQH? or that p < 0 and X\ € (0,—4r) for the remaining part
about the discrete series representations. Then, ext, and ext_, are defined. Recall
that ext,, is only defined if Re(u) > dr, when X = OQH?.

Define ": C®(K) — C®(K) by (k) = ¢ (k™).

Recall that T' € Homy,(V,, V) is defined by (2.31).

Lemma 2.8.20. Let f € COX,V((7]y)r¥)) and g € C~(0X,V(or, ¥)).
Then, there exists € > 0 such that for a — oo we have

[ 0 (PEa) ke i = a0 [ (70, (Blag) () b+ O™ )

K
Proof. We prove this lemma by doing a similar argument as in the proof of Corol-
lary 6.3 of [BO00, p.112], which itself is adapted from [Schl84, 5.1].
Let f and g be as above. Let {v;} be a basis of V,, ® V,,. So, there are smooth
functions f; on K such that f(k) = Y, fi(k)vi. Then, [.(f(k),(Pyg)(ka))dk is
equal to

> /K PLg(ka) f;(k) dk)
— Z(w,/}{ (/Ka(a—lh)A—Pfy(/i(a—lh))Tg(kh) dh)%dk)

as K is unimodular. By Fubini’s theorem, this yields

S [ ala” hPatwla W)T [ FEa) dk k) = 30, B e g)la).

i K i

where g denotes the convolution on K. Since f; #x g € C>(0X,V(ox,¢)), the
above is equal to

(2.37) a7 (v, Blalfi #x 9))(€)) + O(a77%)

7

by (2.33). Here, e denotes the neutral element of G. The lemma follows by doing
similar computations as before backwards: Since

BlalFs+x 9)( /fz “)(ag)) (e) dk = /fz (k) dk .

(2.37) is again equal to

a NP Z /K fi(k)(vs, (B(qg))(k)) dl + O(a=>="=*)
=0 [ (509, (Bag)) () ke + O™ 7
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Lemma 2.8.21. The map A is off-diagonally smoothing:
A(OQ_OO(aX7 V(UAa 90))) C CQ_OO<8X7 V(O-—)w 90)) :
Proof. This is shown in the proof of Lemma 9.6 of [BO00, p.139]. ]

Lemma 2.8.22.

Let f € C7>(0X,V(ox,¢)) be such that Af € C;(0X,V(o_x,¢)), let v €
CE(OX,V(5_5)) Nnim('q) and let h € K. Then, there exist ¢ > 0 and g, €
C*(K(Q2),V,) such that for a — oo we have

cro(kah) = a > Pgu(k) + O(a™77%)
uniformly as kM wvaries in a compact subset of ).

Proof. Fix f, v ="A0 and h as above. Without loss of generality, we may assume
that there is k € K () such that ¢, (kah) is nonzero for a € A, sufficiently large
(otherwise the assertion of the lemma is trivial).

Let W be a compact subset of 2 and let W} be a compact subset of {2 such that
W Cint(W1). Let x € C2°(Q2) be such that x|, = 1. Then, Af = xAf + (1 -
X)Af with (1 —x)Af having support in X \ int(WW;) and with yAf belonging to
C>*(0X,V(o_x,¢)) by Lemma 2.8.21. By Lemma 2.5.12 and by Lemma 2.5.11,
cyafs(kah) and cq_yyazs(kah) have an asymptotic expansion for ¢ — oo and
kM € W. Since moreover we can choose W arbitrarily, cs,(kah) = cayrs(kah),
kM € €, has an asymptotic expansion for a — oo, too. Let p — p be its leading
exponent. As discrete series representations have regular infinitesimal characters,
there are functions 0 # ¢y, € C®(K(Q),V,), 92 € C®(K(Q)A-K,V,) for some
t > 1 and € > 0 such that

cro(kah) = a" gy p(k) + g2(kah) |

where |g2(kah)| < Cat=P=¢ (kM € W, a € As;) for some constant C' > 0. Choose
W sufficiently big so that g; 5 is not identically zero.

Let us now prove that u < —A. We denote the convolution on K by *xx. Let
v K —> R be a smooth function with compact support in WM C K such that
[i 91.0(k)¢ (k) dk # 0. Then, on one hand ) x ¢y, (ah) is equal to

/¢ Jerw(kah)d /w )g1.n(k dk‘+/w )g2(kah) dk

and [y [4(k)g2 k:ah)| dk < supgep s |g2(kah)| < Ca#=r=.
On the other hand, ¢ #x s (ah) is equal to ¢ oy 10 (ah).

As € C=(K), 7(¥)q(f) € Vioo @ Vi ThUS, Croniiyrn = Catiya(p) s 1S 2
matrix coefficient of the discrete series representation V. It follows now from the
definition of A that u < —A\. This completes the proof of the lemma. O

Corollary 2.8.23. We also have the following analogous statement:
There exists € > 0 such that for a — oo we have

(PYf)(ka) = aP(B(af) (k) + O(a™"7)

uniformly as kM varies in a compact subset of €.
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Proof. The corollary follows from the previous lemma. That the leading term of

(P f)(ka) is equal to (B(qf))(k) follows from Lemma 2.8.20. O

Proposition 2.8.24. For every distribution f € C~>°(0X,V (o, ¢)) such that
Af € CE®0X,V(o_x, )Y, qf is a cuspidal Schwartz vector.

Proof. Let f be as above and let v = "Av € CK(0X,V(5_y)) Nim(‘q). Then,
Cfo = Cayy is left D-equivariant since Af € C~®(0X,V(o_y,))". For all X|Y €
U(g),
LnyCﬁv(kah) = Cﬂa',)\(X)fﬂrﬁ',—)\(Y)U(kah) .

Since the G-intertwining operator A: C~>°(0X,V (o, p)) = C~*(0X,V(o_,))
induces a g-intertwining operator between the same spaces and since the G-
operator ‘A: C®(0X,V(5y)) — C*(0X,V(5_y)) induces a (g, K)-intertwining
operator between C¥(0X,V(5,)) and CK(0X,V (5_,)),

A" X)f) = 77N X)AS € im(A) N C™(0X, V(02 9))

7AYo = 77 TNY) FAT = PA(rPA(V)D) € CK(0X,V(5-) Nim('g)

Thus, ¢, € €(I'\G, ) by Lemma 2.8.22. Hence, ¢f is a Schwartz vector. It
follows by Proposition 2.8.18 that ¢f is cuspidal. O

Let (o,V,) be a finite-dimensional unitary representation of M and let p € af.
As o and g are unitary representations, we have a natural positive definite sesquilin-
ear pairing on V, ® V,,, which we denote by (-, ).

Forpe P, v € V,, @V, vy € V,_,®V,, set p.(v1,v2) = (0,(p)v1,0_n(p)v2). This
defines a left P-action on (V,, ® Vi) x (V,_, ® V).

Then, (-,-) is a P-equivariant map from (V,, @ V,) ® (V,_, ® V) to C,_,.
Indeed, forp € P, vy € V;, @V, and vo € V,_, ® V,, we have

(0u(P)v1,0-a(P)v2) = a(p)” "a(p)r#(v1,v2) = a(p)*” (vi,v2) = 1, (p)(v1, v2) -
Let f1 € C®(B,Vg(ou,¢)) and fo € C®(B,Vg(o_z,¢)). Then, (fi(z), f2(z))

belongs to V(1_,) >~ A™*T*B. In other words, it is a volume form on B = I'\(2.
So,

(2.38) (bl = [ REENE)

defines a natural pairing between C*(B, Vg(0,,¢)) and C>(B, Vg(o_z, ¢)).
Recall that ., denotes the restriction of x to €.

Lemma 2.8.25. Let f; € C(B,Vg(0,,9)) and fo € C(B,Vp(o_z,¢)). Then,
[ @) = [ M0 120
N K
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Proof. We have:

/KXOO(ICM)(fl(k)’fQ(k))dk:[le(kM)(f1(k),f2(k))de[
- /F\Q Y7 (oo (RM)(fi(R), fo(k)) dkar) -

yerl’
Since (fi(k), f2(k)) dk is a [-invariant form and since ) - Xoo(k(7k) M) = 1 for
all kM € (), this is again equal to

/ (fl(k>7f2(k))dkM:/ (fi(x), fol2)) .
\Q r\Q

For f € CiOO(B,VB(U,“SD)% f2 € COO(B;VB(U—ﬁaSD))7 we define (fi, f2)p by

(f1, 1(f2)) = [iI(f2)) ,

where [: C™(B,Vg(o_z,¢)) = C>(B,Vp(6_,,¢)) is the canonical conjugate-
linear isomorphism. Then, (-,)p is a sesquilinear pairing between

C(B, Vg(ou,¢)) and  C%(B, V(0 ¢)) -

We define (fs, f1)5 = (f1, f2) 5. Note that if the pairing between two distributions
f1 and fy is well-defined for two of the three pairings, then they give the same
result. By abuse of notation, we write always (f1, f2)p = fF\Q (fi(x), fa(x)).

By Corollary 8.7 of [BO00, p.132] (see Section 2.5 for details),

(vw,—oo ® V@)S ® Vﬂ" - L2(F\G7 QO), f Qv Ctw

induces an isometric embedding of (V,; o, ® V)l @ V. into L*(T'\G, ). Thus,

(flﬂ f?)(vla U?) = (fl & V1, f2 ® U2) = (Cfl,v17 sz,vz)L2(F\G,<p)
for all fi, fo € (Vr—oo ® V,,)}, and vy, vy € V. Let ¢ € Vi i be of norm 1. Then,

(fi. o) = (cpecnnmes (fifo € (Vi ®V,)y)

induces a sesquilinear pairing (-,-) between the tempered (thus all, by Remark
2.8.2) I'-invariant distribution vectors and the Schwartz vectors:

(fi. fo) = (cpcrcre) (1€ (Vi @ Vo) f2 € (Vaoo @ Vo)ig)

where the pairing on the right-hand side is simply the pairing between €’ (I'\G, ¢)
and € (I'\G, ).

This new sesquilinear pairing does not depend on the choice of . Indeed, if f; and
fo are fixed, then F'(vi,v2) := ¢f 1, (Chy00) 18 @ (g, K)-invariant sesquilinear form
on Vu . It follows from Schur’s lemma that there exists a constant C(fi, f2),
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depending on f; and fy, such that cg, ., (cfy0,) = C(f1, f2)(v1,v2) for all vy, v, €
Ve k. Thus, ¢p, (cty0) = C(f1, fo) for all v € Vv g of norm 1. For f; € (Vi _oo ®
V)l and fo € (Vi ® V,)L, define

(f2, f1) = (f1, f2) -

Note again that there is no ambiguity.
Fix ¢ € Vo x Nimt of norm 1. Fix 0 # u € V5 such that #(u) = (. Then,

t

q(¢) = ur,-».

It follows from the definition of (-, ), the topologies on (V; _o®V,,)" and (V; _o ®
V)t and Remark 2.8.2 (2) that (f1, f2) depends continuously on f; (resp. f») when

fo (resp. f1) is fixed.
If f € C0X,V(oyn ) with Af € C™0X,V(oc_x,p)) and g €
C=°(0X,V(o_x, )t Nim(B3), then, as 3 is injective, set

(2.39) (Af.9) = (a(f), 87"(9))

whenever the right-hand side is well-defined.

Lemma 2.8.26. The Bunke-Olbrich extension map
ext: C7°(B,Vg(ox, @) = C~®(0X,V (o, o))"
15 reqular at .

Proof. We must show that C~>°(0X,V(cy)) is reducible. Then, ext is regular at
A by Proposition 4.21 of [O1b02, p.44].

It follows from Casselman’s subrepresentation theorem and the functorial proper-
ties of smooth globalisation that V; _. ® V,, is a quotient of C™>(0X,V (0_y,¥))
and a nontrivial G-submodule of C~*(0X,V(o_,,¢)) (By a G-submodule we al-
ways mean a representation on a closed subspace.). As moreover the Langlands
quotient is contained in ker ¢, the latter space is a nontrivial G-invariant submod-
ule of C~°(0X,V (o, %)). The lemma follows. O

Lemma 2.8.27. C~®(A,V (0, ¢))" is contained in ker q.

Proof. C=°°(A,V (o, ¢))" is contained in the Langlands quotient by Proposition
4.21 of [O1b02, p.44|, which is again contained in ker(q). O

Theorem 2.8.28.

(1) The space A(CG®(0X,V (o, ))') (resp. A(C~(0X,V (o, 0))V)) has fi-
nite codimension in

im(A) N Cq™(0X,V(o_x, )" (resp. im(A) N C~®(0X,V(o_r,0))") .
(2) The space im(A) N CG2(0X,V (o_x,¢))" is dense in
im(A) N C(0X, V(0_,¢))"
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Proof. This is the content of Theorem C.1 in the appendix. O

Theorem 2.8.29. There exists a real constant C' # 0 such that

(Af,g) = C(res(f),res(g))p € C

for all f € C7°(0X,V (o, ) and g € C=°(0X,V (c_x, )" Nim(B) such that
f or g is smooth on €.

Remark 2.8.30. (Af,g) is well-defined by Proposition 2.8.24 and as A is off-
diagonally smoothing by Lemma 2.8.21.

Proof. The argument is adapted from Proposition 10.4 of [BO00, p.144|. Let
[ € Cy0X,V(on @) and g = Ag € CZ®(0X,V(o_x,¢))" Nim(B). Since
ext is regular at A by Lemma 2.8.26, there is a holomorphic family p — f, €
Co(0X,V (0, 9)) defined in a neighbourhood of A such that res(f) = res(fy).
Since C~(A,V (o, ¢))" is contained in ker ¢ by Lemma 2.8.27, we may assume
without loss of generality that f = f).

Let Bg be the ball in X with center e/ and radius R. Let y € C°(X UQ) be as
in Lemma 2.3.19.

Let us denote the scalar product in L*(Bg,V(7,¢)) by (-, *)p,- Set

Sr(1t) = (B fus XPX 9) By, -

Then, P! f and P{gbelongs to L*(Y, Vy- (7, ¢)) by Lemma 6.2, 3., of [BO00, p.110]
(asymptotic expansions for the Poisson transform, compare with Lemma 2.5.12)
and by Corollary 2.8.23. Thus,

(PXf, P 9)r2(vivy () = Jim lim Sp(p) .

R—00 p—A

By [BO93], there exists ¢(0) € R such that (—Qg + ¢(0) + p*) o P7 = 0 for all
S € Homp(V,,V,) and all u € af. Let D = —Qg + ¢(o) + A? be the shifted
Casimir operator. Then, DP] f, = (\> — pu?)P[ f,.. So,

Sr(p) =

1 -
m(DP#Tfm XPY )by,

for all ;1 € af such that Re(u) > 0 and p # A. Observe that there exists a
selfadjoint endomorphism R such that D = V*V + R, where V*V is the Bochner
Laplacian associated to the invariant connection V of V(v,¢). As p — PE fu is
holomorphic, we can write

Plfi=Fo+Fi(p—A)+--

with F; € C=(X,V(v,¢))'. We have:

DFy+DFy(u—A)+---=DP! f,
= (N = p®)P fu= =+ N (Folp =X + P =N +---) .
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Thus, DFy = 0 and lim,,_, D( ) DF;. Hence, lim,_, Sg(p) is equal to

1

1 N
55 <(DF1 XPY9) B (FhXDPATg)BR)

T2\

1 - -
= = ((DFl, PLG) 5 — (F DXPLG) iy + (B [D,XIPLG) 5y )

By applying Green’s formula, this yields

1

o\ ((V Fy, XPY§)on, — (F1, VX Py §)os, + (F1, [D>X]PAT§/)BR> ,

where n is the exterior unit normal vector field at 0Bg. By Lemma 6.2, 3., of
[BO00, p.110] (compare with Lemma 2.5.12), there exists ¢ > 0 such that for
a — oo we have

Py fulka) = a*~fc (0T f (k) + O(a™¥)=r=%)

uniformly as kM varies in compact subsets of 2. Here, ¢,(1) € Endy(V;) is the
Harish-Chandra c-function. This meromorphic function is given by

(1) = /N a(7) "0 (1 (7)) di

for Re(u) > 0. Since the above formula also holds for p = X and any f €
Co > (0X,V (o, )b, it follows from Corollary 2.8.23 that ¢, (\) = 0. As

ah P = gl AP = g PelhN)logla) — JA—p Z log(a ) (1 — >\)
=

we have for ¢ — oo

PY f, (ka) = a*2c, (0) + (1= N (@ (log(a)e, (\) + L () TS (k) 4+ +O(a* )

uniformly as kM varies in compact subsets of €2, for all © € af. such that Re(u) < .
Assume from now on that p € af satisfies 0 < Re(u) < A.
By Cauchy’s integral formula and as c,(\) = 0, we have for a — oo

(2.40) Fi(ka) = a* i (NTf (k) + O(a*~"7)

uniformly as kM varies in compact subsets of €2, as C,Y(/\) 0.

Let wy = 42, where n = dim X, w, = vol(S"™ ') = gzﬁ and r € N is such that

ra = 2p. It follows from (2.40) and Corollary 2.8.23 combined with properties
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(2) and (3) of Lemma 2.3.19 that |(Fy,[D, x]P{g)| is integrable over X. Thus,
(F1,[D, x]PLg)x is equal to

| S DG g e = [ (i), DI )Pl () e

r\X Ser

as Y cp X(v2) = 1,as DoP{ =0 and as F; and Py g belong to C*°(X, V (v, ¢))".
Hence,

Recall that xo denotes the restriction of x to Q. Then, xoo(k) = lim, 0 x(kaK)
as y is continuous. As x has compact support in X U2, xo, has compact support
in Q. So, by (2.40), (2.41) and by Lemma 2.8.20, (P{ f, PL'§)12(v,1 (1,)) 18 equal
to

Wx

X ((2-) / (G TI09, xo() (3la3)) (1))
Ay / (L (T F (), xoe () (B(a5) ) (K)) k)
oX

as limp o0 e 22 vol(0BR) = wx. This is again equal to

% /aX Xoo(K) (0 L (NT) f(R), g(k)) d ,

where (T1,73) Idy, = T; o Ty (since o € M this is well-defined by Schur’s lemma).
By Lemma 2.8.25, this yields

(T, t")wx
(t,7)

(res(f),res(9))s -

We have just shown that

(242) (P)Tfa P)C\rg)L%Y,Vy('y,go)) = (res(f), res(g))B .

Thus, by Lemma 2.8.9, we have

(CFrurons Corer ) 2(\G) = / P, (P ), ) de

By Fubini’s theorem, this yields

/ / (P f(zk), w) (Pl §(xk),u) dk dx
NG JK

-/ . [ 6P @) ) G PTG dide
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By Schur’s lemma, this is again equal to

[Julf? T T lulPe;(NT 1 )wx
dim(V@) /I;\G(P)‘ f(w)’ PA g(x)) dx = (t, t) dlm(v:y) ) (res(f)7 res(g))B .
Thus, by (2.42), (Af,g) is equal to

C(res(f),res(g))p

where . . 1 )
oo NPT ox - (NT 7wy

(t,t) dim(V5) (t,t)(1, 1) dim(V5)

as t(u) = ¢ and as ¢ has norm 1. Since (-, -) is positive definite,

0 < (Af, Af) = C(res(f),res(Af))p  (f € C3(0X,V (o, 9))" \ ker A)

shows that C' € R~ {0}.

This proves the formula in the case where f and g are smooth on €2. Let us show

now that we can extend this formula.

Since f71: im(A) — Vi _o ® V,, is continuous (S is a topological embedding),
{ve (Vaa®@ Vo) | fu € Ca™(9X,V(0-x,9))" Nim(A)}

is dense in (Vy _oo ® V)" by Theorem 2.8.28.

Let g = f(g) € C° (8X, V(o_x, )" Nim(A). Then, there exist §; € (Vi 0o @

V)b with 8(g;) € C5™(0X,V(o_x,¢))F Nim(A) such that g; converges to g in

(Vi—oo @ V)L Thus
(

(Af,9) = (af.9) = hm(qj‘“,gj) - hm(Af B(7;))
= leggo(reS(f),reS(ﬁ(ﬁj)))B = C(res(f),res(g))s -

Since C5°(0X,V (0ox, )" is dense in C~(0X,V(oy,9))" by Lemma 6.6 of
[BO0O, p.114], one can show similarly that the formula holds when f €
C=°(0X,V(ox, )" and g € C3(0X,V (0-», )" Nim(A).

This completes the proof of the theorem. n
Proposition 2.8.31. If qf (f € C~°(0X,V(ox,¢))) is a Schwartz vector, then
Af € C3®0X, V(o ).

Proof. Let f be as above. By Theorem 2.8.29, there exists C' # 0 such that

(q(ext @), qf) = (A(ext ¢), Af) = C(¢,res(Af)) 5

for all p € C(B,Vi(oy,¢)). Recall that (Vr oo @ V)" 2 f — ¢, € €' (D\G, @)
is continuous by Remark 2.8.2 (2).

Thus, the left-hand side is also well-defined for ¢ € C~°(B, Vg (o, ¢)) and de-
pends continuously on ¢. Hence, we can define a continuous conjugate-linear map

g: C_Oo(Ba VB(O-)U 90)) —C

by g(¢) = &(q(ext @), qf). Since B is compact, we can identify C~>(B, Vp(ox, ¢))’
with C®(B, Vg(o_y,¥)). So, g is given by a smooth function. By construction,
g =res(Af) as distributions. Consequently, res(Af) is smooth. O]
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For the definition of the maps F, (7 € @), see Section 2.5.
Proposition 2.8.32.

(1) Lety € K. If f € €(T\G, ©)(7), then Fr(f) € (Vi o0 @ V)b, @ Vi(v) and
cx(Fr(f)) € “E€(T\G, 9)(7).

(2) If f € €(I\G, p)x (K-finite element), then c.(F(f)) € “€(T'\G, )k
Remark 2.8.33.
(1) cxoF, is the orthogonal projection on (Vy _o ®@V,,)}&@V; by Corollary 2.5.5.

(2) It follows from this proposition and Lemma 2.5.4 that

FA(€(M\G,9)(7) (yEK)

is equal to (Vi _oo ® V)% @ V() and that (Vi o @ V)i @ Vi i s equal
to Fr(€(T\G, ) k).

Proof. Let w be as above and f € € (I'\G, ¢)k. The construction of the embedding
map S, provides o € M and A > 0. We may assume without loss of generality that
f is nonzero and belongs to a K-isotypic component L*(T\G, ¢)(7) for some v €
K. Let {v1,..., v} be an orthonormal basis of V(). Write F,(f) = Z] fi®u;

with f] € N,. Let ¢ € C*(B,Vg(ox,p)). Then, for all i € {1,...,1}, we have

(Cr(gm (ext(9)) @ vi), [) = (gw (ext(9)) @ vi, Fr(f)) n,covs

l

Z (ext(0)), ;) (01, 03) = (g (ext(6)), fi)(visv2) -

By Theorem 2.8.29 and as (v;,v;) = 1, there exists a constant C' # 0 such that
the last part is equal to

O(¢7 res(ﬁw’fi))B

Recall that (V; o ®@V,)' 3 f 5 ¢;, € €'(T\G, ¢) is continuous by Remark 2.8.2
(2). Thus, one can show similarly as in the proof of Proposition 2.8.31 that . (f;)
is smooth on  for all i. Hence, Fr(f) € (Vir—oo ® V)t ® Vi(7) by Proposition
2.8.24. So, c(Fx(f)) € °F(I'\G, ¢) . O

Proposition 2.8.34. The space (V. _oo @ V)b, is dense in (Vi _oo @ V)L
Proof. Tt follows from Proposition 2.8.24, Proposition 2.8.31 and Proposition 2.8.18
that 8((Vr—o ® V)5 ) is equal to im(A) N C;=(0X,V (o_, )"

The proposition follows now immediately from Theorem 2.8.28 and the fact that

B: (Voo @ V)' = im(A) N C™°(0X,V (5_x, )"

is a homeomorphism by Lemma 2.8.8. [
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2.8.3 The contribution of the discrete series representations to the
closure of the space of cusp forms

In this section, we show that cuspidal Schwartz vectors are dense in the multi-
plicity space of the discrete series representation 7. For this, we compute first the
annihilator of certain subspaces of the space of Schwartz vectors. We will reuse
these results in the following sections.

From now on we identify V, (resp. Vi) and 8(V;) (resp. ‘q(Vy)), equipped with
the topology induced by V;, as topological spaces. So, we view 3 and ‘q as the
identity map and V; _, as a subspace of C~*(0X,V (0_,)).
Let

Dy = A(Cy™(0X,V(ox, ¢))')
and

Dy = C™(A V(02,9 N (Vao ® V)

Then, D; and Dy are contained in (V, _®V,,)'NCG®(0X,V (o_y,¢))", consisting
of cuspidal Schwartz vectors by Proposition 2.8.24. We endow D; and D, with
the subspace topology induced from C,*(0X,V(o_y,¢))".
It follows from the proof of Proposition 9.8 of [BO00, p.141] that D; is infinite-
dimensional, contrary to Dy which is finite-dimensional by Theorem 6.1 of [BOO0O,
p.109] if X # OQOH? There is also an alternative proof which does not use the
meromorphy of ext and which is hence also valid in the exceptional case (see
[BOO0O, pp.121-122]).
Let Dy oo = A(C™®(0X,V(0x,0)") C (Vi 0o @ V)L,
By Theorem 2.8.28,

D, C 1m(A) N Cﬂ_oo(aX, V(U—Aa 90))F

and
Dy oo Cim(A) N C™=(0X,V(0-x, )"

have finite codimension.
The intersection of Dy _, with Dy is trivial by Theorem 2.8.29.

Definition 2.8.35.
(1) For a vector subspace S of (Vi _s ® V)T, we define the annihilator of S by

Ann%)(S) = {U S (VW,—oo ® V@)(FK | (Uavl) =0 W'e S} :

(2) For a vector subspace S of (V, o, ® V)%, we define the annihilator of S by

Ann(S) ={v e (Vo @ V)" | (v,0)=0 Yo' €S}.

(3) For a vector subspace S of im(A) N C~=(0X,V(s_y,¢))", we define the
annithilator of S by

Anng(S) = {g € im(A) N C7=(0X,V(o_x,o))' | (9.h) =0 Vhe S} .
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Remark 2.8.36.
(1) We endow Anng(S), Ann(S) and Anng(S) with the subspace topology.

(2) If Ann(S) is contained in (V; _o ® V,,)}, then it is equal to the orthogonal
complement of S in (Vy o ® V)L

(3) Let S be a vector subspace of (Vy _o ® V,,)'. Then, Anng(S) = Anng(9)
(as vector spaces) by Proposition 2.8.24 and Proposition 2.8.31.

Lemma 2.8.37. The annihilator of Dy s equal to D-.
Remark 2.8.38.

(1) Tt follows that the annihilator of D; @ Dy is zero. Indeed,

Ann(D; @ D5) € Ann(D;)NAnn(D,) = DaNAnn(Dy) = Dy (Dy)*: = {0} .

(2) It follows that Anng (D) = Dy and Anng(D;) = Ds.
The full strength of Theorem 2.8.29 is not needed to prove that Anng(D;)
is equal to Ds.

Proof.
D: Forall Af € Dy and v € D,

(Af,v) = C(res(f),res(v)) =0

by Theorem 2.8.29. Thus, Dy C Ann(Dy).
C: The annihilator Ann(D;) of D, is equal to

{ve (Vi ® V@)F | (Af,v) =0 Vfe Cg“(@X,V(JA,go))F} )
By Theorem 2.8.29, this space is equal to
(2.43) {v € (Va oo @ V)" | (res(f),res(v))p =0 Vf € CG(0X,V (o, 9)"} .

By Lemma 2.8.26, ext is regular at A\. Thus, the continuous map res is surjective.
Hence, (2.43) is equal to

{ve (Vi@ V) 1es(v) =0} = (Va0 @ V)" N C (A, V(0_x, )" = Dy .
So, the annihilator of D; is contained in Dy. Consequently, Ann(D;) = Ds. O
Corollary 2.8.39. We have the following topological direct sum:

(Vieoo @ Vip)y = D1 & D, .

In other words, the cuspidal Schwartz vectors are dense in (Vy _oo ® V)5 (with
respect to the Hilbert space topology on (Vi _oo ® V,)5). In particular, the multi-
plicity space Ny := (Vi —oo @ V)Y of @ is the completion of Dy & Dy with respect
to the norm on Ny It can be realised in (Vi oo @ V)L
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Remark 2.8.40.

(1) It follows already from the proof of Proposition 9.8 of [BO00, p.141] that D,
is an infinite-dimensional subspace of (V; o ® V,)5. This corollary provides
us with more precise information about the multiplicity space N,..

(2) The above decomposition depends on the choice of the principal series in
which the discrete series is embedded into (choice of o € M).

Proof. Tt follows from Lemma 2.8.37 that D, is the orthogonal complement of D,
in (Vi oo ®V,)5. Thus,

(Vﬂ',—OO ®VQ0)5 :D_l@ DlL :ﬁl@ D2 .
The last assertion is now obvious as D; and Dy are contained in (V; _c®V,, ). O

Corollary 2.8.41. The space ¢, ((Vyr—oo @ V)L @V, i) is dense in c(N;&V,).

Proof. By Corollary 2.8.39, (Vi e ® V,,)i is dense in N,.
Since ¢, is continuous and since we have the following dense inclusions

(Var oo @V, )b @ Vet € Np @ Ve g C N ®Vp

Cr(Var—o0o @ V)2 @ Vi k) is dense in ¢ (N,&V;). O
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2.8.4 Topological decomposition of (V, ., ®@ V)L and of (V; _. ® V,)"
In this section, we show that we have the following topological decompositions:
(Vﬂ',foo ® Vgo)F = Dl,foo S D2

and
(Va—oo ® V,)ip = Dy @ Dy

(see Theorem 2.8.51).

Lemma 2.8.42. We have the following topological decompositions:
C(0X,V(o_x, )" Nim(A) = Ann(Dy) @ D,

and

Cq > (0X,V(o-y, gp))r Nim(A) = Anng (D) & Do .

Proof. Since Ann(Dy) @ Dy D Dy o & D5 is closed and finite-codimensional,
Ann(D,) @& D, is a topological direct sum by Lemma A.1.
Assume that (C~°(0X, V(o_x,¢))" Nim(A))/(Ann(Ds)® D) (endowed with the
quotient topology) is nontrivial. It follows from the Hahn-Banach theorem that
there exists a nonzero continuous linear functional T from

(C™°(0X,V(o_x,¢))" Nim(A))/(Ann(D,) & Ds)

to C. It induces a nonzero functional on C~*°(0X,V (c_y,¢))" Nim(A). This is
impossible since the annihilator of D; @& Ds is zero by Remark 2.8.38. Thus,

C(0X,V(o_x, ) Nim(A) = Ann(Dy) ® D, .
The second assertion is proven completely similarly. O]
Let x be 0o (or —oo, resp.) and let § be @ (or €, resp.). Fix a trivialisation
C™(B,Vg(o_x,¢)) = O_,C (B, Vg(o.,¢)), ¢ ¢, .

Recall that here O_, C~>°(B, Vg(0, ¢)) is the space of germs at —\ of holomorphic
families o — ¢, € C~(B, Vg(o,, ¢))). Define Ey(o_y, ) by

{¢ € res(C; (90X, V(0-2, ©))' Nim(A)) | ext, ¢, is regular in g = —A} .
Since ext has at most finite-dimensional singularities by Theorem 5.10 of [BO0O0,
p-103], Ey(0_x, ) is finite-codimensional in res(C, (90X, V(o_x, ¢))" Nim(A)).
Let Si(0_x, ) be a finite-dimensional complement.

Define ext(¢) = ext_, ¢_,[,_, for ¢ € Ex(o_»,¢). Then, (resoext)(¢) = ¢ for all
¢ € Ey(0_x,p) as resoext_, = Id by (2.21). We have:

(2.44) res(Cy > (0X, V(o-», N Nim(A)) = Ey(o_x,¢) @ Si(o_», ) -
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The following is the crucial result needed in the proof of Lemma 2.8.44.

Lemma 2.8.43. The map

ext|Eu(0_N¢) t Ey(o_y, p) = ext(Ey(o_x, )
15 a topological isomorphism with continuous linear inverse res.

Proof. Let f € Ey(o_x,¢). Then, (resoext)(f) = f by (2.21). Let now g €
ext(Ey(o_x,)). Then, there exists f € Ey(o_,, ) such that g = ext(f). Thus,
res(g) = f € Eﬁ(a,k,go) and (extores)(g) = ext(f) = g. Hence, extores = Id on
ext(Ey(o_x, ¥)). So,

ext|Eu(U_AM) t Ey(o_y, @) = ext(Ey(o_x, ¢))

is a linear isomorphism and a homeomorphism with continuous linear inverse res
as res is continuous and linear and as ext is continuous and linear on Ey(o_y, ¢)
by Theorem 5.10 of [BO00, p.103]. O

Let {s1,...,8,} be a basis of Sy(0_y, ) (here n may depend on f).

Choose f; € Cy*(0X,V(s-x,¢))" Nim(A) such that s; = res(f;). For s =
> i1 ajs; € Sy(o-x, ), set y(s) = >0 a;f;. Then, g is a continuous linear
bijective map from Sy(o_x, ) to 14(Si(0-x,¢)) C C*(0X,V(5_x, )" Nim(A)
having res as continuous inverse.

Lemma 2.8.44. The maps
I‘eS|Ann(D2) : AHD(D2> — C—OO<B’ VB(O-—)W @))

and
I.eS|Aan(D2) . Aan(DQ) — COO(B’ VB<O-—>\7 SO))

are topological embeddings. It follows that

(1) res(C°(0X,V(o_x, )" Nim(A)) is closed in C~(B,Vg(o_x,¢)), and
that

(2) res(Cq > (0X,V(o_x, ) Nim(A)) is closed in C®(B,Vg(o_x,¥)).

Proof. As (im(A) N C,(0X,V(0-x,¢))") /Dy ~ Anny(D,), it remains to prove
the following:
The map res induces a topological isomorphism from Anny(Ds) to

res(Cﬁ_“(ﬁX, V(o_x )" Nim(A)) .
Let us prove this now. By (2.44), we have
res(Cy(0X,V(o_,, ©))" Nim(A)) = E;(o_x, ) ® Si(0_x, @) -

As the sum of two continuous linear maps between topological vector spaces is a
continuous linear map,

ext\Eﬁ(L%w) @ 12 res(Cy (90X, V(o_x, )" Nim(A)) — Wy,
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where

Wy = C (A, V(o_x, o)) + Cy (90X, V(o-y, ) Nim(A) ,
is a continuous linear map when we equip the space W} with the subspace topology.
As Anny(D,) is a closed finite-codimensional subspace of W} (this is a consequence

of Lemma 2.8.42), there is a continuous projection p; from Wy to Anny(D,) by
Lemma A.1. It follows from this and Lemma 2.8.43 that

(2.45) pso(extlp, oy o) @ u)
is the continuous linear inverse map of res. ]
Proposition 2.8.45.
(1) The linear map
v+ Dy € (im(A) N C~®(0X,V(o_x,9)")/Ds— (v € Dy — (v, v)) € D}
is well-defined and injective.
(2) For every linear functional T on Ann(Ds) (resp. Anng(Ds)) that is contin-
uous with respect to the strong topology, there exists r € C°(B, Vg (o, ¢))

(resp. r € C~°(B,Vg(or,¢))), depending on T, such that

T = (res(*),¥r)pB -

(8) If v € Anng(Ds) (resp. v € Ann(Ds)), then v = A(ext(¢r)), where T: g €
Ann(Dy) — (g,v) (resp. T: g € Anng(Ds) — (g,v)).

(4) The space Ann(Ds) (resp. Anng(Ds)) is equal to Dy o (resp. Dy).
In particular, Dy _o (resp. D) is closed in

im(A) N C~™(0X,V(o_x, )" (resp. im(A) N CG=(0X,V(o_r, o)) .
Thus, D1 _« is the closure of Dy in C=°(0X,V (o_x,¢))".

Proof. Recall that * is 0o (or —oo, resp.) and that f is @ (or €, resp.).
Let E be Ann(Ds) (resp. Anng(Ds)) and let F' be Anng(Ds) (resp. Ann(Ds)).

(1) Tt follows from Theorem 2.8.29 that the map considered in (1) is well-defined.
Let now v1,v3 € (Vi 0o ® V,,)' be such that

<g7vl) = (gvv2)

for all g € Dy. Thus, v; — vy € Ann(D;) = Dy by Lemma 2.8.37.
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(2)

Let T: E — C be a continuous linear functional.
For ¢ = res(f) € res(E), define T(¢) = T(f). Since

res: £ — res(E) C C7*(B,Vg(o_y,¢))

is a topological embedding map by Lemma 2.8.44, this defines a continuous
linear functional from res(F) to C.

By the Hahn-Banach theorem, there exists T a continuous linear func-
tional from C*(B,Vg(o_x,¢)) to C such that T = T. Thus, T €

res(E)
C*(B,Vg(G_x,¢)). Hence, by using the canonical conjugate-linear isomor-
phism 1: C*(B, Vi(os, ) — C*(B, Vi (53, ¢)), one gets

Yr € C*(B,Vg(oy, ¢))

(depending on T') such that

T(¢) = (¢,¢1)5 (¢ € res(E)) .

So, for g € FE, we have

T(g) = T(res(g)) = T(res(g)) = (res(g), ¥r)sp -

Let v and T be as above. Then, (v,v) = (¢, res(v’))p for all v € E. Since
Bv € Ann(D,), this holds even for all v € im(A) N C~°(0X,V (o_x, )"
(resp. v' € im(A) N Cy>®°(0X,V (0_x,9))") by Lemma 2.8.42. By Theorem
2.8.29, there exists a real constant C' # 0 such that

() = (res(v), ¥r) = 50/, Alext(vr))

for all v/ € D;. Thus, £A(ext(¢r)) — v € Ann(D;) = D,. But on the other
hand, FA(ext(yr)) —v € Ann(Ds). Thus, v = FA(ext(¢r)).

By Theorem 2.8.29, Dy _ is contained in Ann(D;) and D, is contained in
Anng(Ds). Let v € Ann(Ds) (resp. Anng(Ds)). Then, (-,v) € Anng(Dy)’
(resp. Ann(D,)").

It follows from (1) and (2) that there exist ¢ € C~*(B, Vg(oy, ) and g € Do
such that v = A(ext(¢)) + g. Then,

g=v— Alext(¢)) € Dy N Ann(Dy) = {0} .
So, Ann(Dsy) (resp. Anng(Ds)) is equal to Dy o (resp. D;). In particular,

Do (vesp. D) is closed in C;*(0X,V(0_x,¢))". As moreover D, is
dense in D _,, the assertion follows.

O
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Corollary 2.8.46. The conjugate-linear strong dual D} (resp. (D1 o)) of Dy
(resp. Dy _oo) s equal to Dy _o (resp. Dq) as topological spaces.

Proof. 1t follows from Proposition 2.8.45 that D] is equal to Dy _,, as a vector
space. Moreover, Dy _, — D}, g — (g, -) is continuous.
Let T be a continuous linear functional on D;. For ¢ € C*(B,Vg(ox, ¢)), set

Ur(¢) = T(Aext(e))) -

Then, U7 is a conjugate-linear functional on C*°(B, V(o ¢)).

Since C*(B, Vg(ox,¢)) is topologically isomorphic to C~°(B, Vg(o_y,¢)), we
can view WUy as an element in C~°(B, Vg(o_,, ¢)). But it follows from Proposition
2.8.45 that Ur € res(D; o). Set fr =res 1 (Ur) € Dy _. It follows from Lemma
2.8.44 that T — fr is continuous. This map is by construction the inverse of the
above map. Thus, D] = D; _ as topological spaces. One can show similarly that
(D1 —o)" = D, as topological spaces. O
Corollary 2.8.47. (V. _o ® V)% is equal to im(A) N C;(0X,V (o, 9))" as
topological spaces.

Proof. The corollary follows by the open mapping theorem as (V, _,®V,,)% can be
continuously injected into ((Vy o @ V,,)"')" and as the latter space is topologically
isomorphic to Dy & Dy = im(A) N C;>(0X,V (o_x,¢))" as topological spaces, by
Corollary 2.8.46 and the open mapping theorem.

O

Proposition 2.8.48. The conjugate-linear strong dual ((V,r,_OO ® VSO)};))/ of
(Vi —oo @ V)i is topologically isomorphic to (Vi - @ V)b

Remark 2.8.49. It follows that (Vi _o ® V,,)'' is a DF-space.

Proof. By Lemma 2.8.42 and Proposition 2.8.45, (V. _o ® V)i, = D1 ® Ds (topo-
logical direct sum). As D, is finite-dimensional, the conjugate-linear strong dual
D, of Dy is topologically isomorphic to D,. By Corollary 2.8.46 combined with
Corollary 2.8.47, the conjugate-linear dual D] of D is topologically isomorphic to

Dy oo = A(CT™(0X,V(0on, 0))") -
The proposition follows now from Lemma A.1. O]
Proposition 2.8.50. The inclusions
Vi @V)e € (Vi @ V) C (Vieoo @ V)T C V0o ®V,
are continuous injections.
Proof. By Lemma 2.4.6, it remains to show that
(Vroo @ Vo)a = (Veoo ® V)

is continuous. This follows from Proposition 2.8.48 and the fact that dual map is
continuous (see Lemma A.4). O
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Theorem 2.8.51. We have the following topological direct sums
(Vemoo @ Vi)' = A(CT2(0X, V(0n, 9))") @ (CT%(A, V(0-5, )" Nim(A))
and

(Vimoo ® Vi )i

Co (90X, V(0-x,9))" Nim(A)
= A(C™(0X,V(ox, 9))") & (CT(A, V(o-x,9))" Nim(A)) .

Remark 2.8.52.

(1) The space A(Cq>°(0X,V (ox,¢))") is infinite-dimensional by Lemma 9.6 of
[BO00, p.139] combined with Lemma 6.6 of [BO00, p.114| and it is con-
tained in Cy (90X, V(o_x,¢))". Thus, (Vi _®V,)i is infinite-dimensional.
Hence, N, is also infinite-dimensional — a result that was already proven
by M. Olbrich and U. Bunke (see Proposition 9.8 of [BO00, p.141]).

(2) By Theorem 4.7 of [BO00, p.93], C~>(A, V(0,,¢))" = {0} for Re(u) > dr.
Hence, C~°°(A, V(o_y, )" Nim(A) = {0} for X € (0, —dr).

(3) The above decompositions depends on the choice of the principal series in
which the discrete series is embedded into (choice of o € M).

Proof. By Corollary 2.8.39, we have

(Vﬂ,—oo ® ch)% C Np = (Vﬂ,—oo ® ch)g - C_Oo(aX> V<0—A790))F .

dense

The theorem follows now directly from Lemma 2.8.42, Proposition 2.8.45 and
Corollary 2.8.47. O

Let (m,V;) be an admissible representation of G of finite length on a reflexive
Banach space. Recall that for f € C.(G) and v € V,, we defined

(2.46) (v = / fg)n(g)vdg € Vs

(cf. Definition 2.8.16). Let f € C*(G) and v € V; _o. Then, w(f)v € V; » (see,
e.g., [Dij09, p.136|).

If V is a complex vector space, then we denote by V the vector space having the
same elements and the same additive group structure as V' but which is equipped
with the following scalar multiplication:

A-vi= v

forall A\ € Cand v € V. Let -: V — V, v + v be the natural isomorphism
between these two vector spaces.
For ¢ € Var_o, [ € €(G) and v € V, «, set

(2.47) (@, 7(f)v) = (o fla -
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Here, (-, )¢ denotes the pairing between ¢”(G) and € (G). The right-hand side is
well-defined as ¢y, € ¢’(G) by Lemma 8.4 of [BO00, p.130]. By Lemma 8.5 of
[BOO0O, p.131], the matrix coefficient map

¢ E Var oo > Chpp € €' (Q)

is continuous. Thus,
('a W(f)v) = (C.@, f)G

is a continuous functional on Vz _. If f € CX(G) and ¢ € Vi o, then

(o e = /G on(9)T(g) dg = /G /K (6(k), 7(g)v) dk T(g) dg

By Fubini’s theorem, this is again equal to

/ /f (G)odg) dk = (6, 7(f)0) -

Since (c.,, f)e and (-, 7(f)v) are continuous functionals on Vi _., this holds also
for every ¢ € Vi _. So, (2.46) is compatible with (2.47).

As (F, )¢ (F € €'(G) fixed) is a continuous functional on € (G, V,,), (¢, 7(f)v)
depends continuously on f when ¢ and v are fixed. So, if (f;); is a sequence in
C(@) converging to f, then 7(f;)v converges to 7(f)v in V; _«.

For f € €(G) and v € V; oo ® V,,, we set w(f)v = (7(f) ® Id)v.

Let us give now a formula for the projection of a Schwartz function onto Dy ®
VT(/ (7)

Lemma 2.8.53. Let f be a Schwartz vector and let v € Vs i be of norm 1. Then,
res(f) is up to a constant equal to

m(m' (xCrp)v) € CF(B, V(o 0)) -

Proof. Let v € Vu g be of norm 1.
For ¢ € C(B,Vg(0oy,¢)) and a Schwartz vector f, we have

(248) C6,res(f))s = (Alext()), f) = / ()67 0) d

/ Cext(¢)0 (9)X (9K )cs0(g) dg -
(G,

Since x¢r, € €¢(G,V,) by Lemma 2.9.26, C>*(G,V,,) is dense in ¢ (G,V,,) by
Proposition 2.3.21, there is a sequence ( j)j in C*(G,V,) converging to ¢y, in
€(G,V,). Thus, (2.48) is again equal to

lim [ couternl9)Fy(g) dg = lim / / (9)0)(2)) F3(g) dg
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by Theorem 2.8.29. Let F' € C°(G,V,). Then, n'(F)v is well-defined, belongs to
Vi ®V,and g € G — F(g)m'(g)v is integrable. Thus, 7, (7'(F)v) is well-defined
and belongs to C>(B, Vg(o_y, ¢)). Moreover, the above integral is again equal to

i [ [ (0(e). m(Fy(9) (9)0)(a) dg = Jim (6, T ()0
by Fubini’s theorem. Since (¢,-)p is continuous on C~*(B, Vg(o_y,¥)), since
7'(F})v converges to m'(xCrp)v in Vi _o ® V,, and since 7, is continuous on
C~*(0X,V(0_x,¢)) (ext is continuous by Theorem 5.10 of [BO00, p.103]), this
is again equal to

(&, 7 (' (XCr0)v) (2)) B -
So, C'res(f) = (7' (XCro)v) € C(B, Vp(o_x, ¢)). O
Corollary 2.8.54. Let {v;} be an orthonormal basis of Vi (%), let f € €(T'\G, p)

and let ¢; = %m(w"v*/\(xf)vi). Let pp,ev.,(y) be the projection onto Dy @ V()
provided by Theorem 2.8.51. Then, pp,gv.,(v) (Fﬁ/(f)) 18 equal to

S (resly,) " (60) @ v

Remark 2.8.55.

(1) When A > dr, then the above formula is quite explicit as 7, is then also
defined without meromorphic extension.

(2) Since ext is regular at 4 = A by Lemma 2.8.26, , is regular at yu = —A\.

(3) As we have seen, one can construct (res|,, )~" with the help of ext, see (2.45)
in the proof of Lemma 2.8.44 (p.78).

Proof. Let {v;} be an orthonormal basis of V/(7), let f € €(I'\G,¢) and let

O; = %w* (7'(xf)vi). Then, it follows from the proof of the previous lemma that
PDieV.(v) (F,r/(f)) is equal to Zi(res\Dl)_l(d)i) Q v;. O
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2.8.5 Topological decomposition of € (I'\G, ¢)4s(7) and of €' (I'\G, ¢)as(7)
For v € f(, set

%(F\Ga @)ds(’y) = %(F\Ga 90) (7) N LQ(F\Ga Qo)ds
and
%/(F\Gv So)ds(’y) = (CK(F\Gv 90) N LQ(F\Gv @)ds)/(fy) :

Proposition 2.8.56. Let v € K. Then, ¢, (F=(€(T\G, )(7))) is equal to

span{cz(f @ v) | [ € (Voo @ V)", v € Va(7)} NE(T\G, )
= span{c.(f @v) | f € (Voo ® Vo )z, v € Va(7)} -

Moreover, we have

(2.49) €(T\G. ¥)as(7)

= @ span{c,(f ®@wv) | f € (VW’,—OO ® V«p)};’a v e Va(7)}
WEG: (Vw',foo®v¢’)57£{0}

(finite topological direct sum,).

Proof. Let
Sfr = Cw((‘/n,—oo ® Vw)g ® VW(’}/» .
This space is closed in L*(I'\G, ¢) by Lemma 2.5.6.
Set S; = S, NE(I'\G, ¢) (closed in € (I'\G, ¢) by Lemma A.2).

Let ps, denote the orthogonal projection of L*(T\G, ) onto S,. Then, ps, (g) €
€ (T\G, @) for all g € €(T\G, ), ps, = ¢z o Fr on L*(T'\G, ¢)(7) and

ps, (T (D\G, p)(7)) = S’ﬂ = span{c.(f @v) | f € (Vi 0o ® Vw)% v € Va(v)}

by Proposition 2.8.32. The first part follows now from the above combined with
the following fact:

span{c.(f @ v) | f € (Vo @ Vp)', v € V(7)} N L*(D\G, )
= span{c(f @) | f € (Voo @ V)5, v € Vi(7)} .

Indeed, one can easily show this by using an orthonormal basis of V() and by
using the natural topological isomorphism between (Vo _ @ V)] and (Vi —0o ®
V,)4) (compare with the proof of Proposition 2.8.32).

As for a fixed K-type only finitely many terms are nonzero in the above di-
rect sum, (2.49) follows by Proposition 2.3.11 and Lemma A.3 applied to H =

LA*(T\G, ©)as(7)- O

Lemma 2.8.57. Let V' be a closed subspace of €(I'\G,p) and let Vi,...,V;
(d € N) be closed vector subspaces of V' such that V = @?:1 Vi is a (topological)
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orthogonal direct sum decomposition. Let V; be the closure of V; in €' (I'\G, ).
Then,

(topological direct sum). Moreover, the space V;, viewed as a subspace of VZ’_, 18
dense in V! and V; (i € {1,...,d}) is topologically isomorphic to V/. Hence, V; is

7

a DF-space if V' is a Fréchet space.

Proof. Since € (I'\G, ¢) is dense in ¢"(I'\G, ), V is also dense in V'. Indeed, this
follows by the arguments below applied to

C(M\G,¢) = V_& (VN (I\G.¢)

=W =V

(topological orthogonal direct sum by Lemma A.2).
AsV = EB?:I V; is a topological direct sum,
Vi=V=Vi+--+V;.

Assume now that f € V, NV, (k # ). Then, there exist fj(k) € Vj converging
to f and f;l) € Vi converging to f, too. Let v € @, V;. Then, (f,v) =

limj%oo(fj(k), v) =0. So, f € Ann(@#k VJ) Using the other sequence, one shows

that f belongs also to the annihilator of V. Thus, f € Ann(V). Hence, f = 0.
The first part follows.
Let ¢;: V/ — V' be the natural topological embeddings. It follows from Lemma

A5 that V' = " 1;(V/) (topological direct sum). Thus, V; = ¢;(V}) ~ V/ and

J=1

Vi, viewed as a subspace of V| is dense in V. Hence, V; is a DF-space if V' is a

Fréchet space. O
Proposition 2.8.58. Let v € K. Then, the space

span{c(f ®@v) | f € (Va0 @ V)", v € Vi (7)}
is closed in €' (T\G, ) and topologically isomorphic to (Vi —s @ V,)' @ V(7).
Moreover, we have
(2.50) ¢"(I\G,¢)as(7)

= @ span{c(f @ v) | f € (Vo —oo @ Vi)', v € Vi(7)}
er (Vﬂ/’,w®V¢)£7ﬁ{0}

(topological direct sum,).
Proof. By Proposition 2.8.48, Lemma 2.8.19 and as ¢, is injective, we have
(2.51) span{c,(f @v) | f € (Va0 @ V)", v € Vi(7)}

Z(VW’,—OO ® V@)F ® VW(V) = ((Vw’,—oo ® Vw)gf ® VW(V))/
~{cr(f@v)| fe (Vi —0 ® ch)gﬁv veVa(m})
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as vector spaces. It follows from Proposition 2.8.34 that {c,(f®v) | f € (Vi —0c®
Vo)e, v € Vi(v)} is dense in {c(f @v) | f € (Var—oo ® V)", v € Vi(v)}. Thus,
span{c,(f @ v) | [ € (Voo @ V,)', v € Vi(7)} is closed and (2.50) holds by
Proposition 2.8.56 and Lemma 2.8.57. Moreover,

span{c(f ®@v) | f € (Va0 @ V)', v € Vi(7)}

is a DF-space when we equip the space with the subspace topology. It follows now

from the open mapping theorem that the isomorphisms in (2.51) are topological.
]
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2.8.6 Equivalent topologies

We finish our investigations on the discrete series representations by determining
an equivalent topology on the space of invariant distribution vectors, respectively
on the space of Schwartz vectors.

Lemma 2.8.59. Let 0 # v € Vo i. Then, the subspace topology on (Vi —o @ V,)E
15 the coarsest topology such that the map

fe(Via® V%,)F — cry € €' (T\G, )
18 continuous.

Proof. Denote the subspace topology on (Vi _o ® V,,)' by 7 and the coarsest
topology such that the above map is continuous by .

Similarly as for V() in the proof of Proposition 2.8.58, one can show that {cs, |
f € (Vi ®V,)'} is closed and a DF-space when we equip the space with the
subspace topology. So, (Vi _oo ® V,,)' is topologically isomorphic to {c;, | f €
(Vi—oo @ V,)I'} for any 0 # v € Vi i by the open mapping theorem.

It follows that (V, _o, ® V)", equipped with the topology 7, is topologically
isomorphic to {cp, | f € (Vi 0o @ V,)'}. But (Voo @ V,)¥, equipped with the
topology 71, is also topologically isomorphic to {cs, | f € (Vr—oo ® V,)'}. The
lemma follows. m

Corollary 2.8.60. The topology on (Vy oo @ V)T is the coarsest topology such
that the map

f S (Vﬂ',—OO X Vg@)r = (f7 ) € ((Vﬂ’,—oo & VW)‘I;’)/
18 continuous.

Proof. The corollary follows from Proposition 2.8.56, Lemma 2.8.59 and the fact
that

C(I\G, 9)(7) = C€(T\G, 9)as(7) ® (€(T\G, ) N LAT\G, 9)as (7))
(topological direct sum), by Proposition 2.8.32 and by Lemma A.2. O

Corollary 2.8.61. The topology on (Vi oo ® V,,)% is the coarsest topology such
that the map

feWViw®Vo)g = (f.1) € (Veo @ V)T
15 continuous.

Proof. The corollary follows from Proposition 2.8.58 and the fact that

¢'(T\G, 9)(7) = €"(D\G, 9)as(7) ® (€(T\G, ) N LAT\G, ) 1,)'(7)

(topological direct sum), by the proof of Corollary 2.8.60 and by Lemma A.5. [J
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2.8.7 Decomposition of the Schwartz space

Proposition 2.8.62. Fiz vy € K. Then,

¢ (D\G, ¢)(7) = L(T\G, )as(7) N *€(P\G, ¢) & L*(T\G, ¢)u (7)
& L*(T\G, ©)res(7) & L*(T\G, @)ac(7) N C(T\G, @)

(topological direct sum).

Remark 2.8.63. We have for the appearing spaces a precise description except
for L*(T\G, ¥)ac(7) N €(T\G, ¢). The space L*(T\G, ¢)4s(v) N °C(T\G, p) is
described in Proposition 2.8.56. The spaces L*(T\G, @)y and L*(T\G, ©),es are
described in [BO0O].

Proof. Fix v € K. Note first that the right-hand side is contained in the left-hand
side. Let now f € €(I'\G, ¢)(7). By the Plancherel decomposition (see (2.15) on
p.39), we can write

f=h+fot+fs+fa

with fl € L2(F\G7 (p)ds(7)7 f2 € L2(F\Ga QO)U(,Y)’ f3 € LQ(F\Gv SO)TES(,Y) and
f1 € L*(T\G, ¥)ac(7)- By Proposition 2.8.32 and by Proposition 2.7.10, f; and f5
belong to °€(I'\G, ). As f3 € €(I'\G, ¢) by Lemma 2.7.1,

fai=f=fi—fo—f€C\G,p) .

The proposition follows now from Lemma A.3. O]
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2.9 The dual transform, Eisenstein series, Eisenstein inte-
grals and wave packets

2.9.1 The dual transform

In this section we define the dual transform and we show how it is related to the
constant term. This allows us then to show that

“C\G, @) (1) NE(T\G, @) = "€ (T\G, ¢)(7)
for every 7 € K (cf. Theorem 2.9.21).
Lemma 2.9.1. The set {k € K | gk € G(Q)} is open and dense in K.

Proof. Let g € G. Then, S :={k € K | gk € G(Q)} = KN g 'G(Q) is open in
K. Let k € K. Since G(?) is dense in G, there is a sequence (h;); in G(£2) such
that h; converges to gk.

Thus, g~'h; converges to k. Hence, k(g™ *h;) converges to k, too. Since

k(g™ hj)P = h;P € Q
gr(g~th;) € G(Q). So, k(g~'h;) € S. The lemma follows. O

Let 7 € K. Let us denote the space of functions ¢ € C=(I'\G(Q)/N x N\G, V; ®
V) which satisfy

d(ygma,a”'m~ hk) = a*7(k)™" @ ©(7) (g, h)

(vel,ge GQ),meM,ac A h e G, ke K)and which are compactly
supported modulo the A-equivariance by C*°(I'\G(Q)/N xya N\G/K, V3 (7, 9)).
Set H =T\G(Q)/N xpya N\G/K. For ¢ € C®(H,Vy(r,¢)) and g € G, set

Ré(g) = / o(gh, k) dk
(keK | gkeG(Q)}

Then, R*¢(gh) = 7(h) 'R*¢(g) for all g € G and h € K.
For measurable functions ¢,v from H to Vi (7,¢) (such functions are defined
analogously as above), define

(6,1) = / (69, ), (g,0)) dg
\G(Q)/MN

where I'\G(Q2)/M N is equipped with its invariant volume form, whenever the
integral exists.

Lemma 2.9.2.
(1) R*¢ is well-defined and belongs to C=(Y, Vy(r,¢)).
(2) Let f € CX(Y, Vi (T, )). Then,

(0, f%) = (R*o, f) .
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Proof. Let f be as above. Then,

Qy _
0.8 = [ 9000 [ sam)dmdg
Since I'\G(Q2)/M fibers over ['\G(2)/M N, this is again equal to

[ g0 o ds
D\G(Q)/M
Since T'\G(Q) /M fibers over I'\G/K with fiber {k € K | gk € G(Q2)}, this yields

) olgk,), (1) £(9) di dg
N\G/K J{keK | gkeG(Q)}

- / ( / olgh. k™) dk, f(g)) dg = (R, f) .
NG/K J{keK |gkeG(Q)}

As [i oy (009, €), f(9))] dg is clearly finite for all f € C2(Y, Vy (7, ¢)),
ke{heK|gheGQ)} ¢(gh, k™)

is integrable for almost all g € G, by Fubini’s theorem and the above computations.
It follows by the theorem about differentiation of parameter dependent integrals
that R*¢(g) is well-defined for all g € G and that R*¢ € C®(Y, Vi (T, ¢)). ]

Let o be a finite-dimensional representation of M. Define oy y(mn) = o(m).
We denote V,, endowed with this action by V,,, .. Set Viyn(o) = G Xyun Vo, ns
Vun(o,¢) = Viyn (o) ® V,, (carrying the tensor product action of I') and

Vi (o, 0) =T\ Van (0, 9)| gy mn
(bundle on B’ :=T\G(Q)/MN). Then, C*(I'\G(Q)/M N, Vg (0, ¢)) is equal to
{9 € CZ(M\G(Q)/N, Vo0 V,) |
o(ygm) = (o(m)™' ® (7))é(g) Yy €T, g € G(Q), me M} .

Let T € Homy (V,,V;) (0 € M, 7 € K) and let ¢ € C=(T\G(Q)/MN, Vi (0, ).
For g € G(),n € N,a € A and k € K, define

F(g,nak) = a*7(k)"'T¢(ga) .

Then, F is well-defined and belongs to F € C>°(H, V(T ¢)).
By abuse of notation, we denote F' also by T'¢.
Lete#neN. Writen€ Nasn=exp(X+Y) (X €g_a,Y € g_24)-

By Proposition 2.1.7, ag(wn) = /3| X[* 4+ 2|Y|? = —V|X‘42+8‘Y‘2. Let € > 0. Then,
ag(wn) < a(n)

for all 7 € N such that |log#n| > ¢ by Corollary 2.1.9.
For t > 0, set a; = exp(log(t)H.,).
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Lemma 2.9.3.
(1) Lete #n € N and a € A. Then,

-1

) < ap(wn)

N[

aa(n®

(2) Let v >0, R >0 and let € > 0. Then, there is a constant ¢ > 0 (depending

on R and €) such that
a(n)"t

ST

T —ap(wn) " <

N —=

|ara(ﬁ“7 )
for allr € [0,R], a € Ay and i € N such that |logn| > ¢.
(3) Let v >0, R >0 and let € > 0. Then, there is a constant ¢ > 0 (depending

¢ a(nw)~

on r and €) such that
a2+1)

la(n®w)™" — ag(n®w)™"| <

for allr € [0,R], a € Ay and n € N such that |logn| > ¢.
Proof. Let e # 7 € N and t > 0. By Proposition 2.1.7 (we use the notation
1

preceding the lemma),
t —

VA+SXPR 2P /(3 + 51X P22 4 2] ]2

Thus, the first assertion holds.
Let r > 0,t >0 and let e 2 n € N. Since

GX[P2yvP): )

1
ara(n® )" B
ag(wn)=" (L4 1x2)2 2V ]2)2
B ag(wn)” B 1 9
(B X annP)? (G X PJas(en) - 1)F
Let t > 1 and let n € N be such that |log7i| > . Then,
o 1 14X
Ly Lx)? 2=
(t + t| *)ap(wn) t ap(wn)?
L T T ]. iS
(417

is uniformly bounded by a constant C' > 0. As s € (—1,00) —

analytic, there are coeflicients a(r) such that

—1= Zak(r)sk )
k=0
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As the function vanishes at s = 0, ao(r) = 0. Hence, %|ﬁ — 1| is uniformly

bounded when s varies in (0, C]. Moreover,

01— ) <1
s (s+1)2 s (s+1)2

)

for all s € (0,00) and all 0 < r; < ro. Let R > 0. Then, the above estimate is
also uniform when r varies in [0, R]. So,

-1 < (& + %|X|2)a3(wﬁ)_2 =< %aB(wﬁ)_l

=d

forr € [0,R],t>1landn €
We have

such that |logn| > e. The second assertion follows.

1
a(n®w)™" —ag(n“w)”" = a(n"w)™" —a "ap(n® w) "
1

w)® *)" — ag(w(wn®

ol
ol

)7

It follows from the previous assertion that there is ¢ > 0, depending only on R,
such that this is again less or equal than

=a " (a"a((wn*

T
c__. ag(nw)™ !

Nl

ca
a —r—1
~ap(n < ——
a B( ) = 20+

for all 7 € [0,R], a € A, and n € N such that |logn| > . The third assertion
follows. 0

Let NoAgKy be the standard Iwasawa decomposition of SU(1,2). Write g =
ko(g)ao(g)no(g) (g € SU(1,2)) with ko(g) € Ko, ao(g) € Ag and ng(g) € Noy. Set

1 0 0
wo= [0 -1 0 | € KonSO(1,2)°.
0 0 -1

Let N} = {n,o | v € R} and N¢ = {ng, | r € R} (we use here the notations of
Appendix B).

Lemma 2.9.4.
(1) Let X € g, be nonzero. Then, there is a Lie group homomorphism
®: Spin(1,2) —» G
respecting the Iwasawa decompositions such that exp(X;) € im ®.

(2) Assume that goo # {0}. Let X1 € g and Xy € goo be nonzero. Then, there
is a Lie group homomorphism ®: SU(1,2) — G respecting the Iwasawa
decompositions such that exp(X;) € ®(Ng), exp(Xa) € ®(Ng).
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Remark 2.9.5. Let ® be as above. Then, a standard representative of the Weyl
element of Spin(1,2) (resp. SU(1,2)) provides a representative w € K of the Weyl
element of G satisfying w? € Z(G) and w* = ¢ when ® is provided by the first
assertion (resp. w? = e when ® is provided by the second assertion).

Proof. Assume that g, # {0}. Let X, € g, and X5 € go, be nonzero. Let 6y be
the Cartan involution on su(1,2) associated to Lie(Kj). It follows from Theorem
3.1, Chapter IX, of [Hel78, p.409] (SU(2, 1)-reduction) and Lemma 3.7, Chapter
IX, of [Hel78, p.413| that the Lie subalgebra g* C g generated by X7, Xs, 6(X),
0(X5) is isomorphic to su(1,2) via a map ¢ preserving Iwasawa decompositions
(compare with the proof of Theorem 3.6.30). Let G* be the analytic subgroup of
G with Lie algebra g*. Since G* C G is linear, there is a Lie group homomorphism

¢: SU(L,2) —» G

respecting the Iwasawa decompositions such that exp(X;) € ®(N;), exp(Xy) €
®(N2). The first assertion is proven similarly. One may use that Spin(1,2) is
isomorphic to SL(2,R). O

Let us continue with some preparations for Proposition 2.9.13.

Lemma 2.9.6. Let G = SU(1,2). Let n € Ny. Then, lim,_, ko(n*wy) exists and
belongs to My := Z,(Ag). Moreover,

(0,00) x (No~ {e}) = Ko, (u,n) = ro(n"¥wp)
extends analytically to R x (Np \ {e}).

Proof. Let G = SU(1,2). Let e # n,, € Ny. Direct computation shows that

2 .
ve+142ir O 0
(v2+1)2+4r2
v2—142ir 2v
HO(nv,er) = 0 \/(v2+1)2+4r2 v2+142ir € KO .
0 2v v2—1-—2ir

\/(U2+1)2+4T2 v24+14-24r

Thus,
v24ul42ir 0 0
(vV24u?)2+4r2
i . 0 v2—u242ir . 2uv
Ro (nv,T wO) - \/(U2+u2)2+47,2 v2+u2+2ir
0 2uv v2—u2—2ir

\/(v2+u2)2+4r2 v2+u’+2ir

(here n® := ana™') and

v242ir 0 0
a1 Vut+tdr2 )
. a 1 I _ ve+2ir
alggo Ko(ng ,wo) ulgéh Ko (M, wp) 0 oz swrA € M, .
0 0 v2—24r
v242ir

Remark: This matrix is equal to the identity when r = 0.
The lemma follows. O
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Set
Vi 0
0 1

t

le{n;,;::G f)yxem}, Alz{at::( )]t>0}

and

. cosp  singp
Kl_{(—singo cosgo) |¢€[0’2W]}'

Then, Ny A; K is an Iwasawa decomposition of SL(2,R). This induces an Iwasawa
decomposition NyA; K5 of Spin(1,2).

Put wy; = (_01 é) € K.

Lemma 2.9.7. Let G = SL(2,R) ~ Spin(1,2). Letn € Ny. Then, lim,_, k(n%w;)
exists and belongs to My := Z, (Ay). Moreover,

(0,00) x (N1~ A{e}) = K1, (u,n) = K(n"vw)
extends analytically to R x (N7 \ {e}).
Proof. Let G = SL(2,R). Direct computation shows that

__z _1
k(ngwy) = | v+l _Vfo c K.
V241 V241

Thus,
m(n?ﬁ wO) — _\/a:2u+u2 \/LL‘Q-;UQ
- VZ2tu2 - Vz2tu2?
and
lim w(nfw) = lim w(natw) = (5 0 ) em
a—>oo/€ nxwl B u—0+ Rl " W) = 0 —1 b
The lemma follows. O

Let X; € g, be nonzero and let X5 € go,. If go, is nonzero, then we choose also
Xy # 0. Let H = Spin(1,2) ~ SL(2,R) if Xy =0 and let H = SU(1, 2) otherwise.
Let ®: H — G the Lie group homomorphism provided by Lemma 2.9.4. Let
N' =®(NyN H) if H=Spin(1,2) and let N' = ®(NyN H) if H = SU(1,2).

Lemma 2.9.8. We have
U mN'm™ =N .

Proof. It X = OH?, then g, = O and g, = Im(0) and M = Spin(7).

By Lemma 8.8 of [Wol75, p.30], (Ad|,,, Q) is isomorphic to the real 8-dimensional
spin representation A and (Ad|,, ,Im(0)) is isomorphic to the standard represen-
tation on R”.

By Corollary 5.4 of [Ada96, p.32], M = Spin(7) acts transitively on

{(X4+Y | X €ga,Y €Egon: |X|=Y|=1}.
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Let 11 > 0 and ro > 0. By the proof of the mentioned corollary, M acts also
transitively on

{X+Y | X €gn,Y €gon: | X| =1, [Y]|=ra}.

Thus,
U Ad(m)n' =n |
meM

where 0’ = Lie(N’). The lemma follows in the exceptional case.

If X # OH?, then we may assume that G is equal to SO(1,n)" (resp. SU(1,n),
Sp(1,n)) for some n > 2. Indeed, let ¥: G — G be a covering of G. Then,
¥, =1Id and G = NAK as N and A are simply connected. Moreover,

Ad(m)X = T, (Ad(m)X) = Ad(T(m))T,(X) = Ad(T(m))(X)

for all m € M and X € n.
Let F =R (resp. F=C, F =H). If F =R, then

—1
many,M 4 = NAy

for all A € SO(n—1) and v € R™!, by (B.3) of Appendix B. Thus, M = SO(n—1)
acts transitively on spheres of n = R""! in this case.

Let us consider now the two other cases: For all v € F*~!, r € Im(F) (Im(C) = iR
by convention), A € SU(n — 1) (resp. Sp(n — 1)), ¢ € SU(1) (resp. ¢ € Sp(1)),

_1 _ _ _
MAqwrM g g = NAvgqrqg = NAvggrg=t = TVAvg,Ad(q)r

by (B.2) of Appendix B. For R > 0, set S;(0,R) = {v € F*~! | ||v|| = R} and
S9(0,R) = {r € Im(F) | |r| = R}. If F = C, then (¢,r) € SU(1) x S2(0, R)
qrq € S3(0, R) is transitive. As moreover

(A,v) € SUn —1) x S1(0, R) — Av € 51(0, R)

is also transitive, M acts transitive on S1(0, R) x S5(0, R).
Similarly, one shows that M acts transitively on S1(0, R) x S5(0, R) if F = H.
Thus,

U mN'm™t =N .

]

For z € N, set m, = lim, o k(z%w). It follows from the previous corollary that
x € Nx{e} — m, € M is a well-defined function. Note that m, has the following
two properties:

(1) mga =m, for all z € N and a € A.

1

(2) Munyem, = mimgw 'mow for all x € N and mq, mq € M.
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Corollary 2.9.9. Let 7 € K and C be a compact subset of N ~ {e}. Then,
tir(p(n®w)) —7(ma)|
s uniformly bounded whent > 1 and n € C.

Proof. Let w be the Weyl element provided by Lemma 2.9.4. Let m € M be
such that @w = wm. Since moreover x(nw) = k(nwm)m™' = k(nw)m™! and
|7(m™1)| = 1, we may assume without loss of generality that w = .

For G = SU(1,2), the corollary follows now immediately from Lemma 2.9.6 and
the fact that a finite-dimensional representation on an arbitrary Lie group is real
analytic.

For the general case, we need also Lemma 2.9.8, Lemma 2.9.7 and the fact that
7(k((mnm 1)) — T(Mmnm—1) = 7(m)(T(k(n"w)) — 7(my,))7(w ™ 'mw)
for all n € N and m € M. O

Lemma 2.9.10. Resg [, a(zw) *"?a* da is equal to Resy [, a=**da = 5 for ev-
ery v € N with ap(zw) = 1.

Proof. Let r € R. Then, Resy [, a(z“w)™*?a* da = Resy [,  a(a"w) *"Pa* da.
By Lemma 2.9.3, there is a constant ¢ > 0 such that }

a — a,, \— ¢
Ja(a®w)” ) — ap(atw) M| < L

for all A € [0,2], a € A and n € N such that ap(zw) = 1. But

A
R —2(Aa) da = i 2 0.
o O i e

So,
1
Reso/ a(z®w)"a? da = Reso/ ap(z®w) ™ Pa* da = Reso/ a*da = =
A Aser A 2
for every x € N with ag(zw) = 1. The lemma follows. O

Recall that we denote the Harish-Chandra c-function by ¢, (1) € Endp (V) (v €

~

K). This meromorphic function is given by

i) = [ al) 00 (s(m)

N

for Re(u) > 0.

Proposition 2.9.11. Let T € Homy(V,,V;) (0 € M, 7 € K). Then, Resyc.(\)o
T is equal to 37(w) Jiven | apewy=1y T(Ma) dz o T
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Proof. Let ¢ > 0. Let r € R be sufficiently large so that |7(k(z%w)) — 7(m,)| < ¢
for every a € A, and x € N with ag(rw) = 1. By Lemma 2.3.24 applied to
E=N,

/_ a(7) = 7 (k(7)) dii o T = () / a(nw)~ M7 ((nw)) dn o T

N N

= 7(w) / / a(z%w) "M r (k(z%w))a® dadz o T
{zeN |ap(zw)=1} J A

for every A > 0. Thus, Resgc,(\) o T is equal to

A—0t

lim A7(w) / / a(zw)~ M7 (k(zw))a® dadr o T .
{zeN |ap(zw)=1} J As.r

Let M, = alz®w) 700 Th
et My = SUDgeN :ap(ew)=1,a€As.r, A€[0,2] ap(@ow) 7 ~ OO- lhen,

Aa(z%w)~ AP < AM,ap(z®w) Pa* = AM,a~ %

for every x € N with ag(zw) =1, a € A-.r and X\ € (0,2]. This is integrable on
{z € N | ap(zw) = 1} x Aser. Since moreover [, Aa~*'da = je7?" < § for
every A € (0,2] and since we can choose € > 0 arbit/rarily small, Resg ¢, (A) o T is
equal to

lim )\T(w)/ T(mx)/ a(zw)~ AP a* dadr o T .
{zeN |ap(zw)=1} A

A—01

It follows from the proof of Lemma 2.9.10 that this is again equal to

1
—7(w) / T(my)dxoT .
2 {(¢€N | ap(@w)=1}
The proposition follows. O

Proposition 2.9.12. Let T € Homy(V,,V,) (0 € M, 7 € K). Then:

(1) Resyc.(N)T is up to a constant equal to T". Hence, Resyc.(A\)T is injective
if and only if T is nonzero and Resyc. () is nonzero on V(o).

(2) Resyc,(N)T =0 <= T =0 or p,(0) #0.
Proof.

(1) By Theorem 14.16 of [Kna86, p.541], C~>°(0X,V (0y)) is irreducible if and
only if

(a) o is not Weyl-invariant, or

(b) o is Weyl-invariant and p,(0) = 0.
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If p,(0) # 0, then j(,’o is regular by Proposition 7.3, 3., of [BO00, p.123].

Since moreover Resg jm A is an intertwining operator, it follows from Schur’s
lemma and the above that

Resg J,, = cId

for some constant ¢ € C. Let 7" € Homy(V,, V;) and f € C~*(0X,V (0))).
Then,

/K T(B)T 0 f (k) dk = / () (w)es (N T (w) " £ (k) dik

K
by Lemma 5.5, 1., of [BO00, p.100|. Thus,

c/KT(k;)Tf(k‘) dk = /KT(k)T(w) Reso ¢, (A\)To(w) (k) dk .
Taking f = d.v (v € V) on K yields
cT" = cr(w)To(w) ™ = Resg e, (\)T .

Thus, ¢ is nonzero if and only if Resy ¢, (\) is nonzero on V. (o).

Assume that T' # 0. Then, it follows from Schur’s lemma that T is injective.
Hence, T" is also injective. The first assertion follows.

Let p € aX. By (20) of [BO00, p.100],

cr(=p) e ()T = T.

By (21) of [BOO0O, p.100], ¢ (1)* = ¢, (a)™.
Let A € a’.. Then, it follows from the above that

1
e (iIN) e, (INT = ——T .
A eI = 3
Since ¢, (p) is meromorphic and has poles of order at most 1, there exist
F; € Endy(V;) such that

1
(i) = aFfl + Fy +iAFy + - -

on V.(o), for all A in a punctured neighbourhood of 0 in a*. Assume that
T # 0. Let v € V, be such that Tv # 0. Then, T"v is also nonzero as T" is
injective. We have

1

leriNTol? = s

17wl

The left-hand side is again equal to

SIFA TP+ 2 (P (), Fo(Tw) — (Fo(Tv), Fa(Tv)))
+ (BT ~ (Fo1(T), F(Tw) ~ (F(To), F1(T0)) + O(N)
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Hence, if Res,—oc, = F_; = 0, then

1
Tv||* = |Fo(T)|]* + O(N) .
s Tl = IR(To)F + 00
So, ps(0) # 0. If Res,—oc;, = F_; # 0, then p,(0) = 0. Consequently,
Res,—o ¢, T = 0 if and only if p, (0 ) £ 0.

The proposition follows. ]

For o € M, set
={¢p € CXING(Q)/MN, Vp (0, )) |

po(0) £0  or /Aqb(k;a)ap da=0 VkeK(Q)}.
For a finite-dimensional representation o of M, set
W, = {6 € CX(T\G(Q)/MN, Vg (0, ) | / b(ka)a’da — 0 Yk € K(Q)} .
Let 0 # T € Homy (V,,V;) (o € M, 7 € K). Then, ¢ € W, if and only if
Resg ¢, () /ATgb(ka, e)a’ da =0

for all k € K(Q2), by Proposition 2.9.12. By the Peter-Weyl theorem,

(2:52)  C(H, Vu(r, ) = €D Homu (V,, Vy) @ CX(T\G(Q)/MN, Vi (0,0)) -

ceM

Let
W, = @ Homy (V,, V;) @ W,
ceM

and

W, = {6 € C™(H, Vi(r,0)) | /Aqb(k:a, et da—0 ke K(Q).

Then, W, is contained in W,. Let ¢ € M. Let T; be a basis of Hom (V5 V7).
Since the sum of Im(7;) over i is direct, W, is equal to @, ;; Homy (V,, V,) @ W, .

Proposition 2.9.13. Let T € Homy(V,,V;) (o € M, € K).

(1) Let k € K(Q2) and ¢ € CX(I'\G(Q)/MN,Vp(o,¢)). Then,
lim; o af (R*(T'®))(ka;) converges to

/ Tgb(k;aB(yw)_l,m;l)aB(yw)_Qp dy = Resy ¢, () / To(ka,e)a’ da .
N A
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(2) Let V' be a relatively compact subset of K(Q) and let ¢ € W,. Then,
a”*3 (R*(T¢))(ka)
is uniformly bounded when a € Ay and k € V.

Proof. Let k € K(2),t > 1, let T and ¢ be as above. We have

of (R (10)) (k) = o Tokarh, h™) dh

{heK | kasheG(Q)}

Té(kak(n), k(n) " )a(n) "> dn .

:at

/{neN | katx(R)EG ()}
Since k(n) = An(n) ta(n)™! = na(n)"H(a(n)n(n)ta(n)!), this is again equal to

p

ay T¢(kana(n)~", k(n)~")a(n) " dn .

/{nEN |kark(R)EG(Q)}

1
By the change of variables n = y® ? (dn = afdy), this yields

1 1 1 1

2 2 2 2
(2.53) 1 To(ky® aaly® ") w(y™ ") )aPaly™ ") > dy .

(WeN [kaus(y® 2)eG(Q)}

Let Vi be an open relatively compact neighbourhood of kM in . Let
Up={haK | hM € Vj,a € A} € Ur .

As ¢ has compact support in I'\G(2)/N, as {y € ' | U, N Uy, # @} is finite and

as there is s > 0 such that hanK € Uy for all h M € Vi, a € As; and n € N, there

is ¢ > 0 (depending only on V%) such that ¢(han) = 0 for all h € Vi, a € Aoy

and n € N.

Thus, ¢ is bounded on {kyaky | k1M € Vi, a € A, ks € K}. When a tends to oo,
1

then y“2 converges pointwise to e € N.

N[

Let € > 0. Choose s” > s’ > 0 sufficiently large so that we also have kr(y*”)M €
Vi, for all y € N such that |logy| < e and all a € Ay

Let y € N be such that |logy| <e. Asa(n) > 1foralln € N,

kna = kx(n) (a(n)a) (e~ n(n)a)
€A

for all n € N and a € A-.r. Let € > 0 be sufficiently small so that

inf aa(y® %)t > inf aly)™!

a€Ay,yeN :|logy|<e yeN :|logy|<e



is greater or equal than s”. Thus,
1 1
¢(ky"*aa(y” *)7) =0
for all y € N such that |logy| < ¢ and a € A,. Hence, there is a constant ¢ > 0

such that
1 1 1 1

|T¢(ky“§aa(y“7§)’l, E(yafi)fl) ‘a2pa(ya7§ )*2,0

is less or equal than ca(y)~? for all a € A, by Lemma 2.9.3.

By Lemma 2.9.4, there is a representative of the Weyl element w € K such that
w? =e.

It follows from Lebesgue’s theorem of dominated convergence that

lim af (R(T9)) (kay)

is equal to
/ T¢(k;a3(yw)’l,m;lw)aB(yw)’Zp dy .
N

By Lemma 2.3.24 applied to £ = N, we obtain

/ / To(kap(z®w)~",m; 'w)ap(z®w) > a dx da .
A J{zeN |ap(zw)=1}

2

Since ap(y*w) = a*ag(yw) = a?, this is again equal to

/ / Té(ka™? m; 'w)a* dxda .
A J{zeN |ap(zw)=1}

By the change of variables a +— a’%, this yields

1
—// Tgb(k:a,m;lw)apdxda.
2 Ja J{zeN |ap@w)=1}

The first assertion follows now by Proposition 2.9.11. B
Let V' be a relatively compact subset of K (2) and let 0 < p < ¢q. For y € N \ {e},
set m, = lim,_,o T(/{(y“_l)). It remains to show that

[y

1 1

1 a 2 a§ (172 - a, 2\—
t2| ! T(k(y" )T (ky" aaly™ *) ™" e)a; aly™ ~) > dy

(WeN | Nlog ylelp.dl, kaer(y® 2 )eG(Q)}

-/ i) To(kas(wg) ' e)anwy) ™ )
{yeN|[logyl€[p,al}

is uniformly bounded when ¢t > 1 and k& € V. Indeed, by the above and as
1

aza(y 2)‘ <ap(wy) ' forallt > 0and y € N\ {e}, we can choose p and ¢ so
that the integrand is zero on {y € N | |logy| & [p,q]}. Note that we could have

1
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used this argument already above in order to show that we can apply Lebesgue’s
theorem of dominated convergence.
For Y € n, H € a, define

F(Y,H) = T¢(k exp(Y) exp(H)7e) )

1

N[ —=

Then, lim;_, o Fk(log(yag),log(ata(yat )™H) = Fr(0,log(ag(wy)™)).
Since a C'!-function is locally Lipschitz, there is a constant L > 0 such that

1

), log(ara(y™ *)™")) — Fr(0,log(ap(wy) ™)

1
af

< L(|log(y)] + [log(aa(y™ *) ™) — log(ap(wy) 1))

| Fy.(log(y

~—

[
[

1

N[ —=

for all y € N with |logy| € [p, ¢] and all ¢ sufficiently large (then yat2 ata(y“; yle
G(€)).

1

For t > 1, |10gy“t2| < \/ii|logy|.
Using the Taylor expansion of log(1 + x) at x = 0, one can show that

1

2. _ _ 1 -
|log(aza(y™ ~)™") —log(ap(wy)™")| < n (t=1,ye N :llogy| >¢).

By Corollary 2.9.9,

1

VT (s(y™ *)) = 7(my)| = Vil (s((wyw ) )) = 7(winy)

is uniformly bounded when t > 1 and y € N such that |logy| € [p, q].
The proposition follows now easily from these estimates and Lemma 2.9.3. O]

Lemma 2.9.14. If ¢ € W,, then R*¢ € L*(Y,Vy (T, ¢)).

Remark 2.9.15. It follows that (R*¢, f) is well-defined for all ¢ € W, and f €
L2(Y, Vy (7, 9)).

If, in addition, f € €(Y, Vy(7,¢)), then (¢, f?) is also well-defined (recall that ¢
has compact support) and

(R*¢, f) = (6, f")
by Lemma 2.9.2, as C>2(Y, Vi (7, ¢)) is dense in € (Y, Vi (7, )) and as
feCy, Vy(r,9) = (6, %)
is continuous.

Proof. Let ¢ € C(H, Vi (T,¢)). Since (R*¢(g), R*¢(g)) = 0 for all g € G,

(R*é(g), R"¢(g)) dg

G
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is equal to

K k. k™) dk k, k™) dk)dg

/ V(g ></kngkEG o(gh, k) /%WGG ook, k1) dk)

// (haK)( a’”/¢hakk dkaf’/qﬁhakk k) g (@)a 2 dadh
Ay

bounded

where y(a) := [] ,cp+ sinh(u(H)), by Fubini’s theorem. If ¢ € W, then this is
finite by Proposition 2.9.13 combined with (2.52). O

Lemma 2.9.16. Let f € *€ (Y, Vy(T,¢)). Then,
(f,R'¢) =0
for all o € W,.

Remark 2.9.17. The pairing is well-defined as R*¢ is square-integrable by Lemma
2.9.14 combined with (2.52).

Proof. Let f € °€(Y,Vy(7,¢)) and let ¢ be as above. Then,
(f.R¢)=(f"¢)=0

Let now f € °€(Y,Vy(7,¢)). Then, there is a sequence (f;); in *€ (Y, Vy (7, ¢))
such that f; converges to f in L*(Y, Vi (7, ¢)). Since R*¢ is square-integrable,

(f, 7°¢) = lim (f;, R79) = 0.

Proposition 2.9.18. Let f € € (Y, Vy(T,¢)) be such that

for all p € W,. Then, @ =

Remark 2.9.19. Again the pairing is well-defined as R*¢ is square-integrable by
Lemma 2.9.14 combined with (2.52).

Proof. Note that it suffices to prove the following:
Let 0 = 7|,, (finite-dimensional representation of M ). Let f € €(Y,Vy (1, ¢)) be
such that

[ gerd@)dg =0

I\G(Q)/MN

for all ¢ € W,. Then, f =0.

Let ¢ € CX(G(Q)/MN,V(ocmn) ® V,) (smooth section of V(opyn) ® V,, with
compact support in G(2)/MN) be such that [, ¢(ka)a” da = 0 for all k € K(Q)
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Then, [, ¢(ga)a”da vanishes also for all g € G(2). Let 77~ denote the G-
representation on the space of sections V(o n). Let m(v) be the induced action
of TN () @ ¢(v) (v € T'). Then,

O(g) = (r(7)e)(gMN) =D ¢(v'g) (g€ G(Q))

yerl’ yel

is well-defined and ® belongs to W,.. Indeed, since I" acts properly discontinuously
on (2, it acts also properly continuously on G(2) /M N. So, the above sum is locally
finite as ¢ has compact support in G(2)/M N. Thus,

(2.54) 0= / o100, 200 s

- / (f2(g.0).6(9)) dg
G(Q)/MN

/ /M/ (ka, €), é(ka))a® da dk
:/K(Q)/A(f (k, ), d(ka)) da di

Here, we view ¢ also as a function on K(Q2)/M x A.

Let V(o) = K xp V,. Let us denote the space of conjugate-linear contin-
uous functionals on C*(K(Q)/M x A, V(o) ® V,) with compact support by
Coo(K(Q)/M x A, V(o) ®V,).

[

For he K(2),a€ Aand v € V, ® V,, define
d(h,a)V € C.o(K(Q)/M x A, V(o) ® V@)
via
(5(h,a)va ¢) - ('U, 77Z)(h7 CL))
(Y € C®(K(Q)/M x A, V(o) ®V,)).
Define the partial Fourier transform 7'(0) of T € Co(K(Q)/M x A,V (o) ® V,,)
at A =0 by )
(1(0),4) = (T, ")
(Y e C*(K(Q)/M, V(o) ®V,)). Let f € C(K(Q)/M x A, V(o) ®V,). Then,

(1500 4) = (parw) = [ (5000 000 do
- / (k. a)a® da, () dk = (7(0).)
K(@©Q) Ja

for all v € C°(K(Q)/M,V(0)®@V,). Let h € K(Q), a1,a2 € Aand v € V, @ V.
Let
S = al_p(S(h@l)’U — a;pé(hm)v S CC_OO(K(Q)/M x A, V(o) ® VSO) .

Then, S(0) vanishes. Tndeed, S(0)(¢)) (v € C®(K(Q)/M,V(0)®V,)) is equal to
ay"(O(n,a1), ") = ay " (O(nan)v; a’9) = ay " (v, ap(h)) — ay” (v, ayrp(h)) =
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Claim 2.9.20. There is a sequence (f;); in C(K(Q)/M x A, V(o) ®@V,) such
that

(1) f; convergesto S = a; 0 a,)V—05"d(nayv in C7 (K (Q)/MxA,V(0)®V,),

and
(2) [, fi(k,a)a”da =0 for all k € K().

Proof. Choose (xn)nen in C2(K(2)/M, |0, 1]) such that

supp(xn) — {hM} and / Xn(EM)dk =1 forallneN.
n—oo K

Let {v;} be an orthonormal basis of V, ® V.. Let g(() J(k) = 7(k~*h)v,. Then gé)l
C®(K(Q)/M,V(0)@V,). Choosegw € (A, R) such that [, go2(a)a™ da = 1.

For k € K(2) and a € A, set g0 (k a) = géf)l(k)ggﬁg(a). Then,
95 € CX(K(Q)/M x A V()@ V,)

is such that

/ (65" (k, @), 7(k""h)v;) a” da = 1
A

for all k € K(§2). Let (gj1); (resp. (gj2);) be a Dirac sequence in C2°(A,R) such
that supp(g;1) (resp. supp(g;2)) converges to {a;} (resp. {as}). Set

gi(k,a) = x;(kM)(ay”g;1(a)7 (k™ h)v — ay gj2(a) T (K~ h)v) .

Then, g; € CX(K(Q)/M x A,V (o) ® V,,) converges to S in C (K (Q2)/M x
A V(e)®@V,). Forv' e V. ® V,, set

Nij(k) = A(gj(k,a)ﬁ(k_lh)vi)ap da .
Then, k € K(Q2) — X, ;(k) belongs to C°(K(Q2)/M,C). For k € K(2) and a € A,
set
fi(k,a) = g;(k,a) ZAU
Then,
fi € CX(K(Q)/M x A, V(o) ®V,) (supp f; C supp x;) -
For all k£ € K(Q) and all 7, we have

/(fj(k,a),T(k: Yh)vi)a? da = N 4 ZA,] (v, v) =
A
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Thus, 7(h7'k) [, fi(k,a)a” da = 0 for all k € K (). Hence, [, f;(k,a)a” da van-
ishes for all ke K(Q), too. Let ¢ € C®(K(Q)/M x A,V (o) ® V). Then,

/;@Dj£<ﬂ<k¢w7w<k¢w>dadk
:/K(Q)/A(Qj(k,a)W(k,a))dadk_Xl:/K(Q) Aj(k’“l)A(gél)(k,a),w(ha))dadk

J/

S5() —15 (%)

and

/ o / g;(k, a) / (W(k, d'), g (k,d")) da'T(k~"h)v;) da dk
%wyAW@a» Dk, a')) da’r (k™ h)u)

converges to 0 as g;(0) converges to S(0) in C; (K (2)/M x A, V(o) ®V,). The
claim follows. O

It follows from the claim, applied to {v;}, and (2.54) that
(2.55) 0 [k, ar) = ay” {2k as)

Consequently, the right-hand side of (2.55) converges to zero when a, tends to co.
So, f%(k,a;) = 0. The proposition follows. O]

Theorem 2.9.21. Let T € K. Then,

“CY VW (T, 0) NE (Y, Vy(T,9) = "C(Y,Vy(7,9)) -
Thus, we also have

“CI\G, ) (1) NE(T\G, ) = "C(IT\G, 9)(7) -

Proof. As °€ (Y, Vy(7,¢)) is clearly contained in the left-hand side, it suffices to
prove the other inclusion.

Let f € € (Y, Vy(7,0)) NE (Y, Vy(7,¢)). Then, (f, R*¢) =0 for all ¢ € W_, by
Lemma 2.9.16. It follows by Proposition 2.9.18 that f = 0. O]
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2.9.2 About the orthogonality of Eisenstein series to the space of cusp
forms

We show in this section that the Eisenstein series are orthogonal to the space of
cusp forms when the critical exponent dr is negative. The proof without making
this assumption is much more complicated (see Theorem 2.9.51 in Section 2.9.5).

Definition 2.9.22 ([BO00, p.143)).
For ¢ € C~(B,Vg(oy,¢)) and v € CK(0X,V(6_))), we define the Eisenstein
series E(X\, ¢,v) € C*(I'\G, ¢) by

E(>H ¢7 U) = Cext(¢),v
(well-defined as a meromorphic function).

Lemma 2.9.23. Let A\ € a* and z € G(2). Then,

Za(v‘lx)_k_p <00 = A>0r.
~yel

Proof. Let us assume that A > —p. The proof for A < —p works completely
similarly and is left to the reader. Let U C K be an open neighbourhood of
#(z) such that U is a compact subset of K(Q2). Let W be a compact subset of
(0X ~ UM)M containing AM in its interior. Then, by Lemma 2.3 of [BO0O,
p.84], there is a constant C' > 0 such that Ca, < a(y 'x(z)) for all v € T with
k, € W. Since the closure of 0X ~\ WM is a compact subset of €2 and since I
acts properly discontinuously on X UQ, S :={yK |y e ': k,M € 0X \ WM}
is finite. Since moreover > na(y™'a) P =30 per kinery algT e) TP, we may
assume without loss of generality that k, € W. Since on one hand

S el ) = alw) Y al k(@) < Cala) Y0

vel vyel vyel

and on the other hand

Sy = a(@) Y aly (@) > ale) Y

vyer vyer vyer

the lemma follows by definition of ér and by the fact that Z’yEF a;’\’f’ diverges
for A = or. O

Definition 2.9.24. Define the Schwartz space on G by
C(G,Vy) ={f € C¥(G,V,,) | prxy(f) <oo Vr=0,X,Y cU(g)},

where p, xy(f) = *prxy(f). We equip €(G,V,) with the topology induced by
the seminorms.

Remark 2.9.25. This Schwartz space is just the vector-valued version of ¢’ (G, 1).
So, instead of the absolute value, we take here the norm on V.
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The following results are of independent interest.

Lemma 2.9.26. Let xy € C°(X UQ) be as in Lemma 2.3.19.
Let f € C*(I'\G, ). Then,

feCM\G ¢) <= xfeCGV,).
Remark 2.9.27. Here xf(g) (g € G) is by definition equal to x(¢K)f(g).

Proof. Let X,Y € g,r >0 and let f € C*(T'\G, p).

=: Assume that f € €(I'\G, ). Since Ay = @, Qqp = 9X. So, U, is equal
to X. Let U be an open subset of X, containing supp(x) N X, that is relatively
compact in X U). Then, U € Ur. By the Leibniz rule,

sup (1 +loga,)" ap]LXxf( )| = sup (1 +logag)’”a§\LXxf(g)]
gKeX gKeU

is less or equal than

Sup | Lxx(gK)| su U(1+logag) aglf(g)]

gKe

 sup IX(9K)| sup (1 +logay)"ag|Lx f(g)] -
gKGU

This is finite by Lemma 2.3.19 and as f € €(I'\G, ¢). The assertion for Y € g,
respectively X, Y € g, can be shown similarly.

<: Assume that xf € €(G,V,). As clo(U) is compact in X U2 and since supp x
contains by construction an open set V' C X U () such that U'yEF 7V =X UQ,
there exist 71 :=e,...,7, € I' such that U C |J;_, v supp x =: C. Since I' acts
properly discontinuously on X U €2,

{vel[yUnsuwppx # a2} C{yel[1CNC # o}
is finite. Thus, we have
D= IxfF(9) < praa(xf) Za (1+10gay,,) "

yerl’

for all gK € U. By Lemma 2.1.5, this is less or equal than

n

praa(xf) Y af (1+logay,) a;”(1+ loga,)™" .

i=1

Hence, Up,.11(f) is finite. Since {y € ' | vU N'supp x # @} is finite, we have
|Lx f(g !—Z\Xfo ig \—Z|Lx xX)(vig) — (Lxx(vigK)) f(7ig)]

< Z |Lx (xf)(vi9) + (Z |Lxx(vigK)|)| f(9)]
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for all gK € U. As xf € €(G,V,),

n

> ILx () (g)l < prxa(xf) D af (1 +1logay,) a,* (1 +loga,) ™"

i=1 =1

with p, x1(xf) < co. As in addition sup, ey |Lxx(zK)| < oo by (4) of Lemma
2.3.19,

Uprxa(f) < prxa(xf) D a8, (1 +logas,)" + (D sup. | Lxx(vigK)) Vpraa(f)
i=1 i=1 98€

is finite. The assertion for Y € g, respectively X,Y € g, is proven similarly.
In that case, one must use Remark 2.3.20 of Lemma 2.3.19 instead of (4). The
assertion for XY € U(g) follows by induction. This completes the proof of the
lemma. O

Lemma 2.9.28. Let y € C°(X UQ) be as in Lemma 2.3.19.
Let f € C(I'\G, ). Then,

fe CXI\G,p) <= xfe CXG,V,).

Proof. Let f € C®(T'\G, p).

=: Assume that f € C°(I'\G,¢). Then, there is a compact subset C' of X such
that supp(f)K C I'C. As in the proof of the previous lemma, we can show that
there exist 1 :=e,...,7v, € I' such that C' C |J_; visupp x =: C". Since T' acts
properly discontinuously on X U €2,

Tori={y el [ysupp(x) N7C # 2} C{y el [7C'NC" # &}

is finite. So, supp(xf)K C supp(x) Nsupp(f)K C supp(x) NT'C C Uwch/ ~C
and this set is compact.

<: Assume that yf € C°(G,V,). For g € G, we have

fl9)=>>_xf(v9)

vyel
Thus, supp f C I'supp(xf). This completes the proof of the lemma. ]

Lemma 2.9.29. Let x € C°(X UQ) be as in Lemma 2.53.19, let f € €(I'\G, ¢)
and let (f;); be a sequence in €(I'\G, ). Then,

fi= [in€I\G, @) <= xfj=xfinCGV,).
Proof. The lemma follows from the proof of Lemma 2.9.26. O]
Definition 2.9.30. Let f € €(I'\G, ¢) and A € af. Define

P02 k) = / Az ak)da (x € GQ).k € K)
A

whenever the integral converges.
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Let us show now that fAQ()\,x, k) (x € G(Q),k € K) is well-defined for \ € ia*
and or < 0.

Lemma 2.9.31. Let f € €(I'\G, ). Then,
// |a*~* f(znak)| dn da < oo (x € G(N),k € K)
AJN

for X € ia* and ér < 0.

Proof. Let x € C*(X UQ) be as in Lemma 2.3.19 and let A € af. Since

@ =Y x(gE)N ()l =D Ixf(r9)l

el vyel

and since x > 0, [ |a* " f(znak)|dn (z € G(Q)) is equal to

(2.56) Z Re(A / Ixf (yznak)| dn

vyer

by Fubini’s theorem. By Lemma 2.9.26, xf € €(G,V,). Fix d > 1. By Proposi-
tion 2.3.30 with I" = {e}, (2.56) is less or equal than

CP24,1, 1 Z afe® pa *yx pa'g(l + | log a(vx)a])
yel’

for some constant ¢ > 0. Thus,

Z/ ReMg(y2) (1 4 |log a(yz)a|) "¢ da

vel’

= Z a(yz)~Pa(yx)”Re® / a®*N(1 + |logal) ¢ da
~vel A

— Z ’71‘ —Re(\)— p</ Re(/\)t(l . t)_d dt + /OO eRe()\)t<1 + t)_d dt) .
vel 0

The integrals converge if and only if Re(A) = 0 and, by Lemma 2.9.23, the series
converges if and only if Re(\) > op. Thus, [, [y |a*?f(znak)| dnda is finite by
Fubini’s theorem if Re(\) = 0 and dr < 0. O

Recall that the pairing between C*(B, Vg(0o,, ¢)) (1 € af.) and C®(B, Vg(o_z, ¢))
is defined by

[ i) sl

where (-, -) denotes the scalar product on V,®V,, (see (2.38)). This pairing induces
in a natural way a pairing between C'~°(B, Vg(oy,,¢)) and C>*(B,Ve(o_z,¥)).
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Proposition 2.9.32. Let A € ia*. Let f € €(I'\G, ) gb € C7=(B,Vp(or, 9))
and v € CK(0X,V(5_y)). Assume op < 0. Then, [, v(k™1) ®fQ( A k)dk €
OOO(B7VB(O-)\7S0)) and

(B 6.0), iz == / L (BO06.0)0), 0) do

15 equal to
(6. [ T @ (-, b b
K
In particular, fr\G (E(X, 0,v)(9), f(g))dg =0 if f € °C(I'\G, ). In other words,

the Eisenstein series are orthogonal to the space of cusp forms.

Remark 2.9.33. If ¢ ¢ C>(B, V(o ¢)), then the integral

/ (B 6, 0)(9). £(9)) dg
NG

is in general only a formal notation meaning that the tempered distribution
E(\ ¢,v) € €' (I'\G, ¢) (see Remark 2.8.2 (2)) has to be applied to the Schwartz
function f.

Proof. Let A\ € ia* and ¢ € C>®(B,Vg(ox,¢)). Let f and v be as above. As
C>®(B,Vg(ox, ¢)) is dense in C~>°(B, Vg(0oy, ¢)) and as the pairings depend con-
tinuously on ¢, we may assume without loss of generality that ¢ € C>°(B, Vg (o, ¢)).
Let {v;} be an orthonormal basis of V,, and let ©; € V;; be such that (v;, 9;) = ;.
We identify V, with C¥™(Ve) via the basis {v;}. Then,

(v,0") = Z (v, 0;)v]

J
for all v,v € V,,. Note that [, v(k~1) ® fQ( A, k)dk € C®(B,Vg(ox, ¢)).
Let X € COO(Q) be as in Lemma 2.3.19. Assume 6r < 0. By Lemma 2.9.31,

[ 0@, [ e Pk

=[] T amati )

is well-defined and it is equal to
(257 | o e seoats™ ) ds
ne

Moreover, we can apply Fubini’s theorem. Thus, (2.57) is equal to

//X“’””M a(g~'e) (), v(k(g~ 7)) @ f(g)) du dg
:/G/KXM@M)(w@%w“— (9)v(x)), f(g)) dz dg

a Z /r\c Z / Xoo(ZM){(p(x), 7"~ (vg)v(x) @ U;) f3(7g) dx dg .

~yel’
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Since (-, -) is unitary, this is equal to

2 /F\G 2 /K Xoo(@M)((x), 7 (vg)0(x) ® ¢(7)3;) f;(9) dz dg .

vyerl

By definition of 7(7), this yields

Xj: /F\GZ /K Yoo (M) {(o(z), m(7) (77 g)v(z) @ ¥;)) f;(g) dz dg .

yel’

By Lemma 2.8.25, this is again equal to

Z /r\c; (¢, mu (7 Mg)v @ ;)8 fi(9) dg

= XJ: /F\G (ext(@), 7 Mg)v @ ;) f;(9) dg

:/ ((ext(qﬁ),ﬂ&’_’\(g)v>ax,f(9))dg-
NG

The proposition follows.
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2.9.3 Wave packets of Eisenstein series

We show that a compactly supported wave packet belongs to the Schwartz space.

Until the end of this section, we assume again that X # QH?2.
By [BO00, p.86], we can consider holomorphic, smooth or continuous families of
sections af 3 pu — f, € CF°(B,Vp(o,,¢)). We denote the linear space of smooth
families a%. 5 p+— ¢, € C(B, Vi(04y, )) with compact support in a*. by H{ ()
and the linear space of smooth families a% > pu — v_;, € C*(0X,V(5_,)) by
HTK.
Definition 2.9.34. Let ¢ € H(p) and v € HOX. Then, the wave packet trans-
form

B(6,0): M5 () x HH =5 C=(T1\G, )
is defined by

E(¢7U) = / cext(qﬁiu)m,w pa(lﬂ) dﬂ .
al

The section E(¢,v) is called a compactly supported wave packet (of Fisenstein

series).

Proposition 2.9.35. If ¢ € H{(p) and v € HE, then E(¢,v) belongs to
¢(I\G, ).

Proof. Compare with Lemma 10.7 of [BO0O0, p.147|. Let U € Ur and let gK € U.
Fix X,Y € U(g). Then, Lx Ry E(¢$,v)(g) is equal to

/ Crovin(X) ext(pin),m® =1 (Y )v_ip (9)po(ip) dp .

»
oy

By Lemma 2.5.12, there exists € > 0 such that we have

(258) Croin(X) eXt(@u),W&”i“(Y)U—m(ka’h)
=a™ " {ext(ey) (k). (J3_,m®™ (Y v-ip) (hhw ™))

a8, (X ext(64)) (), 77 o (h )

O,

+ a[*(p+E)R(Z',u7 7.[.0'77:M<X) ext<¢i‘u)7 kah)

for kM varying in a compact subset of {2 and for a sufficiently large and h € K,
where the remainder function (u, kah) — R(ip, 70 (Y )v_;,, kah) is uniformly
bounded. Let us write U as the union of a relatively compact set U; in X and
a set Uy C X that is relatively compact in X U §2 such that (2.58) holds for any
kaK € Uy and h € K. As pu— (ext(¢y,)(k), (J¥_;, 7 (Y )v_i,)(hw™")) has
compact support with respect to p and is smooth with respect to (u, k, h) (as long
as kM varies in a compact subset of Q), for all N € Ny there exists a constant Cly

such that

| [ e ext () (), (T2 o) (b0 g i

< On(1 + [logal)™
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as the Fourier transform of a Schwartz function on R" (here n = 1) is again a
Schwartz function on R”. Let W be a compact subset of Q. Let x € C>(Q2) be a
cut-off function which is equal to one on W. Then,

Xj;’jww"’i“(X)(l — x) ext (i)

is a smoothing operator by Lemma 5.3 of [BO00, p.98|. Since ext(¢;,)(z) = ¢ipn(2)
for all z € K(Q),

ij 7o (X) ext (i)

X

is also a smoothing operator. So,

s (T2 (X) ext(n,0)) (), 77 (Y Yoy (b~ w))

o7t

is smooth with respect to k as long as kM varies in a compact subset of ). Since
in addition it has compact support with respect to p and is also smooth with
respect to (u, k, h) (as long as kM varies in a compact subset of ), for all N € Ny
there exists a constant C'y such that

[ o ) ext () (K)o ) i)
) < (1 +|logal) ™ .
Thus,
Upnxy (B(9,0)) < "pnvxy (B(6,0)) + Ppaxy (E(6,0)) < 00
for all N € Ny. Hence, E(¢,v) belongs to € (T'\G, ¢) as the seminorms Vpy xy
(VelUr, X,Y €U(g), N € Ny) are sufficient to define the topology on € (I'\G, ¢).
O]

Recall the definition of vy y: For v e V5 (y € K), A€ ag and T € Homy (V;, V),
we defined vy, € C®(0X,V(5))) (A € ai) by

vra(k) ="T3(k v (k€ K).

Let vp: af 2 pu+— vp_j,. Set

N |+

ol = ([ (T30 00, T ol di)

Let 0 € M and let A € ia* \ {0}. Recall that we defined 77*(f) (f € €(G,V,,))
such that

NPy = [ Pl ady
for all F' € C.(G,V,) and v € C*(0X,V(0,)) (cf. (2.46) and (2.47)).
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Lemma 2.9.36. Let 0 € M, v € K, at. S p — ¢y € LB, Vo, ) be a
measurable family, v € V5 and T € Hompy (V,,V,). Let E(¢,vr) € €(I'\G, ¢).
Then,

1
O =

HUTHZW* (W&’_i“(XW)(UT,—m)) € C*(B,Vi(0iu, ¢)) -
Thus, @, > ju— Gy, is a smooth family.

Proof. Let o € M, ¢ € HS(p). Let ¢ and v be as above. By [BO00, p.156],
(E(,vr), E(o, UT))LZ(F\G#,) is equal to

”UT”2 ’ / (1/11‘;“ ¢iu)B pa(l,u) d,u .

*
+

But it is also equal to

/ (4, vr)(9)B(@,07)(g) dg
na

/ B, vr)(9)XE@,o1))(g) dg
- / ] fext(wn) (06,77 g)or 3,043 d i) s TXET@, o)) ) o

1., <6X“W(’”’/ (XE G or) @)~ (g)vr. (k) do) di: p, i) d
/ o (Wi(z m( g, m(xE(gb vr)) (v, w))(l’)) po(ip) dp .

Since H§(p) is dense in the Hilbert space fa? L3(B,Vg(oix, ©))ps(iX) dA,
+

1

Wﬂ'* (77'577@'/‘ (XW) (UT:*Z'M)) _

¢i,u =
The lemma follows. O

Corollary 2.9.37. Let v € K and f € C(T\G, p)(v). Then, po.(f), where pg.
denotes the orthogonal projection on L*(T\G, ©)ac, 15 a finite sum of wave packets
of the form E(¢,vr) € L*(D\G, ¢) withv € V5, 0 € M, T € Homy(Vz, V5) and

1
Gi 1= ——

[or|[®

T (@ (D)o)€ C(B. V(04 0)) -

Proof. Let f € €(I'\G,¢)(7). Then, p..(f) is a finite sum of wave packets of the
form

E(qb, UT) = / Cext(dip),vT,—ip pa(@“) dﬂ € L2(F\G7 90) y
a

*
+
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where v € V3, 0 € M, T € Homy,(V,, V,) and at 3> p— ¢y € L*(B, Vp(oi, )
is a measurable family. Write

pac(f) = Z E(QS(Z)? U%))
with T; € Hom (V,

L0, Vo) (00 € A1), () o) = 0if k # L Let 99 € H3” ().
By [BO0O, p.156], (E(v j) (])) Pac(f))r2 L2(N\G,p) 18 equal to

)17 [ @021 potin) do

+

But it is also equal to

E@WY,v¥)(9)f(g) dg

G

As in the proof of the previous lemma, one can show that this is again equal to
j 5 —; .
L] 0w G ) ) o) e
ah JIT\Q

The corollary follows as H{(p) is dense in the Hilbert space

/*€B L*(B, Vg(oix, ¢))po(iX) dX .

+
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2.9.4 Eisenstein integrals and its relation to the Poisson transform

In this section, we recall the definition of Fisenstein integrals and we show how
the Poisson transform and the Eisenstein integrals are related. Moreover, we state
several known results about Eisenstein integrals.

Definition 2.9.38. For A € Homy,(V,, V;(0)) (6 € M, v,7 € K) and \ € a, set

Eyronalg) = /K a(g7 k)~ (K (g7 k) Ay (K7L dE

These are the so-called Fisenstein integrals.

Let v € K, d,, = dim(V;) and {0\", ... ,v((iz)} be an orthonormal basis of V.. For
ke K, set x,(k) = try(k) (x, is called the character of 7). Let

E, = dv/l(mw(k) dk .

Lemma 2.9.39. Let (m,W) be a Fréchet representation of K and let v € K.
Then, there are F, ;., € Homg (V,, W) such that

Ew—z ’ij ’Y)

Proof. We identify V., with C% via this basis. Then, UJ(V) = vﬁﬂ for all ;.

Let {(v!")*, ..., (v((jz))*} be the dual basis of {v\", ... ,v((jz)}.

Then, ()" (1)) = (o] v”) = 6.

Let (m, W) be a Fréchet representatlon of K. Forye K,j=1,...,d,,weW
and v € V3, set

Fril0) =, [ w(byw @) (k) e) db & W
K
(W is a complete, locally convex, Hausdorff topological vector space). Since

@) (0 7) = @7k ") = (@

—

Dy (k)o'™y = tra (k)

dy

> F ) =d, /tr’y(k)ﬁ(k:)wdk:va.

j=1
The lemma follows. O

For A € a, 0 € M, let HZ) = C®(0X,V ().

Proposition 2.9.40. Let A € af, 0 € M, v, T € K, f e HZ and T €
Homy (V,,V;). Then, there are A; € Homy (V,, V(o)) such that

dy
- Z E’y,T,U,)\,AJ‘ (g)vj(,‘/) :
j=1
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Proof. Let g € G. Define F, ; pr(g) by
& [(PEDE) (10 )
=d, /K (g~ h) =7 (k(g7 " h)) /K Tk~ 0) () (v(k)™* - ) dh dk
=dv/Ka(g‘lh)‘(“p)r(ﬁ(g—lh))/}{Tf(k—l)(vy))*(y(hk)—l-)dkdh.

Set A; i=dy, [, Tf(k™)) (o) (4(k)™* - ) dk. Let m € M and v € V,. Then,

J

~
-
~
o
L
SN~—
~—
Q/—\

w)*(v(k_lm)v) dk

I
IS
5}
N\"N\
~
2
<)
=
=
=

7Y (v(k) M) dk = 7(m)A;(v) .

Thus, A; € Homy(V,, V(o). Hence, E, ;55 4;, = I, ; pry is an Eisenstein inte-
gral and

d'Y
E\(PL1)9) = 3 Errona,(9)0)”
j=1

by the proof of Lemma 2.9.39. [

Let @ be the canonical isomorphism between the principal series representation
L*(K x3 V,) and H°*. Then, ®(f)(kan) = a**f(k) (f € L*(K x V,)) and
®~! sends f € H* to f-

Let us give in the following an explicit description of the isomorphism

O (K X Vy(0)) ~ Homy (V,, V) @ HZ .
Let T' € Homy(V,,V;) and let f € HZ*. Then,
Tflx € CF(K xp V(o))

Let now F' € C®(K xp Vi (0)). Let V(o) =V, & --- @& V,, be an orthogonal
direct sum decomposition of irreducible M-representations. Let p; be the canonical
projection from V; to V,, and let ¢; be the canonical inclusion from V,,, to V. Since
Vy > V,,, there is a M-intertwining operator S; from V, to V,,. Let T, = 1,0 .5; €
Hom (V,,V;). Define f; € HZ* by fi(k) = S;' (pi(F(k))) (k € K). Then,

k
F = Z T fil ¢
im1

as Id = Zle t; o p; on V(o). So, the isomorphism maps F' to Zle T, ® fi.

Lemma 2.9.41. Let E, ., 4 be an Eisenstein integral and v € V.. Then, there
are T; € Homp (V,,V,) and f;, € HZ such that

Eyroaa(ma)y =Y Plif(ma)  (m€MuacA).
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Proof. For v eV, and k € K, set F(k) = Ay(k~')v. Then,

F € O%(K xy Vi(0)) ~ Homy (V,, V) @ HZ .

Let fi, = 5; lopjoF andlet T, = 1;05; € Homy,(V,, V;). It follows from the
above that

Y Tifi(k) = A(y(k) 1) -
The lemma follows now easily from this. O]

Let (7, V,) be a finite-dimensional representation of K. Let ¢,: af — End (V)
be the meromorphic function which is given by

) 1= [ al) O (n(r) d

for Re(A) > 0. It is the Harish-Chandra c-function.

Proposition 2.9.42. Let E. ;.4 be an Eisenstein integral with A € a* ~ {0}
and let v € V,,. Then, there is € > 0 such that, for a — oo,

E, ;oira(ma)v = ai’\’ch(i)\)A(’y(m)’lv)+a’M’pAw (CV(—i)\)’y(m)*lv) +O0(a™*7779)
uniformly in m € M.

Proof. For v € K and Re(u) < 0, define
Ty = / a(n)*Py(k(n)) "' din € Endy V,
N

(this corresponds to Definition 2.17 in [Olb94, p.31]). By analytic continuation,
we get a meromorphic family on af:. By the previous lemma,

E, 7 oxa(ma)v = Z Pl fi o (ma) (me M,a € A).

Let A € a* ~ {0}. Then, there is £ > 0 such that, for a — oo,
7P fu(ka) = 0 e (i0) 30 T (k)07 3 TR (i f50) () +0(a ™)
J j ;

uniformly in kM € 0X, by Lemma 6.2, 1., of [BO00, p.110] (compare with Lemma
2.5.12). If k =m € M, then

T rin i) ()

is equal to

ZT winfi)(e) = m(m) " r(w) D (T (0 (F)))(e) -

J
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This is again equal to
~(om) (W) A1 () 0) = A (27 (m) )
By Proposition 3.13 of [O1b94, p.31],
(2.59) Jy-p=0¢W)  (peag).
The proposition follows. m

Corollary 2.9.43. Let v,7 € K, 0 € M. Let {v](-w} is an orthonormal basis of
V.. Let A € a* ~ {0}, i € HZ™ and T € Homp(V,,V;). Let k € K. Then,
there are Ay ; € Homp (V,, Vo(0)) such that

¢ (INT (Em > (k™ Yn) (e) = ¢, (i)) ZA,WM

and

ija,—i)\ (E'y UZ/\( wz)\ ZAk'yj ’Y

Remark 2.9.44. Let E, ;) 4 be an Eisenstein integral. Then, one can show that

E’y,T,wa,f)\,cT (ANwAw = E’y,T,o’,)\,Acv N

whenever ¢, (p) and ¢, (p) are regular in ¢ = A\. Compare with Theorem 13.2.9 of
[Wal92, p.232].

Proof. Let A € a* \ {0} and let ¢y, € HZ™. Let k € K. Then, there are
A5 € Homy (V,, V(o)) such that

E,(PAa (k™)) (g ZE'}/TUZ)\A]C,Y] (9)v; ) (9 € G)

by Proposition 2.9.40. By Lemma 6.1, 1., of [BO00, p.110], Proposition 2.9.42
(applied twice) and by uniqueness of asymptotic expansions,

¢ (INT (Em 2 (k7Y (e) = ¢, (i)) ZA,WM

and

~

T Ja,—i)\ (E'y i Z)\( wz)\ Z Ak; s ] "/
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Theorem 2.9.45. Let E. ;.4 be an Eisenstein integral and let m € M. Then,

/// E, ;oiva(nma)p,(iv)dva " " dnda (u€a”)
AJN Jay

15 equal to

1

%CT(Z’M)*1 (a™ e, (ip) Ay(m) =" 4+ a= P A%, (ip)y(m) ™) .

Remark 2.9.46. It follows from the proof (look in particular at the formula for
O(P,a)?(ma) on p.239 of [Wal92]) that the above formula is deduced from the
following equality:

o’ / / E iy, a(nma)po (i) dp dn
N Jai

N / (Cf(iu)‘l(cr(iu)/l'y(m)‘l + chw(iu)v(m)‘l)“w) d (aed).

Proof. For m € M, set p(m) = A(y(m)~!-). For ¢ € Hom(V,, V;), set
(1) Cpip(e,N)¢ = c: (N9,
(2) Cpip(w, \)d = ¢¥c (=),
(3) Cpip(e,w N = ¢ (Ao, and
(4) Cpip(w,w™A)p = ¢“cy(N)
whenever this is well-defined. This notation makes it easier to compare N. Wal-
lach’s results with ours.

Assume now that A € ia* \ {0}. By Proposition 2.9.42, there is € > 0 such that,
for a — oo,

(2.60) E,rona(ma)v=a*"?(Cpp(e,N)p(m))v
+ a0 (Crppl, Np(m)) v + O(a=~)
and
(2.61) E, .o ra(ma)v =a (C’p|p(w w ' A)p(m))v
+ a7 P(Cpiple,w™ "N p(m))v + O(a™**7%)

uniformly in m € M. Compare this with Theorem 13.2.6 of [Wal92, p.230).
Set °Cpip(e, ) = Cpiple, \)LCpip(e, A) = Id and, for ¢ € Hom(V,, V;), set

OCpip(w, wA)p = Cpp(e, \) " Cpip(w, w ' A)p = . (N) g% e, (N) .

The theorem follows now from Theorem 13.3.2 of [Wal92, p.236].
Since [y a(n) * dn =1 and

27r//f Vo' dva" da = f(p)

for all p € a* and f € C>(a*), the appearing multiplicative constant is 5— m
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2.9.5 The contribution of the wave packets of Eisenstein series to the
closure of the space of cusp forms

We show in this section that the wave packets of Eisenstein series are orthogonal
to the space of cusp forms (cf. Theorem 2.9.51). We conclude from this and our
previous results that

*E(T\G, p) = L*(T\G, p)as ® L*(T\G, 9)u
(Theorem 2.9.54).
Assume that X # QH?.
Lemma 2.9.47. Fiz g € G(Q), 0 € M and \ € a’. Then,
f € Ca™(0X,V(on, o) = Jonf(9)
15 cONLINuUous.

Proof. Fix g € G(Q) and A € af. Let @ be an open neighbourhood of A that does
not contain gP and let U = 0X \ Q. Let U’ be a compact subset of U containing
gP and let x € C>*(U) be such that x|, = 1. Then,

f € CaOX,V(on o) = Jar(xf)(9)
is continuous as multiplication with y is a smooth operation and as
Jop: CZ(0X,V (o, ¢)) = CZ(0X,V (0", 9))
is continuous by Lemma 5.1 and Lemma 5.2 of [BO00, pp.96-97|. The map
f € Ca™=(0X, V(o))" = Joal(1 = x).)(9)

is also continuous by Lemma 5.3 of [BO00, p.98] and as multiplication with 1 — x
is a continuous operation. Thus,

f € Ca™(0X,V(on @) = Jonf(9)
is continuous. This completes the proof of the lemma. O

For T € Homy(V,,V,), define T¥ = ~(w)To(w)~'. Then, T belongs also to
Hom (V;,, V). Note that 7% does not depend on the choice of w.

Theorem 2.9.48. Let ¢ € Hi(p) and let k € K(2). Let T € Homy (V,, V).
Then,

(2.62) // / PL ext (¢, ) (kna)pe(iv) dva™ """ dn da (n€a”)
a
18 equal to

263) o) e (i) T0u(R) + T puext(9-3,) ()
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Proof. Fix p € a* and k € K(Q2). Put ¢, = ext(¢;,). It suffices to show that

(2.64) / / L absy (kna)p, (iv) dv dn
a*

N / ny (Z.I/)il (C’y (ZV)T¢W(]€) + ijo,fiuwfw(k))aw dv .

Indeed,

(2.65) %/A/a* f(v)a™ dva*da = f(u)

for all p € a* and f € C®(a*). It follows from (2.64) that (2.62) is equal to

/ / CV(iV)il (Cv(w)T@u(k) + ija,fiuwfw(k))a“’ dva *da .
A Ja*

By (2.65) and as ¢ € HJ(p), this is equal to (2.63).
Let us prove first (2.64) for I' = {e}. Then, ¢y, € C*(9X,V(0u,p)) for all
v € a’}. Let 71,72, ... be the elements of K. Then,

l

/N | /a: ZEWW Wb ) (na)py (iv) dv

—/ Pg;ﬂ”’i”(k—l)ﬂ}w(na)pg(iy) dv| dn

.
is equal to
l
[ B, [ Photnapativydv — [ Phu(kna)pa(iv) vl dn
N j=1 a’ a’

By Theorem 7.1.1 of [Wal88, p.227] and by the proof of Proposition 2.3.30, there
exist constants C,; converging to zero when r > 1 is fixed and [ goes to oo such
that this is less or equal than

Cria?(1+ |logal)™

Thus, the left-hand side of (2.64) is equal to

l

(2.66) li ™" / / ZEWW( Yo,) (na)ps (iv) dv

Let {vlhj)} be an orthonormal basis of V,,. By Corollary 2.9.43, there are Ay ; ;» €
Homy(V5,, V(o)) such that

dy

C,Y(Z'V)T(E% UW( >wzu - C'y w Z Akjj/v 1
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and
dy,

~

TY Iy _iv (E% 7w (g ww Z AR ey, (iv)v (%

for every j € N, v € a* \ {0} and k£ € K. By Theorem 2.9.45, (2.66) yields

lim [ ¢, (iv)™! (CW(iV)T(ZEyJ T (™)) (€)

[—00 a*
l
+ T Join (> By m™ (K i) (€)@ d
j=1

(2.64) now follows.

Let us now show (2.64) for I' # {e}. Let (¢;); be a Dirac sequence in C>*(G,R).
As Plm7"(@;);, converges to P, and as 77" (p;)1s, € C®(0X,V (0i, @)
(since p; € C*°(G)) and as it depends smoothly on p € a7, the function

/ PLr% " (0 )hippe (i) dps

ai

is a wave packet in X and belongs therefore to € (X, Vx(v,¢)). By the proven
case I' = {e},

(2.67) // PIr%™ ()i (kna)p,(iv) dv dn

is equal to
208) [ i)™ e (@) T7 ()0 (1) + T i) ()

One can show that (2.67) converges to

a p/ / L abiy (kna)p, (iv) dv dn

by using Lemma 2.8.13 and the proof of Proposition 2.3.30. As ¢ € HJ(p), (2.68)
converges to

/ ey (1) (ey (i) T i (k) + T Ty i (K)) @™ dv

by Lemma 2.9.47. The theorem follows. m

The following is the crucial result needed to prove that L*(T\G, ¢)q. is orthogonal
to the space of cusp forms (Theorem 2.9.51).

Proposition 2.9.49. No non nonzero compactly supported wave packet is cuspi-

dal.
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Proof. The main result we need in order to prove this proposition is Theorem
2.9.48, providing an explicit formula for the Fourier transform of the constant
term of a compactly supported wave packet.

Let f € LA(T\G, ¢)o N°E(T'\G, ) be a cuspidal, compactly supported wave
packet. Since the projection of a function g € °€(T\G, ) to L*(T'\G, ¢)(7) be-
longs still to °@(I'\G, ¢) for any v € K, we may assume without loss of generality
that f € (L2(T\G, ¢)ae)(7) N °E(C\G, @) for some v € K. We have

T(T\G,p)(7) = "€ (T\G,p) @ 3" @V, =€ (Y, W (7,9)) @V, ,
where Vy (7, ¢) := V3 (7) ® V,. The isomorphism
Y, W(¥,9) @V, = C(I\G, 0)(7)

maps F®u to (F,v). Thus, f is a finite sum of wave packets of the form (E (¢, T), v)
with T € Homy, (V3, V5) for some o € M, vEV,, ¢: A= ¢y € LA(B, Vi(ir, )
is a measurable family with compact support in A and E(¢,T) € °€ (Y, Vy (7, ¢)).
Let {Tl(r), o ,Téf)} be an orthonormal basis of Homp(V;, V) and let vy, ..., v,
be a basis of V. Write

7(r)

f= ZZ/ wq ext ( (b )pg(r)(iy)du,vr).

71q1a+

Since the sum of Im (7" over i is direct for r fixed,

s ()
(2.69) Z/ g ext (¢ ))pgm(w) dv

belongs also to "€(Y, Vy(’y p)) for r = 1,...,s. It follows from Lemma 2.9.36

that %" € C=(B, V(5" ©)) for all v € a* and that v € a% — ¢!%" is smooth.
By Theorem 2.9.48, the Fourier transform of the constant term of (2.69) at iu

(€ a%) is equal to
1 &
r) 1(q,r)
o Z Tq( ¢ i
q=1
for all k € K(9), since ¢ =0 for all u € a}. By (2.69),

DT (k) =0
q=1

for all k € K(2). Applying (Tq(T))* yields (bEZ’T) =0forq=1,...,n,. Hence,
> ()
= Z Z / “/q ext ¢( ))PUu)(W) dv,v,.) =0 .

T1q1a+

The proposition follows. O
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N, if 7 = 7% for some X € a%,

{0} otherwise

Let F, be the restriction of F to the closed G-invariant space F~'( [ NI&V; dr(r)).
Let 0 € M and x, € C>(a%) be a cut-off function. For f € L*(T'\G, ¢), define

Uy (f) = Fo  (Xo(N) Froir(f))rear ) -

Let o € M. Define N7 (r € G) by {

Note that W, is a G-intertwining operator. For f € L*(T\G, ¢)(7) (v € K), define

U(f) = (f).

ceM

Then, the map V is well-defined as only finitely many maps ¥, are nonzero. We
call such a function a spectral cut-off function.

Let o € M and let W be a closed G-invariant subspace of L2(I'\G, ©)ac.

Let us denote the orthogonal projection of L2(T'\G, ) to W by pw. This is clearly
a G-intertwining operator.

Lemma 2.9.50. If f € W(y) (v € K), then W(f) € W(y).

Proof. Since pw is decomposable by Proposition 2.5.2, there is a measurable family
of maps L.: Ny — N, (7 € G) such that

pw(f) = F (L ® T)(Fr () recs)
for every f € L*(T\G, ). For f € W, we have

Vo (f) = Uelpw (f)) = F; (X (N) Froir (pw (f)) ) rcar,)
XU(A)I_;T"’“ ("ra_l ((Lﬂ”v“" ® Id) (‘Fﬂ”’i“(f))u@j)))/\eai)

= pw(¥o(f)) €W .
The lemma follows. O
Theorem 2.9.51. L*(T\G, @), is orthogonal to the space of cusp forms.

Remark 2.9.52. If or < 0, then the orthogonality of L*(T\G, ©)a. to °€ (T\G, ¢)
follows directly from Proposition 2.9.32.

Proof. Assume that L*(I'\G, @), is not orthogonal to the space of cusp forms.
Then, there is f € “€(T\G,»)(7) (1 € K) and g € L*(T\G, ). such that

(Pac(f): 9) = (f,9) # 0.

In particular, p,.(f) is nonzero. Let ¢ be the orthogonal projection on °€(I'\G, ¢).
Since pae © ¢ = q © pae by Proposition 2.5.3, p..(f) € € (I'\G, ¢)(7).
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Let W be a spectral cut-off function. Then, ¥ (p,.(f)) belongs to °€ (I'\G, ¢)(T)
by Lemma 2.9.50 and it is a finite sum of compactly supported wave packets by
construction and by Corollary 2.9.37 and hence a Schwartz function by Proposition
2.9.35. It follows now from Theorem 2.9.21 that W(p,.(f)) is a cusp form. Thus,
U(pac(f)) = 0 by Proposition 2.9.49. As we can choose U arbitrarily, it follows
that pa.(f) = 0. This is a contradiction! The theorem follows. O

Proposition 2.9.53. L*(T\G, ©),cs is orthogonal to the space of cusp forms.

Proof. Let p be the orthogonal projection on L*(T\G, ¢)s ® L*(T\G, )y and let
q be the orthogonal projection on °¢(I'\G, ). Since p o ¢ = q o p by Proposition
2.5.3,

p(*€(T\G,9)) = (L*(T\G, ¢)res ® L*(T\G, p)rr) N € (T\G, ) -

As L?(T'\G, @)y is contained in ¢ (I'\G, ) by Theorem 2.7.11, this is again equal
to
(LX(T\G, ¢)res N"E(T\G, ¢)) & L*(T\G, 9)u -

Let f € L*(T\G, ¢)es and g € °€(T'\G, ). Then,

(f:9)2mvce) = (f:2(9)) 2m\6re)
As moreover L*(T'\G, )y is orthogonal to L*(T\G, ¢),.s, it suffices to show that

LQ(F\G7 90)1”65 N OCK(F\Gv 90) = {O} .

Since the orthogonal projection on (L*(T\G, ¢),es ® L*(T\G, ¢)y) N € (T\G, ¢)
is decomposable by Proposition 2.5.2, there are subspaces Sy (7 € G.) of N, such
that
LA(T\G, ¢)res N °E(T\G, ) = P cx(S-0V5)
ﬂeéc

Since in particular c;(S;®Vy) C L}(T\G, ¢)es, every S; must be contained in
some (0, ¢). Assume now that some space Sy is nontrivial. Then, it contained
also a nonzero K-finite matrix coefficient ¢, (f®uv). Thus, ¢, (f®v) € € (T\G, )N
¢ (I'\G, ) by Lemma 2.7.1. Hence, ¢, (f @ v) € *¢(I'\G, ¢) by Theorem 2.9.21.

This is a contradiction by Theorem 2.7.11. O]
Theorem 2.9.54. We have:
(270) OCK(F\G’ 90) = LQ(F\Ga @)ds ) LQ(F\Ga @)U .

Remark 2.9.55. The decomposition (2.70) was already conjectured by M. Olbrich
in 2002 (see [O1b02, p.116]).

Proof. As the spaces L*(T\G, ¢)y and L*(T'\G, ¢)4s are contained in ¢ (T'\G, ¢)
by Proposition 2.7.10 and Corollary 2.8.39, we have

G (T\G,¢) = (L(T\G, ¢)ac ® L*(T\G, 9)res) N “C(T\G, )
©® LQ(F\G7 gp)ds S LQ(F\Ga QO)U .

The theorem follows now from Theorem 2.9.51 and from Proposition 2.9.53. [
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3 The geometrically finite case

3.1 Decompositions for varying parabolic subgroups

For notations, see Section 2.1.

Since we may have several cusps, it is in general no longer sufficient to work only
with one fixed parabolic subgroup of G. We investigate in the following what
happens when we pass from one parabolic subgroup of G to another.

For a Cartan involution ¢ of g, h € G and X € g, set "0'(X) = Ad(h)#'(Ad(h) ' X).
For a Cartan involution ¢’ of G and g, h € G, set "0'(g) = ho'(h~gh)h~".

Note that "¢ is again a Cartan involution if # is a Cartan involution.

We denote the maximal compact subgroup of GG associated to a Cartan involution
0’ by Ky. Let ' be a Cartan involution of GG. Then,

{9eG|"(9)=g}={ge G| (h " gh)h " =g} =hKyh™" (heq).

Moreover, there exists A € G such that @ = "0 by, e.g., Lemma 2.3.2 of [Wal8s,
p.57]. Thus, the maximal compact subgroups of G are conjugate.

For X|Y € g, set (X,Y)p = (Ad(h)"'X,Ad(h)"'Y). Note that this definition
is independent of the choice of h and that (-,-)s is an Ad(Ky )-invariant inner
product on g.

By abuse of notation, we denote the norm g — [0,00), X +— 1/(X, X)y also by
| - |. Tt will be clear from the context which norm is meant.

Definition 3.1.1.

(1) A subgroup Q of G is called a parabolic subgroup of G if there exists g € G
such that Q = gPg~'.

(2) Let @ be a parabolic subgroup of G. We say that Q = MgAgNy is a
Langlands decomposition if there exists g € G such that Mg = gMg™,
Ag = gAg~' and Ng = gNg~".

Remark 3.1.2. This definition does not depend on the choice of P. It follows
from the uniqueness property of the Cartan involutions, we have seen above, the
fact that all the maximal abelian Lie subalgebras in s are conjugate under the
adjoint action of K by Lemma 2.1.9 of [Wal88, p.47] and the construction of P
that the above definition does not depend on the choice of P.

Let () be a parabolic subgroup of G’ with Langlands decomposition MgAgNg. Let
mg (resp. ag, ng) be the Lie algebra of M (resp. Ag, Ng). Since the Killing form
B is invariant under the adjoint action of G, it follows from the previous definition
and Section 2.1 that mg @ ag @ ng is an orthogonal decomposition relative to B.

Lemma 3.1.3. Let g € G. Then, gKg 'NK is equal to K if g € K and equal to
a conjugate of M in K (which is strictly contained in K ) otherwise.

Moreover, if K' is a maximal compact subgroup of G, then there exists a unique
element hIK € X such that K' = hKh™!.
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Proof. If ¢ € K, then gKg~! N K is clearly equal to K. Assume that there
exists ¢ € G\ K such that gKg~' N K # {e}. Let h be a nontrivial element
of gKg~' N K. Then, a, # e and hgK = gK. Thus, hk,a,K = k,a,K. Hence,
hkyM = kyM, by the uniqueness property of the Cartan decomposition. So,
ky'hkg € M <= h € k,Mk,"'. The first assertion follows.

Let hyi, ho € G be such that K’ = thhfl = hQKhz’l. Then, h;lthhl’th =K.
It follows from the first assertion that hg 'hy belongs to K. Thus, K = hoK.
The lemma follows. O]

Lemma 3.1.4. Let ¢ be a Cartan involution of g and let Q = MgAgNg be a
parabolic subgroup of G. The following conditions are equivalent:

(1) Mg is contained in Ky ;
(2) ag is orthogonal to the Lie algebra of Ky .

Assume now that one of two conditions is satisfied. Let k € K be such that Q) =
kPk™' (kM is unique). Then, there exists a unique h € NgAq such that Ky =
hKh™. Moreover, Ng = kNk™, Ag = hkAk™*h™' and Mg = hkMkE™'h™ =
ZK0,<AQ) C K@/.

Remark 3.1.5.

(1) When we take the Cartan involution " and Lie(hkAk~'h~') for a in Sec-
tion 2.1 (note that this is indeed possible), then the constructed parabolic
subgroup of G in Section 2.1 is equal to Q).

(2) Let g € G and let Mg = gMg™, Ag = gAg™', Ng = gNg™! and Q =
MoAgNq. Let k,h be as in the statement of the lemma. Then, it follows
from the lemma that gM = hkM. In particular, K¢~ ' = hKh™L.

Proof. Let ¢, k and Q = MgAgNg be as above. Then, Ng = kNk™L.
Let g € G be such that Ag = gAg™" and Mg = gMg™.

(1) Assume that M is contained in Ky .

As ma = am for all a € A and m € M, ma = am for all a € Ay and
m e MQ. So, MQ = ZKQ,(AQ).

Let h € G be such that Ky = hKh™ "

Since Ky AgNg = (hkKEk™*h™')(hkAk™*h=')(RkNk™'h™1) is an Twasawa
decomposition of GG, we can choose h € NgAg = AgNg such that Ky =
hKh=!. his unique by Lemma 3.1.3.

As the Killing form is invariant under the adjoint action of G, as a is or-
thogonal to € and as M is equal to K N P, Lie(hkAk~*h™") is orthogonal to
the Lie algebra of Ky = hkKk™'h™' and Mg = hkMkEk™'h™' C Ko N Q.

Thus, Ag = hkAk~'h~!. Hence, Lie(Ag) = Lie(hkAk~'h™1) is also orthog-
onal to the Lie algebra of Ky .
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(2) Assume that ag is orthogonal to the Lie algebra of Ky. As the Killing
form is invariant under the adjoint action of G, as Lie(hkAk~'h™!) is also
orthogonal to the Lie algebra of Ky and as a is the unique maximal abelian
Lie subalgebra of m & a & n whose Lie algebra is orthogonal to that of K,
Ag = hkAk™'h~'. Hence, Mg = hkMk™'h™.

The lemma follows. O

Let us also introduce some more notation.

Let 6’ be a Cartan involution of g. Let @ = MQAQNQ be a parabolic subgroup of
G. Let f(Q be a maximal compact subgroup of G containing the compact group
Mg (other choices are aKga™" (e # a € Ag)).

Since G = NAK is an Iwasawa decomposition, it follows from Lemma 3.1.4 that
G = NoApK is an other Twasawa decomposition.

Let h be the unique element in NpAq such that Ky = hKoh™'. Then, My o :=
hMthl is contained in Ky . Let A@/’Q = hAthl.

When it is clear which Cartan involution is meant, then we often use the simplified
notations Mg and Ag. We do the same for the notations which we introduce below.
Let k € K be such that Q = kPk™" and let i/ € NgAy g be the element provided
by Lemma 3.1.4. Then, Ky = W' Kh' ™.

Let Ngl,Q = QI(NQ) We denote the Lie algebra of MglyQ (resp. AglyQ, NQ, Ng/VQ)
by My @ (resp. Ao Q> NQ, ﬁggQ).

Define ay g € ag o (resp. po g € ay o) by

ayq(H) = a(Ad(WE)™'(H)) (resp. py,o(H) = p(Ad(h'k)™'(H))) (H € apq) -

Put A9/7Q7+ = {a S Ag/yQ ‘ a®?’.Q > 1} and AQI’QHF = {a € Ag/yQ ‘ at?.Q > 1}

For s > 0, put Ag/,Q’gs = {CL € A@QQ ‘ a®.Q < S} and A0'7Q,>5 = {CL € A9/7Q ‘
a“’.@ > s}.

If 4 € ag g, then we define Hy g, € ag g by

Hy g = (AAWE)T(H)),  (H€apg) .

For H € a and y € aj o, set (W'k)™"u(H) = p(Ad(R'k)H). Then, (h'k)~".u € a*
for all p € az 4.
We define a symmetric bilinear form (-, )¢ o on ay o by

(7)o = ((W'k) ™ p, (W'k)~V7)

for all u, 7 € ay . For p € aj o, set |u] == /{1, )o@
Thus, H € ag g — ago(H) € R identifies ag ¢ with R isometrically and that

w€ ag o+ {(a, e q € R identifies ag 5 with R isometrically. Moreover, ag g is
identified with 1.
For g € GG, we set

ko o(g) = Wke(k™ W' g’ k)k— 0"
Define Qo' .Q, Ao’ .Q, No',Q> Vo' .Q> thQ and k?g/’Q, k’g/’Q’A, ag' Q.- hg@Q’A analogously.
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!
s

By abuse of notation, we will often write for ajﬁQQg simply ay.
Then,

9 = roq(9)ar Q(9)ne.0(9) = vo o(9)he o(9keol9) (9 €G)
(Iwasawa decomposition of G with respect to NgAgy oKy) and
9= ko @e00.05h00e  (9€G)

(Cartan decomposition of G). These decompositions are independent of the choice
of k. Since
ak—lh/—lgh/k = ah/—lgh/ (g c G, k c K) y

(3.1) GG’Q,é?g - az"lgh’ = Ap=tgn -
Note that
(3.2) ag o(9) e = a(k™'W " 'gh'k)* (g€ q).

The Haar measure on N (resp. N, A) induces a Haar measure on N (resp. Ny o,
Ag@Q) so that

/ ag o(0'(n)) %@ dn =1 (vesp. /_ ag () *redn=1) .
NQ NG’,Q

Let 6" be an other Cartan involution. Let h” € NgAy g be the element provided
by Lemma 3.1.4 for ¢/ = 0". Let h = h"l'~" € NoAg . Then, Ko = K" Kh" ™' =
hKyh™t. Since
a0.0(g)"@ = alk K" gl R)°
_ a(k—lh/—l(h/h//—lgh//h/—l)h/k)a _ agl,Q(iL_lgiL>a9"Q

by (3.2), it follows that

(3.3) agr Q(9)*" @ = ag q(h™gh)*" e .
Similarly, one shows, using (3.1), that

ae//yQ o ae/’Q
(3-4) U Qg = Vpigh -

Let us show now how we can compare spaces constructed from different Cartan
involutions.

Let K’ be a maximal compact subgroup of G. Let h € G be such that K’ = hKh™*.
Then, K’ is the stabiliser of hK. So,

X' =G/K' - X =G/K, gK'+— ghK

is a natural isomorphism between X’ and X. Let P’ be a parabolic subgroup of
G. Let h € G be such that P’ = hPh~'. Then, P’ is the stabiliser of hP. So,

0X':=G/P' - 90X =G/P, gP' +— ghP
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is a natural isomorphism between 90X’ and 0.X.
If h € G is such that K’ = hKh™! and P’ = hPh™!, then

X=XUdX=G/KUG/P
is canonically isomorphic to

X =X'uUoX'=G/K'UG/P".

To shorten notations, we simply write gK’ = ghK and gP’ = ghP.

Let us come now to the impact on functions of the change of the Cartan involution.
If f: G — C is a right K-invariant function, then R f is a right K’-invariant
function on G as

Ry f(gk) = f((gh)(h™'kh)) = f(gh) = Rnf(g)

for all g € G and all h € K'.
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3.2 Geometrically finite groups and I'-cuspidal parabolic
subgroups

We define geometrically finite groups and I'-cuspidal parabolic subgroups of G,
which are the representatives of the cusps of the space I'\X = I'\G/K.

Let I' be a torsion-free discrete subgroup of G. Recall that Ar denotes the limit
set (closed and T-invariant set) and Qr the set of ordinary points (open and I'-
invariant set). Moreover, 0X = Qr U Ar and T' acts properly discontinuously on
X UQr. As moreover I' is torsion-free, I' acts freely on X U Qp. See Section 2.2
for further details.

Definition 3.2.1. We say that a parabolic subgroup Q) = MgAgNg of G is I'-
cuspidal if I'g := I"'N @ is an infinite subgroup of G which is contained in NgMj.

Remark 3.2.2.

(1) This definition does not depend on the chosen Langlands decomposition as
NQMQ = NQnMQn_l for all n € NQ.

(2) If Q is T-cuspidal, then yQv~! is T-cuspidal for all v € T.

Let (D1, Q2 be two I'-cuspidal parabolic subgroups of G. Then, we say that @),
is I-equivalent to Qs if there exists v € I' such that Qs = Qv . We write
Q1 ~r Q)7 in this case.

Let Pr be the set of I'-conjugacy classes of I'-cuspidal parabolic subgroups of G.

Definition 3.2.3. We say that u € 0X is a cusp for I' if its stabiliser is a I'-
cuspidal parabolic subgroup of G.

Let [Q]r € Pr. Then, there exists k € K such that Q = kPk™". Let Mg = kME ™
and let Ag = kAL,

For a I'-cuspidal parabolic subgroup Q) = ]\;[QAQNQ of GG, we consider the exact
sequence

~ g, -
(35) O—>NQ—>NQMQ A—ICQMQ%O,

where [ NgMg — M is the projection onto M. Put My o = lir,(Tq) C M.
By Auslander’s theorem (Theorem 3.1 of [BO07, p.25|), we have the following:

(1) There exist a connected subgroup Nr o C Ng and n € Ng such that nI'gn ™!

normalises ]YF:Q and such that nlgn~! is a cocompact lattice in the unimod-
ular group Qr := NroMr o.

(2) Fix n € Ng as above and a € Ag. Let Npg = n~'Npon C Ng, Mpg =
n_lMp,Qn and QF = NF,QMF,Q~
Let us introduce the following notations according to the appearing case:

(a) Mpo # {e}: Let 0g = n~'a'0an, Kq = n"'a ' Kan, Ag = n~'Agn
and MQ = n’lMQn. Then, MF,Q - MQ C KQ.
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(b) Mrg = {e} (Tq C Ng): We can define the groups as previously
(we want to allow a maximum of freedom) or we use the following
definitions: Let QQ = 9, KQ = K, AQ = AQ, MQ = MQ. Then,
MF,Q = {6} C MQ C KQ and Qr = NF,Q‘

For e # v € T, we set A,g,-1 = YAgy™'. We define N,g,-1, Nr,oy-1,
K. g1, Aygy-1s Mygy-1, Mr o -1 and (yQy~!)r analogously. Then,

00,1 =0 .

These definitions fix uniquely the above n and a for yQy~*.

Moreover, there exists a normal subgroup of finite index I of I'g such that

Mri g = Iy, (I") C Mg is a torus (commutative, compact, connected Lie
group).

(3) We can write any element v € IV (resp. v € I'g) as n,m, with n, € Npg
and m., € Mr ¢ such that m, centralises (resp. normalises) Nt q.

(4) The group {n, |y € I'"} is a lattice in Np .

As Definition 3.2.1 does not depend on the chosen Langlands decomposition, I'g
is also an infinite subgroup of G which is contained in NgM.

When we write in the following ) = MgAgNg, then we mean with this that we
consider the Langlands decomposition for which Mg and Ag are given as above.
Let wg € Nk, (Ag) denote a representative of the nontrivial element of the Weyl
group of (g,ap).

By abuse of notation, we will write for ag’f’g simply a,.

Let ¢: {n, | v € I} =— Mp g, ny — m,. This defines a group homomorphism
from {n., | v € I"} to M ¢. Indeed:

(1) This map is well-defined: Let 71,7, € I' be such that n,, = n.,. Then,

-1 _ -1, -1 __ -1
MYy = NyyMyymo,n s =maymo - € 1'N Kg

since m,, and m.,, centralise Nrg. As I' is torsion-free, it follows that

MYs ' = e Thus, 31 = 75 Hence, m,, =m.,.

(2) It is a group homomorphism: The neutral element is clearly mapped to the
neutral element. Let v1,7v, € IV. Then,

Y172 = Ny My Moy My, = (n“flnvz)(m% m"/Q)
as m., centralises Nt g. Thus, 14,1, = 14, is mapped to m.,, = My, My,.

By Lemma 3.2 of [BOO07, p.26|, there exists a subgroup V of finite index in {n, |
v € I"} such that the restriction of ¢ to V' extends to a group homomorphism
from Np g to Mr g, which we denote by abuse of notation also by ¢.

By 3.1.5 of [BOO07, p.26], we can choose I'" with the following properties:

(1) {n, |~y €I} is contained in V;
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(2) My g coincides with ¢(Nrg);
(3) Mr ¢ has finite index in M g.

Let Yp (resp. Yr,) denote the manifold without boundary I'\ X (resp. T'o\X).
Let g € G be such that Q = gPg~!. Let Ag = {eQ} = {gP} C 0X (limit set of
[g) and let Qg = 0X \ Ag C 0X (ordinary set of I'g).

Let Yr (resp. ?FQ, }_/Q,FQ) denote the manifold with boundary I'\(X U Qr) (resp.
Lo\ (X U L), T\ (X Ufr)).

Definition 3.2.4. We say that a torsion-free discrete subgroup I' of G is geomet-
rically finite if the following conditions hold:

(1) The set Pr of I'-conjugacy classes of T'-cuspidal parabolic subgroups of G is
finite. We denote the elements of Pr by [Pi]r, ..., [Pu]r.

(2) There exists a compact subset C' of Yr such that the set of connected com-
ponents of Yr \ C is in bijection with Pr.

(3) For each connected component Y; C Yp \ C corresponding to [Plr (i =
1,...,m), there exists a subset Y; of Yo, such that

(a) Yo, ~ Y; is compact in Yoo,
(b) the map 7;: YQJ‘Pi — Yr, Tpa +— Tz is injective on Y; and Y; = 7@(}2)
Remark 3.2.5.

(1) If T' C G is geometrically finite, then the spaces Yr, Yr,, are Riemannian

manifolds in a natural way and the maps 7; restricted to )71 N Yr, are iso-
metric embeddings.

(2) If I' C G is geometrically finite and if Pr = @, then I is convex-cocompact.

(3) Our definition is equivalent to Bowditch’s definition [Bow95] (he gives several
definitions and proves that they are all equivalent).

From now on we will assume I' C G is geometrically finite unless stated otherwise.
lete:Y, =Y C Yppj be the inverse map of ﬂ-i‘f/i' As ; is an open map, e; is
continuous. '

Let @ be a I'-cuspidal parabolic subgroup of G.

Let wg € Nk, (ag) be a representative of the nontrivial Weyl group element. Let
w; = Wp,.

Lemma 3.2.6. '\ (Ar \ {eQ}) is a compact subset of I'g\Qg.

Proof. Since Ar is closed in 0X, A; = Apr N Qp, is closed in Qp. Thus, I'p\A; is
closed in T'p \Qp, by definition of the quotient topology.

As ¢;(Y;) is contained in YQ,FPZ,, e;(Y;)) NTp\A; = @. Moreover, it follows from
Definition 3.2.4 that C; := Yppi ~ €;(Y;) is a compact subset of Yppi. Thus, I'p \A;
is contained in C; N (I'p\Qp,), which is a compact subset of I'p, \Q2p,. The lemma
follows for Q = P;. Hence, it holds also for Q = yPy~! (y € T). O
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Lemma 3.2.7. T is a geometrically finite subgroup of G. Moreover, Pr, = {Q}.

Proof. Let )" be another parabolic subgroup of G (different from Q). As all
parabolic subgroups of G’ are conjugate, there exists g € G such that Q' = ¢gQg~*
Since @ is the stabiliser of wg@Q, @' is the stabiliser of gwgQ.

It follows from the Bruhat decomposition (G = NowgQ U @), that there exists
also n € Ng such that @’ is the stabiliser of nwg@Q. Thus, Q" = nQn~'. Hence,

QNQ = MgAgNg N (nMgn™")(nAgn™")(nNgn™")
- (nMQn_l)(nAQn_l) —: MA .

So, F'oNQ' C MAQMQNQ = MAHMNQ — M as the Langlands decomposition of
M AN is unique. Since M is compact and [ is discrete, it follows that I'oN Q" is
finite (in fact it is trivial as I is torsion-free). Consequently, Pr, = {[Q]r,} = {Q}.

The lemma follows now easily from this.
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3.3 NprN' decomposition of the unipotent radical N of a
cuspidal parabolic subgroup of G

We show in this section how the unipotent radical N¢g of a I'-cuspidal parabolic
subgroup @) of G can be decomposed.

From now on, we assume that () is a ['-cuspidal parabolic subgroup of G unless
stated otherwise.
Let nr g be the Lie algebra of Nr . Since

0= g2ao Nrg — g T Pga (hr) =0,

where ¢ is the canonical injection and p is the canonical projection, is a short exact
sequence,
dim(nr,q) = dim(p,, (nr,q)) + dim(gaa, N1rq) -

Let n}? (resp. ny®) be the orthogonal complement of P (nrg) in go, (resp.

820, NN, N @2q,) With respect to (-,-)g,. Set n? = n]"? @ ny®. This space

o . . . r r
is invariant under the adjoint action of Ag as so are nl’Q and nQ’Q. Assume

that X € npg NnlQ. Write X = X; + X, with Xj € @jag- Then, X; €
Poag, (nr,0) N0y @ = {0}. Thus, X = X, € g2a, Nir M0y ? = {0}. Hence, X = 0.
Since in addition dim(nr g) + dim(n"%) = dim(ng) by construction,

(3.6) ng =nrgo®&n9 .

Set NT'@ = exp(n'"?) (invariant under conjugation in Ag).

Let Ni 9 = exp(n}'?) and N3 = exp(n)?).

We put as measure on all measurable subsets S of Ny the push-forward of the
Lebesgue measure on log(.S) (with an appropriate normalisation). Here, log is the
inverse map of the exponential map exp: ng — Np.

Since np g and gaq,, are invariant under the adjoint action of My o and since pg,
is clearly Mg-equivariant, g2a, N nr,q and py,  (nrq) are also invariant under the
adjoint action of Mr .

As (-, -)g,, is invariant under the adjoint action of K, it follows that n 9 nl? and
nl'@ are invariant under the adjoint action of Mr g, too. Thus, NT:@ is invariant
under conjugation in Mp q.

Lemma 3.3.1. For all X,Y € ng, exp(X) exp(Y) = exp(X +Y) exp(3[X, Y]).

Proof. By the Baker-Campbell-Hausdorff formula, we have
1
log(exp(X)exp(Y)) =X +Y + Q[X’ Y] (X,Y €eng)

and
log(exp(X)exp(Y)) =X +Y (X €ng,Y € gaag) -

Thus, exp(X)exp(Y) = exp(X + V) exp(5[X,Y]) for all X,Y € ng. The lemma
follows. O
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Proposition 3.3.2. We have: Ng = NFVQNF’Q. Moreover, every n € Ng writes
uniquely as niny with ny € Nr g and ny € NW9.

Remark 3.3.3. As N''9 may be no Lie group, the NpoNT? decomposition of
nn' (n,n’ € N"9) can have a nontrivial Np o-part!

Proof. As Nr g (resp. N'@) is isomorphic to np g (resp. n"'?), as ng = np g®n!¢
and as gaa, = (Mr,Q N G20q) @ (nhen 9200 )5

NRQ X NF’Q — NQ, (nl,ng) = N No

is a diffeomorphism by Proposition 17 of Chapter III of [Bou06, p.237]. The
proposition follows. m

Let n € Ng. Write n = nyny with n; € Ny g and ny € NT9.
Set
DNr o (n) =np € NF,Q

and
PNT.Q (n) =ng € NT@

Then, py;.,: Ng = Nrg and pyre: Ng — N'% are analytic maps by the proof
of the previous proposition.
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3.4 Generalised Siegel sets

In the following, we generalise the notions of a Siegel set. Moreover, we use these
sets to get a cover of the quotient space I'\ X.

Definition 3.4.1. Let S, T be sets, k € N and f a map from S to T. Then, f is
said to be at most k-to-one if, for all y € T, f~'(y) contains at most k elements.
Definition 3.4.2.

(1) Let @ = MgAgNg be a I'-cuspidal parabolic subgroup of G. Recall that
wqy € Ng,(Ag) denotes a representative of the nontrivial element of the
Weyl group of (g,ap). Let V be a connected subset of N, which is the
closure of an open subset of Ng, such that

D VMRQ — FQ\NQMRQ , nmi— FQTLTTL

is surjective and at most k-to-one for some & € N. Let V' be a subset of
V' C Ng, which is relatively compact in Ng, such that V' ~\ V" is closed and
such that

{n € Ng | nwgQ € Nrg(Ar ~ {eQ})}Mrq

is contained in I'oV'Mrp q.
We say that a subset &g vy of G is a generalised Siegel set with respect
to @ if it is of the form

VAgKg~V'Ag Ko |
where Ag < :=={a € Ag | a®@ <t} (here t > 0 is fixed).
(2) We denote often &g vy simply by &g or &.
(3) We call & := {gKq | g € G} a generalised Siegel set in G/Kg.

(4) Let K’ be a maximal compact subgroup of G and let h € G be such that
Ko =hK'h™'. Set X' = G/K'. Then, we say that

v :={ghK' | gKg € &'}
is a generalised Siegel set in X'.

(5) We say that &' is a generalised Siegel set at e). Moreover, if u is I'-cuspidal,
then &' is also called I'-cuspidal.

Remark 3.4.3.

1) We use here the convention that @Ay 1Ko = &. We can take V' = @& if
Q, Q
I'= FQ.

(2) AsTg is a cocompact lattice in Nr gMr g and as Ng = Np o N'*@ by Propo-
sition 3.3.2, it is indeed possible to choose V as above.
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(3) It follows from Lemma 3.2.6 that the set To\{n € Ng | nwoQ@ € Ar~{eQ}}
is compact. Thus, V' exists since moreover @ is surjective and at most k-to-
one.

(4) If & is a generalised Siegel set at a cusp of full rank, then N™¢ = {e}. Thus,
we can take V' = V. So, & is of the form

VAg=Kqg ,

where Ag i :={a € Ag | a®@ >t} (here ¢t > 0 is fixed). We call such a set
a Siegel set with respect to Q.

(5) Let &, and &, be two generalised Siegel sets with respect to ). Then, I'&]
is equal to ['o &) up to a relatively compact subset of '\ (X U Qr).
Definition 3.4.4.

(1) Let Q@ = MgAgNg be a I'-cuspidal parabolic subgroup of G. Let w be a
compact subset of Np g such that the map

WMF,Q — FQ\NF,QMF,Q ,  nmi— FQnm

is surjective and at most k-to-one for some k € N. Let w’ be an open
relatively compact subset of NT@ such that the compact set

{n S NF’Q | TL’(UQQ € NF’Q(AF N {6@})}

is contained in w’.
We say that a subset G 4 01ww Of G is a generalised standard Siegel set
with respect to () if it is of the form

wNF’QAQKQ AN ww'AQKtKQ ,
where Ag < :=={a € Ag | a®@ <t} (here t > 0 is fixed).
(2) We call & := {gKq | g € S} a generalised standard Siegel set in G /K.

(3) Let K’ be a maximal compact subgroup of G and let h € G be such that
Ko =hK'h™. Set X' = G/K'. Then, we say that

&'y, :={ghK' | gKg € &'}
is a generalised standard Siegel set in X'.

(4) We say that &' is a generalised standard Siegel set at e). Moreover, if u is
I-cuspidal, then &' is also called I'-cuspidal.
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Remark 3.4.5.

(1)

(2)

(3)

(6)

We use here the convention that wdAg Ko = @. We can take w’ = @ if
I'=Tg.

As g is a cocompact lattice in Ny oMr g and as Ng = Nr oNT@ by Propo-
sition 3.3.2, it is indeed possible to choose w as above.

It follows from Lemma 3.2.6 and the fact that the image of a compact set
by a continuous map between metric spaces (here pyro: I'g\Ng — NTQ,
the canonical projection) is compact that the set {n € N''? | nwgQ €

Nro(Ar~{e@Q})} = para(To\{n € Ng | nwo@ € Ar~{eQ}}) is compact.
Thus, W' exists.

A generalised standard Siegel set is of course a generalised Siegel set and
every generalised Siegel set in X is clearly contained in the union of a gener-
alised standard Siegel set in X and an open subset of X which is relatively
compact in X U ().

If & is a generalised standard Siegel set at a cusp of full rank, then NT'@ =
{e}. Thus, we can take w’ = {e}. So, & is of the form

wAQtKq ,

where Ag >y :={a € Ag | a®@ >t} (here t > 0 is fixed). We call such a set
a standard Siegel set with respect to Q).

If v € I'g, then yw is of the same form than w.

Example of a generalised standard Siegel set when X is the upper half-space:

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

N.B. Only wN""Q® A, K is drawn on the picture.

Let &' be a generalised (standard) Siegel set in G/K¢ with respect to ) and let
v € I'. Then, v&'y~! is a generalised (standard) Siegel set in G/(vKgy™') with

respect to yQy~

! and 7&' is a generalised Siegel set in G/ K¢ with respect to Q.
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Let wgq,; be a subset of N p, and let w,;; be a subset of N'>" such that Definition
3.4.4 for a generalised standard Siegel set with respect to F; holds for w = wgq,;
and W' = w4

Set Sgtai = wetai N A K, N Watd,iWhyqi(Ai) <1 K (generalised standard Siegel set
in G with respect to B;).

Let h; € N;A; be such that K; = hiKhi_l. Set

/X,sm ={ghiK € X | gK; € G;td,i} .

Recall that e;: Y; — Y, is the inverse map of 7”|Y/z- (see Definition 3.2.4 for
notations).

Lemma 3.4.6. There are generalised standard Siegel sets G ; ,, G, , in X with
respect to P; such that

Fpi C10(6fX,i,l) C 61(}/;) C FP¢ 010(6;(,2',2> :

Proof. Let C; = YFPi ~ ¢;(Y;). By the proof of Lemma 3.2.6, I'p \ A; is contained
in C;. Thus, ¢;(Y;) is relatively compact in I'p \(X U Qr U {eP,}).
Since I'p, clo(&y ;4,;) U {eF;} is a compact subset of I'p, \(X U Qr U {eF;}),

Cip:=Tp clo(G q,;) N ei(Yi) and  Cio:=e;(Y;) \T'p clo(E y4,)

are compact in I'p \ (X UQr). Thus, C;1 NT'p\Qr and C; 5 NI p \Qp are compact
in Fpi\QF.
Let h; € G be such that K; = hiKh;1 and P, = hiPhi’l. As moreover

Qp = {nw;P; | n € N;} = {nw;h; P | n € N;} C 0X ,

/ . . . 7 ,
I'p Clo(6X7std7Pi,t1,wi,w§ 1) is contained in Yr, ~\ Cj; for some ¢; > 1 and some wj,

containing w; and C; 5 is contained in

w’)

/
FPi CIO(GX,std,Pi,tz,wi, 0,2

/ I . o ' e
for some ?; < 1 and wj, which is contained in w;. Set &%, = 6X,std,Pi,t1,wi,w§’1

and &', , = GiX',std,Pi,tg,wi,wg,Q' The lemma follows. O
Proposition 3.4.7.

(1) Let &', be generalised Siegel sets in X with respect to P; (i = 1,...,m).
Then, there is an open relatively compact subset U of X U Qr such that

(3.7) M\(XuQp) =TUU 0 I clo(Sly,) -

=1

(2) There are generalised Siegel sets &; at P, (i =1,...,m) and an open rela-
tively compact subset U of X U Qr such that

(3.8) T'\(XUQr)=TUUT clo( ’Xl) U FCIO(G'XQ) U---UTclo( 'Xm)
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(disjoint union),

(39 {7 €T | 7 clo(S ) N clo(Sy,) £ 2} = 2
forall k # 1, and

(3.10) {y €| ~yeclof IXz) N clo( /Xz) # o} Clp,

for all 1.

Proof.

(1)

By Definition 3.2.4, there is a compact C' in Yy such that

(3.11) YF:CUUY;.

=1

Let G; be generalised Siegel sets with respect to P; (i = 1,...,m). Without
loss of generality, we may assume that &; = G4;. By Lemma 3.4.6, there
is an open relatively compact subset V of X U () such that

61(K) C FPZV U Fpl. Clo(el)(,std,i) C YQ,FPi

for all 7. Applying 7; to this inclusion shows that Y; is contained in I'V U
[clo(& 44,)- Let U € Ur be such that C UTV is contained in T'U. The
first assertion follows.

By Lemma 3.4.6, there are generalised Siegel sets &'y ; in X with respect
to P; such that e;(Y;) is contained in T'p, clo(&y ;). Thus, Y; is contained
in Cclo(&Y,). Hence, V := Yp ~ U, [clo(& ) is relatively compact
in Yp by (3.11). Let U’ € Ur be such that V is contained in TU’. Set
U=U~U, clo(&%,) (open). The disjoint decomposition in (3.8) follows
asY,NY, =@if i # j.

As T'clo(@y ;) is contained in Y; for all i and as Y, NY; = & for k # [,

[clo(&% ) NTclo(6y,) = @

for all k # [. Thus, (3.9) holds.

Let Di: XU QF — FPZ\<X U QF), T +—r Fpil’.

The set {y € T' [ yclo(& ;) Nclo(&y;) # T} is contained in
{veT |yp; ' (e(Ys) Np; (YD) # 2}

and this set is contained in I'p, as m;: }_/QJ_"Pi — Y7, I'px — I'z is injective
on e;(Y;) = Y;. This shows (3.10).

]
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Corollary 3.4.8.
(1) Let Sx; be generalised Siegel sets in X with respect to P, (i = 1,...,m).
Then, there is U € Ur such that
(3.12) NX =rvu| JT&, .

=1

(2) There are generalised Siegel sets &; at P, (i =1,...,m) and U € Ur such
that

(3.13) MNX=TUureéy,u...-urey,,

(disjoint union),
{yel|16%, N6, #9} =02

forall k #1, and
{verl| VGIX,Z‘ N G/X,i # 3} CTp
for all 1.
Proof. By the previous proposition, we have a decomposition of the form
M\(XUQp) =TV UTlclo(&%,)U---UTlclo(&%,,)

with V' an open relatively compact subset of X U Qr and &'y, generalised Siegel
sets in X with respect to P;.
Set U =V NX €Ur. Since &, is closed in X, clo(G ;) N X = &'y,;. Thus,

N\X =TU U Iy, .
=1

The corollary follows. O

Proposition 3.4.9. Let U € Ur and let &'y ; be generalised Siegel sets in X with
respect to Py (i=1,...,m). Then,

(3.14)  {yeTl[v(clo(U)U U clo(&y,)) N (clo(U) U U clo(&Yy,)) # @}
15 finite.

Proof. By Proposition 3.4.7, there are generalised Siegel sets &; at P; (i = 1,...,m)
and an open relatively compact subset V' of X U Qr such that

MN\(XUQr) =TV UTclo(&%,) UT clo(G%,)U---UT clo(&%,,)
(disjoint union),
(3.15) {v €T [vclo(&x,;) N eclo( /XJ) # 0} =0
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for all 7 # j, and

(3.16) {y €T [yclo(&,) Nclo(8%;) # @} CT'p,

for all 2.

Let U € Ur. It follows from Definition 3.2.4, Definition 3.4.2 and Remark 3.4.3
(5) that we may assume without loss of generality that the & ;’s are the given
generalised Siegel sets by adding V to U. Thus, (3.14) is equal to

{yeT[yco(U)Nclo(U) # } U 0{7 € I' [ yclo(&;) Nclo(&k,) # &}
U 6{7 €T | yco(& ;) Nclo(U) # @} .

=1

By the proof of Lemma 3.4.6, there is a generalised Siegel set &y ;, of the form

, )
N sty Posto !,y 11 X such that

(3.17) clo(S'y;) C int(clo(S'y,,)) C e (V) .
Here, int (010(6/)(,1‘,2)) is equal to
WZQNF’PiAZ'hZ’K AN WEQ@Ai’thhiK U {nlngwihiP ‘ ny € U.)ZQ, No € NF’Pi AN I,Q} y

where h; € GG is such that K, = hithl and P, = hiPhi’l, Wig D w18 the interior
of wis in N p, and w], denotes the closure of wj, in N'F,

Thus, clo(U) is contained in |, pv(V U U, int (clo(&' ;,))). Hence, there are
T, .-, € I such that clo(U) is contained in

Jj=1

U (VU U int (clo(&' ;5))) -
k=1

By (3.15) and since moreover I'V N T clo(&y ;) = @ for all j,

{7 €T | clo(U) Ny clo(&y,) # 2}

is contained in

{veT| (|Jwnco(8y,,) nyclo(&,) # 2} -

k=1

It follows from (3.17) and Definition 3.2.4 that this set is again contained in I'p,.
Hence, the above set is finite.

Since I' acts properly continuous on X U, {y € ' | yclo(U) Nclo(U) # @} is
finite for all 7. Thus, the proposition follows by (3.16). O
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Lemma 3.4.10. Let G44.0tww be a generalised standard Siegel set with respect
to QQ and let S be a relatively compact subset of G. Then, there exists a generalised
standard Siegel sel Sz 07z Such that

'Yg,hgh € Gstd,Q,ﬂw,&)’
for some v, € g, for all g € Gg4.0tww and all h € S.

Proof. Let G := G440t ww and S be as above and let h € S. Let g € G.
We have

gh = vq(gh)hq(gh)kq(gh)
= (vq(9)ho(9)vo(kq(9)h)ho(g9) ") ho(9)hqg(ko(g)h)ko(gh) -

Let & be such that its closure in N'¢ is strictly contained in «’ and such that
Gstd,0.twe 15 a generalised standard Siegel set with respect to Q.

Let D = &' (compact) and U = Nr gw’ (open).

Then, V = {n € No | Dn C U, Dn~' C U} is an open neighbourhood of e.
Moreover, Ny oDV C U.

By definition of V', Nr oD is contained in Un for all n € V. Hence, Ng \ Un is
contained in Ng \ Np oD foralln e V.

Let n € V. Then, Ny is the disjoint union of Un and (Ng \ U)n.

Thus, (Ng~\U)n = No~\Un. Hence, V(No~\U) = U,,c, (No~Un) C No~NrgD.
Let ¢ € (0,t) be such that

I/Q(g)ch(k;h)a_l € V(Ng ~ Nrouw') C Ng \ Nr oo

for all a € Ag.<s, k € Kg, h € S and g € G such that pyre(vg(g)) € N'O N W',
Let g: 5infk€KQ,h€S hQ(kh)aQ > 0. Then,

gh € NoAg:iKo C T8 iwa
for all g € wNT"QAg -sKg and all h € S. O

Proposition 3.4.11. There is Ur € Ur such that
NG =TUrK U LmJ Gsta,i -
i=1
Proof. By Corollary 3.4.8, there is U € Ur such that
MNX=TUUuU 0 'S qai -
i=1

Let h; € G be such that K, = hiKhi’l and P, = hiPhi’l. Thus,

MG =TUK U| JT{ghik | g € Suask € K} .

=1
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By Lemma 3.4.10, there exists a generalised standard Siegel set G p. 7, . o such
that

{ghzk | g G 63td,i7 k 6 K} C U VGStd7PL‘,t~i7wi7d)£ :

v€lp,

Hence,

NG =TUKU U USaa,p, i -

i=1

Let U; be an open subset of G/K; such that Uj; is relatively compact in
G/K; U{gP;| gh:P € Qr}

and such that G, p. 7, is contained in

~/
;Wi Wy

Usz U Gstd,i C {gl{' € G | gKl € Ul,k < K} U Gstd,i .

Then, U] := {gh;K | gK; € U;} is an open subset of X which is relatively compact
in X UQr (U] € Ur). By Corollary 2.3.39,

{9K | gK; € U;} = {gh; 'K | gK € U}

belongs also to Ur. The proposition follows. O
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3.5 Computation of the critical exponent of I'g and defini-
tion of the rank of a cusp

We define the rank of a cusp and we determine an explicit formula for the critical
exponent of I'g (see Proposition 3.5.2).

Definition 3.5.1.
(1) The rank of the cusp associated to [Q]r € Pr is by definition dim Nt q.

(2) We say that the cusp associated to [Q]r € Pr is of full rank if its rank is
equal to dim Ny, or equivalently, if I'g\NgMr g is compact. Otherwise we
say that the cusp associated to [Q]r is of smaller rank.

Let r; = dimpgaQ (nrg) and ry = dim(ggaQ Nnrg).

Proposition 3.5.2. The critical exponent or, of I'q 1s equal to
T1 ™ — maQ
<5 + TQ)O[Q —PQ = <T + o — m2aQ>aQ .

Remark 3.5.3. A direct consequence of this proposition is that the critical ex-
ponent dr,, of ' belongs to (—pg, 0].

If eQ is of smaller rank, then dp, belongs even to (—pg,0).

Proof. Let A\ € aj; = R. If v € T'g := I' N NgMjg, then a, = a,,(,). Thus,

> ero a;(AQerQ) is finite if and only if

(3.18) > albgrg(y))~Petre

is finite, by Corollary 2.1.9.
Let n € Ng. Write n = exp(X +Y) (X € 8oy, Y € 824,)- By Proposition 2.1.7,

alBgn) = /(1 + §X[2)2 +-2Y ]

_>\Q+PQ
Since (z,y) — ((14+32%)?+2y?)  *  is a continuous, nonnegative function that
is decreasing in both variables, (3.18) is finite if and only if

/ a(any(/\QﬁoQ) dn
Nr.q

is finite. Let N = exp(pgaQ (nr,g)) and N = exp(g2a, N1r,g). Then, it follows
from the explicit formulas that the above integral is finite if and only if

/ a(an)—(/\Q+PQ) dn
NiN;

is finite (we will prove a much more general formula in Lemma 3.6.35). By Propo-
sition 2.3.26, this is case if and only if Ay > (%1 + 7“2)0@ — po- O
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For H € ag, set
1
pre(H) = 5 tr(ad(H)|r.o)

and
pro(H) = po(H) — pre(H) .

Lemma 3.5.4. We have:

pro = Org -
Proof. For H € ag, we have
H)=1(dim o(H) + 2dim(ny?)ag(H))
= 5((mag — 11 O‘Q(H) + 2(maag — 7’2) o(H))
= po(H ) (311 +7r2)aq(H) -

Thus, pr, = or, by the previous proposition.
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3.6 The Schwartz space and the space of cusp forms on I'\G
3.6.1 The Schwartz space on I'\G

In this section, we define the Schwartz space on I'\G (in the geometrically finite
case) and we show that a Schwartz function is indeed square-integrable.

Let I/ = exp(e; @ ey) for some vector subspaces ¢; C gqo, and ez C gaa,. Let

ny = dimR(€1)7 let Ng = dimR(eg) and let gQ,E = m;;l:;yzzagg .

Recall that we put as measure on all measurable subsets S of Ng the push-forward
of the Lebesgue measure on log(S) (with an appropriate normalisation).

The following two lemmas are needed to ensure that the Schwartz space on T'\G,

which we will define in a moment, lies in L?(T'\G, ¢).

Lemma 3.6.1. Let t > g g and let C be a compact subset of Ng. For a € Ag,

d>1,nw~ anapQ(l + log a,q,)~? is integrable over CE and for all € € [0,d — 1),
there exists a positive constant ¢ depending only on d such that

/ ~100(1 4 log apy)~* dn < ca@(1 + | log a])~*
CFE

Remark 3.6.2. p'@ is equal to {g yr.opg. Indeed:

dim(n}"®) + 2 dim(ny?) ,
Q —

e om (dlm( ?) + 2dim(n Q)) ag=p2.
aqQ aqQ

§o.Nrepg =

l\DI»—

Proof. Let € € [0,d — 1) and a € Ag. We have

/ (1 + log ane) *dn = / 202 (1 + log agye) ™" dy du .
CE CE

By the proof of Lemma 2.3.28, this is less or equal than

cae(1+[togal) < [ [ aa(B(en)) (1 + logangey) = dy do
CJE

for some constant ¢ > 0. The lemma follows now from Lemma 2.1.6, Lemma 2.1.5
and Proposition 2.3.26. O

Lemma 3.6.3. Let v > 1 and A\ € a5). Let C' be a compact subset of Ng. Then,

CEAgKq

Proof. 1t follows from our choice of &g g that g g € [0,1]. We have

[ dalg e doga) o Keene dg
CEAGKq

= / a2(17£Q,E)pQ(1 -+ log ana)727'a;3£Q,Ean72pQ dn da/ .
CEAq
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By Lemma 3.6.1, this is again less or equal than
c/ a=2%2ErQ28Q.5PQ (1 4 |loga|) ™" da = 20/ (L+¢t)"dt.
Ao 0

The lemma follows as the last integral is finite for r > 1. O

As in the convex cocompact case, we denote the family of open subsets of X which
are relatively compact in XUQr by Ur and for f € C*(G,V,), X, Y € U(g),r > 0,
U € Ur, we set

Uprxy(f) = sup (1+4logay) af|LxRy f(g)] .
gKeU

Let Py, ..., P,, be representatives of the I'-conjugacy classes of I'-cuspidal parabolic
subgroups of G.

Let (91 = epi, KZ = Kpi, Nz = Npi, Nz = Npi, Mz = Mpi and Az = Api.

Let us denote the family of generalised Siegel sets (resp. generalised standard
Siegel sets) in G/K; with respect to P, (i = 1,...,m) by Vr (resp. Vsar). Let
[ € Ny. For a generalised Siegel set &' € Vr in G/Kg with respect to @, r > 0,
X €eU(g),, Y € U(g);, such that I; + Iy < [ and a function f € C'(G,V,), put

T
ePrxy(f) = sup ag(g™ ") (1 + log ag)"ay °|LxRy f(g)| -
gKqg€e&’

Set 51 = fpi’NF,P,L-.
Remark 3.6.4.

(1) We recall that we write for ag?g simply a, by abuse of notation.

(2) Let & = Egnre. Then, pr, = (1 —&)pg = dr, and p'e = Epg = po — dr,
by definition of pr,, by Remark 3.6.2 and by Lemma 3.5.4.

Lemma 3.6.5.
(1) There exists ¢ € (0, 1] such that
cana_l < Qg
for alln € Ng and a € Ag.
(2) Let r > 0. Then, there exists ¢ > 1 such that
1

(pg < CapA~

for alln € Ng and a € Ag <. Moreover, if r < 1, then we can take c = 1.
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Proof.

(1) Let n € Ny and a € Ag. Let W be a compact subset of X containing all
k,Mg, n € Ng, but not wgMg. This is possible as Ny is the horosphere
passing through eX € X and eMg € 0X. Let U be a neighbourhood of
ko := wg in K satisfying UMg N'W = @. Then, by Corollary 2.4 of [BO00,
p.85|, there exists ¢ > 0 such that

—1
Apg = aana*1 Z cana

2) Let r > 0. For a € Ag <., we have
( Q.<

na < na, < max{l,r*}a,a™"

as aph < h* <r*forall h € Ag>1 N Ag<, and a, = h™! for all h € Ag <.
In particular, max{1,7?} is equal to 1 if r < 1.

This completes the proof of the lemma. n

Proposition 3.6.6. Let f € C*(I'\G,p), & be a generalised Siegel set with
respect to Q, X, Y € U(g), r = 0 and U € Ur be such that U is also contained in
G&'. Then, there exists a constant ¢ € (0, 1] such that

cUpexy(f) < eprxy(f) -

Proof. As eMgq ¢ clo(U) N 90X C G/P, supygep Ang(g-1 is bounded. Thus, there
exists a constant ¢ € (0, 1] such that

Prg

CPFQ ag < CLQ (g—l)PFQ

by Lemma 3.6.5 applied to n = ng(g™")" and a = ag(g~')~". Hence,

e Up, xy (f) < eprxy (f) -
This finishes the proof of the proposition. O

Lemma 3.6.7. Let (V,|-|) be a finite-dimensional normed complex vector space,
let fe C2(G, V), XeU(g),, Y eU(g), and U € Ur.

Let {Zy,..., Zy } be a basis of U(ng)i,, {Y1,...,Ya,} be a basis of U(g)s,.

If T\X has a cusp, then we can write

dy,  diy

LxRyf(9) =) > cij(9)LzRy,f(9) (9K €U)

i=1 j=1
with sup,rep |cij(g9)| < oo.
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Proof. Let f € C*(G,V), X € g,Y € U(g) and U as above. Without loss of
generality, we may assume that ¥ = 1.

Since U € Ur and since I'\ X has a cusp, there is a generalised standard Siegel set
&’ with respect to Q such that U is contained in &'.

It follows that there exist ¢; > 0 and c¢o > 0 such that |log(vg(g))| < ¢ and
hg(g)*@ < ¢y for all gK € U.

Let {Xi,..., X4} be a basis of g = ng & mg & ag @ ng induced by the inclusions

0CngCng®mePagCngdmgdag®g o, C9-

Write Ad(n)X = Z;l:l a;j(n)X; (n € Ng). Since Ad(n)X depends smoothly on
n € Ng, all the functions a; are smooth. Thus,

aup sup Jas(r(@f | <sup sp ()] < oo
Jj gKeU J nENQ :|log(n)|<c

Since
Ad(g7H)X = Ad(kq(9)™") Ad(hq(g)™") Ad(ve(g) )X

=" a;(v0(9) ™) Ad(ko(9) ™) Ad(hg(g) ™)X,

Lxf(9) = = flgexp(—tAd(g™")X))

is equal to

dim(ng)
> (o)) 5| Flew(—t Ad(role) X)o)

t=0

flgexp(—t Ad(kq(g) ™) Ad(ho(9)™1)X;)) -

t=0

d
o d
+ Y a9 7
j=dim(ng)+1
Since Ad(a)|mQ®aQ = Id for all « € Ag and Ad(a)Z = a"**Z for all a € Ag and
Z € grag (r € {£1,£2}), this is again equal to

Z a;(vg(9) " a;(vo(9)) Lx, f(g) — Z a;(vo(9) ™) Radtko(9)-1)x, /(9)

j:Xjeng j: XjeEmg@agq

— > ai(re9) Nhe(9)*® Radtitox, £ (9)

j : Xng—aQ

- Z a’j(VQ(g)_l)hQ(g)zaQRAd(kQ(g)*l)Xjf(g> .

VE XjegfzaQ

Since Ad(g)X (g € G, X € g) depends smoothly on g, K¢ is compact,
sup, ey ho(9)*@ < ¢ and sup e ho(g)**@ < ¢3, the assertion of the lemma

holds for X € g. The lemma follows now by induction. O
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Corollary 3.6.8. Let f € C*(I'\G,¢), X, Y €¢U(g),r >0 and U € Ur. IfT\X
has a cusp, then Up, x vy (f) is finite if Vp, 7, z,(f) is finite for all Z, € U(ng) and
ZQ S U(g)

Proof. The corollary follows directly from Lemma 3.6.7. ]

Definition 3.6.9. Let (¢, V,,) be a finite-dimensional unitary representation of I'.
Then, we define the Schwartz space on I'\G by

C(T\G, ) = {f € C*(T\G, ) | "prxy(f) <oo¥r>0,X,Y €Ulg),
Gpr:X7Y(f> <o VU € Z/{F,G,Q € Vstd,I‘7X € Z/{(HQ),Y € Z/{(g),’l" > 0} .

We equip € (I'\G, ¢) with the topology induced by the seminorms.
By definition, ¢ (I'\G) = € (I'\G, 1), where 1 is the one-dimensional trivial repre-
sentation.

Remark 3.6.10.

(1) It will follow from Proposition 3.6.45 that the Schwartz space does not de-
pend on made choices.

(2) By Lemma 2.3.4, Proposition 3.4.11, Proposition 3.4.9, Proposition 3.6.6
and Corollary 3.6.8, the space € (I'\G, ) is also equal to (resp. topologically
isomorphic to)

{f € C®(M\G, ) | "prxy(f) < 00 ¥r € No, X,V € Ug),
G;tdipr’X’Y<f) <ooVr Z O’X € U(‘ﬂpi),Y € z/{(g)77’ € {17 cee 7m}} ’

where Ur is provided by Proposition 3.4.11. Compare with Lemma 2.3.6.

(3) The € (I'\G, ) has a Fréchet space structure. This follows by the proof of
Proposition 2.3.8. Indeed, one uses in the proof the seminorms we have here
and the previous remark instead of Lemma 2.3.6.

(4) This definition is an extension of Definition 2.3.2 as m = 0 gives the old
definition.

Proposition 3.6.11. The Schwartz space € (T\G, @) is contained in L*(T\G, ).
Moreover, the injection of € (T'\G, ¢) into L*(T\G, y) is continuous.

Proof. Let f € €(I'\G, ). Fix r > 1. Set Sy = UrK, where Ur is provided by
Proposition 3.4.11. Put lo(f) = "p,11(f) and §(f) = & , pr1a(f). Then,

|f(@)] < l(f)(1 +1ogag)"a,”
for all g € Sy C G and
1F(9)] < L(fap (g™ 074r (1 + log a,) ay ™"
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for all g € G4 C G. We have:

2 2 < 2
/F )iy < / LORES / ity

< lo(f)Z/ (1+ log ag)’Q’”ag’Qp dg
G

+ Z li(f)2 / ap, (gfl)*Q(lf&)pPi (1+ log ag)f%a;%ippi dg
i=1 6

std,i

This is finite by Lemma 2.3.10 and by Lemma 3.6.3 with £ = NP and A = A,

(t=1,...,m). The proposition follows.
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3.6.2 The space of cusp forms on I'\G

We define the constant term of a Schwartz function along a cuspidal parabolic sub-
group of G. We show that it is well-defined and that it has some basic properties.
Furthermore, we define the space of cusp forms.

Define
VEQ:{UEVH@@)U:U VyeTg}.

Let f: G — V,, be a measurable function. Let pg be the orthogonal projection on
V; ?. Put
') =pafle) (9€G).

The function fO is a left To-invariant function from G to V4 9. Since pg has
operator norm 1, |f%(g)| < |f(g)| for all g € G.

As pq is continuous, Lx Ry f°(g) = (LxRy f)°(g) for all g € G and X, Y € U(g).
We will use the projection pg in the definition of the constant term along a cusp
(cf. Definition 3.6.13).

Lemma 3.6.12. Let Q' =vQy ! (v €T'). Then,

T'or
(1) Vo = o(1)Ve *;
(2) the orthogonal complement of VEQ' is equal to cp(y)(VgQ)L;
(3) porow(y) = »(7) o g
Proof.
(1) We have:
vEVe? = gy =1 Vg elg
— p(y) v e VgQ )
Thus, V% = p(7)V3?.

(2) Since V,, = V3 ? & (V5 9)* and since ¢ is unitary, we have
(Vo) ={veV,| (wv)=0 W eV,?}
={veV, | (p(y) v ) =0 W eV}
=MV eV, [ (v,v) =0 W €V e} =p()(V;9)"

by the previous assertion.

(3) Let v € V,. Write v = vy + vy with vy € V2? and vy € (V49)%. Then,

. 'y Ty
p(V)v = p(V)v1 + p(y)v2 with p(y)v1 € Vo and o(y)vz € (V,@)* by the
two previous assertions. Thus, po/(¢(v)v) = ¢(7)po(v).

O
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Definition 3.6.13. For ¢ € G and for a I'-equivariant measurable function
f:G =V, we define

et )
°(nmg) dndm
vol(To\Nr.oMr.@) Jro\Nour.o (nmg)

f9g) =

whenever the integral exists. We call this function the constant term of f along
Q. Recall that we defined f°(z) (z € G) by pof(x), where pg is the orthogonal
projection on V@FQ.

Proposition 3.6.14. Let f € €(I'\G,¢), Y € U(g) and g € G. Then, nm
Ry f°(nmyg) is integrable over Uo\NgMr.q. Thus, the constant term f< along Q is
well-defined (take Y =1). Moreover, if © := Sgq0tww S ¢ generalised standard
Siegel set in G with respect to QQ and if r > 1, then there exists a constant C' > 0
(depending on w and r) such that

ot )
Ry f(nmg)| dndm
vol(T'o\Nr,oMr,q) FQ\NQMF,Q| o !

< CG,pzr,ly(f)aQ(g_l)_”Q(l + |log GQ(Q_I)D_T

for all g € G with hg(g) > t.

Proof. Let & := G400 be a generalised standard Siegel set in G with respect
to ) and let g € G be as above.
Note that there is a generalised standard Siegel set containing all ¢ € G with

ho(g) > t.
By definition, the map
wMRQ — FQ\NRQMF’Q , nmi— FQTLTI’L

is surjective and at most k-to-one for some k € N. For g = vg(9)ho(9)ko(g) € G,
we have

/ | Ry f (nimg)| din dim = Ry f(nmhq(9)kq(9))| dndm
Fo\NoMr,q

Lo\NoMr,q

as N is unimodular. This divided by vol(I'g\Nr o Mr ) is less or equal than

</ Ry f (nmhg)ka(g))| dn dm
wNT:QMr ¢

for some constant ¢ > 0.
Let r > 1. As f € €(T'\G, ), fMFQ [ e |Ry f(nhg(g)mkq(g))| dndm is less or
equal than ’

e P21y (f) / / ho(9) =972 (1 + 108 aung(g)) a3 dndm
MF,Q wNF’Q Q
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where { := {g yr.o. But as vol(Mr ) = 1, this is less or equal than

5/p2r,1,Y(f)hQ(9)(1_£)pQ (1 + log anhQ(g))_QTa;}fpc(? ) dn .
wNT@Q Q9

So, I := Vol(FQ\NanMFYQ) fFQ\NQMnQ | Ry f(nmg)| dndm is finite by Fubini’s theo-

rem as the last integral is finite by Lemma 3.6.1. Moreover, there exists a constant
¢ > 0 (depending on w and r) such that

/ o ait? (14108 g () ™2 dn < ¢ para v (F)ho(9)9 (1 + | log ho(g))) ™ -

Hence,
I < o gpara,y (f)ho(g) (1 + [log ho(g)]) ™"
The proposition follows. ]

Corollary 3.6.15. Fiz g € G. Then, f € €(I\G,p) — f9q) is linear and
continuous.

Proof. Observe that the map is linear. Fix g € G and let f € €(I'\G, ¢). Then,
by Proposition 3.6.14, we have

f9(9)l < Cy(f)

where Cy(f) is a constant depending on g and linearly on f. Hence, f — f%g) is
continuous. ]

Corollary 3.6.16. Let f € € (I'\G,p) and let Y € U(g). Then, f< is smooth
and for g € G, we have

1
Ry (f9)(g) = / Ry f(nmg) dndm .
vol(T'\Nr.o Mr.@) Jro\vonr o
Proof. The proof is analogue to the proof of Corollary 2.3.32. ]

Proposition 3.6.17. Let f € €(I'\G, ). Then, the constant of f along @ has
the following properties:

(1) f+— f9 is equivariant with respect to right translation:

(Rmf)Q - Rme (x € G) ;

(2) f9 is left NgMr o-invariant;

(3) Let Q' =~Qv~"' (v €T). Then, f is well-defined and

F99) = e v g)
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Proof. Let f € €(I'\G, ¢).
(1) For g € G, x € G, we have

1
VOI(FQ\NF,QMF’Q)

(R.f)°g) = / e Jmg)dn i = R %)
To\NqMr,q

(2) For g € G, n’ € Ng, m' € Mr g, we have

1

fe(n'm'g) = / f(nmn'm'’g) dndm
VOI(FQ\NF,QMF,Q) Fo\NoMr,q

v )
= fO(nmg) dndm = f9(g
vol(T'o\Nr.oMr.@) Jro\wonr o ( ) &

as NoMr ¢ is unimodular.

(3) This part is similarly proven than the corresponding assertion in [Bor97,
p.74].
Let v € T and let @' = yQy~'. The unipotent radical Ng of Q' is clearly
equal to 7NQ7_17 NF,Q’ = ’VNF’Q’}/_I and MF,Q’ — fyMF,Qf)/_l.
By Remark 3.6.4 and by the proof of Proposition 3.6.14, 9 is well-defined.

Counsider now

b FQ\NF,QMF,Q — FQ’\NF,Q’MF,Q’7 FQnm — FQI Int ’y(nm) s

where Int g(z) = grg~'. This map is well-defined as for any 7o € T and

n € Ng, m € Mr g, we have

O (T'gygnm) = Lo Inty(ygnm)
= I'g Inty(vg) Int y(nm) = 'y Int y(nm) = &(T'gnm)

since Inty(vg) € I' N Np g Mg = I'gr. The map @ is clearly an isomor-

phism as Inty is an automorphism transforming )dndm into

1
VOI(FQ/ \NF,Q/ MF,Q’

NroMr g (resp. on Nr o Mr ). Since moreover Ng = Np o NT@,

1
VOI(FQ\NF’QMryQ
sdn’dm/. Here, dndm (resp. dn'dm’) is the Haar measure on

, 1
) = / po f(n'm’g) dn dm/
( VOI(FQ/\NF,Q’MF,Q') Lo \Ngr Mp g Q@ )
1 1
_ . , nmy dndm
vol(l'g\Nr o Mr q) /FQ\NQMDQ po o

for all g € G. By Lemma 3.6.12, this is equal to

1
VOI(FQ\NnQMF,Q

) -w(v)/r . fonmy"g) dndm = () f(v'g) .

O
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Definition 3.6.18. For g € G(2),h € G and for a measurable function f: G —
V., we define

g k) = /N f(gnh) dn

whenever the integral exists. We call this function the constant term of f along
Q.

Remark 3.6.19.

(1) If f € €(I'\G,p), then the constant term of f along € is well-defined by
Proposition 2.3.30.

(2) You can use your favorite parabolic subgroup of G to define G(2). If '\ X
has a cusp, then you can define G(2) for example by {g € G | gP, € Q}.

Definition 3.6.20. Define the following subspace of € (I'\G, ¢):
“CI\G,9) ={f € CM\G,p) | f?=0,f?=0 V[Q]r € Pr}.

We call it the space of cusp forms on T'\G.

Remark 3.6.21.

(1) This subspace may be considered as the analog of the Harish-Chandra space
of cusp forms on G and is an extension of Definition 3.6.20.

(2) By Proposition 3.6.17 (3), it suffices to check the condition f¢ = 0for Q = B
(i=1,...,m).
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3.6.3 The little constant term

In the following, we define the little constant term, we determine its basic prop-
erties and we relate it to the constant term.

Definition 3.6.22. For ¢ € G and for a I'-equivariant measurable function
f:G =V, we define

1

fe%(g) = / 2 (nmg) dn dm
vol(lg\Nr.oMr,q) To\Nr,gMr,q

whenever the integral exists. We call this function the little constant term of f
along Q. Recall that we defined f°(z) (z € G) by pof(x).

Remark 3.6.23.
(1) Recall that I'g\ Np o Mr g is compact.

(2) The little constant term exists for example if f: G — V, is a I-equivariant
continuous function.

Proposition 3.6.24. Let f: G — V,, be a I'-equivariant measurable function such
that | f|9!¢ is finite. Then, we have the following:

(1) f s f@ is equivariant with respect to right translation:

(R.f)@lc = R, fOle (x € G);

(2) f@l is left Ny qMr g-invariant;
(8) Let Q' = vQvy~"' (v €T). Then, |f|9" is finite and

9 (g) = o(MfH (v ) (g€ Q).

(4) (fO1)R1e = foL;
(5) (f x )% = [P x @ for all € C.(G);
(6) Ry (fl) = (Ry f)Q for all f € C®(T\G, ¢) and Y € U(g).

Proof. The first three assertions can be proven similarly as the corresponding
assertions in Proposition 3.6.17. The remaining assertions can be easily checked
by direct computation. O]

Lemma 3.6.25. Let G = G401 ww be a generalised standard Siegel set in G
with respect to (). Then,

nmpyr (vo(9))he(9)Kq € &

for allm € w and m € Mr .

162



Proof. Let n € w and m € Mr . Let & be as above. Then,

(3.19) nmpyr o (v(9)hel(g)Kq € &'

for all g € & with pyr o(vg(g)) € N9 N\ w' as W' is invariant under conjugation
in Mpg. For g € & with pyr o(vg(g)) € W', hg(g) > t. Hence, (3.19) holds also
for g € & with pyr o(vg(g)) € W' O

Definition 3.6.26. We say that f € C®(T'\G, p) is a Schwartz function near eQ
if there exists s’ > 0 such that

6’pr,X,Y<f)

is finite for every » > 0, X € U(ng),Y € U(g) and & := G440 tww € Vstar, With
w' containing {n € NTC | |log(n)| < s'}. We call & as above admissible (for f).

Remark 3.6.27. Every element of € (I'g\G, ¢) is clearly a Schwartz function near
e@.

Lemma 3.6.28. Let f be a Schwartz function near eQ, X € U(ng) andY € U(g).
If & = Gua0tww 15 an admissible generalised standard Siegel set in G with
respect to @ and if r > 0, then there ezists a constant C' > 0 (depending on w and
r) such that

(3.20) |LxRyf9"(g)]
—r —pte

< Ceprxy(fho(9) e (1 +10gap 1 o o@ho@) 4w L wo@)he)

for all g € &. Thus, f?° is a Schwartz function near eQ).

Proof. Let f and & be as above, X € U(ng), Y € U(g) and g € S. Then,
/ LRy (f(nm ))(g)] d dm
Fo\Nr,@Mr.q
is equal to
/ Loy o vatom-1x Ry (F(0m ) (pra (g 9) a9 ka(9))] dn dim
T'Q\Nr,qMr.q ’
as 'g\Nr.oMr ¢ is unimodular. Then, this is less or equal than

/M / |LAd(nm)Ad(pNnQ(VQ(g)))*lXRYf(nmpNFvQ(VQ(g))hQ(g)kQ(g))| dndm .
I,Q w

Since we can write Ad(nm)X (n € w,m € Mp) as finite linear combination of
elements in U(ng) with bounded coefficients, it suffices to show that

/M / |Lx Ry f(nmpnr.e(vg(g))ho(9)ko(g))| dndm
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has the required estimate. By Lemma 3.6.25 and as f is a Schwartz function near
eQ, there exists ¢ > 0 such that this divided by vol(I'g\ Np,gMr ) is less or equal
than

ceprxy(f) /M / hq (9)"e (1 + log anmPNF,Q(VQ(Q))hQ(Q))ir
rQ Jw

r'o
a_p
nmpyr,Q (vQ(9))hq(g

)dndm )

But as vol(Mr ) = 1, this is less or equal than

—r —pl@
' vol(w) gpr xy (f)ho(g)” e (1 + log aPNF,Q(VQ(Q))hQ(Q)) ap]CF,Q(yQ(g))hQ(g)

for some constant ¢ > 0 as sup,,c,, a, is finite. (3.20) follows. Thus, f@ is a
Schwartz function near e@). n

Proposition 3.6.29. Let f € €(I'\G, ). Then, f¢ =0 if f@° vanishes.

Proof. Let f € €(I'\G, ) be such that f@! =0 and g € G. By Fubini’s theorem
applied to R,f which is integrable over I'g\NoMr o by Proposition 3.6.14, we
have

1

= f(nmg) dndm
vol(I'g\Nr,oMr ) /FQ\NQMF,Q (nmg)
1

= f(nmn'g)dndm dn' =0 .
vol(I'g\Nr,oMr ) /NF,Q\NQ /FQ\NF,QMRQ

7

f9(9)

~~
=0

]
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3.6.4 SU(1,2)-reduction

In the following, we generalise some formulas obtained in Appendix B for G =
Sp(1,n) by using SU(1, 2)-reduction.

For t > 0, set a; = exp(log(t)H,). This is a generalisation of the a; defined in
Appendix B.

For X € 9o, Y €Egonandr eR,set X -r=rX and X -V = —1[0X,Y] € g..
Note that XY is simply the natural multiplication induced from the multiplication
on Hif G =Sp(1,n) (n > 2).

Theorem 3.6.30. We have:
(1) Writen € N asn =exp(X +Y) (X €g_a, Y € g_sa). Then,

N\ 1+35|X|2—-2Y Y
(0) v(0) = exp(=X - i Emrawe — GrpxeEeave) @

() hin) = e

(1+51X12)2 421y 2

(2) Let n € N and a € A. Writen € N asn=exp(X +Y) (X € gu, Y € g24)
and a = a; (t>0). Then,

1,1 1 2 yp
arccosh(\/(i(t+z)+ﬂ|)q2) +%>
(pg = € )

Remark 3.6.31.

(1) The second formula was already established by S. Helgason and the third
formula is a generalisation of a formula obtained by S. Helgason (cf. Propo-
sition 2.1.7).

(2) One can show that the formula for a, (n € N) is indeed equal to the one
provided by Proposition 2.1.7.

Proof. The subgroups N, A, M and K of Sp(1,n), defined in Appendix B, induce
Lie groups Ny, Ao, My and Ky of SU(1,2). Let ng, ag, mg, & be the Lie algebras
of Ny, Ay, My respectively K. Let 6y the Cartan involution associated to €,. The
Lie algebra ng is given by {X,;: | z € C,t € R} (X, is defined in Appendix B).
S0, ng = CX1 9 @ RX,,;. We denote vy, p,, hoy.p,s ko, p, Simply by 1o, ho, ko .

Let Z* = Z{+Z5 e 0 (Z} € gin, Z7 #0). If ZF # 0, set X, = ﬁZl* Otherwise,
set X;o, = 0. By construction, Z* € RX, & RXs,. '

Let a € A and let H* € a be such that a = exp(H™).

We distinguish the following two cases:

(1) Xoo #0: Let [ = su(1,2) and let L = SU(1,2). Then, it follows from
Theorem 3.1, Chapter IX, of [Hel78, p.409] (SU(2, 1)-reduction) that the Lie
subalgebra g* C g generated by X,, Xaa, 0(Xa), 0(X2,) is isomorphic to
[ via a map ®: [ — g* (The isomorphism from g* to su(2,1) is explicitly
described in [Hel78, p.413]. Note that it is norm preserving.) satisfying
d(log(ae)) = Hy (a(Hy) = 1), ®(X10) = vV2Xa, ®(X0i) = V2Xs, and
dofy=0007.
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(2) X9, =0: Let [ =s0(1,2) C su(1,2) and let L = SU(1,2). Then, [is the Lie
subalgebra of su(1,2) which is generated by X ¢ and (X ) ([ is isomorphic
tosu(l,1)). The Lie subalgebra g* C g generated by X,, 0(X,) is isomorphic
to [ via a map ®: [ — g* satisfying ®(X, ) = v2X,, ®(log(a.)) = H, and
Poly=00d

Let us show in the following that the isomorphism @ is norm-preserving when we
put on g* the norm | - | of g restricted to g*.
Let G* be the analytic subgroup of G with Lie algebra g* and let B* be the Killing
form of g*. Then, B* is up to a positive constant equal to the restriction of the
Killing form on g to g* x g*. Since the map

g xg- =R, (X,)Y)— B@ 1(X), 2 (V) := tr(ady(27'(X)) adg (@' (Y)))
is an Ad(G*)-invariant bilinear form on g* and as

B(®™!(Ha), @' (Ha)) = B(log(ac), log(a,)) = ;- B(log(ac), log(a.)) = ;-

CdX CdX

= ;a(H ) = @B(HQ,HQ) = B(H,, H,) ,
this map is equal to the Killing form on g restricted to g* x g*. Thus, |®(X)| = | X|
for all X € L.
Let K* = G*NK, A* =G"'NA=A M"=G"NM, N = G*N N and
N* = G*NN. Then, it follows from Lemma 3.7, Chapter IX, of [Hel78, p.413| and
the construction of his Lie groups K*, A*, M* and N* that P* := M*A*N* C P is
a parabolic subgroup of G* and that G* = N*A*K* is an Iwasawa decomposition
of G* and that G* = K*A7 K* is a Cartan decomposition of G*.
Moreover, g € G* is equal to v(g)h(g)k(g) (resp. kgayzhy) with v(g) € N*, h(g) €
A* and k(g) € K* (resp. kg, h, € K*, a, € A*).
The Lie algebra homomorphism ®: [ — g* < g induces a Lie group isomorphism
® from the universal cover L of L to G such that ®, = ®. Since Ny, Ny := 0o(No)
and Ag are simply connected,

é(exp(Z)) = exp(é*(Z)) =exp(®(Z)) € N (Z €ng) ,

é(exp(Z)) = exp(é*(Z)) =exp(®(Z)) €N (Z €np:=0h(ng)) ,

and
®(exp(H)) = exp (.(H)) = exp(®(H)) € A (H € ap) .

Let K, be the universal cover of Ky. Then, é(f(o) = K. Thus, NOAOf(Q is an
Iwasawa decomposition of L and Ko(Ag) Ky is a Cartan decomposition of L. The
Lie group homomorphism & respects these Iwasawa decompositions and these

K AK-decompositions. . . )
Thus, v(1) = ®(v(®~1 (1)), k() = ©(ho(®~'(7))) for all n € N* and

tna = @ (04131

for all n € N* and a € A*.
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There are z € C, u € R and t > 0 such that Z := ®71(Z*) = 2 X g+ uXo,; = X,
(Z* € n*) and H* = log(t)H,.

Let X = 2X10, Y = uXy; and H = log(t)log(a.). Then, |H| = |log(t)] -
|log(a.)| = |log(t)|. Since

|X27iu| = \/TianmuH = \/§V |Z|2 +u?

[X| = [2] - | X1ol = V22| and Y] =ul - [Xou| = V2Jul .

As h()(ﬁz,iu) =a___ 1, VO(ﬁz,iu) = n(,z. 14]2|2—2iu iu ) and as
V(1+]z]2)2 +4u? (1+[2[2)2+4u2 " (1+|2[2)2+4u2

_ earCCOSh(\/<%(t+%)+%|z\2)2+1t‘—22)

a”z,iuat ?

the theorem follows. O
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3.6.5 Two geometric estimates

Let us prove now the following statement:
There exist ¢, > 0 such that

= =

/
anlnga = Canlaa anlnga = & anga

for all ny € Npg, ng € N'Q gnd a € Ag.

We need the second estimate in order to be able to show that the right translation
induces also in the geometrically finite case a representation on the Schwartz space.
We start by doing some preparations.

Lemma 3.6.32. Let X be a set. Let f, g be two real-valued functions on X.

(1) If f is nonnegative (resp. positive) and if f < g, then g is nonnegative (resp.
positive).

(2) If f < g (=< was defined in Definition 2.1.8), then f is nonnegative (resp.
positive) if and only if g is nonnegative (resp. positive).

(8) If f and g are nonnegative and if f < f and g < g for some real-valued
functions f, g on X, then f+g =< f +g.

(4) If f and g are positive, then f =< g implies that % = %.
Proof. Obvious. n

Lemma 3.6.33. Let N > 2, ¢ >0, p; 20 and ¢; >0 (i € {1,...,N}) be such
that S0, B <l Let D. = {z € RN | SN 2% > €2} and let D, = D. N {z €
RN | x; >0 Vi}. Then,

P1 PN
xl ...IN

Sup ————
N .
weDl Y. xd

N Pk
15 less or equal than T

Proof. Let N > 2 and ¢ > 0. Let p;, ¢; and D, be as above.

Let N=#{ie{l,...,N} | p; # 0}

We may assume without loss of generality that all the ¢;’s are equal to 2. Indeed,
if this is not the case set ¢ = 2 and p, = %.

By reordering the variables if necessary, Welmay assume without loss of generality
thatpl-:Oforalli>]§7andpi%Oforalli<N.

By the change of variables (x1,...,zx) = r®n (¢, 91, ...,1%N_2) (spherical coordi-

nates),

2Pt xpﬁ
sup ! N
DA
is equal to
r€le,00),($,¢;)EE 72 )
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where E = [0, 7] x [0, Z]¥=2. As 330 pr < 2 and as O (¢, 1, ..., Pn_a); < 1 for
all 2, this is less or equal than
82}2\7:1]”‘:72

The lemma follows. O

Next we give a criterion for polynomials in N variables to have the same growth
behaviour.

Corollary 3.6.34. Let ¢ >0, N € N and N' € N.

(1) Let ¢ > 0 and let pj; > 0 (1 € {1,...,N},j € {1 N’}) be such that
Zgil%élforallj. Let D' ={z e RN | z; > 2—1 x> 1}
If ¢; € (0,+00), then

Zx%—FZcJ A pJN)xe?" (xe D).

(2) Let ¢; € 2N and let p;; € Ny (1 € {1,..., N}, j € {1,...,N'}) be such that
115:1% <1 forall j. Let D. = {x € RN | SN 2% > €Y. Let

S={je{l,....N'}| 3k :pj is odd or ¢; <0) andzp;kzl}.
!
k=1

If ¢; € R satisfies |¢;| < %5 for all j € S, then there exists € 2 1 such that

N N’ N
qi Pj1 Pji,N\ _ qi
(€Y a2l +> cyafit - aliN)y <> 2l (xeD.).
i=1 j=1 i=1

Pjk

Moreover, we can choose € = 1 if for all j either Zk e

even for all k and ¢; > 0).

=1 or (pji is

Proof. Let N e N, N e N, ¢ > 0 and € > 0. Let p;;, ¢;, mj, ¢j, D., D" and S be
as above and let x € D,. We have

ai Z pJN_ 9 G ey
Zaz +Z —(;xz)(l—l—;c —Zllefz )
If z vary in D', then it follows from the previous lemma that
cj Pt ahen
< sz\il '

belongs to a compact subset of [0, +00) for all j. The corollary follows in this case.
Let us consider now the other case. We have the following subcases.
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(1) Case: j €S
It follows from the previous lemma that

Pj,1 Dj,N
C. m PR x
hr 1N—N (z € D))

¢ Ei:l r

belongs to a compact subset of (—#, #L)

(2) Case: j € {1,..., N’} such that p,; are all even and ¢; > 0
It follows from the previous lemma that

o Pi PN
.5 ON "””q{v (z € Dy)
¢ D Tf'

belongs to a compact subset of [0, 400).

(3) Case: j € {1,...,N'} such that SN 2t <]

Let 9; > 0. It follows from the previous?klemma that

Pj,1 Pj,N
C; X RN i
. 1N—N (x € D,)

¢ Zizl r

belongs to [—d;, d;] for € > 1 sufficiently large.

The corollary follows by combining the different cases and by choosing the 9,’s
sufficiently small. O

Assume that P is a [-cuspidal parabolic subgroup of G.
Let ng’zp be the orthogonal complement of ngy’f = Dgaa, (Mr,p) N ny” in nl”

It follows from the above that pg,,  (nr p) is equal to ngjf ® (g20p N ML, P).
We denote by p the canonical projection from py,,  (nr p) to gaa, N nr p.
Let {Z1,Zs, ..., Zp,+msa, } De an orthonormal basis of

n=gap & ((g20, N0rp) & nghp ©® ﬂgf) ;

which respects this decomposition. For v € R, and r € R™p, set

Map m2ap

var = Z ijj + Z TjZmaP+j
Jj=1 J=1

and n,, = exp(X,,). Let ¢: R x R™r — n, (v,r) — X,, . Then, ¢ is an
isomorphism of vector spaces. For v,v" € R™r and r,r’ € R™r set

[(U’ T)v (1}/, 7",)] = L_l([XvJ‘? Xv’,r’]) :

To simplify notations, we don’t write the isomorphism ¢ in the following.
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Lemma 3.6.35. Under the above assumptions, there exists a compact set C in n
such that

an n, a = an a
v, Tyl ! v+l p(r)+r!

for a varying in A and n,, (resp. n,,) varying in Npp (resp. NVT) such that
log(ny,,) + log(n,y ) & C.

Proof. 1f eP has full rank, then the assertion of the lemma is trivial. So, we may
assume without loss of generality that eP is of smaller rank.
Let ny = n,, € Np.p, ng =ny,» € N and a = a; € A. Then

NNy = Ny N =N
12 = Torthet =T 3 00),000)

by Lemma 3.3.1. For x > 1, we have

1
earccosh(x):l,+ /1’2—1:33(1“‘ 1——2>XIL‘

X

as {1 +4/1— % |z > 1} is bounded by positive constants.

Let [[v] = \/7§|XU70| and |r| = ‘/7§|X0’T|. Then, these norms are up to a constant
(the constant is 1 for G = Sp(1,n), n > 2) equal to the 2-norm and

1,,,1,,1 2 |r?
. arccosh(\/(i(tJr?)Jr%||v||2) th_?)
anu,’r‘at =€

(Theorem 3.6.30 or (B.4) when G = Sp(1,n), n > 2). So, we must show that

r4r! 1 v,0),(v’,0)]|2
(321) (A(t+3)+ %||U+Ul||2>2 LIt +2[(t20)( 0]

2 r)+r'|?
< (3 + 1)+ &+ v))? 4 bl

for t varying in (0, 00) and (v+v',r +71') varying in a subset of n having compact
complement (we still assume that n,, € Npp and n,,» € NF). Note that a
constant times the left hand side or the right hand side of (3.21) is then greater or
equal than 1 for all ¢ € (0,4+00) and for (v + v/, + r’) varying in an appropriate
subset of n having compact complement. Since pg,  (nr p) is orthogonal to n”,
v+ v'||> = [[v]|* + ||v/||*. Thus, the above is equivalent to show that

L+ 14l + [V + I+ 7' + 1(0,0), (2, 0)]2
2
= (5 + 1) + 5P+ [1011%)" + [p(r) P + 1r']?

for ¢ varying in (0, 00) and (v+ o', r + ') varying in a subset of n having compact
complement. If go,, is trivial (real hyperbolic case), then the lemma follows
already.

Let ¢ > 0. If ||v||* + ||o'||* = 1, then this is again equivalent to show that

t+c(loll* + 1Y) + L+ |r+ 7"+ 3[(v, 0), (', 0)]]?
<1+t |Jo]|* + V) + Ip(r) P + |7
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for t varying in (0, 00) and (v +v’, 7+ ') varying in a subset of n having compact
complement, by Lemma 3.6.32 combined with Corollary 3.6.34.

Write v = (v1,v2, ..., U, ) and v' = (v, 05, ... ). Write r = (ry,...,7m,,) and
= (ry,...,7m, ). For e >0, set

7T M2a

? m

D, = {(v,r,v',r") € R" x R™ x R x R™M2e
| oy € Nrop, Mg € NOP U Jug* + 05 + P+ PSP > e Vi, 5}

Since the Lie bracket is bilinear, [(v,0), (v, 0)] is a polynomial in

/ / /
’U]_7,U2,--.,'Uma,vljv2’...,/Uma .
Moreover, for every k € {1,...,mau},
Ma
[(v,0), g E a
=1 j=1

for some constants a(

D., we have

€ R. For ¢ > 0 sufficiently large and (v, r,v’,r’) varying in

c(loll* + 1% + Ir + 7" + 5[(v, 0), (v", 0)]*

=c( Y vt + W) + I+ + (0, 0), (v, 0)]?
=1 =1
o maq

xc(va + Z(v§)4) + Z (rj + 7‘;- + %([(v, 0), (v', O)])j)2
i—1 i—1 =1
S OSEDWCES MER,
i—1 i—1
m2a

S ([0,0), (4 0)), + (10,00, 0. 0))) )

Mo maq
<> (o @) + (4= llt )+
i=1 =

by Lemma 3.6.32 combined with Corollary 3.6.34. Thus, for ¢ > 0 sufficiently
large and (v,r,v',7") € D., we have
th+ c([Jol|* + [[0[1*) + 1+ |r + 7"+ 3[(v, 0), (", 0)]]
<t* 4 ||+ |t L+ )R
For each v € py, , (nr.p), there exists r € pghp(np,p) such that n,, € Np p. Write

r=u+z with u € ng;f and 2 € goa, Ny p. Set p(v) = u and set ¢ = 0 on )"
This defines an R-linear map ¢ from R™* to R™2. One checks easily that this
map is well-defined. So, there exist ¢; € R™2* such that

@((xlax% s 7$ma)) = Zcifﬂi (ﬂfl € R) .
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It follows from Lemma 3.6.32 combined with Corollary 3.6.34 that
[ll* + Jr '] < ol + [p(r) [ + [

for (v,r,r’) such that ||v||* + |p(r)|* + |7|* > 1. Indeed, the terms that are on the
left but not on the right hand side are either of the form Av? (A € R) or of the
form Avry (A€ R, 1} € ngf)

Since moreover, for € > 1,

{(v+ 0,7 +7") | npyr € Nrp, Ny € N (0,70 07) & D}
is contained
{4, r+ ") | max{|v|, [vj], [rs], [7}]} < e Vi, j}
(compact), the lemma follows. O
Proposition 3.6.36. There exist ¢,¢ > 0 such that

> =

/
anlnga = Can1a7 anlnga = & aTLQCl

for all ny € Nrg, ng € NTQ gnd a € Ag.

Proof. 1f eQ) has full rank, then the proposition follows from Lemma 2.1.4.
Without loss of generality, we may assume that () = P and that P is a ['-cuspidal
parabolic subgroup with associated cusp of smaller rank.
It follows from the proof of the previous lemma that there exists a compact set C
in n such that

1

Uy g = ;\/1 +t ol + vt + dpCr) P + ]2

for ¢t varying in (0,+o00) and n,,, (resp. n, ) varying in Nr p (resp. NT'F') such
that log(n,,) + log(n, ) ¢ C. In particular,
1

nypar < 5V 1+ + 0+ [p(r)?

and

1
@y e = 5V [V P

for ¢ varying in (0, 4+00) and n,,» varying in N™* such that log(n, ) & C. The
proposition follows. O
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3.6.6 The right regular representation of G on the Schwartz space

In this section, we show that the right translation by elements of G defines a rep-
resentation on the Schwartz space (see Theorem 3.6.44). Some more preparations
are needed to be able to show this result. After this, we are finally also able to
show that the Schwartz space does not depend on choices (see Proposition 3.6.45).

For a parabolic subgroup P’ of G, set N,,, = exp(ga,,) and Ny, = exp(g2a,,)-
Let

it Ng = Niag: 1 exp(pg,.,(log(n)) (i €{1,2}).
Then, logop; = Pgiag, © log and for every n € Ng

n = pi(n)pa(n)

by Lemma 3.3.1. Hence, p; and p, are projections.

Let pyr.e = p; o pyre. Then, this defines a projection from Ng to NiF’Q.

Clearl};, piopyre = pyre. Let nng = Pgaa (np.g)Nny @, We denote the projection
on nng by Pra- Let X € pg,,, (nrg). Then, there exists Y € npg such that
Pg,(Y) = X. Let o(X) = Pyp:@ (Y). Then, ¢ is a well-defined R-linear map

from py,  (nrq) to nng Indeed, let Y € nr,g be such that py, (Y’) = X. Then,
Pgag, (Y —=Y') = 0. Thus, Y =Y’ € np g M gaa,- Hence, Png;f?(y —Y’) = 0. So,

ppe(Y) =pre(Y’).
By construction, p,r.e (X) = gp(pgaQ (X)) for all X € npq.
Lemma 3.6.37.

(1) Ng = pl(NnQ)NlF’QNzaQ is a decomposition of Ng. Moreover, for every
n € Ngq, there exists a unique n' € Nao, such that

n= (pl Oer,Q)(”)pr’Q (n>n/ .

It follows that p1 o p:. o= Ng — p1(Nr,qg) s a projection.
Moreover, the above decomposition induces an Ag-invariant Lie group de-
composition on Ng/Naa,,-

(2) For every n € Ng, log(n) is equal to
log((p1 © parg)(n)) + log(ler,Q(n)) + log(p2(n)) -
Thus,
logop1 0 Pr g = Pgag, © Parg ©l0g, logopyre =preolog .

(3) p1o Py is a projection from Ng to pi(Nrg) = exp(pgaQ (an)).

Remark 3.6.38. In general, we don’t have logopn. , = pn, ©log, logopyr.e =
pare o log, logopy o pnp, = Pgsag, © Prrg © log or logOpNQF,Q = PpL@ © log.
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Proof. Let n € Ng. By Proposition 3.3.2, by Lemma 3.3.1, we have
n = pi(n)p2(n) = m (PNF,Q(WPNF’Q(”))M(") = (;m opNF,Q)(n)pr’Q(n>n/ )

where n’ := pa(n) exp(—3[log(p1 (P o (1)), log(Pyre(n)]) € Nagg.

It follows that Ng = pi(Nr.q) Ny @ Nog,,.

Let ny,n} € py(Nrg), na,nly € Ni 9, ng,nj € Naa,, be such that nynyns = ninsns.
Let X1, X7 € pg.,, (nrq) be such that ny = exp(X1), nj = exp(X7).

Let Xy, X} € n}"? be such that ny = exp(X3), n), = exp(X3).

It follows from the Baker-Campbell-Hausdorff formula and the fact that every
element of ng = Jao P 920, admits a unique decomposition that

X1+ Xo =X+ X, .

Thus, X, = Xj and Xy = Xj as gay = Py, (Mr,q) © n?. Hence, n; = n) and
ny = njy. So, ng is also equal to nj.

The first assertion follows now easily from this.

The first part of the second assertion follows now from the Baker-Campbell-
Hausdorff formula and the second part follows from the fact that (pgaQ O Pap.o ) (X)+

png,Q(X) + Do, (X) gives a unique decomposition of X € ng.
We have
p1(Nrg) = exp(py.,, (log(Nr))) = exp(pg., Q) -

Let n € p1(Nrg). Then, by the previous assertion and by uniqueness of the
decomposition of ng = pg,, (nr,q) ® n ¢ e ¥2a0, We have

(P10 Py ) (1) = exp(log((p1 © Parg)(7)) = exp((Pgay, © Parg)(log(n))) =1 .
The last assertion follows. ]

Lemma 3.6.39. There exists a constant ¢ > 0 such that |[X,Y]| < ¢|X|- Y| for
adl XY € g.

Proof. Let XY € g. Without loss of generality, we may assume that X and Y
are nonzero. Then,

X, Y] = |X] - Y] [, )
Let S = {Z € g | |Z] = 1} (compact) and let ¢ = supy, »,cs|[Z1, Z2]|. Since
[,]: g X g — g is continuous and as S x S is compact, c is finite. The lemma
follows. O

Proposition 3.6.40. Let Gy q01ww be a generalised standard Siegel set with
respect to ) and let S be a relatively compact subset of G. Then, there exists a
generalised standard Siegel set &4 g7 o Such that

Yg.ngh € Gstd,Q,ﬂw,&’

for some vy, € I, for all g € G440 twe and all h € S. Moreover, we have the
following:
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(1) There exist constants ¢ > 0, ¢ > 0 such that

sup [ log(p1(vo(vg.n)))| < ¢+ ¢ holg)™@
S

for all g € Gsta.0tww -

(2) There exist constants ¢ >0, ¢ >0, ¢ > 0 such that

sup | log (v (1gn))| < ¢+ ¢ ho(g)*(1 + [log(pyra(ve(9))]) + ¢ haolg)™
S

for all g € Gusta.Q b -
Remark 3.6.41.

(1) It follows from the above lemma that

{[og(p1(vq(vgu)))| | h € S, 9 € Gaaqiwe : ho(g)™@ < T}
is bounded for all 7" > 0.

(2) Let {X;} be an orthonormal basis of ng. Then, the proof of the proposition
provides estimates of the absolute value of the coefficients of log(p; (vg(7g.n)))
and of log(vg (7)) (h € S) with respect to the basis {X;}.

Proof. Let 6 := G440t ww and S be as above and let h € S. Let g € G.
We have

(3.22) gh = vg(gh)hq(gh)kq(gh)
= (vo(9)hq(9)vo(kq(9)h)ho(g) ') ho(g)hg(ko(g)h)ko(gh) -

By Lemma 3.4.10, there exists a generalised Siegel standard set &4 7.,z such
that

Yogr 9N € Sga.Qiwe

for some v, , € I'g, for all g € G44.01ww and all b € S.
Note that (3.22) is again equal to

(P1(v(9))ha(9)*p1(vo(kq(9)h))p2(vo(9)) ha(9)**?p2 (v (ko(9)h)))
ha(9)hq(kq(9)h)kq(gh) -

Thus, by Lemma 3.3.1, vg(gh) is equal to

PP (70 (9))Pyra (Vo (9)) exp (=3 [p1 (Dar o (Vo (9))), Pyre (v0(9))])
ho(9)*p1(va(ka(9)h))p2(vo(9))ha(9)* 2 (vo(ka(g)h)) -

Hence, by the Baker-Campbell-Hausdorff formula, log(vg(gh)) is equal to

log (p1(pnro (V(9)))) +log(pyre(va(9))) + halg)*? log(pi(vo(ke(g)h)))
+ hQ )@ [log (p1 (P (V0(9)))) log (1 (o (kg (9)h)))]
+ = h Q| log( r.Q (vo(g ) 108;(191(”@( kq(g)h )))]
+1og( 2(vg(9))) + ho(g)**@ log(pa(vo(ka(g)h)))) -

176



By Lemma 3.6.37, this yields

(3.23) log(v(9)) + hq(9)*@ log(pi(vg(ke(g)h)))
+ 3h0(9)* log (p1(Pnr o (V0(9)))) s log (p1 (o (ko(9)h)))]
+5ho(9) @ (log(pyre(vq(9))). log(pi(va(ka(g)h)))]
+ ho(g)**? log(pa(vo(kqg(g)h))) -

So, log(er a(vgl gh = Dgag, (pnr Q log 128) gh))) is equal to

log(erQ vo(g))) + ho(g)*e log(erQ(VQ(/{;Q( )h)))

One can also use these computations in order to prove the first assertion.

Let us estimate in the following |log(p1(vq(vg,n)))| = [Pga,, (log(vg(ven))) |-
By (3.23) and by Lemma 3.3.1, log(p1 (pny., (Vo(1409M)))) is equal to

log (p1(pro (Vo (Vg1)))) + 108 (p1(Par. (Vo (g (V9,1)9))))
+ h(9)*? log (p1(pae o (Vo (kq(9)h)))) -

Since w is relatively compact, there exists a constant ¢ > 0 such that

sup  |log(p1(par o (Vo (Ygngh)))) — log(p1(par., (vo(mg))))| < ¢
hes, mEMF’Q

for all g € &. Thus,

sup | log (P1(par.o V(1)) | < €+ h(g)™
S

where ¢ := supyere,, nes 1108 (1 (Dnr o (Vo (ER)))) |-

Let us estimate now |log(pNQQQmNF’Q(VQ(vgvh))) |.

By (3.23) and by Lemma 3.3.1, Pgzagnr.q log(vg(vg,gh)) is equal to

Pazagnr.o (10810 (19,1))) + 108 (PNzag i, o (o (Iarg (4,1)9)))
+1Q(9)**Pgaanr. o (108(vo (kg (9)h)))
+ 51Q(9)*Pgzag v o (108 (p1 (g (14,0))) - Jog (p1 (o (K (9)h))])
+ 510(9) Pgaag ur.o (108 (1 (A (Larg (Y9,1))Pr o (V0(9)))) s log (p1 (Vo (ko (9)1)))])
+ 51Q(9)"Pgaag i o (108 (Pyre (10(9))), log (p1 (Vo (kq(9)h))]) -

)
)

Since w is relatively compact, there exists a constant ¢ > 0 such that

sup |pg2aQ nnr.g ( 1Og<VQ (’Yg,hgh))) ~ Pgaagnirg ( log(VQ(mg))) |<ec
hGS, mEMpr
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for all ¢ € &. Similar as above and by using that result and Lemma 3.6.39, one
shows that there exist constants ¢ > 0, ¢ > 0 such that

(3:24) 8P [Py, o g (log(q(vg,)))|
< e+ ho(g)*@ (1 +|log(pyre(ve(9)))]) + "ho(g)**? .
Since |png,,1(g (log(vo(ven)))| = |<,0(pgaQ (log(vg(74,r))))| and since any linear map

between finite-dimensional vector spaces is bounded, sup,g |png,1Q (log(vo(ven)))|

has an estimate as in (3.24). The last assertion follows now from the previous
one’s as

X = Do (X) + P o(X) + B0 (X)
for all X € np . O
Lemma 3.6.42. Let v € I'g.
(1) If X € ng, then

Ad()X = X = [log(p1(vq(7))), Ad(lng (7)) X] € 8200 C 1q -
(2) If X € ag, then Ad(v)X — X is equal to
[log (v (7)), X + 3[log(p1 (v(7))), log(pr(vo (1)), X]] € nr.o © 820y C g -

(3) If X € mg, then Ad(y)X — X is equal to

log(vq(7)), Ad(lyg (7)) X]
+ 3[log(p1 (v(7))), log(p1 (o (7)), Ad(lar, (7)) X] € ng -

Proof. The lemma follows by direct computation. O

For f € €(I'\G, ¢), define
m(9)f(z) = Ryf(z) = f(zg) (9,2 €G).

Proposition 3.6.43. Let © be a generalised standard Siegel set in G with respect
to Q, let X € U(ng), let Y € U(g), let f € €(T\G,p) and let r > 0. Then, for
each relatively compact subset S of G, there exists a seminorm p: € (U'\G, ) = R
such that supy,cg & Pr.x,y (T(h) f) is less or equal than p(f) < oo and & prxy (Rnf—
f) converges to zero when h tends to e.

Proof. To prove this proposition, we do a similar argument as in Proposition
2.3.41, which itself was proven in a similar way as Lemma 14 of [HC66, p.21].
Let he G,z e G, X €elU(ng), Y € U(g), & as above and let f € €(I'\G, ). By
Proposition 3.6.36, there exists C' > 0 such that

ayg 2 Cap rowohele  (YETQ g€ ).
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This is again greater or equal than C’a, for all g € &. We have

ePrxy(m(h)f) = sup ag(g~")™e(1+logay) a FQ|LXRY(Rhf)(9)\

gKqged’

F
< sup ag(g™)e (1 +logag) al “[Lx Raan-1y f(gh)] -
gKqe®’

Let S be a relatively compact subset of G. By Proposition 3.6.40, there exists a
generalised standard Siegel set G with respect to () such that

Yg,ngh € S

for some v, ), € I'g, for all g € G and all h € S.
By Lemma 2.1.5, Lemma 2.1.6 and the estimates C'ay < a,,,4 (9 € 6), a; < agnan
(x € G), the above is again less or equal than

_ e
¢ I?up(.; aq((vg.ngh) 1)pFQ (1+log a’Yg,hgh) “zg hgh|LAd(Vg,h)XRAd(h’l)Yf(797hgh)|
gKqe®’ '

for some constant C” > 0. Assume now that X € ng. The case X € U(ng); will
then follow by induction. Let ¢ > 0 and let g € & be such that ho(g) > t.
Set Zgn = [log(p1(vq(Vgn))), Ad(lar, (V9,n)) X] € 82aq- Then, for x € G, we have

Ladty, )x-xBaaw-1y f(x) = Lz, , Raag-—1yy ()

~Rpako(o)1hale) 2@ 7, aan-1y () -

Since K¢ is compact and since the coefficients of hg(g) 2*@Z,; with respect to
{X;} are bounded by Proposition 3.6.40 and Lemma 3.6.39 and since

{[log(p1(vo(vgn)))| | h € S, g € Gstaqwe : holg) <t}
is finite by Remark 3.6.41 of Proposition 3.6.40,

_ r'Q
sup sup_aq((vgngh) ™) @ (1 +1logay, ,gn)"al ) o
hes gKoed' ’

| Lad(yy n)x—x Baag-—1)y f(7g,n9N)]

is less or equal than [;(f) for some seminorm [;: €(I'\G, ¢) = R
Thus, supy,cs oPr.x,v (m(h)f) is less or equal than

L(f) == L(f) +sup sup ag(z™")e (1 +loga,) a? °|Lx Raa-1yy f(2)] .

hes zKq €&’

In particular, w(h) f belongs to € (I'\G, ¢). The remaining argument is very similar
to the one in Proposition 2.3.41. O

Theorem 3.6.44. (7,4 (I'\G,¢)) and (7,°€('\G, ¢)) are representations of G.
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Proof. The theorem follows from Proposition 3.6.43 for the & p, x y seminorms and
the proof of Theorem 2.3.42 for the Up, xy seminorms. Indeed, the cocompact
action of I' on X U Qr is only needed to show that the Schwartz space lies in
L*(T\@G, ¢). The detailed proof is very similar to the one of Theorem 2.3.42. []

Proposition 3.6.45. The Schwartz space does not depend on made choices.

Proof. Since the Schwartz space is a representation space by Proposition 3.6.43,
it suffices to prove that alternative seminorms are finite for Schwartz functions.

Let f € €(T'\G, ) and r > 0.

(1)

We can choose an other Cartan involution g of g in order to get Ag and
Myg. Indeed, let Ké? be the maximal compact subgroup of GG corresponding

to 0y, Let h € NoAgq be such that Ki = hKqh™'.

Let 6;%2,@ be a generalised Siegel set in G/K% with respect to Q. Set
@ = {9hKq | gKq, € G%Q}. Then, this is a generalised Siegel set in

G/ Kg with respect to Q.

Let X € U(ng) and Y € U(g). By (3.3), (3.4), Lemma 2.1.6 and as

gKé? € GI%,Q < ghKg € G/Q ,

T
sup a%jg(g’l)p% (1 +logagy)"al N |Lx Ry f(9)|
gK(/QEG/B,QQ

is finite if and only if

I
sup gy q(g )" (1+logag)"af) “|Lx Ry i1y (Ri-1 £)(9)]
gKQGG’Q

is finite. It follows from Proposition 3.6.43 that this is finite.

We can choose an other representative of the I'-cuspidal parabolic subgroup
of G. Indeed, let v € T and let @ = yQy~'. Then, Ng = yNgy !,

Ag =7Agy™! Mg = vMgy™" and Ko = 7Kgy~

Let &¢ be a generalised Siegel set in G with respect to Q' (0 = "6g). Set
O =767 Let Ko = vKgy™'. Let X € U(Ad(y)ng @ Ad(y)ag @

Ad(y)mg) and Y € U(g). By (3.3), (3.4) and as gKg € & <=

9Ky €16y = 797K q € 6, ¢, Prx,y(f) is equal to

'
sup  ag (g ") (1 +log ag)"af N |Lx Ry f(g)]

QKQIGGIQ,

I
= sup CLQ(g_l)pFQ (]_ —|— log ag)rag @ |LAd(W*1)XRAd('y*1)Y(R7*1 f)(g)l .
gKQGGIQ

Thus, it follows from Proposition 3.6.43 that this is finite as Ad(y 1) X €
U(ng).

The proposition follows. O
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3.6.7 Partition of unity indexed over I

In this section, we construct a partition of unity indexed over I'. See Theorem
3.6.53 on p.185. In the convex-cocompact case, Lemma 2.3.19 (lemma providing
the y-function) provides such a partition of unity.

We need this function in order to prove that the compactly supported smooth
functions are dense in the Schwartz space (c¢f. Proposition 3.6.60 on p.193).

In the following, we do some preparations for the proof of this result.

Lemma 3.6.46. Let g be a positive, bounded function on a topological space Y
and n € N;n' € Nyg, k € N, ¥ € N. By convention, R® = Z° = {0}. Let
f:R"xR" xY — R be a positive, measurable function such that

F((@,a’),y) =< 1+ (|=llf + 1215 - 9(v)

when x varies in R™, 2’ € R™ and y varies in Y. Here, || - ||n (resp. || - ||w) is a
norm on R™ (resp. R ). Let R > 0 be sufficiently large so that

#{(m,m') € 2" x Z" | f((m,m'),y) < R} > 0.
Then,
#{(m,m) € Z" x 2" | f((m,m’),y) € [R, R+ 1]}
#{(m,m') € Zm x 2" | f((m,m’),y) < R}

s uniformly bounded in y € Y and converges uniformly in y € Y to zero when R
tends to oo.

Proof. Let Y be a topological space and let f, g be as above. Let n,n’, k, k' be as
above and let y € Y. Without loss of generality, we may assume that |- ||, = || ||oc

!

and that || - [|y = || - [l. Let d = £ 4+ % > 0 and let € > 0. Then,

#{(m,m') € 2" x 2" | |jm|* + |lm/|* < r}
= #{(m,m') € 2" x 2" | max{|m|*, [|m'|*'} < r} =

when 7 varies in [, 00). Since moreover g is bounded,

Rd
g(y)?
when R > 0 is sufficiently large so that the left hand side is positive. Hence,
(R+1)*— R%)

g(y)* '

#{(m,m) € Z" x Z" | f((m,m),y) < R} <

#{(m,m) € Z" x Z" | f((m,m'),y) € [R,R+1]} <

So,

#{(m,m') € 2" x 2" | f((m.m'),y) € [R,R+1]} _ ((R+1)"— R)
H(m,m) € 20 x 27 | f((m,m’),y) < R} Rd

is uniformly bounded in y € Y and converges uniformly in y € Y to zero when R
tends to co. O
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For every multi-index k = (ky,..., k) € N}, set |k| = k; + -+ + k; and

OIF|

Dpy=—"
k (%zzkl &Ukl ’

where Jy = Id by convention.

Lemma 3.6.47. For any n € N,

2n—1 an
sup (x—1) 2 —
xe(l,oo)( ) Ox™

(earccosh(ﬁ) )

s finite.

Proof. One can easily prove by induction that

2n—1 an
li 1\ arccosh (/)
Jim (o= 1) g (e )
and an
2n—1
li —1)7% arccosh (/)
Jim (z = 1)75 o (e )

are finite for any n € N. The lemma follows as

2n—1 an

e (1 — — 1\ arccosh (/)
v € (1,00) 5 (o~ 1) 2 (i)

is continuous for any n € N. O]

Proposition 3.6.48. Let m = dim(g,) and n = dim(gs,). Identify g, with R™
and gon with R™ such that |X| = || X||s and |Y| = [|[Y]|2 for all X € g, and
Y € goa-
Let f(z1,. .., Tm, Y1, .-, Yn,S) be defined by

1

(Q(es +e %)+

1
2625

1 2
@i+ +a2) + Wi+ +yo).

4es

Let A(X,Y,S) = Gexp(X+Y)aps = earCCOSh(V f(X’Y’S)). Let ¢ > 0. Then, for all

LU €Ny,

T AKX, Y, 5) 0! o
A(X, Y, S) anl cee anl 83/]63 ce 8Yk2/ 851”

(3.25) A(X,Y, s)|

(k: |kl=0LK K=, X,Y,s: A(X,Y,s) > 1+¢) is uniformly bounded.
Remark 3.6.49. As a,, > a, for all n € N and a € A, we have the estimate
A(X,Y,s) > max{e’, e™°} > 1 (X € 0a,Y € 920, s €R) .

In particular, e**A(X,Y,s) > 1 for all X € go,Y € goa,s € R.
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Proof. Let f(z,y,s) = (3(e* +e7*) + %@‘f)Z + Ll® Then,

2e2s
9 R P L
8—%f($ay75)—(§(6 +e )‘i‘@)'g,
8 —2s
—f(z,y,s) =e¢ ;
ayjﬂ Y,s) Y;
e 9 | el fzl? )2
(8 —5 x . xz . Yy
gf(x,y,s)— (2(6 +e )+ 465) 265 623
Thus,
(9 _s X, _s 3
o ) < VT ) et B ey 00t
J
9 —2s —s
o s)| < e (14l < eV p,9)
Y;
and 5
%f($ay>s)| ‘<f(l',y,8) .

It follows easily from the above, Lemma 3.6.47 and the fact that e®°°sh®) = »

when x varies in [1, 00) that (3.25) is uniformly bounded for [ =" = 1" = 1. The
general case is proven similarly. For example,

2
- (‘5%3'(%(@5 PN ) o)
Thus,
92
‘8a:i8xjf(x’y’ s)| < eV f(z,y,s) .
It follows again easily from this that |#;X],A(X .Y, s)| satisfies the needed esti-
mate. :

Lemma 3.6.50. Let ry,ry € RU{Zxo0} be such that ry < o (we use the usual con-
vention). Then, there is a smooth function hy, ,,: R — [0, 1] such that h,, ,,(z) =1
forx <y, 0 < hyy () <1 forx e (ry,re) and hyy () =0 for x = ro.

Remark 3.6.51.

(1) The lemma is a slight generalisation of Lemma 2.21 of [Leel3, p.42].

(2) Let 0 < 7 <7y (ry = +00 is also allowed here). Let H,, ,,: R¥ - R (k € N)
be defined by H,, ,,(z) = hy, s, (||z||2). Then, this is also a smooth function
by the proof of Lemma 2.22 of |Leel3, p.42|.

(3) sup,cg |\, ()] is finite for all n € No.
Indeed, for n = 0, this is trivial. Let n € N. As hsff?m is a continuous
function with compact support, sup, g |h£’f)r2(:7c)| is finite, too.
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Proof. Define f: RU {£o0} — R by

1 if x =00
1
flx)=qez ifz>0
0 ifx <0

This function is smooth on R by Lemma 2.20 of |Leel3, p.41].
Let r1,79 € RU {400} be such that r; < ry. For z € R, define

f(ra — )
flro—a)+ flo —r))

Then, A, ,,: R = R is a well-defined, smooth function such that h,, ,,(z) =1 for
x <1y, 0< hyy () <1forae (ry,re) and Ay, 4y (2) =0 for x > ro.

Py s (z) =

]

Lemma 3.6.52. Forn € N and a € A, set F(naK) = aa,, and F(nwP) =
a(nw). Then, F is analytic on (X ~ {eK})U {nwP |n € N}.

Proof. Letn € N and a € A. Writen € Nasn=exp(X+Y) (X € ga, Y € g24)
and a = a; (¢t > 0). Then,

1,1, 1 2 Y2
arccosh(\/(ﬁ(t+?)+E|X|2) +%>
Apg — €

by Theorem 3.6.30. Since arccosh(z) = log(xz + va% — 1) for all z > 1, aa,, is
again equal to

V@ 0+ 5xR) 5 e e+ xR e

This function extends analytically to (R x N) ~ {(1,e)}. At ¢ =0, it is equal to

2/ (5 + 41XE)" + B =y (L 41XE)" 2y

By Theorem 2.1.7, this is again equal to a(6n) = a(nw). The lemma follows. [
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Let Ax be the Laplace-Beltrami operator of X.

Theorem 3.6.53. There exists a cut-off function x € C°(X UQ,[0,1]) with the
following properties:

(1) > er Lyx is locally finite;

(2) Z'yef‘ Lyx =1;

(3) sup,eq |Lx Ry x(g)| < oo for all X € U(np,) (1 € {1,...,m}), Y € U(g);
(4) sup,rer |Lx Ry x(g)| < oo for all X,Y € U(g) and all U € Ur;

(5) supyxey agldx(9K)| < oo for every U € Ur;

(6) sup,xer ag|Axx(9K)| < oo for every U € Ur;

(7) {v €T |y U Nsuppx # D} is finite for every U € Ur;

(8) {7'p, €'/Tp, (U"//Grpi 7’717’16’&3”71) Nsupp x # @} is finite for all i;

(9) there is a constant C' > 0 such that

Q-1 < Ca,

for all gK € U, cr 76k g4, (0 € {1,...,m}), v € I'p, such that Y 9K €
Supp X-

We denote the restriction of x to 0 by Xeo-

Remark 3.6.54. Compare this y-function with the y-function from Lemma 2.3.19
(convex-cocompact case).

Proof. Since the theorem follows from Lemma 2.3.19 if I'\ X has no cusp, we may
assume without loss of generality that T'\ X has a cusp. Then, (4) follows from
(3) by Lemma 3.6.7.

Let us show now that the properties (5) and (6) hold if we have constructed a
cut-off function x € C*(X UQ,[0,1]) satisfying Property (7).

Let U € Up. Then, £ :={y €' | v 'U Nsuppx # @} is finite by Property (7).
Then, by using a cut-off function which is identically one on . v U (relatively
compact subset of X U () that y is equal to a cut-off function in C*(X, [0, 1])
on |J,.57 'U. The properties (5) and (6) follow now from the proof of Lemma
2.3.19.

We use the following convention: If f is a function on X, then f(g) (g € G) is by
definition equal to f(gK) (and in general not equal to f(gP)).

Let wir = {n € Nrp, | an < R} and W} p, = {n € N"" | a, < R'}.

Fort,s,8" >0, set G,y = wi,sNr’PiAiKi ~ wmwg?s,AKtKi.

Recall that w; € Nk, (ap,) denotes a representative of the nontrivial Weyl group
element.

Let A\; > 1 be such that __ap(mw) <A\ -—2 forall n € N;,.

ap; (pyr,p; (n)wi) % 1, p; (1)

Let A = max; A\;. Choose t > 2, R > 1, R’ > 2 sufficiently large so that
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(1) wiji’%,w’ Cwip_y forallie{l,...,m}

= stdyi = i

(recall that 6std,i = Wstd’iNF’PiAiKi AN wstd’iw;td,i(Ai)dKi);

(2) {y el |vclo(&y,, 1 gpr_1)Nclo(E,, 1 pr_1) # D} is finite and con-
tained in I'p, for all i and ['clo(&'y;; 1 g 1) Nclo(& ;1 ppy) =3 for
all 7 # j. It follows from the proof of Proposition 3.4.7 that this is possible.

Then, there is U € Ur such that
(3.26) ,X,std,z‘ C GlX,i,t—l,R,R’—l uu

for all 7. By Corollary 3.4.8, there is V' € Ur such that

(3.27) N\X =IVU TSy, pm -
=1

Let W, be the closure of V in X U Q. Let W, be an open, relatively compact
subset of X U €2 which contains W,,.

By Lemma 2.26 of [Leel3, p.55|, there exists a smooth cut-off function vy €
C>(X, [0, 1]) such that 1y is identically one on W and identically zero on X ~ W,
So, supp iy is contained in X U Q. Thus, sup,xcx |[Lxto(9K)| is finite for all
X € U(g). Tt follows from Lemma 2.3.18 that sup . |Lx Ryto(g)| is also finite
for all X, Y € U(g).

Let i € {1,...,m}. By the proof of Lemma 2.26 of |Leel3, p.45], there is a cut-off
function ¢; € C*(G/K; UG/PF;, |0, 1]) such that

(1) ¢ =0on Wstd,iW;R/_lAi,gt—lKu
(2) sz =1on wi,ng’R,A@tKi, and
(3) ¢; takes values in (0, 1) otherwise, on G/K;.

Claim 3.6.55. [] L. ¢; is a well-defined function in

7€l p,
C*(G/K; U{nw;P; | n € N;},[0,1]) .

Moreover, on G/K;, it has support on

/ /
G/Ki~ Nppw; gy Aict1 Ki = U V8t 1 rR 1 -

v€lp;

Proof. Note that the last assertion holds.
Let U be an open subset of G/K; which is relatively compact in G/K; U {nw;P; |
n € N;}. Then, [[ o, oi(vlgK;) = [Ler, ¢i(v9Ki) has only finitely many
factors which are not eqlual to 1 when gK; varies in U. Indeed, if ¢;(vgK;) # 1
for some v € I'p, and some gK; € U, then

nWmVer,Pi(VPi(g))mw_l = pNF,Pi(VPi (79)) CWiR -
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But as U is relatively compact in G/K; U {nw;P; | n € N;},

{pNF,Pi (sz(h)) ‘ hK; € U}

is a relatively compact subset of Nr p,. Hence, 7 is contained in a compact subset
of Nr p, Mr p, (independently of the choice of v and g). Since moreover I'p, is
discrete,

{v €Tr | di(vgKi) # 1 for some gK; € U}

is finite. Similarly, one shows that [ . ¢i(v~1gP;) has only finitely many factors

which are not equal to 1 when gP; varies in a relatively compact subset of {nw;P; |
n € N;}. The claim follows. O

For n € N; and a € A;, set F;(naK;) = aa,, and Fij(nw;P;) = ap,(nw;). Then, F;
is analytic on (G/K; \ eK;) U {nw;P; | n € N;} by Lemma 3.6.52.
For g € G, set ag’) = ah‘h=er,p,L- (vry @)y ()"

For n € N; and a € A;, set G;(naK;) = aa%) and Gi(nw; P;) = ap,(pyr.r, (n)w;).
Then, G; is analytic on G/K; U {nw;P; | n € N;} by the proof of Lemma 3.6.52
and as pyr.p; is analytic.

Let R, = hR,RH(%). Note that there is a neighbourhood of eK; in G/K; on

which R; vanishes. So, R; belongs to C*°(G/K; U {nw;P; | n € N;},[0,1]).
Define ¢; € C*(G/K; U {nw;P; | n € N;},[0,1]) by

Y = ( H Lygi)hrrii (&) -
Y€l P,
Let g € G. Then,
Vi(gK;) = H ¢i(77ngi)hR,R+1((Z_§)) c[0,1] .

v€lp;

On G/ K;, v; has support on G/ K;\ Nr pw; 1 Ai <1 Ki = Uverpi Y& R 1

Let h; € N;A; be such that K, = hiKhi_l. Then, there is k; € K such that
P, = hik;Pk;*h;' by Lemma 3.1.4. Set hg = ¢, kg = ¢, Ky = K and Py = P. For
g € G, set

bi(gK) =1;(gh;'K;) and  ¥;(gP) = ¥;(gk; 'hi' P;) .

Let T, (i € {1,...,m}) be the subgroup of finite index of I'p which is provided
by Auslander’s theorem.
We have:

(1) Let g € U, cr 76irr- Then, 1i(vgK;) = 1 for some v € T'.
Indeed,

#{y €T [ Uiy "gK) =1} > #{y €T} |y, i -19) < B}
= #{’7 = Fi | pNF,Pi(VPi (’7_19)) < wiﬁ}
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as % < a

20 S Qon (0 (0)- This is greater or equal than 1 since

aer’Pi (ve,(v"19)) am?lep’pi (ve;(9)

for all v € I'p, and since Uverg nwstdi = Nr.p,.

(2) Let nw; Py € U, ep 7(clo(&], g ) N {g P | ghikiP € Qr}).
Then, ¥;(ynw; P;) = 1 for some v € T
Indeed, v;(nw;P;) = ap, (nw;) <A < Ay (n)-

ap; (eryp'L' (n)wl) apNF’Pi (n)

Now we can show the rest similarly as above (use that wgy, is contained in
w;. §)

(3) supp(@j) N supp(iﬂk) = @ for all 7,k such that 1 < j <k < m.

(4) {vel| SPPP(%) Nyelo(&y,, 1 rp-1) # 9} Clp:
As supp(¢;) C T'p, Clo(Gg,t—l,R,R’—1)7

{7 €T supp(¢h) N velo(& i1 rr-1) D} CTp,

(5) {y €T | supp(dh;) Nysupp(vy;) # @} C T'p,.

Let g € G be such that 1(g) # 0. By the above, there is at most one j €
{1,...,m} such that V;(g) # 0.

Set v = 7" ;. Then, ¥ € C=(X U (90X N UL {eP;}),[0,1]).

Define x = ﬁ on X U Q. It follows from (3.27), the construction of our

maps, Proposition 3.4.9, Proposition 3.4.7 and (3.26) that x is well-defined, that
the first two and the last three properties hold. Moreover, x € C*(X, [0, 1]).

Let us prove now that (3) holds.

(1) Let € > 0. It follows from Proposition 2.3.15 that for all X, Y € U(g), there
is cxy > 0 such that

(3.28) |LxRya,| < cxyay (geG:ra;>1+¢).

(2) If g € G belongs to

(3.29) Di={geG|%5 <R+1}

o

(e.g. if g € &, g r) then it follows from the proof of Proposition 3.6.36 that
there is a constant cz > 0 such that

1
(3.30) 1+ [logp: (er,pi (vp, (9)))| < crVhp, (g)a;Nr,P (vp, (9)hp,(9)

(3) For k € Ny, set U*(np,) = {X € U(np,) | ad(H)X = kX VH € ap}. Then,
u(npi) = @uk(np) :
k=0
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Claim 3.6.56. Let | € No. For any X € U'(np,), Y € U(g) and any £ > 0,

1 |LxRya?
hp,(9) (a“’)2~—| bkt |
g NG
V g
>1

N~

15 uniformly bounded when g varies in

(3.31) {9eGlag>1+¢, 5 <R+1}.

alf
Proof. Without loss of generality, we may assume that k;(g) = e.
For X € gq,, Y € goq, and s € R, set A(X,Y,5) = Gexp(x+Y)aps -
Let now X € Ul(np,), Y € U(g).

Since the function is right K;-invariant, we may also assume without loss of
generality that Y € U(np)U(ap,). Let Z € U" (np,) and H € U(ap,).

Note that there are finitely many X;, € U'(np,), Zx, € U" (np,) such that

LszRHCLg)
= Dx,, Dz, DuA(logpyrr(vp,(9)), log pyrr (ve(9)), log hp,(9))

Jk
(the notations are self-explaining) with

[Xjgl < ex(1+ [Togpi(par p, (9 + c2(1+ [log pyrri (9)])f

and

/

|Z1g < rhp(9)" (1 + [log pi(par s, (9))" + c2hip, ()" (L + | log pyr.ri(9))

for some constants ¢y, co > 0.

Since a(n) < apqa for all n € N; and a € A;,

L logpyrn () < a7 | o) < (@) ihp(9)F
Thus,
Xl < hr,(9)5(af))?
and , ,
Zigl < hr(9) % (@)% < he(9) (a)" .
The claim follows now from Proposition 3.6.48 and Remark 3.6.49. O]

We can now easily conclude from the above that for all X € U(np,), Y €
U(g), there is ¢y, > 0 such that

ag / ag
’LXRY_a(i) < Cxy - N
g g

when g varies in (3.31).
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Since moreover sup, g |h$7f,)r2 ()] is finite for all n € Ny, it follows from the Leibniz
rule and the chain rule that sup,s |Lx Ry;(g)| is finite for all X € U(np,) and
Y € U(g). Let | € Ny. Then,

(3.32) sup hp, (9)2 (al7)2 | Lx Ry ¢(g)|

geG

is even finite for any X € U'(np,), Y € U(g).
By the proof of Proposition 3.6.36, Lemma 3.6.46 and as I", has finite index in
FPZW

(333) #{velp|vi(v 9 € (0, 1)} <#{yelp (v 'g) =1} (9€G).

Let g € G. If X € gl(g) and if ¥;(g) € {0,1}, then Lx1;(g) = 0 by construction
of ¢;. Thus, Lxx(g) =0 for all X € U(g) if ¥(g) = 0.
Let X € gc. Then,

d Y (exp(—tY)g)
bx(0)= G| S b T ep(-7)g)
— Lxt(9) ( Z’YEF ¢(7flg)) _ Zwer Lx(Ly)(g) - ¥(g)
(ZWEF Qﬁ(’yflg))Q
Lxi(g) > ver Lx(Ly¥)(9)

BRI R SR e

Let X1, X5 € gc. Then, Lx,Lx,x(g) is equal to

d Lx,¢(exp(—tXs)g > ver Ly (Lyh) (exp(—1X2)g)
dt t=0 <Zwer ¢((7_1 e(Xp(—t)Xi)g) B > ver Yyt exp(—tXs)g) 'X(exp(—tX2)g))
Dbl Lxt(0)( e La(t)9)
> er¥(r71g) (3 crv(y79))
( - 2er Lo Lxy (L) (9) N (2 er L (Lo)(9) (22, er Lxa(L44)(9))
> er ¥(1719) (Yert(v19)°
zyer Lx, (Lw¢)(9>

Ty iy LX)

By induction, one can show that the appearing factors in the terms of Lx Ry x(g)
(X,Y € glU(g)) have one of the following forms:

) x(9)

Lx'Ry)(g) or > ver Lx' Ry (L) (g)
Zyer V(v tg) nyel“ V(v g)

Lx'Ry:x(g) or

(X", Y" € gll(g)).
Let I, be the subset of {0,...,m} such that j € I, if and only if ¢;(y"'g) # 0 for
some 7y € I'. Recall that, by construction, #I, € {1,2}.
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Let Nigie = #{y € ' [ i(y'gh; ') = 1} and let N] e = #{y € T [ (7" "'gh; ") €
(0,1)}. If j € I, then N e > 1.
We have the following estimates:

’LX’RY/¢i(g) |
> er Yi(r79)

< |Lx'Ry)i(g)|

and
ZVGF |LX’RY’ Z ’YGF |LX’RY’(L7wj)(gh’j_1)|
> er g T Tt
L' Ry (L;)(gh;
<2 swp Z"/EF| xRy ( ij)_(lg j )|
§=0,....,m:jel, Z'yel“ @ij('y_ ghj )
Thus, in order to prove (3), it remains to prove the following assertion:

Claim 3.6.57. For X € U(np,) if j € {1,...,m} (resp. X € U(g) if j = 0),
Y € U(g), we have

> er [Lx Ry (Lyiby) (gh; )|
Sup -1 -1
gKEX : Nj gi>1 Zyep Vi (y ghj )

S er [Lx Ry (Lyw;)(gh7 )]

Proof. Let gK € X be such that N;,x > 1. Then, o ()

or equal than

is less

N!
NL sup |Laaqy-1x Ry (v ghi )l
79K yeT:y;(y~1gh; H)e(0,1)

Since N7 g < Njgx for all j > 1 by (3.33), and as sup,cq Ny i is finite, there is
a constant ¢ > 0 such that this is again less or equal than

c sup |LAd(¢1)XRyl/)j(7_lghj_l)| )
Vel 14 (v~ 1gh; 1 )e(0,1)

Recall that {y € T' | supp(¢) N Y8y i+ 1.rr—1 7 D} is contained in I'p, for all
i€ {l,...,m}. Thus, we may assume without loss of generality that

gK € U YW U U ’VGIX,j,t,R,R/ .

vyel verl;

Let S={y el [/VN(VUBy,, pr)# I forsomeic{l,...,m}} (finite set)
and let V' =J g7V € Ur. Then, sup pcy (Njgx + N ) is finite.

Since moreover sup,.q |Lx Ryv;(g)| (j € {0,...,m}) is finite for all X € U(np,)
and Y € U(g), it remains to show that

—1. 71
sup sup ‘LAd('y—l)XRYwi(’y Y gh; )l
V'ELR; gKES! o €L i (Y 1y gh )EO,1)
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is finite for all X e U(np,) (i € {1,...,m}) and Y € U(g). It follows from (3.30)
that

L
-1\ 2
(334) 1+ | lngl(VPi <7))| <\ he (ghz )aer,Pi (vp, (gh; 1)hp, (ghy ")

for all v € I'p, and all g € D; (in particular for all gK € &'y, p p/). The claim
follows now from Lemma 3.6.42, (3.34), (3.32) and the fact that the right-hand
side of (3.34) is left I'p -invariant. O

This completes the proof of the theorem. n
We also have a partition of unity of I'\ X having nice properties:

Proposition 3.6.58. There ezist ¢; € C*(I'\(X U Qr),[0,1]) (i € {0,...,m})
and U € Ur such that

(1) 220 =1,

(2) TgK =ThK implies TpgK =T phK on supp(¢;) (i € {1,...,m}),
(3) SUPp(Qb()) C FU: supp(QSZ) C 1—‘63(,51%[,1' (Z < {17 s 7m})7

(4) supgxex |Lx Ry do(g)| < oo for all XY € U(g),

(5) supxex |Lx Ry ¢i(g)] < oo for all X € U(np,) (i € {1,...,m}) and Y €
U(g).

Thus, ¢of € €(I\G,p) and ¢;f € €Tp\G,p) (i € {1,...,m}) for all f €
C(T\G, ).

Remark 3.6.59.

(1) Let f € €(I'\G, ). Then, f =", ¢:f with ¢of € €(I'\G, ) and ¢, f €
C(Tp\G,p) (i € {1,...,m}).

(2) The proposition can be used to construct Schwartz functions:

(a) Let f € €(G,V,) be such that supp(f) is contained in some U € Up

(eg. [ = Z‘Z’z 5 g for some g € €(G,V,,)). Then,
~ =Y

S ()L, f € €(T\G,g)

~yel

(b) Let f; € €(Tp\G, ) (i € {1,...,m}). Then, > ¢;f € €(L\G,p).

Proof. We use the notation of the proof of the previous theorem. For g € G, set
O; = % Then, the proposition follows from the proof of the mentioned
YE

theorem. The two last properties follow in particular from Claim 3.6.57. O
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3.6.8 Density of C>*(I'\G, ¢) in €(T'\G, )

Proposition 3.6.60. The inclusion of C°(I'\G, ¢) into € (I'\G, ¢) is continuous
with dense image.

Proof. The proof of this proposition is similar to the one of Proposition 2.3.21
(use Theorem 3.6.53 instead of Lemma 2.3.19). O
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3.6.9 Examples of noncompactly supported Schwartz functions

Let G = SO(1,n)°, n > 2, and let M, A, N, K be the subgroups of G induced by
the corresponding one of Sp(1,n) computed in Appendix B (then N C exp(ga.))-
Let P = MAN. Assume that I' =I'p.

We have: & = pp and 2==1 = pl".

Let ¢ be a I'-invariant smooth function on Ny. Set V,, = C.

We denote by S(SO(1,n — k)°) the space of rapidly decreasing functions on
SO(1,n — k)° (cf. [Wal88, p.230]).

Fixve K. For f € S(SO(1,n—k)%), ny € N, no € N',a € Aand h € K, define
F(mngah) = ¢(n1)y(h) ™" f(naa) .
Claim 3.6.61. The function F belongs to € (Y, Vy(v)), where Y :=T'\ X.

Proof. Let g € G, let e >0,d > %2+ + e and r > 0. As af, > a2 = max{a®,a"*}
for alln € N and a € A by Lemma 2.1.4,

|F(9)] = |f(pnr(v(9))h(g))]

is less or equal than

n—k—1
) —&

cah(9)2a, . (ig)nie)
for some constant c¢; > 0. Let G be a generalised standard Siegel set with respect
to P. Then, gpr1.1(f) is finite.
Let X € U(n) = U(np)U(n") and Y € U(g). Without loss of generality, we may
assume that k(g) is trivial and that Y € U (np)U (n")U(a).
We have

IMES

a

(1) Ry (h(9)™) = ma(H)h(g)™ for all H € a and m € Z;
(2) sup,eny. [Rzp(n)| < oo for all Z € U(nr);
(3) Lyi By, f(pr (v(-))())(g) = 0 for all Y3, Y; € U(nr).

Let [ be a Lie algebra over R. For m € Ny, set U™ ([) = {X € U(l) | ad(H)X =
mX}. Then,

U =um .
m=0
Let X, € U(np), Z, € Ul(nr), X2, Zo € U(nD) and H € U(a). Since

ningannly = ning(ania™")(anba 1 a = ni(anfa ) na(ana™) a

/ \\

TV TV
€Nr ENT

(nhn,l € NF7n2>n/2 S NF)? LX1LX2RZ1RZ2F(9) is equal to
(3.35) 1(9) ™ (Lx, Rz, (o (v(9)))) Lxa Rz, f (par (v(9)) 1M(9)) -

194



Let now d > " 4+ 1 +¢e. As moreover f € S(SO(1,n — k)°), it follows from (1),
(2) and (3.35) that |Lx, Lx,Rz Rz, RuF(g)| is less or equal than

-l _—d
th(g) apr(u(g))h(g)

for some constant c; > 0. This is again less or equal than

k 7"712“7175
cal(9)2a, . (g)ne)
as a,, = a, for allm € N and a € A. The claim follows. O
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3.6.10 Examples of cusp forms

In this section, we determine the cusp forms on I'\G which are induced from cusp
forms on G.

Lemma 3.6.62. Let U € Up. If A > or, then there is ¢ > 0 such that

—(\+ —(\
Z av‘(lg 7 S Cag( )
vyel

for all gK € U.

Proof. Let U € Ur. Assume that A > dr. Since the assertion of the lemma is trivial
when U is relatively compact in X, we may assume without loss of generality that
there is an open relatively compact subset V' of {2 such that

U={kaK |kM eV ,ac A} .

Let W be a compact subset of (0X \ clo(V)M)M which contains a neighbourhood
of A. Since I' acts properly discontinuously on X UQ, S:={y eI | k,M ¢ W}
is finite. Thus, we may also assume without loss of generality that we sum over
' S. By Corollary 2.4 of [BO00, p.85|, there is ¢ > 0 such that

Un=1g = Oy=1},q, = CUyQg

forally e I' NS (k,M € W) and g € U (kM € V). The lemma follows now from
the definition of the critical exponent. O]

Define Gpear(I\G, ¢) by

{f € C®(\G, ) | "pray(f) <ocoVr=0,Y €U(g),
G'Qpr,l,Y(f) < oo VU € Z/{F,G/Q € Vstd,l",y € Z/{(g),r > 0} .

Then, Gpear(I\G, ¢) is a Fréchet space when we equip it with the topology induced
by the seminorms. Moreover,

C(T\G,¢) C Cuear(T\G, ¢) C L*(T\G, ) .
If f € Guear(T\G, ), then f and f are well-defined for all [Q] € Pr. Set
*Gueak(T\G, ) = {f € Cuear(P\G, 0) | 7 =0, € =0 V[Q]r € Pr} .
We believe that
(3.36) *Cueak(I\G, ) = “C(I\G, ) .
Proposition 3.6.63. Assume that ér < 0. Let f € €(G,V,,). For g € G, set

Frlg) = oM f(v'g) -

vyel
Then, Fy is well-defined and belongs to Gpear(I\G, ¢).
If f € °€(G,V,), then Fy € *Gpear(T\G, ).
If G =S0(1,n)" (n > 2) and if T\X has at least one cusp, then Fy € €(T\G, ¢)
forall f € €(G,V,,) and Fy € °€(I'\G, ) for all f € °€(G,V,,).
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Remark 3.6.64. The proof shows that we can also take smooth matrix coefficients
Coi (V€ Vi ®V,,0 € Vi)
of an integrable discrete series representation « for f when ér > 0.

Proof. Assume that op < 0. Let f € €(G,V,) and let F; be defined as above.
Note that F is left I-equivariant.

Let U € Ur, Y € U(g) and 7 > 0. Since f € €(G,V,), > cp [Ry f(77g)] is less
or equal than

c Z a;flg(l +loga,-1,)"
vyel

for some constant ¢ > 0. By Lemma 3.6.62 and as or < 0, there is ¢ > 0 such
that this is less or equal than

da,”(1+logay)™"

for all g € G such that gK € U. Thus, Yp,.1y(F}) is finite and F} is well-defined
on {g € G | gK € U}. Moreover, Iy is smooth on this set.

Let @ be a I'-cuspidal parabolic subgroup of GG. Let & be a generalised standard
Siegel set in G with respect to Q).

Let X, Y € U(g) and r > 0. Without loss of generality, we may assume that r > 1.
Since f € €(G,V,), Z%FQ |Lx Ry f(v 1g)| is less or equal than

(3.37) Y af (1+logay,1))
7€l

for some constant ¢’ > 0. By Proposition 3.6.36,
(3.38) I and Unynga > Onya

for all n; € Nrg, no € N''? and a € Ag. As moreover a,, > a(i)a™' = a,a! for
allm € N and a € A,

(3.39) a;}lg < a;llyQ(g)hQ(g) <ajlag(g™)™! (g€ 6).
It follows also from (3.38) that
(3.40) U1 > Qg

for all v € T and g € & and it follows from (3.38) and the estimate a2, > a,
(see Lemma 2.1.4) that

Aninga > V Qp,y

for all n; € Nr g, ny € N"? and a € Ag. Thus,
(3.41) (1+logay-1,)"" < (1+loga,)™"
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for all v € I'g and g € &. Since pr, = dr, by Lemma 3.5.4,

(3.42) > a," (1 +1loga,) "

velqg

is finite for all » > 1.
Let g € &. It follows from (3.39), (3.40), (3.41) and (3.42) that there is ¢” > 0
such that (3.37) is less or equal than

_ —r -P —r —1\— —pr —r
"a,”’ °(1+logay) Z a,y,lrg?(l +loga,)" < aglg™') Mea,” “(1+logay)
’YEFQ

as moreover p' ® + pro, = p. Thus, 3° . |Lx Ry f(y7'g)| is finite for all g € G.
Assume from now on that X € U(ng) if G = SO(1,n)? and that X = 1 otherwise.
Then, Ad(y)"'X = X for all ¥ € T'g. Hence, g € G — > ero LxRy f(yv1g) is
smooth and is equal to Lx Ry Fy. So, & prx,y(Fy) is finite.

The part of the proposition, where we assume only that f is a Schwartz function,
follows now from Proposition 3.6.58. Consequently, F J? and F Jf? are well-defined.
Assume from now on that f € °¢'(G,V,,). Then,

F(g,h) =Y ¢(v) /N f(y~tgnh)dn =0

~yel’

for all g € G(2), h € G and F]?(g) is, up to a positive multiplicative constant,
equal to

Z PQ (SO(V)/ f(y"'nmg) dndm) =0

I/To NoMr,q

for all g € GG. This completes the proof of the proposition. n
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3.6.11 Series expansion of f

Let G = SO(1,n)° n > 2, and let M, A, N, K be the subgroups of G induced by
the corresponding one of Sp(1,n) computed in Appendix B (then N C exp(ga))-
Let ) be a I'-cuspidal parabolic subgroup of G. Without loss of generality, we
may assume that Q = P := M AN.

Let NF = NF,P7 MF = .Z\4F7p7 NF = NF’P and k = dlm(NF) 2 1.

Let IV be the normal subgroup of finite index of I'p provided by Auslander’s
theorem (see Section 3.2 — also for what follows).

Let ¢: {n, | v €I"} = M, ny — m.,. This defines a group homomorphism from
{n, |y eI} to M.

By Lemma 3.2 of [BO07, p.26], there exists a subgroup V' of finite index in {n, |
v € I"} such that the restriction of ¢ to V' extends to a group homomorphism
from Nr to Mr, which we denote by abuse of notation also by ¢.

By 3.1.5 of [BOO07, p.26], we can choose I'" with the following properties:

(1) {n, | v €I} is contained in V;

(2) My coincides with ¢(Nr);
(3) M has finite index in Mr.
Let Z1,...,Zy be a basis of nr such that

{ny v e’} ={exp(mZi + -+ +mZy) | ma, ... ,n € L} .

For z € R, set nivr’{zj} =exp(z1Z1 + -+ + 2 Zk)-

Let n € Z*. Then, n]ﬂvr’{zj}qb(n]@vr’{zj}) eI, Set 7(n) = gp(nQNF’{Zj}¢(nENF’{Zj})).
Then, 7 is a unitary representation of Z* on V,, since

is a group isomorphism. If we identify I" as a group with Z*, then 7 is equal to ¢.
Since I is isomorphic to Z* (abelian) as a group and since every unitary finite-
dimensional representation on an abelian group can be written as a direct sum of 1-
dimensional representations, it suffices to have a series expansion for dimc¢ V,, = 1.
So, let us assume that we can identify V,, with C.

Then, there exist \; € [0,1) such that 7(v) = >Nt ... 2MMv% for all v € ZF,
Thus, we can extend 7 to a representation of R¥, which we denote by abuse of
notation also by 7.

Set A= (A1,...,\p)". Let g € G and let f € C®(T\G, ).

Since 2 € RE — 7(—2) f(n2 ™7 g (n2 ™11 g) belongs to € (ZF\R*), we have

6727”;(,2,)\)f(nivr,{Zj}¢(nin,{Zj})g) _ Z C%g(f)e%ri(z,x) (Z c Rk) ’

xCZk

where Cz,g(f) — fzk\Rk f(nfyr’{Zj}<;5(n27“{2j})g)e_%i(“’H@ du. Thus,

f(nin,{Zj}¢(nin,{Zj})g) _ Z Cg;,g(f)€2m<z’/\+x> (Z e Rk)

xE€Zk
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and

f(g) = Z Cx,g(f) :

x€Zk

Since vol(I"\NprMr+) = #(I"\I'p) vol(I'p\ Ny Mr)#(Mr/My) and since

[ fumg)dndm = O\ M) [ fumg) dndn
[/\Np My I'p\NrMr
for all g € G,

1 0 Ple
nmg)dndm = f"(g) .
vol(I'"\ Nr My) /F’\NFMF/ f(nmg) f74)

It follows that

f=f" o) = D caglf)

TEZF : A\+2#0

Indeed:
(1) If X is zero, then f = f0 and fPl¢(g) = Coq(f)

(2) If X is nonzero, then A\ +x # 0 for all z € ZF, fO = 0 and (f — fP¢)(g) is
equal to f(g).

Moreover, vol(ZF\R¥) = 1.
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3.6.12 Rapid decay on Siegel sets
Lemma 3.6.65. Let k € N, let A € R and let || - || be a norm on R*. Then,

1
Z X+ x| N+

€Lk i xA -\
converges if N > k.

Proof. Without loss of generality, || - || = || - ||z and A\; € [0,1). Then, z; + \; =0
if and only if ; = 0 and \; = 0.
Then, x # —\ for all x € Z* \. {0}. Moreover, there are constants c;,c; > 0 such
that

cillzllz < A+ zfl2 < e2f[z]2

for all x € ZF < {0}. So, the above series converges if and only if Zoﬁezk T2V H}V“
T2

converges.
Let N > k. Since 0 # v € RF

decreasing in each variable,

1 1
2 |5 2 |23+

TEZF 1 ;70 TEZF 1 |zj|>1

R N — continuous, nonnegative function that is

converges by the integral test for convergence applied repeatedly as

1 1
/ Tt Y </ T Y
(weRn: |o;21) |Yll3 {zeRn: |21} [[VI5

<1 <1
= VOl(Sn_1>/ — r"dr = VOl(Sn_l)/ —dr < oo
1 1

rnt TQ

for all m > n > 1. This shows in particular that the lemma holds for &k = 1.
Let Ej, = Z* . {0} and let

Eri={(z1,. .. 21, Tig1, ) ERFY (2, iy, @iy, - ) # 0)
Since
Py D3 > :
Sl e ||N+1 = 5 @ miin @i,
the lemma follows by induction. O

Definition 3.6.66. Let f be a I'-equivariant smooth function from G to V,, and
let & be a (nongeneralised) Siegel set in G with respect to Q). We say that f is
rapidly decreasing on & if for all r > 0, X € U(ng), ¥ € U(g) and all N € N
there exists a constant C' > 0 such that

N
|Lx Ry f(9)| < Chqlg) ™N*@a,” (1 +loga,) ™"

for all g € G.
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Remark 3.6.67. We restrict ourselves here to Siegel sets as the estimate is only
interesting when hq(g) is big.

Theorem 3.6.68. Let () be a I'-cuspidal parabolic subgroup of G and let f be
a Schwartz function near eQ. Let & be an admissible (nongeneralised) standard
Siegel set in G with respect to Q. Ifnr g is an ideal in ng, then f— fI° is rapidly
decreasing on S.

Remark 3.6.69.

(1) nr is an ideal in ng if and only if gq, is contained in npq or npg is
contained in ga,-

(2) If eQ has full rank or if we are in the real hyperbolic case, then np g is an
ideal in ng.

(3) Compare with, e.g., Theorem 7.5 of [Bor97, p.72| and Theorem 6.9 of [Bor07,
p.27|.

Proof. Let Y € U(ng) and Y’ € U(g). Without loss of generality, we may assume
that Y’ = 1. Without loss of generality, we may assume that @) is equal to
P. Let us consider first the real hyperbolic case: G = SO(1,n)" (n > 2). Let
k= dim(an).

Since I" is isomorphic to Z* (abelian) as a group and since every unitary finite-
dimensional representation on an abelian group can be written as a direct sum of
one-dimensional representations, we may assume without loss of generality that
dime V,, = 1. Let us identify V,, with C.

In the following, we use the notations seen in Section 3.6.11. Then,

Fl9) = cay(f) -

xEZk

Let © = (z1,...,x1) € ZF. Let j € {1,...,k} be such that |z;| = max;|z;|. By
doing integration by parts repeatedly, we have

(3.43) / (Ly f) (niVFz{Zi}¢(niVF,{Zi}) ) <g)6727ri<u,)\+z> du
[0,1]

—1 8p . ; —2mi(u T
= it ) L (e 00 ) )0
J J 1k Gty

To simplify notations, we continue the proof with the assumption ¥ = 1. With-
out this further assumption, one must use at some moment that we can write
Ad(nm)X (n € w,m € Mr) as finite linear combination of elements in U(n) with
bounded coefficients.

Let {X;}i=1,. dim(g) be a basis of g. Then, there exist smooth functions c;; on K

such that
dim(g)

Ad(k(9)™)(Z) = D cuulk(g) )X .

=1
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Assume that either A or x is nonzero. Since g {( Ny ’{Zi}qﬁ(nfyr’{zi})g) is equal to
J

Ry (Ry ) (ny ™12 g(n, T 20))
by the chain rule. This is again equal to

oP . .
f(niVFy{Zz}¢<n1]va{Zz})g

51:"':5p:0

exp(h(g)”*" (s1 Ad(k(9))(Z) + -+ + 5, Ad(k(9) ")(Z))))

—h(g) " [ ciw(k(9) ™) ( Ry, -x, £ Zd g (nlr-t2id) g)

m=1 =1 i=1
(3.43) is equal to

p dim(g

—1 o
(0 3 3

m=1 [,,,=1

/ RXll"'le f(nuNF’{Zi}gb(nuNF’{Zi})g)e_%i(u7)\+x> du .
[0,1]%

As f is a Schwartz function near eP and as supycx ;, |c;i(k)| is finite, the absolute
value of this is less or equal than

p dim(g
1

—pap , —p* -r
CZ Z G/p’r‘lel le(f) ’ (maX‘ ’)\ —|—£L‘|>p : h(g)PI‘P P Pagp P<1+10gag)

m=1 [,,=1

for some constant C' > 0. The theorem follows in the real hyperbolic case as

(=19 = > caglf)

TEZk A -

is equal to

Z f(nivry{zi}¢(ni\7r:{zi}>g)€*27”'<%/\+1> du

TEZK :xF -\ [0,1]*
1 p dim(g)

) xez;x:;é—x (m)ph@)_pw mz:; zmgz% i (H0)™)

| (R, D5 (a5 g)e 203 gy
[0,1]%

and as erzk;#_,\ W converges for p sufficiently large by Lemma 3.6.65.
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Let us consider now the general case. To simplify notations, we still assume that
Y =1.

Since I'"' N Ny, My is abelian, V,, can be decomposed into an orthogonal direct sum
of 1-dimensional (I N Ny, My )-invariant spaces.

Without loss of generality, we may assume that f takes values in such a 1-
dimensional space W, = C.

As L :={n, | v € I'"' N Ny, Mr} is a cocompact lattice of Nr N Ny, (abelian), L
is isomorphic to some Z'.

Let now Zy,...,Z; be a basis of np N go, such that

L= {exp(n1Z1 + - +anl) ‘ Ny, ...,Ny € Z} .
For z € R!, set TNt} exp(z1Z1 + -+ + 217)).
Let p the orthogonal projection from W, to Wg (N2 Mpr,

Similarly as before, one can show that f has a series expansion:

f(g) = Z Cm,g(f) )

z€Z
where ¢, ,(f) := f[o 1 f(nuNFmNQQ7{Zi}g)€727ri<u,)\+x> du.
Let M, = {m'y | v E I"n NQQMF/}.

_ 1 _
Let c; = VOIl(T7NNaa My )N (NC N2 ) Mz ) and c; =

1
VOI((F,QNQQMF/\F/)\((NFﬂNza)]\/[L\NFMFI)) :

Then,
B 1
A= SO T\N M)
Let
FRiel(g) = Cl/ (p(f))(nmg) dndm
(F/ﬂNQQMF/)\(NFmNQQ)ML

(called “partial little constant term”).

If W, = W5 ™M then A = 0. Otherwise, W ™™ = 0 and then A # 0.
Hence, A + 2 # 0 for all z € Z'. Moreover, f7! = 0 as p(f) = 0 and therefore
fPle vanishes, too.

As previously, one can show that

F@) =N = > cglf)

T€ZL i xF -
: Pllc,1 Plc Al i T L N20 My
has rapid decay. Thus, f = f— f"'" = f— f"'“ decays rapidly if W, = 0.
It remains to consider the case W, = W£ N2aMpr, Then, ¢ induces a representa-

tion of IV N Ny, M \I" on WgﬁNmMF'.
Since f(g) — fP*(g) = f(g9) — cico fr,\NFMF/ f%(nmg) dndm is equal to

(16) = 7 @) + (774 g) s [ mg) )
=(f(g) = f"*(9))

(g e | (FP11) (mg) di dm)
(F/ﬂNQQ\F/)\(NFQNQQ\NFMF/)
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it remains to show that the last two terms decay rapidly.
The group N N No,\Nr is abelian ([N, Np] € Nr N Ny, ) and can be identified
with RY, where

I := dimp(Nr N Nao\Nr) = dimg ((np N go)\nr) -

Let C' be the orthogonal complement of nr N gy, in nr.

Since {n, | v € I''} is a cocompact lattice in Np and since L is a cocompact lattice
in Ny N Nog, L\{n, | v € I} is a cocompact lattice in (Np N Nag)\Nr.

Let Z1,...,Z; be a basis of C such that

{Ln, |y eI} ={Lexp(miZi + - +nZy) | n1,...,np €L} .
For z € RY, set n,(szN%)\NF’{Zj} =exp(zn1Zy+---+2Z)).
Hence, we have a series expansion for co,(f) = fF¢(g) (A = 0):

Pl g) = 30 ()

zeZV

where ¢, ,(f) is given by

g>€f2wi(u,)\’+x) du .

u

/[ ’ fP,lc,l(n(NrﬂNza)\NF7{Z§}¢(ngNFﬂN2a)\Nr,{Z{})
0,1

Again, one can show similarly as in the real hyperbolic case that

FP g) = f7*(g)
:fP,lc,1<g) _ C2/ (fP,lc,l)O(nmg) dn dm

((T"NNaa My )\I)\ (NN Nag ) ML \Np My )

= Y

zeZl' i x£—N

has rapid decay. Indeed, as [n'',np] C np (recall that np is an ideal in n), there is
Z" € U(nr N gao) such that

Ad(par(v(g) )2 = Z + 2

for every g € & and every Z € U(nr). The theorem follows. O
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3.7 Relation between the constant term along () and the
one along a smaller rank cusp

Since we can approach a cusp of smaller rank by ordinary points, the question
whether one can relate also the constant terms at these points by a limit formula
rises naturally. We show in this section that this is indeed possible in the real
hyperbolic case. The formula is given in Theorem 3.7.20 on p.231. With the help
of this formula we can then show that the constant terms of a Schwartz function
f along a cusp of smaller rank vanishes if the constant term of f along € is zero
(Theorem 3.7.21, p.232).

Let G =SO(1,n)°, n > 2, and let M, A, N, K be the subgroups of G induced by
the corresponding one of Sp(1,n) computed in Appendix B (then N C exp(ga))-
Let I" be a geometrically finite subgroup of GG. Recall that

1 0 0 0
oo =10 0
10 0 -1 0 ’
0 0 0 I,
h(wn,) = i (v e R™

and that

v(wn,) =n (veR™ 1) .

1
—5 (—V1,V2,...,Un—
1+H,UH2( 1,V2;5..-,Un 1)

Let @ be a I'-cuspidal parabolic subgroup of G with associated cusp of smaller
rank. Without loss of generality, we may assume that ) = P := M AN.
Let NF = NF,P) MF = Mp’p, NF = NF’P and k£ = dlm(NF> 2 1.
Since eP is not of full rank, n — &k — 1 > 1. This is only possible if n > 3.
Let My ={m e M |mnmt=n VneN' mn'm?'eN Vn € Nr}.
Asm Anvmgl = Ny, We may assume without loss of generality that
Nr = {”(Nvi,k n( one1) | Vi € R}

,...,’L}nfl) T Ol,nfkflv'”nfkw

(by replacing I'p by mI'pm ™" if necessary). Then,

r_ g, NT —
N - {n(’vl,...,vn,kfl) T n(vly---vvn—k—laol,k) | Vg S R}

and
M, = {m ( - On_Mk) | Ae SO(k)} .
Ok n—k+1 A
Define
®5(10) = (cos o, sinty)
and

D4(vo, Yn, ..., Ya—2) = (cos a2 - Pa_1(Yo, Y1, ..., Ya3),sin14_2) .
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3.7.1 Several small results

Let d € N, d > 2. Let us show now how the spherical coordinates and so(d) are
related.

Lemma 3.7.1. There exist elements Yo, Y1, ..., Yq_o € s0(d) such that

d—2

(Pa(to, Y1, -, vha2))" = | [ exp(=;Y5)(1,000-1)"
j=0

for all ; € R.

Proof. Let d € N, d > 2. For j € {0,...,d — 2}, define

0 01,5 1 01,d—j—2
01 0. 01 0igi_o
Y, = S I J> »e € so(d) .
J —1 017]‘ 0 OLd_j_Q ( )

Od—j—21 04—j—2; Og—j21 0O4—j24—j2
The lemma follows easily by induction on d. O]

Let us denote the partial derivative with respect to the j-th Cartesian coordinate
in R? by 9; and the partial derivatives relative to the spherical coordinates in R?
by é?m 8¢07 ceey 81/%1—2'

The following lemma shows how 0; (j € {1,...,d}) is expressed in spherical
coordinates.

Lemma 3.7.2. There exist continuous functions pg?: (0,2m) x (=%,2)? = R
such that

cos 4 (cos ¢hp)? - - - (cos Q/Jd—z)d_Qpl(',dj) (Yo, - -+, Ya-2)

are polynomials in

cos(tg), . . ., cos(thg_2),sin(ty), . . ., sin(wy_2)

forallie{0,...,d—2}, j€{1,...,d} and

-2
1
0 = ®4(vo, - -, Ya—2);0 + - ;pﬁﬁ)(@/}o, oy tha—2)0y, .

Proof. By induction, one can show that

(3.44)  det (d(r@d(wo, Ui,y ,wd,Q))) = r% 1 cos Y1(cos1hy)? - -+ (cos wd,g)d’z )

Let A; be the matrix formed by replacing the j-th column of

d(r®a(vo, 1, . - a—2))"
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by the column vector (0y, Oyy, Oy, - - -, Oy,_,)- By the chain rule, we have

O, 5
aw() 8
o _ t| %2
v | = (d(r®a(to, vn, .- Yaa))) |
8%72 %
By Cramer’s rule and (3.44), we get
det(A; )
0, L) Ge(l....d)).

T 1 cos Y1(cosPz)? -+ - (cosPg_p)?~?

Let qgfij)(r, Yo, 1, ..., Ya—2) be the 0,-coordinate, (resp. Jy, ,-coordinate)ifi = —1
(resp. i € {0,...,d —2}) of det(A;)

r4=T cos 1y (cos ¢p)2-++(cos hg_2) 42"

Note that q£d1)7j(r, Yo, U1, ..., g—2) and rqi(flj) (ry 0,1, .. 0a—2) (1 €10,...,d—2})
are independent of r for all j. For j € {1,...,d}, set

p(—Cll),j(77Z)07 wla SR ’¢d_2) = q(—d1)7j(T7 ¢07 77Z}17 R 7¢d—2)

and

p§7dj)(¢07w17 SR ’¢d—2) = rq@(:ij)(r7 ?/)0,77&1, s 7wd—2) (Z € {07 s ad_ 2}) :

(d)

Then, the functions p;’/: (0,27) x (=%,5)%> — R are as required.

Let f: R = R, v |[v|ls. Then, d,.f =1 and Oy, f = Oy, f =+ =y, ,f =0.
Ifv= T@d(@/)g, ¢17 e ,@Z)d_g), then
U.
p(jlij(wm 1/]1a s 7¢d—2) = a](”“”?) = H'UT‘Q = q)d(¢07¢17 cee 77vbd—2)j
for all j € {1,...,d}. The lemma follows. O
Lemma 3.7.3. Let [ be a continuous function on S*' (d > 2). Then,

Ngd— L
/SO<d> AR D)) dA = vol(S91) Jga- flz)dz.

Remark 3.7.4. If f is a function on S° = {—1,1}, then

fla)dr = S(F(1) + F(-1))

SO

Proof. Let d > 2. Let g: SO(d)/SO(d — 1) — S91 ASO(d—1) — A(1,0;41)".
Then, g is a diffeomorphism which identifies these two spaces.

Since SO(d)/SO(d — 1) has up to a multiplicative constant a unique invariant
measure, the push-forward of the spherical measure on S? ' by ¢ divided by
vol(S§971) is equal to the normalised invariant measure on SO(d)/SO(d — 1).

Let f be a continuous function on S?!. Then, fso(d) F(A(1,01,4-1)") dA is equal

to
1

fA(1,014-1))dA = ———— flx)dx
/SO(d)/SO(dl) (AL, O1.a-2)) vol(S41) Jga (z)

as vol(SO(d — 1)) = 1. O
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Let n > 3. For A = (a;;):;; € SO(n — 1), we have

10 0 0 e 0
0 1 0 0 e 0

B 00 11 —ai2 - —Q1np-1

wmaw =19 0 —a21 az2 rr QA2n-1
00
0 0 —QGp-11 An—-12 *°° QAp—1n—1
. . 1 01,n—2
In particular, wm w =my if A = 0 B for some B € SO(n — 2).
n—2,1

Thus, wmw = m for all m € Mj,.
Lemma 3.7.5. For alln € N and m € M, we have

(1) h(wmnm™") = h(wn);

(2) v(wmnm™) = (wmw " )v(wn)(wmw= )7

(3) k(wmnm™) = wmw  k(wn)m™!.

Proof. Let n € N and m € M. As wMw™' C M,
wmnm ™' = (wmw™*) !
Y (wn)h(wn)k(wn)m™*

= ((wmw™ Hv(wn)(wmw ™)) h(wn) (wmw ™ k(wn)m™) .

1

wnm

= (wmuw

The lemma follows.
Let 7, = 6(n,) € N.
Lemma 3.7.6. For n € N, we have
n(fn) = v(fn) ,

a(fn) = h(n)™*

and

k(0n) = k(On) = wk(wn) .

Moreover, for any v € R™™! (n > 2), we have

k(ﬁv) = Nya 1 Ny = ﬁvaH”U”znv .
1+{[o]]?

Proof. For v € R*!, we have



and
k’(ﬁv) = h(ﬁv)_ll/(ﬁv)_l’ﬁv = CLH_HUHTI‘L;U??LU =Nya 1 TNy .
1+[Jv]2 1+[[]?

Thus, k(n,) is also equal to
9(/{?(7_%)) = Ny Q14 ||v]|21

and k(n,) is equal to

I+{[v[?
Hence,
wk(wny) = Wk, ~vy,....~v, 1) W
= WN(vy,—vg,;—vn 1)1 vy, —vg,.—v, )W
T+{lv[?
= ﬁva1+||v||2nv = k(ﬁv) .
This completes the proof of the lemma. O

Corollary 3.7.7. We have
(1) k(wnv)_l = k(wn(—vl,m,---,vnﬂ));
(2) wk(wn,)w = k(W (y,,—vs,....—v,_1))-

Proof. This corollary follows immediately from the previous lemma.

O
Lemma 3.7.8. Let v € R™! (n > 2). Then,
Mool = k(7)1 (o210 (M) -
If ||v]| =1, then
MoNyTly = k(7y)? = nyRyny .
Proof. For v € R" !, we have
Rt = (7o) () mow () h(A) ()
By Lemma 3.7.6, this is equal to
k(12,)h(R) v (1 )npv (R () (72,) = k(m)aunvnznv_H‘?Wa;juvuzk<m)
= k(7)1 (oj2-1)0k (1) -
The lemma follows. O

Lemma 3.7.9. Let n > 2 and let v € R"™! be of norm 1. Let A € SO(n — 1) be
such that A(1,01,-2)" =v. Then,

.....
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Proof. Let v and A be as above. Then,
WNYyWN (v, —vg,...,—vp—1) Wy
is equal to

Wy TNy = w(mAnelm;‘l) (mAﬁel77131)(77%7161 m;l)

= -1
= WM AN, The, T, T 4

A direct computation shows that n.,n., n., is equal to w. Thus, the above is equal
to wmawm,'. The lemma follows now from Lemma 3.7.8. []

Lemma 3.7.10. Let n > 3 and v(t) € R"! be such that ||v(t)|| converges to oo

when t tends to co. Assume that v/ := limy_, % exists and has norm 1. Let

A € SO(n — 1) be such that A(1,01,—2)" =v'. Then, limy_o k(wn,m) ezists and
15 equal to

k(wn, ) wk(wn,)

=WN (.0 YW (), —v),...,—!

n—1

YW (], 07 _y)

n—1

:wmAwmAf1 .
In particular, limy o k(wnyap,,_,)) = €.

Remark 3.7.11. Let v(t) be as above. Assume that there exists ¢(t) € (0, +00)

such that v/ := limy_, % exists and has norm 1. Then,

o) () et

(
c(t) [lv(®)]

o

Jim @)~ oe

exists also, is equal to v and has norm 1.

Proof. Let v(t), v" and A be as above. Let 0(t) = v(t)

BRECIN
SInce W) WN (s, (£),— 2 (8),...,~ i1 (1)) W) belongs to by the previous lemma,

7777

k(wnys) = k(w”ﬂ(t)aﬂvl(t)ll)

is equal to

1
R (M= 1.(6),52(0), B2 () W5 () W 1y ST WU (8),~ 2 () .oy~ B () WG (1)

—1
=k (o) (WN—5() W) @Yy 1y VWG W@ (8),~ (1)1 (£)) WN(E) -

Since wn_zpw € N, since limy_o [|0(£)]| = 1 < co and since lim;_, [|v(2)| = 400,
aHv(t)”(wn,ﬁ(t)w)am}(t)” converges to e when ¢ tends to co, the above converges to

wnv/wn(vi7_vé7"~7_v;—l)wnv/

when t tends to oco. The lemma follows by the previous one. O
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3.7.2 The diffeomorphism T,

The map T¢,,: N — N'A, which we define in this section, will satisfy
K(ngw)n_mn = 'Y, (n)k’ (neN)

for some n’ € Np and k' € K depending on ¢t and n. Moreover, we show that it
induces a diffeomorphism.

1

As w =w™", we have

(3.45)  K(naw) = nawa(nw) (a(naw)n(naw) ta(naw) ™) = nawh(wn_)n; .

For n € N, we have

nyawh(wn_;)nas = nth(wn_t)_las_lwna%

= nsh(wn_y)"La; w(wn ) h(wn' s ) k(wn?)

= ntl/(wna%)h(“’”*i)_l“s_lh(wn_t)_las_lh(wna%)k:(wna%) )
The canonical projection of the horosphere
(k(nyw)Nk(nyw) ™Mk (naw)as K

on NVA gives the preimage of a horoball under the natural map from N'A to
NVAK which we denote by Bf,.

Let us now look at an example: When X is the upper half-space, then the pro-
jection of the 3-dimensional sphere on the upper half-plane gives us a disc (the
hatched area):

k(ngaw) M
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The disc in the upper half-plane converges to the area {z +iy |z € R, y > 1}.

For g € G, set vn.(9) = pa (¥(g)) and var(g) = par(v(g)).
Define

’rﬁt,s; N — NYA,

n — vyr(ngwh(wn_i)nag)h(nwh(wn_;)nas)

= UpT (ntl/(wna% )h(wnit)ilagl)h(wn_t)_las_lh(wna%) .

By construction, im(Y{, ) = Bf,.

Set Y146 = (na)to Tft’s on.: R"1 — R**1 x (0, +00).

Set By, = (n.a.)"'(Bf%). So, Bys =im(Y1 ).

Since nywh(wn_;)as = N1 () 2y W, (t,01n—k—2, %(1 +t?)) € Bys.

By is the ball in R* %! x (0,400) whose boundary contains (¢,0;, ;) and
is tangent to R"*! x {0}. Thus, the center C,4 of By is given by Cy, =
(t,01n—k—2,Crs), Where ¢ 5 1= 2—15(1 +t%). Since

1,.,—1

as)

=vyr(mr(wna,) 241 )
S

Z% )h(wn,t)*

=vnr(ny(n )LQH)
NI\ T4t I T s
1+H%U”2 s( U17U24.n—1)

NN 421 L | )
. ~=(—v1,v2. 0
S g s (—v1,v2.0-1)

_nNF

a (782)5_'2_#1”21)1782:2_#1“21)2..71—1971)
and

a
h(wn_t)_las_lh(wnv%) =apath(uni,) =agna 1 =a g2,
s s s 1 lel? s+L]v)2
we have
241 t?+1 241
yonto) = (- PRI
wel) =\~ G E Fr ) S I

Define

SFUXR™ S R w(vr,. . vney) = |,

. . . 1
As Ty, is uniquely defined if we know vy, ..., v, 1 and /377 0%,

Tl,m(u.v) = Tl,t,s (U)

for all u € S* 1 and v € R"1. Let z € R"! \ {0}. Then, there is a unique
u € S*! such that uw.r € R*™* 1 x {(r,0,41) | » € (0,00)}. By abuse of
notation, we will denote the map

R™71 % (0,00) = R % (0,00), (v,7) = Tr.4((v,7,015-1))
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also by 11 ... It is given by

41 2 +1
—_— /l} ’
24 vlZ+7r2 s+ [Ju)2 +

2 +1 )
s+ L(|v]2+72)/

Ti4s(v, 1) = ((t

r2 UQ..n—k—l) )

Let us now try to compute the inverse of T, ,;,. We have

241 1 5 o )
= € (0,400) <= q(s+—(||v]|"+77)) =t"+1
2 4+1-—
— |v|*+r* = s +1-g5) .
q
Thus,
2 +1 q s(t—z1)
=t — S t-zm=—v = v = ———"
“ 2+ o+ ATy . g
and, for j=2,... . n—k—1,
2 +1 q 5%;
Zi = V: &= 2. = — V; < V; = —
T2 |v||2 42 s !
Hence,
2101 - 211 2 g n—k—1
- u_”v”z: —32+M—8—2(t—z1)2—5—222}
q q q s
Note that this is equal to
s n—k—1
- C%,s - (q Ct,s)2 - (t - Z1)2 - 2]2 .
q =
For (z,q) € im(Y14,) = By s, define
t— ek
\Ill,t,s(Z7Q) = uaﬁw“asz b 17
q q q
,  s(*+1)  s? , S i ) k1
—$ +T—?(t—zl)—q—222j €R x (0,400) .
j=2

Thus, Ty s: R"*71 x (0,00) — By is bijective and W, is its inverse. As Y1,
and ¥, are smooth, T;,, is a diffeomorphism.
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3.7.3 The diffeomorphism Ty, ,

The diffeomorphism Y§,: N'A — N' A (inducing a diffecomorphism Ts,: R" ™+ 1x
(0, +00) — R"*=1 x (0, +00)), which we define in this section, will satisfy

na = k(nw)n_y(Y5,) " (na)k’

for some k' € K depending on t and n.
As w = w™ !, we have

(n€ N, ac A)

k(nyw) = nywa(naw) " (a(naw)n(naw) ta(nw) ™) = nawh(wn_)n,

For n € N', we have

ngwh(wn_y)na, = ngh(wn_y) ta;* ‘

= nth(wn,t)’laq’lz/(wna%)h(wna%)k(wna%)
= ntu(wnaé)h(“’”—t)*l“qflh(wn,t)_lfzq_lh(wnaé)k(wnaé) :
Let
Y5, N'A— N"A, naw v(nwh(wn_y)na)h(nawh(wn_y)na)
Set Yo, = (n @) 1o TG, 0 (NN a.): R* 1 x (0, +00) — R -1 x (0, +00).
Since .

V(nty(wnza)h(wn_t)—la;1> _ nNF

(t—ﬁﬁzl,ﬁﬁ@”nik—l)
and
a1l
h(wn_y)la h(wn.") =a_p2y,
a+31l=012
we have
t2+1 2 +1 2 +1
T2,t(Z,Q) = ( t— 21, 29.m—k—1 7—>
I AT TE e

Let us now try to compute the inverse of To,. We have

*+1 1 q(t* +1—¢q)
/ / 2 2 2
(=—7—7 < (a+-z])=t"+1 <= |z|" = :
q+ 5l q q
Thus,
241 ! t— 2
2= —%21 = t—zi-g‘zl = zlzu
¢ + ||z q

q/
and, for j=2,... . n—k—1,



Hence,

t2+1_/ t—z nquQ 12
q( / C]C]):C]( ) +Z J
q s
?+1
S e P F
= q= q,( ) .
t2 =2tz + |22 + ¢
"2+ 1
— q = ol nk)l 2
(t—2)2+ 200 27 +q?
So,
(t—2)(t*+1)
21 =

(t—2)2+ 200 2 +¢”
and, for j=2,... . n—k—1,
z’.(t2—|—1)
z; =
R DA

For (2',q¢') € im(Yy,), define Wy, (2',¢') by (z,q) € R"*1 x (0, +00).

Thus, Yo, : R x (0, +00) — R"*~1 x (0, +00) is a bijective map and Wy, is
its inverse. As Ty, and Wy, are smooth, YTy, is a diffeomorphism.

Since

(Z/7 q/) = T2,t(zy Q) € Bt,s

n—k—1
(21— 1) +Zz + (¢ —as)’ <,
7j=1
241 (2, 19 2 +1 s o
= () 121+ (—F—5 — as)® < &,
G W+ G — o <
[P T SO |
(@ + 1207 @ +lzl> 257 4s?
|2]1* + ¢° q
(@ + 11207 s(@®+ [Iz]]?)
= q>s,

Tots:i= TQ,t’Rnfkflx(s,_i_oo) s Rk % (s,4+00) = By, is also a diffeomorphism.

Thus, Y¢,, == T¢

. . . r o
»t‘NFA>S is a diffeomorphism from N* A to By,
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3.7.4 The diffeomorphism T,

For z € R"* ! define T5: R" %! x (0,4+00) — R"* 1 x (0,400), (z,9) +
(2+2, q) (diffeomorphism). Since Yy is a diffeomorphism from R" %=1 x (0, +00)
to B, s and T27t75’R"*k*1X(s,+oo) is a diffeomorphism from R" %=1 x (s, +00) to By,

R -1
Tt,s = T(*t’ol,n—k—Q) O Tl,t,s o T27t75 o T(t,[)lyn,kfz) ‘R"—k—lx(s,+oo)

is a diffeomorphism from R" %=1 x (s, +00) to R* %=1 x (0, +00).
Let (v1,...,0n 11,7) = Yis(2,q) (z € R"F71 ¢ > s). Direct computation shows
that (v1,...,0,_k_1,7) is equal to

s(z1 +t SZp—f— s 1
<—t+%,...,#7¢5-,h—5-¢q+5||<zl+t,z27...7zn_k_1>||2>.

Put r(t,s,2,9) = /5 1= 5y fa+ 2z + o2z
Let (2',¢") = T14,s(T(1,0,,,__)((v,7))). Let us treat now first the case when &k > 2.
Then,

Ii(ntw)n(vly---yvn—k—l=T¢k(¢07¢17---7wk—2))

is equal to
al — —1
s h(wn—_¢) " ag
UNe (W 4y o (o tie2)) Nz Qg
ay
S
k(wn Ul*tyn-»vn—k—lﬂ"q’k(wmwl7~~-7¢k—2)))
a1 _ —1
s h(wn—¢) " Lag
_I/NF (wn Ul*t,mﬂ)n—k—l,Tq’k(QbO,wl:-w’l/)k—Z))) H(”tw)nzaq
ai 1 a1
q - s
k(wn(zl‘i’mz%--wznfkfl)) k(wn('Ulv--ﬂ’nfkfl:Ték(wmwlwwwkfﬂ))
Nr 1

K(naw)n,agk(Wn ey v,z o))

=n
241 )
r(t,s,2,q)® 1oy —

(s<q+%nm+z,zg ,,,,, o e RO (Yo, fi-2) a

k(wn P
( (21q+t72727“'7 n qk 17%'\/ 1_2'\/‘1"7%“(2’14‘1&@2 ~~~~~ Zn—k—l)||2q>k(w01¢11-~-7¢k—2)))
as
ay 1 -1
s h(wn_¢) " tag
VNr (wn('ul_tyv27-~7Un7k71ﬂ"¢k(¢07¢'17--4’wk72)))
_,Nr
_n( , 241 'T(t,S,Z#I)CI’k-(¢07¢17~~-ﬂ/}k—2))
s(at+glI(z1 4829, Zp_ kDI
and as
al
S
k(wn(vl_t77)27---7'Un—k—17T¢k(¢07w17---7wk—2)))

_k(wn(ﬂv%va Zn—qk—l ’%T(tvsvz"ﬁq)k(¢07¢17-~-7wk—2)))

=k(wn e .
( (%H’%’.",Zn qk 17%'\/ 1_2'\/(1—"_%”(Z1+t7'227"'7z'n—k—1)HQ(PIC(w07¢17"'7wk—2)))
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For u € [0,1], set

— ].lm k(wntfoln k— Q,MOIk 1))

f—00
= WN(/5,01 -2/ T=u,0k—1) W /1,01 g0, —vT=w,01 1) W /0,01 1 -2/ T—u,01 1)
1 0 0 0 0 Oup
0 1 0 0 0 Oup
oo 0 -1 Opnpos 2/a(l—u) Opp
| Opk—21 Opg—21 Op—k—2,1 T2 On—k—21 01 k-1
0 0 —2y/u(l —u) 0pp_k—2 2u —1 01,61
Ok—1,1 Ok—1,1 Ok—1,1 Ok—1,1 Ok—1,1 Ip—1 k-1

Note that 1imy e KWy a0, 0 40— vT=w0,50)) 19 equal to m, !
Let Yy, Yy, ..., Y, o € 5o(k) be as in the proof of Lemma 3.7.1 (with d = k).
Set A(to, . .., ) = [[ 25 exp(—1;Y;) € SO(k). For A € SO(k), set

My, _
Mma~ = Mdiag(l,_;_1,A) -

By Lemma 3.7.10 and as wmw = m for all m € M,

F(wn stz in)

q
(let ,%QW,Z”_% %'\ / 1_3'\/Q"'%”(zl+t732r~~:zn—k71)||2q>k(¢0,¢1:~-7¢k—2)))
1. M

=k(Wn eyt znin))” M Ao, —2)
q

k(wn

M 1
R | s o Lo /T Jat Hlr 22, 1) MaGocain )~

q

My, My, -1
converges to Ao, top—2) q(mA(ilim Pk 2)) )

If k =1, then K(mw)n(,,. v, , 14r is equal to

Nr K (W) N, agk (W Gy 129,20 g1 )

n t241
i( r(t,s,z )
@ TGt T r74) ¢

k(wn(m 2 Inckol g F\/qu l(z1 48,22, 52n k1)1 ))

and

(P22 ekl g o TR \/q+ (z14t,22,1-2n k1) |2 ))
converges to ms respectively to ms'.
q q

Let us compute now |det(d(T1_;75 0Y2:4)(2,q))| = |det(d(Vy45 0 Tars)(2,q))| for
z € R 1and q € (s,+00):

) 2) (_Zﬂa ) Szn;2k71 )t
5—

diag(2, ...

i1 2P+ 25 =)

| det

2217+

221 2zp,
— 5. g
(Vs ViTa z,/q+ EN T Vs a 2¢q+§uzu2) 2@/_1—— ¢q+ I=]12
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This is again equal to

(f)"—k—l. Vs :
! 2,/1—3-\Ja+ Il

q q’ q

Set

1 _a
dy = det s\ 2z T,
: ((1—-)-2—1 1—q%HZH2+§—s-HZH2)

q q
and

_ An—k-—1 )t

e (=
S z s 2%Zn s
(L=2)- 2 (1=2) =) 1= gllalP + % el

I1 (—= ——Z”;*l)t

PREERRE

dm:dt s z s Zm— S
e (((1—;)-%,...,(1—;>-2—1> 1= Bl B2

q

form=3,...,n — k. Then,

1, o 25 , 222 s
d2:1—?||z|| +¥'||Z|| +q—2'(1——)

[l

2s
=1- p +E-(||Z|!2—Zf)+

2

and

dpy, = dpp_1 — (1 — f) . 22m-1 . det ( Lo <—;, _7_——

q q 01,m—2 qu_l
s, 222,
:dm—1+ 1——)- n
-0
9. (1—2) ml
q ps
S m—1
Il | 25 o oy, 24 2(0=3) )
L PR . e b L O
2 3 2 2 j
? g q q g
m—1
12]]> | 2s
—1 EE L B Yy
? g =

Thus, | det(dY¢ (2, q))| is equal to

)y x

S
q 2,/1—3.\/q+;H(zl+t,z2,...,zn_k_1)|y2

' ’dnfk‘

)

)

n—k—%1 —n+k

VIt G+t 2, )P

= S 2q
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Put

u(t, s, 2,q) =r(t,s,2,q)" " - [det(dY, 4(2,q))| -

This is equal to

k
PB4 B+ )

Thus,

(3.46) lim

for all z € R" %! and ¢ > s fixed.

SyE_q
(1=2)2"
(1-2)
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3.7.5 The formula for left NprMp-invariant Schwartz functions

Let ¢ € G and let f be a left NpMp-invariant Schwartz function near eP. Let
T (depending on g) be sufficiently large so that for all ¢ > T there exists an
admissible generalised standard Siegel set & with respect to P (depending on g
and t) in G such that U (,,u), (see Definition 2.3.29) is contained in &’. Thus,
fUr(nw), g) for t sufficiently large is well-defined by Proposition 3.6.6 and by
the proof of Proposition 2.3.30.

Lemma 3.7.12. Let f be a Schwartz function near eP and let d > 1. Then, there

exists a constant C' > 0 such that | f(n'k(nyw)n.a,h)| - W is less or equal than

(347) Cs™ 2 la(On.) "7 (1 + logag,.) ‘g

nk+1(

=) (1 og(o))

for alln’ € Np and h € K.

Remark 3.7.13. (3.47) is integrable over R"*~1x {q € R | ¢ > s} by Proposition
2.3.26.

Proof. Let & = {pnr. Let d > 1. By the proof of Lemma 2.3.28 applied to £ = N*
and as

k
2

(t*+1)

h(’i(ntU))nzaq)(lig)pP -
(q + é . H(Zl +1,29,. .., ank’fl)”z)

E
2
there exist C' > 0 and T > 0 such that

(2 +1)3
@+ 2 Gt b2 zi ) P)E
n—k—1 — e
g (1 + log aga.) (1 + |log(q)|)

|f(n'k(naw)n.a,h)| < Ca(On,) 7 -

k
for all n’ € Np, 2 € R" %! and ¢ > s with ¢t > T. Since moreover SUD>7 @2;%)2
is finite, there exists a constant C’ > 0 such that
M(t7 S? Z7 Q>
|f(n'k(naw)n.aqh)| - BT
n—k_1 1 2\ k
s"Tr g4 g [+t 22, 2k ])2 S\k-1
- ! z h)| - 4 (1—=)2
|f<n K(ntw)n Qg )’ thq”_k ( q)
is less or equal than
: - E_ _
C’s"’%’la(ﬁnz)’gpp(l +log ag,. ) %q~ e (1 — —) (1 + ]log(q)|) a
q
O]
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Proposition 3.7.14. Let f be a left Ny Mr-invariant Schwartz function near eP
and let h € K. If k > 2, then lim;_, tik fN f(k(nqw)nash) dn is equal to

u

1(Sk—1 1
Vo (_S ) . / u”*%”(l — u)gl/ / f(nasmm,m="h)dndmdu
2 0 My, J Nr\N

where m,, s defined as in Section 3.7.4.
If k=1, then limy_ & [ f(k(nyw)nash) dn is equal to

1/ [t . ,
—(/ u”_é_Q(l—u)é_l/ f(nasmyh)dndu
2\ Jo Nr\N u
1
+/ u"§2(1—u)§1/ f(nagmqjlh)dndu) .
0 Np\N

u

Remark 3.7.15. Let &’ be an admissible generalised standard Siegel set with
respect to P such that

n'k(ngw)naK € Tp&'

for all n’ € Np, n € N'', a € A., and all t greater or equal than some T > 0. Let
f € C=(I"\G, ¢) be a Schwartz function near eP. Then, the proof of the propo-
sition, combined with Proposition 3.6.36, shows that there exists a nonnegative
integrable function g, on R" ¥~ x (s, +00) such that

t,s,2,q
swp | f(n(nguinaagh)] - A2
RIEN[‘JLEK t

is less or equal than
&P2a1,1(f)9s(2, q)

forallt > T, z € R" %1 and ¢ € (s, +0).

Proof. Let f be as above and let h € K. Without loss of generality we may assume
that h = e. To simplify notations we assume further that f is right K-invariant.
The general case works analogously. The limit of the K-part has already been
computed in Section 3.7.4. To get the integral over M;, one has to use Lemma
3.7.3.

By (3.45),

tlk/Nf(H(ntw)nas)dn 1 f(nawh(wn_i)nmnyas) dv

- tk Rn—1
for all t > 0. As f is left Np-invariant and right K-invariant, this is equal to

1

tk Rn—k—1xRk

Fr(naw)n_y(n.a.)(Tof (Tras((vr 4tz ... v0-1)))) do
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By passing to spherical coordinates, we get
(3.48)

vol(Sk—1) . ) _
B /R""“‘l /0 f(/{(ntw)(n'a')<Tt,sl (v,r))r* " dr dv

=) [ [ petmnagrss,z gt [0
s Rr—k—1

tk
k—1 oo M(t, S,Z,Q)
=vol(S*7) f(k(naw)n.ay) - — dzdq .
s Rnrn—k—1

dz dgq

It follows from Lemma 3.7.12 that

/”L(t’ 87 Z) q)

|f(l€<ntw)nzaq>| : 1

is dominated by an integrable function on R" %=1 x {g € R | ¢ > s}. Since
moreover

lim 2520 L Syakg Syea

t—00 tF 25 'q q

for all 2 € R" "1 and ¢ > s fixed, by (3.46), (3.48) converges to

vol(S*1) % ik syE—
T/s (2)"z2(1-2) I/NF\Nf(”aq)dndq

when t tends to +o0o0, by Lebesgue’s theorem of dominated convergence and as
R %=1 = NT = N\ N (as groups).

Put u = 3. Then, ¢ = 2 and dq = —-5du. Thus, the above is equal to
1 Sk—l 1
—VO ( ) . / u”*§72<1 — u)gl/ f(na/é) dndu .
2 0 Np\N u
The proposition follows. O
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3.7.6 The formula for derivatives of Schwartz functions in the nr-
direction

The following, including the next lemma, is a preparation for Proposition 3.7.17,
which says that the constant term along Q divided by t* converges to zero for
derivatives of Schwartz functions in the np-direction when we approach a cusp of
smaller rank.

Let t > 1 and let
t?+1
s(q+ %H(Zl +t, 22,...,Zn—k—1)||2)

R(t,s,z,q) = r(t, s, z,q) .

By Section 3.7.4, R is the Euclidean norm of

for (vi,...,v0p_p_1,7) = Ttszq Let z(t) = (21 4+ t, 22, -+ -, Zn—k1)-

Since r(t, s,z,q) = /s /1 e 1|| (t)]|2, R(t,s,z,q) is equal to

+1)-,/1-2

VayJa+ L)

Direct computation shows tha FGELE ,q) is equal to

241 g+ éHZ(lf)H2 —2¢(1-2)

25 g fi- s+ 0

If g € (s,3t] and ||z(t)| € [¢,2t], then this is greater or equal than

?+1 lzOI* —

t 2
> : 1 :
2\/_ Va1 =3 q—i—|| % 2y/s Va 1—2(%14—4)%
Let ¢ = (8 s )71 > (. Then, this is again greater or equal than

t
>0
Vs /1 -2

_k_ k
M EOPE
2qn—k q ’

Since
S

/’L(t78727q) =

-1
pa(t, s, 2,q) = (%—f(t S,ZJI)) pu(t, s, 2, q) is equal to

s"T 1 k+3 S\ k=1
—n+k+1
~ : + = (1= .
241 g+ gllz®)? —2¢(1 - 3) ! (q H OIFy=-( q)
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Hence, a%,ul(t, s, z,q) is equal to
= L+ =) —n+4+k+1

OoR
a_ t75727 t7 S, z, +
(G tto=0) s sy

k+3 1—%2“2(75)”2_‘_16—1. s )
2 g+ =P 2 (=2

1

R(t,s,z,q) ' :u’(t7 87 Z? Q)

The following lemma allows us to compare the measure p(t, s, z, q) dz dqg with other
measures that will arise in the proof of Proposition 3.7.17.

Set :u2<t7 $, 2, q) =

Lemma 3.7.16. Let k > 1 and let t > 1. Let ¢ > 0 be as above, q € (s, %t] and
z € R"F1 be such that ||2(t)|| € [t,2t]. Then:

(1) <B—R(t, s,z,q)) is less or equal than $v/s\/q,/1 — %.

(2) |8qui;::’q)| is less or equal than

k 13
c s/m—s+%5 k-1 5
Va1 2 (T ‘ =)
Ve q q 2 ¢(1-2)

(3) —R(t7;27q) is less or equal than = \/i%.

Proof. Let t > 1, q, z be as above.

-1
(1) By the above, (%—I;(t, s, 2, q)) < SVsq, /1 — 2 . The first assertion of the

lemma follows.

-

1+ 5 [l2(8)1?

-1 c i1t4 1 6
( ) As ( (t,S,Z Q)) Z\/g\/c_] qa |q+ ||z(t)H2 2q(1— 9) < f,i ' a < 5 and
s|1 quH()HQ’ 1
g+ ll=(t)]? S q’
|aiqlu’1<t78727Q)
/"L(t78727q)
is less or equal than
k , 13

c s/m—5+= k-1 S

NV TGS K St B

[Veva q q 2 ¢P(1-2)

This shows the second assertion of the lemma.

/ 1
(3) Note that m is less or equal than i+4 .—Y5__ So, the third assertion

of the lemma holds, too.
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]

Let D = {(¢o,¢1,...,¢p—2) € R* 1 | ¢y € (0,27) and ¢, € (=5, %) forall [ > 1}
and let
Ey={z e R | (t)] €[t.21]} .

Proposition 3.7.17. Let f be a Schwartz function near eP, h € K and let

X €np. Then,
1
— Lx f(k(nqw)nagsh) dn
tk N

converges to zero when t tends to oo.

Proof. Let f be as above and let X € np. Without loss of generality, we may
assume that h = e and that X = log(n,,_,_,, ;) for some j € {1,... k}. Assume
that k£ > 2.

Let Yy, Y1, ..., Ys_2 € so(k) be as in the proof of Lemma 3.7.1 (with d = k).

Set A(to, ..., k-2) = [[,Zg exp(—1;Y;) € SO(k). For A € SO(k), set m}y* =
mdia'g(lnfkflaA).

It follows from Remark 3.7.15, Section 3.7.4, Proposition 3.6.43 and the fact that
the indicator functions 1q€(s’%t], L)2(t)|¢lt,2¢) converge pointwise to zero when ¢ tends
to oo that it suffices to show that

LI
s 4 g )7

Nr
LXf(n(R(t,&Z,lI)‘I’k(%ﬂ/Jl ~~~~~ ¢k72))ﬁ(ntw>nzaqul(¢o ,,,,, ¢k—2)m; A (o, top 2

) W dzdq cosii(cosihy)® -+ - (cos o) 2 d(sho, ¥, .., Yp—2)

converges to zero when ¢ tends to co. Let

0 0 0 0 0 01 k-1
0 0 0 0 0 01 k-1
0 0 0 01,n—k—2 t 01,61
7, = ’ ’ em.
! On—k—21 Op—g—21 Op—p—21 Ln—k—2 Op—p—21 O1x—1
0 0 —t 01 n—k—2 0 01 k-1
Ok—1,1 Ok—1,1 Ok—1,1 Ok—1,1 Ok—11  Or—1k—1

Then7 eXp(Zarccos(Qu—l)) = m,. Let

ft(R7 ¢0> %7 s 7wk—27 z,4, ga z, y)
N; My, M, —1
- f<nRg>k(¢o,¢1 ----- wk—z)Ii(ntw)nzaqu(];o ----- Tp_2) exp(Zg) <mA(]on ----- yk—z)) ) )
Define ¢(t7 S, ¢07 s 7¢k—2> Z, q) by
M, M, -1
(R<t’ 5, 2, Q)a <, 4, mA(IZ/,O _____ Vi_2) eXp(ZarCCOS(Qf—l))(mA(I;ﬂo ..... wk_g)) ) :

Then,
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is equal to

an—k—1+jﬁ(¢(ta S, 1/10, s 7¢k—27 Z, q)) :

Let p” :(0,2m) x (—=%,%)"?% — R be as in Lemma 3.7.2 when we apply it to

{0141} x R = RF. Then,

k—

(3.49) On—k—145 = Pi(to, ..., Yr—2);0r + Z iﬂo, oy Y—2) Oy, -

=0

Let H, = log(a;). Since ma = am for all a € A and m € M,

(%o@(t 8,90, -, Vk—2,2,q)

is equal to

,,,,,

,,,,,,,,,,,

and (aft 0 @) (t, s, %o, ..., k2,2 q) is equal to

(3.51) R My, 1f( R(tszq)%(wowl

M A, g—2) Zi(m A(q/)o AAAAA P 2)
My, s M, -1
050005 wk—z)ma(mA(iﬁo ~~~~~ wk—Q)) ) :

When one estimates the absolute value of these functions, one has to use that

Ad(z™1)Z; depends smoothly on x and that M is compact.
By the chain rule and as 3, arccos(gs —1) = —Y*_ we have
1

3
2

et oo (o)t

Thus,

g Shoo= (et (Shog) E TG

Hence, it follows from Lemma 3.7.12 and Lemma 3.7.16, partial integration and
Fubini that

// / ft tsaw(b""’l/}kf?az?q) Md dq
Ey
Dy (Yo, - - - 1/% 2) cos 1 (cosahp)? -+ - (cos _2) 2 d(vg, U1, - . ., p_2)

converges to zero when ¢ tends to co. Because of Lemma 3.7.12 and Lemma 3.7.16,
the boundary term appearing from partial integration converges to zero.
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It follows from this, (3.50), (3.51), (3.52), Lemma 3.7.12 and Lemma 3.7.16 that
0 t,s,z,
// / io(ﬁ tswoa---ywkz,Z,Q)‘Mdqu
E;
Dp (o, - - -, hr—2)j cos ty (cosha)? - -+ (cos Yp_2)* 2 d(o, Y1, . . ., Y—2)

converges also to zero when ¢ tends to oo.
By the chain rule, we have

o(fio9)  Of = /f; i
a¢,¢ 9 ¢+jzo<a_xj°¢>+jo<a_yjo¢>'

Thus, 8];t (ft ] ¢) k72 aft o aft
o " Ton & (8—%o¢)_j:0 (5, °9)

Note that (g—fz 0 @) (o, U1, ..., Yk_2,2,q) is equal to

NF
R— Ad ((H?;EH m:i];(fijj))_l)Ylf( (R(t,5,2,0) Pk (Yo, Y1, Pk—2))

and that (g—ﬁ 0 @) (o, U1, ..., k2, 2,q) is equal to

R f(nr
—Ad ((qTz2 mE vy TIEZE s )=1) i VT OR(5,2,0) Bk (0,41 k)
J

Meoxp(—1;Y;)
...........

When one estimates the absolute value of these functions, one has to use as above
that Ad(z~!)Y; depends smoothly on z and that M is compact. Similar as above,
one shows that

// /E 8ft ts%,...,%_g,z,q).Mdqu

D
pi,j [0, 91, - ha) cos by (cosn)? -+ (cos ty_o)* 2 d (o, Y, .. . i)

converges to zero when t tends to co. To show this, one needs of course also
Lemma 3.7.2. Let us check now that indeed no boundary term appears from
partial integration.

Note first that d(R®y (o, ¥1, ..., Pr_2))" is given by

cos wk72 d<R(I)k’*1(w07 @51» s 7wk73))t 51(;:%5;2

—sinthy_g RPp_1 (Yo, %1, ..., p-3) | Rcosty s
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Thus, if g € {0,27} and ¢y € {=F, §} foralll > 1, then d(R®y (o, V1, . . ., Yr—2))"
is equal to

1 0\ .., Op—1h-1 | (£1,014 o) -
(0 R) if k=2 and (mm_?’_m Or e ifk>2.

It follows now from the proof of Lemma 3.7.2 that

cos Py (cos hy)? - - - (cos %—2)16_2]95? (Yo, V1, -+ - s Vr—2)
is equal to zero for all i € {0,...,k — 2}, 7 € {1,...,k}) if ¢y € {0,27} and
Yy € {—%,5} forall [ > 1 such that k # 2 or j # 2. Moreover, p((f%(@bo) is equal to

1if ¢y € {0,27}. Thus, p((f%(27r) —p((f%(O) = 0. Hence, no boundary term appears.
We leave the case & = 1, which can be proven similarly, to the reader. The
proposition follows from (3.49). O
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3.7.7 The general formula

We use here the notations seen in Section 3.6.11.

Lemma 3.7.18. If f is a Schwartz function near eP with fP = 0, then there
exists a Schwartz function F' near eP such that

f=AF,
where A 1= Z?:l LQZJ_.

Proof. Let f be as above. Let g € NTAK.
As in the proof of Theorem 3.6.68, we may assume without loss of generality that
dim¢ V,, = 1. Using the notations seen in Section 3.6.11, we have

fiTPlg) = N e (e (2 e RY).

—A£z€Zk
Set
F(nNF,{Zj} ) _ Z Cw,g(f) €2m’(z,)\+m> (Z c ]Rk c NFAK)
=T 2] + 22 9 -
R 2
Then,
(AF)(nNrtZitg) = Z Cm’g<f)627rz<z,/\+x> = f(nDriZig)
—AAz€ZF
since 83_52627”'@/\%) = —4m*(\ + xl>2627ri<z,/\+a:>.
1

Let & be an admissible generalised Siegel set relative to P. Let r > 0, X € U(n)
and Y € U(g). Let g € &. Then,

F(g) _ Z Cx,g(f)

—AAT€ZF 47T2H)\ T xH% .

Since f is a Schwartz function near eP, there exists ¢ > 0 such that

‘/[Ol]k((LxRYf)(nivr,{Zj}Mnin,{Zj}) ))(g)e~2rituAte) gy
< h(g) 9 a P (14 logay)™ (2 €ZF,g€8),

where § := {p yr. Since ) NfzeTk m converges by Lemma 3.6.65, there is
2
a constant ¢ > 0 such that |Lx Ry F(g)]| is less or equal than

c"h(g)(l_g)ppag_fpp(l +loga,)™" (ge®).
Hence, & prx,y(F) is finite. The lemma follows. O

Proposition 3.7.19. Let f € C*(I'\G, ¢) be a Schwartz function near eP with
fPle =0 and let h € K. Then, lim;_, tlk fN f(k(nqw)nagh) dn is zero.
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Proof. Let h € K, f be as above and let F' be as in Lemma 3.7.18. Then,

k k
tl’“/N f(r(naw)nas) dn = z; tlk /N (2; Lz,Ly, F)(k(nw)nas) dn .

This converges to zero by Proposition 3.7.17 applied to Lz, F' (Schwartz function
near eP). O

Theorem 3.7.20. Let f € C®(I'\G, ¢) be a Schwartz function near eP and let
he K. If k> 2, then

lim fQ( (nyw), ash) (s € (0,+00))

t—oo tF
15 up to a constant equal to
1 k
/ u”_’_2(1 — )2t P (asm'mym'~"h) dm/ du
0 My, u

where

My = ,}g& k(wnt(ﬁvol,n—kf%\/1_u701,k—1))
= wn(ﬁuol,n—k—vi 1—u70k—1)wn(\/@01,n—k—2,—\/ 1—u701,k—1)wn(\/5701,n—k—27\/ 1—u,01,5-1)

1 0 0 0 0 01 k-1
0 1 0 0 0 01 pet
. 0 0 2u—1 Ol’n,k,Q 2 U(l - U) Ol’kfl
| Opk21 Opg_21 Op—k—2.1 I k2 On—k—21 01 k-1
0 0 —2y/u(l —u) 0pp_k—2 2u —1 0151
Ok—1,1 Ok—11 Ok—1,1 Ok—1,1 Ok—1,1 Ii—1 k-1
If k=1, then

lim f (k(nyw), agh) (s € (0,+00))

t—oo tk

15 up to a constant equal to

/0 u”—*—2(1 —u)* 1<fP(a§mu )+ fF (asm )) du .

Proof. Let f be as above. Then, f!¢is a N Mp-invariant Schwartz function near
eP and (f — fPle)Ple = (0 by Proposition 3.6.24 and Lemma 3.6.28.

The theorem follows now directly from Proposition 3.7.14 applied to f7 and
Proposition 3.7.19 applied to f — fhle. O
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3.7.8 The main theorem

Let (7,V,) € K. Let I be the canonical isomorphism from SO(2) to S := {m, |
u € [0,1]}.

Since all irreducible, unitary representations of SO(2) are one-dimensional and
since V, is finite-dimensional, there exist v; € V,, such that

l
V, = P Cy;
j=1

as representation spaces of S. We identify V, with C' via this basis.

For ¢ € R, set k, = CO.S(QP) sin(cp) € SO(2). Let m be an irreducible
—sin(yp) cos(y)

representation of SO(2). Then, there exists m € Z such that 7 (k,) = "™ for all
¢ € R. Thus, there are m; € Z such that

7(“’%)) = Doy, ()

eimiy 0 e 0
imap
where D, m, (@) == 0 ¢
: 0
0 .. 0 ety

Let Y € 50(/{2) be such that m, = Mdiag(I,,_j_1,exp(arccos(2z—1)Y))-
Then7 V(mx)il - /y(](ki aI‘CCOS(ZCL‘*].)))'

Theorem 3.7.21. If f € €(T\G, ) with f =0, then fQ =0 for all T'-cuspidal
parabolic subgroups () of G with associated cusp of smaller rank.

Proof. Assume that k& > 2. We leave the proof for k£ = 1 to the reader.

For a measurable function ¢ on (0, +00) and z € C such that ¢(z)z* € L'((0, +00)),
set M(¢)(z) = [;° ¢(x)x* " dx. The function M(¢) is called the Mellin transform
of ¢.

The Mellin convolution operator of two measurable functions on (0, +00), ¢; and
¢, is defined by

(61 % d2) () := /OOO o1(5)P2(y) d;y

whenever the integral exists.

Let ) be a I'-cuspidal parabolic subgroups of G with associated of smaller rank.
Without loss of generality, @) = P.

Since the space € (I'\G, ¢) ik of K-finite Schwartz function is dense in € (I'\G, ¢),
it suffices to show that f@ = 0 for all I'-cuspidal parabolic subgroups of G with
associated cusp of smaller rank if f € € (Y, Vy (v, ¢)) (v € K) with f© = 0.

Let v € K, let f € €(Y,Vy(v,¢)) with f© = 0.

Let ¢ > 0. Choose a function x. € C°((0,+00), [0, 1]) such that

(¢, +00) C supp(xe) -
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Define

G112 € (0,400) — Xg(x)/ f(nma,) dndm
I'p\NMr
and
gai € (0,+00) = Lo (o)a" 52 (1= 2) 50 [ gy m) (o)
My,

n—1
It follows from Proposition 3.6.14 that x € (0,400) — |g1(z)|x” 2 belongs to
L*((0,+00)). So, the Mellin transform of g; . at =" +ir (r € R) is well-defined.

n—1
Since n — & —1— 21 — 1 =2=2=L 1 the integral [ ]g2(x)|z™ 2 % is less or

equal than

1 nfkfl
/a: 2 (1—x) 1dx—B(”_§_1,§),
0

where B(z,y) fo "1 —w)?'du (Re(x) > 0, Re(y) > ) denotes the (-

function. Since eP is not of full rank, k¥ < n — 1. Thus, = 2 > 0. Hence, the

n—1
above integral is finite. So, x € (0,+00) — |g2(x)|z~ 2 belongs to L'((0,+00)).
Consequently, the Mellin transform of g» at —25* +ir (r € R) is well-defined.
Thus, the Mellin transform

M(gie * go) (= "5+ +1ir) := /OOO 92(¥)91(5)

<&

of g1 * go at —"T_l +ir (r € R) is well-defined and equal to
M(go) (=52 +ir) M (g10)(— 252 +ir) .

Let D = {z € C | Re(z) > —2=£=1} (connected, open subset of C). Note that the
function

®:z€ D M(go)(—25+ + 2)

n—k—1
/ / Nae 2 (1= )  y(mg) Ty () e di
My,

is complex analytic. Indeed, since ® is measurable, since B(-, 2) satisfies the
assumptions of the theorem about complex differentiation of parameter dependent
integrals on {z € C | 0 < r < Re(z) < R} for every R > r > 0 and since

n—k—1
/ / y(m)a 2 (L = )2y (me) Ty () de did
My,
= B("==" +Re(2), 5) ,
® satisfies also the assumptions of that theorem on

{z€C|R>Re(z) > -2 + ¢}
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for every R > r > 0. Thus, ® is holomorphic and hence complex analytic.

Let {v;} be a basis of V7 and let p; be the orthogonal projection on Cv; = C.
By abuse of notation, we denote Id®@p;: V, @ V, = V, ® V,, also by p;.

As by assumption f =0,

M(p;(91.c) * g2) = M(92) M (p;(91,))

vanishes for all j, by Proposition 3.7.14.

Forallz € [0,1], |y(m,) ' —Id | < 2. Let § € (0,1] be such that |y(m,) ' —Id| < 1
n—k—1
for all z € [0,8]. For z € D, set ¢(z) = fola: 2 (1 — )2 dx. Then, ¥ is

real and positive on D NR. For z € D N R, consider

1
w(z)cb(z) —1d
:ﬁ /M /0 V(m’)xn%m—l+z(1 — x)§—1(7<mx)—1 N Id)v(m')_l e

In absolute values, this is less or equal than

1
l+ i/ mnilgil_l“(l - x)g_ldx :
2 P(z) Js

Choose z € D N R sufficiently close to —"_’2“_1 so that this is less than 1. This
is indeed possible as 1(z) tends to co when z € D N R tends to —””5’1 and as

1 nikil—l-‘,—z k_q1 . .
SUP g[-n=k=1 _n-k-1 ) fa r 2 (1 —x)z~ " dz is finite.

It follows that ﬁ@(z) and hence ®(z) are invertible for every z € D N R suffi-

_n—k-1
2

ciently close to . Consequently, det(®(z)) is a nonzero complex analytic
function. It follows from the Identity theorem that {z € D | det(®(z)) = 0} has
no accumulation point in D.

Hence, M(go)(—"5* +ir) is invertible for almost all 7 € R. So, M (p;(g1,-))(— ">+
ir) vanishes for all j and almost all € R. Since g¢; . is smooth and since the Mellin
transform is injective on L'((0, +00),V, ® V), it follows that g, . is identically
zero. As this holds for every € > 0, we conclude that f¥(a) = 0 for alla € A. Since
fP is left N-invariant and right K-equivariant, f¥ vanishes, too. The theorem
follows. 0
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Appendices

A Some results about direct sum decompositions

Lemma A.1. Let X be a locally conver space and let Y C X be a closed finite-
codimensional subspace. Let F' be a finite-dimensional subspace complementing Y .
Then,

X=YaqF

as topological vector spaces.
Proof. For a proof, see Lemma B.1 of [Wur04, p.179]. m

Lemma A.2. Let H be a Hilbert space and let V C H be a Fréchet space such
that the injection V' — H 1is continuous. Let S be a closed subspace of H. Then,
SNV and St NV are closed in V and hence also Fréchet spaces. We denote the
canonical projection on S by ps. If ps(V') is contained in V', then

V=(SNnV)o(StnV)
as topological direct sum.

Proof. Let H, V be as above. Let S be a closed subspace of H. As t: V — H is
continuous and as S and St are closed in H, SNV = /~(S) and StNV = ~1(S4)
are closed in V.

Assume moreover that pg(V') is contained in V. Then, pg. (V) is also contained
in V. Furthermore, ps(V) = SNV and pgi (V) = St N V. The lemma follows
now by the open mapping theorem. O

Lemma A.3. Let H be a Hilbert space and let V. C H be a Fréchet space that
can be continuously injected into H. Let Sy, ..., Sy be closed subspaces of H such
that H = @j:l Sa (Hilbert direct sum). Then, S; NV is closed in V' for all j and
hence also a Fréchet space. We denote the canonical projection on S; by ps;. If
ps; (V') is contained in V' for all j, then

d
V=p(s;nV)
j=1
as topological direct sum.

Proof. The proof works completely similarly to the one of Lemma A.2.
]

Lemma A.4. Let V and W be topological vector spaces and let w: V — W be a
continuous linear map. Let V' (resp. W') be (conjugate-)linear strong dual of V
(resp. W ). Then, the dual map v': W' — V' is continuous.
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Proof. This can easily be checked. In the case where V' and W are locally convex,
one can find the proof (for the linear strong duals) of this statement for example
in Yosida’s book “Functional Analysis” (see Theorem 2 of Chapter VII in [Yos95,
p.194)). O

Lemma A.5. Let V be a topological vector space. Let Vi,.... Vg (d = 2) be
subspaces of V' such that V = @?21 V; is a topological direct sum. Let V' (resp.
V}) be the (conjugate-)linear strong dual of V' (resp. V;). For j =1,...,d, let
v Vi — V' denote the natural topological embedding. Then,

d
V' =5 y,(v))
j=1

(topological direct sum).

Proof. This lemma can easily be proven with the help of Lemma A.4.
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B The group Sp(1,n)

In the following, we do some explicit computations in the group Sp(1,n) (n > 1).

Let n > 2. We denote the standard norm on H by |- | and the 2-norm on H"~! by
| - |]. We identify H with R* as vector spaces. The quaternionic hyperbolic space
is defined by

X=HH":={[1:21:...:

vl [ Y |l < 1}
i=1

Put zg = [1:0:...:0]. Put G = Sp(l,n) and K = G,, = Sp(n) (compact
symplectic group). Then, X = G/K. Define

Lbr gl —r—glof? o
N =< n,,:= r+2ol2 1—r—=Lp* o | |veH" relm(H), ,
v —U Infl
Ny = Ny o (veH ).

Put nyt . = n,, (v € H"! r € Im(H)). We use similar conventions for all the
functions that are defined with the help of n,, as for example n,,.
Set

st+) st—3 0
A=Qa=[3t—-1) it+1) 0 |[t>0
0 0 In—l
We have
atnv’gatfl = Ny and atno,ra;l = ng 2y
Thus, af = t. Then, n, ,a.2 is equal to
L+r+ o> —r=Lo> o t+1) s¢t-1) 0
7“+%||v||2 1—7r— 2||v||2 ot % t—%) %(t+%) 0 [1:0
v —v 1,1 0 0 1,1
Ltr+slol? —r—3lll* @
= T—i—%”?]”z 1—’/“—%”1)”2 Ok [%(t—l—%):%(t—%):O:...:O]
v —U ]n—l

=[5+ A+ +5lllI*) = 50 = D+ 5lvl*) -
s+ D0+ 5l + 50— A —r = gllvl?) 5t + P’ — 5t = 1)v']
=[5t +4) + 3+ 310l - 5t = 1) + 10+ 3llv]®) « 3]
For g € Sp(1,n), write
gzo=lap:ar:...:a,) =[1:a1a5" anag ']
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Then,

_ -1
@y P=gt =P S G+ )+ 10+ %HUH )
= aag 5(t+1) a1+ 5ll*) = 50— §) + 0+ 3llv]?)

(gt = 1) 2P = 2= 1)+ (1 — )2 — e St + 1)
Thus,
B.1)  [loll® = 2t(@iag* = )7 (= 1)+ (1 - magh)E — eyt 3¢+ 1))
For j =2,...,n, we have
ajay’t = v (5(E+3) + 10+ 5lvl*)
Thus,

(t* = 1)+ (1 —aray )r — arag ' - 5(¢% + 1)))
= ;05" (may" = 1)‘1(<a1aa1 —DEE+1) +r)+5(E - 1)
+ (1 —aray)r — arayt - 22 + 1))
= —ajay (mag' —1)7" = CLJ(GO —ar)”!

By (B.1), we have

(alagl— )||v||2 1+(1—a1a51) '2r—a1a51~ (t2+1)
= (1—a1a51)t2—1—a1aal+(1—a1a61)-2r.

Hence,

2 = (1-— alagl)’l(l + alaal -(1- alaal) S 2r + (alaal — )Hv||2)

0o ) 0 |a;|?
= (1= mag) 1<1 +arayt — (1 —aag’) - 2r + (arap Z lag =T a)? >
= ag(ao — a1)_1(a0 +ay)ag L_9p — z”: M
0 = lao —a]?

Since this belongs to R and since Im(zyz™') = x Im(y)z~! for all z,y € H,
r=2aoIm ((ap — a1) '(ag + a1))agy '

So,

h(g) = a o
J el e Z\a “ap
0 — W1

238



as Re(zyx™') = 2 Re(y)z~' = Re(y) for all z,y € H, and

qg 0 O
LetmeM=<ma,:=[0 ¢ 0] |AeSp(n—1),¢€Sp(1)
00 A

Set my = my 1. Then,

(B.2) mA,qnwmg}q = NAvg.qrg
and
(B.3) mAnvm;‘l =Ny -

For g € Sp(1,n) (resp. X € sp(1,n)), define
0(g) = ()" (resp. O(X) = —X").
Let 7l,, = 0(n,,) € N (v € H* !, r € Im(H)). Since 7 = —r,

1—|—7“+%||v||2 7‘%—%||v||2 —t
gi=Tw, = —r—3lvl> 1—r—3v|* o
—v —v 1,4
Thus,
1+ |v])*> —2r

-1 2\ 1
ap — a ={1+2r+jv = .
o) o = T T 4

As ag + a; = 1, we have

h(fy,) =a —
|v; |2
_ —1)_
Re ((ao ai) ) [a0—ai]?
j=1
= Qa 2 =a 1 _
U [[o]l Va2 4
A+l 2 +472 ~ (1+][v]|2)2+4]r[?

and, as in addition ag and Im((ap — a;)™) = Im((2ap — 1)) commute,

V(o) =N o ary ~vn-1(a0—a1) 1,3 Im((ag—a1) 1))

14|v][2—2r r )
A+lvlI2)2+4]r27 (1+]v]12)2+4]r]2

=N
(—(v1,v2,00,0n 1)

The formula for h(n,,) follows also from Proposition 2.1.7.

1 0 O 0
0 -1 0 0

Put w = 00 -1 o0 . Then,
0 0 0 I,



Thus,

h(wn,,) = a 1
VaTvI5H2 44l

and

v(wng,) =n L[|o]|2+2r .
((=v1,02,0n 1) Gy )22 G2 2 a2

Let b: H*™' x H*™ — H be the following H-Hermitian form

b(x7y) = x_()y() - Zx_zyz (.’L’ = ($0, cee 7xn)7y = (y()v s 7yn) € Hn+1) .

i=1
Note that b(y,x) = b(z,y). Define a metric on HH™ by the formula
b(x, y)b(y, x)
cosh? (d(x,y)) = ——H 22 x,y € HH") .
W) =5 oty )

For g € Sp(1,n), write
gzo=lapg:ay: ... a,l .

Since b(z0, z0) = 1, b(z0, gz0) = ap and b(gzo, gz0) = |ao|* — D1y lail?,

2
d arccosh(,/%)
a. = edz0.920) — o lagl? =7y lail?/

g
Since
(tQ + 1)2 (t2 + 1)2
cosh (dleo ) = G (a1~ e
24+12 41,
= ( 5 ) = ( 5 £)” = cosh*(logt) ,

a,, =t for all ¢ > 1. Moreover,

2
h( lag| )
a = e MW TaP-Ti TP/

g

Recall that n, ;20 is equal to [ (¢+1)+1(r+21[v[?) : %( —%)+1(T+l||v||2) ;']
Since [3(t+ 1) + 0+ V) = (3t £ 1) + % [0]2)* + 5, cosh(log(an, a))? is
equal to

T2
(t+ 1)+ F oY) + 5
2 2
G+ D)+ B0 — (e D+ ZIP) — 2T

(Lt +1) + Llo)2)? + 1 s
= -2 2 = (At + 1)+ Llo)?)* + &
%@+ww> MMP G+ + 5l +

Thus,

2
(B 4) a _ earccosh(\/(%(t-{—%)—i—%HUH?)2—}—‘7;—'2)
M Ny, rat .
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In particular, a,,,, is equal to

Lo Ly 1y o
earccosh(Q(t+t)+2tHvH )

r —r

For v € H* ! and r € Im(H), set X,, = | r —r o

v —v 0,1
Then, exp(X,,) = Ny,
For X,Y € g, By(X,Y) = tr(XY). This defines an Ad(G)-invariant inner product
on g. As these are unique up to a constant for simple groups and as both are
positive defined on s := {X € g | (X) = —X}, there exists a positive constant ¢
such that Bo(X,Y) = ¢B(X,Y). For X € g, set | X|| = Bo(X, 0(X)).
Let us compute now the value of c.
Let H € a. Then, ||H||> = Bo(H,H) = ¢cB(H,H) = ctr(ad(H) ad(H)).
Since [H,Y]=0forall Y e m@ a and [H, X] = pu(H)X for all X € g,

tr(ad(H) ad(H)) = 2maa(H)? + 2maq (2a(H))® = 2(1my + 4mag)a(H)? |
Let H; € a be such that a(H;) = 1. Then, H; = log(a.) as af = t. Since
[log(a:)[1* = tr(log(a;) log(ar)) = 2(logt)*
|Hy||? = 2. Thus,
2 = ||Hi||* = ctr(ad(H;) ad(Hy)) = 2¢(mq + 4maq)

_ __ 1
as a(H;) = 1. Hence, ¢ = —7——. So,

v/ Cd \/§
’Xv,r‘ = = ”XU,TH = _HXUJ‘H .
NG >

Let us check now that

1Xorll = lognusll = 2/ [0l + 2 (ve "™, r € Im(H)) .

Since
ro—r o o0
Xoob(Xoy) = |7 —r 0 —r =7 =
v —v O voov Op
loll® +2[r* [Jo]l* + 2|r[* 2rv’
= [ lol®+ 217 flol® +2r[* 2rv! :
—2or 2ur diag(2|v1]?, ..., 2|vn_1]?)

H lognv,r||2 = ||Xv,r”2 = tr(Xv,Tg(Xv,T» = 4”””2 + 4|7‘|2 .
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C Results of independent interest about discrete
series representations

Let I" be a convex-cocompact, non-cocompact, discrete subgroup of G.

Let (¢, V,,) be a finite-dimensional unitary representation of I' and let o € M.
Assume that X # QH? or that ér < 0 and X € (0, —dr).

Let us introduce the following short notations: For i € ag, set

Hzﬁo = C_OO<8X7 V(O—M))v ng = O(;m(aX7 V<JM))7
07 (p) = C7(0X, V(ou, @) and  HG"(p) = Cu™(0X, V(o)) -

Let (m, V) be a discrete series representation. Recall that Ay, , € a* denotes the
real part of the highest leading exponent appearing in an asymptotic expansion
for a — oo of ¢, 5(ka) (v € Vi oo, 0 € Vi ).

Let A € a* be such that —(A+p) = Ay, . As 7 is a discrete series representation,
0<Aea”.

Recall that we defined in Section 2.8 an embedding map /3 from V; _ to Hf’;\.
With the help of this map, we constructed then a map A: H) — H”. By (19)
of [BO00, p.100], we have

. 1
ooy = Joy oy =
A )

Here p, is the Plancherel density. Since p, is meromorphic, it has a pole of finite
order at u = \.
Let p € af be such that Re(u) > 0. Let

A

J=, = dep = o(w)J®_ - H? M — H7

- Xy U —o0

let J_ = J—, and let I°* denote the image of J_.

Let JF: HZ) — HZ. ' be the renormalised operator a(w)j;‘j“ which is regular
and nonzero in p = X and which satisfies JFJ=, = (1 — A\)*Id for some k € N.
Let J, = J;.

Then, the operators J_ and J, induce nonzero intertwining operators

J_: H7 M) — H7) (@) and  Jo: H7) (0) — H7 ()

Let Vi = f(Vatoo)s V= (Viw)k = B(Vak), Weoo = ker J_, W, = ker(J_) N
Ho AW = (ker J_ )i, Vo = Voo NHS N VE =VE_AHG ™, Wo = W_onHG ™
and W5 =wWTr_nHG .

Let J be the restriction of J_ to (H” ). Let W' = ker JT.

In an obvious manner, we define also Vi (), V(¢), Va (v) and W ().
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We want to prove the following:

Theorem C.1. The space VL () is dense in VE_(p). Moreover, A(HZM ()
(resp. A((H2) (9))) has finite codimension in VE () (resp. VE_()).

The proof contains several statements of independent interest.

Theorem C.2. There exists a second discrete series module Z, Z %V, such that
W=VaoZz

Remark C.3.
(1) It follows that we have the following nonsplit exact sequence:
0=VOZ-HI =1 =0,
where I”* is the Langlands quotient.
(2) As the proof shows, this result is also always true when X = QOH?2.
Proposition C.4. The space Wio, is equal to J,(HT2).
Remark C.5. It follows from the proof that J.J=, = J; J%, = (n— A)Id.

Corollary C.6. The map A is up to a constant equal to pyoJy, wherepy: W_o, —
V_wo 18 the natural projection.

Proposition C.7. The space Wk () is dense in WY _(p). Moreover,

T((HGY (@) (resp. J((HZR)"(#)))

has finite codimension in W, (p) (resp. WL ().
Proposition C.8. We have: py(Wgq) = Vo.

Remark C.9. As W_, = V_o & Z_, by Theorem C.2, it follows from this
proposition that py ) (W () = Vi ().

Proof of Theorem C.1 using the other statements.

By Proposition C.7, W () is dense in W__(¢). Moreover, by its proof, there is a
finite-dimensional vector space F'in Wg () such that .J, (HGM (¢))®F = W ()
and J,(H)" () & F = WI (). By Remark C.9, Vi (9) = py)(Wh(¢)).
Thus, Vg (¢) is dense in py ) (W (¢)) = VI (). Moreover, it follows from
Corollary C.6 that V3 (¢) = pv(s)(Wh(@)) (resp. Vooo(p) = prp)(W_a(p))) is
equal to A(HGN)) + pyiw)(F) (resp. A(HZ%(#)) + pvig(F)). The theorem
follows. u

Theorem C.2 implies Proposition C.8. Since Vg is contained Wq, Vq is also con-
tained in py (Wq). We have to show that py (W) is also contained in Vj,.

Let v € K and V, C V() as in Section 2.8 and let € Homg (Vs, Vi) (unique
up to a constant). We choose the same as in the definition of the embedding (.

Set S(pv) = tt(v) € V,. Then, S is a nonzero element of Homg (V, V).
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By Theorem C.2, we have W =V & Z as K-representations. This decomposition
provides us with a projection py from W to V. So, we can view S o py also as an
element of Homg (W, V) which vanishes on Z but not on V.

Let p be a K-equivariant projection from H%’_’\ to W.

Define a K-homomorphism S € Homg (Hy ", V,) by S opy op.

By Frobenius reciprocity, we get 7" € Homy(V;, V,). By construction,

PLf=0

for all f € Z. Since Homg (V5, V) is 1-dimensional, the nonzero map v € V5 —
'Bups € Vi is up to a constant equal to . We choose T" € Homy (V5, Vi) so
that we have equality. Thus, tAvT/A =gty = vr,_x, where T" € Homp (V;,V,) is
defined by (2.31) (see p.59). Hence, PT'Af = PTf for all f € H™.

Let t € Homy(V,, V,) be as in the definition of 8. For f € W, and k € K, define
p(f)(k) = tlimg_,o0 a* Py (f)(ka). Since f € W, is smooth, P7, f(ka), k € K,
has an asymptotic expansion for a — oo whose coefficients depend smoothly on
k € K (look at the proof of Lemma 2.8.22). Thus, p is well-defined. Extend p to
a map from W__ to V_.

If f € Wq, then p(f) is smooth on Q and p(f)(k) (k € K(f2)) is equal to

t lim o™ PT f(ka)
a—00
(tPT, f(ka) has an asymptotic expansion when k € K(Q) and the leading term
depends smoothly on k € K(Q), compare with Corollary 2.8.23). Let fv € Vj.
Then,

p(B)(K) =t lim @ P\ u(ka) = t(Bo(k)) = (Bo)(k) .

It follows that p is the identity on V_,. Thus, p = py by uniqueness of the
projection. Hence, py(f) = p(f) is smooth on Q. So, py(Wg) is contained in
Va. O

Let x be 0o (or —oo, resp.) and let £ be @ (or €, resp.).

Theorem C.2 and Proposition C.4 imply Proposition C.7. Let E'(o,,¢) be as in
Chapter 4 of [O1b02, p.37] (k = 1) and let

E} (04, %) = E'(04,9) N C7*(0X, V(0,,9))" -

Then, Eﬁl(au,go) is equal to the space of distributions f € C; (09X, V (0, o))t
which can be extended to a holomorphic family

v fy € C(0X,V(0y,9))"

in a neighbourhood of u.
Since ext has at most finite-dimensional singularities by Theorem 5.10 of [BO0O0,
p.103| and since C®(B,Vg(c_y,¢)) is dense in C~(B,Vg(o_x,p)), E*(o_x, p)
has finite codimension and there exists a finite-dimensional space F in (H3™ ) (i)
such that

Gy =(0X,V(o-x, 0) = E;(0-x,0) ©F .
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Claim C.10. The map
I‘eSOJ_|Eﬁl(0_7>”§0) P Ey(0-x9) = CT*(B,Vg(ox, ¢))

18 surjective.

Proof. Let ¢ € C~*(B,Vg(ox, ¢)). Define & € E/(0_x,p) by the evaluation of
ey = J; ext(e,)

at © = A. Then,
res(J_(€)) = res(ext(¢)) = ¢

by (2.21), as ext is regular at A by Lemma 2.8.26 and as J, J*, = (u — A)Id by

Remark C.5. The claim follows. O
Let now f € G *(0X,V(0_x¢))". By the previous claim, there exists & €
E}(0-x, ) such that res(J_(f)) = res(J_(¢)). Let ¢ = J_(€). Thus, there is
g€ C~(\,V(ox, )" such that J (f) =e+g. Let h=f —¢ Then, f=¢+h
and

J(R) =T ()= T (&) =T (f)—e=g € C>AV(one)

i.e. h € ker(resoJ_). Moreover, h € C; *(0X,V(o_x, )"

Tt follows that there exists a finite-dimensional subspace of ker(res oJ_)N(HG )
which we denote by abuse of notation also by F', such that

r
)

Cy=(0X,V(e-n, ) = Ef(0-2,9) DF .

Let Fy = FNker(JY) € WI_(p) and let F} be an algebraic complement of Fj in
F.
Let now f € ker(J1) N C7*(0X,V(o_x, )" Write f = &+ ho + hy with € €
El(o_x,¢), ho € Fy and hy € Fy. Thus,

J_(€) = —J-(h) € E{(ox,) N C™(A, V(o )" = {0}

as resoext = Id by (2.21). Hence, J_hy = 0, i.e. hy € Fy. So, hy = 0 and
¢ € ker J_. Consequently, [ € (Eﬁl(a,A, ) Nker J_) @ Fy. We have just proven
that ker(J1) N C;*(0X, V(a_x,¢))" is equal to (E}(0_x,¢) Nker JU) ® F.

Claim C.11. We have

Ef (02, ) N WL (9) = JL(Ef(0r,9)) -

Proof. Tt follows from Proposition C.4 that J, (E/(0x,¢)) is contained in

Ejjl (O-—Aa ()0) N Wfoo((p) :

Let f € Ef(o_x, ) "WL_(¢). Extend f to a holomorphic family
l’[’ = f—u € Oﬁ_oo<aX7 V(U—;m @))F )
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defined in a neighbourhood of A. Since f € ker(J_), J=,f_, has a zero in A. Thus,

1

gM = ILL )\ —,Mf_

is well-defined and belongs to C, > (0X,V (0, ¢))". Moreover, J;g, evaluated at
Ais equal to f as J;JZ, = (u — A)Id by Remark C.5. The claim follows. O

Since J;(C™(A, V(ox, ¢))") = {0} and since ext is regular at A, J, (E}(0x, ¢))
is equal to J, (C; (X, V (ax, ¢))").
It follows from thls and Claim C.11 that

WE () = ker(JE) = J (CT(0X, V(ox,9)") ® Fy
and that
W (0) = ker(J1) N Cu=(0X, V(o -x, )" = J1(Ca™(0X, V(ox,9)") @ Fy .

As J((HSMT (@) is dense in J, ((H")F(p)) and as Fj is finite-dimensional, the
proposition follows. m

Theorem C.2 implies Proposition C.4. Let us now introduce certain extensions of
the bundles V (o, ¢) with itselves (see Chapter 4 of [O1b02] for further details).
Let IT be the space of polynomials on a. Then, the group A acts on II by transla-
tions and this action extends to a representation 17: MAN — GL(II):

For fell me M,a€e A, ne N and H € a, set

1 (man)f(H) = f(H —loga) .

For any k € N, we denote the finite dimensional subspace of polynomials of degree
at most & — 1 by II*. It is invariant under the above action. Let us denote the
restriction of 17 to ITF by 1%. Set V*(01y) = V(01y ® 1%) and set V(o)) = {0}.
Let Héﬂ/\ = C~°(0X,VF*(o1,)). We can identify Hgi)\ with germs at £\ of
holomorphic families p +— f, € H”) modulo families vanishing of order k. In
general,

(C.1) 0— H — HE — HE =0

is a nonsplitting short exact sequence of G-representations.
. ) HU7:‘:>\

In short notation, we write Hfi/\ = H;’oio’\

of the embedding of H* is equal to HY,.

By Chapter 4 of [Olb02, p.30], there is a natural operator p from Hfl/\ to H(SL\,

which is called shift operator. With the above identification, p can be identified

with the multiplication by p — A.
The intertwining operator J_ (resp. J) induces an intertwining operator

(notation as in [Col85]). The image

IO 1P 1Y (resp. JP: HE — HP ).

a,
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We have the following commutative diagram:

0 H D s HY ——— H7 0
J_ || Js J(2) J(Z) J_ || Jy
0 H7 H(2 H 0

P+

Recall that J'J=, = (1 — A)'Id for some [ € N. Hence, J )J? is equal to (—p)-.
This map would be zero if [ were greater or equal than 2.
I
It follows from Theorem C.2 that (Hfz/\)K v G; Z (here every division of
VaeZz
the outer box into two parts corresponds to an exact sequence), where [ := 7
is the Langlands quotient and Z is a second discrete series module which is not
isomorphic to V.
Since moreover J* does not vanish on I C (HSL\)K, (ker J@)K has only com-
position factors V, Z appearing once or twice. ’
Let M be a Harish-Chandra module having composition factors only discrete series
modules (e.g. M = (ker J?)g), then M is a direct sum of discrete series modules.
Indeed, the exponents of H°(n, M) (a-weights) are only those that appear in
H(n,V) or H'(n, 7).
Thus, a suitable matrix coefficient map gives an embedding of M into L?(G)&- - -®
L?*(G) which is a unitary representation. Hence, the image can be decomposed.
Consequently, (ker J?)x =V & Z & R, where RN H(l) 7, =10}
But by the proof of Proposition 4.21 of |[O1b02, p.44| and as A # 0, every nonzero
submodule of (H(S )/\)K meets (Ho(,’lz)\)K nontrivially. So, R = {0}.

W
It follows that (ker J®)x =W  (H{)\)k. Let S =[ I | (submodule of H,).
W

Then,
pID(S) = TP (pS) = JP (W) = {0}

by definition of the p-shift and as (ker J® ) = W. Thus, J(Q)(S) is contained in
ker p = H(l) It follows that J(Q)(S) is equal to H o as (ker J® )k = W. Hence,
(HO(_))\)K C 1m(J( ). Moreover, J (HS/\)K # 0 as J+Hf()‘ # 0. So, Jf)JSQ) # 0.
So, | = 1.

Consequently, J® (p=1(W)) c (Hél))\)K by definition of the p-shift. This im-
plies that W = JPJD (1)) ¢ JP((HY)k). Thus, W is contained in
J4((Hop)x): |

Since JZ,J = JFJZ, = (n—A\)1d, Jo(HZ) is also contained in . The propo-

—np
sition follows now from the Casselman-Wallach globalisation theory (cf. Chapter
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11 in [Wal92]). 0

Proof of Theorem C.2. The space of distribution vectors V; _, can be embedded
into some principal series Hf’o_o’\ by using the leading terms of asymptotic expan-
sions of matrix coefficients if and only if V; x appears as a submodule of HIU{A
and A € a* is minimal among all ¢ € a* with V; x — H77H.
This is Casselman’s subrepresentation theorem combined with Frobenius reci-
procity and a theorem of Mili¢i¢ (stated in [Col85, Theorem 1.5.5, p.32]).
The assumption that G is linear and has a discrete series implies that the set of
infinitesimal characters of discrete series representations coincides with the set of
infinitesimal characters of all finite-dimensional representations of G (which are of
the form p, +pg, where p; is the highest weight of an irreducible finite-dimensional
representation and pg is the half-sum of positive roots (with respect to the positive
system @, defined below)). Both are the regular integral infinitesimal characters.
The translation functor sending V' to (V ® F')XF gives an equivalence of categories
between the category of Harish-Chandra modules with trivial (generalised) in-
finitesimal characters and the ones with (generalised) infinitesimal characters y
(|Col85, p.66]).
This functor sends discrete series representations to discrete series representations
and principal series representations to principal series representations (see, e.g.,
Proposition 6.1 of [O1b02, p.57]).
Since G is covered by one of the groups Spin(1,2m),SU(1,n),Sp(1,n), Fy (if it has
a discrete series), we may assume that G is one of these groups.
The above discussion reduces the question of embeddings of discrete series rep-
resentations into principal series representation to the case of trivial infinitesimal
character x,,.
These embeddings have been determined by Collingwood: See Proposition 6.2.7-
6.2.10 in [Col85, pp.140-141|. There the discrete series representations are denoted
by m; (only one index ).
We want to show that there exists a second discrete series module Z, Z % V', such
IJ,)\
VeZl
HZ ™ “decomposes according to Schmid’s character identity” (see 5.1.7 in [Col85,
p.107]). We shortly say that the embedding V, — H®~* is of “Schmid type”.
Case G = Spin(1,2m):
By Proposition 6.2.7 of [Col85, p.140], each discrete series representation admits
only one embedding and the corresponding principal series “decomposes according
to Schmid’s character identity” by Theorem 5.2.4 of [Col85, p.114]. (This also
holds for m = 1, i.e. G ~ SL(2,R), compare [Wal88, Chapter 5| or [Col85,
Remark 5.2.5]). It remains to deal with the other cases.
By Proposition 6.2.8 — 6.2.10 of [Col85, pp.140-141|, some discrete series represen-
tations have more than one embedding. We have to show that for every embedding
V, < H°>~* which is not of “Schmid type” there is one embedding V, « Ho>~*
of “Schmid type” with 0 < A < u. The last condition has to be checked for every
infinitesimal character, not only for the trivial one.

that W = V @ Z and that H? " is isomorphic to We say then that
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We want to parametrise principal series representations for fixed (regular integral)
infinitesimal character.

Let t C m be the Lie algebra of a maximal torus. Then, a®tis a Cartan subalgebra
of g.

We consider h := a @ it C gc. Then, h¢ is a Cartan subalgebra of gc.

Let & = ®(gc, bc) C b* be a root system.

Let | - | denote the norm on h¢ induced by the Killing form.

Fix Hy € a~ {0} such that a(Hy) > 0 for the short root « of a in n. Then,

® = {ped|pu(H)#0}Udy,

where @, := {u € ® | u(Hy) = 0}. Choose a positive root system &} C &, and
set
Pt i={ued |y, ealludicd

(compatible positive root system).

It follows from Lemma 2.3.5 of [Wal88, p.58| that the existence of a compact
Cartan subgroup of G implies that there is a real root pugr € ®%, i.e. ugl, = 0 and
pr|, € a’. Moreover, it is unique as G is of real rank one. Observe that pp is a
dominant root.

Let A € b* be dominant, regular and integral: 2&\:;) € Nfor all u € &+,

Let Wy, be the Weyl group of ®, and W := W, be the Weyl group of ®. The set of
principal series representations with infinitesimal character x, = xr is in one-to-
one correspondence with the quotient of Weyl groups W™ := W,,\W via the map
[w] — (0, —A) (see [Col85, p.48]), where A = wA|, and o is a finite-dimensional
irreducible representation of A/ with infinitesimal character wAl,. Since M is
connected (G # SL(2,R)), o is uniquely determined.

We are only interested in those [w] € W™ with wA|, € ai (A € a}) — this
condition is in fact independent of A as it is equivalent to

(Alg, w™pe| ) >0 = (o, v g|,) >0
= wiluR|a cal < wilugp e dt.

This defines a subset W C W™,

By Theorem 2.4 of [Pro07, p.321], the stabiliser of a dominant element v is gen-
erated by the simple reflections s, for which (u,v) = 0.

Applying this result for v = ur (dominant root) yields that Staby (ur) = Wy
since (u, pr) = 0 (u € @) if and only if u € ®y,.

Thus, we can identify W™ with {w ™ ur | w € W} C ® and W with {w™'ug |
weW}not.

Moreover, W acts transitively (for g simple) on roots of equal lengths. We obtain
an identification of Wi with { € ®* | |u| = |url}-

Let [w], [wa] € W™ We say that [w;] < [ws] if wi'pr — w3 ug is a nonnegative
linear combination of positive roots.

Let u,7 € a*. Then, we write pp > 7 if p— 7 € 0. <= u(Ho) > 7(Hy).

Lemma C.12. [w] < [wa] = wy A|, > wa Al for all reqular, dominant A.
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Proof. Let [wy], [wo] € W™, Write wi g — wy 'ug =Y

peat Tufh- Then,

(wih — wol\, pg) = (A, wy i — wy ' pg) = Z M

(A, )
ped >0

If [wy] < [ws], then n, > 0 and they are not all zero. Thus,

<U)1A — UJQA, ,U,R> >0.

Let us now discuss the cases

(1)

G =SU(1,n):
Write b* = {d°0 jzie; | Dorgxi =0}, @ ={e; —e; | 0 < i < j<n}and
Ur = €y — e, (compare with [Col85, p.14|).
We parametrise W™ by {w;; | 0 < i,j < n—1,i4+j < n— 1}, where the
w;;’s are determined by wi_jl,uR =€ — €np_j.
Here w;; corresponds to 7, 41 in [Col85, p.83| (Vij+1 = wijpg, py is the
half-sum over ®%).
Ase,—e, € DTU{0} for all a,b € N such that 0 < a < b < n, i < k implies
that e; — e, € @ U {0} and j < [ implies that e,—; —e,—; € ®T U {0}. It
follows that
1<k, <l = wy <wy (%) .

By Theorem 5.3.1 of [Col85, p.115], the Schmid type principal series are
parametrised by w;; with i + 7 =n — 1.
By Proposition 6.2.8 of [Col85, p.140|, the discrete series representations
with infinitesimal character y,, indexed by 7y, 7, ..., T, embed as follows

(a) mp — won—1 (of Schmid type)
(of Schmid type)
)

(¢) m (0 <l<n)— wyy_1- (of Schmid type), w;—1,—; (of Schmid type),
Wi—1n—1-1 (not of Schmid type)

(b) Ty — Wp—1,0

By (*) and the above lemma, we are done.

G = Sp(1,n):

Write b* = {>°" , zie; | z; € R},

P ={e;te; |0<i<j<n}uU{2,]i=0,...,n}
short roots long roots

and pg = eg + e; (short root). Compare with [Col85, p.14].
We parametrise W™ by {w;; | 0 < i < j,i+j < 2n— 1}, where the w;;’s are

. _ e; +e; if7<n—-1
determined by wy;'pup = e ‘7 = .
€i — €an—j lfj 2 n
Here w;; corresponds to ; ;11 in [Col85, p.85].
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For all a,b € Ny such that 0 < a < b < n, e, te, € dTU{0}. It follows that
By Theorem 5.4.1 of [Col85, p.120], the Schmid type principal series arise if
and only if i + 7 = 2n — 1.
The discrete series are parametrised by m, ..., m,. By Proposition 6.2.9 of
|Col85, p.141], we have

(a) Mo — wp2n—1 (of Schmid type)

(b) m, — wp_1, (of Schmid type), w,—2,—2 (not of Schmid type)

(c) m (0 <l<n)— wan—1-; (of Schmid type), w1 2, (of Schmid type),

Wi—12n—1-1 (not of Schmid type).

The assertion follows by (**) and Lemma C.12.

G = F4Z
Write h* = {Z?ZO zie; | v € R},

long roots short roots

U{i(eoterteates) | 0<i<j<3}

short roots

and ugr = e (short root). Compare with [Col85, p.14]. The =+ signs are
taken here independent.

Thus, W is in bijection with the short positive roots:
W~ {fw ' ug | w € W} ~ {short positive roots} .
We want to compare this parametrisation with the one in [Col85, p.87]:
{wpg | [w] € W = {v;;} -
Define a map from W to h* by
[w] = wpy |

where w is chosen such that wpg|,, is dominant with respect to ®f.

We have py = 3(11,5,3,1) € h* = R @ R3. For every short root pn = w™ g,
we compute

(11, 2pg) = (r, 2wpg) = (€0, 2wpy) .
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Using this and the values of (eq, 27;;) provided by [Col85, p.87|, we are able
to construct most of the following tables:

1 (1:2pg) | ij

%(60 +e1+ex+eg) ) 10 Y02

| (i, 209) | Vi / %(60 +e1 462 —e3) ) 9 Yo3
€0 11 Yo1 %(60 +e; —eg+ 63) ) 7 Yo4
gel 5 Vo4 %(60 +e1—ey —e3) 6 Y14
€2 3 Va5 5(e0 —e1+ex+e3) 5 Y05
g63 1 26 s %(60 —e1+ e — 63) % 4 715
%(60 —e1 —ex+e3) ) 2 Y16

5(60 — €61 — € — 63) 1 Y17

Only two values (1 and 5) of (i, 2p,) appear twice. For these we need in an
additional argument. Since we have in the left table precisely those roots for
which w can be represented by a permutation, we distinguish roots for the
values 1 and 5 by looking at w.

Again one checks (check the arrows above) that
1<k <l= v < (%% %)

In fact not all of these implications are actually needed.

By Theorem 5.5.12 of [Col85, pp.130-131], v96 and 717 are the Schmid type
principal series.

Denote the discrete series representations by 7, w9, w3. By Proposition 6.2.9
of [Col85, p.141|, we have
(a) m — 726 (of Schmid type), o5 (not of Schmid type)

(b) m2 — 726 (of Schmid type), v17 (of Schmid type), 716 (not of Schmid
type)
(c) m3 — Y17 (of Schmid type), 701 (not of Schmid type).

The assertion follows by (x * %) and Lemma C.12.
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Index of notation

¢ (I\G, ), 16, 155
¢'(I\G, ¢), 36
*¢(T\G, ¢), 31, 161
CK(F\G? Sp)dsh/)v 85
CK(DX,V (a2)), 42
clo, int, 17

Cry 38

C(Y. Vo (1.9)), 41

D17 D27 74
Dl,—oo; 74
op, 47

B, 118
Eyroxa, 118
Ex(oy, ), 49
E(X, ¢,v), 108
E(¢, U), 114
ext, 48

F. Fr, 38
10, 157
[, 26
f9, 158
f@le 162

g, 134
Gy, Gu, Ge, 39
GU), K(U), 26

HSgx gar, 11
HE (p), HOK, 114

jél,))\; ja,/\7 42
Ki, M;, Ai, Ni, 152
LQ(F\Ga (p)ac/ds/res/U, 39
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LP(I\G, ¢), 16
Lgf7 Rgfa 32

NT@ 138
Ne, Nog, 174
Nr,g, Mr g, 134

QF) AF, 15

Pac Pres> PU, Pds, 39
Pr, 134

Ty, 47

PqQ; 157
Upr,X,Y(f), 16
efan,Y(f)a 152
PLf, 57

res, reso, 48
pFQ7 PFQ> 150

S, 140, 141
Gstd,i7 143
OMN, 91
o¥, 41

Tv, 123

Ur, 16

Uy h, 29
U, o
Ur(ox, ), 49

V(7), (), Va(or), 41
Vn Vitar, 152
V)9, 157
Vi —o0y Voo Vi, 36
r—o0 @ Vi), 37

o0 @ V)b, 37
im0 @ Vi)Y, 36
T,—00 ® V, )gempa
V(cr), 105
V(O’,\), 42
UTJ“ 58

WHE 41

(V;
(Va
(V;
(V;

&i, 152
§o.E, 151






Index of terminology

abstract Plancherel theorem, 38

admissible  generalised  standard
Siegel set, 163

annihilator, 74

at most k-to-one map, 140

Bunke-Olbrich extension map, 48

compactly supported wave packet,
114

constant term, 26, 158, 161

convex-cocompact, 15

critical exponent, 47

cuspidal Schwartz vector, 37

Dirac sequence, 61

Eisenstein integrals, 118
Eisenstein series, 108

['-cuspidal parabolic subgroup, 134
generalised Siegel set, 140
generalised standard Siegel set, 141
geometrically finite, 136

Knapp-Stein intertwining operator,
42
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Langlands decomposition, 129
little constant term, 162

matrix coefficient, 36

parabolic subgroup, 9, 129
Poisson transform, 57

rank of a cusp, 149
rapidly decreasing, 201
restriction map, 48

Schwartz function near a cusp, 163

Schwartz space, 16, 155

Schwartz vector, 37

space of cusp forms, 31, 161

square-integrable distribution vector,
36

tempered distribution vector, 36
topological embedding, 58

torsion-free, 15

Weyl-invariant, 41
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