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Evolution systems of measures and
semigroup properties on evolving manifolds
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Abstract

An evolving Riemannian manifold (M, g:)icr consists of a smooth d-dimensional
manifold M, equipped with a geometric flow g: of complete Riemannian metrics,
parametrized by I = (—oo, T). Given an additional C** family of vector fields (Z;)ser
on M. We study the family of operators L; = A; + Z; where A; denotes the Laplacian
with respect to the metric g.. We first give sufficient conditions, in terms of space-time
Lyapunov functions, for non-explosion of the diffusion generated by L:, and for exis-
tence of evolution systems of probability measures associated to it. Coupling methods
are used to establish uniqueness of the evolution systems under suitable curvature
conditions. Adopting such a unique system of probability measures as reference mea-
sures, we characterize supercontractivity, hypercontractivity and ultraboundedness of
the corresponding time-inhomogeneous semigroup. To this end, gradient estimates
and a family of (super-)logarithmic Sobolev inequalities are established.
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1 Introduction

Let M be a d-dimensional differentiable manifold equipped with a family of complete
Riemannian metrics (g;)¢c; which is C! in t and evolves according to

8 J—
Egt =
where I = (—o0,T) for some T € (—o0, +o¢], and h; a time-dependent 2-tensor on 7M.
Denote by V¢, A, the Levi-Civita connection, resp. Laplacian on M, both with respect
to the metric g;. For a given C%! family (Z;);c; of vector fields on M, we study the
time-dependent second order differential elliptic operator L; = A; + Z;.
In this paper, we develop the basis for a general theory of the following backward
Cauchy problem:

2hy, tel,

Osu(-, z)(s) = —Lsu(s, -)(x)
u(t,z) = ¢(x) ’
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(s,t) €A, x € M, (1.1)
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Evolution systems of measures and semigroup properties

where ¢ € C?*(M) N Cy(M) and A := {(s,t) : s < tand s,t € I}.

We investigate this problem from a probabilistic point of view. Let X; be the diffusion
process generated by L; (called L;-diffusion) which is assumed to be non-explosive
before time T (see [2, 8, 14] for details). As in the time-homogeneous case, we construct
L-diffusions X; via horizontal diffusions u; above X;.

Let F(M) be the frame bundle over M and O;(M) the orthonormal frame bundle with
respect to the metric g;. We denote by 7: F(M) — M the projection from F(M) onto M.
For a frame u € O,(M), denote by HY (u) the V*-horizontal lift of Y € T, M. This allows
one to determine standard-horizontal vector fields H! on O;(M), via the formula

Hl(u)=H}, (v), i=1,2,....d,

where (e;)?_, denotes the canonical orthonormal basis of R¢. Furthermore, we denote
by (Va,p)% 5, the standard-vertical fields on F(M). Then given s > 0, the diffusion w, is
constructed for ¢ > s as the solution to the following Stratonovich SDE:

d d
) 1
dus =2 E H!(u;) odB) + HtZt (ug)dt — = g (Orgt) (ureq, ureg) Vo, g(ug) dt,
Pt 2 5 (1.2)

us € O4(M), Tus =z,

where B, is a standard Brownian motion on R¢. The projection X := mu; of u; onto M
then gives the wanted L;-diffusion process on M, see [2]. In the next section we
complement existing results on non-explosion of X; which is a subject already studied
in [14].

The backward Cauchy problem (1.1) is the Kolmogorov equation to the following
non-autonomous SDE on M:

dXt :’LLtOdBt+Zt(Xt)dt, Xs =X. (13)

Denote by Xt(s’x) the solution to Eq. (1.3) which is assumed to be non-explosive before
time 7. Then function
u(s, @) = E[¢(X;"")

satisfies Eq. (1.1) and gives rise to a family of inhomogeneous Markov evolution operators
(Ps,t)(s,t)en on M:

Py16(x) = Elp(X"7)] = EC2) [6(X,)].

This is completely standard in the case of a fixed metric and a time-independent
operator L; = L where Py, = P,_s = et=s)L and LP-spaces are taken with respect to an
invariant measure p, i.e., a Borel probability measure p on M such that

/Ptasdu:/ bdu, >0, 6 € By(M).
M M

Under suitable conditions, see [5, 6], existence and uniqueness of the invariant measure
can be shown. In this case, P; extends to a contraction semigroup on LP(M, u) for every
p €[1,00), see e.g. [3, 11, 18, 21, 22].

When it comes to the time-inhomogeneous case, the situation turns out to be more
involved. For instance, Saloff-Coste and Zuniga [19, 20] studied the ergodic behavior
of time-inhomogeneous Markov chains; more sophisticated and strict conditions are
required due to the fact that the generator and the semigroup do not commute and
due to the lack of uniqueness of the invariant measure. A first goal will be therefore
to construct an evolution system of measures as a family of reference measures which
plays a role similar to the invariant measure in the time-homogeneous case.
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Let us start by reviewing the notion of an evolution system of measures. A family
of Borel probability measures (u:):c; on M is called an evolution system of measures
(see [9]) if

/ Pydps :/ bdm, &€ By(M), (s,1) € A, (1.4)
M M

Recently, Angiuli, Lorenzi, Lunardi et al. investigated evolution system of measures and
related topics for non-autonomous parabolic Kolmogorov equations with unbounded
coefficients on R? (see [1, 12, 15, 16]). For instance, in [12] sufficient conditions for
existence and uniqueness of evolution systems of measures are given; in [1], using a
unique tight evolution system of measures as reference measures, hypercontractivity
and the asymptotic behavior are studied; the asymptotics in time-periodic parabolic
problems with unbounded coefficients is addressed in [16]. All this work motivates
us to study evolution systems of measures on evolving manifolds and to investigate
contractivity properties of the semigroup. Our probabilistic approach simplifies and
extends in particular earlier results obtained by analytic methods.

We start by formulating some hypotheses which will be needed later on. Let p:(x,y)
be the Riemannian distance from x to y with respect to the metric g;. Fixing o € M, we
write p(x) := p:(o, x) for simplicity. Let Cut; be the set of the cut-locus of (M, g;). Let

Cut := {(z,t): x € Cut;}.

At different places in the paper, some of the hypotheses listed below will be put in force.
(H1) There exists an increasing function ¢ € C2(R+) such that

ngloo o(r) =400 and

(Li +0)(pop)(z) <m(t), (z,t)€ M x I\ Cut,

for some continuous function m on I.
(H2) There exists an increasing function ¢ € C?(R") such that ¢(0) = 0,
rggloo o(r) = +oo and

(Lt + 0 (pop)(x) <a(t) —c(t)(pop)(z), (z,t) € M xI\Cut,

for some non-negative function a and a function c on I such that

H(t) = [ too exp ( / t c(u) du) a(r) dr < oo.

(H3) There exists a function k£ on [ such that
RZ :=TRic; —h —V'Z, > k(t), tel.

For any e > 0, positive function fon [ and t € I, set

Ay =2k—1{, By(t)=2d+ % (3(d—1)e " + 3ke(t)e + 2|Zt|t(0))2 (),

where
ke(t) = sup { [Ric;| (z): pi(z) < €} (1.5)
There exists a positive constant € and a positive function ¢ on I such that
t t
Hy(t) := / exp </ Aq(s) ds> Bi(r)dr < +o0. (1.6)
EJP 23 (2018), paper 20. ejp.ejpecp.org
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Remark 1.1. In (H1) and (H2) the Lyapunov function ¢ o p, is by definition time-
dependent.

(a) From condition (1.6) it can be seen that the function k£ in (H3) must satisfy

¢ ¢ ¢
/ exp <2/ k(s) ds) dr < co and / k(s)ds = +o0, tel. (1.7)

—0o0 — 00

(b) Hypothesis (H1) gives a sufficient condition for non-explosion of L;-diffusions. Hypo-
thesis (H2) ensures existence of an evolution system of measures (u¢);c;, whereas
(H3) guarantees uniqueness of the evolution system of measures (ft)tc;.

(c) As indicated, the Lyapunov function ¢ o p; is time-dependent. Comparatively, in [12]
the Euclidean distance is used as reference distance and then a space only Lyapunov
condition is sufficient for existence and uniqueness of an evolution system of mea-
sures. In [1, 12] the coefficients in the Lyapunov condition are uniformly bounded,
and as consequence a time-homogeneous process can be used for comparison with
the original process. In our setting, the coefficients in the Lyapunov conditions need
to be time-dependent to preserve the information about the varying space.

In general, evolution systems of measures are far from being unique. If there is a
unique system it plays an important role. Indeed, it is related to the asymptotic behavior
of P,; as s —+ —oo. We shall prove that if Hypothesis (H3) holds, then for z € M and
(s,t) €A,

im ([P f(2) = pe(H)ll 201,00 = 0,

where u.(f) denotes the average of f with respect to the measure ;.

In Sections 3-5 we use Hypothesis (H3) as standing assumption. Taking the unique
evolution system of measures (u;)scr as reference measures, we study contractivity
properties of the time-inhomogeneous semigroup P;;. For the sake of brevity, we
introduce the following notations:

(| Ps ¢
(| Ps.¢

)= (ars) = | Pstll Lo (0, ) > La (M, s

(p,t)—o0 = ”PS}tfHL’)(M’ pe)—Loe(M)-
Definition 1.2. The evolution operator P ; is called

(i) hypercontractive if it maps LP(M, y;) into LI(M, us) for some 1 < p < g < 400 and
(s,t) € A such that

1 Pstll (p,6)—(g,8) < 15

(ii) supercontractive if it maps L? (M, u;) into L9(M, us) for any 1 < p < ¢ < +o0o0 and
(s,t) € A, and if there exists a positive function C,, 4 : A — (0, +00) such that

||Ps,t||(p,t)—>(q75) < Cuq(&t)?

(iii) ultrabounded if it maps LP (M, u;) into L>°(M) for every p > 1 and (s,t) € A, and if
there exists a function C), o, : A — (0, +00) such that

HPs,tfH(p,t)—)oo < Cp,oo(sat)' (18)

Remark 1.3. It is easy to see that due to contractivity of the semigroup, the function
Cp,q can be chosen such that the following properties are satisfied:
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(i) For fixed s € I, the function C, 4(s,s + -): (0,00) — (0,00) is a non-increasing
function;

(ii) forfixed ¢ € I, the function C,, ,(t—-,¢): (0,00) — (0, 00) is a non-increasing function.
Note that the function C, , takes into account both the position and the length of the
interval [s, t].

In what follows, we use the abbreviation

[1lp, s = ||'||LP(M~,MS)'

In Section 4, we extend the arguments of [18] to consider hypercontractivity and su-
percontractivity via logarithmic Sobolev inequalities (in short log-Sobolev inequalities).
In fact, under the assumption that RZ > k(t) for t € I, there is a family of log-Sobolev
inequalities with respect to P ;:

¢ ¢
Ps7t(f2 log f?) < 4 (/ exp (—2/ k(u) du) dr) Ps,t|th|t2 + Ps,th log Psﬂffz,
feCyM), (s,t) €A.

Hypercontractivity of Ps ; in L? space, related to the unique evolution system of measures,
is then obtained as a consequence of the log-Sobolev inequalities.

In Section 5 we then prove that supercontractivity of the evolution operators P ; is
equivalent to the validity of the following family of super-log-Sobolev inequalities

/] s ||
o f2 lOg ||f||2 d:u"‘ §7’|||V f|s||2’s+ﬁs(r) ||f||§,5v T>0a

for every s € I, f € H'(M, j1;) and some positive decreasing function j3,. Note that the
function §; may depend on the current time s which generalizes the notion of super-log-
Sobolev inequalities for non-autonomous systems on R% in [1]. Moreover, combining the
super-log-Sobolev inequalities and dimension-free Harnack inequalities, we prove that
the exponential integrability of radial function with respect to (j)ier OF (Ps ¢)(s,t)en iS
equivalent to supercontractivity or ultraboundedness of the corresponding semigroup.

The paper is organized as follows. In Section 2 we first give sufficient conditions
for existence and uniqueness of evolution systems of measures. Then in Section 3,
by means of Bismut type formulas, gradient estimates in LP(M, us) are established for
p € (1,400, which are used in Sections 4-5 to study hypercontractivity, supercontractivity
and ultraboundedness for the corresponding semigroup.

2 Diffusion processes and evolution system of measures

2.1 Non-explosion

Recall that p;(z) denotes the distance function p; (o, z) with respect to a fixed refer-
ence point o € M. A sufficient condition for non-explosion of L;-diffusions can be given
as follows.

Theorem 2.1. Suppose that Hypothesis (H1) holds. Then L;-diffusion process X, is
non-explosive before time T'.

Proof. Without loss of generality, we suppose that the L;-process X; starts from z at
time s. For fixed ¢* € (s, 77, there exists ¢ := sup;¢[, -] Mm(t) > 0 such that

(Le 4+ 0) popi(x) <e, (t,z) € [s,t"] x M.
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Then, by the It6 formula for the radial part of X; (see [14, Theorem 2]), we obtain

dp o pi(Xy) < \/§<uglvt<p o pe(X3), dBt> + (Lt + 0¢) p o pe(Xy) dt
< \/§<u;lvt<p o p(Xy),dBy) + cdt

up to the lifetime ¢ A t* where ¢ := lim,,_,, (,, with
Cn:=1inf{t € (s,T): pe(x, Xt) > n}.
In particular, if X, = x € M, then
(n)P™{Cn <t} < E[p 0 pinc, (Xinc, )] < ¢lps(@)) +ct, te[s,t7].

According to Hypothesis (H1), ¢ is an increasing function such that ¢(r) — +oo as
r — oo. Thus, there exists m € INT such that ¢(n) > 0 for all n > m and

PHC <t} < lim P{¢, <t} < lim ‘W _

0, telst"].
Therefore we have P{¢ > t*} = 1. Since t* is arbitrary, we obtain

P{(>T}=1

which completes the proof. O

From Theorem 2.1 we get the following corollary which has been proved in [14] in
the case of a Lyapunov condition with constant coefficients.

Corollary 2.2. Let vy € C(R") and h € C(I) be non-negative such that for anyt € I,

(Le + 0)pe(x) < h(t)Y(pe()) 2.1

holds outside Cut;(0), the cut-locus of o associated with the metric g;. If

/100 dt [ exp ( /thp(s) ds)dr = o0, (2.2)

then the L,-diffusion process is non-explosive.

Proof. Suppose that the process X; generated by L, starts from z at time s € I. For
fixed t* € (s, 71, let ¢ = sup;¢[, 4+) h(t) and

o(s) = /1 dt/lt exp (—c/:w(u) du> dr.

It is easy to see from condition (2.2) that ¢ is an increasing function on R* with ¢(r) — oo
as r — oo, satisfying

(Le + 0)p(pe(x)) <1, t € [s,t7].

This completes the proof. O
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2.2 Evolution systems of measures

For t € I consider the linear second order differential operator L; given on a smooth
function f by
Lif =(Ar+ Zy)f.

As indicated, Hypothesis (H1) guarantees the existence of a unique Markov semigroup
P, ; generated by L;. Indeed, for fixed ¢t € I and f € C,(M), the function (s,z) — P, f(z)
is the unique bounded classical solution in Cy,((—o0,t] x M) N CY2((—o0,t] x M) to the
backward Cauchy problem:

{&w(-,x)(s) = —Lsu(s, - )(x), (s,z) € (—o0,t) x M, 2.3)
u(t,z) = f(x), x e M.

According to the uniqueness of solutions to Eq. (2.3), we obtain
Ps,rPr,t:Ps,m S§T§t<T.

Moreover, for any (s,t) € A, z € M and f € C?*(M) with ||L;f||s < oo, the forward
Kolmogorov equation reads as

0
5Ps,tf(x) = Ps,tLtf(x)a
¢
and for any f € B,(M), (s,t) € A and = € M, the backward Kolmogorov equation is given
by
O puf(e) = ~LPuf(a)
s s,t - st st .

Based on Hypothesis (H2) or (H3), one can prove existence and uniqueness of an
evolution system.

Theorem 2.3. Suppose that Hypothesis (H2) holds, then there exists an evolution
system of measures (iit)er for (Ps¢)(s,ea such that

sup / (9 0 ps)(y) ps(dy) < H(t). (2.4)
s€(—oo,t] J M
Suppose that Hypothesis (H3) holds, then there exists a unique evolution system and
swp [ pu(w)? ) < Ha) 2.5)
s€(—oo,t] J M

Proof. (a) We first show existence. Given ¢ € I, a family of measures can be constructed
as follows (see e.g. [6] for details). For A € B(M) and (s,t) € A, let

1 t
psi(A) = —— P, (o0, A)dr.

:t—s s

We claim that under Hypothesis (H2), the family of measures (fis,¢)se(—oo, iS COmpact.
Suppose that X, starts from o at time s. Under Hypothesis (H2), applying the 1t6 formula
to the radial process p:(X;), we get

dp(pe(X1)) < @' (pe( X)) (V' pe(Xe), urdBy), + (Ly + 0p) 0 py(Xy) dt
< @' (pe(X0)) (V' pu(X1), uedBy), + (a(t) — c(t) o pi(Xy)) dt.

It follows that

tACn
Elp(pe(Xinc,))] = #(0) < E/ (a(r) = c(r) (o pr(Xy))) dr,
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ie.,

E

tACn
exp (/ e(r) dr) © 0 Pinc, (XtACn)] <p0)+E

/S " ( / " e(u) du> a(r) dr] .

Using the condition ¢(0) = 0 and letting n — oo, we arrive at

E o pe(X)] < [ / Cexp ( / ") du)a(r) dr] exp (- / ") dr)
< / exp (— / e du)a(r)dr

< H(t).
Therefore, according to the monotonicity of H, we have

sup }(Ps,tcp opy)(0) < H(t), (2.6)
s€(—oo,t

from which it follows that

1
t—s

¢
healoop) = 7 [ (Prugoplo)dr < HO).

S
In addition, since ¢ is a compact and increasing function such that ¢(r) — +oo as
r — 400, we know that (jist)sc(—c0,s is @ family of compact measures, i.e., for each
n € Z, there exists a sequence (t,, ), t,, — +00 as k — 400 such that

*

/J/tnkm - Hn -

Let ps = P, jun. It is easy to check that the family u, satisfies Eq. (1.4), i.e., for
o € By(M),

ts(Ps.t@) = Py pin(Pst0) = pin(Prtd) = pe(9).
By this and the bound (2.6), we get the existence of an evolution system (us)sc;. More-
over, we have the estimate

. 1 "
MS(SDOPS) :HJn(Pn,SSDOps) < lim / sup (Pr,ssaops)(o) dr < H(S)
tny =00 1 — tnk tn, TE€(—00,s]

which completes the proof of Eq. (2.4).
(b) If Hypothesis (H3) holds, we claim that there exists a unique evolution system of
probability measures (u;):cr such that

sup pus(p2) < Hi(t).

SE(—00,t]

First recall the formula (see [17, Lemma 5 and Remark 6])

Ope(z) = %/Btgt(f(s),r'(s)) ds (2.7)

where r: [0, p;(x)] — M is a g;-geodesic connecting o and x. By this formula and the
index lemma, we have

(L + 0u)pr = (Av + Zy + O pe

(d—1)G"(pr) 1 (o) -
< W +/0 iatgt(T(5)7T(5)) ds

+ /pt(VtZt)(f(S)»f(S))ds + (Z1,7(0)), (0) (2.8)
0
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where G is the solution to the equation

_ —Ricy((s), #(s))

GN(S)

G(s),
G(0) =0, G'(0) = 1.

Under Hypothesis (H3), by [14, Lemma 9], we have

(=16 (o) N |
(L + 00 < g B k() + [ Ri((5).7(0)) ds + (20 7(0), ()

(d—1)G (pr) P (d=1)G"(s)
< P k(t)p: — /0 T GG)
< Fy(pe) — k(t)pe + | Ze|+(0)

where Fy(s) = \/ke(£)(d — 1) coth ( ke ()/(d—1) (s A e)) + k() (s Ae) and

ke(t) := sup{|Rict| : pe(z) < €}.

ds + | Ze(o0)

It is easy to see that Fi(s) is non-increasing in s and lim,_,o 7 F;(r) < co. Hence, by means
of the positive function ¢ in Hypothesis (H3), we obtain

(L¢ + 0,)p? = 2py (L + 0)py + 2
< 2pe(Fi(pe) — k(t)pe + [Ze|e(0)) + 2
<2d+2 {ke(t)e +(d—1)e "+ /(d— Dke(t) + \Zt|t(o)} pi — 2k(t)p?
< 2d+ {3 (ke(t)e + (d — e ') +2|Z[i(0) } pi — 2k(1)p}
)

-1
{3ke(t)e +3(d — 1) + 2| Z](0)}?
< 2d+ o) — (2k(t) — £(1))P}-

By a similar argument as in part (a), we obtain an evolution system of measures such
that

sup ue(p}) < Hi(s).
te(—o0,s]

We now use a coupling method to prove uniqueness of the evolution system. Let
(X:,Y:) be a parallel coupling starting from (z, y) at time s. Then, by [7] or [13], we know
that if RZ > k(t), t € I, then

B3] < o (~ [k ar) puto)

Let (u¢)ter be an evolution system of measures. Then, we have the estimate:
P 0) = ) = | [(Pesf(0) = Poas ) mtan)

| feron [HI00, x, i) a0
< 91l [ B (X0, Yo ()
< exp ( /: k(r) dr) IV Flel| o s (ps)

< exp (—/ k(r) dr) |||th\t||oo(us(p§))l/2. (2.9)
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In addition, from Eq. (1.7), we know that

t
exp (—/ k(r) dr) =0 and sup ps(pd) < o0
— 0o s€(—o0,t]

Now letting s — —oo, we conclude that

lim |Ps.f(0) —u(f)| =0.

5——00

If there exists another evolution system of probability measures (14):cs, then v.(f) is also

the limit of P, ;f(0) as s — —oo, and hence v, = p. O
Directly from Eq. (2.9) we have the following asymptotic results.

Corollary 2.4. Suppose that Hypothesis (H3) holds. Then we have the following con-
vergence result: for any f € C'(M) being constant outside a compact set, there exists a
function ¢ in C(I) such that

1Puet — 10 le < ct) exp (— / k(r)dr) IV fllles (s,0) € A

Proof. Let (X;,Y;) be parallel coupling process associated to L;. For any f € C'(M)
being constant outside a compact set, we have

Py f () — <>\=|P (@) = Pyif(0) + Posf(0) — mal(f)]
< [BC@D (X)) = FO)| + e FEOS 19 7| (s(p2)
(s,(z,0) )7f(Y1-5) :| 7: (r)dr t 1/2
<[e {ptm,m peXe, Y0 || e RO IV A (a2)
< 194 Flell LB [py(Xa, i) 4+ e SO0 1| (s (02)
< e SO p | (pol@) + (s(02) ) (2.10)

which implies that

t
1Posf — 10(f)llos < 2exp ( / ) 19" Flell (e (02)) 2

Now using Theorem 2.3 and

sup  ps(p?) < o0,
SE(—00,t]

we obtain the result directly. O

Corollary 2.5. Suppose that Hypothesis (H3) holds and sup,¢ (. 4 ps(¥) < oo for any
x € M and ¢ € I. Then we have the following convergence result: for any f € C}(M),
there exists a function C in C(I) such that

Porf — 1m(f)] < C(t)exp (— / k(r)dr) 9l (.)€ A,

Proof. If sup,¢(_o ¢ ps(¥) < oo for any € M and ¢ € I, then the result can be directly
derived from the inequality (2.10). O

Remark 2.6. Actually, our results can be applied to the following forward Cauchy
problem via a time reversal: for s € [T, +00),

{&u(-,x)(t) = Lyu(t, )(z), (t,2) € (s,+00) x M;
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2.3 Some examples

We now investigate some non-autonomous systems on evolving manifolds to illustrate
the results of Subsection 2.2 above.

Example 2.7. The manifold M is the Euclidean space R? and the geometric flow g, is
given by

(9t)i; = g(t)di;
for some positive function g € C*(I). Consider the operator L; = A;+ Z; = g(t) " (A+ 2).
It is easy to see that k. = 0 and | Z;|;(0) = g(t)~/?|Z|(0) where k. is defined as in (1.5).
Moreover, assume that there exists constant C' such that VZ < C. Then the curvature

satisfies
RZ = —%g’(t)(-, Y=g 2(V.Z, ) > —%g’(t) — g A (t)C = A1),

Hence, by Theorem 2.3, if we can choose ¢ > 0 such that

/too exp (— /:(214 —0)(s) ds) (1+ (g(r)e(r)™) dr < oo,

then the non-autonomous system has an unique evolution system of measures.

Example 2.8. The evolving manifold M carries a backward Ricci flow (g;):
8tgt = QRiCt, te (*OO,T}.

Consider the operator L; = A; + V'V for some V € C2(M). Assume that Hess}, < —k(t),
t € (—oo,T] and that there exists o € M such that for small € > 0,

k.(t) <K and |Zi(0) < C

for some constants K and C where k. is defined as in (1.5). Hence, by Theorem 2.3, if

/t exp (— /: (2k(s) — () ds) (14 £0r)"Y) dr < 00 2.11)

for some positive function ¢ on I, the non-autonomous diffusion system has an unique
evolution system of measures. Here, for instance, if k(t) = [¢|~ with 0 < « < 1, choosing
£(t) = |t|7, it is easy to check that (2.11) holds.

Example 2.9. Suppose that M is a hypersurface parameterized locally by X = {z'} in
R? and evolving by its backward mean curvature flow, ¢t € (—oco,T]. Let {H,;} be the
second fundamental form of M and H = g"/ H;; its mean curvature. It is well known that

a . —
atglj -
Ricij = HijH — g™ Hir Hpj.

2HH,

75
Consider the process (X;) generated by L; = A;. Then

(R7);; = (Ricy — he)ij = —g™" Hip Hypj.

Assume that RZ > k(t) and that there exists o € M such that k. < K for some constant K.
Hence, by Theorem 2.3, if

/t exp (— /Tt (2k(s) — £(s)) ds) (14 £60r)"Y) dr < 00

— 00

for some positive function ¢ on I, the non-autonomous diffusion system has an unique
evolution system of measures.

EJP 23 (2018), paper 20. ejp.ejpecp.org
Page 11/26


http://dx.doi.org/10.1214/EJP.10.1214/18-EJP147
http://ejp.ejpecp.org/

Evolution systems of measures and semigroup properties
Example 2.10. Consider an evolving manifold (M, g;) satisfying the following curvature
condition:

Ric, > —C1(t)(1+ p2);
Opr + Zipr < Co(t)(1 + py),

for some non-negative function C; and some function C5. Then
(Lt + 00)pr < 20:A¢pe + 202(t) (pr + p7) + 2
< 200/l =100 1+ 2) <ot (V10 @+ D)/ a1 )

+2C(t) (pr + p7) + 2.

Combining this with the inequality coth(s) < 1 + s~!, we obtain that for any positive
function ¢ on I,

(Ly + 0,)p2 < 2 ( (d—1)C4(t) +Cz(t)) (pe + pf) +2d
< (2 (d—1)C1(t) + 205 (1) +€(t)) Pt
+ ( (d—1)Ci(t) + Cz(t))2€’1(t) +2d

Then by Theorem 2.3, if C; and C} satisfy

t t
/ exp (/ (2@~ D) +20a(s) +(5)) ds)
2
x ((\/(d DO () + 02(7«)) )+ 2d> dr < oo
for some positive function /¢, there exists an evolution system of measures for this system.

3 Gradient estimates

We now turn to gradient estimates for the semigroup. It is well known that the
so-called Bismut formula is a powerful tool to derive gradient estimates of semigroups in
the fixed metric case (see [4, 10]). Let us first recall a Bismut type formula for VP, ; f
(see [7, Corollary 3.2]). To this end, define an R? @ Ré-valued process (Qs,t)(s,t)e/\ as the
solution to the following ordinary differential equation

dQs,t

i ~RZ(u)Qsiy Qs =1d, (s,t) € A, (3.1)

where u, is the horizontal L,-diffusion process X" with m(u,) = z, and RZ(u;) €
R? ® RY satisfies

<RtZ(ut)a, b>]Rd = RtZ(utmutb), a,be R
If RZ > k(t), t € I then we have
t
1]l < exp (—/ k(s) ds), (1) € A, 3.2)

where ||-|| is the operator norm on R¢. The following derivative formula is taken from [7].
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Proposition 3.1. Assume that R? > k(t) for some continuous function k on I. Let
(s,t) € A. Then for f € C*(M) such that f is constant outside a compact set, and for any
h € C}([s,t]) satisfying h(s) = 0 and h(t) = 1, we have

IV P () = BC [Q7 ur 'V F(X >]=\%E<M> [f(xa / h’(r)Q:,TdB,} (3.3)

where Q7 ; is the transpose of Qs ;.
The following gradient estimate can be derived from Proposition 3.1.

Theorem 3.2. Suppose that Hypothesis (H3) holds. Let (u:):c; be the evolution system
of measures for P, ;. Then,

(a) for every f € C*(M) such that f is constant outside a compact set and 1 < p < oo,
t
1195 Puatls] ., < exp ( [ o) dr) 980, st ens @)

(b) forany 1 < p < oo, there exists a positive constant C; = C(p) such that for every
feB(M),

(r+1)At r -1
I9° Pl <€ (om0 e ([T r@an)ar) sl

for all (s,t) € A;

(c) for f € #(M), there exists a positive constant Cy = C1(p) such that for all (s,t) € A.

(r+1)At r -
[IV°Pyefls]| o < Ci | max / P </ () du) ) Wl
re(s,(t—1)Vvs] J, s

Proof. By the first equality in (3.3) and inequality (3.2), the first assertion in (a) can be
derived directly. It is also easy to see that (c) follows from (b). Hence, it suffices to
prove (b).

For p € (1,00) and ¢t — s < 1, by using the integration by parts formula, we have

VP ) = ol (1000 [ Wz, a5

t p/q
PP >(E<m> [ e )

t /2 r/q
i) (59 [ eiau o)

s (0] [ e (-2 [k au) oo

s,

r/q
) (3.5)

where

It then follows that

ralsv) ([ oo ([ s an) ) "
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Integrating both sides of the inequality above with respect to u,, we arrive at

9Pt < ) exp ([ #twau)ar) 3.6)

It leaves us to check the case for ¢t — s > 1. For any r € [s,¢ — 1], combining Eq. (3.4)
and Eq. (3.6), we have

[V Py P f(2) 2 < exp (—p JEG dr) Py V7 PP ()

< \C/% exp <p / ' k(r) dr) ( / " exp ( / ’ k(w) du> dp> _pPs,r(Pr,rHIPm,tf P)(z)

< \C/% ( / - exp ( / pk(u) du) dp) 7pPs,t|f P ().

Integrating both sides by us and minimizing the coefficient in r, we obtain the desired
conclusion. O

Remark 3.3. In Theorem 3.2 (c), the inequality does not need an evolution system of
measures as the reference measures. So the condition for this result can be weaken by
only using

RY > k(1)

for some function k € C(I).

4 Log-Sobolev inequality and hypercontractivity

In this section, we prove hypercontractivity for P, ;. Let us first introduce the
following log-Sobolev inequality, which is essential to the proof of our hypercontractivity
theorem.

Proposition 4.1. If RZ > k(t) for some function k € C(I) then for any p € (1,0),

t t
P, i(f*log f?) < 4 (/ exp (—2/ k(u) du> dr) P |V fIZ
+ Py f?log Pt f?, (s,t) € A, (4.1)

holds for f € C1(M).

Proof. Without loss of generality, we suppose f > § > 0. Otherwise, let f5 = (f? + 5)1/2.
Then by letting § — 0, we obtain the conclusion.
Consider the process (P, ;f?)log(P,:f?)(X;ar, ) where as above

T, = inf{t € (s,T]: pe(X¢) > n}, n>1. (4.2)
Applying It6’s formula, we have
d(P, . f*) log(Pre f*)(X,) = AM, + (Ly + 0,.) (P f* log P f*)(X,.) dr
1
P)T,tf2

where M, is a local martingale. By this and the estimate,

=dM, + ( |VTPT,tf2|,%> (X,)dr, s<r<TyAt,

t
v P < e (<2 [ hwau) (P21’
t
< dexp (—2 [ du> (Pouf?) Prsl VS,
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we obtain
d(Pr,th) log(Pr,tfz)(Xr)
t
< dM, +4exp (—2/ k(u) du) P VIfE(X,)dr, s<r<T, At
Integrating both sides from s to ¢t A 7,,, we have
ES2 [ 2 log f2(Xinr, )]
tATh t
< (Porf?log Py f?) (x) + B [ Ja (—2 | du> PV FR(X) dr |

Then again by dominated convergence theorem, letting n 1 +o00, we obtain

¢ ¢
PM(f2 log f2) <4 (/ exp (—2/ E(u) du) dr) Ps,t|th|t2 + Ps,th log PS,th. O

The log-Sobolev inequality leads to hypercontractivity of (P; ;).

Theorem 4.2. Suppose that Hypothesis (H3) holds and that (p) is the evolution system
of measures for P, ;. Letr < s <t < T and p,q € (1,00) such that

g < exp <_ /t (/ exp <_2 /u k(2) dz) du>_l dsl> (p—1)+1.

Then Psy: LP(M, ) — L9(M, ps) satisfies

1 Ps,ell oty (a,8) < 1-

Proof. For the sake of conciseness, we assume f > § > 0, otherwise a similar argument
as in the proof of Proposition 4.1 can be used. Consider the process

(Pe,tf)Q(S) (Xs/\n,,)v s € [Tv t]v

t S1 -1
q(-) = exp <_/ (/ o2 [ k(2) dz du> d51> (p—1)+1.

Using the It6 formula, we have that for s < 7, A ¢,
A(Pe e )*(Xs) =AM, + (Ls + 05) (Por /)19 (X,) ds
=AM, + (P /)™ (a(5)(a(s) = 1)V 1og o fI2 + /() log P, . f ) (X d.
Therefore, forr < s <t < T,
ECD (P )9 (Xanr,)] = (Pre ) ()

— [ (atwtatn) = DB (R 2T P 2 K,

where

"‘ q'(u)E(T’z) I:(Pu,tf)q(u) log Pu,tf(Xu/\‘rn):| ) du
By using the dominated convergence theorem and letting n — +o00, we have
Prs(Poa )™ (@) = (P )" (2)

= [ a0 = a) P (R 217 R 1) )

+ q'(u)Phu((Pu,tf)q(“) log Pyt f) (x)} du,
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which implies

d

EPT,S(PS,tf)q(S) = q/(S)PT,s((Ps,tf)q(S) lOg Ps,tf)

+a(5)(a(s) = 1) Prs(Po /)12 V Pyt f12).

Therefore, for (P, (P, f)1*))'/4(), we have

d

ds

' 1 05(Prs(Pstf)?™)
— (P (P, e (L) b p e L Os(Prs(Ps,
FrePoad ST = gy 08 Pl Pt DT G T Py

q'(s)
q(s)?
q'(s) Pv',S(PS,tf)q(S) IOg(Ps,tf)Q(s)
Q(5)2 Pr,s(Ps,tf)q(s)

N (q(s) — 1)Pr,s((Ps,tf)q(s)2|vsps,tf§))
Pr,s(Ps,tf)q(s)

< (Pry(Py o f)1)) FOR [(/ exp (—2 /u k() dt) du) q'(s) —q(s) + 1]

X P’r‘,s ((Ps,tf)q(s)72‘vsps,tfg)

(P,.o(P, tf)q(S))l/q(S)

= (Pr,s(Ps,tf)q(S))l/q(S) ( - IOg Pr,s(Ps,tf)q(S)

where the last inequality comes from the fact that ¢’ > 0 along with the log-Sobolev
inequality (4.1) with f replaced by (Psytf)q“)/z. According to the definition of ¢(s), we

have
S (Pra(Poun)

Integrating both sides from r to s, we obtain

1/4q(s)
<0

1/q(s)

(Pr,s(Psﬂff)Q(S)) S (Pr,tfp>1/p'

From this and the fact that ¢(s)/p < 1, it follows that
Hr(Pr,s(PS,tf)q(s)) < N?‘(Pr,tfp)q(s)/p < (,U"r(Pr,tfp))q(s)/pv

which implies
”F)S,tqu(s),s < ”f”p,t'

This completes the proof. O

5 Supercontractivity and ultraboundedness

This section is devoted to supercontractivity and ultraboundedness for the semigroup
P; ; under Hypothesis (H3).

5.1 Super log-Sobolev inequality and boundedness of semigroup
We present a supercontractivity result first.

Theorem 5.1. Suppose that Hypothesis (H3) holds. Let (u:) be the evolution system of
measures associated with P; ;. Then the following properties are equivalent:

(a) The semigroup P, ; is supercontractive.
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(b) The family of super-log-Sobolev inequalities

2
s o 112
/f2 log |ff“2 dps <r H|V f|SH27S + Bs(MIf 318, r >0, (5.1)
2,s

hold for every f € H'(M,us), s € I, and some positive non-increasing function
Bs: (0,+00) = (0,400).

First, we give a lemma which makes the proof of this theorem more concise.

Lemma 5.2. Suppose Hypothesis (H2) holds. Let (u;) be an evolution system of mea-
sures for Ps;. If f € CY?(I x M) N C(I,L*(M,pu,)) and there exists some function
g € By(M) such that |(0, + L) f| < g for allr € I, then

= / £ %) o (der) = / (0, + L) f(r, ) pr(dz) 5.2)

foreveryr e 1.

Proof. For f € CY2(I x M)NC(I, L*(M, u,)), we have

/f(r, x) pr(da) = /P&Tf(r, z)ps(dz), s<r<T.

On the other hand, using Kolmogorov’s formula, we have

d
Eps,rf(’ra .’E) = PS,T(LT + a’r‘)f(r7 LC)

We complete the proof by applying the dominated convergence theorem. O

Proof of Theorem 5.1. First we prove “(b) = (a)”. Let (s,t) € A and f € C°(M) such
that f > § > 0. By Lemma 5.2, we need to check the following to handle the derivative
of /MLS(Psytf)‘J(S) with respect to s:
(Ls+8s)(Ps,tf)q(s)
= LS(PSJf)q(S) - Q(S)(PS,tf)q(s)_l(LSPS,tf) + q/(s)(PS,tf)Q(S) log Ps + f
= q(s)(a(s) = DIV Poo f13(Poe )™ 72 + ¢/ (5) (P /)" og Py o f.

Under Hypothesis (H3), by Theorem 3.2 (c), there exists a positive constant ¢(s,¢) such
that

V2 Purf 12 < cls. ) 1FI%-
PS,tf”oo < ||flloc and

(Pos )" log* (Poef) < (Poe )1 < |14

Moreover,

Combining all estimates above, we obtain
I(Ls + 05)(Ps,e /)| oo < o0.

Now using Lemma 5.2, we have

(Pt )
= Us (LS(Ps,tf)q(s) - Q(S>(Ps,tf)q(s)_l(LsPS,tf) + q/(s)(PS,tf)q(s) log Ps,tf)
= q(s)(a(8) = Vs IV Pt fI2(Pot )™ 72) + ¢ () s (Pse )7 log Py f).
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Furthermore, for || Ps ¢ f| 4(s),s,» We have

d
TPl

= 1P, e fIl, 50 (a(s) = Dass (197 P 2P )7972)

q(s),s

q'(s —q(s s
n q((s))||Rg,tfnq(‘gg,;“us<(Ps,tf>q< log P f)

q'(s)
q(s)

Replacing f in the log-Sobolev inequality (5.1) by fp/ 2, we get

||Ps.,tf||q(s),s IOg ||Ps.,tf||q(s),s~ (5.3)

D 2
/ f*log <|| fpj/cz”z ) dpre <10 / PR L1 dpre o+ B ()72 o
2,5

Now again replacing f and p by P; . f and ¢(s) in the inequality above, respectively, we
obtain

/ (Pt )" 1og(Pe e f) dpts — | Pe e f1122) 108 | Pt fllggs.s

q(s) (8)—2|7s 2 Bs(r) a(s)
<r——= [ (P, i P, .
<22 [Py 29 P e+ BRI,
Combining this with Eq. (5.3) yields
d Bs(r)d'(s)
&”Ps,tf"q(s),s < Wllps,tfnq(s),sa (Svt) € A,
where B
g(s) =€ N p—1)+1, q(t)=p.
It follows that
t /
Bu(r)q' (u
1Pyt fllgs).s <exp (/ ;(202()@ 1 |- (5.4)

If q(s) = ¢, then r = 4(t — s) (log(q — 1)/(p — 1))~ ". Taking this r into Eq. (5.4) yields

Pocllos < exp ( / Buld(t =) (logla — /(= 1) )a'(w) du) Wl

q(u)

Next, we prove “(a) = (b)”. Suppose that there exists C, 4(s,t) and 1 < p < ¢ such
that
1Ps,tll(p.6) > (g.5) < Cp,a(858)-

Recall the log-Sobolev inequality with respect to F; .,

t
Py i(f*log f?) < 4 (/ o= 27 k(u) du dr) Py |VUfIZ+ Poif?log(Ps i f?), f€C(M).

s

(5.5)
From this and the fact that
log™ (Psof?) < Porf? < |I£11%,
we are able to integrate both sides of Eq. (5.5) with respect to us,
t
pe(f*log f7) <4 ( / o2 - k) du dr) pe(IV FI7) + s (Po,i f2 1og Pt f2). (5.6)
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Now, we need to deal with the term p(Ps ,f? log Psyth). For any h € (0,1 — %) by the
Riesz-Thorin interpolation theorem, we get

1Ps.tfllgns < Cpa(s;, )™ | fllpn.es [ € LP(M, ps), (5.7)

Whererh:pp—fl6(071),izl—rh—&-%andqihzl—rh-i-%,i.e.,
~1
ph 1 plg—1)
= ———, = T Y, — 1—4 h .
ThE ST =g @ ( D
Set || f||2,+ = 1. Then from Eq. (5.7), we have

/ (Peal /PAM) " dus < Cpg(s, ),

which further implies

. an/pn
/ (Ps,t|f|2(1_h)) d///s - (/ Ps,t‘f|2 dﬂs)

=3 ([ Pl 1) < Gt < 1),

1
h

As

1 - p
%li% E(Cpﬂz(&t) an — 1) - P

by dominated convergence, we obtain

plg—1)
q(p—1)

or equivalently,

p

[ Pt tog Pt dus — [ P08 %) dne < 108G (s,1),

2 2y « q(p—1) 2 2 q
fis(Ps,e f~log Ps 1 f*) < P pe(f*log f7) + g1 Chp,q(s,1).
Combining this with Eq. (5.6), we arrive at
pe(f2log £2) < yu(t — ) me (V' fI7) + Bult — s) (5.8)
where f € C*(M), ||fll2,c =1 and

Y(t —s) = 4pq(q_—pl) /ti(t_s) exp (—2 /Tt k(u) du) dr,

5 Pq
t—s)= log C. ,1), 5.9
Be(t — ) T 0g Cp 4(s,1) (5.9)

i.e. Bt is a positive function on (0,000) and 2 < p < q. We complete the proof by letting
v = r and then

Bi(r) = Be (v (r))- U
Next, we study the ultraboundedness by using the super-log-Sobolev inequality (5.1).

Theorem 5.3. Suppose that Hypothesis (H3) holds. Let (u;) be an evolution system of
measures associated with P ;.

(i) If the function k in Hypothesis (H3) is almost surely non-negative and P; ; satisfies
[1Pstll (2,600 < C2,00(s5 1),
then Eq. (5.1) holds for (,(r) = 2log C2 oo (5,5 + §).
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(ii) Conversely, assume Eq. (5.1) holds for some positive non-increasing function 5 :
(0,4+00) — (0, +00), which is independent of s. If there exists a functionr € C([2,00))

such that -
to := / r(p) dp < o0,
2 - 1

then fort — s > ty, we have

[1Ps.l(2,6) 00 < €xP (/2 @ dp) .

Proof. Letting p = 2 and ¢ — +oco in Eq. (5.8), we know from Eq. (5.9) that for f € C§°(M)
with [|f]l2.c = 1,

t
(2 log 2) < 8 ( [ e dr) W1V 112) + 210g Ca e (5, 1)
< 8(t — s)ar([VEF12) + 2log Corm (5,5 + (¢ — ).

Letting r = 8(¢ — s), we obtain (i) directly.
Given (s,t) € A. Let ¢ and N be two functions in C*((—oo, t]) such that ¢’ < 0, which
will be given later. It follows from Eq. (5.3) that for f € C3°(M) such that f > 0,

- eiN(S) ||Ps.,tf||q(s),s

ds
= L) N P 8 1 (P g Praf) = |1 Pua ), 1og | Pes |
= q(s) st g(s),s Hs s,t g L5t st llg(s),s 1Lt Mlq(s),s
q(s)(q(s) — 1) s 2 q(s)—2 ! (S) a(s)
H e (VP BRf) @) = N'G) SSRGS - (510
From this, and applying the super-log-Sobolev inequality (5.1) to (P, f)(I(S /2, we obtain
d

78671\’(5) ”Ps,tqu(s) s

N | G e L (Gl M U

ahe q(s) q'(s) 4
ER 0
+<q(s)6() N XY 1P| .11
Let ¢(s) and N (s) be the solutions to the following equations respectively:

1oy - —4a(s) = 1) _9
q (S) - ro q(s) ’ Q(t) 27
o (B0 a(s)) _

N'(s) OE , N(t)=0.

It is easy to see that ¢’ < 0. Then from this and (5.11), we conclude that:

e VNP Fllacsys < Nl (5.12)

Defining

_ [T _r)
to := /2 m dp < o0,

we claim that ¢(s) — +oo as s — ¢ — to, and then N(s) — [,° B(T(p)) dp. Indeed,
q(t — to) = oo follows from the fact that

W) () Treg)d(s) L [F )
/2 4(3—1>d‘/t T =1 * =t = /24<s—1>d’

EJP 23 (2018), paper 20. ejp.ejpecp.org
Page 20/26


http://dx.doi.org/10.1214/EJP.10.1214/18-EJP147
http://ejp.ejpecp.org/

Evolution systems of measures and semigroup properties

i.e. q(t — tg) = oo. By this and Eq. (5.12), we have

< B(r
| Ps—to,tll (2,6) 00 < €XP </ L( (Qp)) dp). O
2

p

5.2 Dimension-free Harnack inequality and boundedness of semigroup

Next, we will use integrability of the Gaussian function i (for A >0andt € 1)
with respect to the families of measures (u;)ser or (Ps¢)(s,+)ea to give another criterion
which is equivalent to supercontractivity or ultraboundedness. To this end, we need the
following preliminary result which is a dimension-free Harnack-type estimate for P, ;
(see [7]).

Lemma 5.4. Assume that RZ > k(t) holds fort € I. For every f € Cy(M), p > 1,
(s,t) € A and =,y € M, we have the inequality:

P fP(2) < (Pudlf17) (9) exp (4@?1) ( / exp (2 [k du) dr)l pzu,y)) .
| (5.13)

The main result of this section is the following:

Theorem 5.5. Suppose that Hypothesis (H3) holds. Let (u5) be the evolution system of
measures. Then

(i) P, is supercontractive with respect to (u) if and only if ji; (exp(Ap?)) < oo for any
A>0andtel;

(ii) P, is ultrabounded with respect to (1) if and only if || P ; exp(Ap?) || < oo for any
A >0 and (s,t) € A.

Proof. (a) From Hypothesis (H3) we know that RZ > k(t) for t € I. It follows by the
Harnack inequality (5.13) that for (s,t) € A, p > 1 and f € Cy,(M),

Py fP() < Pucl f1P(3) exp (4(1}“1) (/ exp (2 #twau) dr)l ps<x,y>2> .

If ue(|f|P) = 1, then

12 Pas@) [ew <4(pp_1) < / Cexp (2 J kw du) dr)l ps<x,y>2> pa(dy)

> |Po () P1aa (B (0, R)) exp (W (/ exp (2 [ btwau) d))

(5.14)

where B;(o, R) := {y € M : ps(y) < R}. Since (u,) is compact, there exists R > 0, which
may depend on s, such that

115 (p3)

R 21 Hols) 5 90,

ps(Bs(o, R)) = ps({z : ps(x) < R}) 21— Rz =

>1

By this and Eq. (5.14), we arrive at

1

1> |P,of(x)[P277 exp <_ (/; exp (2 /; K (u) du) dr>_ W)
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which further implies

|Ps.t f(x)| < 2exp <(/St exp (2 /ST k(u) du) d7")1 W), s <t (5.15)

Therefore, we have
||Ps,tf||q7s S {,us (eXp( C1 + C2ps ))} /q

for some positive constants c;, co depending on s,t. Hence, if u,(exp(\p?)) < oo for any
A>0and s € I, then P, is supercontractive, i.e.

||Ps,t||(p,t)ﬂ(q18) <0

forany 1 < p < ¢ < 0.

Conversely, if the semigroup P ; is supercontractive, then by Theorem 5.1, we know
that the family of super-log-Sobolev inequalities (5.1) holds. Now our first step is to
prove fis(e*’) < oo for any s € I and A > 0. Let p? = ps An and hs ,(\) = ps(exp (Ap?)).
Taking eXp(% pY) into the super-log-Sobolev inequality (5.1) above, we have

)\h;,n()‘) - hs,n(>\) IOg hs’n(A) < hs,n()\))\2 (4 ﬁs}é )) )

This implies

1 ' /\h; n(A) = s n(X)log hs n(N) r o B(r)
1 = ’ ’ < - . 1
<>\ °8 h”m> Nt (V) NV RIST (5.16)
Integrating both sides of Eq. (5.16) from A to 2, we obtain
han(23) < h2,(A) exp (gAQ +84(r) (5.17)

By this and the fact that there exists a constant M, such that
1 T
po({Ans = M) < pexp (= (5024 8.0) )
it follows that:

hsm ()‘) = / Ap: dus + / e)\pf dps
{Ape>M.} {Apa<M.}

< s ({0 = ML})Y2 g (€9 )1/2 4 s

(i (— (gv + Bs(r))))l/2 exp <Z>\2 + ;ﬁs(r)> hem(X) + &M

< Shs, n(\) + eMs

IN

which implies A ,(\) < 2eM- for s € I. As Mj is independent of n, letting n go to infinity,
we obtain
ps(e*:) < oo, for sel.

Our second step is to prove i,(e*?) < oo for all s € I and A > 0. Let hy()) =
lim,,_, o hs.n(A). Integrating both sides of Eq. (5.16) from 1 to A and letting n — oo, we
obtain

he(A) < exp ()\co(s) T 2()\2 —\) + By(r)(1 — A)) (5.18)
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where ¢y(s) := log us(exp(ps)). Now, we observe that for any positive constant e,

/ he(A) e~ GTIN ) =/ dus/ s e~ (i H9A ) < oo
1 M 1

On the other hand, it is easy to see that for ¢ > 0,

/dus/ooekps o= (X 1y
M 1

- /M exp (p2/(r + 46)) dp, / " exp (— (;mx - p/m)) A

2 / 2 2
> — exp (p35/(r + 4de dus/ exp(—t“) dt.
Vr+de Sy ( / )) VrFie/2 (

By the arbitrariness of r, we obtain that there exists a number N, such that for any
A>0,

/e’\”gduS < Ns, sel,

which completes the proof of (i).

() If || Psrexp (A\p?)|loo < 0o for any A > 0 and (s,t) € A, then we know from Eq. (5.15)
that for any p > 1 and f € C,(M) satisfying f > 0 and || f||,: = 1,

t T -1 2 2
Py )+ R
|P(S+t)/27tf(z)| < 2exp / exp 2/ k(u)du | dr M
(s+1)/2 (s+1)/2 4(p—-1)

which implies that there exist constants c¢; and ¢, such that

[1Ps. floo

-1
t T
< 2| Py (145)/2€xp | 2 <C1 + CzP%ert)/Q(x)) <ﬁ+t exp (2 /5+t k(u) du) dT) < ©00.

2
o0

On the other hand, if || P ¢||(,,1)—»00 < 00 forall p > 1, then

| Ps, e expA}) || o < 11Ps.i

(p,t)—o0 Hexp()‘p?)HpJ <0
provided i (exp(\p?)) is bounded for all ¢ € I. Hence, it suffices to prove that

pue(exp(Ap7)) < oc.

Since P, ; is ultrabounded, P, is supercontractive. Using Theorem 5.5 (i), we get
pi(exp(Ap?)) < oo. This completes the proof. O

5.3 Other criteria on supercontractivity and ultraboundedness

It is straightforward to check that Hypothesis (H3) implies Hypothesis (H2) for
©(r) =72, r > 0. As far as supercontractivity and ultraboundedness of P; ; is concerned,
we have the following results in terms of other types of space-time Lyapunov conditions.

Theorem 5.6. Let v € C((0,0)) be a positive increasing function such that

lim n_ ~+00.
r—+oo T
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@i If

(Li + 00)pi (x) < e = v(pf(2)) (5.19)

holds fort € I, ¢ > 0 and « ¢ Cut,(0), then P, has an evolution system of measures
(us) and P, is supercontractive with respect to (js).

(ii) If (5.19) holds for « such that g)(r) = ry(Alogr) is convex on (0,00) and such that

forany A >0,
/°° _
o ry(Alogr) ’

then P;; has an evolution system of measures (us) and Ps; is ultrabounded with
respect to (us).

(iii) If (5.19) holds fory(r) = ar®, where a > 0 and § > 1, then P ; is ultrabounded with
respect to (us) and

(| Ps.¢

(2,) o0 < €XP (C(t - 8)_6/(5_1))
holds for some constant ¢ > 0 and all (s,t) € A.

Proof. It is an immediate consequence of Theorem 2.1 that under condition (5.19) the
process X is non-explosive up to time 7. The idea of following proof is similar to [22,
Corollary 5.7.6]. We include a proof for convenience.

(a) Let X; be a diffusion processes generated by L;. Then by It6’s formula,

dexp()\th(Xt))
= 2)\pt(Xt) eXp()\pf(Xt)) dbt + 1{Xt¢Cutt(o)}(Lt + 8,5) eXp()\th(Xt)) dt — dgt, (520)

where b; is a one-dimensional Brownian motion and ¢; an increasing process supported
on {t > s: X; € Cuty(o)}. By Eq. (5.19), it follows that

(Le + 05) exp(Ap}) = Aexp(Ap}) (Ls + 0)pf + 4X°pi exp(Ap})
< exp(Ap)(c = 7(p})) + 4N p} exp(Ap}) (5.21)

holds outside Cut;(0). If lim sup @ = 400, then there exist ¢y, co > 0 such that for each
T—00
tel,
(Lt + 1) (exp(Ap}) — 1) < c1 — co (exp(Ap}) — 1)
holds outside Cut;(0). According to Theorem 2.3, there exists an evolution system of

measures (us) such that sup,; us(e)‘pﬁ) < oo. We then obtain the first conclusion by
Theorem 5.5 (i).

(b) We use Theorem 5.5 (ii) to give the proof. So it suffices for us to check
| Ps.c exp(Ap?)||oo < 00. By Eq. (5.21), we have

(Lt + 9¢) exp(Mp}) < Xexp(Mp}) (¢ — v(p7)) + 4N p exp (Ap})
< Aexp(Ap})(er —7(p7)/2), (5.22)

where ¢; = 0Vsup (¢ — 17(r) + 4A\r) < co. According to Eq. (5.22), there exists a positive
constant C'(\) such that

(Ly + ;) exp(Ap2) < C(N), (5.23)
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where A > 0. For fixed z € M, let
0s(t) :== B [exp(\pi(X1))], t>s.

We need to show that 6,(t) is uniformly bounded. Since the set {t € [s,T): X, € Cuts(0)}
is of measure zero, it follows from Eq. (5.20) and Eq. (5.23) that

£ (Ao} (Xinr,)] < exp (Ap2(2)) + C(N) E®D[t AT, — s,
where 7, := inf{t € [s,T) : p,(X;) > n}. Since 7,, T T as n — oo, we further conclude that
05(t) < exp(Aps(2)?) + CA)(t — 5)

for any A > 0 and (s,t) € A. In particular, here 6, is continuous and
t
My =2V [ p (X, exp (VX)) by

is a square integrable martingale. By Fubini’s theorem, along with Eq. (5.20) and
Eq. (5.22), we have

r) — 0, e U t+r ) )
PN =R 29 [ g wyau— g [ EC fexp (VEC0)) 2162 (X)]

r T
)\ t+r )\ t+r
<24 0, (u)du — = 0, (u)y(A~ log 8, (u)) du
T Jy 2r J,

where the second inequality comes from the fact that for A > 0, the function r —
ry(Alogr) is convex for r > 1. Therefore,

(1) < Aerfu(1) — 20,03\ og (1)), 1€ [s.T).

Then, by a similar discussion as in the fixed metric case (see the proof of [22, Corol-
lary 5.7.6]), we obtain

0,(t) < GTH\(t — 5)/4) V ez < 00, (5.24)
for some positive constant ¢y where

o ds
= _ 1.
G(r) /T sy(A~1llogs)’ r=

In particular, for v(r) = ard for § > 1 and o > 0, we have

X0 1-5
f— 1 - .
Glr) = 5y los™)
Combining this with Eq. (5.24), we complete the proof of (ii) and (iii). O
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