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Abstract. For a C2 function u and an elliptic operator L, we prove a quantitative estimate
for the derivative du in terms of local bounds on u and Lu. An integral version of this
estimate is then used to derive a condition for the zero-mean value property of ∆u. An
extension to differential forms is also given. Our approach is probabilistic and could easily
be adapted to other settings.

1. Introduction

1.1. Suppose M is a complete and connected Riemannian manifold of dimension n. De-
note by ρ the Riemannian distance function. Denote by ∇ the Levi-Civita connection, by ∆

the Laplace-Beltrami operator and for a smooth vector field Z consider the elliptic operator
L := 1

2 ∆ + Z. We will prove that if u ∈ C2(M) then for any regular domains D0 ⊂ D with
r0 := ρ(D0,∂D) and δ > 0 we have

(1.1) sup
D0

|du| ≤C
(

2δ
r0

sup
D
|u|+

r0

2δ
sup

D
|2Lu|

)
for an explicit constant C. While it is straightforward to obtain such an estimate without
any control on the constant, our constant is explicit and depends on the geometry of D only
via a lower bound on Ricci curvature (and some assumptions on Z; for the precise form of
the constant, see Theorem 2.4). An estimate of this type was recently proved by Güneysu
and Pigola in [5], but with the constant depending on sectional curvature.

Our method is probabilistic and seemingly very natural. It is surprising that explicit
estimates of this type can be obtained from the stochastic analysis of Brownian motion on
a Riemannian manifold in a simple and straight-forward way, whereas it seems difficult to
derive them by analytic methods.

Our new approach yields eigenfunction estimates (see Corollary 2.5) and can be ex-
tended to differential forms (see Theorem 4.1 and Corollary 4.2 in Section 4) and vector
bundles. The same approach can also be used to obtain global integral estimates for the
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2 QUANTITATIVE C1-ESTIMATES

symmetric case, which we present in Section 3. In particular, we will prove for each p > 1
that if the Ricci curvature is bounded below then

(1.2) ‖du‖Lp(M) ≤C(p)
(
2δ‖u‖Lp(M) +

1
2δ
‖∆u‖Lp(M)

)
where the constant C(p) is again explicit (see Theorem 3.2).

Güneysu and Pigola observed in [5] that an estimate of the type (1.1) can be used to
derive conditions for the vanishing of the integral of ∆u. This approach involves sublinear
volume growth and a control on sectional curvature. A more direct set of conditions can be
obtained using the integral estimate (1.2). In particular, we obtain from Theorem 3.2 and
Karp’s divergence theorem [6] the following corollary:

Corollary 1.1. Suppose there exist c > 0, q > 1 with vol(Br) ≤ crq for r ≥ 1 and that the
Ricci curvature of M is bounded below. Suppose u ∈ C2(M) and that ∆u has an integral
(i.e. either (∆u)+ or (∆u)− is integrable) with u, ∆u ∈ Lp(M) for 1/p + 1/q = 1. Then∫

M
∆u(x)dx = 0.

1.2. Before proving the main results, let us start with a simple, suggestive calculation. Fix
r > 0, suppose u ∈C2(M), x ∈ M, v ∈ TxM with |v| = 1, set γv(s) = exp(sv) for s ∈ [0,r] and
consider w(s) := u(γv(s)). Then, by Taylor’s theorem, we have

w(s) = w(0) + sw′(0) +

∫ s

0
(s− t)w′′(t)dt.

Calculating w′(0) and w′′(t) for the geodesic γv yields

s(du)x(v) = u(γv(s))−u(x)−
∫ s

0
(s− t)(Hessu)γv(t)(γ̇v(t), γ̇v(t))dt

which implies

|(du)x(v)| ≤
2
s

sup
γv[0,s]

|u|+
s
2

sup
γv[0,s]

|Hessu|

for all s ∈ (0,r]. Consequently, if D0 ⊂ D are regular domains (open and relatively compact
with non-empty smooth boundary) with r0 = ρ(D0,∂D), then

sup
D0

|du| ≤
2
r0

sup
D
|u|+

r0

2
sup

D
|Hessu|.

Replacing the Hessian with the Laplacian requires, according to Bochner’s formula, a
lower bound on the Ricci curvature of D. So the estimate (1.1) is of the correct form.

2. Main results

2.1. Suppose D is a regular domain with X(x) an L-diffusion starting at x ∈D with stochas-
tic parallel transport // and whose anti-development to TxM has martingale part B. Denote
by τ the first exit time of X(x) from D. Then, by Itô’s formula, we have for u ∈C2(M) that

u(Xt∧τ(x)) = u(x) +

∫ t∧τ

0
(du)Xs(x)(//sdBs) +

∫ t∧τ

0
Lu(Xs(x))ds

and therefore

(2.1) E [u(Xt∧τ(x))] = u(x) +

∫ t

0
E
[
1{s<τ}(Lu)(Xs(x))

]
ds.
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Note that this equation involves two slightly different semigroups. First there is

P1
t u(x) := E [u(Xt∧τ(x))]

which solves the diffusion equation (∂t − L)ut = 0 on D with initial condition u0 = u and
boundary condition ut |∂D = u|∂D. Second there is

P2
t u(x) := E

[
1{t<τ}u(Xt(x))

]
which also solves the diffusion equation on D with initial condition u0 = u, but with the
Dirichlet boundary condition ut |∂D = 0. These facts are easily verified by Itô’s formula.
Equation (2.1) can therefore be rearranged as

(2.2) u(x) = P1
t u(x)−

∫ t

0
P2

s(Lu)(x)ds.

Our main result, inequality (1.1), is obtained from this by differentiating both sides and
applying the Bismut formula, for the semigroups P1 and P2. The Bismut formula was
introduced on compact manifolds by Bismut in [1] and extended by Elworthy and Li in
[3]. The version that we use allows localization and was introduced by the second author
in [7]. The details of all this will now be explained.

2.2. Denote by RicZ = Ric−2∇Z the Bakry-Emery tensor and by Q the End(TxM)-valued
solution to the ordinary differential equation

d
dt

Qt = −
1
2

RicZ
//t

Qt

with Q0 = idTx M and RicZ
//t

:= //−1
t RicZ//t. Fix t > 0 and suppose h is a bounded adapted

process with paths in the Cameron-Martin space L1,2([0, t];R) such that h(s) = 0 for s ≥
t ∧ τ. If us is a solution to the diffusion equation on D then, by Itô’s formula and the
Weitzenböck formula, it follows that

dut−s(//sQsh(s))−ut−s(Xs(x))
∫ s

0
〈Qrḣ(r),dBr〉

is a local martingale. If in addition h(0) = 1 with
∫ t∧τ

0 |ḣ(s)|2ds integrable, then evaluating
at times 0 and s = t∧ τ, taking expectations and using the initial and boundary conditions
we obtain

(dP1
t u)x = −E

[
u(Xt∧τ(x))

∫ t∧τ

0
〈Qrḣ(r),dBr〉

]
,(2.3)

(dP2
t u)x = −E

[
1{t<τ}u(Xt(x))

∫ t

0
〈Qrḣ(r),dBr〉

]
.(2.4)

These Bismut formulae express the derivatives of the semigroups in a way which does not
involve the derivatives of u. Following [9], an explicit choice of h allows to obtain explicit
estimates:

Lemma 2.1. Suppose φ ∈C2(D) with φ > 0 and φ ≤ 1 on D, φ(x) = 1, φ|∂D = 0 and set

c(φ) := sup
D

{
3|∇φ|2−2φLφ

}
.

Then there exists a bounded adapted process h with paths in the Cameron-Martin space
L1,2([0, t];R) such that h(0) = 1, h(s) = 0 for s ≥ t∧τ and

E

[∫ t∧τ

0
ḣ2(s)ds

]
≤

c(φ)
1− e−c(φ)t .
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Proof. Consider the time change

σ(s) = inf
{

r ≥ 0 :
∫ r

0
φ−2(Xu(x))du ≥ s

}
and let

h0(s) =

∫ s

0
φ−2(Xr(x))1{r<σ(t)} dr.

Finally let h(s) = (h1 ◦h0)(s) where h1 ∈C1([0, t]) is chosen so that h1(0) = 1, h1(t) = 0 and
ḣ1 ≤ 0. Then, as in [9, Remark 3.2], it follows that h(0) = 1, h(s) = 0 for s ≥ σ(t) with
σ(t) ≤ τ∧ t and

E

[∫ t∧τ

0
ḣ2(s)ds

]
= E

[∫ σ(t)

0
(ḣ1 ◦h0)2(s)φ−4(Xs(x))ds

]
=

∫ t

0
ḣ2

1(s)E
[
φ−2(X′s(x))

]
ds

where X′(x) denotes the diffusion starting at x with generator φ2L which almost surely
does not exit D by [8, Prop. 2.3]. To estimate the integrand we use

φ2Lφ−2 =
(
3|∇φ|2−2φLφ

)
φ−2

to obtain, via Itô’s formula and Gronwall’s lemma, that

E
[
φ−2(X′s(x))

]
≤ φ−2(x)ec(φ)s.

Using φ(x) = 1 and taking

h1(s) = 1−
c(φ)

1− e−c(φ)t

∫ s

0
e−c(φ)rdr

we obtain the desired estimate. �

Now set K0 := inf {Ric(v,v) : v ∈ T D, |v| = 1}.

Lemma 2.2. Suppose D is a ball of radius r centred at x. Then there exists φ satisfying
the conditions of Lemma 2.1 with

c(φ) ≤
π

2r

(
2sup

D
|Z|+

√
(n−1)K−0

)
+
π2(n + 3)

4r2 .

Proof. Take

φ(p) = cos
(
πρ(x, p)

2r

)
.

Clearly this choice of φ satisfies the conditions of Lemma 2.1. Furthermore

|∇φ| ≤
π

2r
and by the Laplacian comparison theorem

−∆φ ≤
π

2r

√
(n−1)K−0 +

π2n
4r2

which together give the estimate on c(φ). �

Now set KZ := inf{RicZ(v,v) : v ∈ T D, |v| = 1}.
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Proposition 2.3. Suppose D0 ⊂D are regular domains with u ∈C2(M). Set r0 = ρ(D0,∂D).
Then

|dP1
t u|(x)∨ |dP2

t u|(x) ≤ sup
D
|u|

1
√

t

 cteK−Z t

1− e−ct

1/2

for all t > 0 and x ∈ D0 where

c :=
π

2r0

(
2sup

D
|Z|+

√
(n−1)K−0

)
+
π2(n + 3)

4r2
0

.

Proof. Formulae (2.3) and (2.4) hold for the ball of radius r0 centred at x, so the result
follows by Lemmas 2.1 and 2.2. �

Theorem 2.4. Suppose D0 ⊂ D are regular domains with u ∈ C2(M). Set r0 = d(D0,∂D)
and δ > 0. Then

(2.5) sup
D0

|du| ≤C
(

2δ
r0

sup
D
|u|+

r0

2δ
sup

D
|2Lu|

)
where

C := exp

 πr0

16δ2

(
2sup

D
|Z|+

√
(n−1)K−0

)
+
π2(n + 3)

32δ2 +
r2

0K−Z
8δ2

 .
Proof. Differentiating both sides of equation (2.2) gives

dux = dP1
t ux −

∫ t

0
dP2

s(Lu)x ds

and therefore

|du|(x) ≤
∣∣∣dP1

t u
∣∣∣ (x) +

∫ t

0

∣∣∣dP2
s(Lu)

∣∣∣ (x)ds.

Applying Proposition 2.3, it follows that

|du|(x) ≤ sup
D
|u|

1
√

t

 cteK−Z t

1− e−ct

1/2

+ sup
D
|Lu|

∫ t

0

1
√

s

 cseK−Z s

1− e−cs

1/2

ds

≤ e(c+K−Z ) t/2
(

1
√

t
sup

D
|u|+

√
t sup

D
|2Lu|

)
.

The result follows by setting t = r2
0/4δ

2. �

2.3. As a corollary we obtain quantitative estimates on the gradient of eigenfunctions:

Corollary 2.5. Suppose D0 ⊂ D are regular domains with u ∈C2(M) satisfying 2Lu = −λu
for some λ > 0. Then

sup
D0

|du| ≤
√
λC1/λ

(
2δ
r0

+
r0

2δ

)
sup

D
|u|

where the constant C is given as in Theorem 2.4.

Proof. Replace δ with δ
√
λ in Theorem 2.4 and use 2Lu = −λu. �

If the Ricci curvature of M is bounded below then Brownian motion is non-explosive.
Therefore, setting Z = 0, we obtain the following probabilistic formula for the gradient of
an eigenfunction of the Laplacian:
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Proposition 2.6. Suppose u ∈ C2(M) with u bounded and satisfying ∆u = −λu for some
λ > 0. Suppose Ric is bounded below. For x ∈ M suppose X(x) is a Brownian motion on M
starting at x. Then for v ∈ TxM we have

(du)(v) =
λe
2
E

[
u(X2/λ(x))

∫ 2/λ

0
〈Qsv,dBs〉

]
.

Proof. Since Ric is bounded below, it follows from Corollary 2.5 that there exists a positive
constant C(λ) such that |du|∞ ≤C(λ)|u|∞. Indeed, if M is compact then the injectivity radius
inj(M) is positive and we can choose D0 = Binj(M)/4(x) and D = Binj(M)/2(x), in which case
r0 = inj(M)/4. Conversely, if M is non-compact then for each x0 ∈ M there exist D0,D
with x0 ∈ D0 ⊂ D and r0 = 1. Either way, du is bounded. By the Weitzenböck formula and
integration by parts we have that

eλs/2
( t− s

t

)
(du)(Wsv) + eλs/2 u(Xs(x))

t

∫ s

0
〈Qrv,dBr〉

is a local martingale. Since du is bounded, it is actually a true martingale on [0, t]. Taking
expectations at times 0 and t yields

(du)(v) =
1
t
E

[
eλt/2u(Xt(x))

∫ t

0
〈Qsv,dBs〉

]
from which the desired formula is obtained by setting t = 2/λ. �

Corollary 2.7. Suppose Ric ≥ K and ∆u = −λu for some λ > 0. Then

|du|∞ ≤ |u|∞ e

√
λ

2

(
1− e−2K/λ

2K/λ

)1/2

.

3. Integral Estimates

3.1. In this section we obtain global integral versions of the above estimates, for the case
Z = 0. We will use them to derive Corollary 1.1. The following lemma is well-known:

Lemma 3.1. Suppose u ∈ C2(M) with u ∈ Lp(M) for some p > 1. Suppose Ric ≥ K for
some K ∈ R. Set q = p/(p−1). Then

‖dPtu‖Lp(M) ≤
eK−t/2
√

t
C1/q

q ‖u‖Lp(M)

for all t > 0, where Cq is the constant from the Burkholder-Davis-Gundy inequality.

Proof. By the Bismut formula with h(r) = (t−r)/t, Hölder’s inequality and the Burkholder-
Davis-Gundy inequality, we have

|dPtu|(x) ≤
1
t
E
[
up(Xt(x))

]1/p E

[(∫ t

0
〈Qr,dBr〉

)q]1/q

≤
eK−t/2
√

t
C1/q

q E
[
up(Xt(x))

]1/p

for all t > 0 and x ∈ M. Consequently

‖dPtu‖Lp(D) ≤
eK−t/2
√

t
C1/q

q ‖u‖Lp(M)

for any regular domain D. The result follows by taking an exhausting sequence of such
domains. �
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Theorem 3.2. Suppose u ∈ C2(M) with u, ∆u ∈ Lp(M) for some p > 1. Suppose Ric ≥ K
for some K ∈ R. Set q = p/(p−1) and δ > 0. Then

‖du‖Lp(M) ≤C1/q
q e

K−

8δ2

(
2δ‖u‖Lp(M) +

1
2δ
‖∆u‖Lp(M)

)
where Cq is the constant from the Burkholder-Davis-Gundy inequality.

Proof. By Itô’s formula we have

du(x) = dP1
t u(x)−

∫ t

0
dP2

s(Lu)(x)ds

and therefore by Minkowski’s inequality

‖du‖Lp(M) ≤ ‖dPtu‖Lp(M) +

∫ t

0
‖dPs(Lu)‖Lp(M) ds.

By Lemma 3.1 it follows that

‖du‖Lp(M) ≤C1/q
q eK−t/2

(
1
√

t
‖u‖Lp(M) +

√
t ‖∆u‖Lp(M)

)
from which the result follows by setting t = 1/4δ2. �

A corollary of this is the zero-mean value condition given by Corollary 1.1 in the in-
troduction. For the case p ∈ (1,2], we have the following alternative estimate, an explicit
variant of [4, Corollary 3.11]:

Proposition 3.3. Suppose Ric ≥ K and u ∈ C2(M) with u, ∆u ∈ Lp(M) for some p ∈ (1,2].
Then

‖du‖Lp(M) ≤
eK−t/2√

p−1

(
1
√

t
‖u‖Lp(M) +

√
t ‖2Lu‖Lp(M)

)
for all t > 0.

Proof. The proof is similar to that of Theorem 3.2, except we use Zakai’s inequality [10,
Theorem 1] in place of the Burkholder-Davis-Gundy inequality. �

4. Extension to differential forms

4.1. Our results can also be extended to differential forms, for which we assume Z = 0 for
simplicity. So X(x) now denotes a Brownian motion on M starting at x.

Denote by Ωp(M) = Γ(ΛpT ∗M) the space of differential forms of degree p, by d the
exterior derivative, by δ = d∗ the codifferential and consider the Hodge Laplacian ∆ :=
−(d + δ)2, also known as the Laplace-de Rham operator, acting on Ωp(M). The Hodge
Laplacian ∆ is related to the connection Laplacian � = trace∇2 by the Weizenböck formula
∆ = �−Rp where Rp ∈ Γ(End(ΛpT ∗M)) is a symmetric field of endomorphisms (for which
a precise formula is given by, for example, [2, Prop. A.7]). We then define a process Q
acting on, say, ΛqT ∗x M, to be the End(ΛqT ∗x M)-valued solution to the ordinary differential
equation

d
dt

Qt = −
1
2

Qt//
−1
t Rq//t, Q0 = idΛqT ∗x M ,

along the paths of X(x). In terms of the process Q and for α ∈Ωp(M) we then have the two
semigroups

P1
t α(x) = E

[
Qt∧τ//

−1
t∧τα(Xt∧τ(x))

]
, P2

t α(x) = E
[
1{t<τ}Qt//

−1
t α(Xt(x))

]
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as before, which solve the diffusion equation (∂t −
1
2 ∆)αt = 0 on D with α0 = α and bound-

ary conditions P1
t α|∂D = α|∂D and P2

t α|∂D = 0, respectively.
Denote by Qt the transpose of Qt and by Rp the transpose of Rp. Further, for e ∈ TxM

denote by Ce the creation operator (exterior product) and by Ae the annihilation operator
(interior product); Ae is the adjoint of Ce. Then, for an orthonormal basis {ei}

n
i=1, we have

Rp = −

n∑
i, j=1

R(e j,ei)Ce j Aei

where R(e j,ei) is the curvature tensor acting on p-forms (see [2, Lemma A.9]). Then for
α ∈Ωp(M) there are, according to [2], the Bismut formulae

(dP1
t α)x(v) = −E

[〈
Qt∧τ//

−1
t∧τα(Xt∧τ(x)),

∫ t∧τ

0
Q−1

s (AdBsQsḣ(s)v)
〉]
,(4.1)

(dP2
t α)x(v) = −E

[〈
1{t<τ}Qt//

−1
t α(Xt(x)),

∫ t

0
Q−1

s (AdBsQsḣ(s)v)
〉]

(4.2)

for v ∈ Λp+1TxM and

(δP1
t α)x(v) = E

[〈
Qt∧τ//

−1
t∧τα(Xt∧τ(x)),

∫ t∧τ

0
Q−1

s (CdBsQsḣ(s)v)
〉]
,(4.3)

(δP2
t α)x(v) = E

[〈
1{t<τ}Qt//

−1
t α(Xt(x)),

∫ t

0
Q−1

s (CdBsQsḣ(s)v)
〉]

(4.4)

for v ∈ Λp−1TxM, where the process h is as in the previous section. Note that R1 = Ric
and R0 = 0, so for p = 0 formulae (4.1) and (4.2) reduce to formulae (2.3) and (2.4) (with
Z = 0).

Now set

Kp := sup
{
〈Rp(v),v〉 : v ∈ ΛpT D, |v| = 1

}
Kp := inf

{
〈Rp(v),v〉 : v ∈ ΛpT D, |v| = 1

}
Kp±1 := inf

{
〈Rp±1(v),v〉 : v ∈ Λp±1T D, |v| = 1

}
with the metric is defined on the exterior algebra in the usual way.

Theorem 4.1. Suppose D0 ⊂ D are regular domains with α ∈ Ωp(M). Set r0 = d(D0,∂D)
and δ > 0. Then

sup
D0

|dα| ≤Cp,+

(
2δ
r0

sup
D
|α|+

r0

2δ
sup

D
|∆α|

)
(4.5)

sup
D0

|δα| ≤Cp,−

(
2δ
r0

sup
D
|α|+

r0

2δ
sup

D
|∆α|

)
(4.6)

where

Cp,± := exp

 πr0

16δ2

(
2sup

D
|Z|+

√
(n−1)K−0

)
+
π2(n + 3)

32δ2 +
r2

0

(
Kp + (Kp + Kp±1)−

)
8δ2

 .
Proof. We will prove inequality (4.5) using formulae (4.1) and (4.3). The proof of in-
equality (4.6), using formulae (4.2) and (4.4), is nearly identical. By Itô’s formula, we
have

Qt∧τ//
−1
t∧τα(Xt∧τ(x))−α(x) =

∫ t∧τ

0
Qs//

−1
s ∇//sdBsα(Xs(x)) +

1
2

∫ t∧τ

0
Qs//

−1
s ∆α(Xs(x))ds.
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Taking expectations and differentiating we obtain

|dα|(x) ≤ |dP1
t α|(x) +

1
2

∫ t

0
|dP2

s∆α|(x)ds.

By formulae (4.1) and (4.3) and Lemmas 2.1 and 2.2, as in the proof of Proposition 2.3,
the result follows (like the proof of Theorem 2.4 for functions). �

Note that for p = 0 inequality (4.5) reduces to (2.5) (with Z = 0). Generalizations of the
integral estimates in Section 3 can also easily be obtained.

4.2. Replacing δ with δ
√
λ in Theorem 4.1 we obtain the following estimates on the exte-

rior derivative and codifferential of eigenforms of the Hodge Laplacian:

Corollary 4.2. Suppose D0 ⊂ D are regular domains with α ∈Ωp(M) satisfying ∆α = −λα
for some λ > 0. Then

sup
D0

|dα| ≤
√
λC1/λ

p,+

(
2δ
r0

+
r0

2δ

)
sup

D
|α|

sup
D0

|δα| ≤
√
λC1/λ

p,−

(
2δ
r0

+
r0

2δ

)
sup

D
|α|

where the constants Cp,± are given as in Theorem 4.1.

Note that instead of the Hodge Laplacian ∆, we could just as well have worked with the
semigroups generated by the connection Laplacian �.

4.3. Our approach to these estimates is easily adapted to different settings. For example,
our results can be extended further to the abstract setting of vector bundles considered in
[2].

Acknowledgements. This work has been supported by the Fonds National de la Recherche
Luxembourg (FNR) under the OPEN scheme (project GEOMREV O14/7628746), as well
as by PUL AGSDE of the University of Luxembourg. The first named author acknowl-
edges support by NSFC (Grant No. 11501508) and Zhejiang Provincial Natural Science
Foundation of China (Grant No. LQ16A010009).

References

[1] Jean-Michel Bismut, Large deviations and the Malliavin calculus, Progress in Mathematics, vol. 45,
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