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MABUCHI AND AUBIN-YAU FUNCTIONALS OVER COMPLEX
MANIFOLDS

YI LI

ABSTRACT. In the previous papers |2 [3] the author constructed Mabuchi and
Aubin-Yau functionals over any complex surfaces and three-folds, respectively.
Using the method in [3], we construct those functionals over any complex
manifolds of the complex dimension bigger than or equal to 2.
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1. INTRODUCTION

Mabuchi and Aubin-Yau functionals play a crucial role in studying Ké&hler-
Einstein metrics and constant scalar curvatures(see [5]). How to generalize these
functionals from Kahler geometry to complex geometry is an interesting problem:

Question 1.1. Can we define Mabuchi and Aubin-Yau functionals over compact
complex manifolds so that these functionals coincide with the original definitions
and satisfy the same basic properties?

In [2, B], the author answered this question in the complex dimension two and
three, respectively, and proved similar results in the Ké&hler setting. By carefully
1
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checking and using a similar method in [3], we can construct those functionals in
higher dimension cases. So, now, we give an affirmative answer to Question [[.1]

1.1. Mabuchi and Aubin-Yau functionals on Kihler manifolds. In this sub-
section we review Mabuchi and Aubin-Yau functionals on K&hler manifolds, and
describe some basic properties of these functionals which also hold in any complex
manifolds. Let (X,w) be a compact Kéahler manifold of the complex dimension n.
Then the volume

(1.1) v, = /Xwn

depends only on the Kihler class of w. Let PXabler denote the space of Kihler
potentials and define the Mabuchi functional, for any smooth functions ¢’, ¢” €
PKahler by

w bl

1 1
(1'2) Ei\J/I,Kahlcr(@lku) = _/ / ¢twgtdt
Ve 0 JX

where ¢; is any smooth path in PXabler from ¢’ to ¢”. Mabuchi [4] showed that
([T2) is well-defined.
Using (L2) we can define Aubin-Yau functionals, for any smooth function ¢ €

PKahler “ag follows:
1
AY ,Kahler _ n__,n
(1.3 VR = o [ -,
(14) jﬁY,Kahler(sD) _ _Eul\jI,Kahler(O,sD)_i_i QDW”.
Vo Jx

So Aubin-Yau functionals are also well-defined. The basic and often useful inequal-
ities, for any smooth function ¢ € PKabler are

n . .
(1'5) — 1I£Y,Kahler((p) _ jﬁY’thler(g@) > O7
(1.6) (n + 1)ij,Kahler(sp) _ IﬁY’Kahler(g@) > 0.

An important consequence is that we will use the inequalities (LH) and (L) to
determine the extra terms on the definitions of ZAY(¢) and J2Y(y), which are
Aubin-Yau functionals over complex manifolds.

However, if w is not closed, then the above definitions (I.2), (L3]), and (T4) do
not make any sense. Hence we should add some extra terms on the definitions of
those functionals; these extra terms should involve dw and dw, but, the essential
question is to find the structure of the extra terms. Roughly speaking, ZAY () and
TAY (¢) can be written as

T (p) = ZAYVKahler(y) 4 terms involving dw, D¢ + terms invloving dw, Dy,
TN (p) = gAYKabler(,) 4 terms involving dw, dy + terms involving dw, .

In the following sections, we will explicitly determine the extra terms.

Throughout the rest part of this paper, we denote by (X, g) a compact complex
manifold of the complex dimension n > 2, and w be the associated real (1, 1)-form.
Let

(1) P = {gp € C®(X)r|wy = w + V—100p > 0}
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be the space of all real-valued smooth functions on X whose associated real (1, 1)-
forms are positive.

1.2. Mabuchi and Aubin-Yau functionals on complex surfaces. In this sub-
section we recall the main result in [2]. Let (X, g) be a compact complex mani-
fold of the complex dimension 2 and w be its associated real (1,1)-form. For any
o', 0" € P, we define

1 1
(18) i) = [ eeeta

Vw 0 JX

I _

wJOo JX

1 1

+ V_ / / vV —10w A (8@15 . th)dt,

wJo JX

where {¢;}o<i<1 is any smooth path in P, from ¢’ to ¢”. Then in [2] we showed
that the functional (I.8)) is independent of the choice of the smooth path {¢; fo<i<1-
If we set

L () = L3(0,9),

w

then we have an explicit formula [2] of LM (¢p):
1
19 ) = g [ el wn )
+ %/ ® (—v—lf)w/\gcp—i- \/—1(%.)/\830) .
w JXx
Now Aubin-Yau functionals are defined by
(110) I8 = g [ et -ud)
. - : . p
1 = 1
— —/ @-V—10w A Op + —/ @ V—=10w A dp,
Vw X Vw X
1
(1) I = L)+ [ e
Vo Jx

_ i/<p.ﬂ/_13w/\5<p+i/ v - V—10w A dep.
Vw X Vw X

Moreover they also satisfy the inequalities (LH]) and (L6]); that is

\%

(112) S - TN 2 0,

3TN IV (p) = 0.

1.3. Mabuchi and Aubin-Yau functionals on complex three-folds. The
functionals over complex three-folds are very different with these over complex
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surfaces. For any ¢, " € P, we define
1 1
e = o [ ] ewba
Voo Jx
3 _
- —/ / V—=10w A wy, N (0p: - @r)dt
Vo Jo Jx
3 1
+ —/ / V—=10w A wy, N (0¢: - @r)dt
Vo Jo Jx

1
- L/ /8(/%/\3(/%/\8&)/\3(/%
Vw 0 X

1
— i‘/ /Ecpt/\agot/\gw/\ﬁgbt,
Vw 0 X

where {¢;}o<i<1 is any smooth path in P, from ¢’ to ¢”. In [3], we proved that
([CI3) is well-defined.

For any ¢ € P, we also set LM () := LM(0, ). If we chose ¢; =t - ¢, then we
have an explicit formula [3] of LM (y):

/ <pwf0 A w3t
X

gowf;; AWt AV =10w A D

o) = -

w .

N
R
HMOJ
[}

1+1

2

B

(1.14) -

§+
T

S
[}

=l

1

1

* 2

E<+
T

gpwfd AW AV =10w A Dg.

<.
(=)

Now we define Aubin-Yau functionals Z2Y, 7AY for any compact complex three-
fold (X, w):

1
(1.15) ) = o [ et -ud)
w Jx
3 —~ 3 -
- — AV—=10w A Do — — AV—10w A D
2V, /X P Wy 2V, Jx it « v
3 3
+ | pwo AV=10wAOp+ — | pwAvV—=10w A Oy,
X W, Jx
1
(116) T = )+ [ e
Vo Jx
3 = 3 —
-2 V) -2 V)
3V, Xgaw%,/\ Ow N Op 2Vw/xga/\ Ow A Op
3 3
+ | pwo AV=10wAOp+ — | pwAV—=10w A Op.
o, Iy W, Jx

Similarly, we have

Y
o

(117) S (p) - ()
4T3 (9) = I3¥(p) 2 0.
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1.4. Mabuchi and Aubin-Yau functionals on complex manifolds. In this

subsection we assume that the complex dimension n of the compact complex man-
ifold (X, w) is bigger than or equal to 3. For ¢, ¢"” € P, define

1
L8N, ) = / / el dt

n—l — .
A // 5 ANwi, = N (0P - py)dt

+ V// n—l Bw/\w"Q/\(acpt-got)dt

+ // ( )atpt/\(?w/\atpt/\atpt/\w" 2N (V=100p,)

— 1 i n—i—2
+ ;V_w/o /X(—l) (Z+2)8<pt/\8w/\8g0t/\690t/\w A (V=100p;) 1,

where {¢;}o<i<1 is any smooth path in P, from ¢’ to ¢”. In Section 2, we prove

Theorem 1.2. For any n > 3, the functional (I18) is independent of the choice
of the smooth path {p}o<i<1 in Py from ¢ to .

As a consequence of Theorem[[.2] by taking ¢: =t - ¢, we have, for any ¢ € P,

1 < 1 . _
LM = LM 0 - / N
w (¥) v (0,9) Vw; IV
1 . . 3
(1.19) - i / ewl AW T AN/ =10w A Dp
oV, [y T

ot

+ —‘i_/ /gaw AW 2NNV =10w A Op.

2

As before, we define Aubm—Yau functionals for any complex manifolds by

n—2
1 n ) ) _
IAY — _/ n_,ny__ _'"" / N n—2—z/\ 10w A D
w () v Xw(w wy) 2%% e V10w A ¢
n n—2 . .
(1.20)  + WZ/XW;/\W"*HA\/—MW\W
“ =0
1= _ . .
= V—Z/X\/—law/\atp/\wfp/\w"_l_z,
“ =0
1 n n—2
AY o M n [ n—2—1 a
T (@) = —Ew(w)+vw/xcpw _mgéww“’Aw AV=18w A

n—2
(1.21) + % Z/ tpwf& AW 2T AN 10w A Dy
@ =07 X

n—1 3 i n—1—
+1\/—1(’“)<p/\(9g0/\w¢/\w

1n—l
- X
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In Section 3, we shall show the following

Theorem 1.3. For any ¢ € P, one has

n
(1.22) n—HIﬁY(@—ij(SD) > 0,
(1.23) (n+ 1T (@) —I5¥ (p) > 0.
n particular, ®), @) are nonnegative, an
I icular, I5Y (p), T2 ‘ d
1 n
1.24 TAY < gAY < Y
(1.24) n+1w(<ﬂ)_~7w(<ﬂ)_n+1w(<ﬂ),
n—+1

(1.25) T < IV () < (n+ 1T (),

n

L Ay 1 AY AY AY
1.26) — < < Z —
(1.26) T (p) < —qdo(9) < L(e) — T (9)
n
< Y < ().
< kel = nd(e)
1.5. Further questions. Up to now we consider functionals over compact complex

manifolds without boundary, and we hope that the similar constructions can be
achieved for compact complex manifolds with boundary.

Question 1.4. Can we define Mabuchi and Aubin-Yau functionals over compact
complex manifolds with boundary so that these functionals coincide with the original
definitions and satisfy the same basic properties?

There are other functionals, for example, Mabuchi KM [4] functional, Chen-Tian
functionals [I], etc. We can ask the following

Question 1.5. Can we define the analogy Mabuchi KM and Chen-Tian functionals
over complex manifolds with(out) boundary?

In the future, we will study those two questions.

Acknowledgements. The author would like to thank Valentino Tosatti who
read this note and pointed out a serious mistake in the first version.

2. MABUCHI £M FUNCTIONAL ON COMPLEX MANIFOLDS

In this section we assume that (X,w) is a compact complex manifold of the
complex dimension n > 3. For any two complex forms « and (3, we frequently use
the following formulas: if |a| + |8] = 2n — 1, then

(2.1) /a/\aﬁ - (-1)“*'/ danf = —(—1)\al/ da A B,
X X X

(2.2) /amﬁ = (_1)\ﬁ|/3am = _(_1)\a|/3aw.
X X X

Another useful formula is

(2.3) aNa=0, if]|alisodd.

By the definition of operators @ and 0, one has

(2.4) 00 + 90 = 0.

Hence the complex conjugate of the operator /=109 is itself.
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2.1. The main idea. Similarly in [3], we consider 9(s,t) = s-¢; and we can show

that (see (2.49))

210 I
2.5 — = -4,
( ) n(n —1)y/—1 ai as “
JER & 3
(2.6) —+— = ——FF—C1 +cCo,

as a4 —(n — 2)\/—_1

where I are functionals which can be determinecﬂ, c; are also functionals but may
not be determined, and aj are nonzero constants which can be determined later.
We can use equation (2.0) to eliminate the undetermined term cq, but there arises
another undetermined term c;. Our strategy is to find a determined expression
for cz. To achieve this we construct two sequences {I%!}o<;<,,_o, which can be
determined, and {c¢;}2<i<n—2, which may not be determined, satisfying
2i+1 2i+2 ;
(2.7) 2 . 2<i<n-—2,
aziy1  G2i42 n—(i+1)

where I?7%2 := [2i+1 gy, 5 = G3;71 and a1 can be determined later. By our
construction we have ¢,—1 = 0 which gives us the determined and explicit formula
for co in terms of I%**! and ag;41. More precisely, setting

I2i+1 I2i+2

(28) Jl = y
a2;4-1 2442
yields
142
2.9 1= ——————ci+J;, 2<i<n-—2
(2.9) Cit+1 n—(z+1)c+ tsn

By induction on ¢ we obtain

o+ Dln —i—1)! < i1 G+ DI (n—i—1)!
210 e =Y st 2 iy

Since ¢,,—1 = 0 it follows that

_33l(n—3)! = n—2— n!
¢ = (=1)" 3(7!) O—g(—l) i k(k+2)!(n—k—2)!Jk
n-2 3!(n —3)!
(2.11) = ;(_1)k(k+2)§(n—;—2)!Jk7 nzd

When X is a three-fold, we knew that ¢ = 0 [3], but this can be seen from (2.11))
if we take n = 3. Hence the formula (2.I1]) holds for any n > 3.

2.2. The definitions of ¢; and cs. Firstly, we consider the ”"Kéhler part” of
Mabuchi functional. Let

1
(212) ﬁ?u(@/v(pn) = i/ / (ptwgrdt'
Vo Jo Jx '

LA functional Z is said to be determined if d¥ = T - dt A ds for some 1-form ¥ on [0,1] x [0,1].
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As in [2 B], we set ¢(s,t) := s, 0 < t,5 < 1, and consider the corresponding
1-form on [0,1] x [0, 1],

0 _ 8_1/} n 8_1/} n
(2.13) U = (/X asww) ds—l—(/x Btww> dt.

Taking the differential on both sides implies
(2.14) d¥°® = 1°.dt A ds

where

(2.15) r ::/ i (?ﬁ >_/ ds (?;f w)

The explicit expression of I can be determined as follows:

P = /[3_1/’ wwl/\\/_38<(?;f> %, Mm/_aa(ad’ﬂ

Js E

_ /n—w /\\/_8(9<8t> ‘Z{’gMF@@(M)

= /n—wgl/\\/_66<8t> (?;fwgl/\\/jﬁ( )
B (8) v m(3)

Here we have two slightly different expressions of I 0,_and in the following we will
use those expressions to find ¢; = Ay + By — (A1 + By), where Ay, By, A; and By
are determined later. This technique will be frequently used in many places. Hence

o () o) B () ()

/X—n\/_[< )sz1+(n—1)g—fwg‘2Aa]Aa<%1f)

+ /—n\/_{ (1/1>/\ zl—l—(n—l)%—fwgz/\gw]/\a(g—f)
X
_ P n-2 (2%
_ /X—n(n—l)\/—_l W /\8w/\8<at>
+ /—n(n—l)\/—_(?f Wl A Ow Aa<?ﬁ>
X
Thus
0o _ N _5_¢ o
I’ = /X n(n—1) 18 ww /\(%J/\B(at)
(2.16) + / n—lx/_ ik "2/\8w/\8<8¢)
X
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Using another expression of I°, or taking the complex conjugate on both sides of
([2.18)) since I is real, one has

° = / (n—l)\/_—wwz2/\5w/\8(%—1f)
p's

aw n— ) aw
(2.17) + /Xn(n—l)\/—_lgww 2/\8w/\8(g).

Hence, adding [2I7) to ([Z.I6) and dividing by n(n — 1)v/—1 on both sides, we
deduce

21° B = (0¥ 81/1 0P\ W n2

p) _
(2.18) - /8((5) (;f/\ w2 A w La(%)a—wA wl 2 A Ow.

According to the expression ([2I8]), we introduce two functionals

I P

(2.19) Lo ¢") = V_/o /Xalaw/\wgt2/\(a%'90t)df,
I ~ .

Q) B = g [ [ adenel @

Here a1, as are non-zero constants determined later and we require a7 = ay. Satis-
fying this condition, a; and az have lots of solutions. In the following we will see
that we take only two special cases: a; are purely complex numbers; a; are real
numbers. Consider the corresponding two 1-forms on [0, 1] x [0, 1],

(2.21) vho= /X a10w A w) A (a <‘?;f> 1/;> ds
+ /X alaw/\ww A (5 (%—f) ¢> dt,
(2.22) v = /X agw A wl A (a (%) w) ds
+ :/Xaﬁwmu /\(8<(?;f> 1/;>:dt.

Firstly, we compute the differential of ¥!, and the differential d¥? can be easily
written down only by taking the complex conjugate on both sides. Calculate

(2.23) dUt =T1" - dt Nds

where

(2.24) = /Xalaat[(?w/\ww A(E(g—f)-w)]
- Jeog e (0(G) )
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Dividing by a; on both sides of (Z24]), we have

o 9 9

- - /X_&Kw 8(68>)/\ Wi /\(?w]

0 oY e
/ (02 (5))re o]

— 0% ne

{ ( )—H/J 8<8t8 )]/\wwz/\&u

Y = (Y 0y n—2

/X[a_ 8(&)”’ <636t>}/\ww N
+ /}(1/).5(2—?)/\(n—2)w1’2_3/\—\/—_185<%—1f>/\8w
+ /w-g(%—f>/\(n—2)w$_3/\\/—_165<6—w>/\8w
W (0 o Y n—2
3t (8S>/\ 11’ 2N 0w+ 85 8(at)/\ Wy, A Jw
+ /Xq/).a(%>/\(n—2)ww 3/\—\/—_188<—>/\8w
/1/)~5(8—¢>/\(n—2) n- 3/\\/_88< >/\8
To simplify the notation, we set

(2.25) Ay = /w(n—2)5<a—w)Aww TAOwA Faa(%f)

(226) By = /1/; —2)9 ( )/\ 33/\8w/\\/—88<81§>

_|_

_|_

Il
><\

_|_

Consequently, I' /a; can be written as

I 0 = (0Y oY (4 n—2

a_1 = /X rn 6(8S>/\ ﬂ’ 2N 0w+ 35 8((% ANw Wy, A Ow
(227) + A+ B
Similarly, we can define I? by
(2.28) d¥? = 1% - dt A ds,
where

r oY oY 81/) o o2
(229) + A +B.

Consequently, from (218), 227) and [2.29)),

(2.30) L—I—l—I—QJr(A + B1) — (A1 + By)
' n(n —1)y/—1 o ! ' ! 1'
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By a direct computation and using (Z1) and (23)), one can show that the sum
A1 + B has a nice form:

/X\/—_la[(n—m a(‘?;/’)A w8 A Ow ]w(%‘f)
fe-afu(oa(5)) s ()
/\/_n—2) {awa( w>+w aa(‘gw)]wg 3/\8w/\8(?;f>
/X(n—2)w-\/—_185<g—w>/\wg3/\6w/\5(%—1§)

+ /X( )\/_31/1/\8<8¢>/\w"3/\8 Aa<8¢)

ot
/X—(n—2)1/) 5<%1f>Aww Aawm/_88<8f>

/X (n — )FawAawAa(‘(?;w) ((;f)/\ wy”

_Bl_/x( )V_awAawAa(gzp)/\a(af)Awg?’.

Ay

_|_

Adding the term B; on both sides gives

(2.31) A1+ By = /X —(n —2)vV=10¢ NOw A D (‘Z—f) AO (%f) Awi=3,

According to (231]), we define

I . R
(2.32) Li(<ﬂ/, 90”) — / / az0p; N\ Ow N Oy N\ Dpy A wg:&
0 X

1t =~ =
(2.33) LA (0" v / / asdpr N Ow N D¢y N Dy AWl 2,
w JO X

where a3, a4 are nonzero constants determined later and we require ag = ay4. Con-
sider

(2.34) 3 = / ag,aw/\awAé(aw)/\aw/\w -ds
L/x 9 ]

+ /agaw/\aw/\a dt
L/ x J

(5) 7
(2.35) vt = :/Xa451/)/\5w/\8< >/\81/)/\w" 3:ds
(%)

2 ¥|E gl

+ /a45¢/\5w/\6 A Awy 2| dt.
LS X i

Calculate

(2.36) dW3 = I3 . dt A ds,
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where

(2.37) &

S~

0 = [0y
9 ) 81/) a3 n—3

> A OY A wg—3]

Also, we can calculate

(2.38) dU* =T1* - dt A ds,
where
0|5, = oY _
4 . - i n—3
(2.39) I = /Xa4(9t {81/)/\8w/\8<as>/\81/)/\ww ]

0 [~ = o o
— /Xa4$ [MA&UA@(E)AMA% 3]

Hence
o oY ol
= - /X[a(at)ma Aa(a )Aaw

+ awAawAa( 2w)/\61/1/\w +6¢/\6om6(—¢)/\5( w)/\ -3

oto Os ot e’

+ 31/)/\3w/\3<8¢>/\81/)/\(n— )wg4/\\/—_183(%—¢)]

81/} 81/} ) n—3
Lo (2) o (%) auncs

21/) 3 81/} 81/} n—3
+ 81/)/\8w/\8< at)/\(%/)/\ Wy, +81/)/\8w/\8(5)/\8<88> w

+ %A%A?(%—f) AT A (n— Bt A /10D (g_f)] .

The second term and the sixth term cancel with each other, and the third term and
the seventh term are the same, so we have

= o) ()
/8(2?)A8<8¢>A8wA5¢Awg‘3
/aw/\awAa@w) (({;f)sz*
+ /X( )6¢A8¢A6w/\a< ) ”4/\\/—_165(8—¢>
/X(n—3)81/1/\51/)/\8w ( ) /\\/_88<—w>
2

= Ni+——F——(A1+B Ao + Ba,
1+_(n_2)\/_—1( 1+ B1)+ Ay + By

_|_

_|_



MABUCHI AND AUBIN-YAU FUNCTIONALS OVER COMPLEX MANIFOLDS 13

where
— o Y
(2.40) H, = /X 8(8t)A8(8 )Aaw/\aw/\w
+ /8(?2))/\8<8¢)/\8w/\31/1/\w33
(2.41) Ay = /( )awawama@d’)
X S
Ny /\\/_66< ¢>
- _ 3 3(%
(2.42) By = /X(n 3)6¢/\a¢/\6w/\6<8t>
n— =) 81/}
Awyy ™t AV/=100 <§>
Similarly,
(2.43) I—4*F+#(A_+B_)+A_+B#
. a4 - 1 (n_2)\/_—1 1 1 2 2

The hard part is to find some suitable expression of H;. In the following we will
see that H; + H; has a nice form which contains only A;, By, A1, and Bj.
Now we compute Hi, using ([23]) and (2.4):

H, = /8[8(2?;/])/\6%1/\61#/\4;.) ]6_1/1

x
+ /XE{ < >/\8w/\81/)/\w" 3] (?;f

= /){%[a&(a@wmaww” (‘Z‘f) (amawm" 3)]
+ /X%—:{}[56(%>A8wA5wAw$_3—8(gf> 5(5wA5¢MJZ_3)]
- [ % a(g_f)AawA(aéwwg3_5¢A<n—3)wg4mw)

n /X_%_f 8<g—w>/\88w/\8¢/\w

+ /X—%—f 8<g—1§> O NOY A (n— 3wy Adw

= /Xg<%—1f>/\5(a—f>/\8w/\w SN0

+ /X%_‘f _5(6—‘9 [0 A ™ — 0 A (n— By~ A Bio] A B

_ /X%_zf.a(g_f)/\éaw/\éw/\wg3

_ /}(%-8<Z—f)/\8m/\3d)/\(n—3)wz4/\560
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Therefore we obtain

Y 9y n—
(2.44) H, = /81/)/\8w/\8<a )/\a<8t> wy 3
- /E-3<§§>/\88w/\8¢/\w" 3
+ /%11{)-5<g—1§>/\8w/\(n—3)wz_4/\5w/\81/)
— /(?;f (?;i}>/\88w/\8w/\w
+ /%—f 8(221)/\8w/\(n—3)w$4/\5w/\51/1,

and, taking the complex conjugate yields, using (2.3) and (2.4)

(2.45) H = / 1/)/\3&1/\3<?;/})/\8<8¢>sz3
- /at < >/\88w/\81/1/\w"3
- [ a2 )Aaww
+ /%f ( > —3)wli "t A dw A DY

8¢ 1/} n—4
+ /Xat 8<as>/\8w/\(n—3)w A Ow A O.

Adding (243) to (243), it follows that
Ai + By A+ Bi

(2.46) H1+H1:—(n—2)\/—_1+(n—2)\/__1'
and, hence,

L 2 [+ B) - (A +B)

as a4 —(n—2)y/-1

+ As+Bo+Ay+Bs

(247) = ﬁ[ml+Bl>—<A_1+E>1+<A2+BQ>+<A_2+B—2>.
Set
(2.48) c1:=A1+B1 — (A1 +B1), c2:=As+ By+ Ay + Bs.
we deduce
(2.49) 271021—1—1—2-1-01, I—3+I—4=#C1+C2.

nn—1)y-1 a a az  ay —(n—2)y/—1

2.3. The constructions of I® and I%. To give the general construction of I2*+!
and 1?2 we firstly consider some special cases. In this subsection we give the
construction of I® and I%, and in the next subsection the construction of I7 and
I8. Finally, we give the general construction.
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From (Z41]), it follows that
Ay = /( )81/)/\81/)/\8<8¢>/\ww AOw A — \/_88<8¢>
X
_ /\/_8{71— )awawa(%)wgmm]m( )

fimea bl (3)) s 0n ()
- e s (o) e (3)]

Ny LA Ow /\8<8¢>
ot

_ /X( 3)00 A — \/_881/)/\8(8¢)/\wz4/\8w/\8<8¢>

ot
3 ¥aY Q/J n 82/1
+ /}((n—?))aw/\aw/\\/—_laa(—)A%4/\6wA6<8t>
o oY n— =
= /X( )8¢A8w/\8(8 >A8(8t>/\ww4/\\/—_188w—32;

hence, by the definition ([2:42]), we have

(2.50) A2+BQZ/( )8¢A8w/\8(aw>/\8(aw)/\wz4/\\/—_165w.
X

0 ot

Motivated by (Z50), we set

e - _
(2.51)  L2(,¢") = 7 / /X az0¢pr A Ow A Dy N Dy AWl AV—=100p4,
w Jo

1
(2.52)  LS(¢,¢") = VL / / agdpr N Ow N Oy N Oy ANwi ™ A V=100
wJo Jx

Consider again the 1-forms

TS = / as0Y A Ow A (a_w) ANOY Awl A \/—16%_ ds
L/ X s J
(2.53) + / as0Y A Ow A (%—f) A%szﬁl AV—100v | dt,
L/ X J
S / agOP A Ow A (Z—f) A&/;Aw”*“ A \/—18% ds
LJ X
(2.54) + / ag0Y A Ow A O (%—f) ANOY Awi ™t AV— 881/) dt.
LJ X

The differential of ¥ is given by

(2.55) dW5 = I° - dt A ds,

15



16

where

(2.56)

|
e

YI LI

I5

as

[&pm?w/\é (a—w
Os

82/1 3 n— ¥a)

E) ANOY AW \/—1881/;] .

) ANOY Awl A \/—_16514

Plo 2l

{81/)/\8w/\3<

Hence, using (2350),

15
as

{< >A8 /\8< >/\81/)/\ wli A V=100
O A Ow A D (ata)/\81/)/\w"4/\\/—_1831/)
O A Ow A D <8¢) AD <(?;f) Awi ™t AV=100y
81/1/\8w/\5(a—w)/\51/1/\(n—) /\\/_66< )A\/_aaw

Os
61/1/\6w/\5(gf)/\51/1/\w /\F&@(wﬂ
/{8<6—w>/\8w/\5<a¢>/\8¢/\w L AV=100y

_‘/’) AD <3_¢) Al AV T0BY
t)mw(n 1t A\/_aa< >w_aaw
) oo on(3)
/X_a (a_w) m(_‘”) N 0w A DY Awl ™t A V=100
N

/8<8—¢> 0 af)/\(?w/\&/)/\w LAV=100y
X

0s

2 81/)A8w/\5(8—¢)/\8<8¢>/\w" Y AV=100y

b'e 88 (9t
aw/\aw/\é(g—f>/\5¢/\(n—) /\\/_68( )A\/_aaw
X

aw/\aw/\é(%—”/\éw/\(n—) 5/\\/_(98( )A\/_aaw
X

A2 BQ

n—3 n-—3

3
Hy + n—_?’(Az + By) + Az + Bs,
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where

mo= [ o

2.57) + /}(a(

Az =
(2.58)

B; =
(2.59)
Similarly, for

(2.60)

we have

(2.61)

/ (n —4)0¢ A Op A Ow A D (6—¢> AW =" AN =V=100 (a—w>
. ot

0

ot
oY

Js

Y

)

= = (Y n— = (Y
/X(n—4)81/)/\81/)/\8w/\8<a—>/\ww 5/\\/—_188<E>
AV—=1001,

A —=108.

16

ae

oY

S

)/\5(8—> A Bw AP Awl ™t AV —=1004

oy

_ o _
E) A Ow A O ANwy™" A V=100,

S

Os

dUb =: 16 . dt A ds,

_ 3
:H2+m(A2+B2)+A3+B3

As ([244)), the hard part Hs is calculated as follows:

Hy =

_|_

T~

S B

¥ 2le

—
7N Y

BRI ]

— =

Q»
<

—

)
e

\_/T\_/l—|

Ql

o))

o3

7~ N7 N7 N

—
S5

—
| Q

o3

o))

7 N N

f2b (5
g

9y

Os

o))
Ql

Q

Y

Q
)

Js

12 o2 Bl 22 2|2 I

) A Ow ADY Awlt A \/—_16514

) A Ow A DY Awlt A \/—_16514 —

(3_’/)

AD (&u ANOY AW \/—_1831/;)}
AD (aw NP AW \/—_165@}

)

)
)

Ql

N—— —

9

) A Ow A O Awl~t AV =100y

2_1/)) A Ow A DY Awly~t AV =100y
S

A Ow A OBY Awl A V=100
ABOw NI Awy ™ A /=100y
AOw A A (n— 4w}~ A Bw A V=100
(6—¢> AOw ADIY AW A DY
ds K4

A 80w N OY Awli A V=100

AOw NP A (n— 4wl Adw A V—1001.

17



18 YI LI

Hence

(2.62) Hy = /Xé(g Ag(aw)/\ﬁw/\&u/\w Y AV=1000
o

AawAaawAw Y AV=100y

)Aaw/\éw/\(n—zi)wg‘”’/\\/—_laéw/\aw
>/\81/)/\88w/\w LAV=100y

+ /X%_‘f-a@i) A Ow A Dw A (n — 4wl A V=100 A O

and, consequently, after taking the complex conjugate on both sides,

(2.63) Hy = /8(215)A8(%zf>/\51/}/\5w/\w24/\\/—1831/)
0 4
— XE /\81/)A88w/\w L AV=100y
W g ‘/’ Jes 0 n=5 A /=100y A D
+ il 6—/\wAw/\n—)ww/\—11/)/\1/)
X
— /6—¢ -0 % A O A DD N wyy™ Y AV=100¢
Xat 85
+ /%—f g(g—f)/\ﬁw/\ﬁw/\ n— 4w~ AV=109¢ A 9.
X
Therefore
—  Ay+By A+ B
(2.64) Hs+ Hy = n_3 + n_3
JEE L 4 - -
(2.65) a_5+a_6 = m(/12+B2+AQ+Bz)+(/13+B;,,+Ag+Bg).
If we set
(2.66) c3:= A3+ Bs + A3 + B3
we can rewrite (Z264)) and (Z63]) as
5 6
(267) H2+F2: 2 , I—+I—: 4 co + C3.
n—3 as Qg n—3

2.4. The constructions of I” and I®. Recall

Ag_/x[( )81/)/\81/)/\8w/\8<8¢>/\w"5/\\/_881/1]/\\/_88<8¢).
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By a direct computation, one deduces that

As =

/ \/_3{(71— )81/)/\81/)/\8w/\8<8¢)/\ :;5A\/_aa¢]

Aa(‘j;f)

/\/_(n 4)6¢A6(§¢/\6w/\5(2—f)A%5/\\/_68¢>
2 (5

/\/_(n 4)0 A aawa /\8((%))/\ w7 AV/=100Y

Y A Ow A D (5 (%ﬁ) Awy=o A \/—_wéw)] AD (%_1?)

/\/—_1(n—4)6wA -851/1/\8w/\5<g—w)/\w¢ > A V=100
X

S

31/)/\8&1A<88(8w)/\ gM\/_aaw)] (%—f)

/X( 1) A dw A D <8¢) AD <8¢> Awy ™" A (V=100y)?

19

/X( )81/)/\81/)/\8w/\8< )/\\/_88< >/\w"5/\\/_881/1

ot

_Bg—i—/X( )3¢/\8w/\6(?;/]> Aa(‘%) A5 A (VTOBY)2.

Consequently, it follows that

(2.68) As

+B3=/X(n_4)awam5(g—f> (‘%)Aww PN (V=1001)°.

ot

Now we introduce the corresponding functionals

1
(2.69) LT (¢, ") = VL / / azdpy A Ow N Dpy N Oy AWl > N (V—=100¢p)?,
wJo Jx

(2.70) L

8 (¢, ") / / ag0p; A Ow A 0Py A Dy A wg A (V—100¢p;)?

and consider the 1-forms

\117
(2.71)
\118

(2.72)

= / az0 A Ow A O ANOY Awl =% A (V=100¢)? | ds
LS X i

+ / az0P A Ow A O A OY A wg‘5 A (V—100v)?| dt,
LJ X i

NP AWRTOA (\/—_1651@2- ds

ANOY AW A (\/—_1851/;)2_ dt.
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So, we have the expression,

(2.73)

where

I7

ar

AV =17 dt Nds, dU®=1%.dtAds,

(—) ANOY Aw ™" A (V=100v)? }
dwAD (—w) AT Awl ™" A (\/—_1851&)2}

[ A
a(al)Aaw 2 aw)mwwgw(\/_aaw)

( t0s
_/d _/d _
oY NOwAD (8—f) B (8—;&) Awy ™" A (V=108y)?
8¢A8wA3(g—f) I A (n— 5wy, /\\/_88( > A (V=100¢)*
OY A Ow A D ?ﬁ)A%A "_5/\2\/—_1851/)/\\/—_185<%—1f>}
oY = ( 9V 5,12
/X{a(g)/\@w/\a(at)/\aw/\ A (v —100v)

0y ) ANOY Awl =% A (V=1004)?
) AD (%ﬁ) Awy ™" A (V=108y)?
t)A_w(n—) 6/\\/_88( > A (V=100)?
8—¢)A5¢Aw"5A2\/_88wA\/_88<8¢>}
(
o

81/} ey 81/} =Y n— ),
/X—6<§)/\6 8S>/\(’“)w/\8w/\ww 5 A (V=100)*
/a(a—w)AE % A Bw AP Awl > A (V=1000y)?

X 88 t
a 82/1 a aw n—>5 ., /,\2

2X6¢/\6wA6(E>/\a(E>Aw A (v —100v)

8¢A8wA5(2—f>A3¢A(n—5)"GA\/_88< ) A (V—=100v)?
X

81/)/\8w/\5<%—1f>/\31/)/\(n—)"6/\\/_88< ) A (V—=100v)?
X

2 —— (A3 + Bs)

4
H3+m(A3+Bg)+A4+B4
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where
H; = /—6 %—f)AE(Z—f)A&w/\aw/\w" 5 A (V—1001)*
X
(2.74) + /8(a—f Aﬁ(a—f)AawA%Aw"‘f’A(\/—_la%)?
X
and
Ay = /(n—5)8wA5¢AawA3<g—f>Awgﬁ
(2.75) m/_aa( ) A (V—=1009)?,
By = /(n—5)8w/\81/1/\8w/\8<%1f>/\w$_6
X
(2.76) A — \/_aa( ) A (V—100v)2.
Hence
2.77 I7—H —4 A B A+ B
(2.77) P 3+ ——(As + Bs) + As + By,
Similarly
2 P g LGB+ 4+
(2.78) s 3+n—4( 3+ B3) + Ay + Ba.
Calculate
H; = {5(%)/\8&1/\8#)/\&1"5/\(\/_881/1)](?;f

5{( )mw&mw (\/_581/1)]81/}
9 1y

M) ABw N DY Awl~ 5/\(\/_881/1)

AO
+ /‘9—‘” _38<8¢>/\8w/\51/1/\w$‘5/\(\/—_1851/1)2
X L
AD

Ow A O A w (\/—_1351@2)_

(gj) A 0w N O Aw > A (V=1001)?

_ / a_w.a(‘z_w>/\aaw/\a¢/\wg > A (V=100y)?
X

oY

(3¢

>A8wA8¢A(n—5)wg 6 A Dw A (V=100v)2.

21
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Since
a_‘/’ F) <g—¢> NOw A DY A W5 A (V100)?
3<a—¢>/\8w/\88¢/\w" 5/\\/_881/1]/\ —V/—100v
(%_zﬂ) ( )/\(%J/\@Bz/}/\w 5 AVZT0D A 9
¢

Il
\\\\

(w) (aawAaawAwg 5 A V=100

— QW ABTY A (n— 5w A Tw A \/—w&p) A,
it follows that

Hy = < >/\ ( )A&/;AawAwg‘”’A(\/ 1004)?
(2.80)  — /8—'/’ 0 % A0 N BOw Awl " A (V—=100¢)*
N = (oY
+ ~/XE 6(E>/\8w/\8w/\ )% A (V=100¢)* A Oy
- /a—w o(2 AP N Bw Awly ™ A (V—=100y)?
8¢ 81/} n—6
+ /XE <g>/\8w/\8w/\(n—5)ww A (V=100¢)* A .
Hence
—  As3+Bs A3+ Bs
(2.81) Hs+ Hs = — + 4
m I 5 — .
(2.82) —+— = ——(A3+ B3+ A3+ Bs)+ (As+ By + Ay + By).
a7 ag n—4
Set
(2.83) c4:= A4+ By + A, + By
Then
I I8 )
(2.84) —+—= c3 + c4.

a; ag n—4

2.5. Recursion formula. Suppose now n > 4. we define, for 2 <i <n — 2,
A = / (n —i—1)Op ANOY A dw A D <6¢> Awy T TR A(V=100y) 2
X

d
(2.85) AV~=199 ( Z;f)

B, ;= /X :(n —i—=1)OY AP ANOwAD <‘?9—1f> Awy A (V=100y) 2
(2.86) A —+/—190 (aw)
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A = /X[(n—i—l)aw/\&b/\aw/\g(g—f)/\wgi2/\(\/—_1831/))i_2]
m/_aa( 1/’)
_ / \/_8[(n—z—1)81/)/\81/)/\3w/\3<8¢>/\ WA (VEIO0E) ]
(%)
- /X V=1 — i — 1) A [651/1/\(%.}/\5 (g—f) ANwl A (V=100y)
= Bono(0wnd (GE) nup o avTaoe ) | a3 (5)
_ /\/_1(n—z—1)81/1/\881/1/\8w/\8<8¢>/\ WA (V= 100g)

)

+ / \/_(n—z—l)awawama(a (gf) Awg”A(\/Iaéw)i—2)

)

- /(n—i—l)@1/)/\51/)/\8¢u/\3<%—1f>/\ nE A (V=100y) 2
X

/‘\/‘\

A=100 (8_1/))
ds
+ /X(n —i—1)OY ANOw A D (gf) AD ( (;f) WA (V=100y) !
thus
(2.87) A;+B; :/ (n—i—1)OYANOWAD (%)Aa (81{))/\ 2N (V=1000) T
X

Define, where ag;11 and ag;12 are nonzero constants and we require az;11 = a2i+2,

. 1 1 _ _ . _
L2 ") — / / a2i110¢0; A Ow A o A Opy A w”ﬂfz A (V=100¢;) 1,

L2200 — / / a2i4200: N Ow A Opy A Oy A Wi, i—2

(2.88) NV =180¢:)"™
Consider
| _(d /TT950)-
p2itl [/ a2i+18¢/\6w/\6< ) /\al/JAwn -2 5 A (V—=1009)* 1] ds
X

9%

0Os

(2.89) + [/ agit10¢ N Ow A D (8_1/)) A O A Wy A (\/—_1851/1)i1] dt
X ot
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and

Pt — [/X 21200 A 0w A D (g—f) ANOY AWy T2 A (\/—_1851/))i‘1] ds
(2.90)  + [/X Ui 4200 A Ow A O (%—f) ANOY AW TP A (\/—_1851/))“] dt
So

(2.91) dU?H = 12 gt Ads,  dPPTT? = TP 4t A ds,

where

2141 _
I = / g [81& ANOwA O
a2i+1 x Ot

[ w) NI AW TN (\/—_1851/))“]
= /X 0 <8—> AOwAD (%) NP Awy " A (V=100¢)" !

+ 31/)/\8&1/\3(8:(;/})/\81/1/\w" T2 (V=100y) L
+ awmm(‘?@m(?) wyy TR (V=100y) !
+ 81/1/\8w/\8(gw)/\81/1/\(n—2—2)w£ - 3A\/_aa(%‘f)
ANV=190)"~?
+ 81/1/\8w/\('“)<gw)/\81/1/\ 2N (6= 1)(V=1901) 2
— (O
m/—_wa(a)]
— / {8<§§>A8 /\8(81?>/\81/1/\w" T2 (V=100y) !

%y

+ O0YAow /\8((9 En

) ANOY AW TN (V=100y)

S
—) /\81/1/\(n—2—2)w$ - 3/\\/_86(8w)
ANV/=100)"
+ OYAOwAD (a—w) NP AWy A (= 1)(V=100¢)" 2
Y

81/) 81/} n—i— 2 = \i—1
+ 81/1/\6w/\6(8t)/\6<8 )/\ww A (V—=100)
— (O
+ OYAIwAID 5t

ot
AV=100 (8 ]
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IQiJrl

a2i+1

(2.92)

Here

H;

(2.93)

Similarly

(2.94)

Calculate

H;

+

_ < > AD (6_‘/’) A O AT AWl A (v T00)

[o(3) (%

+ /5)1#/\(%} AO

+ /Xazpm%m5<

_|_

>A6w/\aw/\w" T2 (V=100y)

)m((,;f)A A (V=1001)

S) AP A (n—i—2)wy ™ 72 AV=180 (E)

|Qj/—\
@Q}Q‘)H—

0
ANV=180)" !
) 8¢ ) . n—i—3 ¥a) 81/}
— /XaumawAa(E)AawA(n—z—z)ww /\\/—_188<£>
ANV =1000) + (i —1)(A; + By)/(n —i — 1)
= Hi-i-#il)(/l + B;) + Ait1 + Biya.

/ 0 (203 (%) Ao T

AO
+ ( ) ( ) AOw A DY Awl = 2N (V=100)

12i+2 o ’L—|—1 o
— =Hi+————(A+B) + A1 + Bin1
a2i42 n — (Z + 1)( ) +1 +1-

=(0 = , _ .18

/Xa [a (a—‘”) AW A DY A w2 A (\/__1331/;)11} %
/a[ (aw) A Ow ABY Awly 2 A (\/—_1851&)1'1} o
X 9 ot
9

x 0t |

_ /9 N,
a<a—f>w(amaw n—i=2 (\/—_waw)l—l)_

20 (g—f) AOw NP Awl ™ A (V=100y)

oY [=. [0 _
/a—f 00 (6—12))/\8&1/\81/1/\w" T2 (V=100y) !

o N
<a1§> Aa(awAawAw" = (\/—_1861@“1)_

o — _
(,;f (8f>AawAaa¢Aw" T2 (V=100y)
o, o,

ot a(a

/%—f-@(a—w>/\8w/\8w/\(n—z—2) A Qw A (V—1007p)
X

S

)Aaaomawmu” 2N (V=100y) !

25
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Since

/ 6—15 ] (6_¢) A Ow A DY Awly 2 A (V=100y)" !

= /X [6_15 -9 (— A Bw A O Awly™ 2N (\/—_165¢)i—2] A (—V/=100v)
= / v |2 5 (8—121) A Ow A O A w2 A (\/—_1831/))”] A

S

_ V=1 [5 8_‘/’) AD <g¢) A Ow N O A wl 2 A (V=100w)"
0

/

Ow N OO A wz_i_2 A (\/—_1551/1)i_2)} N OY

) A O (%ﬁ) A Ow A DI Awy ™ N (V=1089)" 2 A DY

_ / N (g_‘i’) A (Bow n 08 A w =72 A (V=100)
X

Ow A OTY A (n— i = 2)wyy™ 3 A Bw A (\/—_16%)”‘2) A O,

|
ﬁ
—_
Q
A~
ks

it follows that

o, = /Xg ‘Z_’f) AD <%—1f) ANOY A Ow Awl ™ A (V=100)
(2.95) — /X 6_1? ] (%ﬁ) A OY A DOw N w2 A (V=100) !
1 /X 6_1? ] (%ﬁ) AOwADw A (n—i—2)w) ™ 5 A (V=1009)" " Ay
_ /X o (%f) A BOw A DY A w2 A (VT00Y)
+ /X %‘f %, (‘Z—f) AOw A Dw A (n—i — 2wl 3 A (V=100) ! A D,

AD <%—1f) NP A Bw A w2 A (VE100Y)
> AN N OOw Awly~ 2 A (V=100)"!
+ / ) ABw A dw A (n — i — 2)wl 73 A (V=1004) ™ A Dy
X
B / W 35 ‘?)_1#) AW A OB A w2 A (V=T00) !
X
- L5(5)

AOw A w A (n—i = 2)wy ™ "3 A (V=100¢) " A 0.
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So, for 2 <i<n-—2,

- Ai+B;, A +B;
(2.97) H, + H; + + s
n—t1—1 n—i—1
2+l 2042 o 1 o
Hy+ T 4 —— (A, + B+ X + B))
a2i41 02042 n—(i+1)
(Aig1 + Biy1 + Aiyr + Bi1)
i+ 2 .
———— (A +B;+ 4+ B;
AT Bir At B
(298) (A»L'Jrl + Bi+1 + ArL’Jrl + BrL'Jrl).
Recall, see (2.49)),
JER & 3v—1 - -
—_—t— = — ((A1 +Bl)—(A1 +Bl)) +(A2+B2+A2+BQ)
as a4 n—2
2IO Il 2

n(n —1)y/—1 ax
Let

(2.99) ¢ =
(2.100) o =

Notice that ¢,,—1 = 0. So

Ai+Bi+Ki+Ea
A1+ B1 — (A1 + By).

I -
——+(A1+Bl)—(A1 +Bl).

a2

2<i<n-—1,

27

J2it1 p2it2 19
(2.101) S i, 2<i<n-—2,
a2i41 G242 n—(i+1)
JER &
2.102 il - % 4o
( ) as a4 —(n—2)v/-1 P
and
270 B I—l—ﬁ—i—c
n(n—l)\/—l B a as !
SnE (Y
a1 ap az a4 ? 3v-—1
() e,
B ay  az 3v—1\as a4 3v—1 >

It is sufficient to determine co. Let

J2i+1 J2i+2
(2.103) J; = .
a2;41 a2;42
Then
142
2.104 i1 = — i+ Ji, 2<i<n-—2
( ) Cit1 ” (i+ 1)0 + 1<n
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To completely determine cq, it is sufficient to solve (ZI04). A direct calculation
shows

g = —nﬁ302+J2,
cy = —ni403+J3 = —%( f3C2+J2)+J3
_ (_1)2(n_54)x(7j‘_3)@— E4JQ+J3,
5 = 65C4+J4
_ _% (—1)2@_54;(3_3)02 _4J2+J3]+J4
= 1)3(71—5?(;32)? —3)62+(_1>2(n—65)x(5—4)°72_nE5J3+J4

Hence, we have

G+ D (n—i— (n—i—1)
21+ Dl (n =i —1)! 2+Z 11k7’+1)(n =t

(2.105) ¢; = (-1) 31(n —3)] (k+2)(n—k—2)!

By induction on 4, we have

142

Ciy1 = —mcri-Ji
- i+o i+ D (n—i—1)!
T n—(i+1 {(_1) 3n—3) 2

i—1

i1—g (+ Dl(n —i—1)!
+ kzﬂ(—l) k(k+2)!(n—k—2) Ji| +Ji

i+2)!(n—i—2)!
3!(n — 3)!

_ (_1)i+172 ( o
i—1

e (P2 (n—i—2)
+ 2 k(k+2)!(n—k—2)!Jk+Ji'

k=
o (2108) holds for 2 §i§2n—2 and we have
o = (-1)7? G+ 3;(&__33'_ 1!
(2.106) ' l ki; o éim - 2__12))!!‘]’“] '
Setting i = n — 1 yields
o = (_1)n_33!(nn7 3)!

n—2
(2107 ' lc"_l - kzﬁ(_l)an &+ 2)!(:!— = 2)!“”“1 B
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We deduce from (Z49) and (ZI07) that

e SR C RS e L it

. on-—2 (—1)"- 33!(n —3)!
3v—-1 n!
n—2 |
1 — -1 n—2—k n. T
lc L ;;( ) &+ 2)l(n—k—2)! ’“1
- (IO IQ> n—2 <13+I4>
- a1 ao 3\/
_ 2 — k+1 12k+1 12k+2
;. A Z 1) ' < + )
P k’ + 2 (n—Fk— 2). a2k+1 a2k+2

Equivalently,

9]0 B I_I_I_2 - n—2 ~ k(kiQ) [2k+1 k42
(2.108) 7_< >+\/_12( 1) ) ( + )

n(n —1)y/—1 a;  as —~ (721 ws | amra
Set
1 2 1 5

2.109 i_ 2z r_ 2
( ) aq n(n—l)\/—l az n(n—l) /1
(2.110) VAIEDRGE,) 2 o

' (g) A2k+1 n(n —1)y/=1’ 2i+1 2042,
we obtain
(2.111) P _”(”% VL % V1

a2k+1 = G2k+2

S R R

Consequently,

n—2
(2.113) 70 + Z (12E+1 4 [26+2) — .
k=0

29
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Theorem 2.1. The functional, for n > 2,

1
(2114) £y = — / | e

- —// n(n —1)y-1 (?w/\w A By - r)dt

+ _/ / M ‘_15w /\WZ:Q A (69015 . Spt)dt

n—2 1
1 if n 3.5 A D n—i—2
+ Zv—w/o /X(—l) (Z_+2>8cpt/\8w/\6<pt/\890t/\w%

is independent of the choice of the smooth path {p}o<i<1 in P, from ¢ to ¢'.

Proof. Using ([2Z113]), we can prove Theorem 2] in the similar way as [2]. O

Corollary 2.2. Suppose n > 2. For any ¢ € P, one has

1 S 1 A n—1i
L) = cM0,9) = V_Z/Xn—l-l(pw“’/\w
“ =0

i
V)

141
2V,

(2.115) -

S~

gpwz) AW AV=10w A Dy

<.

MO

3

141

+ 2V,

S

gowfa AW 2T AV =10w A D
i=0

Proof. Since LM () is independent of the choice of smooth path, we pick ¢; = tp,
0 <t< 1. Then 5%0,5 /\g(pt = 8%0,5 /\8(/715 = O, and

L) = 7 / / ot dt

-1) _
- 77'7/ /\/ 10w A w2 A (D - tp)dt
n(n—1)
+ 7/ /\/—1 w/\w A(Bgo-tgo)dt = Jo+J1+ Jo.
Now we compute Jy, J1, J2, respectively. Using

Wiy = w +tV/=100p = w + t(w, — w) = tw, + (1 — t)w,
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it follows that

Jo

7 n—
pw, Aw

<n> (i +1£)(E(Z ;)i +1)

n

where I'(x) is the Gamma function. Similarly, we have

nin—1)

Jo= ————= /X/o V—=10w A [twy, + (1 — t)w]" "2 A (O - ty)dt

2V,
_ _M//lf
= 3V ) 10w

n—2

n—2\, i n—2—i, n—2—i A (5
/\Z( ; >t+1w@(1—t) I (D - @)dt
i=0

n—2
n(n —1) i AL n=2—i A (H
St RGeS TR

1 —9\ . )
/ <TL . )terl(l _ t)n72fzdt
0 Z

141

_ n(n—1) Iy - i n—2—i A (9

n—2
-1 _ . —
= Z —/ (i + 1wl Aw" 27" AV =10w A Dep.
= Ve Jx 7

Taking the complex conjugate gives

n—2
1 - A n—2—1
Jo = Zm/x(z—i—l)cpww/\w A V10w A Og.
i=0

Together with the expressions of Jy, J; and Js, we complete the proof.

zn:i n!  il(n—1)! wiAwn—i_Zi/ 1 wh Aw™™
LV, [ =) (n+ E 7 =2 T

31

O

Remark 2.3. When (X,w) is a compact Kdhler manifold, the functional
or (ZI13)) coincides with the original one.

is said to satisfy the 1-cocycle condition if

(1) N(Ul,O'Q) +N(O’2,0’1) = 0;
(11) N(O’l,O'Q) +N(O’2,0’3) —|—N(O’3,0’1) = 0

Let S be a non-empty set and A an additive group. A mapping N : S x S — A
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Corollary 2.4. (1) The functional LM satisfies the 1-cocycle condition.
(2) For any ¢ € P,, and any constant C' € R, we have

Err, (¢)

,  Erry(p ::/w”—/w”.
Vi ) () X x 7

In particular, if 00w = dw A Ow = 0, then LM (o, + C) = C.
(3) For any ¢1,p2 € P, and any constant C € R, we have

(2.116)  LM(p,p+C) =C- <1 +

Err,,
(2.117) L (1,02 +C) = L (91, 02) + C- (1 - 7‘/@2)) :
In particular, if 00w = dw A Ow = 0, then L3 (1,02 + C) = L3 (1, 2) + C.
Proof. The proof is similar to that given in [2, [3]. 0

3. AUBIN-YAU FUNCTIONALS ON COMPACT COMPLEX MANIFOLDS

3.1. The main idea. The strategy to construct Aubin-Yau functionals is to use
the inequalities (L) and (LE) to determine the extra terms. Firstly we can show
that

I - TN = Vi lnﬂ/\/_awaww A
Au (@) + Bu(®) | Culp) + Dulyp)
3.1) a n+1 i 2 ’

n—1
(n+ )TN (0) —Ihile) = ViZ(n_1-¢)/X\/_1awéww;w”*1*i
“ =0

(3.2 o BDATAD i) (L) + BL)

Al (p) + B2 (p)
n—1
where I{}Pﬁ( )s TAE () A (), Bu(9), Cu (), Do (), Eus (), Fuo (10), Al (), B (),

A2 (¢), B2 () are functionals determined in next subsection. Inspired by ([B.I) and
B2), we define Aubin-Yau functionals as follows:

V() = Iy
ai Ay (p) + ai AL () + 018, (9) + 0185 ()
(3.3) c1Cu () + diDu(p) + e1éu(p) + frFu(p),
TN (p) = Tl

+ (ag = 1AL (p) + (a3 — DAL (p) + (by — DBL(¢) + (b5 — 1)BZ(»)
(3.4) +  2Cu(p) + daDyy (@) + €280 () + faFu ().

Here aJ, bJ, Ck, di, er, and fi are constants determined by the following two inequal-
ities:

3

_l’_
_l’_

1 n—1
LI - T = oY

n—i—l“’ w:n—l—l

/X V—=10p A Dy /\w; Aw" 171 >0,

n—1

(n+ 1T (0) =I5 (p) = - /\/ 10p A Awl, Aw™ 177 > 0.

i=1
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It gives us a system of linear equations of 16 parameters and eventually we evaluate
these parameters:

ap = b = _nil’ @ = b = n2n—17
¢, = di = _2&7—’;11), e2 = f2 = _Q(nzn_l)a
2 = dy = eg = f1 = —2(%_1)'

By a long computation we find an explicit and shorted formulae for Z4Y (p) and

TN (p):

1 n n
(65) 2 = 3 [ -up)
w JX
n—2
n i n—2—i 3 n n—2 B
- N AV—=10w A dp — — AV—=10w A D
7 2 e e 0 B = g [ AT D

n—2
n i n—2—i n n—2
+ migl/xgoww/\w A\/—l(’“)w/\(’“)cp—i—m chw AV —=10w A D,

39 TV0) = L)+ [

w

n—2
_ % Z /X (pwi, AW 27NV =10w A D — % . Qw2 AV —=10¢ A Dp

n—2
n i n—2—i n n—2
+ m;_l/xtpww/\w /\\/—18w/\3<p+m X<pw AV —10w A Dep.

3.2. The construction of Aubin-Yau functionals. Let (X, g) be a compact
complex manifold of the complex dimension n > 3 and w be its associated real
(1,1)-form. We recall some notation in [2]. For any ¢ € P, we set

1 n n
61 I = g [ e -u),
LI5(s - ) 1!
3.8 AY ::/Ld:—// o wr)ds.
( ) jw|o (90) 0 s S Vw 0 X(p(w ws»ga) s
Two relations showed in [2] are
n
(3.9) Lo (9) = T (%)
n—1 .
_ L V=169 e e N
= Vw/x(p ( 166¢)A;n+1w A wi,
(3.10) (n+ )Tz (0) =I5 (@)

n—1

1 ¥y -\, n—1—j j
= V—w/xcp-(—\/—lac'“)gp)/\Z(n—l—j)w AW,

j=0
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According to the expression of LM (i), we set

n—2 .
1 . . _
(3.11) Au(p) = Z 12—; / pwy, N WA —/—=10w A D,
i=0 “Tw JX

(3.12) B.,(p) =

pr; AW 2T AV=10w A Bp.

S~

2V,
=0

~.

Using ([3.9) we obtain

T )~ T ()

n—1 .
1 7 1 . —
= — v—=10 E ] N A D
Vo /X wjﬂ n+1w Wo ¥

n—1 .

Viw/x\/__l 8¢A;%ﬂwn_l_jAwi A O
i \/__171—1L —1— n27/\5/\J

+ Vw/x ¢;n+1 n Jw w A w

+ w”fl*j/\jwéfl/\(?w]/\gtp;

from the identity i(n — 1 — i) + (i + 1)? = (i + 1) + in, it follows that

n+ 1Iw\o

1 3 n—l—i o i
= szn_i_l/\/—l&p/\&p/\w A wy,

(¢) = Taje (#)

ifn—1-1) i n—2—i 3
+ —Z /Xgowg,/\w 27N V/—=10w A Dy

n—+1

+
|

/ ww; AW AV =10w A D
X

1 K i ) i n—1—1
- V_W,Zn‘i-l/ V=109 N Bp Awl, Aw

it 1in i n—2—i 3
+ o Z I /wa@/\w AV—=10w A D¢

1

+ m L <pw”72 A vV —18w A gtp

To simplify the notation, we set

n—2
1 mn
(3.13) Culp) = Vw ;:1 ——]

/ cpw; AW 2T AV =10w A Dep.
X
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Since n > 3, the above expression is well defined. Therefore

Iw\o( ) jw|o( )

(314 —

1 & ~ : : 2
- = ] [ n—1—i _ y ” .
Vw;n-i-l/xv Do NOp Nwi, Aw n—i—lA (p) + Culp)

On the other hand, using the slightly different method, we obtain (see [A.))

(3.15) S T(e) ~ TN ()

n—1 .
1 L 3 i n—1—i 2
- V_w;n+1/xx/—18gp/\890/\w@/\w n+18w(sp)+pw(sp)
where
1 n—2 in - -
(3.16) Dy (p) = v ] / ww; AW 27N —v/=10w A Op.
X

“ =1

Equations (I4) and (3150 implies
n 1 n—1
) - TN =

n+1 wlel¥ 1n—|—1

/X V—=10¢ A dp A wfa Awnm171

Au(p) + Bu () N Cu () + Du(0)
n-+1 2 '

(3.17)

By the definition we have
jw\.( ) = V / / (pw _(pwscp = _/ (pw //Spw?gadt
= o [ e = (E0) - Aute) - Bule)
wJX
1
= o [ e = L)+ Au(e) + Bule).
wJX

If we define

(3.18) Eulp) = / cpw; AW 2NV 10w A Do,

(3.19) AL (p)

/gpw AW 2N —/=10w A Dy

(3.20) A2(p) = o /X<pw;f*2/\—\/—18w/\5<p,

then AL () + A2 (p) = Au(¢) and it follows that (see [AJ))
n—1
1 — . .
(n+ )T —Ihile) = T > (n—1-4) /X V=10p A Op Awi, Aw™ ™1
“ =0

(3.21) + Eu(p) +2(n+1)AL(p) - %Ai(cp).

35
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Introduce the corresponding functionals

(3.22) Folp) = n / cpw; AW 2TEA /10w A O,
i=0 @ JX
3 - -
3.23 Bl(p) := YWt AW 2T AV —10w A Oy
“ 2V, ®
i=0 “w X
(3.24) Bi(p) = 2‘_/ 1 ; cpw:;_z AV —=10w A Dp.

Then Bl (¢) + B%(p) = B,,(¢) and hence (see [A2))

e+ DIRVO) T = 0 -1-0) [ VTTopnBpnulnun
“ =0

2 B2(y).

n—1"%

(3.25) +  Fule)+2(n+1)BL(g) —

The equations (B2I) and B20) together gives

n—1
(n+1)Jw‘.() le.() = VLZ(n—1—i)/}(\/—18§0/\5<p/\w;/\w”717
“ =0

Eule) + Fu
(3.26) ¢ BDAIAD )AL+ BL)
A% () + B2 (¢)
n—1 '
Now, we define Aubin-Yau functionals over any compact complex manifolds as
follows:

¥ (p) = Iu()

w

+ al A (@) + af AL (p) + biBL(¢) + bIBE()
(3.27) +  aCu(p) + diDu(p) + €180 () + frFu(p),
T) = L)+ [ e
+ A (@) + a3 AL () + 03B () + b3BE(9)
+ CzC (¢) + d2Du () + 280 () + f2Fu(e),
= w\. (90)
+ (ag = DAL(p) + (a3 — DAL (p) + (by — DBL(¢) + (b5 — 1)BZ(»)
(3.28) + e2Cu(9) + doDu(p) + e2€u(p) + foFu(ep)-
Plugging (327) and [B.28)) into ([B:26]) and (B.17T), we obtain
n—1
(3.29) L (w)—JjY(w):ViZnH/ V=100 Ndp AW, Aw™ 1 > 0,
and
el 1—
(3.30) (n+1)TM (9) -T2 (p) = T/ V=10pNIpAw, Aw" 17" 2 0,
N w X
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where we require that constants satisfy the following linear equations system

n 1 n 1
3.31 '@ —-1) = 2_(a2-1) =
( )n—i—lal (a3 ) ntl’ n+1@1 (a3 ) Nl
n 1 n 1
3.32 bi—i—-1) = —, —p2—-(b2-1) = —
n 1 n 1
. — = __Z di —dy = —=
(3.33) oL Ak 2 nrihTd %
n n
3.34 — = 0 — = 0
(3.34) pen L ) n+1f1 f2 ;
1
(3.35(n+1)(as —1) —al = —(n+1), (n+1)(a3—-1)—a? = —
n —
1
(3.36)(n+1)(b%—1)—b} = —(n+1), (n+1)(b§—1)—bf = —7
(337) (n + 1)02 —cp = 0, (n + 1)d2 —d; = 0,
1 1
(3.38) n+1ex—e = —5 m+1l)fa—fi = —5
The constants a{ , b{ ,Ci,di,e; and f;  calculated in Appendix B, are
1 g1l n 1 g1 n
(3.39) a; = b = — az = by = ——
340) a? = b2 = ——— a2 = b = — (14—
(B40) ar = b = T o = o= e I T
n+1 n
3.41 = d = ——— = - .
(341) 1 =1 f2 SnZ=1)
1
3.42 = dy = = - - -
( ) C2 2 €1 fi 2n—1)

The explicit formulas for ZAY (¢) and J2Y () are given in Proposition [C.1] and
respectively. Namely,

n—2
1 n n n i n—2—3i =
I:?Y(ga) = V/Xg)(w _w“")_—ﬂ/ Z/Xgaww/\w 27 AV =10w A Dy
« w =0

n—2
n i n—2—i
+ m;/xgoww/\w AV—=10w A Oy,

n—1
1 5 i n—1—i
(3.43) = VWZ/X\/—l&p/\aga/\ww/\w ,
1=0
n—2
1 n . . _
AY M n 7 n—2—1
= L — - — A AV—=10w A O
T () w(cp)+vw/x<pw QVMZ;/XW@ w V—10w A Op
n—2
n i n—2—i
+ m;/xgﬁww/\w AV—=10w A Dp
192 [ n—i
3.44 = — V=100 A Op Awl, Awn L
o< B

Here the formulas (3.43]) and (3.44) come from the solution of the system of linear

equations (3:29) and (B.30]).
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From (329), B30), B317) and 344), we deduce the following

Theorem 3.1. For any ¢ € P,, one has

AY [\ 7AY
(3.45) n+11w (p) =T (p) = 0,
(3.46) (n+ 1IN () =I5 (p) > 0.
In particular
1 AY AY N LAY
(3.47) L (p) < Jo(p) < 1L (),
1
(3.48) PN £ TN < DTN (),
1 Ay 1 AY AY(, \ _ 7AY
(349) —~J."(p) < Tl (@) < Z7(p) = TJu 7 ()
(3.50) < nilffy(cp) < a3 ().

APPENDIX A. PROOF THE IDENTITIES (B14]), (321I) AnD (B23))
In Appendix A we verify the identities (3.14), B2I)) and ([B:23)).

(A.1)

n+11fff< 0) - Jw\.< )

_ ] n—1—j j
- _/ n+1w i nwl | A V=T00p

n—1 .
1 j L .
= — [ —V-10 —— " I AWl | AD
Vw/X wZnHw Ce ) ¥

_ 1 . W10 A
= Vw/}( V (690 Zl Awl | A Oy

n—1

J n—
+ —/ -V - Zn—i—l n—1-jw 27/\8&1/\w3

j=1
R /\jo.)fp_1 A Ow] A Dy

n—1 .
1 ¢ 3 n—1—i i
= V_WE n+1/X\/—18gp/\8gp/\w Awg,
i=1

n—2
1 i(n—1—1) 9_
— _— n=2-1 A ANOw A D
+ Vwizl 1 / -V —1lew w w A Op
1”*2 z—l—l
+ v / —V/=1pw™ 2" Z/\cu A Ow A Oy
“ =0
1= 2
= — V=10p NOp Aw" P AWl — —= B, D.,
- i_1n+1/x o AT N A = —Bu(9) + D)
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which gives (BI5). Calculate

+

(n+1)IT5 — o ()

VL/ cpZ(n—l—j)w"_l_j/\wg, A (=v/=100y)
wJXx =0
/\/ 10 cpZn—l W= ]/\w] A Op
\/ &p/\ n—l ”17/\w3/\8cp
V

1 N2 n—2—j j
V—w/X\/—lgL?Z[(n—l—j)w TN Ow AW,

(n—1—j)jw" 1~ J/\wJ 1/\8w]A8<p
n—1

Z?’L—l—j/\/ 890/\&;7/\&1 Aw™™
1=0

n—1

SIH

&~
g

(n—1 —j)z/ Qw2 /\wg, AV—=10w A Dy
7=0 X

n—1

==
(]

(n—1 —j)j/ Q"I /\wg,_l AV—=10w A O
b's

Jj=0

n—1
Z(n -1 —j)/ V—=19p A O /\w; At
i=0 X

n—2

&=

(n—l—j)z/ cpw"_z_j/\wg,/\\/—law/\gcp
X

&)
™M

=0
n—3 . ) _
Z(z +1)(n—1i—2) /X QT2 Wy, AV —=10w A dp

=0

&~

&=

n—1
Z(n —-1- z)/ V—=19p A dyp /\w; A"t
=0 X

n—3
> = (n+1)(i+1)] / w2 Awl A (V10w A D)
X

1
Vo i=0

1 n—2 3
Vw/Xgpww AV—=10w A dp

where we use the elementary identity

(n—1—i)*+ (i +1)(n—1i-2)
= (n—-12+2-2n—1)i+n—-2)(G+1)—i(i+1)
= n?—2 1+ —2mi+2i+nitn—2—2—i>—i

= nP-n—-1l-ni—i = —(n+DGE+1)+n

39
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Using the definitions of &,(p), AL (), AZ(p), we have AL (p) + A2(p) =

YI LI

and hence ([3.21)) holds. Similarly, we have BL(¢) + B2(¢) = B (p) and

and hence

(n+ 1T (@) = Zoe ()
V/ —v-=10 (cpZn—l ”17/\w7)/\830
_/ \/T¢Azn_1 )WL A wl, A B

—/ —V= @Zn—l—] (n—1- )"QJ/\aw/\wJ

jwn = J/\oﬂ 1/\8w)/\8<p

n

|
—

(n—l—z/\/ 100 A Op Aw™ ™1~ Z/\w

=)
i
o

—

3

&~
™

2 n—2—j j
(n—1-1j) /chw T AWl A (=V—=10w A D)

Il
[ ]

=|-
M: <

Il
- o

N n—1-j j—1
(n—l—j)j/xcpw TAWL A (=V=10w A Op)

S <
|

&~
g

~.
Il
=]

n—l—z/\/ 109 Adp Awm 1= l/\w

V)

3

=)
]

(=)

(n—1—1)? / QW T2TEA wz) A (—v—=10w A D)
b's

~

3
w

=)~
Ng

(n—i—2)(i+ 1)/ QT2 wfa A (=vV—=10w A dy)

=0 X
1 n—1 _ ) .
KZ(n_1-¢)/X\/_1awaww”*1*mw;
1=0

-3
i Z n? — (n+1)( + 1)]/ ew" 2T AWl A (—vV=10w A D)
=0 X

w T

i/ P2 A (= —10w A Op).
Volx ¢

1 n—1 _ . )
(n+ )T (0) —TA () = VwZ(n—l—i)/)(\/—laga/\aw/\wfp/\wn_l_l
=0

(A.2)

+F(0) 420+ DBLY) - ——B2(0).

Au(p)
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Therefore (321) and (B25) together gives

1 = ; =) 7 n—1—1
(n+ 1)TAY () - V() = V;g;n—l—w[;mewAawAwwAw
(A3) y BDEIAD )AL+ BL)
 A(p) +B2(v)
n—1 '

APPENDIX B. SOLVE THE SYSTEM OF THE LINEAR EQUATIONS

In this section we try to solve the system of the linear equations ([B31)-(B3]).

Firstly we solve (831)) and (8:31) as follows: (B31)) and (335) gives us the following
equations

n 1
B.1 T = a;—1
(B.1) n—l—lal n+1 @2 ’
(n+D(a -1+ (n+1) = a,
n 1
B.2 2~ = 42-1
( ) TL+1a1 7’L+1 ay )
1
(n+1)(a3 —1) — — = a3.

Plugging the first equation into second equation in (B, we have

n
which implies
1_ n 1_ n
(B:3) A= T B= gy
Similarly,
n 1 1
1 2 _ _ 2
(n+ )( +11 n—l—l) ntl b
therefore

n n n nd —n2+n
(B.4) a3 = ——, a’ <1+ G ) = -

(n—1)%’ T+l —1)2 3—n2-—n+1
Secondly, (332) and (B36) implies
LS S S O
(B-5) L e B
(n+1)(b=1) = 1—(n+1),
noao 1 2
(B.6) pore L il i b; —1,
1
Db3—1) = b +——.
(D -1) = B

The above linear equations system gives

1) (b - ) =t - )

n

n+1

n+1
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and
n 1 1
1 2 _ _ 22
(n+)(n+11 n+1) R
respectively. Hence
n
B.7 by = —
( ) 1 n— 17
n
by = —
2 n2—1’
n
B.8 2=
( ) 1 (’I’L . 1)27
o= — (1 ).
2 n+1 < + (n—1)2

Continuously, equations ([33) and (331) shows that

n 1

—n+1cl—62 = —57 (TL—|—1)C2—C1 =
n 1

di—doy = —= Ddy—di =
e 2 0% (n+1)ds 1

Eliminating co and ds respectively, we have

n 1
(n+1) (n+1cl+§) —a = 0,
n 1
(n+1) <n+1d1+§> —dp = 0.
Thus
n+1
B.9 = -
(B-9) “ 2n—1)’
_ 1
2 T Tomo1y
n+1
B.10 d = ——F/7——
(B-10) ! 2(n—1)’
1
dy = ———.
2 2(n—1)
Similarly, from (B34) and (B:38]) we obtain
& =0, (n+1) S
nria =0 o e2-€ = —g
n 1
n+1f1—f2—07 (n+Df2=fi = -3,
and hence
1
B.11 = = -
(B.11) e1 fi 3 =1)
n
(B12) €y = fQ = -

0,

0.
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APPENDIX C. EXPLICIT FORMULAS OF ZAY () AND JAY ()

In this section we give the explicit formulas of Z2Y(¢) and JAY (). In what
follows, we assume that n > 3. Using the constants determined in Appendix B, we

have

I3 ()

Vi/so(w

= ZZ+1/@w AW 2 AV =10w A Dy

n—1

n 1

n—lW

1
ZZ+ /(pw AW 2NV =10w A By

<pw$*2 AV—=10w A D

n—1

n 1 n—2
+ 12V, cpw AV—=10w A Oy

n i , e -
— — AW "AV—=10w A O
n—li_lm/x% S D

n—2 .
n T Z %/ pré/\w"*%i/\\/—law/\aw
n—

i=1 7w /X

1

gowfa AW 27NV =10w A Dy

1
n—14=2V,
1=0

/ prz) AW 2NV 10w A Op.
X

When n = 3, it is easy to see that

75 ()

_/ (W — b

tpw/\\/ (?w/\&p—i Ywy A V—10w A dp

4V 4V, Jx

A wwA\/TwN?wﬂL% wawA\/TwAagp
i, ‘nga/\\/_aw/\atp-l-i/ Py A V—10w A dp
4V tpw/\\/_(?w/\&/H——/ ow A V—10w A O

_/ (W —

gow/\\/ Bw/\&p—i——/ ww AV —10w A Oy
/gowg,/\\/ 10w A Op + ——

2V

cpws(, AV —=10w A 0.

2V, 2V,
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For general n > 4, a simple computation shows

1
) = 5 [ el

_ , . )
+ Z 1 [n(z—i— ) _ m _» ] / cpw; Aw™ 2PNV =10w A D
X

n—1 n—1 n-—1

— [ w2 AV=10w A Dy
X

- — /cpw"Q/\\/ 10w A Oy
X

1 ) _
- — "2 A/ =10w A D
n—12Vw P wnae

1 1 j 2 . .
3 [ n(i+1) Lo, } / Ppug A WA V10w A O
w X

n—1 n—1 n-1

n 1
n_12Vw X

-2) 2
+ nn-2) 2 /cpr,fQ/\\/—l Ow A Dy
b's

Qw2 AV —=10w A O

n—1 2V,

1 2
— "2 A V10w A D
+ n—12Vw e WAy

2

n 1 9 n? 1 9
_— =2 A /10w A B+ — n=2 A /10w A D
n_12v, Jx * R — /W wnoe

— L/ W2 AN T0w A Do + — cpw"_Q/\\/—lc'“)w/\Bgo

2V,
gpw" IAV=10w A Dp 4+ — / cpw:,f_Q AV —10w A Oep.

2V,
Thus

Proposition C.1. Ifn > 3, one has

IV (p) = V%/Xw(w

n—2
_ %2/ <pwfa/\wn727i/\\/—_13w/\5<ﬂ—%/ ‘Pwniz/\ V_la(“”\ap

+ Z/ cpw AW 27NNV =10w A O + — gow"_2/\\/—1(9w/\(9<p.

V
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Similarly, we have
T (@)
= )+ [ e
X

noN~itld i A m—2-i 5
+ 7’L2—Z /Xgowg,/\w AV—=10w A D¢

1=

n n 1
- -1 "2 AN/ —=10w A O
n+1<" +n—1)2v/9"“ vy

X

41
— _1ZZ+ pw, AW AV =10w A Oy
=0 w

n n 2
_1 n—2 _1
+ n+1<n +n )2V/g0w AV —=10w A Dy

12%/ (pw;/\wn_%i/\\/—l@w/\gtp

—14& o Jx

n-2 . .

HZW‘/)(QDW;/\WH7271/\\/—16W/\6§D
i=1 "¢

i n—2—i 3

— [ pwl Aw AV —=10w A Dy

=5 [kt

7’L3 n—3 1 ) )

+ mzﬁ/xgow;/\w"*%l/\\/—law/\ﬁgo
i=0 ~ ¥

When n = 3, we have

JfY< )

= LMy / ow?

3
82V, 2V,
3
82V,

- §L/(pwgp/\\/ 8w/\3<p+§

2) 2V,

— V)
82V, 82V, /W*"A w1 9
27 1

27 1
A gaw/\\/ &u/\&p—l——ﬁ pw A V—10w A dp

1
_ CM 3
w (90) v, / pw

3 = 3

— —/ cpw/\\/—law/\ago—i-—/ pw AV —10w A Op
2V, Jx 2V, Jx
3 = 3

— —/ cpwg,/\\/—law/\acp—i——/ pwe AV —=10w A Op
2V, Jx 2V, Jx

1 = 1 —
+ - <pw/\\/—13w/\8<p—§<2+§)—/gawwA\/—lawA(?tp
X 4 2 X
1 3 3\ 1
- - cpw/\\/—law/\690+1<2+—) /gowg,/\\/—l Ow A Dy
X X

45
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When n > 4, we have

1
I = )+ [ e
Vo Jx
n—3 . .
1 n(i+1) in n? , o _
—_— — — AW AV —=10w A O
+ 2V, i_1|:n2_1 n2—1 n2_1:|‘/XSDW<p w W 2

n 1 9 =
— "TEAV=10w A0
) K e

n n 1
— -1 "2 AV=10w A D
n+1<" T )21/ /W Wy

3

Z—I—l in n i i
+ 7;[ + }/wasa/\w AV —=10w A dp

n2—1 n?2-1

n—2
- = AV—=10w A 0
m_mmLWf V=10un 0y

<n—1—|— I ) ! /tpw"z/\\/—l Ow A Oy

n+1 2V,
— M/ww”Q/\\/ 8w/\8<p+ —2) / ”2/\\/—1 Ow N Op
(n? — 1)2V - 1)2V,
n’ 2
— w"TEAV=10w A 0
1 2V SDW 19V, v, A w ¥
Using the 1dent1t1es
n(i+1) in n3 _ n-n®
n2—1 n2-1 n2-1  m2—1 ™
n n n(n —2) —nl(n—1)2+n] —n(n —2)
_ -1 _ - - _
n—i—l(n +n—1) n?—1 n?—1 "
the above expression can be simplified as
AY M
= L
T () o+ [ o

n—2
_ % Z/Xg)w; AW 270 A \/—_1301/\3</7— %/X‘P‘Un_2 AV _18W/\5<P
@ =1 v

n—2
n n—2—1t — n—2 —
+ oA ;:1 / cpw Aw AV—10w A dp + —2V ww" T AV =10w A Op.

In summary,

Proposition C.2. Ifn > 3, one has

1
juiw((p) = —L¥(¢)+V/ o™
w JX
n—2
_ %2/ <pwfa/\wn727i/\\/—_13w/\5<ﬂ—%/ ‘Pwniz/\ V_la(“”\ap

+ Z/ cpw AW 27NNV =10w A O + — gow"_2/\\/—1(9w/\(9<p.

V
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