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Advances	in	enriched	finite	element	
formulaHons	for	fracture	and	cuIng:	

engineering	and	surgical	simula.on	applica.ons	
Stéphane	P.A.	Bordas	  

stephane.bordas@alum.northwestern.edu	
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MoHvaHon:	fracture	mechanics

8
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Mo#va#on		

Fracture	of	homogeneous	materials	

 
 

9

SPAB and B. Moran, Engineering Fracture Mechanics, 2006  
V.P. Nguyen et al. XFEM C++ Library IJNME, 2007
Industrial applications of extended finite element methods
See also E. Wyart et al, EFM, IJNME, 2008

Question: when should a structure be inspected for flaws?

ad hoc mesh 
refinement
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Mo#va#on		

Fracture	of	homogeneous	materials	

 
 

10

Question: How to control accuracy and simplify/avoid meshing?

	ParHHon	of	Unity	-	eXtended/Generalized	Finite	Element	Methods	

	DiscreHsaHon	error	governed	by	the	worst	approximant	

	Local	enrichment	of	approximaHons	

	Requires	enrichment	volumes	independent	of	the	mesh	

	CondiHoning	issues	for	large	enrichment	zones	or	arbitrary	
enrichment	(see	stable	GFEM,	Banerjee,	Babuška	+	Agathos)	

	3D	fracture	requires	accurate	stress	intensity	factors	(SIFs)	

	Error	at	each	step	~	(Error	on	SIF)^4	

	Standard	enrichment	=>	oscillaHons	along	the	front

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Mo#va#on		

Fracture	of	homogeneous	materials	

 
 

11

K. Agathos et al. IJNME 2016, CMAME 2016, IJNME 2017, 
CMAME 2017 with Eleni Chatzi and Giulio Ventura
How can we use large enrichment radii? 
How can we control conditioning in large-
scale enriched FEM?
How can we use higher order terms in the 
expansion?

X. Peng et al. IJNME 2016, CMAME 2017
Enriched Isogeometric Boundary Elements
How to avoid meshing completely 
for crack propagation simulations?

Question: How to control accuracy and simplify/avoid meshing?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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More	details…	

Check	out	the	talk	by	 
Kostas	Agathos	(ETHZ)	
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More	details…	

Check	out	the	talk	by	 
Kostas	Agathos	(ETHZ)	

 
 

Sorry,	it	was	yesterday…	
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More	details…	

Check	out	the	talk	by	 
Kostas	Agathos	(ETHZ)	

 
 

mailto:stephane.bordas@uni.lu
http://legato-team.eu


XDMS	-	Umeå,	Sweden	-	2017	June	19-21	stephane.bordas@uni.lu	-	legato-team.eu		 15

Use	your	favourite	#me	machine…	
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Agathos, K., E. Chatzi, and SPA Bordas. "Stable 3D extended finite elements with higher order 
enrichment for accurate non planar fracture." Computer Methods in Applied Mechanics and 
Engineering 306 (2016): 19-46.

Agathos K, Chatzi E, Bordas S, Talaslidis D. A well-conditioned and optimally convergent 
XFEM for 3D linear elastic fracture. International Journal for Numerical Methods in 
Engineering. 2016 Mar 2;105(9):643-77.

https://orbilu.uni.lu/bitstream/10993/22331/2/paper.pdf
http://orbilu.uni.lu/bitstream/10993/22420/1/presentation.pdf

Agathos K, Ventura G, Chatzi E, Bordas S. Stable 3D XFEM/vector-level sets for non-planar 
3D crack propagation and comparison of enrichment schemes. International Journal for Numerical 
Methods in Engineering. Computational Mechanics, 2017.

Or	a	more	gradual	introduc#on…	
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Conclusions	from	Kostas	Agathos’	talk	

 
 

Introduces	a	novel	form	of	enrichment.	

Provides	improved	condiHoning.	

Enables	the	use	of	geometrical	enrichment.	

Enables	the	use	of	higher	order	terms	in	
fracture	mechanics

Was	combined	to	vector	level	sets	to	solve	
crack	propagaHon	problems.	

Was	applied	to	inverse	problems.	

Provides	high	accuracy	and	opHmal	
convergence.

mailto:stephane.bordas@uni.lu
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What	if	you	can’t	add	new	func#ons	or	
you	don’t	want	to	increase	the	

enrichment	radius?	
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Mo#va#on		

(Goal	oriented)	adap.ve	computa.onal	fracture 
use	h-refinement	

 
 

Y. Jin, O. Pierard, et al. Comput. Methods Appl. Mech. Engrg. 318 (2017) 319–348
O.A. González-Estrada et al. Computers and Structures 152 (2015) 1–10
O.A. González-Estrada  et al. Comput Mech (2014) 53:957–976
C. Prange et al. IJNME  91.13 (2012): 1459-1474.
M. Duflot, SPAB, IJNME 2007, CNME 2007, IJNME 2008.
J-J. Ródenas Garcia, IJNME 2007
F.B. Barros, et alIJNME 60.14 (2004): 2373-2398.

Before: mesh “finely” in the region where the crack is “expected” to propagate
M. Rüter CMECH (2013) 1;52(2):361-76.
J. Panetier IJNME 81.6 (2010): 671-700.
P. Hild, CMECH (2010): 1-28.

mailto:stephane.bordas@uni.lu
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Mo#va#on		

Fracture	of	homogeneous	materials:	error	
es.ma.on	and	adap.vity	

 
 

20

Y. Jin, O. Pierard, et al. Error-controlled adaptive extended finite element method for 3D
linear elastic crack propagation Comput. Methods Appl. Mech. Engrg. 318 (2017) 319–348

M. Duflot, SPAB, IJNME 2007, CNME 2007, IJNME 2008.

After: determine mesh refinement adaptively using a (goal-oriented) error estimate

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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More	details…	

Check	out	the	talk	by	Olivier	Pierard	(Cenaero)	
later	this	morning	MS4	at	11:00	
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More	cracks?…

mailto:stephane.bordas@uni.lu
http://legato-team.eu


Discre#za#on:	XFEM

Extended	Finite	Element	Method	(XFEM)

Fracture	of	“XFEM”	using	XFEM



Plate	with	300	cracks	-	ver#cal	extension	BCs	

	

	

Fracture	process

Energy-minimal	crack	growth	using	XFEM	

Sutula et al. Preprint of three part EFM paper at 
http://hdl.handle.net/10993/29414 

http://hdl.handle.net/10993/29414


Ver#cal	extension	of	a	plate	with	300	cracks

Example	#1

Post-split	roughness
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More	cracks?…	3D?	…		

Phase	field/thick	level	sets

With Danas Sutula and Nguyen Vinh Phu (Monash) 
9TH Australasian Congress on Applied Mechanics (ACAM9)
27 - 29 November 2017
phu.nguyen@monash.edu 

mailto:stephane.bordas@uni.lu
http://legato-team.eu
mailto:phu.nguyen@monash.edu
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With Danas Sutula and Nguyen Vinh Phu (Monash) 
9TH Australasian Congress on Applied Mechanics (ACAM9)
27 - 29 November 2017
phu.nguyen@monash.edu 

Energy	minimal	XFEM	vs.	Phase	field

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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With Danas Sutula and Nguyen Vinh Phu (Monash) 
9TH Australasian Congress on Applied Mechanics (ACAM9)
27 - 29 November 2017
phu.nguyen@monash.edu 
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Par#al	conclusions	on	fracture	of	homogeneous	materials	using	enriched	FEM	

	AdapHvity	for	enriched	approximaHons	using	error	esHmates	

	Adapt	enrichment	radius	

	Adapt	the	choice	of	enrichment	

	Locally	h-adapt	the	mesh	

	More	than	a	few	cracks	in	3D	may	warrant	using	phase	fields	models	as	opposed	to	
discrete	cracks	

	Meshfree	methods	are	possible	alternaHves	(See	the	work	of	Rabczuk,	Belytschko,	
Zi,	SPAB)	

	Next	step:	heterogeneiHes	

30
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Fracture	of	composites	

 
 

31
L. Cahill et al. Composite Structures, 2014

Experimental/Numerical approach to determining the driving force for fracture in composites

numerical experimentalexperimental

Question: what main factors govern crack growth in composite laminates?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Fracture	over	the	scales	

 
 

32

A. Menk and SPAB, IJNME 2011, Comp. Mat. Sci. 2012
XFEM Preconditioning and application to polycrystalline fracture

Solder joint durability (microelectronics), Bosch GmbH

D. A. Paladim et al. Int. J. Numer. Meth. Engng 2017; 110:103–132
P. Kerfriden et al. Int. J. Numer. Meth. Engng 2014; 97:395–422
P. Kerfriden et al. Int. J. Numer. Meth. Engng 2012; 89:154–179
P. Kerfriden et al. Comput. Methods Appl. Mech. Engrg. 200 (2011) 850–866
K. C. Hoang et al. Num Meth PDEs DOI 10.1002/num.21932

Question: what is the role of Pb in thermo-mechanical reliability of solder joints?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Fracture	over	the	scales,	adap.vity	 
model	reduc.on	and	selec.on	

 
 

33

O. Goury, P. Kerfriden et al. CMAME, 2016, CMECH (2017) DOI 10.1007/s00466-016-1290-2 - Model reduction for fracture  
C. Hoang et al. Comput. Methods Appl. Mech. Engrg. 298 (2016) 121–158 - Model reduction for elastodynamics
A. Akbari, P. Kerfriden and SPAB, Philosophical Magazine, (2015) http://dx.doi.org/10.1080/14786435.2015.1061716 
P. Kerfriden et al. Comput. Methods Appl. Mech. Engrg. 256 (2013) 169–188 - Model reduction methods for fracture  

Question: how can we account for microstructures in a computationally tractable way?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
http://dx.doi.org/10.1080/14786435.2015.1061716
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Par#al	conclusions	on	fracture	of	heterogeneous	materials		

	Simple	methods	can	deal	with	fracture	in	unidirecHonal	composites		

Model	+	mesh	adapHvity	for	adapHve	fracture	mechanics	simulaHons:	expensive	+	
implementaHon	must	be	done	carefully	

	Model	order	reducHon	is	ineffecHve	for	problems	lacking	separaHon	of	scales	

	Domain-wise	model	selecHon	

	AdapHve	model	selecHon	

	Machine	learning…	

	Next	step:	biomechanics/real-Hme	

34
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Topological	changes	in	surgical	simula.on	
Cu9ng	and	Needle	Inser=on	

 
 

35

http://orbilu.uni.lu/handle/10993/29846http://orbilu.uni.lu/handle/10993/30937

H. Courtecuisse et al. Medical Image Analysis, 2014 P.H. Bui et al. IEEE T. Biomed Eng. 2017 & Frontiers in Surgery, 2017

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Topological	changes	in	surgical	simula.on	
Cu9ng	and	Needle	Inser=on	

 
 

36

http://orbilu.uni.lu/handle/10993/29846http://orbilu.uni.lu/handle/10993/30937

H. Courtecuisse et al. Medical Image Analysis, 2014 P.H. Bui et al. IEEE T. Biomed Eng. 2017 & Frontiers in Surgery, 2017
Question: how can we simulate cutting/fracture in 
real time using implicit time stepping?

Question: how can we adapt the mesh in real 
time using a posteriori error estimates?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
http://orbilu.uni.lu/handle/10993/29846
http://orbilu.uni.lu/handle/10993/30937


Interfaces	in	engineering	and	biomechanics
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Prac#cal	early-stage	design	simula#ons	(interac#ve)

[Allix, Kerfriden, Gosselet 2010]
Discretise

0.125 mm
50 mm

100 plies

courtesy: EADS

‣Reduce the problem size while controlling the error (in QoI) 
when solving very large (multiscale) mechanics problems  

Discretise

Surgical	simula#on	



Large	scale 38
Small	scale

1

Discon#nui#es



Large	scale 39

1

Discon#nui#es

courtesy: EADS

Small	scale



Large	scale 40

1

Discon#nui#es

0.125 mm

100 plies

courtesy: EADS

Small	scale
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Par#al	conclusions	

	Zooming	into	materials/structures	reveals	disconHnuiHes	with	complex	shapes	

	Geometries	of	domains	are	complex,	even	at	the	conHnuum	level	

Next:	a	few	methods	to	deal	with	this	complexity	

41
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Handling	(complex)	interfaces	numerically	

Coupling,	or	decoupling?	

 
 

Question: When are we better off coupling/decoupling the geometry from the field 
approximation? 

no	mesh 
calculation

stress analysis

mesh

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Handling	(complex)	interfaces	numerically	

Coupling	geo	and	field:	Isogeometric	Analysis

Isogeometric Finite Element Analysis 
For shell-like domains
For volumes (needs volume parameterisation)
Coupling between multiple patches (Nitsche, Mortar…)

Question:  
What is the performance of Isogeometric Analysis in Reducing the Mesh Burden? 

Adaptivity
Global refinement - cannot refine field without refining geo…
Local refinement (not with NURBS)… (PH)T-splines…
Geometry independent refinement for the field variables?

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Mesh	refinement	in	IGA
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Handling	(complex)	interfaces	numerically	

Coupling

Question: How can we fully benefit from the “IGA” concept? 
Refine the field independently from the geometry
Suppress the mesh generation and regeneration completely

no	mesh 
calculation

stress analysis

mesh

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Handling	(complex)	interfaces	numerically	

Coupling	geometry	and	field	approxima.on

Question: How can we fully benefit from the “IGA” concept? 
Refine the field independently from the geometry

Isogeometric Finite Elements

For shell-like domains
For volumes (needs volume 

parameterisation)

Geometry Independent Field 
approximaTion 
(GIFT)

Super/Sub-geometric

[REF] Weakening the tight coupling between geometry and simulation in isogeometric 
analysis: from sub- and super- geometric analysis to Geometry Independent Field 
approximaTion (GIFT), IJNME, 2017, submitted [preprint available on arXiv]

Permalink: http://hdl.handle.net/10993/31469 

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Geometry	Independent	Field	approximaTion	
(GIFT)	

Conclusions

Tight link between CAD and analysis

The same basis functions, which are used in CAD to represent 
the geometry, are used in the IGA as shape functions to 
approximation the unknown solution

Geometry is exact at any stage of the solution refinement 
process

Better accuracy per DOF in comparison with standard FEM but 
higher computational cost (bandwidth…)

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Geometry	Independent	Field	approximaTion	
(GIFT)	Conclusions

Retain the advantages of IGA but decouple the geometry and the field 
approximation

Standard patch tests may not always pass, yet the convergence rates 
are optimal as long as the geometry is exactly represented by the 
geometry basis

With geometry exactly represented by NURBS, using same degree B-
splines or NURBS for the approximation of the solution field yields almost 
identical results

With geometry exactly represented by NURBS, using PHT splines for the 
approximation of the solution gives additional advantage of local adaptive 
refinement

Any other approximation field can be used for the field variables

mailto:stephane.bordas@uni.lu
http://legato-team.eu
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Handling	(complex)	interfaces	numerically	

Coupling

Question: How can we fully benefit from the “IGA” concept? 
Suppress the mesh generation and regeneration completely

Fracture mechanics directly from CAD
X. Peng, et al. (2017). IJF, 204(1), 55–78. 
X. Peng, et al. (2017). CMAME, 316, 151–185.

Isogeometric Finite Elements

For shell-like domains
For volumes (needs volume 

parameterisation)

Isogeometric Boundary 
Element Analysis 

For shell-like domains
For volumes

Stress analysis and shape optimisation directly from CAD
H. Lian et al. (2017). CMAME: 317 (2017): 1-41.
H. Lian et al. (2015). IJNME
H. Lian et al. (2013). EACM:166(2):88-99. 
M. Scott et al. (2013) CMAME 254: 197-221.
R. N. Simpson et al. (2013) CAS 118: 2-12.
R. N. Simpson et al. (2012) CMAME Feb 1;209:87-100.

mailto:stephane.bordas@uni.lu
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Handling	(complex)	interfaces	numerically	

Example	applica.ons 
Isogeometric	Boundary	Element	Analysis 

(IGABEM)
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Problem definition Design pointsControl points

Optimized solution

Side constraints:

 Model construction 
 with CAD

Design points selection in 
control points

Structural analysis; 
Sensitivity analysis; 

gradient-based optimizer
 Volume constraint:

Objective function: 

Shape	op#misa#on	



Construct the geometric model
Choose design points from the 

control points
Conduct sensitivity analysis to 

converge to the optimized solution

Shape	op#misa#on	

Stress analysis and shape optimisation directly from CAD
H. Lian et al. (2017). CMAME: 317 (2017): 1-41.
H. Lian et al. (2015). IJNME
H. Lian et al. (2013). EACM:166(2):88-99. 

M. Scott et al. (2013) CMAME 254: 197-221.
R. N. Simpson et al. (2013) CAS 118: 2-12.
R. N. Simpson et al. (2012) CMAME Feb 1;209:87-100.



Construct the geometric 
model  

(imported from Rhino)

Select design points from 
control points Find optimized solution

Shape	op#misa#on	
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Penny-shaped	crack	under	remote	tension

Fracture mechanics directly from CAD
X. Peng, et al. (2017). IJF, 204(1), 55–78. 
X. Peng, et al. (2017). CMAME, 316, 151–185.
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Numerical	example	of	horizontal	penny	crack	growth	(first	10	steps)
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Numerical	example	of	inclined	elliptical	crack	growth	(first	10	steps)

Fracture mechanics directly from CAD
X. Peng, et al. (2017). IJF, 204(1), 55–78. 
X. Peng, et al. (2017). CMAME, 316, 151–185.
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Modeling	techniques	for	surface	cracks?	Trimmed	curves…

Surface	discontinuity	
is	introduced

Crack	=	trimming	curve

Trimmed	NURBS	
technique

Phantom	node	method
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Par#al	conclusions	on	methods	coupling	geometry	and	field	approxima#ons	

	There	are	numerous	alternaHves	(subdivision	surfaces,	IGA,	NEFEM,	NIGFEM)	

	IGA	can	offer	simulaHons	directly	from	CAD	when	used	with	boundary	elements	

	GIFT	generalizes	this	approach	by	decoupling	geometry	and	field	approximaHons		

Next:	methods	which	decouple	geometry	and	field	approxima#on	
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Handling	(complex)	interfaces	numerically	

Decoupling	-	UnfiUed	FEM?	

 
 

Implicit surfaces
T. Rüberg (2016) Advanced Modeling and Simulation in Engineering Sciences 3 (1), 22
M. Moumnassi (2011) CMAME 200(5): 774-796. (CSG and multiple level sets)
N. Moës (2003) CMAME192.28 (2003): 3163-3177. (Single level set)
T. Belytschko IJNME 56.4 (2003): 609-635. (Structured XFEM)
…

Question: for which problems are we better off coupling/decoupling the geometry 
from the field approximation? 

mailto:stephane.bordas@uni.lu
http://legato-team.eu


Implicit	boundary	method

• Immersed	boundary	method	(Minal,	et	al.	2005)	
• FicHHous	domain	(Glowinski,	et	al.	1994)	
• Embedded	boundary	method	(Johansen,	et	al.	1998)	
• Virtual	boundary	method	(Saiki,	et	al.	1996)	
• Cartesian	grid	method	(Ye,	et	al.	1999,	Nadal,	2013)	

Separate	field	and	boundary	discreHsaHon	

✓ Easy	adapHve	refinement	+	error	esHmaHon	(Nadal,	2013)	
✓ Flexibility	of	choosing	basis	funcHons	
• Accuracy	for	complicated	geometries?	BCs	on	implicit	surfaces?	
➡ An	accurate	and	implicitly-defined	geometry	from	arbitrary	

parametric	surfaces	including	corners	and	sharp	edges	
(Moumnassi	2011;	Ródenas	Garcia	2016;	Fries	2017)

5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

Figure 5.28 – Champs de contraintes (a) et de déplacements (b).

Figure 5.29 – Approximation géométrique d’une microstructure contenant des inclusions
en forme de tore indépendamment de la taille du maillage ÉF.
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5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

(c)

Figure 5.27 – Approximation géométrique d’une microstructure contenant des inclusions
lenticulaires. (a) maillage grossier de l’approximation ÉF. (b) raffinement par un sous-
maillage gradué (SMG) de niveau (n = 7) à l’intérieur de chaque élément de frontière EB.
(c) approximation de la géométrie indépendamment de la taille h du maillage.
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5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

Figure 5.28 – Champs de contraintes (a) et de déplacements (b).

Figure 5.29 – Approximation géométrique d’une microstructure contenant des inclusions
en forme de tore indépendamment de la taille du maillage ÉF.
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marching method  

seed point(s) - 
requires one single 
global search

Level Set representation of a surface defined by a parametric function

• In order to reproduce the geometry accurately, significant mesh refinement is typi-

cally needed;

• Because the whole boundary is defined using one single function, it is not straight-

forward to locate and separate different regions on ∂Ωh for attribution of appropriate

boundary conditions;

• To efficiently approximate a curved domain, one generates a discrete approxima-

tion of the scalar distance field φ by evaluating the function on a sufficiently fine

mesh, or by adaptive schemes like octree techniques to capture details of the domain

boundary ∂Ωh. However, linear interpolation of the mesh values to approximate the

boundary is insufficient for higher order analysis.

Figure 3: Approximation of an object with convex and concave boundaries with the

same background mesh, resulting from Boolean combinations of half-spaces defined using

analytically defined level set functions (8-planes and 3-cylinders). (a) The object is con-

structed by a single level set resultant from Boolean operations (one scalar distance value

is stored at each node). (b) shows the approximation by our new approach that preserves

sharp features (eleven scalar distance values are stored at each node).

In the following section, we present a new approach to represent arbitrary regions

using level set functions, which alleviates the pitfalls of the “single-level-set-description”.

11

Single Multiple level sets

Advance by CRP Henri Tudor in 2011 
(Moumnassi et al, CMAME DOI: 10.1016/j.cma.
2010.10.002

Question: How can we generate level set functions from CAD descriptions 
(including corners/vertices)? 
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In the following section, we present a new approach to represent arbitrary regions

using level set functions, which alleviates the pitfalls of the “single-level-set-description”.

11

(a) (b) (c)

Figure 12: (a) Conversion of four parametric functions into zero level sets. (b) Polygonal

meshes extraction for the cutting method. (c) Approximated domain with sharp features.

it.

To obtain an accurate geometry description for domains with curved boundaries, we

present in the following section two different techniques: degenerated and graded sub-

meshes which we shall name DSM and GSM, respectively.

5.4.1. Mesh refinement with degenerated sub-mesh (DSM)

We use the parametric information to generate the desired number of cut edges on the

surface inside a boundary element EB which are tangent to this parametric surface (see

Figure 13). These cut edges are created by the corresponding zero level sets such that they

are generated by a succession of analytically known level set planes p (x) = (x− x0) · n

that pass through the point x0 on the surface and defined by the normal n at this point.

Then we apply the cutting method to each boundary element EB by using these zero

level sets to create the sub-elements E∆. The next step is the classification of the sub-

elements into the interior boundary IB and exterior boundary OB to define the part of

the approximate domain Ωh on the boundary B and the part of its boundary Γh (see

Figure 14).

5.4.2. Mesh refinement with graded sub-mesh (GSM)

The marching algorithm (cf. Section 4.3) benefit of a natural strategy to locate the

narrow band from the all elements mesh, in which only the selected elements (i.e. ωi)

need to be used for refinement if desired. This is an attractive strategy to restrict local

mesh refinement to boundary elements EB. This strategy will be used locally in EB and
27

Figure 17: A three-dimensional graded sub-mesh refinement of level (n = 6) inside a

boundary element EB.

1. Subdividing EB based on a linear (as in [23, 54]) or higher order (as in [40, 41])

description of the boundary.

2. Without subdividing EB as proposed in Ventura [55] using equivalent poly-

nomials. It is also possible to use the approach of Natarajan et al.[24, 25]

based on the Schwarz Christoffel (SC) mapping of the interior/exterior polyg-

onal areas to the unit disk. Another alternative is strain smoothing where

domain integration is transformed into boundary integration as in [26]. The

advantage of the latter is that it has the potential to be amenable to three

dimensional cases, whereas the SC mapping technique remains restricted to

two-dimensional problems. To use the SC mapping in 3D, the interior and

outer parts of a boundary element could be integrated using strain smoothing

and the SC mapping subsequently used to integrate along the boundary of the

interior and exterior subregions. Since each of those boundaries is composed

of the union of polygons, the SC mapping (or any other method to integrate

numerically on polygons) can be used to compute the integral on each poly-

gon. Note that strain smoothing modifies the variational principle so that the

resulting stiffness matrix is usually not as stiff as that of the original finite

32

Single level set Multi level sets

Examples
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45

Geomety- 
based  
refinement

H-adaptive refinement based on error estimation

Examples

See recent work of Ródenas 
Garcia (UP Valencia) on 
Cartesian meshes
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45

Processing time

Quad8 uniform refinement

See recent work of Ródenas 
Garcia (UP Valencia) on 
Cartesian meshes

Examples
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Real-#me	needle	inser#on	simula#on	

With	implicit	boundaries
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Real-#me	needle	inser#on	simula#on	

With	implicit	boundaries
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Real-#me	needle	inser#on	simula#on	

With	implicit	boundaries
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Real-#me	needle	inser#on	simula#on	

With	implicit	boundaries
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Discre#sa#on	Correc#on	of	Par#cle	Strength	
Exchange	Colloca#on

Birte Schrader, Sylvain Reboux, and Ivo F Sbalzarini. Discretization correction of general integral PSE 
operators for particle methods. Journal of Computational Physics, 229(11):4159–4182, 2010. 

K. Agathos et al. Stable immersed collocation method for elasto-static analysis directly from CAD 
[preprint available on orbi.uni.lu]

 

Key idea: use “generalized” finite 
differences

Key difficulty: stability and complex 
boundaries
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http://legato-team.eu
http://orbi.uni.lu


XDMS	-	Umeå,	Sweden	-	2017	June	19-21	stephane.bordas@uni.lu	-	legato-team.eu		 76

Symmetric Cartesian Hybrid
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The symmetric node distribution is the most accurate whilst the Cartesian distribution is the 
worst, the Cartesian-symmetric distribution is intermediate.

Convergence rates of the collocation approach is similar to that of the P1 FEM 
we compared to whilst the error level is slightly higher. This corroborates results of the 
isogeometric point collocation method.

Symmetric Hybrid Cartesian

mailto:stephane.bordas@uni.lu
http://legato-team.eu


XDMS	-	Umeå,	Sweden	-	2017	June	19-21	stephane.bordas@uni.lu	-	legato-team.eu		

Applica#ons	

Wind	turbine	blade	&	aorta	
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Par#al	conclusions	on	methods	decoupling	geometry	and	field	approxima#ons	

	There	are	numerous	alternaHves	(immersed,	CutFEM,	structured	XFEM,	
collocaHon…)	

	Discussions	on	higher	order	boundaries	(see	XDMS2017	book	of	abstracts!)	

	Using	CAD	geometries	within	a	structured	mesh/grid	is	a	versaHle	approach	

Next:	beyond	discre#sa#ons…	
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Modelling	and	simulaHon	

physical problem

mathematical

model

discretisation 

numerical solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

verification: are we 
solving the problem 

right?

84

Model reduction 
error I

Model reduction 
error II

Can we solve 
the problem fast 

enough? 
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model error
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numerical error
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problem?
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solving the problem 
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Model reduction 
error I

Model reduction 
error II

Can we solve 
the problem fast 

enough? 



Force-
displacement

in vivo Data

in vivo Data

Mechanical 
characterisation 

of skin phantoms  
and structures

Error-control 
for finite  

heterogeneous  
Elasticity FE  
simulations 

DIC 
in vitro data

Fast, adaptive 
and error-

controlled FE 
solutions

Model selection 
Uncertainty  

Quantification on 
Geometry,  

Boundary Conditions 
Material Parameters

Best model, parameters, stochastic 
inverse problems, sensitivity analysis

in vivo  
experiments 
clinical trials 

Prior knowledge 
Database generation

Design 
in vivo 

Experiments

Fast direct 
FE 

Solvers
Fast inverse 
problem 
solver



87

Ingredient #1 - Error control

Error-control 
for finite  

heterogeneous  
Elasticity FE  
simulations 
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Ingredient #2 - Uncertainty quantification

Model selection 
Uncertainty  

Quantification on 
Geometry,  

Boundary Conditions 
Material Parameters



Random Fields

Two realisations of RF, with a log-normal distribution, 
for the parameter C1 (in MPa).

89

‣Different methods: Karhunen–Loève expansion [Adler 2007], Fast Fourier transform [Nowak 2004].



Brain deformation with random parameters 
1 MC realisation.

Confidence interval 95% 
MC simulations.

Stochastic FE analysis of brain deformation 
Numerical results (8 RV, Holzapfel model)
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Numerical results: convergence

Fig. Center of the sphere:  expected 
value of the displacement in the x direction as 
a function of Z.
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Global sensitivity analysis

Quantity of interest: displacement magnitude of the target.
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‣ Sobol sensitivity indices [Sobol 2015, Saltelli 2002] 
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Elastography under uncertainty
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Elastography under uncertainty
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Elastography under uncertainty
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Elastography under uncertainty
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Elastography under uncertainty
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Thank you for your attention 

You can download these slides here 
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Mul#-scale	fracture	and	model	order	reduc#on	  

Pierre	Kerfriden,	Lars	Beex,	Jack	Hale,	Olivier	Goury,	Daniel	
Alves	Paladim,	Elisa	Schenone,	Davide	Baroli,	Thanh	Tung	

Nguyen,	Hoang	Khac	Chi,	Timon	Rabczuk	

Advanced	discre#sa#on	techniques	  
Elena	Atroshchenko,	Danas	Sutula,	Xuan	Peng,	Haojie	Lian,	
Peng	Yu,	Qingyuan	Hu,	Sundararajan	Natarajan,	Nguyen-

Vinh	Phu  
 

Error	es#ma#on 
	Pierre	Kerfriden,	Satyendra	Tomar,	Daniel	Alves	Paladim,	

Andrés	Gonzalez	Estrada 
 

Biomechanics	applica#ons	  
Alexandre	Bilger,	Hadrien	Courtecuisse,	Bui	Huu	Phuoc

mailto:stephane.bordas@uni.lu
http://legato-team.eu


XDMS	-	Umeå,	Sweden	-	2017	June	19-21	stephane.bordas@uni.lu	-	legato-team.eu		

hnps://publicaHons.uni.lu/bitstream/10993/10039/1/2013stressAnlaysisWithoutMeshingIGABEM3D_ICE.pdf	

hnps://orbilu.uni.lu/bitstream/10993/14029/2/superGA_upd26_05_2014.pdf	

hnps://arxiv.org/pdf/1210.8216	

hnps://arxiv.org/pdf/1610.01694	

hnps://orbilu.uni.lu/bitstream/10993/12915/1/2011implicitDomainFEM_CMAME.pdf	

hnp://orbilu.uni.lu/bitstream/10993/17993/2/mi130149_proof.pdf	

hnp://orbilu.uni.lu/bitstream/10993/17383/1/meshburdenreducHon2010v6%20(2b)Enviado.pdf

106

Related	publica#ons	

Fracture	of	homogeneous	materials	
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What makes Data Science 
different?  
http://hdl.handle.net/10993/30235 

Energy-minimal crack growth  
http://hdl.handle.net/10993/29414  

Uncertainty quantification for 
soft tissue biomechanics 
http://orbilu.uni.lu/handle/10993/28618 

http://orbilu.uni.lu/handle/10993/30946 

Real-time simulation and 
error control 
http://orbilu.uni.lu/handle/10993/29846 

http://orbilu.uni.lu/handle/10993/30937 

Bayesian parameter 
identification in mechanics 
http://orbilu.uni.lu/bitstream/10993/29561/3/
template.pdf 

http://orbilu.uni.lu/bitstream/
10993/28631/1/1606.02422v4.pdf 

http://orbilu.uni.lu/handle/10993/28631 
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