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Problem statement

* Consider a cracked linear-elastic isotropic solid subject to an
external load whose quasistatic behavior can be described by
the following total Lagrangian form:

Ntip

L(u,a) =1I(u,a)+ Z/ G" da;
i=1 v %

* The solution for u(a) and a(t) are obtained by satisfying the
stationarity of L(ua) during the evolution of ¢ subject to
Aa,= 0

SL(u,a) = duII(u,a) + [aﬂéz_’ “

1=1
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Problem statement

* The solution procedure at time tfconsists of
1. solving the variational form for u(a®):

Sull(u, a) = W™ (u,a) — 6, V= (u) = 0

2. advancing the fracture fronts, such that /7(ua*) — I1(ua“*!) follows
the path of steepest descent while satisfying Griffith’s energy balance

max (_8H(u, a)) =G

da;—0 aai

Energy minimizing multi-crack growth in linear

Danas Sutula

elastic fracture using XFEM



Crack growth

maximum hoop stress

* Post processing of solution to evaluate SIF [Yau, 1980]

(2) (1)
o 19, 1, 2
J+2) — / (O‘-(-l) U; 0.(2) U; — Wwa+2) 513) q dQ _ (K(l) K(Q) K}(r} K 2))

e Crack growth direction [Erdogan & Shi, 1963]

_ 1 KI KI ?
0.(Kr, Kip) =2tan™ ' | = [ — — K — ) +
(Kr, Kr) o 4\ Ky sign( H)\/<KH> ;

e Growth criterion [Irwin, 1957; Hayashi & Nemat-Nasser, 1981]

ki(Kp, Kr1,0.)? + ki (Kr, Kp1,0.)?

E = G
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Crack growth

energy minimization

* Energy release rate w.r.t. crack increment direction, &:

Oll(u,a + Aa)

T

* The rates of energy release rates:

G,
00,

Hy =

» Updated directions (using Newton):

o+t =0'-H'G
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Crack growth

energy minimization
 The discrete potential energy is given by:

1
Il = §uTKu —u'f

* Energy release rate w.r.t. crack increment direction &;:

1

_ T T 5= 9
G; = —5 o, Ku+u o;f , Where: §; = )

* The rates of the energy release rate:

Hij = —% T&%Ku + uTCS%f + (5jKu — 5jf)TK_1((5iKu — dbf)
82

, where: 533 = (9(9—9
1Yg
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Discretization

XFEM

* Approximation function [Belytschko et al., 2001]

=) Nixu'+ Y Nyx)H(x)a'+ ) Ng(x Z x)b"
Y

IENT JEN; KeNk
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Y Y

standard part  discontinuous enrichment singular tip enrichment

2

H(x) +1 if x above crack
X fr—
—1 if x below crack

{fa(r,0),a=1,4} = {\/Fsing, \/Fcosg, \/Fsingsinﬂ,ﬁcosgsinﬂ}
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Implementation

how to compute 6K ?

Differentiation of the stiffness matrix
w.r.t. crack increment direction

T T T T T T T

- o -original crack
—o—rotated crack
| Ishifted standard el. ||
| Ishifted crack vtx. el.
Il original enriched el.
B rotated enriched el.
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Implementation

how to compute 6K ?

.

K. = [ (0B"DB + B"DdB)det(J)d2 + / B"DB ddet(J) dS

Qe

e

K. = [ (0°B"DB + 26B"DéB + B"D4’B) det(J) dQ2 + f 2 (0B"DB + B'DdB) ddet(J)dQ + [ BTDB §*det(J) dQ

Qe

e

e

Differentiation of the stiffness matrix

w.r.t. crack increment direction

K, =T"K, + K.,T

Ko = 2(TTK T - K.)

Vv

- o -griginal crack
—o—rotated crack
___Ishifted standard el. ||
[ Ishifted crack vtx. el.
Il original enriched el.

I rotated enriched el.
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Verification

rotational energy release rates

Test case: square plate
with an edge crack with a
small kink loaded in
vertical tension

tr

05
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Verification

rotational energy release rates

Test case: square pIate Energy release rate vs. crack increment angle
. . 0.04 1 r l . : ;
with an edge crack with a
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vertical tension
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Verification

rotational energy release rates

Test case: square plate
with an edge crack with a
small kink loaded in
vertical tension

tr
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Rate of energy release rate, dGs/00

0.02

0.01

0

-0.01

-0.02

-0.03

-0.04

-0.05

-0.06

-0.07

-70

Rate of the energy release rate vs. crack increment angle

T

T

T T T T T T

(topological enr.)

analytical (re = 0.139)
central differencing of Gs

quartic fit to dicrete solution

-60 =50 -40 -30 -20 -10 0

Crack increment angle, O (deg.)

[ dG/dé vs. H]

Energy minimizing multi-crack growth in linear

elastic fracture using XFEM



Verification

rotational energy release rates

Test case: square plate Rate of the energy release rate vs. crack increment angle
g P
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with an edge crack with a
small kink loaded in - |
vertical tension a8
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Verification

energy min. VS. max-hoop

Test case: square plate Comparison of crack propagations (n_ = 200x200)
with an inclined center simply supported square plate with an inclined center crack
. . . subjected to a uniform vertical tension
crack in vertical tension 012:
initial crack
; —+— max-hoop criterion
0.1r <°§\ ——o— min(IT) (just 1st. inc.)
Tl _— |- max—hoop (predictor)
F <
1 0.08r
0.06r
>
0 P R e = co4r + [/ /S A~——oe . _ . _
: 0.02r
S— 6 - o o
-1 - -
-1 0 1 . . .
0.5 0.55 0.6 0.65
\F x
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Verification

energy min. VS. max-hoop

Test case: square plate Comparison of the energy release rate (Aa,_ o<h)
. . . simply supported square plate with an inclined center crack
with an inclined center subjected to a uniform vertical tension
crack in vertical tension o 125 ' ' ' ' - B — '
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)

0.3 | | | I I 1
— Max hoop stress

0.2 — Global energy min. |-

0.1F i

I
o
—r

T
!

|
o
N
]
|

n_,=160x320, Aa «< h
nod e

0 0.2 0.4 0.6 0.8 1

Energy minimizing multi-crack growth in linear
elastic fracture using XFEM

Danas Sutula




Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Fracture paths by different criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)
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Results

10 crack problem

Convergence to same fracture path by hoop—stress and energy—min. criteria
(simply supported rectangular plate in vertical tension with 10 cracks in a narrow band)

- = — best fit (slope = 1.04)

Lo-norm of distance between fracture surfaces

Crack increment length, A/;,.
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Results

double cantilever problem
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Results

double cantilever problem

Fracture paths by different criteria
(double cantilever problem with an edge crack offset by 0.01 above the x-axis)
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Results

2 edge cracks; internal pressure loading

Fracture paths by different criteria
(simply supported square plate with two pressure loaded edge cracks: Ax=0.6, Ay=0.04)
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Results

3 cracks; center crack pressure loading

Fracture paths by different criteria
(simply supported cracked square plate with a pressure loaded center crack)
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Results

Edge crack in a PMMA beam with 3 holes
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Results

Edge crack in a PMMA beam with 3 holes
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Results

Edge crack in a PMMA beam with 3 holes
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Results

Edge crack in a PMMA beam with 3 holes
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Results

Edge crack in a PMMA beam with 3 holes
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Results

2 edge cracks and 2 holes (Khoeil et al. 2008)

Fracture paths by different criteria
(rectangular plate with two holes and two edge cracks subjected to vertical extension)
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Results

2 edge cracks and 2 holes (Khoeil et al. 2008)

Fracture paths by different criteria
(rectangular plate with two holes and two edge cracks subjected to vertical extension)
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Results

2 edge cracks and 2 holes (Khoeil et al. 2008)

Fracture paths by different criteria
(rectangular plate with two holes and two edge cracks subjected to vertical extension)
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Summary

* A robust approach to determining multiple crack growth
based on the principle of minimum energy within XFEM;

* Limitations undermining the max. hoop-stress criterion are
overcome, e.g. assumptions about geometry and loading;

 The energy minimization approach is characterized by mode-|
field dominance at the crack tip (post-increment);

* Both criteria lead to fracture paths solutions that are in close
agreement (strong correlation with local symmetry, i.e. K,=0);

 Better accuracy and faster convergence of fracture path
solutions can be obtained by taking a bi-section of the interval
that is bounded by the respective criteria.
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