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Abstract. In a recent paper, Croson et al. (2015) experimentally study three weakest
link games with multiple symmetric equilibria. They demonstrate that static concepts
based on the Nash equilibrium (including multiple Nash equilibria, quantal response
equilibria, and equilibrium selection by risk and payoff dominance) cannot successfully
capture the observed treatment differences. Using Reinhard Selten’s impulse response
dynamics, we derive a proposition that provides a theoretical ranking of contribution
levels in the weakest link games. We show that the predicted ranking of treatment out-
comes is fully consistent with the observed data. In addition, we demonstrate that the
impulse response dynamics perform well in tracking average contributions over time.
We conclude that Reinhard Selten’s impulse response dynamics provide an extremely
valuable behavioral approach that is not only capable of resolving the indecisiveness of
static approaches in games with many equilibria, but that can also be used to track the
development of choices over time in games with repeated interaction.
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1. INTRODUCTION

In a recent paper, Croson et al. (2015) experimentally study three weakest link
games with multiple symmetric equilibria. They demonstrate that static concepts
based on the Nash equilibrium – including multiple Nash equilibria, quantal
response equilibria (McKelvey and Palfrey, 1995), as well as equilibrium selection
based on risk and payoff dominance (Harsanyi and Selten, 1988) – cannot suc-
cessfully capture the observed treatment differences. In this paper, we apply
Reinhard Selten’s impulse response dynamics to the weakest link games of Croson
et al. (2015) and demonstrate that impulse response dynamics predict the rela-
tive ranking of average contribution levels in the three weakest link games.

We choose the weakest link game variants of Croson et al. (2015) for our study,
because the small variations of the rules that distinguish these games with multiple
equilibria lead to markedly different behavioral dynamics that are not easily
explained by any rational equilibrium concept. Thus, the weakest link game
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variants are a crucial test for any theoretical concept attempting to capture the
dynamics of play. If we can show that Reinhard Selten’s impulse response dynam-
ics can account for the unexplained differences in behavioral dynamics observed
in these variants of weakest link game, we can conjecture that the concept should
be considered as an alternative theoretical approach for a wide range of games.

In a series of contributions, starting with Selten and Buchta (1999) and Selten
and Stoecker (1986), Reinhard Selten developed a dynamic concept of behavioral
adaptation toward the best response for the realized state of the world after
receiving feedback. The impulse response concept has been applied to numerous
decision and interaction situations in slightly different variations (‘learning
direction theory’, ‘impulse matching’, ‘impulse balance’), but always based on
the basic idea of impulse response dynamics (Chmura et al., 2012, 2014; Goerg
and Selten, 2009; Neugebauer and Selten, 2006; Ockenfels and Selten, 2005,
2014; Selten, 2004; Selten and Chmura, 2008; Selten et al., 2005). These publica-
tions have established that impulse response dynamics can not only predict final
rest points of adaptation (i.e., equilibria), but can also be valuable for the analy-
sis of the adaptation process.

In this paper, we demonstrate that impulse response dynamics can be success-
fully applied to the weakest link games of Croson et al. (2015). The described
impulse response dynamic is a very simple process and yet we will demonstrate
how helpful it is in explaining and understanding behavior in repeated experi-
mental games.1 We show that the ranking of treatment outcomes predicted by
the impulse response dynamics is fully consistent with the observed data. We
also show that the impulse response dynamics perform well in tracking the
observed development of contributions over time. We conclude that Reinhard
Selten’s impulse response dynamics provide an extremely valuable behavioral
approach that is capable of explaining outcome differences and behavioral deci-
sion patterns in repeated strategic interaction games, such as the ones described
and discussed in this paper.

2. DESCRIPTION OF EXPERIMENTAL DESIGN

In this section, we briefly describe the three weakest link games that we consider. In
each game, four individuals (N = 4) play 20 rounds (T = 20 with a restart at t = 11)
of the game in a fixed matching. In each round t, each individual i submits a contri-
bution xit to the group account. Submissions in each round are simultaneous. The
residual of each round’s endowment (50�xit) automatically goes into the individ-

1. Repeated game play can also be investigated with more sophisticated learning models such as
reinforcement learning (Erev and Roth, 1998; Roth and Erev, 1995), experience weighted attrac-
tion learning (Camerer and Ho, 1999; Ho et al., 2007) or impulse matching learning (Chmura
et al., 2012). These models describe probabilistic decisions and adjustments of the underlying
probabilities, require parameter estimations, and will generally exhibit much longer convergence
paths than the number of rounds actually played in the experiment. These aspects make it diffi-
cult to compare the sophisticated models to the simple deterministic impulse response model
that offers a parameter-free and within play time tracking of the choice dynamics. We therefore
focus only on presenting the predictive power of the impulse response model without attempt-
ing to compare it to the virtually incomparable and much more complex probabilistic mecha-
nisms.
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ual’s private account. The individual’s payoff pit in round t is based on the amount
in the private account, on the contributions into the group account and (in two of
three treatments) on the comparison between the sizes of the contributions.

In the weakest link baseline treatment (WL-B), each individual’s round t payoff
consists of the sum of the amount in their private account plus two times the
minimum amount allocated to the group account by any group member. Thus,
the individual’s payoff function in WL-B is given as follows:

pBitðxit ; x�itÞ ¼ 50� xit þ 2minðxit ; x�itÞ; xit ; x�it 2 ½0;50�; ð1Þ
where �i denotes the individuals in the group, who are not i.

In the second treatment, the weakest link exclusion treatment (WL-EX), each
individual’s round t payoff is the same as in equation (1) as long as his contribu-
tion exceeds the minimum of all contributions or is equal to the maximum. If
that is not the case the individual is excluded from sharing the group benefits
and is paid only the private account. Thus, the individual’s payoff function in
WL-EX is given as follows:

pEXit ðxit ; x�itÞ ¼ 50� xit if maxðx�itÞ[ xit ¼ minðxit ; x�itÞ;
pBitðxit ; x�itÞ otherwise

�
xit ; x�it 2 ½0;50� ð2Þ

Finally, the third treatment is the weakest link (exclusion and) redistribution
treatment (WL-RE), in which again the lowest contributors are excluded, but all
of the group’s benefits, including those from the excluded contributors, are dis-
tributed amongst the non-excluded individuals. The exclusion rule is exactly the
same as in WL-EX, but the benefits from the contribution of the excluded indi-
viduals are redistributed instead of being lost. Thus, the individual’s payoff func-
tion in WL-RE is given as follows:

pREit ðxit ; x�itÞ ¼ 50� xit if maxðx�itÞ[ xit ¼ minðxit ; x�itÞ;
pBitðxit ; x�itÞ þ 2minðxit ; x�itÞ N

4�N otherwise

�

ð3Þ

3. THE DATA

The data were originally collected by Croson et al. (2015) at LINEEX, the experi-
mental laboratory at the University of Valencia. Subjects were students of eco-
nomics or sociology. The experiments were computerized (z-Tree, Fischbacher,
2007) and lasted less than an hour. The subjects earned EUR 16 on average. At
the outset of the experiment, the subjects were randomly assigned to groups of
four and remained in this fixed matching for the entire experiment. In total, 96
subjects participated in the experiment, and each subject participated in one ses-
sion only. In each of the treatments WL-B and WL-EX, 24 subjects were matched
into six groups of four, i.e., there are six independent observations in WL-B and
six in WL-EX. In the treatment WL-RE, 48 subjects were matched into 12 inde-
pendent observations, i.e., there are 12 independent observations in WL-RE.2

2. Further details on the experimental protocol including the instructions can be found in Croson
et al. (2015) and are available from the authors upon request.
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Figure 1 shows the average contribution data. We observe rather heteroge-
neous contribution paths in all three treatments.3 Contributions are greatest in
WL-RE, followed by WL-EX, and WL-B. While we do see some stabilization of
contribution behavior over time, there obviously is no clear point of attraction
that absorbs choices in all groups and all treatments. The overall average contri-
butions are 38, 22 and 11 cash units respectively. The differences between treat-
ments are significant.4 In the following, we first discuss why Nash equilibria
solution concepts cannot organize the data, before showing that the empirical
differences are consistent with Reinhard Selten’s impulse response dynamics.

4. NASH EQUILIBRIA SOLUTION CONCEPTS

The three investigated weakest link games have multiple symmetric Nash equi-
libria in pure strategies. In WL-B and WL-EX, every symmetric strategy profile
constitutes a Nash-equilibrium.5 In WL-RE, both the strategy profiles with full
contributions and with zero contributions by all players are Nash equilibria.6

Equilibrium selection with payoff dominance or risk dominance (Harsanyi and
Selten, 1988) narrows down the space of predicted Nash equilibria. Payoff domi-
nance selects the full contribution equilibrium in all three treatments. As Fatas
et al. (2006) show, risk dominance allows no refinement in the WL-B, leaving us
with the full set of symmetric equilibria. In WL-EX, risk dominance eliminates
all intermediate equilibria, leaving us with the equilibria at zero and at full con-
tribution. This is so, because upward deviations from a symmetric equilibrium by
a player is always less risky than downward deviations due to the threat of exclu-
sion to the deviating player. In WL-EX and WL-RE, both full contribution and
zero contribution cannot be ordered according to the criterion of risk-domi-
nance.7

An alternative approach using the Nash equilibrium concept is the quantal
response equilibrium (QRE) that implements Nash equilibria allowing for errors
on the part of all players (McKelvey and Palfrey, 1995). QRE models have been

3. Graphs showing the development of contributions for each independent observation are in
Appendix S1.

4. The Jonckheere–Terpstra test rejects the null hypothesis of no differences in average contribu-
tions in favor of ordered alternatives across WL-B, WL-EX and WL-RE. The differences are highly
significant; the p-value of the two-tailed test is 0.0002.

5. If all other individuals in the group choose x̂�it , i will not contribute more than x̂�it , because
doing so would decrease i’s private account without increasing the payoff from the public good,
which depends on the minimum contribution. Individual i would also refrain from contributing
less than x̂�it , because doing so would decrease the public good payoff more than it would
increase the private account.

6. If all other individuals in the group choose 0\x̂�it\50, should contribute x̂�it þ 1, because doing
so will decrease i’s private account only by 1, but ‘redistribute’ to him the entire amount con-
tributed by all other individuals. This incentive to increase contributions is present at any posi-
tive level of contributions by others. Hence, the only equilibrium with positive contributions is
the equilibrium in which everyone contributes the maximum amount. The only other equilib-
rium is at x̂it ¼ 0, where no one contributes and no one has an incentive to contribute, because
increasing the contribution to x̂�it ¼ 1 means giving up 1 from the private account, but receiving
0 from the redistribution of the contributions of others, since x̂�it ¼ 0.

7. See Appendix S1 for details.
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shown to organize observed behavior successfully in a number of experimental
studies. In the case of the weakest link game, however, Croson et al. (2015) show
that when typical intermediate values of the noise parameter are considered, the
QRE model does not organize the observed behavior well, because the predic-
tions remain too low. Moreover, the predicted QRE dynamics lead to even lower
predictions as the noise level is reduced, with the limiting logit equilibrium at
zero contributions for all three treatments.

Obviously, none of the Nash equilibrium concepts are well in line with the
observed behavior. While the multiplicity of Nash equlibria in WL-B and WL-EX
provides room for heterogeneous outcome predictions, it neither provides clues
on the adaptation paths nor does it explain the differences observed across treat-
ments.

5. IMPULSE RESPONSE DYNAMICS

Observing that in some game situations the Nash equilibrium concept and its
refinements are not very successful in capturing the diversity of behavioral out-
comes, Reinhard Selten early on suggested using concepts that take the dynamics
of behavior into account, where adaptation is based on ex-post rationality (Selten
and Stoecker, 1986). The basic idea underlying this concept is that individuals
making repeated decisions will adapt their behavior in the direction of the action
that after receiving feedback (i.e., ex post) is recognized as what would have been
the best response to the actually realized state of the world.8
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Figure 1 Average contributions in the three weakest link games (reproduced from
Croson et al., 2015)

8. Selten and Buchta (1999) illustrate this type of ex-post adaptation by their analogy of a marks-
man who learns how to hit a trunk with an arrow. ‘If he misses the trunk to the right, he will
shift the position of the bow to the left and if he misses the trunk to the left he will shift the
position of the bow to the right. The marksman looks at his experience from the last trial and
adjusts his behavior’ (p. 86).
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Note that the impulse response dynamics (i.e., the behavioral adaptation
toward the ex-post best response that is called ‘learning direction theory’ in
Selten and Buchta (1999) and Selten et al., 2005) describes boundedly rational
behavior, because individuals are assumed to adapt their behavior to a state of
the world (or to the strategy choices of others) that lies in the past, instead of
giving a best response to their rational expectations of the state of the world that
they will encounter next. In games with monotonically varying payoffs and an
ordered action space, if the step size of adaptation is not too large and cycles do
not ensue, this type of behavioral adaptation moves the system toward an ‘im-
pulse balance point’ (or ‘impulse balance equilibrium’), in which the ex-post ‘im-
pulses’ for upwards and downwards adaptations neutralize each other
(Neugebauer and Selten, 2006; Ockenfels and Selten, 2005, 2014; Selten et al.,
2005). Usually and also in one of our two implementations, higher weights are
put on impulses leading away from losses, where losses are defined with respect
to the maximin.9 In the investigated weakest link games, the maximin strategy
is to contribute zero and the maximin payoff is 50, because it is the maximum
payoff a player can guarantee for himself no matter what strategy the others
play. In the simple impulse response process that we describe in this paper, play-
ers adjust their action choices faster after experiencing a loss (i.e., a payoff smal-
ler than 50) than after experiencing a gain (two-step adjustments for losses
compared to one-step adjustments for gains).

The concept of impulse balance equilibria is not only applicable to games in
pure strategies. In a number of studies, the impulse balance dynamics have also
been applied successfully to games in mixed strategies, where impulses adjust the
probabilities of playing the pure strategies (Chmura et al., 2014; Goerg and Sel-
ten, 2009; Neugebauer et al., 2015; Selten, 2004; Selten and Chmura, 2008). In
games with certain outcomes and equilibria in pure strategies, Nash equilibria
are generally also impulse balance equilibria. However, in games in which the
Nash equilibria are in terms of expected payoffs, they do not necessarily coincide
with impulse balance equilibria. Hence, the static predictions of impulse balance
and Nash equilibria may fall together or fall apart, depending on the game. But,
more importantly the impulse balance dynamics provide an adaptation path to
equilibrium, while the Nash concept does not.

In the investigated weakest link games, the impulse balance equilibria gener-
ally coincide with the Nash equilibria. Specifically, this means that any symmet-
ric strategy profile in WL-B and WL-EX is a Nash and an impulse balance
equilibrium. In WL-RE this holds both for the symmetric zero and full contribu-
tion profiles. When instead of focusing on the static equilibria, we take the
dynamics of adaptation into account, the impulse balance concept proves to be
very useful. For any given first period strategy profile, we can use the impulse
balance dynamics to derive the theoretical adaption paths (the ‘impulse match-
ing’ paths) in the three treatments. Clearly, we observe that for any distribution
of first period strategy profiles, the impulse matching path runs at the relatively
lowest level of contributions in WL-B, followed by a higher contribution level in

9. In the spirit of the loss aversion literature (Kahneman and Tversky, 1979), the notion is that
choices are more strongly driven away from losses than they are toward gains. Ding and Nicklisch
(2013) provide additional experimental support for the stronger reaction to negative impulses.
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WL-EX, and the highest contribution level in WL-RE. Hence, we can generally
show (in our Proposition) that the average level of contributions along impulse
response paths have the same ordering as the contribution levels that we observe
across treatments in the experiment.

Before we arrive at our Proposition and formally show that the ranking of
impulse response paths is consistent with observed contribution levels, we need
some formal definitions. Our analysis starts by considering the best response
functions. We know the analysis technique of best response functions from Sel-
ten’s game theoretic work (e.g., Selten, 1975). For the baseline treatment WL-B,
the best response is the minimum contribution submitted by the others:

xBR-Bit ¼ minðx�itÞ ð4Þ
In the WL-EX treatment, the best response is zero if the minimum contribu-

tion of the others is zero. If all others play a certain contribution level greater
than zero then that level is also the best response. For interior minimum contri-
butions involving heterogeneous contributions the best response is the mini-
mum contribution plus the smallest money unit, ɛ > 0.10 To avoid exclusion,
obviously, the best response function responds with slightly higher contributions
(on average) in the WL-EX treatment than in the WL-B:

xBR-EXit ¼
0; minðx�itÞ ¼ 0
minðx�itÞ if maxðx�itÞ ¼ minðx�itÞ
minðx�itÞ þ e otherwise

8<
: ð5Þ

In the WL-RE treatment, the just described positive effect is even greater. The
best response is almost the same as in the WL-EX treatment, but it involves a dif-
ferent response to joint contribution levels of the others. Unless all others play
full contribution or zero, the best response of WL-RE is the minimum contribu-
tion plus a unit.

xBR-REit ¼
0; minðx�itÞ ¼ 0
50 if minðx�itÞ ¼ 50
minðx�itÞ þ e otherwise

8<
: ð6Þ

The effects of exclusion and redistribution in the best response functions are
subtle. The problem of incentives in the weakest link game is that output is vul-
nerable to deviation by one player. Any player has a kind of ‘veto power’ in com-
petition, because a zero contribution voids all other contributions.

According to impulse response dynamics, subjects first observe the behavior
from the previous round and then receive an impulse in the direction of the ex-
post best response. Given this impulse, subjects then adjust their behavior in the
direction indicated by the ex-post best response. However, it is important to note
that a learning process based on impulses is not the same as playing the best
response. Subjects in the investigated games, who are playing best response, will
adjust their t � 1 behavior in such a way that the group most rapidly approaches
a Nash equilibrium. In contrast, a subject responding to the impulses adjusts the
behavior in the direction of the impulse, but only gradually. The predicted
adjustment can be formalized for our environment as follows:

10. In the experiment subjects were enabled to contribute fractions of a Eurocent.

Weakest Link - Impulse Response Dynamics
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xit ¼ xit�1 þ eit IðxBR�it�1Þ; eit �0; ð7Þ
with I(.) being an indicator whether the adjustment toward the ex post best
response is positive, negative, or zero and eit being the size of the adjustment. In
Chmura et al. (2012) impulses change the probabilities of a mixed strategy
depending on the size of forgone payoffs; the larger the forgone payoffs the lar-
ger are the adjustments of the probabilities. In the following, we keep things
even simpler by assuming that subjects adjust their behavior in small constant
equal steps upwards and downwards (as in Neugebauer et al., 2015). Using equa-
tion (7) we can rank the contributions in the three games, explain the pattern
over time and predict the selected impulse balance equilibrium.

Proposition Impulse response dynamics suggest the following ranking of con-
tributions across the three weakest link games:11

xBit � xEXit � xREit ð8Þ

Proof. To see that the Proposition holds, first consider any initial contribution
vector, including symmetric and asymmetric profiles. As a first example, let us
start by examining an intermediate contribution vector where all subjects play
xi1 = 25. For WL-B and WL-EX, this contribution profile is already an impulse
balance point without positive or negative impulses. The impulse is positive,
however, in case of the WL-RE where contributions symmetrically increase
by one step in the next move. Repeating the increase step by step, we con-
verge on the full contribution impulse balance equilibrium in the WL-RE
treatment. The same dynamics follow from any other symmetric starting
vector except at the extremes; zero and full contribution. At zero and at
full contribution, impulses in all three games are zero and the dynamics
come to rest. Hence, we have shown our proposition for all symmetric initial
contributions.

Considering the asymmetric initial contributions, in WL-B, we find that there
is an upward impulse to increase the minimum contribution and a downward
impulse to decrease all other contributions. The upward adjustment process in
WL-B stops when the lowest contribution and the second lowest contribution
coincide. All contributions that are initially higher than the minimum contribu-
tion are adjusted downwards until they coincide with the minimum contribu-
tion, and remain at that level thereafter. The process rests when an impulse
balance equilibrium is reached. In WL-B, the process selects the midpoint of the

11. We make the assumption that the initial contributions are equal in all treatments. However, if
initial contributions increase from WL-B to WL-RE the proposition still holds. The data give
support for this requirement confirming that initial contributions do not decrease from WL-RE
to WL-B. The two-tailed pairwise Mann–Whitney test suggests that the initial individual contri-
butions in WL-B are significantly different from (smaller than) the ones in WL-EX (p = 0.008)
and WL-RE (p = 0.009), whereas the initial choices in the latter two treatments are statistically
similar (p = 0.123).
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initially lowest and second lowest contribution levels as the impulse balance
equilibrium.

The initial adjustment dynamics in WL-EX are very similar to those in WL-B,
the minimum contribution is adjusted upwards and the larger contributions are
adjusted downwards. However, the adjustment of the smallest and the second
smallest contributions does not stop once they coincide, because according to
equation (7) the impulse is positive for all minimum contributors, as long as
others choose higher contribution levels. Hence, the low contributions are
adjusted upwards, and the high contributions are adjusted downwards, until all
contributions coincide. Thus, in WL-EX, the predicted impulse balance point is
the midpoint of the initially smallest and the initially largest contribution levels,
which may be greater but never smaller than the predicted impulse balance equi-
librium in WL-B.

In WL-RE, any minimum contribution is adjusted step-by-step upward in
accordance with equation (7). As stated above, however, the impulse response
dynamics in WL-RE rest in a symmetric contribution profile only when the full
contribution equilibrium has been reached. Hence, with any homogeneous and
heterogeneous initial contribution vector, except the singular case where all ini-
tial contributions are zero, the impulse response dynamics of the WL-RE move to
higher levels than in WL-EX and WL-B. This completes the proof of our proposi-
tion.12

For example, assuming the initial contribution vector (5, 15, 25, 35), impulse
response dynamics predict the impulse balance equilibrium strategy 10 (mid-
point between 5 and 15) in WL-B, 20 (midpoint between 5 and 35) in WL-EX,
and 50 (impulse balance equilibrium attracting all heterogeneous initial contri-
butions) in WL-RE, respectively. But, impulse response dynamics do not only
predict the order of impulse balance points across treatments, they also predict
the adjustment paths (see the path descriptions in the proof of our proposition).

Our proposition is based on impulse response dynamics that have been veri-
fied to be descriptive of behavior in numerous experimental settings. We have
demonstrated that this concept selects impulse balance equilibria that are ranked
across the treatments in exactly the same order as observed in the experiment,
with the contributions in WL-RE generally greater than those in WL-EX, which
in turn are greater than those in WL-B. All in all, it seems that the impulse
response dynamics are an extremely useful way of modeling behavior, especially
when stationary concepts provide no theoretical guidance to explain observed
behavior. In the next section, we will show that impulse response dynamics not
only predict the observed order of contributions across the treatments, but the
development of contributions over time.

12. In other words; with given positive initial contributions, initial impulse response dynamics are
frequently the same in all treatments. The smallest contribution is adjusted upwards, and the
larger contributions are adjusted downwards. In the WL-B treatment the upward impulses cease
early, i.e., as soon as the two smallest contributions equalize. In the WL-EX treatment, the
upward impulses cease later, i.e., as soon as the smallest and largest contributions equalize. In
WL-RE, finally, the upward impulses cease at the boundary, i.e., where the efficient impulse bal-
ance equilibrium is reached.

Weakest Link - Impulse Response Dynamics
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6. IMPULSE RESPONSE DYNAMICS VIS-�A-VIS THE DATA

As suggested above, the impulse response trajectories provide testable prediction
on the adjustments across treatments. In this section, we examine how well the
average trajectory based on the impulse response dynamics can track the
observed behavior in the lab. We use the observed initial contribution profiles as
starting point of the impulse response adjustment trajectories. For each indepen-
dent session we develop the adjustment trajectories. In a first simulation, we
employ a symmetric one-step adjustment approach; for each period the individ-
ual contribution is adjusted upwards or downwards in the direction of best
response by one money unit, ɛit = 1. In a second simulation, we employ an asym-
metric one-step gain/two-step loss adjustment process. According to this alterna-
tive process a double adjustment step is employed whenever the simulated
contributor experiences a loss.13 Note again that the only input data required to
develop this process are the vectors of the initial contributions of the original
and the restart game. Everything else, i.e., the predictions for the rounds 2–10,
follows from the impulse response dynamics.

In Figure 2, we present the resulting average impulse response trajectories for
each of the treatments including original and restart games. The diamonds indi-
cate observed average contributions while the lines indicate the impulse response
trajectories. The solid line in Figure 2 represents the aggregate impulse response
dynamics according to the symmetric one-step process, whereas the dashed line
represents the one-step gain/two-step loss adjustment process. Where both pro-
cesses coincide the dashed line is covered by the solid line. We see that the fit is
not perfect, particularly not for the first 10 rounds, although impulse response
trajectories move in the right direction. Comparing the fit of the impulse
response dynamics in the original game and the restart game, we find that the
average squared error per round is significantly smaller in the restart game.14 In
the second 10 rounds, the simulated impulse response dynamics seem to track
the data quite well.15

Figure 2 indicates that the one-step process (solid line) and the one-step gain/
two-step loss process (dashed line) have a similar fit, but that the trajectory of

13. Reinhard Selten and collaborators propose that impulses to losses are double as strong as
impulses to gains (Chmura et al., 2012; Neugebauer et al., 2015; Ockenfels and Selten, 2014). In
this research, a payoff is a loss if it is smaller than the player’s maximin payoff. In our setting,
the maximin payoff is the player’s endowment. Thus, for payoffs below the endowment, the
corresponding adjustment in the following period involves two money units rather than one.
Where no loss is experienced, the trajectory applies the one-step adjustment rule as before.

14. For each round of each session we compute the squared deviation of the observed average con-
tributions from the predicted ones by impulse response. The period average squared error for
the original game and the restart game is tested on the independent observations. According to
the two-tailed Wilcoxon signed ranks test, the p-values are 0.116, 0.028, and 0.023 for WL-B,
WL-EX, and WL-RE, respectively. The latter two results are significant, and the sign is correct
for the WL-B.

15. The Spearman rank correlation coefficients between the average simulation outcome and the
average observed outcome are larger in the second ten rounds of each treatment. For WL-EX
and WL-RE the correlation is significantly positive in the second sequence (p = 0.0362 and
0.0081 one-tailed test; the p-value for the WL-B is 0.1987). For the first sequence only the corre-
lation for the WL-RE is significant (p = 0.0013), whereas the other treatments are not
(p = 0.7589 WL-B, and p = 0.1040 WL-EX).
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the latter seems a bit closer to the data. Indeed, the squared deviations of the
models from the observation are smaller for the latter model but they are not sig-
nificantly different. The considered trajectories are simplistic and owed to the
one-step approach and generally do not allow for convergence on an equilibrium
in ten rounds. For our data, nonetheless, it is not evident that converging trajec-
tories would provide a much better fit. When we compare the fit of the one-step
process’s last round contributions to the fit of the impulse balance equilibrium
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Figure 2 Average contributions and average impulse response trajectories (one-step
adjustment IR; one-step adjustment for gains and double step adjustment for losses IR2L)
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on which the trajectories converge, we find no significant differences in the cor-
responding squared errors.16

Finally, we report two more observations demonstrating that subjects adjust
their round-by-round behavior consistent with the described impulse response
dynamics. First, the individual contribution changes (between successive rounds)
in the predicted direction significantly outnumber the changes in the opposite
direction for each of the considered 24 independent sessions.17 Second, examin-
ing the change in group contributions between successive rounds, we find that
the number of rounds in which the group contributions should increase accord-
ing to the impulse response is significantly correlated with the number of rounds
in which the observed group contributions increase.18

7. SUMMARY

Reinhard Selten has introduced many important theoretical concepts that can be
successfully applied to analyze strategic interactions in the social sciences. In this
paper, we touch on one of his most important and most recent contributions.
We discuss the impulse response concept as a tool that offers a theoretical expla-
nation both for the dynamics and for the impulse balance equilibria (i.e., the rest
points of behavior) in situations with repeated interaction and multiple equilib-
ria.

Using the impulse response dynamics, we derive a proposition that provides a
theoretical ranking of contribution levels in weakest link games with exclusion
and redistribution. The proposition establishes that the impulse response dynam-
ics offer differentiated predictions even where static concepts based on Nash
equilibria allow no such ordering. We show that the ranking of treatments, as
predicted by our proposition based on the impulse response dynamics, is fully
consistent with the data observed in a recent study by Croson et al. (2015). In
that study, three game environments were considered under the following three
conditions; baseline, exclusion and redistribution. Croson et al. (2015) demon-
strate that static equilibrium concepts based on the Nash equilibrium (including
multiple Nash equilibria, quantal response equilibria, as well as equilibrium selec-
tion by risk and payoff dominance) cannot successfully capture the observed
treatment differences. In the present study, we show that Reinhard Selten’s
impulse response concept is quite successful in predicting behavioral outcomes.

Intuitively, our results suggest that the ranking of the impulse balance equilib-
ria across treatments follow from the differences in the incentive structure of the
treatment. The best response functions provide incentives for minimum contrib-
utors to increase their contributions in all treatments. Exclusion provides addi-
tional incentives for minimum contributors to increase contributions in

16. The average impulse balance equilibria on which our trajectories converge are 11, 25, 50 in the
restart game of WL-B, WL-EX, and WL-RE. These compare to the observed last round contribu-
tions 8, 17, 41 and the simulated average contributions of our one-step process 13, 24, 41,
respectively. According to the Wilcoxon signed ranks test, we have no significant differences
between the squared deviations; p-values are 0.345, 0.833, 0.722.

17. The one-tailed probability that such an outcome occurs by chance is 0.524.

18. The Spearman rank correlation is 0.7498 and thus highly significant, p < 0.001.
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conditions of exclusion and redistribution, and redistribution provides incentives
for high contributors to exceed the others’ contributions in the game environ-
ment with redistribution. While the impulse response goes in the same direction
as the best response, it is less extreme in its adjustments. Thus, the impulse
response dynamics capture the inertia of human behavior as well as the conver-
gence of the game play to an equilibrium.

We have demonstrated that the fit of the average choice is reasonably good,
especially after a restart of the game (i.e., when subjects are more experienced in
play). Concerning equilibrium selection in games with multiple Nash equilibria,
our results suggest that using a simple dynamic approach such as the impulse
response concept can help to identify the most probable outcomes. Hence, Rein-
hard Selten’s impulse response dynamics present a powerful concept that can
help to explain numerous behavioral patterns in strategic interaction settings,
such as those discussed in this paper.
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