GENERALIZED RICCI FLOW II: EXISTENCE FOR COMPLETE
NONCOMPACT MANIFOLDS

YI LI

ABSTRACT. In this paper, we continue to study the generalized Ricci flow. We
give a criterion on steady gradient Ricci soliton on complete and noncompact
Riemannian manifolds that is Ricci-flat, and then introduce a natural flow
whose stable points are Ricci-flat metrics. Modifying the argument used by
Shi and List, we prove the short time existence and higher order derivatives

estimates.
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1. INTRODUCTION

Ricci-flat metrics play an important role in geometry and physics. For compact
Kéhler manifold with trivial first Chern class, the existence of a (Kéhler) Ricci-
flat metric was proved by Yau in his famous paper [29] on the Calabi conjecture.
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In the Riemannian setting, Ricci-flat metrics are stationary solutions of the Ricci
flow introduced by Hamilton [I3] as a powerful tool, together with Perelman’s
breakthrough [22] 23] 24], to study the Poincaré conjecture.

In the study of the singularities of the Ricci flow, Ricci solitons naturally arises
as the self-similar solutions. From the definition, A Ricci-flat metric is indeed a
Ricci soliton.

1.1. Compact steady gradient Ricci solitons. In particular, we consider a
steady gradient Ricci solition which is a triple (M, g, f), where M is a smooth
manifold, g is a Riemannian metric on M and f is a smooth function, such that

(1.1) Ricy+ Vof =0 or Rij+V;V;f=0.
Hamilton [I5] showed that on a compact manifold any steady gradient Ricci soliton
must be Ricci-flat; this, together with Perelman’s result [22] that any compact Ricci

soliton is necessarily a gradient Ricci soliton, implies that any compact steady Ricci
soliton must be Ricci-flat (cf. [5l 22])

1.2. Complete noncompact steady Ricci solitons. Now we suppose (M, g, f)
is a complete noncompact steady gradient Ricci soliton. The simplest example
is Hamilton’s cigar soliton or Witten’s black hole ([9, [I1]), which is the complete
Riemann surface (R?, ges) where

_dz®@dr+dy®dy
Ges = 1122 +4° .

If we define

f(z,y) :=—In (1 +22+ y2) ,
then

Ricy,, + V. f =0.

The cigar soliton is rotationally symmetric, has positive Gaussian curvature, and is
asymptotic to a cylinder near infinity; moreover, up to homothety, the cigar soliton
is the uniques rotationally symmetric gradient Ricci soliton of positive curvature
on R? (cf. [9,[11]). The classification of two-dimensional complete compact steady
gradient Ricci solitons was achieved by Hamilton [I5], which states that Any com-
plete noncompact steady gradient Ricci soliton with positive Gaussian curvature is
indeed the cigar soliton.

The cigar soliton can be generalized to a rotationally symmetric steady gradient
Ricci soliton in higher dimensions on R™. The resulting solitons are referred to be
Bryant’s solitons (see [II] for the construction), which is rotationally symmetric
and has positive Riemann curvature operator. Other examples of steady gradient
Ricci solions were constructed by Cao [4] and Ivey [16].

For three-dimensional case, Perelman [22] conjectured a classification of com-
plete noncompact steady gradient Ricci soliton with positive sectional curvature
which satisfies a non-collapsing assumption at infinity. Namely, A three-dimensional
complete and noncompact steady gradient Ricci soliton which is nonflat and -
noncollapsed, is isometric to the Bryant soliton up to scaling. Under some extra
assumptions, it was proved in [I} [6 [7]. A complete proof was recently achieved by
Brendle [2] and its generalization can be found in [3].

Another important result is Chen’s result [§] saying that any complete noncom-
pact steady gradient Ricci soliton has nonnegative scalar curvature. For certain
cases, the lower bounded for the scalar curvature can be improved [10] 12]. When
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the scalar curvature of a complete steady gradient Ricci soliton achieves its mini-
mum, Petersen and William [25] proved that such a soliton must be Ricci-flat. On
the other hand, if a complete noncompact steady gradient Ricci soliton has positive
Ricci curvature and its scalar curvature achieves its maximum, then it must be dif-
feomorphic to the Euclidean space with the standard metric ([15, B]); in particular,
in this case, such a soliton is Ricci-flat.
To remove the curvature condition, we can prove the following
Proposition 1.1. Suppose M is a compact or complete noncompact manifold of
dimension n. Then the following conditions are equivalent:
(i) there exists a Ricci-flat Riemannian metric on M ;
(ii) there exists real numbers o, 3, a smooth function ¢ on M, and a Riemann-
tan metric g on M such that
(1.2) 0=—Rij +aV;V;p, 0=2y¢6+pIVy02.
The proof is given in subsection [2.1
Remark 1.2. In the compact case, the second condition in ([1.2]) can be removed.
However, in the complete noncompact case, the second condition in (|1.2)) is neces-

sarily. For example, the cigar soliton is a steady gradient Ricci soliton with nonzero
scalar curvature 4/(1 + 22 + y?).

The equation (1.2]) suggests us to study the parabolic flow
. 2
(13) (‘3,;9(15) = —2R1Cg(t) + 204V§(t)¢(t), 3t(;5t = Ag(t)(b(t) + ﬁ |Vg(t)¢(t)}g(t) .

The system (|1.3)) is similar to the gradient flow of Perelman’s entropy functional
W [22]. Let Met(M) denote the space of smooth Riemannian metrics on a compact
smooth manifold M of dimension m. We define Perelman’s entropy functional

W :dMet(M) x C*°(M) x Rt — R
by
(1.4) Wi(g, f,7) ::/ [T (Ry + [V fl5) + f —m] idv,
v g gJlg (471—7_)771/2 9

where dV, stands for the volume form of g. Perelman’s showed that the gradient

flow of (1.4)) is

Qig(t) = —2Ricgq) — 2V, f (1),
(1.5) of(t) = —Ag<t>f(t)—Rg<t>+#(t)a

d

%T(t) = -1

moreover, the entropy W is nondecreasing along . Since W is diffeomorphic
invariant, i.e.,

W(@%g,®"f, 7) = Wl(g, f,T)
for any diffeomorphisms ® on M, it follows that the system is equivalent to

deg(t) = —2Ricy),
2 m
(1.6) Oef(t) = =Dy f(t)+ ’vg(t)f(t)|g(t) = Ry + T(t)’
d

Z7(0) ,
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Thus, (1.3)) is a mixture of (1.5)) and (1.6]). There also are lots of interesting gener-
alized Ricci flows, for example, see [14} [I'7, (18], 19, (20, 2T].

1.3. A parabolic flow. In this paper, we consider a class of Ricc flow type para-
bolic differential equation:

(1.7 Og(t) = —QRng(t) + QOzlvg(t)(b(t) ® Vg(t)(b(t) + QQQV!ZJ(t)(b(t),
(18)  00(0) = Ayo(t) + 81 [Tys(®)], + Badl®)

where oy, a9, 1, 82 are given constants. When a1 = ag = 1 = f2 = ¢(t) = 0,
the system (L.7)—(L.8) is exactly the Ricci flow introduced by Hamilton [I3]. When
ag = 1 = P2 = 0, it reduces to List’s flow [19]. Recently, Hu and Shi [27]
introduced a static flow on complete noncompact manifold that is similar to our
flow. The main result is

Theorem 1.3. Let (M,g) be an m-dimensional complete and noncompact Rie-
mannian manifold with |Rmgy|* < ko on M and ¢ a smooth function on M satisfying
0P +|V @2 < ky and |VE@|2 < ko. Then there exists a positive constant T, depend-
ing only on m, ko, ki, ks, 1, a9, B1, B2, such that the x-regular (aq, s, B1, f2)-flow
(T-7)-(1-8) with the initial data (g, $) has a smooth solution (g(t),(t)) on M x[0,T]
and satisfies the following curvature estimate. For any nonnegative integer n, there
exist uniform positive constants Cy, depending only on m,n, ko, k1, ko, a1, as, 51, B2,
such that ) )

<Sfenzee|| <&
o) ~ 1" 90 T gy — tn

‘V&memw
on M x [0,T).

For the definition of regular flow and x-regular flow, see Definition [2.11] and
Section [3l

1.4. Notions and convenience. Manifolds are denote by M, N,---. If g is a
Riemannian metric on M, we write Rmgy, Ricg, Ry, V), and dV, the Riemann
curvature, Ricci curvature, scalar curvature, Levi-Civita connection, and volume
form of g, respectively. In our notions, we have

1 0 0 0 0 0
k _ ke . Y ‘ ¢ Y e ‘ 0
= 59 (81‘2 gje + o7 gie 83359”) ?Rijk: - ox’ ij Oxi Fik+F§kFip Fflerjp'

V2« stands for the Hessian of a tensor field . The Lie derivative along a vector
field X is denoted by Zx.

If we have a family of Riemannian metrics indexed by time ¢, we then write g(t)
or g(x,t) for the Riemannian metric at time ¢. The time derivative is denoted by
Oy or 9/0t.

For two differential operators A, B on a manifold M, define
[A, B] := AB — BA.
For example, the Riemann curvature tensor field Rmgy can be written as
Rmy(X,Y)Z = [Vx,Vy]Z - Vix y|Z.

A uniform constant C'is a constant depending only on the given data not on the
time ¢. Different uniform constants may be labeled by C1,Cs, - - -, according to the
context.
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If P and Q are two quantities (may depend on time) satisfying P < C'Q for some
positive uniform constant C', then we set

P<o.

Similarly, we can define P = Q if P < Q and Q < P; that is

1
—Q<P<
CQ?P?CQ

for some positive uniform constant C.
We usually raise and lower indices for tensor fields; for example,

¢ ¢ Y j ¢ ip 0
Riji” = 9" Rijip = Rij,  Ri'i” = "7 g Riphg.
We also use the Einstein summation for tensor fields; for example,
<a7 >g = Qi T Qij - g g’ Gi;0ke
1<i,j<m 1<i,j,k,€<m

for any any two 2-tensor fields a = (a;;) and b = (b;;) on a Riemannian manifold
(M, g) of dimension m. Moreover we have the Ricci identity

r
) ) lls E' P byl
[V“Vj]akl...;% = - Rijkjhakl'“k’h—lpkh+1“‘hr
h=1

S

On 01l 1plpgr-Ls

+ E Rijpaklu-kr + ,
h=1

and the contracted Bianchi identities:
, 1
V'Ri; = 5V,Ry, V'Rijie = ViRji — Vi Riy.

If A and B are two tensor fields on a Riemannian manifold (M, g) we denote
by A* B any quantity obtained from A ® B by one or more of these operations (a
slightly different from that in [9]):

(1) summation over pairs of matching upper and lower indices,
(2) multiplication by constants depending only on the dimension of M and the
ranks of A and B.

We also denote by A¥ any k-fold product A--- A. The above product (a,b), can
be written as

(a,b)g =axb;
in order to stress the metric g, we also write it as

Lyg txaxb.

<a7 b>g =g
2. A PARABOLIC GEOMETRIC FLOW

In this section we introduce a parabolic geometric flow motivated by (L.2)). At
first we will prove Proposition [I.1
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2.1. A characterization of Ricci-flat metrics. Recall that a steady gradient
Ricci soliton is a triple (M, g, f) satisfying (1.1)).

Proposition 2.1. (See also Proposition [1.1)) Suppose M is a compact or complete
noncompact manifold of dimension m. Then the following conditions are equivalent:

(i) there exists a Ricci-flat Riemannian metric on M ;
(i) there exists real numbers a, B, a smooth function ¢ on M, and a Riemann-
ian metric g on M such that

(21) 0= —Rij + OlV¢Vj¢, 0= Aggb + ﬁ\Vgng

Proof. One direction (i)=-(ii) is trivial, since we can take & = § = ¢ = 0. In the
following we assume that the equation holds for some «, 3, and ¢,g. When
M is compact, a result of Hamilton [I5] tells us that g must be Ricci-flat. Now we
assume that M is complete noncompact.

Taking the trace of the first equation in , we get

(2.2) Ry = algo.
In particular,
(2.3) Ry = _aﬁ|vg¢|§-

Hence, if aff > 0, then R; < 0; on the other hand, by a result of Chen [8], we
know that any complete noncompact steady gradient Ricci soliton has nonnegative
scalar curvature. Together with those two inequalities, we must have R, = 0 and

Vg4¢ =0 by (2.3). Consequently, from (2.1), we see that R;; = 0.
To deal with the case a8 < 0, we take the derivative V? on the first equation of

1) 1
0= *§VjRg + ozAngd)

since V'R;; = %VjRg. According to the identity A,V ¢ = V;A,¢ + R, VF¢, we

arrive at

1
0=—35V;Ry+a (VA + RjxVEg).
Using (2.1]) and , we obtain
1
0 = —5ViRy+0aV; (=BIVy8[) +aV;VisVEe
1 9 a? 9
= —§VjRg —afV,;|Vyol; + ?Vj|vg¢|g
a? 1 ala—p
=V [(2 - aﬂ) |vg¢|3 - 2Rg} = %Vﬂvg(lﬂ;-

In the case aff < 0, we must have « # 0,5 # 0, and a # 3, so the above identity
yields

|vg¢|_¢2; =cC
for some constant ¢, and hence R, = —a/3c using again . From the proved
identity 0 = —%VjRg +alAyV ¢, we obtain A;V;¢ = 0. Consequently

0= 2Vj¢Ang¢ = Ag‘vg(blz -2 |V§¢|§ =0-2 ‘Vg‘b’;

and then |V§q§|£27 = 0. In particular, V;V;¢ = 0 and hence R;; = 0. In each case,
we get a Ricci-flat metric. O
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2.2. Evolution equations. Motivated by Proposition 2.} we consider a class of
Ricc flow type parabolic differential equation:

(24)  Big(t) = —2Ricy + 21 Vyd(t) @ Vi d(t) + 200V, 6(t),
(25)  0ip(t) = ADgrot) + 5 }Vg(t)fﬁ(t)i(t) + B20(1),

where a1, aq, 1,32 are given constants. When a1 = ay = 1 = 02 = ¢(t) = 0
the system f is exactly the Ricci flow introduced by Hamilton [I3]. When
ag = 1 = B3 =0, it reduces to List’s flow [19].

To compute evolution equations for 7, we recall variation formulas
stated in [9]. Consider a flow

Og(t) = h(t)

where h(t) is a family of symmetric 2-tensor fields. Then

Oig? = —g" g i,
oLy, = %gké (Vihje + Vjhie — Vihij) ,
HRy = %gfp (ViVjihip + ViVihj, — ViV
— V,;Vihiy — Vi Vihip + V,;Vhir)
ORj, = %gpq (VoVjihip + Vo Vihjp — VoVphji — V;iVihg)
ORyy = —Dyytrgmh(t) + divge) (diveeh(t)) — (h(t), Ricg(r))g(r)-
OdVy(r) = %tfg(t>h(t)dVg<t>~

We now take
h(t) := —2Ricy() + 201de(t) @ de(t) + 202V o b(t).
Lemma 2.2. Under f, we have
Ly, = —ViR* — VR + VR + 201V, V;o(t) - VF(1)
+ @ V*ViV;o(t) — az (R*PV,0(t) + Ri*PV,6(t)) .
Proof. Compute
Ty, = —ViR}* —V;R" + VFR;; + 201V, V;6(t) - VF¢(2)
+ agg® (ViV;Ved(t) + V;ViVid(t) — VoViV;0(t)) .
According to the Ricci identity, we have
ViViVep(t) = ViViVio(t) = ViViV;p(t) — Ry, Vpo(t),
ViViVed(t) = V;ViVig(t) ViV;iVid(t) — R, Vypd(1);

thus we prove the desired result. O

Lemma 2.3. Under (2.4 7 we have
WRi; = Ag(wa — 2leR’€j + 2Rpijq RPY — 2001 Ry VPO (1) VY9 (t)

+ 20184 6(t) - ViV;8(t) — 201V V() VFV6(t)
+ a3 (RPV,V;6(t) + RPV,Vig(t) + VpRi VPG(1)) .
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Proof. Note that

1
Denote by I;, i = 1,2, 3,4, the ith term on the right-hand side of the above equation.

For I, we have

1 1
Agwhij = 5 ViV (07 hpe) + 597 (VpVihiq + VyVihiq) -

1
I = _§Ag(t) [—QRij + 20[1Vi¢(t>vj¢(t) + 20&2V¢Vj¢(t)]
= Ag(t)Rij - alAg(t)vi¢(t)vj¢(t) - a1Vi¢(t)Ag(t)Vj¢(t)
=200 Vi Vig(t)VEV;(t) — azlgy (ViV;9(1)) -
Since |Vg(t)¢|§(t) is a function, it follows V;V;|V ) o(t) 527(15) = VjVi|Vg(t)¢(t)|§(t).
Hence
1
I, = fiviv]' <72Rg(t) + 2a1|Vg(t)¢(t)|§(t) + 20[2Ag(t)¢(t))
1 1
= ViVRyu) — §a1vivj\vg(t)¢(t)\§(t) - 5041Vjvi|vg(t)¢(t)|§(t)
— ViV (Ag)o(t))
= ViViRyu — a1 (ViV;Vied(t) + V;VVid(t) VF(t)
— 201V Vio(t)V;VFG(t) — a2 ViV (Agyd(t)) -

The symmetry of I3 and I allows us to consider only one term, saying for example
I3. Then

1
I3 = iquVij (—2Riq + 2alvi¢(t)Vq¢(t) + 20[2V¢Vq¢(t))
= —g" (V;VpRig — R Rig — R, Rir) + 019" [V, V;Vig(1)Veo(t)

+ V,;Vid () VVa(t) + VyVid(t)V,; V(1) + Vid(t)V,V; V(1))
+ @ VIV; (ViV40(1));

since
VeV, Vid(t) = V,ViV;o(t) = ViV, V0(t) — Ry Vid(t),
it follows that
I; = —%viijg@ + Rpijg R — RixR*j + a1 [V V;V,6(1) VP (1)
— RyijgVPO(t) V()] + a1 [Aguyd(t)ViVo(t) + ViV, (t)V; VP (1)
+ Vid(t) Ag) V6 (t)] + a2 VIV, (ViVeo(t)) -
Consequently, we arrive at
ORij = AguyRij — 2R R*j 4 2R RP! — 201 Ryyijq VPO (£)V90(t)
+ 2018y (t) - ViV;8(t) — 201V Vi (t) VFEV;6(2) + A,
where

A = —alg) (ViVe(t) — aaViV; (Ago(t))
+ OéQVqu (Vzvng(t)) + VIV, (Vjvng(t)) .
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This term can be simplified as

A = o] VIV, (V,Vi0(0)) + VIV, (V,V,0(0))
Ay (ViV,6(1)) — ViV, (A6 (1)) }

]qz P¢( )) =+ vq (qulv]¢(t) - zq] P¢( ))

= Q9 _Vq (VquViqb(t) —
Ay (VaV56(0)) — Vi (Ager ¢<t>)}

= «

[\

Ag(t) (Vingb(t)) —V;V; (Ag(t)¢(t)) - 2RiquVqu¢>(t)

— VRjqip - VPO(t) — VI Rigjp - Vp@b(ﬂ]

= Qg9 Ag(t) (Vlv](b(t)) V (Ag(t ¢(t)) — QRZ‘quvaqu(t)

— Viij . Vp(b(t) — VjRip . qub(t) + QVPRZ‘]‘ . Vp(b(t)]

where we used the contract Bianchi identity VP R;re, = VR — Vi Rj¢ in the last
line. The final step is to simplify the difference [Ay), Vi V;]é(t). According to the
Ricci identity, we have

[Agr), ViVjlo(t) = VEVEVV(t) = V*(ViViV;6(t) — Ry Veg(t))
= ViViV*V;e(t) — V* kwvéﬁb( ) — kzgkaﬁb( )
= VViV;VFe(t) — mgvévk¢( )+ R ViVio(t)
— V¥RV () — Riije ViV 0(t)
= ViV (Bgnyo(t)) + ViRje - V() + V;RieV b(t)
+ Rj(ViVeo(t) + RiV;V (1)
— 2Ry VEV (t) — VR Vi o(t).

Consequently, A = aa[Ri¢V*V;p(t) + R;eV Vip(t) + Ve Ri; VEip(t)]. O
Lemma 2.4. Under 7 we have
2
ORyy = DgwyRow +2 (ng 11200 + 2011850 6(0) ) — 204 ‘Vf](t)qb(t)‘g(t)

— 4o (Ricg(r), Vo) 8(t) @ Vo) 0(1))
+ a2 (Voo Ry Vo 0(1)) oy -

Proof. By the above formula for 9; Ry, we obtain

2
ORgy = DgyRyq) + 2ARicy(nl5) + 2008y 0(t)[50) — 201 ‘vi(t)(b(t)‘g(t)

— 201 RIV,;0(t)V;0(t) — 201 (Ayny)Vid(t) — Vid gy (t)) Vig(t) + 1
where

1= =200 ) (Ayy9(t)) + 202V'V7 (V;V;0(t)) — 200 RV, V ;(2).
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By the Ricci identity we have
Ay Vio(t) = VIV;Vig(t) = VIViVio(t) = V;ViVie(t)
= Vilo(t) + R Vi e(t) = Vilgmo(t) + RV (1),
and
ViV (ViVie(t) = V' (Ag)Vio(t)) = V' (Vilguyo(t) + R VF (1))
= Ay (Bgno(t)) + %VkRg(t)Vkéf’(t) + R V' V*o(t).
Consequently, we get
I'= 03 (V) Ry(t), Vay8()) )
and then the desired formula. (]
Following Hamilton, we introduce the tensor field
(2.6) Bijre := —g"" 9%’ Ripjq Ricres-
Note that Bji = Bijre and Bijre = Broesj.
Lemma 2.5. Under —, we have
OiRijre = AguyRijre + 2(Bijre — Bijex + Birje — Bigjk)
— (R’ Rpjre + Rj* Ripre + Ri” Rijpe + ReP Rijip)

+ 201|090, V10(0) — V.T10(07, Vieo(0)
+ as [vaijklvp¢(t) = Riji"VpVied(t) + RP ViV o(t)
+ Ri¥ 1V, Vypo(t) + Rijpévkvp¢(t):| .

Proof. Recall the evolution equation

1 .
&eRejk = Egep (Vivk:hjp + V,;Vphir — ViVphir — V;Vihip — jokhqp - Riljphkq)

.

where 0,g;; = hi;. Applying the above formula to h;; = —2R;;+20: V;0()V;6(t)+
20V, V;¢(t) implies
WRL, = 9" (ViVuRjk +V,;ViRiy — ViViRjp — V,;V,Rip.) + g'F

‘.
94 (VAV1609,0(0) + V,00TLT,000)) + 027 VaV, 9,000
+ 0¥, (VW Va(t) + Vb0V, 960) ) + 02V, 9,9:026(0)
= (VT 00000 + V009, 540(0) ) — 02ViV, ¥, 91600
- 3 (VAT V,00) + Ti6(0V7,0(0) ) — ¥, V4T:,000)
+ 0 [ Ry~ 1 9,6(09,000) — 039,900

+ Riqu <R’“I — o Vid(t)Veo(t) — a2vkvq¢(t))] =11 + I + I,
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where
L o= g (VNpRjk + V;ViRip = ViViRj, — V;VyRip + R Rep + jop&g)’
I3 = gZp [jok ( — a1 V() V,o(t) — a2qup¢(t)>
+ 1, (— 107,000 - ViV )|
= - (alejkqus(t)v%(t) + agjokqu%(t))
— (041Rijéqvk¢(t>vq¢(t) + a2Rijququ¢(t)>,
I, := the rest terms.

According to [9, [13] we have

L = DgyRie+ 9" (R, Rige — 2Ry Rjg, + 2Ry, Rigy)
- RiTRﬁjk — R;j"R,;, — RkTRfjr + RTZR;‘jk'

It can be showed that
L, = g% {041 <vivjvk¢(t)vp¢(t) + V,;ViV,b(t)Vio(t)
OAT O R AR OO FEM CATTA A0
- vkviqa(t)vjvpd)(t))] +ay (vivkvjvpa:(t) +V,;V,ViVio(t)
— V,; Vi ViV,o(t) — vivpvjvm(t))
= —a1 R, V0tV (t) + a1 Ri; "V 4¢(1) Vid(t) + 201 (Viv%(t)vkngb(t)
- vivkqs(t)vjv%(t)) + <vivkvjvf¢(t) + V,;VIViVLo(t)
— V;ViViVio(t) — viv‘fvjvkqﬁ(t))
together with I5, we arrive at

L+Is = —201R%,V,h(t)Vih(t) — ay (R;‘Ijk

YV, Vio(t) + Ri/qvkvw(t))
T 201 (viv%(t)vkw(t) - vivm(t)vjv%(t))
+ g (vivkvjv%(t) + V,;VIViVLo(t)

— V;ViViVio(t) — v,;vajvm(t)).
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Using the Ricci identity, the last term on the right-hand side of Iy 4+ I3 can be
simplified as

ViViV;Vi(t) — ViV'V,Vip(t) = ¢ (VinVijaﬁ(t) - VinVjVW(t))
= ¢V, (vkvpvjfb(t) - VkaVj¢(t))

_ —gfpvi(Rz,,jvm(t))
= —ViR:";7V,0(t) — Re" 7V V,0(),
V,; VIV Vid(t) — V,;ViViVi(t) = ¢V, <vaivk¢(t)—vkvivp¢(t)>

= gépvj < - ngivq‘b(t))

= —V;R%IV,6(t) — R %IV, V,0(t).

Consequently,
Li+1Is = —201R%,V,6(t)Vio(t)
+ 200 (VT GOVAT60) - VTa0(07, 600
+ ag (quijk‘v’ — RV, V,0(t) — RIV,;V,6(t)
—Rij1 "V Vio(t) — Rij[qvkvq¢(t)),
because

ViR 1+ VR 9 = ' g™ (viijks+ijpiks) = =" gV Rijrs = =V Ri;1.".

Replacing £ by s in I1, I, I3, we have
O Ry =1+ L+ I,

where we denote by I; the corresponding terms; hence

atRiij = at (glstj‘k> = atgstfjk + gfsatRfjk
= < — 2Ryps + 201V (t)Vsp(t) + 2a2Vng¢(t)> Sik

+ ges (IH + I+ fs)

( - QRZSR?J‘]C + gEsIN1>

+ 200 R V(1) Vso(t) + 200 R, VeV (1) + gos <f2 + f3> .

The first bracket on the right-hand side follows from Hamilton’s computation [9} [13];
the rest terms can be computed from the expressions for I and I3. ([l
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Next we compute evolution equations for ¢(t).

Lemma 2.6. Under 7, we have

at|vg(t)¢(t)|§(t) = Ag(t)|vg(t)¢(t)|§(t) + 2/B2|vg(t)¢(t)|§(t)
— 2 ‘V§<t>¢(t)‘z(t) — 201 |V () ¢(1) g
+ (481 = 202) (V) 9(t) © V6, Vy0(8)) .

g(t)

Proof. Using (12.5)) we have

0/ Vig(t)

Vidio(t) = Vi (Bg@(t) + BiIVywo(t) 2 + Ba0(t))
= AyyVid(t) — RiyVIo(t) + 281 VI p(t)V;V;0(t) + B Vid(1),

where we use the identity V; Ay (t) = Ay Vio(t) — Ri; VI ¢(t). Using (2.4) we
then get

|V g1y (t) |3(t) Oy <9ijvi¢(t)vj ¢(t)>
= 09" Vip(t)V;0(t) + 297 V;(t)0:V,;h(t)

- (23“’ =2 V'o(t) VI §(t) — 200V VI ¢(t)> Vid()V;6(t)
+ 29"V ;6(1) <A9(t)vi¢(t) - RisVFo(t)

T 2B VEH()V V() + ,Bgvicza(t))

= =201 |V (1)) — 202V VI 4(1) Vi (£) V(1)
+ 2V 0 (1) A gy Vi (t) + 481V V() V' (t) V(1)
+ 265|V gy 6851y

which implies the desired equation. ([

Lemma 2.7. Under 7, we have

0(ViV;o(t) = Ayw)(ViV;o(t)) + 2Ryijg VIV IS(t) + B2 ViV ,b(t)
— Ry VPV;0(t) — R;jpVPVid(t) — 2a1|vg(t)¢(t)|_¢2;(t)vivj¢(t)

+ (281 — a2) V() Vi ViV;0(t) + 28:ViVFG(t)V; Vih(t)
+ 2(B1 — a2)Ryijg VP (1) VI9p(1).

Proof. Compute
0 (ViV;o(1)) = 8:[0:0;0(t) — T};000(1)]

= 0:0; (00(t)) — (OTS;) (1) = Ty - 01 (99 (1))
= ViV, (0up(t)) — DT - O(t).
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Using (2.5 we have
ViV (0:(t))

ViV (Bg0(t) + B1IV g 6(DI2 + B20(1))
= Vi (VeV;VF0(t) — RV (t)) + 281 (ViVF(t)V;Vio(t)
+ VFo(t) ViV Vid(t)) + B2V V(1)
= V,ViV,;VFE0(t) — ViRV o(t) — RV Vi o(t) + BaViV,6(t)
+ 281 (ViVFO()V,; Vo (t) + VF(t)V:V,; V(1))
= ViViV,;VF0(t) — R, VeVFe(t) + Rl ViV o(t)
— ViRV o (t) — RjeViVio(t) + B2ViV;0(t)
+ 261 (ViVE6(6)V;Vro(t) + VEG(6) ViV, Vig(t)) -
Since
ViViV;VFo(t) = V*V,V,;Vie(t) = VFV,ViV;o(t)
V* (ViViV;6(t) — Ry Vieo(t))
ANgry (ViV;o(t)) = VER; Ved(t) — R, VEVed(t),

we have
ViVi(@i(t)) = A (ViVie(t) — RiV'V;(t) — RjeVVig(t) + 2ViV;6(t)
— (ViRje + VjRig — VeRi;) Vo(t) — 2R,V V(1)
+ 281 (ViVFEo(H)V; Via(t) + VF6 () ViV, Vig(t))
Using Lemma implies
3 (ViV;o(t) = Ay (ViV;o(t) = 2RineVEV h(t) — RieVV;9(1)
— RjeV'Vi(t) + BaViVid(t) + 281V VF () V; V()
+ 261V (1) ViV Vig(t) — 200|Vg0y6()] 51y ViV 0(1)
— V() VeV Vo(t) + 2042Rikjévé¢( H)VEe(t).
Now Lemma [2.7] follows from V;V;Vio(t) = Vi ViV;d(t) — R Veg(t). O
Lemma 2.8. Under 7, we have
0 (Vio(t)V;0(t)) = Dgu) (Vid(t)V;0(t)) — VE(t) (R V(1) + RjxVid(t))
= 2V V* () V;Vio(t) + 28:Vip(1) V0 (t)
+ 28:V56(t) (Vig(1)V; V(1) + V;6(t) Vi V(1)) -
Proof. From the evolution equation for V;¢(¢) obtained in the proof of Lemma

we get

O (Vid()V,0(0) = Vot )( S Vilt) — RacV*o(t) + 20,75 6(1) V.V 4 (1)
; @W»(t)) Vi) (Aga)vj(t) ~ Ruro()

B VRSV, Vao(t) + ﬂzvjas(t))

which implies the equation. ([
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2.3. Regular flows on compact manifolds. Let (g(t), #(t))ic[o,r) be the solu-
tion of (2.4)(2.5) on a compact m-manifold M with the initial value (g, ¢). Define

~ ~ 1
(2.7) ¢:= mAELIX|V§¢‘§, D := 1|2,81 —agl* — .

Proposition 2.9. Suppose (g(t), #(t))iefo,r) s the solution of — on a

compact m-manifold M with the initial value (§,®). Then we have
(1) Case 1: 48, — 2a3 = 0.
(1.1) If oy > 0 and B2 > 0, then

062€2ﬁ2t
V@) < Gare2Bt + (By — Goy)

(1.2) If oy > 0 and B2 <0, then
|vg(t)¢(t)|_(2](t) <c
(1.3) If ay =0, then
~ 2
(Vo905 < &,
(1.4) If an <0 and B2 <0, then
2 c
< ——m——.
)’9(‘&) — 14 2aqct
(1.5) If oy <0 and B2 > 0, then

Voot

2 ¢Boe282t
)’9(” = Bo+ cay (e2P2t — 1)

(2) Case 2: 48, — 2as # 0.
(2.1) If D <0 and B2 > 0, then

[Vanol(t

2 562€2B2t
|Vg(t)¢(t)|g(t) < —éDe2Bat 1 (52 -I-ED)

(2.2) If D <0 and B2 <0, then
|Vg(t)¢(t)|_(2;(t) <¢

(2.3) If D=0, then

V) < e
(2.4) If D >0 and 2 <0, then
2 c
Vo Oy < T35
(2.5) If D > and B2 > 0, then
EBge2P2t

2
‘Vg(t)¢(t)|g(t) S By — D (€282t — 1)

Proof. For any time ¢, we have

<Vg(t)¢(f) ® Vg o(t), Vﬁ(t)¢(f)>

< Voo ®|

V2 o(t)

g(t) )
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By Lemma [2.6] we have
iIVay ooy < DgwlVamy @2y + 262|V gy (82 1)
2
= 2|V3o(0)] 20l Vy0(0)50
+ |48y = 200l [V 6 (1) [V 6(8)]
For convenience, set
u(t) = V4050, (1) = | Too0)] -
Then
Opu(t) < Agyult) + 2B2u(t) — 202(t) — 2a1u?(t) + 481 — 20 |u(t)v(t).
(1) Case 1: 481 — 2as = 0. In this case, the above inequality becomes
du(t) < Ayyult) + 2B2u(t) — 2a1u>(t).
If @y > 0, then
Opu(t) < Agyu(t) 4 2Bou(t)
and
Oy (67262tu(t)) = 672ﬂ2t( — 2Bu(t) + dyu(t)) < A(efwztu(t))
from which we obtain u(t) < ée?%2* by the maximum principle.
If a1 <0 and 3> <0, then
dru(t) < Agypult) — 20qu°(t)

(0) é :
1+27;1u(0)t < 1534z On the other hand, if 5> > 0, then
éBge2Pat

u(t) <
) < Bo + éay (e2P2t — 1)
since the solution to the ordinary differential equation

%ﬁt) =2B,U(t) — 20,U%(t), U(0)=¢é

and u; <

is of the form
6ﬁ26252t

" Byt con(e2Pet — 1)
(2) Case 2: 481 — 205 # 0. Using the inequality ab < ea® + ;b* for any
nonnegative numbers a, b and any positive number €, we obtain

dut) < Aggyult) +2Bau(t) — 20%(t) — 20 u>(t)

+ 461 — 2as| (evz(t) + 1u2)

U(t)

4e
= Agpu(t) +2B82u(t) — (el481 — 2az| — 2) v2(t)

+ <|4ﬁ1 - 2042| - 20(1) ’U,2(t).
4e

Choosing € := 2/|48; — 2as| implies
Bru(t) < Agyul(t) + 2Bzu(t) + 2Du(t),

where D is given in (2.7). This is just the case (1) if we replace oy by —D. The
following discussion can be obtained. (I
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Corollary 2.10. Suppose (g(t), #(t)):efo,1) isNthe solution of — on a com-
pact m-manifold M with the initial value (g, ®). If a1, a9, 1, B2 satisfy one of the
conditions

(i) B2 <0 and 4oy > (261 — a2)?, or

(i) B2 >0 and 18> + (281 — ao? > 4oy > (281 — a2)?,
then

(2.8) Vo @5 < C
on M x[0,T), where C is a positive constant depending only on a1, f2, and |ng§|§.

In particular, we recover List’s result [19] for (aq, as, 81, 82) = (4,0,0,0). Anther
example is (a1, as, 81, 82) = (aq, Zﬁl,ﬁl, ), where @1 > 0 and 3; € R.

Definition 2.11. We say the ﬂow 2.5)) is regular if the constants a, as, B, B2
satisfy the conditions (i) or (ii) in Corollary 2.10} An (aq, o, 61, Ba)-flow is x-regular
if the associated (1,0, 51 — ag, B2)-flow (see Proposmon is regular.

Clearly that there are no relations between regular flows and *-regular in general.
For example, (1, 1,0,0)-flow is regular but not x-regular, while (1, 1,2, 0)-flow is *-
regular but not regular.

2.4. Reduction to (1,0, (1, B2)-flow. Let (g(t),(t)) be the solution of f
; that is,

Brg(t) = —2Ricg + 201V d(t) @ Vg d(t) + 202V, (1),

Bip(t) = Dgwyd(t) + BilVamyd(t)]% 4y + B2ob(t).
Consider a 1-parameter family of diffeomorphisms ®(¢) : M — M by

(2.9) Lb(t) = ~02Vy00(0),  B(0) = Tdas
The above system of ODE is always solvable. Define
(2.10) g(t) = [@()]"g(t), (1) = [@H)]"H(1).

Then
oalt) = [0 (00)) - @) (Lo, 50090

= [®()] < — 2Ricy(r) + 201 Vg o(t) @ Vg o(t) + 2a2v§(t)g§(t)>

= —2Ricy(y) + 201 Vg d(t) ® Vi) d(t),

ot) = at([w)]*cﬁ(t))
= 3, (8(r) o 2(1))
= 019(t) 0 B(t) — 2| V() o) 2

= Ayo(t) + (B1 — a2)[Vynyo(t) 52;(@ + B29(1).

Proposition 2.12. Under a 1-parameter family of diffeomorphisms given by (@,
any solution of an (a1,aq, b1, B2)-flow is equivalent to a solution of (a1,0,01 —

Qaz, 62)' ﬂow.
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2.5. De Turck’s trick. By Proposition[2.12} we suffice to study (a1, 0, 81, 82)-flow:

(2.11) dg(t) = —2Ricyy) + 201 Vy)d(t) ® Vg o(t),
(2.12) Kd(t) = Dgd(t) + 51 [Vod(t)[2 ) + Bad(t).

Let (M, §) be an m-dimensional compact or complete noncompact Riemannian
manifold with § = g;;da’ ®dz’ and ¢ a smooth function on M. Let (§(t), ¢(t))icpo,1]

be a solution of lbti with the initial data (g, q[;), that is,

(2.13) Og(t) = —2Ricy(s) + 20[1Vg(t)(/)(t) & Vg(t)qﬁ(t),

(2.14) dolt) = Ag(t)ég’(t) + 51 ‘Vg(t)ﬁg’(t)‘z(t) + Ba6(t)

with (3(0), $(0)) = (g, ¢).

Notation 2.13. If §(t) is a time-dependent Riemannian metric, its components are
written as §;; or g;;(«,t) when we want to indicate space and time. The correspond-
ing components of Rmg ), Ricg4) and Vg are Rijkg, Rij and @i, respectively. In
the form of local components, we always omit space and time variables for conve-
nience.

Locally, the system ([2.13)—(2.14) is of the form
(2.15) Oigij = —2Rij + 201 V9V 0, 016 = Ad+ 51|@¢2|§, + Badp

with (gi;(0), 45(0)) = (Gij, g?)) The system 1} is not strictly parabolic even for
the case oy = 81 = (2. As in the Ricci flow (see [26]) we consider one-parameter
family of diffeomorphisms (W;);c(o,7] on M as follows: Let

(2.16) g(t) := U7 g(t) = gij(,t)da’ @ da?,  (t) := Wi (1), t€[0,T]

and U, (z) := y(z,t) be the solution of the quasilinear first order system
a 0 a By k nk a a

where I and T are Christoffel symbols of g and § respectively. As in [19, 26], we
have

(2.18) 6,55]1']' = *QRZ'J' + ZOélvid)quf) + VZVj + ij,

where

Viim ug™ (U5, 1),
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Similarly, we have

. . 9 -
até(mat) = at¢(y7t) = at(b(yat) + 7&¢(y7t>8tya

dy
_ (Wﬂ%ﬂﬁﬁhﬂwﬂ+ﬂ@”@¢ﬁhﬂ%ﬂ%ﬁ@¢%+&ﬂ%ﬂ)
9 - Y ik,
+ o (ynt)@g Vi

J - - Oy oyP o - JEN
= GrO.0) g™ Vit 8199 S SV (y. )V (. 1)

. o OB . . .
+ B2o(y,t) + 9" 6‘1;1- %Vavﬁqﬁ(y?t)

= Ad(x,t) + Bi|VIS + Bag(x, 1) + (V, V).

Here, A and V are Laplacian and Levi-Civita connection of g accordingly. Hence,
under the one-parameter family of diffeomorphisms (¥).epo,r7 on M, (2.15) is
equivalent to

(2.19) 3tgij = —2R;; +201V;¢pV;0+V,;V; + V,; Vi,
(2.20) Op = Ad+Bi|VO|] + Bagp + (V, V),

with (gi;(0), ¢(0)) = (dij, &)

Lemma 2.14. the system 7 18 strictly parabolic. Moreover

0gii = 9°°VaVagi; + 9°°9ipd" Riags + 9°° 9jp3" Riags
1, ~ ~ ~ ~ ~ ~
(2.21) + 59 ngq (vigpangq,@ +2Va9ipVagis — 2VaygjpV s9iq
- Q@jgpa@ﬁgiq - Q@igpa@,@gjq> + 2a1@i¢?‘j(/l)a

(2.22) 0o = gIViV;o+ BiIVI2 + Bao.

Proof. The first equation ([2.21) directly follows from the computations made in
[19, 26] and the only difference is the sign of the Riemann curvature tensors used in
this paper. To 1D we first observe that A¢ + (V,V¢), = g"'V;V ;¢ as showed
n [19]; then

O = g7ViV 6+ BrgVidV ¢ + Pacp
since Vo = dop = V. O

3. COMPLETE AND NONCOMPACT CASE

In this section we study the flow (2.4)—(2.5) on complete and noncompact Rie-
mannian manifolds. The main result of this paper is

Theorem 3.1. Let (M, g) be an m-dimensional complete and noncompact Rie-
mannian manifold with |ng|g < kg on M, where kg is a positive constant, and let
® be a smooth function on M satisfying |¢|* + |Vg¢|§ <k and \ngﬂg < ky. Then
there exists a constant T = T (m, ko, k1) > 0, depending only on m and ko, k1, such

that any *-regular (a1, ag, 51, B2)-flow 7 has a smooth solution (g(t), ¢(t))
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on M x [0,T] and satisfies the following curvature estimate. For any nonnegative
integer n, there exist constants Cy > 0, depending only on m,n, ko, k1, k2, such that

2 C 2 C
k k k k
(3:-1) ‘Vg(t)ng(t)‘g(t) S e ‘Vg(t)qs(t)’g(t) =7
on M x [0,T].
By Proposition [2.12] we suffice to study a regular (aq,0, 81, 82)-flow:
rg(t) = —2Ricy + 20V 0(t) ® Vi d(t),

do(t) = Ag(t)és(t) + ﬂ1|vg(t)¢3(t) z(t) + Bagp(t),

where (3, ) = (§(0), $(0)) is a fixed pair consisting of a Riemannian metric § and
a smooth function </3 According to De Turck’s trick, the above system of parabolic
partial differential equations are reduced to 72.20.

Suppose that D C M is a domain with boundary D a compact smooth (m —1)-
dimensional submanifold of M, and the closure D := D U dD is a compact subset
of M. We shall shove the following Dirichlet boundary problem:

Orgij = —2R;j+201V¢V;p+V;V;+V,;V;, inDx|[0,T],
(3.2) Ohp = Ap+Bi|VL+ Bad+ (V,V)y, inDx[0,T]
(9i7:4) = (§ij.#), on Dr.
where
(3.3) Dy := (D x {0}) U (8D U [0,T))

stands for the parabolic boundary of the domain D x [0, T].
Consider the assumption

(3.4) |Rmg |2 < ko, \ngghzg < k.

3.1. Zeroth order estimates. Suppose that (g;;,¢) is a solution of (3.2]). For
each positive integer n, define

(35) U= u(x, t) = galﬁlgﬂlangZﬁzgﬂzaz U ganﬂwgﬁnal

on D x [0,T].

Lemma 3.2. If |Rmg|2 < ko, then the function u = u(x,t) satisfies

(3.6)  Qu < gV, Vau+ onmy/kou't*  in D x [0,T], w=m on Dr.

Proof. The proof is identically similar to that of [19] 26]; for completeness, we give
a self-contained proof. Since 9,9" = —g* ¢/, gxe and Vg = —g"?g79¥V 59,4, it

follows from (2.21)) that
ag? = g*PVaVsg? + g™ g g%V 09  V sgre + 9% 9V 09"V s g
— 9" 9% ¢ 913 Riags — 9°° 9™ 97 903"  Rsagp — 2019 7 V16V 10

1 . ~ ~ ~ - - -
(37) + igaﬁgpqgjf <2vagp£vﬁgkq + QVngavﬁgkq + 2vkgpavﬁgq£

— 2@aggp@qgk,3 — @kgpa@ggqg).
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Choosing a normal coordinate system such that
9ij = 05 9ij = Aidijs
we conclude from (3.7) that

g - 2 - N 1 . 1 -
8 = g¢*Pv, i i 6 — ——Rikik — —— Riks
g 9*"VaVpyg )\Mj)\k)\eveg kViegik oy Lk Y kik
1 - . N N N -
3.8 —————— | 2V 9¢i Vi Git + 2V 90V gie + 2V 906V Ge;
(3.8) + 2)\i)\j>\k/\£< k90 Vigie + 2V ;90 Vigie + 9ok VE9gej
~ ~ ~ ~ 2@1 ~ ~
— 2V49i¢Vegik — VigeViger | — in¢vj¢~
17
From u = Y"1, (1/X;)", we obtain
1 n—1 3
8t’U, = N <)\l> 8159”
_ Y T - n NPT v
= (/\;,,_19 VaVgg" — WRZM - mvwmvwm

n ~ ~ ~ ~ ~ ~
ot (Vi Vkgie = 2VgiVegin — VignViga
2)\?“)%)\2 9ek vV kGie kGie VeGik 9ek Vigek

201m
- WVW@)

N B S i 2n ~ 2c1m
= 1Y PVaVisg" - mRikik - W|V§¢|§
Y (Vigiet Vegin — Vign)
P evers pa— ie + ik — Vi ) .
2/\?“/\1«)\2 ( kgit £9ik 9ok
On the other hand, it is not hard to see that
n—2
o~ -~ . ~ o~ .. 1
97V aVau = =59°"VaVeg" + 19" Vag"Veg" Y s
7 a=0 "1 J
and then
n—2
- - 1 - 2 om -
du = g*'V, - = 7(V z) — T Riki
U 9“7V Vau N az:% /\?_2_(1/\? kGij oW kik
200 n - - N 2
(3.9) - WW[@E} TN, (ngiz + Vigir — Viglk) .

Since |Rmg|; < v/ko, it follows from (3.9) that

. m o1
at’ll, < gaﬁvavﬁu+ 2n/ ko Z )\7 u.
j=1""

According to Holder’s inequality

m 1 m 1 1/” m l/n/ 1 1

- - n’ _ 1/n - 1.
P DIy 21 =mull", -+ =
j=1"" j=1"17 j=1

therefore d,u < go‘ﬁﬁa@gu + 2nmy/koult . O
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As showed in [I9] [26], the lower bound of g;; now directly follows from Lemma
0.2

Lemma 3.3. If \ng\g < ko, then, for any ¢ € (0,1), we have
(3.10) g(t) = (1-0)g

on D x [0,T_(6,m, ko)], where T_(§,m, ko) := ﬁ(%)“‘l/”[l — (3", nis a
positive integer, and
In(2m) < In(2m) ey

-~ < -

(1/1-0) =" " W(1/1-9)

Since we consider the regular (a1, 0, 81, 82)-flow, we conclude from Corollary
that |Vg(t)¢(t)\§(t) < C, where C is a positive constant depending only on aq, 32,

and |Vg(,z~5\§. Following the arguments in [19, 26], we have an upper bound of g;;.

Lemma 3.4. If \f{\r/n@ < ko and |@q§|§ < ki, then, for any 6 > 0, we have
(3.11) g(t) < (1+6)g
on D x [0,T4 (0, m, ko, k1,1, B2)], where T (6, m, ko, k1,1, B2) is a positive con-
stant depending only on 0, m, ko, k1, a1, and Bs.
From Lemma [3.3| and Lemma [3.4] we have
Theorem 3.5. Suppose that |f{\r;1|§ < ko and |@g§|§ <kyonM. If (g(t), (1)) is a
solution of , then, for any e € (0,1), we have
(3.12) (I-eg<gt)<(1+eg
on D x [0,T(e,m, ko, k1,1, B2)], where T'(e,m, ko, k1, a1, B2) is a positive constant

depending only on €,m, ko, k1, a1, Bs.

3.2. Existence of the De Turck flow. We establish the short time existence of
the De Turck flow (3.2]) on the whole manifold M. Fix a point 2o € M and let
Bg(xo,r) be the metric ball of radius r centered at x¢ with respect to the metric g.

Lemma 3.6. Given positive constants r,6,T. Suppose that (g(t), #(t)) is a solution
of on Bg(xg,r +9) x [0,T], that is,
Owgi; = —2Ri;j +20qVi¢V,;0+V,V; +V,;Vi, in Bz(zo,r+ ) x [0,T],
o = Ap+ PV + Bap+ (V,V)g, in By(zo,r+6) x [0,T7],
(9i,6) = (Jij»®), on Dr,
and [Rm|2 < ko, |V@|2 < ki on M. If

(3.13)
1

1
1 < g(t) < (1 3
( 80000(1 + o2 +B%)m10) g=9lt)< ( 3000001 + a2 +ﬂf)m10) g

on Bg(zo,m+0) % [0,T], then there exists a positive constant C = C(m,r,0,T, g, k1)
depending only on m,r,8, T, g, and k1, such that

(3.14) Ve2<C, [Ve2<C
on By(zo,r + 3) x [0,T].
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Proof. Using the x-notion, we can write (2.21]) as
0i9ij = gaﬁ@a@/ggij + g_1 % g % Rm + g_1 * g_1 * @g * @g + 2a1@i¢@j¢.
Then

#Vgi; = g*° (V@cﬁggij) +g v g % Vg« VVg + 20, V¢V V¢
(3.15) + g xg ' % VgrgxRm+g '« VgxRm
+ g kg« VRm+g 'xg txg 1 xVgx Vg« Vg

since

@@a@ggij @aﬁﬁggij +ﬁ,\n/1*€g
= V. (@Bﬁgij—kf{\rjn*g)—kf{\r/n*@g
VoV

= 5@gij+g*@f{?n+©g*ﬁrﬁ,

we conclude from that
aVg; = g (%%%q) +g7 % g7 x Vg x VVg + 201 Vi9V V6
(3.16) + g kg '« Vgxg*Rm+g '+ Vg*Rm
+g*1*g*@§r/n+gfl*g*1*g71*@g*@g*@g.
It follows from that
%|Vyl; = 20°°G"F Vagre OVagy
= g(’ﬁ@a?/ﬂ@g@ —2¢°F <@a@g, @,@@g% +Vg*Vo*VVo
(3.17) +Rmxg lsg  xgxVg*Vg+Rm#g '« VgxVg
+g! *g*@ﬁn/l*@nggfl xg '+ VgxVg*VVyg
+ gt xg g % Vg« Vg Vg Vg.
Since the closure W is compact, we have
(3.18) IVRm|; <1
on W, where < depends on 1,4, §. From we get
(3.19) %9 <g(t) <29

on By(zg,r + ) x [0,T]. According to and , we arrive at
Rm*g ' g '« VgxVg < |@9|_¢277
(3.20) Rm+g~'«VgxVg < |Vgl2,
VRmxg~'xgxVg < |Vgls,
where < depends on m, 7,9, §. From the explicit formulas we can see
VgV VVe = 4015"5" 5" VogueVioVa Vo
= 4oy Z Va0ijVioVa Vo

1<i,j,a<m

401m?®|Vgl3|V|5 VV |5

IN
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where we used a normal coordinate system of g. Similarly,
g xg % VgxVgxVVy
= gwgikgjégaﬁgpqﬁt?gkf (@V@igmﬁquﬁ + @igpaﬁvﬁquﬁ + 2@7@(19]‘10@(1%5
+ 26&9@676(191'5 - 26'760493'196591'4 - 260493'19676[391'!1 - 2@761'91)&@[39@
- 2@jgpaﬁvﬁﬁgiq - 2@v@i9paﬁﬁgjq - 261’91104@”/@5%11)

= Z gaagpp@'vgij (6761-91;0(@]'9,9& + @igpa@ngpa
1<i,j,0,7,p<m
+ Qﬁ’y@agjp@pgia + Z@agjp@’y@pgia - Zﬁ’y@agjp@agip
v
Y

- 2@agjp@'y@agip - 2@’\/63'91)04@0491'17 - 2@jgpa@ aYip

- 267€igpa€agjp - 261‘9}1&67@(19]’17)

< 4mP(8 x 2+ 2)|Vgl2|VVgl; = 72m°|Vg|2|VVgl;,
and
g gt ag T xVgxVgx Vg« Vg
= g’y(sgikgﬂﬁ&gkf (@Wgaﬁgpq + gaﬁﬁwgpq> (@igpa@quﬁ + 2@(1.%';0@1191‘5
- 26&9]'?@69&1 - 26]'91704@69&1 - 2©igpa®ﬁ9jq>
< 204 x2+1)x2/Vgl} = 144m®|Vgl?.
Thus
VgV« VVe < 4arm®[Vgl;|Vels/VVels,
(3.21) g lxg  xVgxVgxVVg < 72m5|@g|§w@g\g,

g kg kg xVgxVgxVgxVg < 144m6|@g\3.

Furthermore, using(3.19)), we get
Lo~ - il .- 1 ~ =

(3.22) g% <vav97vav9>§ = 9" 5 Va9V 5V sgre = 5|V V5.
Substituting (3.20]), (3.21), and (3.22) into (3.16) implies

OVl < 9*PVaVs|Val} —V3gl3 + Ci|Vygl3 + C1|Vyl;
(3.23) + 72m5\@g|§|@29|g + 144m6|@g|g + 4a1m3|@g|g|@gb|g|@2¢|g
for some positive constant C; depending only on m,r,4d, g.

Using , we have

0T = Vu(o79.T04 1T + o)
= Vig"VVi¢+g7ViV,Vio+ iV} (gij@zfﬁ@j(b) + B2V s
from the Ricci identity,
ViViVip = ViViVip — RyijpVip = ViV;Viod — Ryijp VP o,
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we obtain
WVip = gIViV;(Vio) — g" RiijpVPé + Vig? ViV ;¢
(3.24) + B1Vig" ViV ip + 2819V j ¢V Vd + B2 V.
The evolution equation (3.24]) gives us the following equation
VO = 0 (7 VioVis) = 25MVe6 (ko)
= g7 (ViVi(Vi) - 25"V e0) — 2075 Ruigy V06070
(3.25) + 258 VgV epViV;¢ + 28155 Vg VidV 6V i
+ 415" gV 0V 10V Vi + 2625 VoV e
The identity
GIViV,IVOLE = g7 (VIV5(Vig) - 255 Ved ) + 2975V, V46V Ve
together with (3.18]), implies that

(3.26) g (@vj(@k(ﬁ) : quﬁefb) < gIViV,IVel: - [V2el2.
Using again, we find that
29 G* RyijpVeoVPd = =297 G 5P Riijp VeV g
S Vel
25" Vig"VigViVio = —25"gP gV gy VidViV
< 8mP|Vygl3| Vel V365,
FVrgIVioV oV = =g g g IV kgpVidV 0V 00
< 4m®|Vgl3|Vel3,

F9IV0VedViVie < AmPIVe[ZI V4|5,
where < depends on m,r, 0, §. Substituting those estimates and (3.26)) into (3.25)),

we arrive at

WIVelZ < gIVVIVe[2 — V2|2 + C2V |2 + 8m®| V|3 Vol; V2 el;

(3.27) + 881m° V|5 V|3 + 168:m° |V |2V 6|5 + 26| Vol2.
As in [19], we consider the vector-valued tensor field

(3.28) (1) == (9(t), 6(t))

and define

VFe(t) = (@’“g(t)ﬁ%(t)) , IVROM)Z = [VFg() 2 + [VFe(1)[2.
From and , we obtain
HVOIZ < g*PV,Vs VO — V0% + C5|VO|: + C5|VO);
(3.29) + (80 + 4ay + 1681)m°|VO|2|V?O|; + (144 + 851)m°|VO 2,

where C'3 is positive constant depending on m,r,d, g and [2. The inequality
is similar to the equation (11) in page 247 of [26] and the equation (3.28) in page
36 of [19], so that the proof is essentially without change anything. However, for
our flow, we want to find the positive constant € > 0 with (1—¢)g < g < (1+4¢€)g on
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By(wo, 7+ 8) x [0,T] such that both functions [Vg|2 and [V¢|2 are bounded from
above. The mentioned positive constant ¢ depends on m, aq, 81, and [o; the aim
of the following computations is to find an explicit formula for e. We shall follow
Shi’s idea but do more slight work on calculus, in particular on the positive uniform
constants we are going to obtain.

By the inequality

(3.30) ab < ea? + ibQ, a,beR, €>0,
we have
(80 + 4a1 + 1681)m°|VO|2|V?O|; < %WQ@@, +2(40 + 201 + 881)°m'°|VO}
and R
C3/VO|; < 0371 - |2V®|§ = % + %W@@.

As a consequence of (3.29)), we conclude that
. i & e 1 - .
HVOIZ < g*PV, V| VO[2 - 5|v2®\§ + C4|VO[2 + Cy + (3344 + 8a}

(3.31) + 32001 + 6401 B1 + 12857 + 128081 + 8431 ) m'°| VO

for some positive constant Cy depending only on m,r,d, g and fo.

Given € := ﬁ < %, where A is a positive constant depending on a1, 51 and

chosen later. If we choose a normal coordinate system so that
9ij = 05 9ij = Aidijs

then we have

1
(3.32) 1—e< A\ <1l+e §§/\k§2, k=1, ,m
Define
1 n
(333) n .= E, a = Z,
and
(3.34) p=p(xt):=a+ Z Ay, (z,t) € Bi(zo, 7+ 6) x [0,T].
1<k<m

By the formula (16) in page 248 of [26], we can compute
A

n—1 vaRhv n—1"k 75
oo = n Z AL gO‘BVaVﬁgkk—i-%L Z AL ERkaka
1<k,a,<m 1<k, a<m
n Al . .
(3'35) + 5 Z TN ngpavkgpa + 2vagkpvpgka - 2vagkpvagkp
1<k,a,p<m ar’p

- Q@kgpaﬁagkp - 2?kgpa€agkp> .

Since the second and the third on the right-hand side of (3.35) is bounded from
above by 4n(1 + €)"m?/ko and

%mg(l +e)" A4 x 24 1)|Vg|2 = 18mm® (1 + )" Vg2,
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respectively, it follows that
(336)  dp<n Y. AT'g"VaVager + Cs + 18nm® (1 + )" Vg2
1<k,a,B<m

where Cj is a positive constant depending only on m, A, and ky. On the other
hand, from (3.36) and the equation (19) in page 249 of [26], we have

n(n —1)
2

Instead of the inequalities (20), (21), and (22) in page 249 of [26], we will prove
uniform inequalities as follows (recall that € :=1/n):

(3.37) drp < g*PVuVap + Cs + {18m3n(1 S (1—¢)n 2 |@g|§

(a) For any n > 2 and any m, we have

54m?

3. 18m3n(1 n—l
(3.38) m°n(1l + e) i

IN

(b) For any n > 2, we have

(3.39) (1—e)" 2

v
I

(¢) For any n > 2, we have

n(nQ_ 1) (1 _ €>n—2 > n72

(3.40) =

To prove (3.38)), we write

1\"  18m53n? 1\"
18m3n(1 + )" = 18nm3—— (14— ) = (142 ;
n—+1 n n-+1 n

since the function (1 + 1/z)*, > 0, is in increasing in z, it follows that
18m3n? 54m3

18m’n(1+¢€)" " < .
m°n(l+¢€) 1 S "

Since the function (1 — 1/x)%, x > 2, is increasing in x, we obtain

1 n—2 7l2 1 n 1 n 1 2 1
1o 2=(1-2> - (1=} >(1-=) >(1-2) =-.
e ) e T G B o) IS O I
From the proof of (3.39)), together with (3.38)), we arrive at

n(n—1) 9 n
1—e)" = > - = — > —.
A Sl rr § 7 - S i

Substituting (3.38]) and (3.40) into (3.37) implies

(V]

nn—1) n? 1 2 n n

Ao < g*PV Vo + Cs — <; - i‘*fi) n?|Vgl%;
choosing
(3.41) n > 864m'’ > 864m?,
we find that

~ ~ 2 ~
(3.42) Orp < g*PVaVpp+ Cs — %Wg@-
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As the equation (24) in page 249 of [20], we have
v afv © v af© v v 1 v
0 (¢IVO2) < ¢ VaVs (¢IVOR) — 207 VeV VO — Sl V2Ol
(3.43) + (3344 + 807 + 320y + 640 B1 + 12857 + 128081 + 8f1) x
2
~ ~ ~ ne ~ ~
m'0| V0|1 + Cip|VO2 + Cup + C5|VO|2 — 1—6|V®\§|Vg|f-].
According to Corollary we get [V@|2 < 1 and hence
VoI5 = §°"VaVse < 2|Vel; S 1
where < depends on a1, 32 and k;. Consequently, (3.43)) can be written as
v afv © v af© v v 1 v
0 (¢IVO) < g7VaVs (¢IVOI2) — 20" VapVs| VL2 - Zol V262
(3.44) + (3344 + 8aj + 3200 + 64ay 51 + 12837 4 128001 + 861) x
2
~ ~ ~ n -~
m'e|VOIL + Cup|VO|2 + Cup + Cs|VOZ — 1—6|V®\§,

where Cjg is a positive constant depending only on m, A, kg, n, a1, B2, and k;. From
B32) and (@31),

(3.45) at+m(l—e" <p<a+m(l+e"

on Bj(zo,7 + 8) x [0,T], we arrive at (recall from (3.41) that n = Am!'° with
A > 864)

2

1\" n n n
10, « 0|1 4 < 10 (1 < w0 _
Cm™“p <Cm [4+m<1+n)}_0m (4+3m)_C’m 3~ 24j0"

where
(3.46) C := 3344 + 8a? + 320a; + 640 By + 12837 + 128083, + 861.
If we choose
(3.47) A > 160,
then

10, |14 n® < 4 n® - 4
(3.48) Cm cp|V@|g — 1—6|V®\~ < —3—2\V®|§.

On the other hand, by the argument in the proof of (28) in page 250 of [26], we
have

~ - - - 288 2,,10
(3.49) — 29V, V| VO < %|V2@|§ | oot

Plugging (3.48) and (3.49) into (3.44) implies

Ve:.

288n2m!10

o (#IVO2) < g*VaVs (¢IVOR) + Vel
2
ne -~ -
(3.50) = 35IVOI5 + Cap + (Ca+ Co)o| VO,
because p > a = % > 1. According to ¢ > a = % = %mw, we conclude that
2,10 2 2
BT st = <

CA/1152 T 647
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where we choose
(3.51) A > 1152 x 64 = 73728.
Consequently,
& 0 (2 e = (2 n? < 4 = (2
(3.52) & (¢IVOR) < g*"VaVy (¢IVOI2) — = |VOlL+Cup+ (Ci+Co)el VOL.

Using the following inequality

n 1\" n
< 1 o= — 1+ — < —4+3
v < a+m(l+e) 4—|—m< +n> < 4+ m
n  3n 1 3 18435
= 3177 <4+A>” S wmst = U
by (3.51)), we get
2 2 2
o4 n 219 @2 n 2Tad < L 2o 4
T ve = Q> " __2velt>-: 4
61 VOls = 51,27 1V8ls = [3a60,2% 1VOls 2 3¢Vl
Defining
(3.53) )= ¢|VOlZ,

we obtain from the above the inequality and (3.52) that
- - 1 -~ - 1
(3.54) Oip < g*’V,oVs — s+ (Cai+ Co)yp + Can < 9PV Vgh — gV + O

on By(xo,r+9) %[0, T, for some positive constant C7 depending only m, A, ko, n, a1, B2,
and kl.

Using the cutoff function and going through the argument in [26], we can prove
that

Ve <1
on Bj(zg,r + g) x [0,T], where < depends on m,r,0,T,g,k1. Note that that
(1- Ar}tw)g <g<(1+ ﬁg, where
A > max(73728,16C).
From the definition , we can estimate
C < 3344+ 8a? + 160 4 16002 + 32(a? + 5?)
+ 64 + 6447 + 640 + 64057 + 4 + 457
< 4212 + 20003 + 74067,

Then we may choose A = 80000(1 + o2 + 37). O

By the same method we can prove the higher order derivatives estimates for g.

Lemma 3.7. Under the assumption in Lemma[3.¢ where we furthermore assume
\¢|2 < ki, for any monnegative integer n, there exist positive constants C, =
C(m,n,r,0,T,§,k1) depending only on m,n,r,8,T,§, and k1, such that

(3.55) Vg2 < Coy IVTOR <G

on Bg(zg,r + ni—l-l) x [0,T].
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Proof. We prove this lemma by induction on n. If n = 0, using (3.19) we have
912 = "5 gijgre < 4m

on Bj(zg,r + ) x [0,T]. Since \¢~>|g < ki, it follows from (3.14) that |¢[2 < 1 on
Bg(xo,r + g) x [0, T], where < depends only on m,r,§,T, g, k1 and is independent
on zo. Now we consider the annulus By (zo,r + 6) \ Bs(xo,r + %) For any z in
this annulus, we can find a small ball By(z,d") C Bj(zo,r + 6) \ Bj(zo,7 + 3).
Using |D again, we have \¢|§ < 1 on By(z, %) x [0, T], where < depends only on
m,r,6,T, g,k and is independent on z. In particular, |q§|£2~7(:1:) <1on [0,T]. Hence
\¢|§ S 1 on Bg(xg,r+6) x [0,T], where < depends only on m,r,4,T, g, ki and is
independent on x.

If n = 1, the estimate (3.55)) was proved in Lemma We now suppose that
n > 2 and

(3.56) IVFg2 < Cp, |VF*2<Cr, k=01, n—1,
on By(xg,r + I%H) x [0,T]. According to (3.39) in [19], we have
Vg = ¢g*PV,VzV'yg
(3.57) + Z VFgs. o« VEr2gs Py g,
S el ke<n+2, 0<k.<n+1
- > Vg s Vg,

L1 +Le=n+2, 1<l <n+1

where Py, ...k, ,, is a polynomial in g,g_l,lf{Tn, e ,@”ﬁ\r?l Similarly, from 1'
we can show that

V" = gV VV"e
(3.58) + > VFgs .. x Vhng
ST kot <nt2, 0<k.<n, 0<61,r<n+1
* @51¢ * @ZQQZS * Pky-'knhfz'
Using the notion © defined in (3.28)), we conclude from (3.57)) and (3.58]) that
avre = ¢*v,VV"e
(3.59) + > VRO k- % V2@ x Py, oy,
S kg <nd2, 0<ks<n+1

The above equation is exact the equation (3.41) in [I9] or the equation (69) in
page 254 of [26], and, following the same argument, we obtain [V"®[Z < 1 on

B (zo,7 + n%_l) x [0,T], where < depends only on n,m,r,d8,T,g, k1. O

Fix a point zg € M and choose a family of domains (Dy)ren on M such that
for each k, 0Dy, is a compact smooth (m — 1)-dimensional submanifold of M and

Dy, = Dy, UdDy, is a compact subset of M, Bj(wo, k) C Dy,.

By the same argument used in [26], together with Theorem [3.5|and Lemma we
have
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Theorem 3.8. Suppose that (M, g) is a smooth complete Riemannian manifold of
dimension m with [Rm|? < ko and ¢ be a smooth function satisfying |¢|* + \@(Mg <
k1 on M. There exists a positive constant T = T(m, ko, k1, a1, 81, B2) such that the
flow
Ogi; = —2Rij +201VipV;¢+ ViV +V;Vi,
O = Ad+ Bi|VOL; + Bad + (V,V)y,
(9(0),9(0)) = (3.9),

has a smooth solution (g(t),p(t)) on M x [0,T] that satisfies the estimate

1 ! G<gt)< 1+ : ;

80000(1 + a2 + pZym™0 ) I =91 = 80000(1 + a2 + B2)ym10 ) 7

on M x [0,T]. Moreover |p(t)|?> <1 where < depends on m, ko, a1, 51, B2-

Proof. By the regularity of the flow and applying Corollary to Dy, we have \V¢|3 <
1 on Dy, where < depends only on ki, a1, 32; then |@¢|§ < 1 on Dy, where <
depends only on m, k1, a1, 51, f2. Letting k& — oo, we see that |@q§\§ <1lon M,

where < depends only on m, k1, a1, 81, B2. In particular, |¢(t)|> < 1 on M, where
< depends only on m, kg, a1, 81, Ba2. O

3.3. First order derivative estimates. Let (Z) be a smooth function on a smooth
complete Riemannian manifold (M, ) of dimension m. Assume

(3.60) IRm[? <ko, [¢]° +|VO|Z < ki, [V < ks
on M. Let (g(t),¢(t)), T be obtained in Theorem and
1
3.61 0= .
(3.61) 80000(1 + a2 + 52)m10
Then
(3.62) (1-8)j < g(t) < (1+ )3
on M x [0,T]. As in [26], define
~ 1
(363) hij = gij - g, Hij = ghlj
Then o
Ochij = g*PV oV ghi; + Aij,
where
Aij = 997" Rjags + 9°° 955" Riags + 200 V9V ;¢
1 - . . - .
(3.64) + ig"‘ﬁgpq <Vz~hm +2VohipVehig — 2V o, Vghig

+ — 2@jhpa@5hiq — 2%1‘]11)&6,@}1”).
From ¢ < 1/2 and (3.60) we have from (3.64]) that
(3.65) - <8m\/k0 + 20|@h|§)g <Ay < (Sm\/ko + 20%;)@

on M x [0,T]. Therefore
(366) 8tHij = gaﬂ@aﬁng‘j + Bij, H(O) =0,
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where B;; := A;; /¢ satisfying

Smvko - N 8mvko ~ _
(3.67) - ((50 + 205|VH|§>9 < Bj; < ((50 + 205|VH|§>9
on M x [0,T]. As in [19], define
(3.68) Vi=¢—¢, W=
Then

Oy = g*’Va Vst + C,
where
(3.69)  C:=g*"VaVsd+ BiIVO[ + B26 + BilVI; + Bato + 261(Ve), V).
From ¢ < 1/2, (3.60) and the proof of Theorem we have from (3.69)) that
C| < 2my/ko + 2B1k1 + Bo/k1 + Bol¥)| + 281 V|2 S 1

where < depends on m, kg, k1, a1, 81, B2. Consequently,

O Hy; = g*°VaVgHi;+ Bij, H(0) =0,
HV = g**V,Vs¥ 4+ D, ¥(0)=0.
Since
-g < H(t) < g
1%59—1 < g!' < ﬁg‘l,
TR < L FHOR,
(1—6)" g
v < 1

By the argument in [26], we arrive at
sup <@H(t)|§ + W\D(t)@) <1
M x[0,T]
where < depends only on m, ko, k1, k1, a1, 51, Bo.
Theorem 3.9. There exists a positive constant T = T'(m, ko, k1, a1, 81, B2) depend-
ing only on m, kg, k1, a1, B1, B2 such that

sup [Vg(t)[2<C, sup |[Vo2<C
M x[0,T] Mx[0,T]

where C' is a positive constant depending only on m, ko, k1, ke, a1, 51, P2.

3.4. Second order derivative estimates. In this subsection we derive the second
order derivative estimates. Let (M, §) be a smooth complete Riemannian manifold
of dimension m and ¢ a smooth function on M, satisfying

(3.70) Ry < ko, |2+ VP2 <ki, V22 < ko

From Theorem [3:§ and Theorem [3.9] there exists a positive constant T depending
on m, ko, k1, a1, 81, P2 such that the flow

Oigij = —2Rij +20aVi¢V;0+ V;V; +V; Vi,
Ohd = Ap+ PVl + B2+ (V,V)g,
(9(0),6(0)) = (3.9),
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has a smooth solution (g(t), #(¢)) on M x [0,T] that satisfies the estimates

1. o - -
(3.71) 59 =9(t) =29, 6 S Va3 <1 [Vel3 S L,

where < (used throughout this subsection) depend only on m, ko, k1, k2, a1, 51, Ba-
According to Lemma and the proof of equation (34) in page 266 of [20], we
have

(3.72) Rm = ARm+¢* 2 *Rm™? 4+ ¢ ' «V«VRm~+¢ '« Rm* VV + V3¢ V2p.
Recall the formula (28) in page 266 of [26],
OV =AV 4+ g 2« Rm*V 4+ g« V 4589+ 9 '+ Vgxdig~ ' *g.

Since

Qg =g ' *Rm+VV + Vo Ve, g ' =g ' g7 xdg V=g"+Vy
it follows that
OV = AV 4¢3« Vg«Rm+ ¢ 2% Vg*VV +¢* 4 %g%Vg*Rm
(3.73)  + g P xgxVgxVV +¢" 2% Vg VoxVo+g* > xgx Vg Vo V.

Since
KhVV =V (0, V)+V* T, T =g ' % V(dyg),
it follows that (as the proof of the equation (99) in page 278 of [26])

AVV = AVV +¢ 2% VVg*Rm+ ¢* 2% Vg*x VRm+ ¢* 2+« VVgxVV
+ ¢ 2% Vgx V2V + ¢ 25 g+« VVg*Rm + g* % % g * Vg * VRm
(3.74) + ¢* B xgxVVgxVV 4+ ¢* 3% g« Vg V2V

+ g 2% VVgxVoxVo—+ g 2% Vg Vox V3
+g P xgx Vg R Vo s Vot g " xgx Vg Vs V20,
By the diffeomorphisms (¥¢);e(0,7] defined by , we have
ugij(z,t) = —2Rij(x,t) + 200 V(1) Vo (x, 1),
dd(at) = Ad(x,t) + AVl (z,1) + B2z, 1),
where §(z,t) and ¢(z,t) are defined by . Then

IS 0
ViVio(z,t) = y*y” ;VaVad(y,t), y*;:= @ya,
and hence
. 0 ~ . -
8tVNj¢(x,t) = ya,iyﬁ,jatvavﬁﬂy,t)+ya7iy67j3ty787yvvavﬁ¢(y7t)

+ 0 (y"ay" 5) VaVed(y, 1).
By Lemma we have
y* ? j0VaVsod(y,t) = AVVio+g %« Rm= V26 + V¢
+9 ' % Vs VoxV3p+g ' «VhxVip
+ 97 % V20« V2h+ g* 2« Rm * Vo + V.
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Using (17) and (18) in page 263 of [26], we can conclude that

o 0 & & ; 0xP 0 »~ =~ -
Y 7iyﬁ,j8ty7%VaV5¢(y,t) = y° Zyﬁjaty’yaiy,yivavﬂqs(yvt)

OxP
oxP 0 A A A OxP A
— @ B — O
= O 3y 97 (y Y ,jVaVW) Ay 9y (v*iv”1).pVaVso

1

0 Ox® Ox®
= pqvvivj(b_gqu( g, aV Vi¢+y” vy va qb)

Qap
ox® Ox®

J = 0y’ j)VaVsdy,t) = (O*)a 9y aV Vio+ (0’ )7]8 7ViVso

oz° oz°
_ gy, <y gy 5vv¢>+y pjaavvgzs)

+ (97Vg).iVpV;6 + (971V4) ViV
Consequently,

I+J

gPIVGV ViV + gP1 (ViV,V Vo + V,; VoV Vo)
= ¢ % V«V3h+ g« VV V3.
Combining those identities yields

Vi = AVZo+g* 2« Rm* Vg + V30 + g~ % Vo Vo x V3¢
(3.75) + 9 % Vox V3 + g '« V2P« V2 + ¢* 2% Rm « Vo % Vo
+ g MV V3 + g7« VUV % V26,

The volume form

dV = dV,y = y/det(gi;)da A+ Ada™

1 ..
(3.76) OV = 39" 0ugi AV = (=R + o |[V[; + divgV) V.

evolves by

In particular, dV = dV. For any point zop € M and any r > 0 we denote by
Bj(zo,7) the metric ball with respect to §. Recall the definition

© = (g,9).
Lemma 3.10. We have

T
/ / V2O |24V | dt S 1
0 Bg(IQ,T)

where < depends on m,r, kg, k1, a1, 81, 2.

Proof. As in the proof of Lemma 6.2 in [26], we chose a cutoff function &(z) €
C§° (M) such that V€| <8 in M and

5 =1 inBﬁ('r(hT)a
1
(3.77) & = 0 inM\By (zo,r+2),
0 < ¢ < 1 inM
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Since m = g% g, it follows that the constant 1 can be replaced by g~*

(3.16) we have
Vg = g*¥VaVsVg+g trgx VRm + G 2w gx Vg Rm
+ ¢ 2% Vg V24 g" 3 % (Vg)*> + Vo x V2.

* g. From

Therefore integrating |@g|§£2 over the ball Bg(xo,r + 1) implies

d 3 3 . . .
I = Vgl3e?dv = 2/ (Vg,0:Vg)€2 dV
Bﬁ(thr‘i’l) Bg(xg,?”«i»l)

= 2/ (Vg,9°"VaV3Vg)s€* dV
Bﬁ(:Eo,T—‘rl)
+/ 971*9*69*@%52&74_/ {g*Q*g*@g*ﬁ\rﬁ
Bj(zo,r+1) B (x0,r+1)

T T g (T 4 T T TV
= L+ 1+ Is5.

Now the following computations are similar to that given in [I9]. For convenience,

we give a self-contained proof. Using (3.70) and (3.71)) we get

Vg * [9*‘2 xg* Vg Rm + g* 2% Vg V2 + ¢ 3% (Vg) + Vo x V26

S IVl + Vg2 Vils + [Vals + [Vgla Vela V65
< 14Vl + V25,
and then

I3 < / (1 +|V3gl5 + W%L@) g adv.
B@(fo,’r‘—‘rl)

By the Bishop-Gromov volume comparison (see [9]), we have

(3.78) / <1
Bg(w07r+l)

By the estimate (3.78]), the Is-term can be rewritten as

(3.79) 351 +/ (W?gb + W%Ig) g2 av.
Bg(IU,TJrl)

The I -term and Ir-term were computed in [26] (see (54) and (58) in page 270)

1 ~ -
(3.80) I, < —7/ [V2gl2¢% dV + Cn,

2 /B3 (wo,r+1)
(3.81) I, <1 +/ |V2g|5€ dV.

Bg(aﬁo,’r‘—‘rl)

From (3.79)), (3.80f), and (3.81f), we arrive at

1 - N - N
(3.82) r<—; / V29|26 dV + CQ/ [V2¢|g€ dV + Cs.
Bg(x()ﬂ‘-’rl) Bé(ﬂfgﬁ'-‘rl)
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From (3.24)) we have
Vo = gaﬂﬁa@gﬁqﬁ +g" 2« Rm * Vo+ g 2% Vg V3¢
+ g Pk Vg (V)2 + 971 x Vo x V39 + BV
Therefore integrating |@¢|§§2 over the ball Bj(zo,r + 1) implies
d . . - B -
J = — IVo|2e2dV = 2/ (Vg, 0,V )52 dV
At J By (we,r+1) By (zo.r+1)

= 2/ (Vo, gab’@a@ﬁ@@ﬁz dv + / &2 {9*2 * Rm * Vo
Bg(zo,r+1) Bg(zo,r+1)

+ g2« Vg« V2 + g 2% Vg x (@(;5)*2 +g ' %V V2 + @qﬁ} Vo dv
= Jy+ Jo.
Using (3.70)) and (3.71)), we get
[g*‘Q «Rm Vo + g" 2« Vg« V2 + "2« Vg x (V)™
+ g7t *@(i)*@zqﬁ—k@gb] * Vo
S IVOIE + IValsIVolsV20ls + [Vgls I VoIE + Vo2 V2el5 + Vel
S 14|Vl
By the estimate (3.78]), the Jo-term can be bounded by
(3.83) Jo <1 +/ |V2¢|5€ dV.
Bg(zo,’l'-‘rl)
From the integration by parts, we obtain

5= 2 / 0T 5V, Va5 AV
Bg(:Eo,T—‘rl)
+ / V2% g* 2% Vg« Vo &2dV
B (xo,r+1)

_|_/ gk V2P« Vo xExVEAV.
B§($0,7‘+1)

Since

9*P VsV, VaVe); > = V202

N

by (3.71), and
[ ey ¥evegav 5 [ RPafear,
Bg(zo,r+1) Bg(xo,r+1)
/ xS nExTEA < / V26];€ dV,
Bg(xzo,r+1) Bg(zo,r+1)

it follows that

(3.84) Jy < —/ IV2¢|26% dV + 03/ IV26|5¢ dV.
Bg(zo,r+1) Bg(zo,r+1)
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From ((3.83)) and (3.84)),
1 - -
(3.85) J<—= / IV2g|262dV + Cy.
2 B§(I0,T+1)

Together with (3.82)), we arrive at
1 . . -
I+J< ——/ (|v29|§+\v2¢|§) £2dV + Cs.
Bg(xo,r+1)

Thus

d - . 1 - .
(3.86) 7/ IVO[2¢2dV < ﬂ/ IV2@|262 dV + Cs.
dt Bg(wo,’r‘+1) 4 Bg(mo,r+1)

Integrating (3.86) over [0, 7] implies

T
/ / IV2O22dV | dt S 1
0 Bg(xo,T‘—‘rl)

Since £ =1 on Bj(zo, ), the above estimate yields the desired inequality. O
Using (3.71)) we have

V2|2 < 16|V3g12, V202 <4|V?¢|2, dV <2m/2aV,
on M x [0,T] and then

T T
/ / V@2V dt§/ / V@24V | dt.
0 Bg(:t(,,r) 0 Bg(zo,?")

By (66) in page 272 of [20], we have
IVVgl2 < 2|V?g2 + Cg;

on the other hand, by VV¢ = V2¢ + g1 « Vg * Vo, we get
IVV¢|2 <2/V20[2 + Cr.

T T
/ / IVVO|2dV dt51+/ / V2O [2dV | dt.
0 Bj(zo,7) 0 Bg(zo,r)

Therefore,

Thus

Lemma 3.11. We have

T
/ (/ (w?@g + |V@®\§) dv> it < 1.
0 Bg(woﬂ')

where < depends on m,r, ko, k1, a1, 81, B2.

We now prove the integral estimates for Rm, V2¢, and VV. The similar results
were proved by Shi [26] for the Ricci flow and List [19] for the Ricci flow coupled
with the heat flow.

Lemma 3.12. We have
/B ( (Rm|2 + [V?¢[2 + [VV[2) dV < 1
g\Zo,T

where < depends on m,r, ko, k1, k2, a1, 81, Ba.
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Proof. Keep to use the same cutoff function {(z) introduced in the proof of Lemma
3.10, From \Rm|§ = g"*g?Pg" g" R, ke Roprys, We get

8t|Rm|Z = 2(Rm, &;Rm), + Rm*? % g* 3 % 9,97

and

/ [Rm|2¢ dV
Bj zo,'r+1
- trd
/ |Rm|§g2dv+/ </ |Rm|§g2dv>dt
Bg(zo,r+1) 0 dt Bg(zo,r+1)
t
(3.87)= / |Rm|2¢2 df/+/ (/ Rm|3§28tdv)dt
§(xo,r+1) 0 Bg(zo,r+1)

+ / [/ <2<Rm, O Rm), 4+ ¢* % Rm*? « (9tgl>£2 dV] dt
0 B_@(ZE[),T‘Jrl)
By the estimate (3.78]) we have

(3.88) / Runf262 dV < 1.
Bg(xo,r+1) '

Using (3.76)) implies
t t
/ / |Rm|2£20,dV dt / / g * Rm*? & (9*2 * Rm
0 JBg(wo,r+1) 0 JBj(zo,r+1)
+ g7 % (V)2 + g1 & vv) €2 dvdt

t
/ / (9*5 % Rm*? * (v¢)*2
0 Bg(wo,’l"+1)

+ ¢" 5« Rm*® + ¢*° « Rm*? x vv> £2dvt.

(3.89)

By the evolution
atgfl _ 9*73 *Rm+g*72 *VV—%—g**Q " (V¢)*2
above (3.73)), we get

t
(3.90) / / ¢* 3« Rm™ « 9,912 dV dt
0 zg,r+1
t
/ / g P« Rm* % (g7 * Rm + VV + (V¢)*?) £ dVdt.
Bg(zo,r+1
According to (3.72)),

t
(3.91)2 / / (Rm, 0;Rm) ;&2 dV,dt
Bgs(zo,r+1)

t
2 / / (Rm, ARm) &% dVdt + / / (g*_4*Rm*(V2¢)*2
0 JBg(xzo,r+1) Bg(zo,r+1)

+ ¢ P« Rm™ *« VV 4+ ¢*° «V «Rm* VRm + ¢g* 6 « Rm*g) €2 dvt.
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Substituting (3.88)), (3.89)), (3.90)), and (3.91)), into (3.87)), we arrive at

/ [Rm|>¢* dV
Bg(wo,r+1)

¢ ¢
< G+ 2/ / (Rm, ARm) &% dVdt + / / (9*6 * Rm*3
0 Bg(ajg,’f’*‘rl) 0 Bg(w(),’l‘Jrl)

(3.92) + ¢ P *Rm™? «VV + ¢* %% V « Rm * VRm

+ ¢* 5« Rm*? % (V)2 + ¢* %+ Rm * (v2¢)*2>§2 dvdt,

where C is a uniform positive constant independent of ¢ and xy. The second term
on the right-hand side of (3.92) was estimated in [26](equation (78) in page 274):

t
2 / / (Rm, ARm),&* dVdt
0 Bg(;co,r-&-l)

t t
(3.93) < 3 |VRm |22 dVidt + O |Rm|2dVdt.
2 g )
0 Bg(zo,’r‘-‘rl) 0 B§(I0,T+1)

Using V = g~ % Vg and (3.71), as showed in [26] (equations (80), (81), (88), pages
275-277), we obtain

t
/ / ¢* %%V« Rm « VRm &2 dV dt
0 B_@(mg,’r’Jrl)

1 [t k
(3.94) < 7// |VRm|§§2thdt+C3// [Rm|? dVdt,
4 Jo Bg(xo,m+1) | 0 JBj(zo,r+1) :
t
/ / ¢ P« Rm*? « VV €2 dV dt
0 Bg(aﬁo,TJrl)
1/t ¢
(3.95) < 7// |VRm|352dth+C4// [Rm|2dVdt,
8 0 JBg(wo,m+1) 0 JBg(xo,r+1)
t
/ / ¢* O« Rm™ 2 dVdt
0 Bg(x[)ﬁ'-‘rl)

1/t ¢
3.96) < - VRm|2¢2 dVdt + Cs |Rm|2dVdt.
g g
8 0 JBg(xo,r+1) 0 JBg(xo,r+1)

Plugging (3.93), (3.94), (3.95), (3.96] into (3.92)), yields

/ [Rm[2¢ dV
Bg((Eo,’l'-‘rl)

t t
< —/ / |VRm|§§2dth+06/ / [Rm|2dVdt + C7
0 Bg(:to,T+1) ’ 0 Bg(:l?o,T‘—‘rl)

t
(3.97) + / / <g*5 * Rm*™ % (V$)*? + ¢**  Rm # (v2¢)*2>§2 dVdt.
0 Bg(IQ,TJrl)

Using (3.71)) and the Cauchy-Schwarz inequality, we can conclude that
g% *Rm*?  (V¢)*? < [Rml;|V|%;
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but [Ve|2 = giVipV ¢ < QI@QZ)IE < 1, the above quantity ¢* % * Rm*? x (V¢)*? is
bounded from above by [Rm|2. From the equation (90) in page 277 of [26],

g *Rm*™ # (V) S1+4|VVg2 S1+|VVg2 <1+ |VVO[Z,
this estimate together with Lemma gives us

t
(3.98) / / g« Rm*? % (V)2 €2dVdt < 1.
0 Bg(a:o,’l‘Jrl)

To deal with the last term on the right-hand side of (3.97)), we perform the integra-
tion by parts to obtain

/ g % Rm x (V2¢)*2 &2 dV
Bg(mo,’l‘+1)

- / g*4*V¢*<VRm*V2¢+RIH*V3¢+Rm*V2¢*v€§>€2dv
Bg(xo,r+1)

1
< f/ |VRm|2¢? dv+cg/ IV2¢|2dV
2 B§(IO’T+1) Bg(mo,r+1)
+ e/ [V3g|262dV + C’e/ [Rm|>dV
Bﬁ(z07""+1) Bg(zo,’r«‘rl)
+ 09/ [Rm|2dV + 010/ IV2g|2dV
Bg(zo,r+1) B (zo,r+1)
< 1

7/ |VRm|2¢? dV+e/ V3|26 dV
2 B (z0,r+1) ’ Bg(zo,r+1) )
+ 011/ IVVO[2dV
Bg(ro,'f‘—‘rl)
using 1) V2¢ = VV¢, and [Rm[2 <1+ |V@g|3. Note also that the second

term on the right-hand side of (3.97) is uniformly bounded by the same estimate
for |[Rm|? and Lemma Consequently,

1 t
/ Rm[2&*dV < —7// [VRm|2¢2 dV dt
Bg(zo,r+1) ’ 2 Jo Bg(2z0,r+1)
t
(3.99) +e / / [V3|26% dVdt + Chs.
0 Bg({ro,’l‘Jrl)

We next establish the similar inequality for |V2¢\3 = gi’cgﬂvivjwkvm. Cal-
culate 9;[V2¢|2 = 2(V?¢,0,V?¢)y + (V2$)*? g~ 99" and

(3.100) / V2262 dV
B§(x0,r+1) )

- - t/d
= / |v2¢|352dv+/ (/ v2¢|g§2dv)dt
Bg(xzo,r+1) 0 dt Bg(zo,r+1)

t
/ |V2¢>|§£2dV+// V26[2620,dV dt
Bg(lo,’l‘-‘rl) 0 Bg(mo,’!‘-‘rl)

t
+ / / <2<v2¢, XV2P) g + (V2P) 25 gt % atg—1)§2 dvdt.
0 Bg(xg,?“—‘rl)
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Since |[V2¢|2 < ky by the assumption 1) we have
(3.101) / IV2¢|26%dV S 1.
Bg(xo,r+1)

Using (3.76)) implies

t
/ / IV20|26%0,dV dt
0 JBg(xo,r+1)

t
/ / g*—2 " (V2¢)*2 % <g*—2 + Rm
0 JBg(xo,r+1)

* (Vo) +g7 1« vv) 2 avdt

/ / (g*—4 * Rm " (v2¢)*2
Bj (xo,r—i-l)

Px (Vo)™ x (V29)™?
+ g**3 * VV % (v2¢)*2)§2 dvdt.

(3.102)

By the evolution equation of d;g~! above (3.90)), we get
t
(3.103) / / g % (V20) 2 % 0™t €2 aVat
Bg(xo,r+1)

t
N 5t (90 (o7 o R 9 5 (7)) avar
B (xo,r+1)

By (3.75) the third term on the right-hand side of (3.100]) can be written as

t
/ / 2(V2p, 0,V ¢) &% dV dt
:co T+1

// (V2¢, AV ) g§2dth+// ( 24 (V2p)*2
(zo,r+1) zo,r+1

(3.104) + g*~ 4*Rm*(V*2¢) + 9" % (V)2 % (V29)*? + g* % % (V)™
+ g 3% Vo V2 x V3¢ + ¢" 4« Rmx (Vo)™ x V2o

+ ¢ PRV V2 x V34 g* 2« VV % (v2¢)*2)§2 dVdt.

Substituting (3.101)), (3.102), (3.103), and (3.104])) into (3.100]), we arrive at

/ V2[2¢2 av
Bg (aio,TJrl)

t
< Ci3+2 / / (V2p, AV?¢) &2 dV dt
Bg(xzo,r+1)

t
sy [ f (g*—‘* £ Rim « (V26)2 + g« (V)2  (V29)"2
0 zo,r+1)
+ 9*73 " (V2¢)*3+g*73*v¢*v2¢*v3¢+g*74*Rm* (v(b)*Q *v2¢
+ g3k Va V2 V3o + g* 3« VV % (V2) 2 + g* 2 % (V2¢)*2>§2 dVvdt.
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By integration by parts, we find that the first term on the right-hand side of (3.105)
equals

t
2/ Bg(xo 7"+1)<£ v2¢7 aﬁvavﬁvz(b)gd‘/dt
- —2/ / Va(€V29),VV29)dVdt
Bj(xo, r+1)
N _2/ / Vo V29, VsV2¢) &2 dV dt
(zo, 7‘+1)

+// T« V2 V3« VECAVdt
Bg(xo,r+1)

3 t
< —7/ / (V3g[2¢? dth+Cl4/ / [V2o|2dVdt,
2Jo JBy(zor+1) Bj(wo,r+1)

by (3.71) and the fact that |VE|, = [VE|, < v2|VE|5 < 8v/2. We now estimate the
rest terms on the right-hand side of (3.105]). By the estimate below ([3.98]), we have

/ g* % Rm x (V2¢)*2€2dV
Bg(zg,r+1)

1

- / [VRm[2¢* dV + e/ [V30|2¢% dV

4 Bg(xo,r+1) Bg(xo,r+1)

+ 015/ |V@@|§dv,

Bg(zo,r+1)

where we replaced the coefficients 1/2 by 1/4 (however the proof is the same). Using
|| [Rm|? < 14[VVg|2 (see the equation (90) in page 277 of [26]), and Lemma

3.11] the integral of g* 3% (V¢)*2%(V2¢)*2+¢* =14 Rm* (V) *2x V2p+g* 2 (V2$)*?
is bounded by

t t
/ / [IV26]2 + Rm2] dthg/ / [1+ |v?@|g} dvdt <1
0 JBj(zo,r+1) 0 JBg(xo,r+1)

where we used the fact that T' depends on the given constants and the volume
estimate ([3.78)), from the second step to the third step. By (3.71)), we get

t
/ / g % (V2g) S & dvat
0 B§(IU,’I’+1)
t
= // Vo *V (29" % % (V2¢)*?) dVdt
Bg(xo,r+1)
- / / (svg*g « (V20) 1 £2g"4 4 Vg  (V2)"2
B(a:U,r+1)

+ ¢ 3%« V3¢ % v%) dvdt

t
e/ / (V3g|2¢? dth+016/ / [V2o|2dV dt;
0 Bg(zo,r+1) Bg(xzo,r+1)

IA
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similarly, according to the definition V = ¢g~! * Vg,

t
/ / G TP« Vox Vi« V32 dVdt
Bg(zo,r+1)

t
e/ / [V3g|2¢? dth+Cl7/ / [V2gl2dVdt,
0 JBg(xo,r+1) Bg(zo,r+1) ’

t
/ / 3%V« V23 x V3 2dVadt
Bg(zo,r+1)

t
e/ / (V3 52dth+018/ / |V20|2dV dt.
0 Bg(xzo,m+1) Bg(xo,r+1)

Taking the integration by parts on VV yields

t
/ / g Pk VV % (V2) 2% dV dt
0 Bg(rg,r—i-l)

t
= / / VxV (€972 % (V2¢)*?) dVdt
0 JBg(zo,r+1)

t
// V*(£29*4*vg*(v2¢)*2+£29*3*v2¢*v3¢
Bg(xo,r+1)

+ g3 % (V29)*? % VE 5) dVdt

t
S weewvaen [ [ e
0 JBg(wo,m+1) Bg(xzo,m+1)
Substituting the above estimates into (3.105) and using Lemma [3.11] we have

/ [V2p2¢2dV < Cao+ = //|VRm\ edvdt
Bg(zo,r+1)

(3.106) - <2—5e>// [V3¢|2¢% dV dt,
0 JBg(xo,r+1)

where € is a sufficiently small positive number that shall be determined later. Com-

bining (3.100) with (3.106|), we arrive at

1 t
/ [Rm[3 +[VZ0[g] £2dV < Cor - f/ / |VRm[2¢2dV dt
Bg(zo,r+1) 4 0 xzo,r+1)

AN ’ p
(3.107) - (3 - 5e> / / [V3g|262dV dt.
2 0 Bg(zo,’r‘Jrl)

As a consequence of the above estimate , we can conclude that the integral
of [Rm|2 + [V?¢|2 over the metric ball By (xo, r) is uniformly bounded from above.
We here keep the minus terms on the rlght hand side of (3.107) to deal with the
integral of [VV|2£% over By(xo,r + 1), and therefore, we prove Lemma

Since the metric ¢ is equivalent to §, we may write ¢* % % ¢* = ¢*(=%)_ Under
this convenience, the equation (3.74]) can be written as
HVV = AVV +g"*+«VVg+Rm+g* % Vg+ VRm + g* 2« VVg* VV
(3.108) + 9" 2% Vg V2V 4+ ¢ 2% VVg* (V)2 4+ g 2% Vg * Vo * V2.
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From |[VV |2 = g*g/*V;V;VV; we obtain
HVVE =2(VV,0,VV)y+ g "« Rmx (VV)*? + "2« (VV)*
by the evolution equation of d;g~1 above (3.73)), we arrive at
HVVE = 2VV,0,VV)g+ g« Rm« (VV)*2 4 g* 3 % (VV)*3
(3.109) + g 3 (V)2 % (Vo)*?

Calculate

t
(3.110) / [VV[2E2dV = /(d/ |VV|§§2dv>dt
Bg(zo,m+1) o \dt Bj(wo,r+1)

¢ t
/ / |VV[?£20,dV dt +/ / | VV[2 & avdt.
0 Bg(zo,T+1) 0 Bg(wo,’r‘+1)
since V =0 at t = 0. Plugging (3.108]), (3.109) into (3.100), we get

/ IVV[2E2dV
B (zo,r+1)

/ / (VV,AVV) &% dVdt
wo,'r+1

// [*_5*V@g*Rm*VV—&—g*_E’*@g*VRm*VV
Bg(xzo,r+1)

(3.111) + ¢* 1« VVg* (VV)2 + ¢4« Vg* VV * V2V 4 ¢* 4 « Rm  (VV)*2
+ g % (VV)B 4 g" 1% UV VV (V)™

+ g % Vgx VV « Vo x V2p+ g2 % (VV)2 « (w))*?} €2 dvat.

The first term on the right-hand side of (3.111))was computed in [26] ( see the
equation (104) in page 280):

2 / / (VV,AVV),&2dVdt < —— / / V2V [2¢2 vt
0 JBg(xo,r+1) 8 0 JBg(xo,r+1)

(3.112) + Cao /t/ [VV|2dVdt.
0 JBy(zo,r+1)
Define
I == ¢ P%xVg«xVRm*VV + ¢ 4%« VgxVV % V2V,
I, = ¢"°%xVVg*xRmx*VV,
I = ¢ 1% VVgx(VV)2 4+ ¢4« Rm* (VV)2 4 ¢" % & (VV)*3
I == g% VVgsxVV (V)2 + g 4« Vgx VV % Vo x V¢

g (V) (V0)
According to (106) in page 280 of [26], we have

t 1 t
// nLexavar < —// [[VRm|2 + [V?V|2] £ dVdt
0 Bg(LEo,T-i-l) 16 0 Bg(wo,’!‘-‘rl)

t
(3.113) + 023/ / |VV|2dV dt;
0 Bg(xg,?“—‘rl)
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according to (107) in page 280 and (112) in page 281 of [20], we have

t 1 t
// LEdvdt < —// [[VRm|2 + [V?V|2] € dVdt
0 JBg(wo,r+1) 16 Jo JBj(xe,r+1)
)

t
+ 024/ / [[Rm|? + [VV 2] dVdt,
0 JBg(xo,r+1)

t 1 t
// L& dvdt < 7// V2V [2¢? dvadt
0 JBg(xo,r+1) 8 Jo JBy(zort1)
)

¢
+ 025/ / [VV|2¢2 dVdt.
0 B§(I(},’F+1)
Using (3.71)) implies

t
/ / I3 dvdt
0 Bg(xo,r+1)

t
(3.116) < / / <|v@g|§ +|VV]Z+ v2¢|§>g2 dvdt.
0 Bg(zo,T‘Jrl)

Substituting (3.112), (3.113), (3.114)), (3.115), (3.116) into (3.111]), using the fact
that VV = g~ % VVg, and using Lemma 3.11L we obtain

1 t
/ IVV[22dV, < ——3// V2V |2¢2 dVat
Bj(zo,r+1) 8 Jo JB;(@or+1)

1 [t

(3.117) + f/ / [VRm|2¢* dVdt + Cag.
8 0 JBg(xo,r+1)

Choosing € = 11/40 in (3.107) and combining with (3.117)), we arrive at

/ [Rm? + V262 + |VV[2] €2V
Bg(zo,r—‘rl)

(3.114

(3.115

1/t .
+—// [[VRm|? + [VP¢]2 + [V?V[2] &advadt < 1.
8 0 BQ(IQ,TJrl)

In particular,

A
—_

Rm|? + |[V26]2 + |VV 2] dV
B85 oy [P0+ 17265 VI

/T/ [[VRm[? + [V2¢[2 + [V?V 2] avdt < 1
0 Bg(zo,r)
since £ = 1 on Bg(xo, 7). |
Recall that
ORm = ARm + ¢* 2« Rm™ + ¢! « V+« VRm + ¢! « Rm = VV 4 (V2¢)*2.
Since V(¢! *V *Rm) = ¢g~! * V * VRm + g~ * Rm * VV, it follows that
(3.118) O,Rm = ARm + VP, + Q1,

where

Po:=¢g '« V*Rm, Qp:=g¢ '+«+Rmx*VV+g"2+«Rm* + (V).
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Recall the equation
VYV =V(O,V)+ V%9, T =g L +V(dy9)
after and the equation 8;g = g~ * Rm + VV + (V¢)*2. Hence
vV =V (AV + ¢ 2« Vg*xRm+ ¢ 2% Vgx VV 4+ ¢g* 2% Vg * (V¢)*2)
+ ¢ 2%V« VRm+ g '« Vs V2V 4+ g7 % V% Vo * V2.

From the Ricci identity VAV = AVV + ¢* 2« Rm * VV + ¢g*2 x V * VRm, it
follows that

AVV = AVV 4V (g Vg Rm+¢" 25 Vg TV + g2 4 Vg « (V)2
+ ¢ 2%« Vs VRm+¢g 'V« V>V 4+ g 2%«Rmx*VV
+ 9 %V Vox V.
Since
V(g 2+ V+Rm) = ¢* ?*V*VRm+g" 2*Rm*VV,
V(g «VVV) = gl VsVV4g7 1% (VV)*?
and V = g1 % Vg, we obtain
g 2% V+«VRm = V(9" ?%Vg*xRm)+g¢g* 2+«Rmx* VYV,

g VsV = V(¢ 2xVgxVV)+g s (VV)*2
and hence
(3.119) O VV = AVV + VP + Qo,
where
P, = ¢ 3«Vgs«Rm+ g 2% Vg VV 4 g 2% Vg (Vp)*?,

Q: = ¢ 2xRm*xVV + ¢ 1« (VV)*2 + g7 %« V x Vo * V2.
Finally, according to , we have
(3.120) OV%ip = AV?p + VP + Qs,
where
Py = g 'xVoxV2p+g 15V xV?0,
Qs = ¢ 2xRm*xV2p+ g 1% (V)2 % V23 + ¢* 2 « Rm x (V)*? + 5, V2.

Lemma 3.13. For any integer n > 1, we have

T
/ / u" " VVgl2dVadt
0 Bg(ajo,’l‘)
max/ u" dV
t€[0,T] Bg(xo,r)

T
/ / u"lodvdt < 1.
0 Bg(xzo,r)

w:=Rm|2 +|V?¢[2 + |VV[2, v:=|VRm[] +|V?¢[2 + |V*V[2,

and < depends on m,n,r, ko, ki1, k2, a1, 51, Ba.

A
\'H

A
\.H

where
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Proof. The case n = 1 follows from Lemma [3.11] and Lemma [3.12] We now prove
by induction on n. Suppose that for s =1,--- ,n — 1, we have

T T
/ / w T VVg2dVdt, max/ uSdV,/ / w*lodVdt < 1.
0 Bg(xo,r) t€[0,T7] Bg(xzo,r) 0 Bg(xzo,r)

For convenience, define
w = [Rm|} + [V?¢|2 + |[VV|2.

By (66) in page 272 of [26] and 1) we have [VVyg|? < 2|@29|§+Cl < 32|@zg|§+
C4 and hence

T T
/ / u"_1|V@g|3dth < 32/ / u"_1|@2g|§dth + Cs
0 JBg(xo,m+1) 0 JBg(zo,r+1)

by 1) and li Since 1—1611) < u < 16w, to estimate

T
/ / u" TV Vg|ZdVdt
0 Bg(l‘o,r-‘rl) ’

T
/ / w"_1|@29|§d1~/dt
0 B@(zo,’r‘—‘rl)

since dV < 2™/24V. Consider the same cutoff function &(z) used in the proof of
Lemma [3.I0 Calculate
d 5 .
K = — w1 Vgl2e? dV
dt Bg(xo,m+1)

= / w”_12<@g, aﬁg>g§2 av
Bg(xo,r+1)

we suffice to estimate

+ / ¥g12(n — )2 [[Rm[2 + 6, V26[2 + 0, VV[2] €
Bg(xo,’[‘-‘rl)

= I+ J
Using the evolution equation of Vg after lb yields

I = 2/ §2w”1<@g,ga5@a@5@g+gl *g*@ﬁn/ﬂr@(b*@%b
Bg(I(},’I”Jrl)

+ " 2% g Vg« Rm+ ¢ 2% Vg V2g+g* > « (?g)*3> dv
g

S 03/ (1+|@29|g) w”71§2 dv+11+12+13
Bg(zoﬂ“ﬁ»l)

by (3.71), where
L =

\V]

/ 2w (Tg, PV T 5V g) T,
Bg(zo,r+1)

-
B-

g

I; = / Ew" '« Vg« Vo V2pdV.
Bg(zo,r+1)

Ew  xg T xgx Vg x @ﬁ?ndf/,
(zo,r+1)
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By integration by parts, the term I; can be estimated by
L = *2/ (V5Vg,Val(g*e?w" 1V g))gdV
Bg({ro,’l‘Jrl)

Bg(w077‘+1)
+ g 2 (V)2 v 4 gl £ 4 VEx Vg w !

+ g7 % Vg 2w s (Rm s VR + UV 5 VYV + V265 VV20) > dv
g

[ [ e il + s g1y
Bg(wo,’l‘-}—l)

IA

«V2g (Rm « VRm + VV % VVV + V2¢ # @V%) } v

by (3.71). The Cauchy-Schwarz inequality implies

n—1

N N\ Y N (T Rt 4
Bg(xo,r+1) Bg(xzo,m+1)
1 - - s
< f/ |v29|§g2wn-1dv+2cz/ w"tdV
8 B§($07T‘+1) Bg(wo,’!‘-‘rl)
1 - -
< 7/ V292w dV + Cs
8 Bg(wo,’r‘+1)

by the inductive hypothesis and %w < u < 16w. Similarly,
/ w2k g7« Vg Vg« (Rm*@quLVV*@VV
Bg({l?(),’l‘+1)

+ V20 % @v%) v

< Cﬁ/ (wanZﬂ@ng‘Rmb) (wnTJﬂﬁleg) AV
Bg(wo,m+1)
e /B() (0™ eVl VV5 ) (w* = €IVVVI;) av
" /}357(%7,._,_1) (w%§|@29|§|v2¢|§) (wnTizﬂﬁV?(mg) v
1
<

= V32wt dv

8 ~/B§($Q,T+1) ‘ ‘g

+ 07/ W 2€? (WRm@, + VYV + |ﬁv2¢|§) av.
Bg(IQ,TJrl)

1

According toI' —T' = g~ ! % Vg, we have

VRm VRm+ ¢ '+Vg+Rm, VVV = VV 449 1xVgxVV,
UV = VPp+g '« Vgx V30,
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from which we can conclude that [VRm|2 + |[VVV|2 + [VV2¢|2 < u + v and then

<

<

<

/ w2 % g« Vg« Vigx (Rm*@RerVV*@VV
Bg(:l}o,’l‘Jrl)

+ Wv%g) av

1 ~ - .
,/ ‘VQg‘gwn—léQ dv + 08/ wn—2£2(u + ’U) dv
8 Bﬁ(x01r+l) Bg(ZO,T+1)

1 ~ . -
f/ \Vg|3w"_1§2 dV—I—Cg/ u" 262 (u + v) dV
8 JB;(xo,r+1) B (z0,r+1)

1 - - -
- / IVglZw"=1&*dV + Cy / u""20E2 dV + Oy
8 Bg(zo,r+1) Bg(xo,r+1)

by the inductive hypothesis. Consequently,

3
(3.121) I < _7/
4Jp

Vg2ur—1e2 i + Cry / W2 AV + Cr.

g(zo,m+1) Bg(xo,r+1)

If we directly use the inequalities 7 we can get the uniform upper bound for
15 by the inductive llzpothesis. However, in this case the bound shall depend on an
upper bound of |[VRm)| g- To fund the dependence of kg, we will argue as follows.
Again using the integration by parts, we get

L =
(3.122)
<
<
<

_/ <ﬁ?n,@(g_l*g*@g*§2*wn_l)>~d‘~/

Bg(xo,r+1) 9

/ <R\r?1,g*_2 % (Vg) 2 s g2 xw™ 1t + ((@g)*Q—Fg*@Zg)
Bg(zo,m+1)

wg k2% w4 g g x Vg ExVEx W + g7 gk Vg x &2
w2 (RmNRm+vvwvv+v2¢Wv2¢)> v

g

Ciz + 013/

w”’1|@2g\§§2 dV + 013 /
Bg(wo,’r‘+1)

w™ 2 <Rm|£2~7
Bg(a:g,TJrl)

+ |VV2 + [VRmf? + [VVV[2 + V202 + |W2¢>§) v

1 - - ;
f/ w" T V2gl2¢? dV+014/ w2 (u + v)dV 4 Chy
8 B (zo,r+1) Bg(zo,r+1)

1 _ . .
- / w"_1|VQg|§§2 dV + 015/ u" 2y dV + Ci5
8 Bj(xo,r+1) ’ Bg(zo,r+1)

by the inductive hypothesis, (3.71) and the previous estimates. From (3.71]), we
also have

(3.123)

'y w6 V.
Bj(xo,r+1)
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Since C3|V2g|; < §|V2g|2 + 202, we infer from (3.121), (3.122), and (3.123) that

1

I < **/ |@29|?)wn71£2d‘7+016/ u" 20 dV
2 Bﬁ(m07T+1) Bg(wo,’r‘+1)

(3124) + Cig / wh ! |@2¢|§§ dV + Cig
Bg(xo,’l"Jrl)

by the inductive hypothesis. Note that the estimate (3.82)) is a special case of
(3.124]). According to (3.71),

J < 017/ w"? [2(Rm, 9,Rm); + 2(V?¢, 0,V ¢);
Bg(wo,’l‘+1)

+ 2(VV, 0, VV)51€2dV = Cur(Jy + Jo + J3),

where

Jio= / w"~22(Rm, ;Rm) 562 dV/,
Bg(IQ,TJrl)

Jo = / w22V, 9,V V)62 dV,
Bg(zo,m+1)

J3 = / w"22(V2 ¢, 0;V2p) 562 dV.
B_@(mo,r+1)
Substituting (3.72]) into J; we find that

J o= / w”2§22<Rm, ARm + g* 7% ¥ Rm*?
Bg(IQ,TJrl)

(3.125) + g '« V+«VRm + ¢! *Rm*VV+(V2¢)*2> dv.
g

We now estimate each term in (3.125). Since ARm = g*#V,VzRm, the first term
on the right-hand side of (3.125)) is bounded by

-2 / (VsRm, V,, (2w" 2g*PRm)) zdV
B§ (:E(),’r‘+1)

- 2 / (VsRm, 20" 2g*?V ,Rm) 5dV
Bg(zo,r+1)
+/ VRm # (9" # Vg x Rm x € + g~'  Rm x £+ VE) w"* dV
Bg(zo,T‘—‘rl)
—|—/ VRm*g1*Rm*§2*w"3*<Rm*@Rm+VV*V2V
Bg(mo,r+1)
+ V2 * v%) av
< - / [VRm|2¢%w"™ 2 dV + C1g / |VRm|5|Rm|;6w" 2 dV
Bg(zo,r+1) By (zo,r+1)
+ 018/ |VngRm|§§2w”_3(|Rm|g|VRm|g +|VV |3V 5
B_@(ZEQ,T‘Jrl)

+ |V2¢|§|V3¢|g) av
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1

since Vg = Vg4 ¢~ %« Vg * g < 1. By the inductive hypothesis, we have

/ |VRm|;|Rm|56w™ =2 dV
Bg(zo,r+1)

/ w"_2|VRm\§d‘~/+/ w"_2|Rm|§d‘~/
B_[;(:E(),T‘-‘rl) ’ Bg(mo,’r‘—}—l) )
/ u" 20 dV + / u"tdv

Bg (o, r+1) Bg(x0,r+1)

< 14 / u" v dV,
Bg(xzo,r+1)

A

A

and
[ wr Rl Rl TRl + [V,
Bg(xo,r-l—l)
+ |v2¢|g|v3¢g)dV

< / wnfguvdf/Jr/ w3yl 2p1/2 <u1/2v1/2 Jr161/21)1/2) dv
B@(IOaT+1) Bg(:]:o,’l‘+1)

< / u" v dV;
Bj (Cr(),’r“Jrl)

hence the first term on the right-hand side of (3.125) is bounded from above by

1 —|—/ u" " 2pdV
B§(IQ,’I’+1)

up to a uniform positive multiple. Since [Rm|? <1+ |V?g|§ by the equation (90)
in page 277 of [26], it follows that the sum of the third and forth terms of the
right-hand side of (3.125)) is bounded from above by

/ w" 2% % 2Rm * (7' * V * VRm + ¢g~' * Rm + VV) dV
Bg(zo0,m+1)

IA
Q
©

/ w"2¢? (|VRm|;[Rual; + [Rm[2[VV];) dV
B_@(ZQ,T‘Jrl)

1 -
< 7019/ w" ¢ ([VRm[ + [Rm[?) dV
2 Bg(ro,’r’—‘rl) )
1 -
+ *Clg/ w" €| Rm|dV
2 Bg(xgﬁ'-‘rl)
1 n—2 X/ 1 n—1 377
< =Cig w" v dV + =Chg w"dV
2 Bg(xo,r+1) 2 Bj(xo,r+1)
+ Czo/ w"te? (1 + |v@g|§,) edv
B§($0ar+1)
1 - -
< / wn71£2‘v2g‘§dv + C21/ un721} dV + 021’
8017 Bg(:ﬂo/l‘-ﬁ-l) Bg(wo,r+1)

because of the inductive hypothesis and V = g1 % Vg < 1. Similarly, the second

term on the right-hand side of (3.125)) is bounded from above by (up to a uniform
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positive multiple)

/ wn72€2 *9*72 *Rm*3 d‘?
Bg(:ro,’l‘Jrl)

s |/ W2 g Rk (11 Vg i
Bg(xo,’l’Jrl)
< / Wt dV + / w22 « Rm*™?  ¢* "2« VVgdV
B§(93077’+1) B§(Ig,7’+1)
S 1+/ Vg (VE* &+ Rm™ + €2« VRm + Rm) * ¢* 2 x w" 2 dV
Ba(ibo,r+l)
+ / Rm*? % w" ™ (Rm * VRm + VV * V2V + V¢ « V3¢) dV
Bg(ro,’r’—‘rl)
S 1+ / (u+v)u""2dV + / uu" "3 (u +v) dV
Bg(zo,r+1) B (zo,m+1)
< 1+ / u" v dV,
Bé(xoﬂ'""l)

by the equation (84) in page 276 of [26], g is equivalent to §, and the inductive
hypothesis. The last term on the right-hand side of (3.125|) is bounded from above
by (up to a uniform positive multiple)

/ w262 %« Rm x V3¢ « V2 dV
Bg(l’(},’l”Jrl)

< / V¢V (w" 2%+ Rm * V2¢) dV
Bg(zo,r+1)
= / v¢>*(g*vg*Rm*v2¢+52*VRm*v2¢
Bg(xo,’l’Jrl)
+§2*Rm*v3¢>wn_2d‘7+/ Vo %« Rm * V3¢ * w3
Bg(wo,T+1)
« (Rm * VRm + VV * V2V + V2¢ x V3¢) dV
< / w2 (w + v1/2w1/2) dv + / ww" 3 (w + v)dV
B§(I0,T+1) B_@(rg,TJrl)
< / w1t dV+/ u"udV <1 +/ u" 20 dV.
Bg(rg,r—‘rl) Bg(mo,r-‘rl) Bg(zo,T+l)

Note that when we do the integration by parts, we may replace g by g since g is
equivalent g, so that we have no extra terms V§ and V§—!. Therefore, substituting

those estimates into (3.125)) implies

1
(3.126) Cy7J; < 7/

w”‘1€2|?29|§d17+022/ U2 dV + Chs.
Bg(zo,r+1)

Bg(zo,r+1)
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By (B.125), we have

Ja

(3.127)

/ w"2§22<VV, AVV + ¢* 3% VVg* Rm+ ¢* % % Vg« VRm
Bg(aﬁU,TJrl)
+ ¢ 2% VVg*xVV 4+ ¢* 2% Vg * V2V
+ g 2% VVg (Vo)2 + g* 2% Vg Vo * V2¢> dv.
g

As before, the first term on the right-hand side of (3.127)) is bounded from above
by (up to a uniform positive multiple)

IN

A

A

2 / w2 (VV,AVV ) 5dV
B§($0,7‘+1)
—2/ (VVV, Va(g*P 2w —2VV)) zdV
Bg((l;o,r-‘rl)
—/ VAV 2w 2 dV
Bg(wo,T+1)
+/ VZV*VV*g_l[§*V€*w”_2+§*w"_3*(Rm*VRm
Bg(xo,r—&-l)
+ VV * V2V + V26 « v%)} dv

/ wn72v1/2w1/2 dv+/ v1/2w1/2wn731}1/2w1/2 dv
Bg(aﬁo,TJrl)

Bg (Zo,T+1)

/ u™! dV+/ u"2vdV < 1+/ u" v dV
Bg(zo,r+1) Bg(zo,r+1) B (zo,r+1)

by the inductive hypothesis. By the Cauchy-Schwarz inequality, the sum of the
second, third, forth, and fifth terms on the right-hand side of (3.127)) is bounded
from above by

<

<

023/ w2V V5 [w!/2V2gl; + [VRml; + V2V ;] €2 av
Bg(aco,r-i-l)

1
8C17

/ w"_1£2\@2g\§d‘7+024/ w20 dV 4 Coy
Bg(za,’l‘-‘rl) Bg(wo,T+1)

1 - -
/ wnfng\v’é’g\ngJrc%/ u" 20 dV 4 Cys.
8017 Bg(lEoﬂ‘Jrl) Bg(wo,’r‘+1)

The rest terms on the right-hand side of (3.127)) is bounded from above by (up to

a uniform positive multiple)

A

A

/ T S VA VA (Vﬁg % (V)2 4+ Vg Vo * v%s) dv
B_@(ZEQ,T‘Jrl)

/ w" 2wV Vg5 df/—i—/ w2 2wt/ qv
Bg(:to,?“-"l) Bg(zo,r—‘rl)

/ u"—ldv+/ u"EVVgZdV < 1
Bg(zo,7+1) By (zo,7+1)



54 YT LI
by the inductive hypothesis. Hence
1
(3.128) Ci7Ja < f/
8 Bg (110,7“-‘1-1)
According to (3.75)),
Jy = / w"—2g22<v2¢, AV%¢ + g* 72« Rm * V2¢ + B V2o
B_@(Io,’r‘—‘rl)

(3.129) + g7 % (V)25 V2 + gt x Vo s Vi + g7« (V)™

wn_1€2|@2g|§d‘7+026/ u”_2vdV+026.
Bg(aco,r-l-l)

+ " 2% Rmx* (Vo) 2+ g 1« Vs V3 4+ g1« VIV v2¢> dv.
g

By the integration by parts, the first term on the right-hand side of (3.129)) equals

-2 / (VsV20, Vo (w2 V20)) 5dV
B§ (:E(),’I"+1)

—2/ <v6v2¢,§2g“ﬁw"*2vav2¢>gdf/+/ EV3p« V2
Bg(zo,r+1) Bg(zo,m+1)

wg L w3 x (Rm* VRm + VV % V2V + V2¢ * V3¢) av

+ / V3¢*V2¢*g_1*wn_2*V§*§dV
Bg(.’,to,'f‘-‘rl)

N

_/ 20" Vg2 df/—i—/ o201 231 212 g
Bg(xo,r+1) Bg(xo,r+1)

+/ 2w P2 qv < 1+/ w2 dV.
Bg(wo,’r‘-‘rl) Bg(ajo,T-‘rl)

The rest terms on the right-hand side of (3.129)) are bounded from above by (up to
a uniform positive multiple)

/ 111"_2(111—&-@01/2 +v1/2)d‘7 < / w”_Q(l—i—w—i—v) av
Bg(zo,r+1) Bg(xo,r+1)

< 1—|—/ u" v dV
Bg(xo,’[‘-‘rl)

by the inductive hypothesis. Hence

(3.130) J3 <1+ / u" v dV.
Bg(lo,r+1)
Combining (3.126), (3.128), and (3.130)), we find that
1 . N
(3.131) J < 7/ w" Vg2 dV + 027/ u" 20 dV + Cor.
Bg(wo,’r‘+1) Bg(a:o,TJrl)

Substituting (3.124)) and (3.131]) into the definition of K yields

d - - 1 - -
— w" Vg2 dV < ——/ w" Vg2 dV + Cog
dt B§(I0,’f’~‘r1) Bg(zo,’l"+1)
(3.132) + 028/ u""2vdV
B@(fo,’r‘—‘rl)

+ 028/ w1 V2|5 dV.
B (xo,r+1)
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d

Lo W VR AT = 2 / W (V6,0,V0)d

dt Bg(rgﬂ’ﬁ»l) Bg(:vo,r+1)

- 2/ w1V, gV VsV ) gdV
Bg(zo,r+l)
+ / W AV <g*2*ﬁ;1*@¢+g*2 * Vg V3¢
Bg({r(),’l‘Jrl)
+ 97 2% Vgx (V)2 + g7 % Vo s V2 + %) dV = Ly+ Lo.

For Lo, we have

LE[ WS sis [ wr i eelan
Bg(wo,r+1) Bg(xzo,r+1)

by the inductive hypothesis. Taking the integration by parts on L; implies

L = —2/ (V5V, Valg™Pw" €2V o))V
Bé(ﬂfoﬁ"‘rl)

= —2/ (VV, g*Puw™ =12V V) 5dV
Bg(wo,’l'-‘rl)

+/ @2¢*@¢*<g*—2*€g*wn—l*£2+g—1*€*€€*wn
Bé(ﬂfgﬁ'-‘rl)

+ g w2 w2k (Rm * VRm + VV « VVV + V2 * @V%ﬁ))dv

< —/ w”*1§2|@2¢>\§d17+029/ w' | V2g|5 dV
Bg(mo,’!‘-‘rl) Bg(wo,’!‘-‘rl)

+ 029/ w2 VA glgw' (w1/2 + v1/2) av
Bg(a:o,’l’Jrl)

-/ W IETOR v 420 [ cun 2] AV
Bg(zo,r+1) Bg(wo,m+1)

-1 n—2

+ Cag /13§<x0,r+1) (iw%l@%ﬂg) (gw z Ul/z) dv

3 I i L B
< —1/ w" 1§2|V2¢|§dV+030/ w25 dV
B_@(mo,’r’Jrl) Bg(rg,r+1)

+ Csg / w2y dV,
Bg(ro,r—‘rl)

since
VRm = VRm+g¢ '*Vgs*Rm <
VVV = VW 4g '%xVgsxVV < o2 4w!/2?
UV = VP¢+g 'xVgxV3 <

Therefore

1
(3.133) L < —5/

Bg(zo,r+1) Bg(xo,r+1)

55

1%

-1

w”‘1£2|@2¢\§d¥7+031/ w20 dV + Csy.
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From (3.132) and (3.133), we arrive at

d e ~ ~ ~
([ e (el +1902) av)
dt B§(I0,T+1)
< —1/ w2 (|@2g|§ + qub@) v
4 Bg(frgﬂ’—‘rl)
+ C39 / w2 dV + Cs.
B§($0,7‘+1)
Consequently,
T
/ / w”_1£2|@g|§ dvdt < 1;
0 B§($07T+1)
in particular,
T ~
(3.134) / / u" T VVg2e? dvdt < 1.
0 Bg(xo,r+1)

By the equations (90) in page 277 and (108) in page 281 of [26], together with
V2p=V2+ g ' xVg* Ve, we have

2 2 2,2 S (2.
Rml[g + [VV[7 4+ [V7¢[; S 1+ [VVglg;
using the estimate (3.134)), we obtain

T
/ / ur AVt < 1.
0 Bg(w077'+1)

As in the proof of Lemma we can show that

1 t
/ u" €2 dV + = / / u" g2 dvdt < 1
B (zo,r+1) 3 0 JBg(xo,r+1)

by the previous estimates and inductive hypothesis. Thus the lemma is also true
for s =n. O

We now can prove the following theorem, as in [26] where use the equations
(3.118), (3.119)), (3.120), and Lemma

Theorem 3.14. We have

(3.135) sup Rm[2 <1, sup [VV[2S1, sup [V <1,
M x[0,T] M x[0,T] M x[0,T)

where < depend on n, ko, k1, k2, a1, B1, B2.
By the same argument used in [19] 26], we have
Theorem 3.15. Let (M,§) be a complete noncompact Riemannian m-manifold
with bounded Riemann curvature |Rm§|§ < ko, and ¢ a smooth function on M
satisfying ~ B 3
0" + V3ol < b1, [V30[5 < k.

Then there exists a positive constant T = T(m, ko, k1, a1, B1,82) > 0 such that the
Teguzar—(ala 07 /Bla B2)_ﬂ0w

Big(t) = —2Ricy + 201 Vu)d(t) ® Vi d(t),

0ip(t) = Dywyd(t) + BrlVywy o134 + B20(t),

(4(0),6(0) = (3.9)
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has a smooth solution (§(t), (t)) on M x [0,T] and satisfies the following estimate
1 _ . 5 - .
o9 <g(t) <C1g,  Rmyl3e) + 901 + Voo 3 + Vi o®)5e) < Co
on M x [0,T], where C1,Cy are uniform positive constants depending only on

m,kOa klvk%alaﬂlvﬂ%

Suppose that (§(t), ¢(t)) is a smooth solution to the regular-(ay, 0, 81 — az, B2)-
flow

g(t) = —2Ricy) + 201V 0(t) @ Vg(t)é(t),
"

Ao(t) ANgyd(t) + (B — a2) [V d(t)]2 ) + Bad(t),
(3(0),6(0)) = (3.9)-
Consider a 1-parameter family of diffeomorphisms ®(¢) : M — M by

(3.136) %@(t) = Vo(t), ®(0) = Ida.

If we define
(3.137) g(t) == [®®)]"3(t),  B(t) == [R(1)]" (1),
then

o) = O] (00(0)) + @] (Lo, 5000

= [®(t)" ( — 2Rmy () + 201 V1) 0(t) @ Vg(t)</3(t)> + 200 (1)]* V3, (1)
= —2Rmy() + 201V )b (t) ®@ V) d(t) + 202V (1),

ACORTY

= %B(t) 0 ®(t) + 2|V (1) [3 )

= Dgyo(t) + L1V 8824 + 2o (t).

If we furthermore have |¢(t)|2 < 1 and |V‘;,(t)¢;(t)|35 < 1on M x [0,T], using the
standard theory of ordinary differential equations we have that the system (3.136))
has a unique smooth solution ®(¢) on M x [0,T]. Therefore (g(t), ¢(t)) defined in
(3.137) are also smooth on M x [0,T] and satisfies the above system of equations.

0 (1)

Theorem 3.16. Let (M,§) be a complete noncompact Riemannian m-manifold
with bounded Riemann curvature |Rm§|§ < ko, and ¢ a smooth function on M
satisfying

|61 + [V3l2 < k1, |V24I2 < ko.
Then there exists a positive constant T = T'(m, ko, k1, a1, s, f1, B2) > 0 such that
the regular-(au, ag, B1, B2)-flow

atg(t) = —QRng(t) + 2a1Vg(t)¢(t) X Vg(t)¢(t),
Brp(t) = Dgwyd(t) + BrlVgwyd(1)[2 4y + B20(t),
(9(0),0(0)) = (9,9)
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has a smooth solution (g(t), d(t)) on M x [0,T] and satisfies the following estimate

1. -

ag <g(t) < C1g, \ng(t)g(t) + o0 + [V ot )\ ) T ‘vg(t o(t)|2 o) < Co
on M x [0,T], where C1,Cy are uniform positive constants depending only on
m7k07k17k27a17a27ﬁ1752'

3.5. Higher order derivatives estimates. To complete the proof of Theorem
we need only to prove the higher order derivatives estimates (3.1). Suppose we
have a smooth solution (g(t), ¢(t)) on M x [0,T] and satisfies

Brg(t) = —2Ricg + 202V d(t) @ Vg d(t) + 202V b(1),
(3.138) (1) = Aguyo(t) + L1V 8(8) 5 + oo (t),
(9(0),6(0)) = (3,9),

where (M, g) is a complete noncompact Riemannian m-manifold with bounded
curvature [Rmg |2 < ko and ¢ is a smooth function on M satisfying |¢]*+| V4|2 < ki
and |VZ¢[2 < kz, and

(3.139)  g(t) =g, [Rmglse) + 18017 + Ve @20 + [Vimd®)am S 1

on M x [0,T], where < or &~ depends only on m, ko, k1, k2, a1, aa, 81, Ba.

Lemma 3.17. For any nonnegative integer n, there exist uniform positive constants
Cy depending only on m,n, ko, k1, ko, a1, o, 81, B2 such that

>,
(3.140) jvg(t ng(t’ ‘ 2 t)‘g( <

on M x [0,T)].

Proof. As before, we always write Rm := Rmg, ¢ := ¢(t), etc. From Lemma
we have

(3.141) 9;Rm = ARm+¢*"2*Rm** +(V2¢)*? + ¢ '« VRm* Vo +¢ ' «Rm* V?¢.
Then the norm |[Rm|? of Riemann curvature evolves by
9:Rm|*> = 2(Rm, 9;Rm), + g* % 9,97 * Rm*?;
substituting (3.138) and (3.141) into above yields
%Rm> = ARm[>-2|[VRm|*> + ¢g* %+ Rm™?
(3.142) + ¢ %« Rm * (V29)*? 4+ ¢*° « Rm*? « (V¢)*2
+ ¢* 5« Rm*? * V2 4 ¢* % * Rm * VRm * V.

Introduce a family of vector-valued tensor fields
(3.143) A = (Rm, V),
and define
[VFAP = [V*Rm[* 4 [V g)?
for each nonnegative integer k. According to , and the Cauchy-

Schwarz inequality, we have

(3.144) 8;Rm[* < A|[Rm|* — ;IVRmF +Ch.



GENERALIZED RICCI FLOW II 59

Since 9; VRm = VO;Rm + 0;I" * Rm and
ol = g 'xVoyg = g 'xV (¢ *Rm+ (Vg)*? + V?9)
= ¢ 2%xVRm+¢ '*«Vo*V3p+g 1%V,
it follows that
O VRm = VARm+ ¢ 2%Rmx* VRm + V24 x V36 + ¢~ « V2Rm * V¢
+ g '« VRm* V% + g '« Rm* V3¢ + g1 « Rm x Vo x V2o
= AVRm+ ¢ ?*Rm* VRm + V2¢ * V3¢ + g~ * Rm * V3¢
+ g ' % Rm « Vo x V2 + g1+ VRm + V¢ + g~ + V2Rm * V.
From
o|VRm[*> = 2(VRm,d;VRm) + g*~* % 9,97 " * (VRm)*?
= 2(VRm,d;VRm) + ¢ %« (¢7' * Rm + (V§)? + V?¢) * (VRm)*?
we conclude that
9|VRm|> = A|VRm|? —2|V?Rm|> + ¢*~7 * Rm * (VRm)*?
+ ¢* 7% % VRm * V20 * V3¢ + ¢* 7% + Rm * VRm * V¢ * V3¢
+ ¢* %% (VRm)*2 % V2¢ + ¢* =%« VRm * V?Rm * V¢
49" 75 % (VRm)*? % (V$)*? + ¢*~%  Rm * VRm * V3¢.
Consequently,
d;|VRm|? A|VRm|? — 2|V?Rm|? + C3|VRm||V2Rm| + C5|VRm|| V39|
On the other hand, Lemma [2.7] yields
XV2p = AVZp+ g2« Rm* V3¢ + (V26 + |[Vo|? V3¢
(3.146) + Vo V30 + g1 % (V29)*2 + "2 « Rm  (V)*2.

Plugging (3.146) into 9;|V2¢|? = 2(V2¢,0;V2¢) + g* =3 x 019 * (V2¢)*?, we arrive
at

IN

DIV 6P = AV 2V + g« R x (V26)2 4 g # (V20)"
+ g*—3 % (v¢)*2 " (V2¢)*2 +g*—2 *v¢*v2¢*v3¢
+ g*—3 * (v2¢)*3 + g*—4 " Rm % (V(b)*Z " v2¢

Consequently,
(3.147) 0| V2p|> < AIV29)? —2|V3¢|2 + C3| V36| + Cs.
Combining (3.145) and (3.147), we have

3
(3.148) 0| VAP* < A|VAJ]? — 5|V2A|2 + C4|VA]? + Cy.
According to Lemma and (3.144)), for any given positive number a, we get

(3.149) O (a+|AP) <A (a+|AP) - S\VAI2 + Cs.
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Therefore
O [(a+|AP)IVAP] < A [(a+|A|2) IVAP] = 2(V|A|*, V|VA[?)
(3.150) |VA|4+C VA2 — 3 (a+ |A?) [V2A?
+ 04 (a+ |A]? )\VA|2+C4 (a+|AP?).

By the definition, the second term on the right-hand side of (3.150f) is bounded
from above by

g1V, (Rmf* + [Vo|*) V, ([VRm|? + [V2¢]?)
= g '%(¢"*Rm* VRm+ g~ ' %« Vg x V?9p)
#(g" 7%« VRm * V’Rm + g* 7% % V¢ * V°¢)
Cs|VRm|?|V2Rm| + Cs|VRm||V?Rm| + Cs|VRm||V3¢| 4 Cs| V39|
Co| VA IVZA| + 06|VA||V2A\ + Cs|VA||V2A| + 06|v2A|
203 406

INIA

2
3a

IA

|VA|4 a|v2A\2
zcg
a

ga|V2A|2 C VAP + a|V2A\2 4

3
§a|V2A|2

where we used the inequality 22 < 2% +1 for any x > 0. Substituting this inequality

into (3.150f) implies

3 202
O [(a+AP)[VAP] < Af(a+|AP)[VAP] - (2 - aﬁ) VA[* 4 5| VAP
2 2 2 2062
(3.151) + Cy (a+ |A]P) [VA]? + Cy (a+|A| )+T'

By (3.139), we can choose a so that
a>4C2, a> Mmax (JRm|* +[V?8]?) ;
><
then %f % >1landa < a+|AJ]? < 2a. Consequently, we can deduce from (3.151])
that
O [(a+[AP)IVAP] < Af(a+ |A| °) IVAP] = VA[*

2 2 20(%
C4+7 a+|A|)|VA\ +2C4a+7

1
< Af(at|AP) [VAP] = 1 [(a+ [AP) VAP
2 2
+ (Cat C“) (a+|A]?) VA +2Cya + %
1
< Af(a+|AP) VAP = o [(a+|A]?) VAP + Cr.

8a?

Consider the function

(3.152) u:= (a+|AP) [VA[*t
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defined on M x [0,T]. Then

(3.153) u = 0 on M x {0},
1 1
(3.154) Ou < Au-— @uz + Crt + Tu on M x [0,T].

Fix a point z¢ € M, consider the cutoff function £(x) on M, introduced in [26],
such that

€ = 1 onBj(zg,1), & = 0 on M)\ By(zg,2), 0<E<I,
IVEZ < 166, V¢ > —cj, on M,
where ¢ depends on k. As in [20], we define
(3.155) Fi=¢u
on M x [0,T]. Then from the definition, we have
F=0onMx {0}, F=0on (M\ Bj(z9,2)) x[0,T], F>0onM x[0,T].

Without loss of generality, we may assume that F' is not identically zero on M x
[0,T]. In this case, we can find a point (z1,%1) € Bs(xo,2) % [0,T] such that

F t1) = F(x,t 0
(z1,t1) A (z,1) >0,
which implies t; > 0 and
8tF(:c1,t1) >0, VF(xl,tl) =0, AF(xl,tl) <0.
If w(zq,t1) <1, then F(z1,t1) <1 by (3.155)) and hence
at|VAP> <u=F <1 on By(zo,1) x [0,T;
in particular,
1
(3.156) |[VRm|? + |V2¢|> < - on M x[0,7].
In the following we assume that u(zq,¢1) > 1. Under this assumption, together

with (3.154) and £0;u > 0 at (z1,t1), we arrive at, at the point (x1,t1),

1 1,

1 1,
u 9 1 U
< EAu+—(1+Ct°——u & < fAu+ — (Cs—Cou)&;

t 8a? t

thus
&u

EAu + 7 (Cg — CgU) >0 at (:131,t1>.
By the same argument in [26] (equations (28)—(35) in page 293), we find that
(3157) %U(Cgu — Cg) S Clou — uA§ at (.’L‘l, tl).
According to the equation (38) in page 294 of [26], we get
(3.158) — AL <O+ g™ (T, — T VA
Since

O =¢* 2%« VRm+ g '« V3p+ g1« Vo x V3¢,
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it follows that .
0T < Ca|VA| + C1a < T%ulﬂ + Cha;

Since &(z1)u(x1,t) = F(x1,t) < F(x1,t1) for t € [0,T], we obtain

F(xl,tl)} Y21 +C
ag(w1) Vi
for any ¢t € [0,T]. As showed in [26] (the equation (45) in page 295), together with

Vel < 4612 we find that

|0¢(x1,t)] < Cny [

(3.159) g*P (75 — T ) VA& < CrsF(a1,t1)"? + Cua
substituting (3.159) into (3.158) implies
(3.160) — A& < Ci5 + CisF(X1,t)Y?  at (z1,t1).

According to and , we have the following inequality
Eu(Cou — Cs) < Crotu + Crstu + CistuFY? < Cigu + CreuF?  at (z1,t1);
multiplying by &(x1) yields
CoF? < C17F 4+ C16F3/?  at (x1,t1),
from which we deduce that F(x1,t1) < 1 and therefore
&u<l on M x[0,T].

In particular, v < 1 on M x [0,T] since xy was arbitrary. From the definition
(3.152)), this tells us the estimate |VA|? < 1/t on M x [0, T], where < depends only
on m, kg, k1, ks, a1, a2, 81, B2. Hence the lemma holds for n = 1.

By induction, suppose for s =1,--- ,n — 1 we have
1
|VSRH1|2 + |VS+2¢)|2 5 LTS

on M x [0,T]. As in [26], we define a function
vi= (a + t"il\V"71A|2) |V A2
and choose a sufficiently large. Similarly to (3.154)) we can show that

C C
v < Av — %vz + Ci9 + =20,
a“t t
on M x [0,T]. Using the same cutoff function ¢ and arguing in the same way, we
obtain that v <1 on M x [0,T]. Hence the inequality (3.140) holds for s =n. O
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