PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 139, Number 10, October 2011, Pages 3707-3717
S 0002-9939(2011)11039-6

Article electronically published on April 1, 2011

HARNACK INEQUALITY
FOR THE NEGATIVE POWER GAUSSIAN CURVATURE FLOW

YI LI

(Communicated by Jianguo Cao)

ABSTRACT. In this paper, we study the power of Gaussian curvature flow of
a compact convex hypersurface and establish its Harnack inequality when the
power is negative. In the Harnack inequality, we require that the absolute
value of the power is strictly positive and strictly less than the inverse of the
dimension of the hypersurface.

1. INTRODUCTION

The Harnack estimate or Harnack inequality plays an important role in geometric
flows. For the heat equation, P. Li and S.-T. Yau [6] obtained the corresponding
Harnack inequality by using the parabolic maximum principle. Hamilton [4] [5]
proved a Harnack inequality for the Ricci flow and mean curvature flow for all
dimensions. For a Harnack inequality for m-power mean curvature flow, we refer to
[, [©9] and [10], where m is positive. B. Chow [3] considered a Harnack inequality
for m-power Gaussian curvature flow for m > 0.

In this paper, we consider the negative power Gaussian curvature flow of a com-
pact convex hypersurface Fy : M™ — R*t1,

0 1
(1.1) 8tF(x,t) = K@y .
Here K is the Gaussian curvature and v denotes the outward unit normal vector
field. Using the similar argument in [3], we obtain a Harnack inequality for the flow

@I).

Theorem 1.1. Suppose that Fy : M™ — R*t! is a compact convex hypersurface.
IfO<b< 2 then
2

19 5 (rew) I (e, - () <0

where the notation | - |, is defined in the next section.

1
v(z,t), 0<b< e F(z,0) = Fy(z), x € M".

When % < b < 1, some interesting results have been derived in [7], where the
author considered n = 2.
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3708 YI LI

2. NOTATION AND EVOLUTION EQUATIONS

2.1. Notation. Suppose that F' : M™ — R"*! is a hypersurface. The second
fundamental form is given by

O*F
(2.1) hz’j——<mﬂ/>7
where (-,-) denotes the standard metric on R"™!. The induced metric
OF OF
2.2 o= = ==
(22) 5 = 5o s )
on M gives us the mean curvature
(2.3) H=g¢h,;
and the Gaussian curvature
det(h;;
(2.4) _ detlhy;)
det(gi;)

If « = {a;} and B = {f;} are 1-forms and s = {s;;} is a symmetric positive
definite covariant 2-tensor, we use the short notation

<a ﬂ>s = <a1351>s = 3 alﬂ]?

where (s Jl) is the inverse matrix of (s;;). Similarly, if A = {a;;,} and B = {Bpqr}
are covariant 3-tensors, we define

(A, B)s = (Aijk, Biji)s := 55,57, 53 Aiji Bpgr-

ip Siq Skr
Finally, we define the Laplacian-type operator by
(2.5) 0:=h;;'V,V;.
Here V denotes the Levi-Civita connection of the induced metric g on M.

Let M™ be a convex hypersurface in R"*1, o = {a;} a 1-form on M", and ¢ a
smooth function on M. We have the following identities (see [2] or [3]):

(2.6) Rijke = hichjr — hichje,

(2.7) Vihjk = Vjhig,

(28)  (ViV; =V, Viax = —Ring®ay,

(2.9) ViV;F = —hyv,

(2.10) Viv = hijg*VF,

(2.11) ViVijv = g"Vihij - VoF — g% highy;v,

(2.12) Vi(Kh;') = 0,

(2.13) (ViO-0Vi) ¢ = —(Vihjr,V;Vid)n — (n — 1)hijg?* V.
2.2. Evolution equations. Now we consider a generalized Gaussian curvature
flow

(2.14) 2F(x,t) = —f(K(z,t)) - v(z,t), F(z,0)= Fy(z), x € M",

ot

where f : (0,+00) — R is a smooth function depending only on the Gaussian
curvature K, which satisfies f/ > 0 everywhere in order to guarantee a short time
existence. Such a type of Gaussian curvature flow is called the f-Gaussian curvature

flow.
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HARNACK INEQUALITY FOR GAUSSIAN CURVATURE FLOW 3709

Remark 2.1. For convenience, in what follows, we write f; = f(K:) and 02 = aﬁ

Under the f-Gaussian curvature flow, it is easy to verify the following evolution
equations (compared with Lemma 3.1 in [3]), where hy = {(h¢)i; }:

(2.15) Oi(gr)i; = —2fi(he)sj,

(2.16) 0wy = Vfi = f{-VKy

(2.17) Ou(he)ij = ViVifi — fi(9e)  (he)ir(Re)ej,

(218) 9K, = fIK;- (DtKH—J} VK7, + fft Hth)

(2.19) Ohfe = [fiKi-[Oufe+ Hefdl,

(220) O H, = Atft+ft|ht|_¢2;“

(221) 60 = —(VVfi,VV), + il + <2 —n+ f];{t) (Atfe, At)g.

Remark 2.2. If M™ is compact and convex, then H = Hy > 0; using the evolution
equation (Z20), we see that H(z,t) = Hy(xr) > 0 under the f-Gaussian curva-
ture flow. According to (2.4), we conclude that K(z,t) > 0 along the f-Gaussian
curvature flow. Therefore K% is well-defined.

3. HARNACK INEQUALITY

Motivated by the self-similar solutions in [3], we define a time-dependent tensor
field Pt = {(Pt)”} by

(3.1)  (P)ij = ViVife — (h)ed Vilhe)ij - Ve + fr(ge) ™ (he)in(he)es
Taking the trace of (P;);; with respect to (h¢);;, we set

(3.2) P, = (he);;' (P

Since VK; = Ki(ht),, 'V (ht)pg by @I2), we can rewrite Py as

IV fil3,

(3.3) Py=0fe + frHy — (he); ") e Vi(he)ij - Veofe = Oufe + foHy — K,

3.1. Evolution equation for P;. In this subsection our task is to find the evo-
lution equation for P;. Before doing this, we first write down some elementary
formulas which will be used in our complicated and tedious computation. Since f
is smooth depending only on K;, we have Vf; = f/VK; and

Oufy = (h);'ViVife = ()i, Vi (f{V;Ky)
(3.4) = (h)i;' [f{'ViK: - VK + [ViVE) = [0+ fUIVE,.

Using V;K; = V;fi/f!, we obtain
(3.5) ViVK, =V, (fi7'Vife) = =ffNife - Vifo+ 7V .
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3710 YI LI

The next useful formula is
(DK = ()" Vi (fIViKe - K+ [l V;Ky)
= (ht)ij [/ K:ViViKy + (f"Ki +2f)ViKy - VK + [V, VK]

= () U+ K] <ftvv fi — Jf,sv fi-V; ft>

+ (ht);jl [ft///Kt+2fH]Vfttv ft

B f f/// i B f//2 > )
(3.6) = ( 7 >tht+< 7 L+ ERE IV felh,-

Lemma 3.1. Under the f-Gaussian curvature flow, we have

0O = £k OO +2 (14T ) (94,9 @ s,
(14528 @ + i D)
(3.7) + 2 (1 + %) (V e, V(Hefo))n, + (1 + f‘é}f‘f) Hf, - Ouf,
v (LR I fff{) VA, [Oofi + Hefi

— |VVft|}2Lt + file fe + (2 —n+ ff ) |Vft

PT’OOf. FI'OHl 8t(tht) = (3t|jt) ft —+ Dt (8tft)7 we get

O (Ocfr) = =NV fili, + [ fit <2 -n+ f’flt(t) IV fel 2, + 00 LK (O fo + He fy)] -

Now we evaluate the last term:
O [ K Ocfe + Hef)] = Ou(file) - (Ocfe + Hefr)
+ fiKe - OO fe + Hefe) + 2(V (f;Ke), V(O fe + He fo))n,
+ K- Ou(Ocfe) + fi K- Dt(Htft)
+2 < (1 + l}f( ) Vi, V(Oeft) + V(Htft)>

Simplifying the above and plugging into the expression of 9;(0; f:), we obtain the
required result. O

he

Lemma 3.2. Under the f-Gaussian curvature flow, we have

AR) o, (AR o (14 259) Vi,
o () - (fth)Dt<ngt T )\ TR,

— 2[VVSilh, +2(Vi(h)ji, Vife - ViV fidn,

/" 200, £ |V ]2
n <1+ft {(t) tff| filg
ft fth
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HARNACK INEQUALITY FOR GAUSSIAN CURVATURE FLOW 3711
+ {1+(1+f ) ,ft ]Ht|Vft|%t
ft fth

— (Vif - Vihe,Vif - Vihg)n + (f,f

12 " 1
+ 2fi(VH, Vfi)n, — [ T a3t } Vi,
t t (ft )

+2—n) IVF2

Proof. The proof is similar to that in [3]. We observe first that
O (FIK)TMVAIR,) = 0 (fi7 K (he)i; ' VifiVifi)

= _% <f{;ft ];2) JIK(Oefe + He f) IV fil7,
+2(f{K) "NV (I Ke(Ou fe + He f1)), V i),

— (1K) () () 3 (Vi = Frg" hiphqe) VifiV; fo
1 i 1
= <ft;{ Kg) JIKe (Oufe + Hefe) [V i3,
- (fth) ViV GV e fon, + (FIKD 7RIV S,

+2(V(Oufi + Hefr), Vfi)n, + 2(f1K) "N (V (ft/Kt) Vfin (O fe + Hefr)

- (1+ fo) f1 Outi+ HDIVIR, = = (V5300 ViV b

Ji f’
f |Vft 5 T 2(V(Oefe + Hefo),V fo)n,
¢
On the other hand, we compute the Laplacian of (f{K;)™'|V fy|7 with respect to

(ht)ij:
O (iKY SR,) = B (7K () ViV, fe)

=0, ()7 IVFAIR, + (iKD)™ -Ou(he) ;' - ViV fi
(DT () (20UVi) - Vife+ 2 (ThVifi ViV, i), )
+4(Vih  ViVif - Vi), (f )7
+2(Vi(fiK) ™t Vilhe)ift - VifiVife),,
+4(Vi(fK) ™Y (he)i ' ViVifi -V ‘ft>

=0 (i)Y IV, + (FiE) ™ D(ht) AN
+ 2(f{K) OV £2), V fi)n,
+2(f1K) VIV fln 4+ 2(Vi(fIK) T vk)(ht)i_jl>ht -VifiV;fe
+4(Vi(f{K) T Vife, Vkvift>ht —4(fi Ke) " Vi (he)ijs ViVt - Vi fo)n,

We compute some elementary formulas which will be used later. Note that

_ _ V fi

1 _ _ 2 _
V(K;") = -K;°’VK, ek
V(™Y = —fi7Vf = f Vft
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Therefore
0K Y = (ht);jl (2K VK, - V;K, — K;*V;V,K,)

2 Vift-Vifi 1 (V:V,fs
(ht)” [ﬁ%—ﬁ<f4;ff f 3 ViltV; ft)]

f
f/2K3|vft|ht f/K2 tft f/SKQ‘Vft‘ht

2 ) 1
— + D ,
= (% + %) GV - a0
//2 f/// f
Dt( /_1) = (ht);jl ( ——V; KtV K; — t V KtV K; — ¢ —V,;V. Kt)

t f/3 f/2
3f//2 /// f
( 15 f/4 |vft|ht f/3|:| ft7
<v( t/71)7v(Kt_1)>ht = f/4K2‘ ft‘ht
Using these equations, we arrive at
O (KDY = G- Ko+ fi7 Ol + 2(V L VRS,
3f//2 /// "
= (g~ w1V~ g
2 1 1 2 //
+ <f13K3 + f/4K2) ‘Vft‘ht t/2K2 tht £4K2 ‘Vft‘ht

fNKt 1
(1 17) A

n2 2
Gl o) e
The Laplacian of (ht)i_jl with respect to (h);; is given by
O ((he);;') = (he)id Vi (=(he) ;) (he) 5 Ve(he)pg) = —(he)i (he) ;4 Oe(he)pg
+ ()i (he) ()3, g () Ve () pg
+ (he) g (he) g ()32t (Be) s V() s Ve (Tt -
So the second term in the expression of O, ((f{K;) "'V fi[}) is
Oi((he)i;) - VifiVjfr = =(he) ) (he) 54 Ot (hit)pg - ViV, fr
+2(ht)k€ ()i (h) 3 (h) 7 Vi (h)rs Ve (hi)pg - Vi fi Y fo
—(Oe(he)ijs Vi f: Vi fo),
+2(Vi fiVi(h)re, Vi fe - Vilhe)ke)y,, -

Combining those identities, we have

O ((fiK) MV felR,) = — (1 + ftf?t) (JIK.)? — e fe - IV 17,

3f//2 " 2 |Vft|ht B
(Mo Tt o ) e KD Ul Vi),
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HARNACK INEQUALITY FOR GAUSSIAN CURVATURE FLOW 3713

(fiKe) " (VifiVi(he)we, Vi fo - Vilhe) ko),
+ 2(f1 K1) " Vi(Oufo) +(Vi(he) i, Vi Vi), +(n — 1)(ht)ij(9t)jkkataVz‘ft>h
2(fiK) T VY fili, +2(Ve(fiK) ™ Vilhe)i)'), Vife-Vifs
+4(Vi(fiKe) " Vife, ViVifi), (fth) Y (Vk(he)igs VeVife - Vifoy, s

and we also have

O ((fiK) Vi) = — <1+ ftff(t) (ftl K)? SUeft - IV fil3,
3f//2 " 9 |Vf .
+{#‘"?+m&ﬁ+mm]ﬂﬁ

— (fiK) ™ (Oe(ha)ij, VifeVifin, + 2(f1Ke) " (Vi fi Vi (he) ks VifeVi(he)ki)y,
+2(n = D)(fIK) TV, + 20K (V(Oefe), Vo),
/l 1
+2b ANTTAE
P
3|7+ ) T AT,
2(f{K0) " (Vi(ha)ji, Vi fi ViV fe),, + 20/ K) T VYV E7,,

where we use the identities
i 1
-1\  _ t
v((ft/Kt) ) - (ft/gKt + £2K2>Vft,
Vk(ht)i_jl = _(ht)i_pl(ht)quvk(ht)pq-

From the above equations we obtain

O (FIK) MV filR,) = (FIKDD ((FEKD) TV fil7,)
_ fi Ky 1 2
= (1 + 7l ) e (204 fr + He fo)|V fili,

T _4(][:&//{{75_,_1)_1} <VVft,V fe- Vft>
i ft ft
L

} (Vi(ht) i, VifeV [V fe)y,

_|_

K —2("— 1)} |Vft|§t +2(V(H f), V fi)n,

3f//2 t,/, 2 3ft,/ A
S RN A B
+ (Oe(he)ij, Vife - Vifed, — 2(Vife - Vi(h)ke, Vi fe - Vilhe)re),,
" 1
—2 (ﬁ + ft/Kt) (Vi(he)ji, Vife - Vife - Vifi)y,
2 <vi(ht)jk, Vift . Vjkat>ht - 2|VVft|,2H.

On the other hand, from [2], we get

f{'Kt 1
= g Vst (V) e
+ <vi(h)k£7 Vi (B)ke)y, = Hi(ho)ij + n(ge)* (he)in (he)es

Dt(ht)
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Here we use the identity V,;V, fy = f/'V,K:V,; K, + f/V,;V,;K,. Plugging it into the
previous formula, we get

O ((FiK) T VFR,) — (FIED)D: (FIK) TV FR,)

//K 2 IIK 1
= (1 + t) Oufe - IVfl7, +4 (1 + = t) (ViVife.VifiVjfo,

i) TE i) A
fe o 2 R AWRL 2
+ |:f1,{Kt 20— 1)+ 0| [VAE, + U+ (14257 ) S | IV AR,
3ft//2 t{l/ 3 4ft{l 4
+ 2f(VH, N fe)n, — { /1 — ? + (FTK)? + K, IV filn,

—(Vife - Vi(he)ke, Vi(fe) - Vi(he)re)y,

'K, 1
-2 ( tf/ : + 1) 1K, <vi(ht)jkaviftvjftkat>ht
t t

+2(Vilhe)jk, VifeViVife),, — 2V Vfili,-

The final step is to compute (V;V, f;, ViV, fi)n,. We consider

Yo
(Vi V(LK) TIVALR)),, = _(fﬁKt +W) IV fil3,

L 2
— R <Vi(ht)jk, viftvjftkat>ht + m

Substituting this formula into the evolution equation, we obtain

O (FiK) TV feli,) — (FIED)D: (KD TV fels,)

t

=2 <1 S ) (VI V ((FKD) VAR, — 21V Y filh,

(ViVife,VifiVjife),, -

fi

//K 2
F 2T Va0t + (145 ) R0 AR,
t t

ft 2
ft/Kt +2 n ‘Vft gt

ftI/Kt ft 2

+ |1+ |1+ 7 H|V fils,, + 2fe(VH, YV fi)n,
ft fth

B |:3ft//2 " 3 4ft//

t
- 4t
e ()P PR

— fi Ky + 1 4
’ <1+ It > ( 13Ky + (ft/Kt)zﬂ IV feln, -

. f//2 f/// 1
The bracket in the last term equals ﬁ — fi,g + Frio? O

= (VifiVi(h)rts Vi [ Vi(he) i)y, + (

Lemma 3.3. Under the f-Gaussian curvature flow, we have
(3-8) O (fiHy) = fiKy - (Oufe + Hof) Hy + fo(Adfi + folhal?,)-
Proof. This immediately follows from (ZI9) and (Z20)). O
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HARNACK INEQUALITY FOR GAUSSIAN CURVATURE FLOW 3715

Lemma 3.4. Under the f-Gaussian curvature flow, we have

Py, = VY fili, + (Vife - Vi(h)wi, Vife - Vilhe)re),, + f2IRE],
(3.9) =2(Vi(he)jr, Vife - ViVife),, + 2feDofe = 2f(VHy, V fo)n,,
IV fili, O fr - [V fil7,
(fiK)? fiK:

(3.10) +2H, fy - Ouf, — 2

P2 = (0., + + f2H? =2

Hi fo| V fil7,
iy

Proof. By definition, we have

1PAs, = ()i (b))t ViV VN e = () pg Vip(ha)ij - ViVify
— felge)* ()ir(he)je - VieVife = () Vi (he)keV o f: ViV fo
+ (ht);ql(ht)r_slvp(ht)ij Vo (he)keV o [i Vs fi
— filg)" (Pa)in (Pe) e (Pe) gt V() eV o fe + Fr(90)P (i) ip(he) g ViV i
— Fe(9)™ (R ke (he)es (M) g Vi (h)i5 Vo fo 4 f7 (Ra)3; (Re) 7]

= |VVAle, + (VifeViho)w, Vi fiVilho)w), + 210212,

= 2(Vi(ha)ji, Vife ViV fi)y,, +2feDefe = 2f:(VHe, V fo)n,,

where (h)7; = (ht)ip(hi)jq(g9:)??. The second equation is obviously proved by
using the first one. O

As a direct consequence, we obtain

Theorem 3.5. Under the f-Gaussian curvature flow, we have

1"

K K
Py = fIK, - O, P, +2 (1 i tft/ t) (Vfi, VP, + P2, + (1 n tfi,{ t) P2

" 2 " mp2 | |1V f,|2 YV f. |2
N (ffK) AR |f£<|ft (l f;@f o Htft)
+ (ft/Kt - ftf]twKt - ft> (HP fe+ He - Ocf2)
(311)  + _(1+ ff’;f,(t) f’f;Q - 1] Hy|V fili,-

3.2. Harnack inequality for the negative power Gaussian curvature flow.
For the sake of studying, we define three functions for x > 0,

(@Y a2
(3.12) oz) = <f’(:v)> ) @)
(3.13) Blz) = wf’(w)—%—f(fc),
(3.14) V(@) = <1+IJ{,/;$) x‘if(,g)—l.
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Using this simple notation, we can rewrite the evolution equation for P; as

1

P, = f{K, - O, P+ 2

\Y \Y
|ftf;<|ff<|ff;<|’ff e Htf‘*)

+B) [HE it Hy tht} + (K ) H|V fil7,
) vft7VPt>ht+‘Pt‘h <1+ft//Kt>P?

It
\Y%
|f£<|:t P+ {%ﬁ) +7(Kt)} H|V fil7,

Observing that y(z) = —f(x)/zf(x)" and 8'(x) = f(z)a(z)/z, we have

//K
) (V7. VP + P + (1+ftft,t)P%

+

HB(K) — a(K;)

//

K, e
8tPt = ft/KtDtPt + 2 (1 + ) <vft; VPt>hf + |Pt|hf ( + ) P2

ft ft
(3.15) + (Htﬂt fﬁft vftht) Py,

where 8, = B(K}).

To obtain the Harnack inequality for the negative power Gaussian curvature
flow, we should impose some natural condition on f. First we investigate some
properties of the above three functions associated to the function f.

Lemma 3.6. We have
(a) a =0 if and only if f'(z) = az® for some a > 0 and b € R;
(b) B =0 if and only if f(x) = ax® for ab > 0.

Proof. Suppose a = 0. Then z(f"? — f'f"") = f"f' and hence
12 1
(f =i, ) g

which implies that —z(f"/f") = f"/f'. Let g := f"/f’; so zg’ = —g. Solving
this ODE, we get g = b/x for some constant b. For (b), putting g = f'/f we get
f = axb. O

When f(z) = z° for b > 0, B. Chow [3] derived the Harnack inequality for the

f-Gaussian curvature flow. For the case b < 0, we give the following:

Theorem 3.7. If f(z) = ax® satisfies (1) a > 0 and b > 0, or (2) a < 0 and
—% <b<0, then

1
1 P>
(3.16) (L)t
Consequently,
of (Ky) o J(K)K,
. - LA
(3.17) p V(K] + Tab)t > 0
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HARNACK INEQUALITY FOR GAUSSIAN CURVATURE FLOW 3717

Proof. From the above lemma, we have
Py = abK{ - 0P, + 26(V f,, VP ), + [P |7, + bP;.

Since |P;|;, > PTf, it follows that
1
8tPt Z abe . DtPt + 2b<Vf,f VPt>ht + (E + b) P%

The parabolic maximum principle tells us that

1
P,>——
Tt
The last inequality is followed by 0 f; = f{Ki(Ofi + fi Hy). O

Now, Theorem [I.1] follows from the above theorem.
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