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First Order Feynman-Kac Formula

Xue-Mei Li and James Thompson

Abstract

We study the parabolic integral kernel associated with te@kted Laplacian
and the Feynman-Kac kernels. For manifold with a pole we dedarmulas
and estimates for them and for their derivatives, given im$eof a Gaussian
term and the semi-classical bridge. Assumptions are on igr@adhnian data.
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1 Introduction

Let M be a complete connected smooth Riemannian manifold of diloen and A the
Laplace-Beltrami operator with the sign convention thaits negative definite. Let be

a smooth real valued function oW, defineA” = A + 2Ly;,. We study the solutions
of the parabolic equatio%%f = (%Ah — V)f wheret > 0, V a real valued bounded
Holder continuous function on/, andlim, o f(t,z) = f(x). Without loss of generality
we may assume that > 0. Denote byPth’V f its solution, which is also denoted by
PY if h =0, by P! if V =0, and byP, f if both » andV vanish. Their corresponding
integral kernels are denoted by the lower case functigbflé/: . py, plt, andp;. Also, if

Z is an additionalC! vector field the notationp?’z’v etc. will be used. All stochastic
processes are assumed to have infinite life time.

SetV, = E [e* fo V(msms} where ;) is the canonical h-Brownian motion, by an h-

Brownian motion we mean a strong Markov processes with gﬁxme%Ah. We deduce
the following first order Feynman-Kac formula

arf o = 1€ [vaiten ([ s - [ [Lavovyasar)].

whereuy and W, are respectively the stochastic parallel and stochastigpdd parallel
translations along its sample paths, under the assumpi@niRic—2 Hessf) > K where
K is a constant. This formula can be obtained by filtering odtinrelant noise from the
equation in[[19, section 2]. However it is fairly easy to deelit directly, avoiding some
assumptions made in[19]. From this formula, it is clear tﬂalf’vf is uniformly close to
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dP}f. We will in fact show that, for explicit constants; (¢, K') andC»(t, K) depending
ont and K,

VB flay < — (2008 [PV log(F V)] )* + T V]Co

TVt
Choosingf to be the Feynman-Kac kernel leads to the following estimate

V20

h
h P (Y, vo)
|VIngt7V|:vo < e

1
<7 (Sélﬂr/)[logm —|—27§(supV—ian))2 + t|VV ] Cs.
y 2t\L0,

Together with estimates omup,c, log %, this leads to the estimate of S.-J. Sheu
[41]]. Sheu’s estimates and extensions can be found if [2&C4 all for the caséd” =
0 andh = 0. Feynman-Kac formula is a popular subject se€ [21,[42[ 455287,
[34,14]. Differentiating Feynman-Kac semigroups has beedied in connection with
Hamiltonian-Jacobian equation, seel[15,[12, 11].

If M is a manifold with a polgyy, by which we mean that the exponential map,, is
a diffeomorphism, it makes sense to compare the Feynmarkétael and its derivatives
with the ‘Gaussian kernel’. We do not make assumptions ofommi ellipticity of the

operator; all assumptions will be on Riemmannian data. I gtdenote the Jacobian
1

1
determinant of the exponential mapygtand®(y) = %Jﬁ)(y)AJJ(F(y). The subscriptyg
will be omitted from time to time. Foll’ > 0 fixed, a semi-classical bridgg, is a time
dependent diffusion with generatéﬂ + Vlog kr—s(-, yo) where, ford the Riemannian
distance function,

- d?(zq,v0)

ki(wo, yo) 1= (2mt) " Fe™ 2 J 73 (xg).

OnR", the semi-classical bridge agrees with the conditionedvBian motion. Moreover
the process; = d(Z+,yo) is the n-dimensional Bessel bridge. In[15], K. D. Elworthy
and A. Truman proved the following formula, whose consitderacomes from classical
mechanics and semi-classical limits,

T ~
PY (0,40) = kr(@o, yo)E |elo (P=VIEV] (1)
We give a simple proof for the following formula, sée [49] ¢ &l z¢p € M,

Pl (w0, yo) = W@ (0 40 )E SR,

t
Bh = exp </0 <<I> -V - %|Vh|2 - %Ah) (:Es)d5> ,

The methods in[49] are similar to that 16]. Herewse a different method,
which allows us to deduce a first order formula. The functiois bounded on manifolds
of constant negative curvature. 45|Vh|? — L Ah is bounded, the formula leads easily
to a Gaussian upper bound for the integral kegifelIn this formula, an additional non-
gradient type driftZ is also allowed for which we follow a beautiful idea of Wagiféd9].
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The semi-classical bridge will be replaced by the semisitas Riemannian bridge whose
Markov generator igA + V log kr—s(-, yo) + V.S, where

1
S(z) = /O (3(u), Z(y(w))) s,

for~ : [0,1] — M the unique geodesic fromto y, representing the path average of the
radial part ofZ.

Let @; denote the solution to the stochastic differential equaf2) on the orthonor-
mal frame bundle withi, € 7—'(z() and seti; = w(i;). We often need the condi-
tion that Ric—2 Hess{) is bounded from below. Following the notation in [80) 318t s
ol = inf|, =1 { Ric(v,v) — 2Hessh(v, v)}.

Theorem Assumey is apole,V € C*N BC!, ® andf € L, andp” > K. Then
hV L hwo)—h w1 _
dpy” (-, %0) = T wo)=h(@0) (0, o) E |:5T/ (Wr(), trdB, — (t —r)VVdr)
0

wheredB, = dB, + @, 'V log(e "ky_,)(Z,) dr and W is the solution to[(Z}4).

From this theorem we immediately see that, for an expliagistantC (K, h, |V log J|~),
depending only ori, h, and|V log J|~, the following estimate holds,

h,V
’va ('7 yO)‘xo
d?(zq,0)

n _1 d 1
< o) (o)~ 5 = CE 13 ) Bl (M 14 [T+ =

VT

TdV | | .
o +Tlav )

B

EG)” we also have:

Letting Zp =

d(xo, o)

Vlogp?’v(-,yo)x < C(K,|Vlog J|x) \ZT!L2(9)< T
0

+ 1+ |Vh|eo + % + T\dV\OO> )
There is also a version of the above formula and estimatdddlater continuous potential
V', which however involves & 7T'|V |+, term. Note that precise Gaussian estimates for
heat kernels and their derivatives using semi-classidgdbbrwere obtained by S. Aida
[1] for asymptotically flat Riemannian manifolds with a p@lbere the derivaties dbg .J

up to order 4, the Riemmanina curvature and the derivativih@fRicci curvature are
assumed to be bounded. Heat kernel formula for Schrodityger operator acting on
sections of vector bundles can be found in M. Ndumu [38] andBk&avermanl[8]. The
study of the probability measure induced by the semi-atas&iridge has been followed

up in [32].
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2 Préiminariesand First Order Feynman-Kac Formula

In this section we introduce the notation and the preliminasults. Denote by3C"
the space of bounded” functions on)M with bounded derivatives,’. its subspace of
functions with compact supports add the space of functions whose first derivatives
are locally Holder continuous.

The h-Brownian motion we use will be given by the canonicalstouction below. Let
{B}} be a family of independent one-dimensional Brownian mation a filtered prob-
ability space{Q), F, 7, P}, setB;, = (B},...,B"). Let{H;} be canonical horizontal
vector fields on the orthonormal frame bundl/ of M, associated to an orthonormal
basis ofR™. The tilde sign over a vector field ol indicates its horizontal lift t@ M.

If the h-Brownian motion is complete, which holds if Ri2 Hessf) is bounded from
below, then the following stochastic differential equat{®DE) is complete,

1=1

Furthermore ifr is the projection fromOM to M, x; := 7w(u,) is a h-Brownian motion on
M starting atzg := m(up). If h vanishes it is sufficient to assume that Rie —a(r(z))
where o grows at most quadratically and Riés the Ricci curvature at € M and
Ric = inf,c7, p:joj=1{RiC. (v, v) }. The corresponding equation,

diy = 3" Hi(i) o dB} + Vh(i)dt + Vieghr (@dt, t<T,  (22)
i=1
gives rise to the semi-classical bridge in the same ways ().

Let Ric, : T,M — T,M be the linear map defined biRicku,v) = Ric,(u,v).
Denote by {I;) and (V) respectively the solutions to the following two equatiotie
first, along (), being

D

1_. .
Wi = —§Rlcﬁ(Wt) + Hesst)(Wy), Wy =idr, u (2.3)

and the second, along,), being

D - . 8 o
Wi = —§R|c§i (W7) + Hesst)(Wy),  Wo = idg, ar- (2.4)

!—Igre%Wt = w Su; ' Wy andBW, = at%aglwt,_ and so the first equation, for example,
is interpreted as followsz,;” W, solves the equation

d

— Wy =

i’
Throughout this section we assume that/hBrownian motions do not explode.

If 1 is a smooth real valued function oW then A" = (d + d*)? whered* is the
L? adjoint of the exterior differential operatdrwith respect to the measueé*dvol and

1 . .
—i(ut_lRICitut)wt + uy P Hessp)(uiwy),  wo = idgn.
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the initial domain ofA” consists of smooth and compactly supported differentiah
Thend + d* and all its powers are essentially self-adjoift,/ [30, cha2ld we denote by
the same notation their closures. Supposelthatbounded, then the operatpr— V f is
A" bounded and by the Kato-Rellich theoregmh — V is self-adjoint on the domain of
Ah and essentially self-adjoint afi2°. By functional calculug—tG2"V) s a strongly
continuous contraction semi-group dn N By, where theL? space is defined by the
weighted measure?’dz. Furthermore iff € L2(M; e**dz) thenetG2"~V) f belongs
to the domain ofA”. By direct computatiorE (f(z;)V,), whereV, = e~ Jo V@)dr s
also a strongly continuous contraction semi-groupg.gm L, with generator%Ah -V
and coreC’?. Consequently

e E(fa)Vy),  f€LyN Lo

Furthermore they solve the variation of constant formula:

t
gt = Pthf + A Pth—s(vgs) dSv

and consequently they afe!? functions and solve the parabolic equation. The solution
measure has a dens'ﬁ’v with respect to the volume measure. We need the following
formulation for the Feynman-Kac formula.

Lemma2.1 If PV f is aC'? solution to the parabolic equation, then
V. Py f(w) = PV f(zo) + / Vo dPPY f(u,dB,), 0<s<t  (2.5)
0

Proof By the assumption on the-Brownian motion,us exists for all time. We may
therefore apply Ité’s formula t@/SPZZ‘S/f(mS), usingdVy = —V(x,)Veds anddzs =
ug o dBs + Vh(xz)ds to obtain [2.5). O

Fork € 0,1, --- denote byH” the completion o7/, where

k
HE = {f e 0™ |fh, = S IV, < oo},

Jj=0

under the norm - |5+. Denote bny(OH‘“ the closure ofC¢® under| - |5+. Denote
also byd* the dual ofd in L?(M;dx), taking h = 0, the latter having initial domain
C%. Then the Laplace-Beltrami operator on functions is thewle of—d*d and for any

g1
complete Riemannian manifold Dod)(= C}?H = H'. For higher order derivatives
the corresponding statements hold for manifolds with bedngeometry, seé¢l[4]. For
g2
k=2, C}}OH = H? if the injectivity radius of)M is positive and if the Ricci curvature is
bounded below, see E. Hebéy [27]. We avoid these assumptions
Recall thatp” (x) = inf,es7, 17 {Ric(v, v) — 2 Hess)(v, v)}.
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Lemma2.2 Fix T > 0. Assume that’ is bounded with/ € Cb®. If f € L? n BC!
then for all0 <t < T"andv € T, M we have

Voo (aPkY ) OV = PRV S0+ [V (VAP ) s, W)
0 (2.6)

t
+ / Ve - dV(We()) - PV, f(xs) ds.
0
If furthermore|dV'| is bounded ang” is bounded from below, then for alic [0, T),
t
E [VildPp DWi0)] = dPpY f)w) + E [ /0 VodV (W) P f () ds] - @7)

Proof SinceV € C1, the squtionPth’Vf is three times differentiable in space and we
may differentiate both sides of the parabolic equationcé?f?{l’vf € Dom(d), it follows
thatdA(P™Y f) = Athd(P™Y f), seel[30, Chapter 2] of [22] fdr = 0 case. Consider
the function ¢, o, (x,v)) € [0, T] xR xTM > (a, dP}l;th(v)) and apply 1td’s formula
to it and to the process,(V;, W;(v)) to obtain

YV, dPpY f(Wi(v)) — dPpY f(v)

s

= /t st(dpj}“lf/ f)(usdB57 Ws(v)) + /t vvs(dpjlfi/sf)(v}b(wsx WS(U))dS
0 0

b (2.8)

+ / tv (—dPh’V f) (W, (v))ds+1 / tv tr V2(dPrY £ (W) ds
0 S s T—s S 9 0 S T—s S

t D t
+ /0 Ve dPRY f <£WS(U)> ds — /0 V() VedPpY f(Wy(v)) ds.

Using Bochner’s formulaA" = traceV? + 2Ly, — Ric’ for the Laplace-Beltrami
operatorA! on differentiall-forms, the definition of the Lie derivative and equatiorBj2.
we thus have

V,dPpY, (W) — dPpY f(v)

— / t V V(AP f)(usdBs, Wi(v)) — / t V(xs)VodPp" f(Wy(v)) ds
0 0

t a 1 t
+ /0 V, <£dP}L’_VSf> (Wa(w) ds + 5 /0 VALYAPEY F)W(v)) ds.

We can commute the time and space derivatives and also cau¥iuvith d to obtain

0 1
P ) + AP f) = VdPpY ) + @V)PMY T

By substituting into equatio (2.8) we then obtain, aftemeacancellation, the required
formula. O
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Lemma 2.3 Assume thap” is bounded from below and is a bounded félder continu-
ous function. Then for alf € L, andv € T,,M,

BV 21 ¢
dpP" flw) = " E (f(ze) | (Ws(v),usdBs)
0

+E [f(xt) </Ot e i Vadn V(Te=s) ts(Wr(v),urdBr>> ds} .

t—s 0

Proof Let f € BC'n L? and we first assume th&t belongs also ta3C't. We differenti-
ate both sides of the variation of constants fornﬂjhv f=Pf+ fot P[L_S(VPSh’V fds
to obtain forv € T,,, M,

dP;"Y f(v) =dP/ f(v) + /Ot APl (VY () ds

t t—s
—dP! f(v) + /0 iE [(VPSh’Vf)(:cts) /0 (W, (v), u,dB,)| ds.

Since the first two terms in the equation make sense, so dedasihterm, which by the
standard Feynman-Kac formula, Lemmal 2.1, and the Markopgstg has the following
expression:

t—s
E |:(VPsh7Vf)(xts)/0 <Wr(')a urdBr>:|
+ t—s
=E [V(xts)f<xt)e—ft—s”x“>d“ /0 <Wr(-),urdBr>} .

The formula follows from the corresponding formula Bf fwhich is well known and
can be easily seen by multiply both sides[of|2.5) by the nmgeal'ef(;f (usdBg, W(v)):

t t t
E ( / <usdBw,Ws(v)>Pq’ftf(xt)> —E ( [ vt sas [ <usst,Ws(v)>>
t
—E [ dPh SOV, @i = tdPhf),
0

The last identity follows from the second formula in Lemma.2Then using the nor-
malised geodesie : [0,1] — M connecting two points andy in M so thatf(x) —
fly) = 01 %[ f(o(s))]ds and by the formula above, and the fact thatis bounded,
|W,| is bounded to see thadP"" f(z) — dP" f(y)| < C|f|sod(z,y). In particular if
Q?’V(m, -) denotes the probability measure associated Wiﬂ’f’vf, then]Q?’V(m, M) —
"V(y, M)| < Cd(z,y). Thus the total variation norm d©™" (z,-) — QY (y,")| <
Cd(z,y) which means that the required formula holds for a boundedsomable func-
tion f. For a bounded Holder continuodsit is sufficient to approximate with regular
functions. O
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Proposition 2.4 Suppose thaRic —2Hessf) > K and thatV € C1*n BC!. Then for
alo<t<T,veT,,Mandf € Ly, (21) holds.

Proof We prove the formula using equatidn (2.6). By the boundexioé¥’, dV and f

it is clear thatf(f Vst(Ws(v))P}’;‘/sf(:cs) ds is bounded. Sinc@V;(v)| is bounded, we
use Lemm&2]3 to conclude tHa(P}", | € L, and so doe¥d(Pj", f)(Wi(v)) which
means that the stochastic integral appearing in equaiiéhi2.>-bounded and therefore
a true martingale with vanishing expectation. O

Theorem 2.5 Assumethal’ € CH*NBC! andf € Lo,. Suppose thaRic —2 Hessf) >
K. Thenforall0 <t < T andv € T,,M we have

hV 1 !
dPT7 f(v) = ;E [VTf(xT)/O <Ws(v),usst>:|
1 t r
— ZE [VTf(:UT)/O /0 dV (Ws(v)) ds dr} .
Proof By LemmdZ.1 we have
t
VPR ) = PR e + [ VP puds,). (2.9)

Next we multiply the above equation by thie martingalef(f(usst,Ws(v)> and use
[td’s isometry to obtain

h,V ! o ¢ h,V
E VtPT_tf(xt) 0 <usst> Ws(v» =E 0 Vrd(PT_rf)(Wr(v)) dr

using the fact that the last term in equati@n2.9) is/&nmartingale. We now apply
equation[(2.7) to deduce that for abiy ¢ < T,

t
AP () = SE [vtPé"th(xt) / <urdBr7Wr(v)>]
0 (2.10)

1 t r
- JE [ /O /0 Vo dV (W, (0) PR, f(2s) ds dr}

and the rest follows from the Markov property. O

This extends the formula in]7] for the logarithmic derivatiof the heat kernel (on
a compact manifold) proved using Malliavin calculus, thi#elawas extended to non-
compact manifolds in [30, 19] by an elementary stochastwubas. For manifolds whose
second fundamental form of an isometric embedding satisiié#able conditions, the
formula can be deduced from that in [19] using the techniauiditering our redundant
noise. Here we do not make any assumptions on the secondnfienti form. See also
[18] and [33] for reaction-diffusion equation @&i* and [46].

For estimations we need the following lemma, which is [43nbea 6.45].
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Lemma2.6 Suppos€(?, F,P)is a probability space angd > 0 is a measurable function
on . If ¥is a measurable function dn such thatpV is integrable then

E V] < E[¢log ¢] + log E [exp(P)].

Proposition 2.7 Suppose thaRic —2Hessg) > K andV € C*n BC!. Then for a
non-negative bounded measurable functfowe have

1
7i

for all t > 0 where

1—e K1 2 e K2 1
Ci(t, K) = —=—, Coft, K) = = (1 + <T/Q>> :

Proof Forvy € R set

VP flay < 2 (201 KOE [(F@)Vilog(f @) Vi) ] ) * + V] Calt, K)

t
6= [@)Ve i /0 (W(00), wsd By — (t — $)VV (3) ds)

to see, by Theorem 2.5, Fubini’s theorem and Lerhmh 2.6, that fe 7, M,

t
ytd(P]"Y f)(vo) < E [plog ¢] + log E {eXP {’Y /0 (Ws(vo), usdBs — (t — s)VV (x) d8>” -

Ks

Since2W, = —LRic (W) + V2h(Ws, )* we have|IV,| < e~z so,

t
logE [exp [7/0 (W(vy, usdBg — (t — S)VV(:Us)d,S)”

t t
< logE [exp <|W|/O (W(vo), usdBs) + | 7 ‘/O (t — s)(=VV (&), Wi(vo))ds

)

<o [ ulds + BlIVVI [ @ e fulds
< A2 Ot K)|vo| + [1IVV |oot* Calt, K)|vol -
Thus we obtain
ytd(P"Y f)(wo) < E [(@log 9)*] +~*Ci(t, K)lvo| + [1][VV |et>Calt, K)

which after minimizing ovety yields

HVPMY flo < (26C1(t K)E [(61og 6)1])? + 2]V | Calt, K).

as claimed. O
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It PV f(z0) > 0 we define the non-negative quantity

f@)Ve < S @)V, )

Pl o) =B v ey \ B o)

)

and replacing the non-negative functigrnn Propositior 2,17 bW, we deduce the
t o

following corollary.

Corollary 2.8 Suppose thaRic—2Hessf) > K andV € C'* n BC'. Then for any
bounded measurable functigh> 0 we have

1 1
IV log PV fle, < _(201(t7K)%t(f7 900)) P 4t VV ] Calt, K), t>0.

R

and

1 h 1
|Vlogp?’v|m0 < —/201(t, K)( sup log M%—Qt(sup V —inf V)) 2—|—2€|VV|OOC'2(t, K).
Vit yeM  P3(xo,yo)

Indeed, choosing(-) = p?’v(-, 10), the Feynman-Kac kernel associatedebV, we have

t
JOIE [em s vedtsps, = y] T iy,
%t(fa $0) S sup log — AT
h,V —tinfV
< sup log be gy‘,/yo)e
yeM Pai (Z0,Y0)
Py, yo)E [e* o V(bi’y’yo)ds} o—tinfV
= sup log 1
h
< sup log M + 2t(sup V —inf V)

ved  phy(xo, o)

whereby™V is the process obtained by conditioning thd@rownian motion byz; =
andzy, = z. Given suitable heat kernel upper and lower bounds, or menerglly a
Harnack inequality fop]', we would have an estimate on the logarithmic derivative of
p?’v. These two types of assumptions are naturally related. Heofitst see[[10, 29,19,
[25,[13,39],[29, Corollary 3.1], and [24, Thms 7.4, 7.5, 7.B]the Sobolev inequality
|f|§n/(n_2) < C [, IVf|?dz holds for f € C§° then the heat kernel satisfies the on-

diagonal estimate;(z, z) < Ct~ 2 (leading to off-diagonal estimates). In fact, N. Th.
Varopoulos proved that the Sobolev inequality is also resng<sor the on-diagonal upper
bound, [23, Lemma 5.1, Thm 6.1]. See alsal |24, 40] for a cleapant on the relation

between various functional inequalities and the on diagGmaassian upper bounds of the

—1 _M .
type vol(B(x, vt))"le ¢ . Forthe casé = 0 and Ric> —K, K > 0, a global
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Harnack inequality exists, [29, Thm. 2.2], for positivelgans of the heat equation. For
example,[[6, Corollary 2],

fix) <(t+s>ﬁem)rﬂay)+v%fﬂ2

ftJrs(y) a t 4s
+1?§mﬂu6—nﬂmwﬂgfﬁl

From this can be deduced the following theorem,

Theorem 2.9 Suppose that the Ricci curvature is bounded from belowlare C1 N
BC'. Then for allT > 0 there exists a positive constaf{T’) such that

d2(m07 ZJO)

1
2
) 4 Vi) oV

waﬂnMWMEan<%+

forall t € (0,7] andzg,yo € M.

WhenV = 0, this recovers the estimates in J. Shel [41], see [al$o [28435For brevity
we do not write down the estimate involvirigit is however worth noticing that gradient
formula for P/* f would lead to a parabolic Harnack inequality fdr, see[3] for such an
estimate.

3 On Manifoldswith a Pole

Letn > 2. Assume thafy is a pole for)M . That is, we assume that the exponential map
exp,, is a diffeomorphism betwee,, M and M. If the Jacobiar/ : M — R defined by

J(y) = Jy,(y) = | det Dexp;(}(y) expy, |

is non-singular, then we denote by ! the reciprocal of/ and fort > 0 define
1 1 _1 _n 2w 1
DY) = 5TEWAT @), kly) = @mt) Fe T2 (y)

for y € M, wherer denotes the distance to the pgle The functionJ= is called Ruse’s
invariant (see for example A. G. Walkér [48]). The objectiseto obtain probabilistic
representation for the kerng!” and its derivatives, involving the distance functionand
®. On the standara-dimensional hyperbolic space, the heat kemét, ¢y) depends on
x andy throughr = d(x, y) and is given by iterative formulas:

1 a\" 2
( ~ > e_mzt_ﬂ7 n=2m+1,

1
pe(x,y) :C(m)_t sinhr or

7

2
1) 1 a\™ [ %
pil,y) =C(m)t~ 3¢~ I”t< > / _ %" ds n=2m+2
p

sinhr Or cosh s — coshr
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If its sectional curvature is-R~2, then [17],

R r\" !
= — gi h—
J <7‘ sin R>

o - =D, (=Dn=3) <7"_2 - (32 sinh? (1>>_1> .

8R? 8 R

In particular® is bounded above.

If M is a model space, i.elM/ is a manifold with a pole» such that for every linear
isometry¢ : T,M — T,M there exists an isometr§ : M — M such thatp(p) = p
andd®, = ¢. In the geodesic polar coordinates,{) € (0,00) x S"~!, the pull back
metric in (0, 00) x S™~! can be written aglr? + f(r)2d9%. The functionf is C*> and
satisfiesf(0) = 0, f/(0) = 1, f(r) > 0 forr > 0 and f"(r) = —R(r)f(r) where
R(r) is the sectional curvature in a plane containing the radii@ction 9, at a pointx
with d(z,p) = 7. Thenlog J,(x) = (n — 1)log 2. If R(r) = R, a constant, then

flir)y = %ﬁ andlog f has bounded derivatives of all order. In general,

[Viog J| = (n—1)

QoY) 1. Ar=(a 1og 10

Allog.7) = (1= 1oz 1)) (G0 1Y0) = 1) 4 (0= 1) Qo000+ 55 ).

n—2

1 — n—1
o= 0= " (o2 1Y) ~ oz 10
T T
For general manifolds, volume comparison theorem has gtadied in [50]. But we are

not aware of any comparison theoremsYolog J and®.

3.1 Girsanov Transform and Zeroth Order Formula

Let T be a positive number and,), yo € M. The semi-classical bridge process, between
xo andyg intime T, is the diffusion process starting.a with generato%AJrV log kp_

d2(20,y0)

wherek, (zo, yo) := () 2e~ 2t J 2 (o). If U satisfies

diy =3 Hy(@i,) o dBL + Vlog kr_(is) ds

with @y = uy and A, the horizontal lift of A, thenz, = (@) is a semi-classical bridge.
Since|Vr| = 1 away fromyy, Itd’s formula implies for0 < ¢ < T that

" r(@s)

¢ t
r(z) — r(xg) = B + /0 %Ar(is)ds — /0 T Sds — % /0 dr (Vlog J(Zs)) ds

whereg; is a standard one-dimensional Brownian motion. It is cleamfthis and the

formula
n—1

Ar = + dr(V log J) (3.2)
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that r(z;) is distributed as a Bessel bridge, starting-@t;) and ending ab at time T,
from which it follows thatlim 7 Z; = yo, almost surely.

We follow a beautiful idea of Watlind [49] and use a modificatiof the construction
by Elworthy-Truman to define the semi-classical Riemantiadge for a given vector
field Z. For~ : [0,1] — M the unique geodesic fromto g,

1
ﬂ@zé@%&ﬂ%@ﬂw
and naturallyS(yy) = 0.

Lemma 3.1 [Watling] Let z; be a%A + Z + VS + V(log(kr—s)) diffusion (the semi-
classical Riemannian bridge). Thely, #;) is then-dimensional Bessel bridge process.

In the formula forr; := d(%, yo), the additional driftZ + VS appears in the form of
(Vd, Z+V S) and this vanishes. IndeeSi(~,(t)) = ftl (A(u), Z(y(u)))du so%|t:05(%(t)) =
—(¥2(0), Z(z)) on one hand, an%|t:05(yx(t)) = (VS,4.(0)) on the other hand.

The following basic lemma will be used repeatedly, in whicé denote byP the
probability distribution of the Brownian motion with driwh + Z and byQ the proba-
bility distribution of a semi-classical Riemannian briddéote that® = %J%A(J‘%) =
1|Vlog J|? — L A(log J). Define

1 1 1 1
" = —iyvm? —SAh+e, U= 5yv512 +5AS +(Z,VS + Vh).

Lemma 3.2 Suppose that € C?(M;R) and Z is a C' vector field. Suppose that the
%Ah + Z diffusionz; is complete. Fix € [0,7). ThenP and Q are equivalent onF;
with Radon-Nikodym derivative

 hp(ag)eth—)ao) - )
Me = ke (i)eh—9)@) P /0 (" + W)(Zs) ds| - (3.2)

Proof Foranyuy € OM with (ug) = xg, letus be the solution of the following equation
with initial valueuyg:

duy =Y Hi(us) o dBi + (Z + Vh)(us) ds. (3.3)
Then () exists for all time and:; = 7(u;). Leta; be the solution to
diig =Y Hiii) o dBi+ (Vioghy o+ Z + VS)(@)ds, do=uo  (34)

Thenz, = n(us) is a semi-classical Riemannian bridge. It has geneéatbrr Z+VS+
V(log(kr—s)). One crucial observation is that

1 1
§Ah + Z 4 Viog(kr_se®e™) = §A +VS+ Z+ Viogkr—s(-, yo),
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and itis possible to tredt, as the ;) process by adding the additional di¥ftlog(kr_e5~").
Since both processes are well defined before timéhey are equivalent ofF; for any
t<T.

Let{e;}}"_, be an orthonormal basis &* and let

t
B; .= B; +/ dlog(kp_se® M) (use;) ds.
0
By the Girsanov-Cameron-Martin theorem we obtain,
m t ) 1 t
Mt = €Xp _Z/ <V 10g(kT—seS_h)(£’s)vﬁsei>dB; - 5/ ‘Vk)g(kT—seS_h)‘%is)ds :
i=1 70 0
Now Ité’s formula implies

m t )
log (€% "ky_¢)(@r) = log (5 "kr)(zo) + ) / (Vlog(kr—se®")(&,), ise;)d B}
=170

t t 1
4 / 1V log(kr—seS—)@,)| ds + / (33 T Z) log(hr—se5 ) (7) ds
0 0

so the stochastic integral appearing in the formulaircan be eliminated. Then, by the
relation [3.1) we see that

2

O oghp =T
9s BN T T gy T AT — 8)2
2
2T 1 o rdr(VlegJ) B 9
IV log(r—se ™) = oy + 4 Vo I 4 P8 - 2(Vh, Vloglhr_) + VP,
hy_ n rdr(Vlog J) 1 B
Alog(kr_se™ ™) = T T s 2A(log J) — Ah.
For S = 0, we have,
1 —hy|2 9 1.4 —h
_‘Vk)g(kT—se )‘ +l 5z +;A"+ 2 log(kT—se )
2 ds 2

1 1 1 1

= —|Vieg J*> = ZA(l Z|Vh]?> = =Ah — 2
8yv og J|* = 7A(log J) + 5| Vh[® — SAh — [Vh|
1 1 1 1

= —|Vleg J|? — ZA(l — ZAh— =|Vh|?
8|V og JI = 7Alog J) — 5 5 VA,

from which we deduce the formula with non-vanishifig

1 0 1
§\V10g(/€T—s€7h+S)’2 + (g + §Ah + Z> log(kr—se~""9)

1 1
=5 VS +(VS, Viog(hr—se™") + 5A"S +(Z,VS) +(Z, Vioglhr ™))

1 1 1 1
- 1 2——A1 ——A - = 2.
+8’V OgJ’ 1 (OgJ) 5 h 2’Vh‘
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SinceV S + Z vanishes on radial directions, see the proof for Lernmh Belfitst line on
the right hand side of the equation is
1 1
5|VS|2 —(VS+2Z,Vh) + SAS +(Vh, VS) +(Z,VS)
1 1
= 5|v5|2 + 5 A8+ (2,V5 + Vh).

Finally we see that

m t
log (5 " kp_ (@) = log (€5 "kr)(wo) + 3 / (V log(kr—seS~")(i,), iye:)dB]
i=1 70

1 t t
43 [ 90 as + [ @)@ s
0 0

and the required identity follows. O
In particular, if f € By, then Lemma3J2 implies that for< ¢t < T,

/ F@)l Y (o, y) dy = E[Vif(z)] = kr(wo, yo)e® IR [Mﬁf’z ,
M kr—i(Z4)
(35)
where
t
Bl = exp ( /0 (@" + 0 — V)(azs)ds> . (3.6)

Elworthy and Truman’s proof of the following theorem, foreticaseh = 0, was
inspired by semiclassical mechanics. They used a semadabsidge which arrives afy
at timeT + X and took the limit as\ | 0. We give a slightly modified proof, generalising
their result forA”, the method of which will later be used to derive a derivafivenula.
The following generalises a formula by Elworthy-TrumanZ][1 Watling [49] treated
Brownian motion with a general drift.

Theorem 3.3 [15,/49] LetV € C%* N L., and suppose that the Brownian motion with
drift Vh + Z does not explode. Suppose tdgt + U — V' is bounded above, or more
generally the following convergenden, 7 |3 — 8| = 0. Then

T
Y (@o, yo) = eI = oy (3 y0)E [GXP (/ (@" + v - V)(fs)d«S)] :
0
3.7)

Proof Let ¢ be a smooth function with compact support witfyy) = 1. Denote byFE,
the standard Gaussian kernel in the tangent spggee/. Then, by a change of variables,
we see that

i L /%Y B Ll / h, 2,V B
lim lim p; (Pkr—r)(0) lim lim Mpt (w0, Y)dW)kr—r(y) dy

i WZV (e Y. . U2 Fr () d
U o 01 (o000 TN OB () 0

= If}’Z’V(v’UOa ORR’E Jl/Q)(eXpyo Oyo) = pg“7Z7V(x0’ Yo)
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where0,, denotes the origin of the tangent spdggM, using the fact that]" %" (o, -) -
¢-J/ has compact support with(exp,, 0,) = J(y0) = 1. Thus, by takingf = ¢-kr_,
in equation[(3.b) for < ¢, we observe, sincé; converges tgy a.s., that

kr—_i(2)

T
= A== oy (3, o) E [exp < / (@" + v - V)(az-s)dsﬂ :
0

kep_ (7,)etS @) t
pr”" (0, yo) =tk (2o, yo) lmn lin B [¢(:zt) Tribi)e exp ( / (@" + v~ V)(:Es)dsﬂ
r 0

Since¢ has compact support the limit— ¢ is trivial to justify. The second follows from
the assumption. The proof is complete. O

At this point we compare formula(3.7), valid for all time< T, with S. R. S. Varad-
han’s asymptotic relation [47] and the asymptotic expansicS. Minakshisundaram and
A. Pleijel [36] for small time. The first states thiin, o 2t log p; — —d?, uniformly on
compact sets. This was proved|in[47] for operators of thm@L ; a; j0%*0x;0z; in R".
The latter states that there are smooth functiipglefined on\/ x M \ Cut(M) such that

ERICRY)

o0
pi(e,y) ~ @rt)"ze” 2 Y Hi(a, y)t’
=0

_1
with Hy(z,y) = J» ?(y), ast — 0. Both converge uniformly on compact subsets of
M x M\ Cut(M), where Cut{/) denotes the cut locus @ff. See alsa [2].

3.2 First Order Formula
We return thei-Brownian motion whose generatorj&\+Vh. Sets" = exp <f0t(<1>h — V)(js)ds).

Theorem 3.4 Assumey is apole,V € C*N BC, ®" —V is bounded abovef € L,
andRic — 2Hessh > K. Then

AV (o) = —eho)—hizo) ([T e (T ~
7 (5 %0) Te 7(z0, Y0)E | BT ; (W,.(), u-dBy) i (t — r)dV (W, (v))dr

wherelV is the solution to[{Z]4) and far € [0, 7))
dB, = dB, + @, 'V(log(kr_,e~™))(&,) dr.

Proof Forall0 < ¢ < T andv € T,,M we have, by Theoren 2.5 and Fubini's theorem,
that

t
dPth’Vf(U) = -E |:th(-%})/0 <W5(1}), usst> = (t = 5)dV(W(v)) d8:|

S e N

t
E [th(xt)/ (Ws(v),usdBs — (t — s)VVds>] )
0
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Therefore, it follows that, forald < ¢t < T,

t
P (dkr-i)(v) = %E [Vt(qbkm)(xt) /0 (Wr (), urd By — (t ~ T)VVM !

where ¢ is a smooth function with compact support atd,) = 1, as in the proof of
Theoreni3.B. By Lemnia3.2 this yields

Pl (pkri)(v) = %e—h@%(xo, y0)E [¢(it)ﬁfeh@) /0 W00, 7,4, — (1 T)WM :

We now take limits. For the left-hand side of the previousadigm we see that
lim dP"Y (¢kp_¢)(v) = lim d ( / PV (L y)o)kr-o(v) dy) (v)
T T M
= lim [ dPP"Y(,9)@)e@kr—i() dy = dP}Y (-, y)(©)
T M

where the final equality follows from the compactness of tigpsrt of¢ and the fact that
J(yo) = 1. For the right-hand side, we usen; ,r Z; = vy, apply the dominated con-
vergence theorem, using upper and lower bound®’band Ric—2 Hessh, respectively,
obtaining the result as claimed. O

Immediate applications of Theorems]|3.3 3.4 are:

Corollary 3.5 Under the assumptions of TheorEm] 3.4 we have,

1 T - -
dtog s (an0) = € | 2 [0, 20aB, ~ = )T Var)|.
0

ho_ _Bp _ ee(fg(@"—V)(@)ds)
WhereZT = E(B%) = Eexp(fg(cbh—V)(i‘s)ds) .

ForV bounded Holder continuous, the above argument and LdmBrie&t to:

Corollary 3.6 Assume thafy is a pole forM, Ric — 2 Hessg) is bounded below and”
is bounded above witl Holder continuous and bounded. Then

1 T L
o ey =€ |21 [ 0700, 05

T T B 1 T—s _ B
+E |:Z§L“/ V(Zr—s) e Jros V@du_— / (Wir(), UrdBy) |-
0 T—=sJo

In [10, Thm.6], an estimate of the following form

_ a(m)d?(zg,y0)
t

Vpi(xo, yo) < C(S_O‘(n)(xo)t—(n-i-%)e

is given for Riemannian manifold of bounded curvature. Weehthe following corre-
sponding estimates.
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Corollary 3.7 Assumey, is a pole,®" — V' is bounded aboveRic — 2Hessf) > K,
and Vh, andV log J are bounded. Suppose thiate C~ N BC'. Then for an explicit
constantC' depending only om, K and|V log J|~, the following estimate holds,

IVPr vl gt g1 (d(mo’y()) [ Vhloo +

+TdV Oo) .
kT(x07y0) T ‘ ‘

1
VT
Proof Since|W;(v)| < G*%Kt|v|’

T T
/ (Wr(v), ﬁrdBr> — / (t— r)dV(Wr(v))dM
0 0

[ i)+ [ (W0, ose ke @) dr — [ @ nav v

T T T
< / (W, (v),a,dB;)| + |v| / efKr/2(|V10g kr—p — VR)(Z,)|dr + |v] |dV|oo/ efKr/Q(t —r)dr.
0 0 0

We apply Theorerf 314 to see that

T o)~ o) 27 (- 50)(0)

1
T 3 T
<|v| ’/8%’00 </ eKrd7°> + |v| W%‘oo‘dvloo/ eiKr/Q(t —r)dr
Fr(ao) ; 0

T
+]v| |B2]oE {/ e KT/2(|Vh|o + |V log kT_r(jr)\)dr] )
0
The first two terms on the right hand side are nicely boundeld by3% | (v/C1(K, T) +
|dV | 0o Co (K, T))|v| whereCy anng are the obvious integrals of ordérand7? respec-

tively. SinceV log k:(-, y0) = T Vlog J, the last term can be estimated using the
Euclidean bridge. Then

T
E {/ e K72V log kT_r(ir)\dr]
0

1 (T T Az,
5/ e K72V log J (&), dr + E {/ *KT/2M
0 0

- (1" =)
1t T ke VE

< —/ e_KT/2|VlogJ(5cr)|L1dr+/ @ (xr,yo
2 Jo 0 - (T-r

Sincer; = d(Z,y) is then-dimensional Bessel bridge,

T—1r
T

2
(i) = (T ) o) + =0

and consequently,

/0 —KT/Q\/md </ _KT/2< d(xo7y0)+\/>

(T'—r)

=)
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which is bounded by (d(z, yo) + V'T'). This completes the proof. O

Together with Theoreri 3.3 we easily have an estimate for thdignt of the loga-
rithmic Feynman-Kac kernel, which follows from a similatiesate as above:

d(l'o, Z/O)

Vi tw)], < Ozl (15
0

1
+ 14 |Vhoo + —= + [dV|oT |,
[Vhlo + = + |4V [T )

whereC' is a constant depending oW log J|~, and onk.
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