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Abstract In this note, we generalize an extension theorem in [Le-Sesum| and [Xu-Ye-Zhao] of the mean
curvature flow to the H* mean curvature flow under some extra conditions. The main difficulty in proving the
extension theorem is to find a suitable version of Michael-Simon inequality for the H* mean curvature flow, and
to do a suitable Moser iteration process. These two problems are overcome by imposing some extra conditions
which may be weakened or removed in our forthcoming paper. On the other hand, we derive some estimates for
the generalized mean curvature flow, which have their own interesting.
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1 Introduction

Let M be a compact n-dimensional hypersurface without boundary, which is smoothly embedded into
the (n + 1)-dimensional Euclidean space R"*! by the map

Fo: M — R™, (1.1)

The generalized mean curvature flow (GMCF), an evolution equation of the mean curvature H(-, 1), is a
smooth family of immersions F(-,t) : M — R**! given by

0
ot

where f: R — R is a smooth function, depending only on H(-,t), with some properties to guarantee the
short time existence, and v(-,t) is the outer unit normal on M; := F(M,t) at F(-,t). The short time
existence of the GMCF has been established in [7]. Namely, if f/ > 0 along the GMCF, then it always
admits a smooth solution on a maximal time interval [0, Tinax) With Tiax < 0o. When f is the identity
function, the flow (1.2) becomes the classical mean curvature flow. On the other hand, if we choose f(x)

F('vt) = —f(H(-,t))V(-,t% F('vo) = FO(')7 (1'2)

to be some power function z*, then one gets the H* mean curvature flow. In this note, we mainly focus
on the H* mean curvature flow, but part results on the GMCF are also derived.

In general, Huisken [2] proved that the mean curvature flow develops to singularities in finite time:
Suppose that Tinax < 00 is the first singularity time for the mean curvature flow. Then sup,,, |A|(t) — oo
as t — Thax-

Recently, Le-Sesum [4], and Xu-Ye-Zhao [8] proved an extension theorem on the mean curvature flow
under some curvature conditions. A natural question is whether we can generalize it to the GMCF, in
particular, the H* mean curvature flow. In this note, we give a partial answer to this question.
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Theorem 1.1.  Suppose that the integers n and k are greater than or equal to 2 and that n+1 > k.
Suppose that M is a compact n-dimensional hypersurface without boundary, smoothly embedded into R"+1
by the function Fy. Consider the H* mean curvature flow on M,

8tF('7t) = —Hk(-,t)y(-,t), F("O) = FO()

If
(a) hij(t) = Cgi;(t) along the H* mean curvature flow for an uniform constant C' > 0,
(b) for some a =z n+k+1,

T‘K]]ax ;C
ooy = ([ [ O du0) " <o

then the flow can be extended over the time Thax.

Remark 1.2. When & = 1, n+ 1 > k is trivial and the condition (a) should be weaken to be
hij(t) = —Clg;j(t) for some uniform constant C' > 0 (see [4] and [8]). We do not know whether the
condition n + 1 > k is necessary, but in this note it is a technique assumption when we use the similar
method in [4]. In the forthcoming paper [6], we want to at least weaken the condition (a) and to remove
the assumption n + 1 > k.

For the generalized mean curvature flow, we have the following two interesting estimates.

Theorem 1.3.  Suppose that the integers n and k are greater than or equal to 2. Suppose that M is a
compact n-dimensional hypersurface without boundary, smoothly embedded into R™ 1 by the function Fy.
Consider the GMCF

F(t) ==fHC )1, F0)=Fo(), 0<t<T < Tax

Suppose that [ € C®() for an open set Q C R, and that v is a smooth function on M x [0,T] such that
its image is contained in . Consider the differential inequality

(gt - Af,t> v< G- flo)+ (v )|Vtv|g(t v>=0, GeLI(Mx][0,T]). (1.3)

Let
Co,q = If' ()Gl Laqrrxjory, Cr=(1+ HHHZﬁLFfl(MX[O T]))l,
and also let
(k+1)?
k2n
We denote by S the set of all functions f € C*(QY), where Q C R is the domain of f, satisfying
(i) f satisfies the differential inequality (1.3),
(ii) f'(x) > 0 for all z € Q,
(i) f(xz) = 0 whenever x > 0,
(iv) f(H(t))H(t) = 0 along the GMCF,
(v) f'(v) 2 C2 >0 on M x [0,T] for some uniform constant Cs.
For any f > 2 and q > 7’12, there exists a positive constant Cy, 1, 7(Co 4, C1,8,q), depending only on
n,k,T,B,q, Cogq, and Cy, such that, for any f € S,

7=2+

0
1787 ntory < Cnkir(CoanCro8oa) | 7200 [ 20 (5, = F0)A )

LA (W) | 88 =28 42,
+<6 F) T oae-) ”)'V”"g“]

where (the definition of By i1 is given in Section 3)

)

LY(Mx[0,T])

_ 2 _ 1+v
Ch k1 (Co,, C1, B,q) = max {Q(Bn,k,Tcl)Q/PY, <2co,qﬁ6_ 1 (Bn,k,Tcl)Q/’Y) },

B
B—1
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v = (’y—%q—’y’ and 1 is any smooth function on M x [0,T] with the property that n(xz,0) = 0 for all
x € M. In particular, if f'(v)G € L>®(M x [0,T]), then, letting g — oo, we have

2 Co.00 32 ~
Cn k,7(Co,00, C1, B,00) = 6—61 max{l, ﬁo’_f }(Bn,k,Tcl)Q/W
< [Smax{1, Co.} B} 11BCT,

where

~ 1 2k
B = B max{ (o) 71} Com =17 @Gl

since 5”, < 2; in this case, we obtain

0
I8 s rstoiry < DosindC 7200 [ 420 (5, = F0)a )

LW, 8 -20+2
+<6 oy T BB ”)'W"g“]

where Dy, 7 = 8max{1, Cp OO}BZ/,ZT

)

L1(Mx[0,T1)

Corollary 1.4.  Suppose that the integers n and k are greater than or equal to 2. Suppose that M is a
compact n-dimensional hypersurface without boundary, smoothly embedded into R™ 1 by the function Fy.
Consider the GMCF

F('vt) = —f(H(-,t))V(-,t% F('ﬂo):FO(')7 Ogthnga)@

Suppose that f € C®(Q) for an open set Q C R, and that v is a smooth function on M x [0,T] such that
its image is contained in . Consider the differential inequality

(gt - Aﬁt) v< G- f(v)+ f”(v)|Vtv|§(t), v>=0, GelLY(M x][0,T)). (1.4)

Let
CO,oo = ||f/(v)GHL°°(M><[O,T])7 Cr = (1 + ”H”zif::—ll(Mx[o T])) g
and also let
(k+1)?
k%n
We denote by S the set of all functions f € C*(QY), where Q C R is the domain of f, satisfying
(i) f satisfies the differential inequality (1.4),
(i) f'(z) > 0 for all x € Q,
(iii) f(z) > 0 whenever z > 0,
(iv) f(H(t))H(t) = 0 along the GMCF,
(v) f'(v) 2 Cy >0 on M x [0,T] for some uniform constant Cs.
There exists an uniform constant C,, > 0, depending only on n, such that for any § > 2 and f € S we
have

y=2+

1 2
||f(U)||L°°(Mx[§,T]) < Enk,r(B) 'Clﬁ e Hf(U)HL/*(Mx[o,T]),

where
1 2y

B (y—2)2 +2
Busr(8) = (DusrCupt 2 ()77 ablor,

and the constant D,, T ts given in Theorem 1.3.
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Convention. If f(z): R — R is a smooth function, v(¢) is another smooth function, throughout this
note we denote by f'(v) the value of f'(z) at z = v(¢), i.e.,

d
f) = 1 r@|
When we write (, f(v), it means that
d d d
G ICO)= G I@| )= 7w

2 Evolution equations for GMCF

In this section, we fix our notation and derive some evolution equations for the GMCF. Let g = {g;;}
be the induced metric on M obtained by the pullback of the standard metric ggn+: of R**!. We denote
by A = {h;;} the second fundamental form and du = /det(g;;)dz' A -+ A dz™ the volume form on M,
respectively. Using the local coordinates system and above notation, the mean curvature can be expressed
as

H= gijhij. (21)
For any two mixed tensors, say T = {Tjk} and S = {S}k}, their inner product relative to the induced
metric g is given by

(T}, Sik)g = 9isg” 9" TS5, (2.2)
Then the norm of the tensor T is written as
IT[5 = (Thrs Thi)g- (2.3)
Using this notion, we have |A|£27 = gijgklhikhjl. If z',..., 2™ are local coordinates on M, one has
oF OF 0’F
Ipn41 Ipn+1
where (-,-)g. ., denotes the Euclidean inner product of R**'. Let V denote the induced Levi-Civita

connection on M. Hence for an vector X = {X*} we have

i 0 4 i
VX=X + T X" (2.5)
where F;k is the Christoffel symbol locally given by
1 dgie 0gie 09gij
ko= _g" (7 = U). 2,
i = 99 ((%cl T oui T oat (2:6)

The induced Laplacian operator A on M is defined by
AT} = g™V Vi T, (2.7)
Moreover, the Laplacian operator Ah;; can be written as
Ahi; = ViV;H + Hhieg" " hmj — |Al hij. (2.8)

We write g(t) = {g:;(t)}, A(t) = {hi;(t)},v(t), H(t),du(t), Ve, and A; the corresponding induced
metric, second fundamental form, outer unit normal vector, mean curvature, volume form, induced Levi-
Civita connection, and induced Laplacian operator at time t, respectively. The position coordinates are
not explicitly written in the above symbols if there is no confusion.
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Proposition 2.1. (Evolution equations) For the GMCF, one has

2 B = ~f(HE)w0)
& 9i(t) = ~2f (H ()i,
0 hig(6) = FI(H(0) - Ahsy(6) + £ (H0)V:H - V5 H()
~ FCH() + OOV H () Paa(0)g™ (s (1) + D) A By s (1),
O () = £ + FUO)AD G + 7 HO)H O,
& (i) =~ (H (1) H (1)d(r).

Proof.  The proof is straightforward, but is more tedious than that in the classical setting.

From the evolution equation for the mean curvature H(t), it is natural to introduce the generalized
Laplacian operator associated with the function f. Put

Ape() = f()A(). (2.9)
Hence 9
g (1) = BpeH () + fF(H(0)]AR) s TS HW)VHO - (2.10)
It is a special case of the following differential inequality,
0
(=85 ) 0 < G100+ 5@Vl 1)

which is also discussed in [3].

3 A version of Michael-Simon inequality

Let us consider that M is the standard sphere S™ which is immersed into R™*! by Fy. Just as in
Example 2.1 of [4], the H* mean curvature flow with initial data Iy has the formula F(t) = r(t)Fp.

Hence 0 .
dr(t n
=— 0) =1.
dt rk(t)’ r(0)
This ODE gives r(t) = [I — (k + 1)n*t] s+1. The maximal time is Trax = (kﬁ)n’c' Using Tinax We can
rewrite 7(t) as r(t) = [(k + 1)n*(Thax — )] k1. Hence the L%norm of H(t) on M X [0, Tiax) 18

nOL

T,
. Wn dt
) |S e i 0 = / o
[(k + 1)nk] k41 0 (Tmax - t) k1

which is finite if « < n + k + 1. Here w, denotes the area of S™. It implies that the constant « in
Theorem 1.1 is optional. When o« = n + k + 1, we consider a rescaling transformation

F(t)= Q°F ( C;) .

In order to make sure that || H (t)|| pn+x+1(arx[0,73.0)) 18 invariant under this transformation, we must have
v=Bk+1).

In particular, [[H (t)||Ln+x+1(0x[0,Thmay)) 18 invariant under the following rescaling transformation,

F(.)=Q-F ( sz+1> . (3.1)



104 LiY Sci China Math  January 2012 Vol. 55 No.1

Remark 3.1. In general, we consider the rescaling transformation of the GMCF

~ t

F(vt) = QﬁF ('» Q,Y) .
In order to guarantee that the quantity || H (¢)||pn+x+1(arx[0,73.)) 1 invariant under this rescaling, we
must have, for any x and Q > 0,

v=(a-nB, f@)=Qf (&) '

Letting kK = a — n — 1, we obtain
T
fl@)=Q"f (Qﬁ), zeR, Q>0. (3.2)

A solution for this functional equation is f(z) = 2*. Actually, we can show that the functional equation
(3.2) has the unique solution with the form f(z) = f(1)z*. Indeed") , if we let y = 1/Q, then

Y f(x) = fay”);

putting z = 1 gives f(y?) = f(1)y” and hence f(x) = f(1)z*. This is a reason why we restrict ourselves
to the H* mean curvature flow.

The key step in [4] is to establish a version of Michael-Simon inequality. When k = 1, this type of
equality has been proved in [4]. Considering the H* mean curvature flow, one should generalize the
Michael-Simon inequality to a “nonlinear” version when k > 2. The first trying step is how to find a
suitable “nonlinear” number @ satisfying the property that it reduces to the original definition (i.e., Q =
o) when k equals 1. There are lots of such choices on this step, for instance, @ = 7 |, . ’;’_LQ, ,m_k(’,z 1)
etc. The first two numbers are easily to think about, but the third one is not so easy to find out, since
there are at least two rules to obey: one should be compatible with the Hoélder’s inequality, Young’s
inequality, and interpolation inequality in the process of the proof; the second one is that we should find
an analogous inequality which is the original one when k = 1.

Remark 3.2. Here we give a heuristical proof why we chose Q = kn_k{,z 1)

with some constant a determined later and using the original Michael-Simon inequality (see below) we
have (in the following estimates we omit constants in each step)

(/ vf—"ldﬂ> " g/ (IVolv=! + [H|v")dp.
M M

From Hoélder’s inequality and Young’s inequality, one has

</ v"a—nld,u> . < (/ (|Volv*~! —|—|H|va)du) ’ ,
M M

1 a—1 1 1
<NVl 015 oary + WE a0l e

Starting from w = v*

(a=Da 8 1 1
< ||UHL(§31)Q(M) + HV”HEZ(M) + HHHEIZ«(M)HUHZQ%M)?
where we put the wight ; on both sides (the reason will be seen soon), and

1 1 1 1 1 1
+ = + = + :17 p7Q7T‘787a7/8>1'
p q r s a«a f

We let

1 Andrew told me this short proof.
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q(n—1)

Therefore, a = "7 and o = q("n_l). Moreover,
an qn
n—1 (¢=n—q
If g =k + 1, then we get
an  (k+1)n  k+1 kn
n—1 kn—(k+1) k kn—(k+1)
There are two reasons to set }, = k;glz the first one comes from the careful investigation of the term

||H |\1L/f2?w)||v|\1L/aZ () by using the interpolation inequality, and the another reason is the equation ps

kn—(k+1) kn . 1 1 s _ k+1
on ey - However, other reasons, e.g., p ki = 1 determining p = %, *, can

be seen in the detailed analysis of the proof. The above is an exploration for finding a suitable number
Q, and, of course, is very naive and rough.

= 1 which gives ¢ =

Let M be a compact n-dimensional hypersurface without boundary, which is smoothly embedded in
R"™*1. The original Michael-Simon inequality states that for any nonnegative, C'-functions w, one has

( /Mwn’ildu) " <an [ (90l + 0 (33)

Here ¢, is the constant depending only on n. More precisely,

4n+1
Cp =

i/ wy, = Area(S"). (3.4)

Before proving the main theorem in this section, we state some elementary integral inequalities which
can be proved by Holder’s inequality.

Lemma 3.3.  For any compact manifold M and any Lipschitz functions f, one has
piid

@) 1fllzeary < I fllzacary - Vol(M) vd whenever 0 < p < q;

(ii) for any k > 1, one has
1/k ot
[t ([ 1) voian
M M

Here dy is the volume form of M and Vol(M) is the volume of M.

Also, we will use the inequalities [1]

(a1 + ag)e < a(f + ag, 0<6<1, (3.5)
(a1 +a2)? <2071 (af +df), 6>1, (3.6
where a; and as are any nonnegative numbers.
Theorem 3.4.  Suppose that k,n > 2, or, k=1 and n > 2. Set
kn n
= = . 3~7
@ kn—(k+1) n— k1 (3.7)

Let M be a compact n-dimensional hypersurface without boundary, which is smoothly embedded in R™"*1,
Then, for all nonnegative Lipschitz functions v on M, we have

k+1 k+1 n+k+1 k+1
055, ) < AnelIF01E R |+ NHIEEE Gy Il ) (38)
= k+1 ntk+1 k+1
< An,k(”VUHLj(M) + HHHLiJrIirl(M) HUHLJ{(M))» (3.9)

where Ay 1 and ka are constants explicitly given by (cnk = cp - (::i)((];rl;))

(n—=1)(k+1)(n+k+1)

An k= 2 (kD) (20n7k)n+k+17 A\n,k - An,k . VO].(M) 2();&‘_-*—11) .

)
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Proof.  The proof is quite similar to that given in [4]. The case that £k = 1 and n > 2 has been proved
in [4], hence we may assume that k,n > 2. Let

(k+1)(n—1)
w =y kn—(k+1) |

Plugging it into (3.3), we have

n—1

</ ’L}ksik(?:‘}r)l) d,“) " < Cn/ ((k + 1)(” - 1) |V1}|Uk"’?k+l) + |H|U(z:1)((;+1l))> d'u
M

kn—(k+1)
(F+1)(n—1)
< Cnk (/ |VU|Ukn (k+1)dlu_|_/ |H|U kn—(k+1) d,u)
where
Cnk = C -(k+1)(n_1)>c
n,k -— Cn kn—(k—i—l) mn-.
kn—(k+1) kn—k—n . . . . . .
If we let app = [cnk] =t -2 n»-1 , then, using Holder’s inequality and the inequality (3.4), one
concludes that (since kn > k + n)
kn—(k+1) kn—(k+1)
(k+1)n n kn—(k+1) (k+1)(n—1) n—1
</ Q kn—(k+1) d,u> < [an n—1 (/ |Vv|vkn—(k+l) dﬂ+/ |H|’U kn—(k+1) d,u>
M
kn—(k+1 kn—(k+1) k
< Gn k(HVUH k+1 H ||n }k+1)n +||H|Lrn 1) ||”H (k+1)(n 1) )s
Lkn=(+D (M “(

where 7, s are positive real numbers satisfying ! + ! = 1. Recall Young’s inequality
ab < ea? + e_q/pbq,
where a,b,e > 0, p,g > 1, and 11) + é = 1. Putting

_(k+1D(n—-1) _(k+D)(n—-1) p  kn—(k+1)
B n 17 kn—(k+1)" q n ’
we derive that, for any € > 0,

kn—(k+l
Ivoll i H 1" }Hm Selol o, e Ene <’“+1>HWH’%+1
Lkn=(+1) (M) Lkn—(k+1) (M) (M)

There is a natural way to find a buitable value of s, when we use the interpolation inequality to bound
(k+1)n
the first term appeared above using L' -norm and L #»—(++1) norm. Suppose now that

kn—k—1 n
en — k <1<s<n_1. (3.10)

According to (3.10), we must have

ktl  (k+1)n—1) (k+ 1)n
E S bkt D) " S kn—(k+1)

Applying the interpolation inequality to our case gives

—n
||U||L<§:1>(<;:11)>3(M 5||UH W + ol e oy 820
where the constant p is determined by
k kn—(k+1)
k1 T (kD) (n=Ds n k(n=1)(s-1)+1 _
H kn—(k+1) kn—(k+1) kn — (k+1) n—(n—1)s ‘= Pnk,s-

(k+1)(n=1)s ~—  (k+1)n
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Thus, together with Jensen’s inequality, we yield

HU||k+(k+l)n < an,k[6|‘v||k+(k+l)n +e kne T ”vv”k ki1
L kn—(k+1) (M) L kn—(k+1) (M) (M
(k+1
n k k
B T O S I It O
LEn—(k+1) (M) (M)
Simplifying the above implies that
k k+1 D k41
(1—e- an ke — 2" ap k0 ||H||Lr(n1\;[) )Hv” et m
kn—(k+1) (M)
kn—(k+1
1

< g e b lrn IIWHk on T 2  ay o (68 )Tk H | ) ot L

My

Let (Here, we may assume that ||H||z-(as) # 0; otherwise it is trivial)

T S,
€= 20477,]@, 4 - 2k+2ank” ||LT(]\7[)
Therefore, we have (note that | + ! =1)
(k+1)(n
Jol < 2(2a05) E ) HVUH'“JZL
L Fn—(+1) (M) (M)

(k+
+ (22+k k)kn—(k+l) r— n HHHLT(M)”'UHkkH (M).

The condition (3.9) turns out r > n. Setting
(k+1Dr
r—n
gives us r = n + k + 1, which is our required result. Plugging the explicit formula for a, ; in terms of
Cn,i into the above and using Lemma 3.3, we obtain

(n—1)(k+1)(n+k+1)

[lv ”k k+1 ) < 2(2¢, k)k+1 ”vv”k k1 ) +2 kn—(k+1) (2Cn,k)”+k+1|\HHﬁﬁﬁl )H ”k ki1

(M)

Noting that the coefficient appeared in the first term is less than that in the second one, we obtain the
inequality.

Corollary 3.5.  Under the condition of Theorem 3.4, for any nonnegative Lipschitz functions v, we
have
2 T Ml M ntk+1 1k, 2
Hv||L2Qk(M) < An,k(””HLS(M) ) ||vv||L’2C(M) + (HHHLn+k+1(M)) ||UHL2(M))7
where the uniform constant gmk is given by
% \ +
~ k
A, =AYk
K n,k k41
Proof.  Replacing v by v#+1 in Theorem 3.4, we obtain
) k+1
2k n+k+1 k+1
HU”2Qk < An k(Hk‘F 1 vk -V Lk-}i—l(M) + HHHLn+k+1(M) ||Uk+ I LHE )>

k+1 k?
2k ko ko k+1 ntk+1 2k
— (|| ([2F)) T s TIPS
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<A Zk k+1 klk‘ v k+1k,
SR W P I e P L I

k
+ An,kHHszﬁj&l M)HUHL?(M)

ok \ k1 §
<an ([C51) Il 19018 + DI ol )

Taking the k-th root on both sides gives the required inequality.
Theorem 3.6. Let n and k be integers bigger than or equal to 2. Consider the GMCF

0 F(,t) =—=f(H(-,t))v(-,t), 0<t<T < Thax < 00,

where f € C*(Q) is a smooth function over an open set  C R. Suppose that f'(x) >0 and f(z) -z >

along the GMCEF. For all nonnegative Lipschitz functions v, one has

5 (k+1)2+k;1
HU”LB(MX[QT]) S Bokr Oglax ||UHL2(M,)

i T n 1
X [”vt”HLS(MX[o,T]) + OgltZZXT ||”HL2 (|‘H|‘Ltfk++l1 (Mx[0, T])) k],

where By, 1.7 s the constant explicitly given by

(k=1)(k+1)

Bn,k,T = ﬁn,k . VO]-(M) 2k2n : ma’X{Tkgl ) Tk2_kl }7
andﬁz2+k:1-k]:;ll > 2.

Y in Holder’s inequality, we have

T
kb1 k41
HUHLZB Mx[0.T)) — dt V2 vk ke d/‘( )
(Mx[0,T7) 0 M

T 1/Qr ft1 k,:;l
< / dt </ UQQ’“du(t)) </ v ok d,u(t))
0 My M

kt1)2 T )
= 2 L ) Wl

Proof.  Setting p = knf(zﬂ) and ¢ = "

The assumption f(z) -z > 0 implies that

consequently, the volume is deceasing along the GMCF. This fact combining with Lemma 3.3 gives

<k+1)2

k-1  (k+1)?
Oglta<XTH ull & kH(Mt) S OlgiXT(HU”L? (a,) - VOI(My) 2G+1) ) k2n
(k+1)2 o1y (k1)
S max HU”L2( -Vol(M)  2x2n

0<t<T
On other hand, we have
T . T k—1 k+1
k 1
/0 Hv”?ka(Mt)dt < Ank o [””HL’;(Mt) : HVWHL’S(Mt) + ||U|‘%2(Mt)(HHHtherrll(Mt))k]dt
0<t<T

T
R T / IV s0ll 5 g,

T
A g [0y | VIS A ) e
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From Lemma 3.3, we obtain

T T 1/k k—1 k—1
| “H'?ﬁifw))”kd“(/ ”Hll’iififwdt) T = (HIE R o) T
0 0

—1

T k41 T 9 1 k41 k
L 190t = [ V0l qaag) 00 dt < 190l oy T

Plugging it into the above inequality, one yields

(k+1)? (k=1)(k+1)  ~

IIUHﬁﬁ(MX[O,TD<ngxTanL;;;m-(VO1(M)) n - A

k‘;l Tlc;l Tlc2—kl
x Olél%xTHU”B(M,,) - max{ ) }

n+k+1 )l/k]7

kfl k+1
X [”vthLg(Mt) + max HUHL;C(M”(||H||Ln+k+1(M><[0,T])

0<t<T

which is the required result.

Remark 3.7. If k =1, then ’“Zl = 2; hence we do not need to use Lemma 3.3 to control the terms
by L2-norm and carefully checking the proof gives B, 1.7 = A, 1, which is the constant derived in [4].

4 Moser iteration for the H* mean curvature flow

In this section we generalize Lemma 4.1 in [4] to the GMCF, in particular, to the H* mean curvature
flow. The proof is similar to that given in [4], but it does not directly follow words by words from [4]
since the differential inequality now involves an extra term f”(v)|Vv|?. When f(z) = ¥ and k =1, i.e.,
the classical mean curvature flow, this term automatically vanishes. Since the mean curvature H (¢) along
the generalized mean curvature flow satisfies

0
oy 10 = [/ (H®)AH () + FAH@IAD 50 + " (HE)VH )50,
we should study the differential inequality
<§t — Af,t> v< G- f(v)+ f”(v)|Vtv|§(t), v>=0, GeLYMx][0,T]). (4.1)

Let n(z,t) be any smooth function on M x [0,7] with the property that 7(x,0) = 0 for all x € M.

Later, we will choose n(z,t) to be a smooth function only relative to the variable ¢, satisfying the above

property, and f(z) = z*.

Theorem 4.1.  Suppose that the integers n and k are greater than or equal to 2. Consider the GMCF
atF(vt) :—f(H(,t))l/(7t), Ogthngax

Suppose that f € C®() for an open set Q C R, and that v is a smooth function on M x [0,T] such that
its image is contained in 2. Consider the differential inequality

(ai—Aff)“<G~f<v>+f"<v>|vtv|2, v>0, Ge LM x[0,T]). (4.2)
Let

n 1
CO,q = ||f/(v)GHL‘?(M><[O,T])7 C = (1 + ||H||L;"L_flj—+11(M><[O’T])) k,

and also let
(k+1)2

=2
" + k2n
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We denote by S the set of all functions f € C™(QY), where Q C R is the domain of f, satisfying
(i) f satisfies the differential inequality (4.2),
(ii) f'(x) > 0 for all z € Q,
(i) f(xz) = 0 whenever x > 0,
(iv) f(H(t))H(t) =2 0 along the GMCF,
(v) f'(v) 2 C2 >0 on M x [0,T] for some uniform constant Cs.
For any f > 2 and q > 7’12, there exists a positive constant Cy, 1, 7(Co 4,C1,8,q), depending only on
n,k,T,5,q, Coq, C1, and Vol(M), such that, for any f € S,

0
5%y < k(o CrsBa) 12000 [ 20 (5 = £008 )

L)) | 85 =25 +2
+(6 o) T oBE-1) ”)'V”"g“]

)

LY(Mx[0,T])
where
B 52 1+v
Crk,r(Cog, C1,8,q) = g max {Q(Bmk,TCl)QM, <200’qﬁ 1 (Bn,k,TCI)wv) },
v = (7_2")(1_7, and n is any smooth function on M x [0,T] with the property that n(z,0) = 0 for all

x € M. In particular, if f'(v)G € L>®(M x [0,T]), then, letting g — oo, we have

2 CoB?\ |5
Cosir(ConerC1.f00) = 2 o {1, BT} (B2

< [8max{1,Cy oo}BZ/JZT]ﬁchv
where

1

~ 2k
By k7 = By k7 - max {( ) ,1}, Co.00 = || (0)G|| Lo (a1 x[0,17)

since €1 < 2; in this case, we obtain

0
120 Lo at oy < D BC2 | £9() [n2+2n( —f’(v)At)n

LW | 82 -20+2
+<ﬁ oy T BB ”) 'W"““]

)

LY(Mx[0,T1)

where Dy, 7 = 8 max{1, Cy oo}BZ/JZT

Remark 4.2. The set S, in general, may not be empty. For example, let v(-,t) = H(-,t) > 0 and
suppose that f(z) = 2%, Q = R*, and f/(H(t)) > Co > 0 along the GMCF. We immediately see that the
conditions (ii) (iii), and (v) are satisfied. For (iv),

JEHW)H(E) = H () = HY () - H2(t) > 0.

This will be applied to our case.

Proof of Theorem 4.1.  Applying the test function n?f'(v)f#~1(v) to our differential inequality (4.1),
for any s € [0,T], we have

//Mt (=802 )£ @)ty + [ /Mfa“ ()17 (o) du(t)dt

2/1; ,B,U 2/,U H’U 5,10 t’U2
< /0 /Mt (Gl () £ (0)dia(t)dt + /0 /Mtnf( ) (0) 57 (0) V0l dpa()d
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Integrating by parts gives
/ (= A g o) f () £5~ (0)da(t)
My
- / (= AP (0))% 17 (w)dpt)
My

- /M (V00 Va0 (F (0) 7 (0)) gty ()
- /M (V10,2937 0(f (0))% F5(0)) o0 dpt)

+ /M (V0,722 ()£ (0) 17 (@) Vo + (F )28 — 1) 52 (0) V10)) g0y dis(t)
—o /M (710, Voo n(f ()2 F5~ (0)dia(t)

+ /M P21 )1 (0) 51 (0) + (8 = D (0)* 2 2(0)] Ve 20y dp(2).

Recall the evolution equation for volume form

0

gy Wt) = —f(H(t) - H(t) - dpu(?).

Hence

/os o -f’(v)fﬁ’l(v)dﬂ(t)dt

o, O

6/ . o 2d,u(t)dt

[ i) = [ o) gt

o
6/ 77y dys) /3/ At >{2ngt—nf( () H ()}du(t)dt.

Combining these formulas and the assumption (iii), we conclude that
[ ] e Tmgan 02 o)
0 Jm,
+202 £ (0) " (0) 77 (0) + (B = D) (f (0)* F771 () Vel ldpalt) it + ; /M P (o) du(s)
L on ° ’
<o [ [ s ) = streymo) aueaes [T e o
° 2/ // B—1 Vt 2 d d
[ @ @ I algdu
ﬁ B
<p [ [, remlawa [ [ 16w o
| [ or @ @e ek duo
o Jum,
Since
ﬁ
ﬁ/ Mtf 2"atd“ t)dt

=5 [ [P (g - r@a)n+ ooz dda
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1 [® bl , /
= 5/0 /Mt [fﬁ(v)Qﬂ <8t —f (U)At) n—2(Vi(fP)f (v)n)yvtmg(t)} dp(t)dt
! | 9 / -1 / 2
-5/ /Mt [f%ﬂn ( N <v>At) 0= 20871 @)( ()0, Vo) g
=2(f()nf" () Ve + f'(0)Ven), Vm>g(t>] dp(t)dt

= ;/ 5 () {277 (gt - f’(v)At) n— 2f’(”)|vt77|3(t)} du(t)dt

- / /Mt BT 0)(F ()2 + £ @) )| (Vev, Vi) oy du(t)e,
it follows that
/ /M, DR 0) V0, Vingdu(t)dt + / 77 )rPdu(s)
/ /Mt B = D) @) + F@) @) @)1 2(0) [V r0[2 du(t)dt

S /0 A [2" (aat - f/(”)At> " - 2f’(v)IVmIZ(t>} du(t)dt
s / Jé] B 2 s . ) 5 . ,
[ e e @nwi = 2 [ s ), g duteyin

The Cauchy-Schwartz inequality gives (where € > 0)

4 / (oo, Cindgyn(f (0)2 £ (o) dp(t) dt

My
e / /Mt D520 V02 0y (1) / / 1 W) )Vl du()dt,

; / [ @) )T, Ta ()

and

/ [ s '(0) F5=2 (0} |V 0 2 g ()l

b f/{;'f P

Consequently, we obtain

/ 5 / [(6—1—2e2>f’<v>]n2fﬂ-2<v><f’<v>>2|vtv|§(t>du<t>dt+; / F8 ()P du(s)
0 M, Mg

<i [ ] ol (g-rwa)y

LIWF0) g 28 ﬁ
= (570" —2r @+ 2 rw) Wit | dutar+ [ [ i o utoa

Note that

VAR = P @RV,

If we choose B — 1 = 4€2, then the above inequahty gives

26-1) [® Lo , , )
( ; )/O Mtf (v)n IVt(fB/ (v))|g(t)du(t)dt+/Ms £ (0)n2du(s)
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<[ 7w (g -ready

1 f(v)f”(v) _9fiy 83
* <ﬁ fl(’l}) 2'f ( )+ ﬁ -1 ( )) |th|g(t :| (t)dt

’ GIn?f'(v) £2 (v)du(t)d
y / /Mt| 17 (0) £ (o) dpt)
Recall that
IVe(nfPR2 )2 = IV - f22 ) + Ve (P2 (0)1 20
< 27|V (F77% () P 27 (v) - Vel oy

Therefore,

“ /0 /M Wt("fﬁﬂ)@(t)d#(t)d“/M FP()n?dp(t)

L [ o 20 (g~ F @A)y

L f(v)f"(v) | 88 —2ﬁ+2
’ <ﬁ f'(v) + B(B—1) ( )) |Vt77| t):| du(t)dt

/ /MflGlnf (0) £ (v)dpu(t) e

. /0 [ 10 |20 (- roa)

LI (), 87— 2842,
+</3 o) BB ()) el ”}d“()d

ﬁQ
M @Gl zaarsior - 177 il L xS A

(In the following, we also use the notion A which is the first term of A.) It gives, for any s,

AN\ /2
Iof ) sy < AV 19D rnstomy < (&)

Using Theorem 3.6, one has

+) +k-—1 k41
||nfﬁ/2(v)||1w(MX[o,T]) < Bogr - Or<na<XT||nfﬂ/ (v )HLz(M ) Fox [||Vt(nfﬂ/2(v))HL’E(MX[O’T])
k+1
4w 10820 oy - I pgom)
k;;cl 2

ankT-max{(l) ,1}-A(2321r{+1

vy 02

<+ I o))
= Buprh) - A

where y =2+ *Fr1 . AL Moreover,
”77 fﬁHL7/2(M><[O,T]) = (anﬁ/z||}Y,w(]\/[><[0,T]))2/7 <A- (Bn,/’c,Tcl)2/7

2
— (B 2 B 2
= (BukrC1)*" <A+ 5_ lCOHﬁ fﬁ'qul(Mx[O,T])) ,

where ¢ > 712. Noting that
q 0

1< <
qg—1 2
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and using the interpolation inequality, one gets

H772fB||Lq31 (Mx[0,T]) < 6||772fBHLw/2(Mx[o,T]) + eI FP e (o, 1)

where the constant v is defined by

Therefore,

~ 62
187 s srstoiy < | Brscr 7 7 e 1 eqaretoy

~ ﬁ2 .
+ (BnkrC1)*7 (A + 8- 100,q6 10? F2 ()] L arxpo,ry) ) -
If we choose (En,;c,TCl)W7 . ﬁ@_?l - Coq€ = %, then

H772fﬁ(v)”L”f/2(M><[0,T]) < 2(En,k,Tcl)2/7A

ﬁ2 " ) 14+v
+ (2000 )7 Buacd?) IO o)

~ ﬂQ , 1+v
< max {2(Bn,k,T01)2/’Y, (26’0,(1 . 5 1(Bn7k7T01)w) }
X (A+ 0 £ ()l 1w xfo,77))
= Cnk,1(Co,q, C1, B, q) - (A + H772fﬁ(v)HL1(M><[O,T]))7

where CN‘n,k,T(Cotq, C1, 0, q) is the constant depending only on n, k, T, 8, ¢, Co 4, C1, and Vol(M). From
the definition of A and noting that 1 < /ﬁ 1 < 2, one yields

. s P
78l sssniomy < Gosir oGt {7 [ [ o [ (g - @)
B 1 0 My

ot
Lf@)f" () | 882 —28+2 i
+ (6 f/(U) + B(ﬁ - 1) f (’U)) |Vt7]|g(t):| du(t)dt

[ P wPaute)an

< CoarlCogrpoa) [ [ 120 |2+ (5 - rwa)y

(; f(l})lj(f;/)(v) i 865(; iﬁl‘; 2]”(11)) |Vt7]|§(t)] du(t)dt

— Cusr(CogCuB) | £20) 2 + 20 (5 = 708 )

1 f()f"(v) 882 — 25 +2 , 9
* (ﬁ ) T oae- (”)> 'W"g“>]

)

L1(Mx[0,T1)

which is our required result.

Taking some special smooth function and using the Moser iteration, we can prove that the L°°-norm
of v over a smaller domain is bounded by some L?-norm of v over the whole manifold M x [0, T.

Corollary 4.3.  Suppose that the integers n and k are greater than or equal to 2. Consider the GMCF

S5
=
=
I
I
=
=
o
X
L
o
N
~+
N

T < Thax < 00.
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Suppose that f € C®(Q) for an open set Q C R, and that v is a smooth function on M x [0,T] such that
its image is contained in ). Consider the differential inequality

((’?t - Af,t) v< G- f)+ ")Vt v=0, GeLYM x][0,T]). (4.3)
Let
Coo = IF ()G Lorxpoay,  Cr= L+ [HITEL omy)

and also let
(k+1)?

k2n -
We denote by S the set of all functions f € C*(Q), where Q C R is the domain of f, satisfying

(i) f satisfies the differential inequality (4.3),

(ii) f'(x) > 0 for all z € Q,

(iii) f(z) > 0 whenever z > 0,

(iv) f(H(t))H(t) = 0 along the GMCF,

(v) f'(v) = Cy >0 on M x [0,T] for some uniform constant Cs.
There ezists an uniform constant Cy, > 0, depending only on n, such that for any 5 > 2 and f € S we

y=2+

have L
||f(U)||Loo(Mx[§,T]) < Enk,r(B) 'Clﬁ e Hf(U)HL/*(Mx[o,T]),

where

1 27
B (y—2)2 ~2
Bnsr(8) = (oG s (1)1 b,

Proof.  Consider an increasing sequence of times ¢; defined by

T 1 ,
tr—2<1—4J7 i=0,1,2,...

Consider a sequence of smooth function 7;(t) satisfying the following properties

Nilt;, 7] = L, 7h‘|[0,ti_1] =0, 0<n<1, |77;| < Cn4l

For convenience, we denote by I; the interval [t;, T]. Since ||f'(v)G||L(arx[o,r)) exists, letting v — oo,
we have
i 2
L @l r2asry < Doz - Co - 4 B+ CEV NPl (arer, -

For a moment we put
C=DnrCn | llpi=I"lzeuxry, 7=7/2, andw= f(v).

Hence
~ . 1 1 ~ i
[wP |50 < CBOY V4w 11, [lwllgg.: < C7 B85 CLPT45 |lw)gim1.

Replacing 3 by 7' 713, we derive

m—1

v —1 . mo1 v —1 i1
Hw”ﬁ’v\’",m < CZZW:O ,3;1 . H (Bﬁl)ﬁ;l .Ch i=1 ggi _42?:0 fmi ”wl 5.0
=0
)

From the elementary facts on power series we have

~ o0 . ~

—1 7 i
25751 L5 Gone

=0
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consequently,

’Y

11 15 3 A
tlloc,00 < (CB) 75" ~C{“’1 SyP G AR G0 flwllg o,
= Enkr(8)- C’M * - wllso-

Since I, = [T'/2,T] and Iy = [0,T1], the corollary immediately follows.

Corollary 4.4.  Suppose that the integers n and k are greater than or equal to 2 and that n+1 > k.
Consider the H* mean curvature flow

0

8tF(’t) = _Hk('7t)y("t)v 0 <t<T<Tmax~

If

C kil B
10> ()7 >0 OOl iy < .

along the H* mean curvature flow for some uniform constant Co > 0, then there exists an uniform
constant Cy,, depending only on n, such that

1/k n+k+1 n 2 1
HH(t)HLOO(MX['g’T]) < En,/k,T ( k ) (1 + ||H(t)||L;tflj—+11(M><[(),T]))7—2 n+k+1

X[ H ()| prtr+1arxjo,1)
< FooTax * | H@) | ntr+1arxjo,17)

where .
1/k n+kKk+ ntk 2 1
Fo b T = En,/k,Tmax ( k ) (L+ [|H(t )”Lj;—:lll (Mx][0, Tmax)))”_2 ntk+l,

Proof. Let f(x) = 2 : R, — R. From the evolution equation for H(t),

(5 = 80a) HO = LA - S0 + " EHOITH O,

we know that G(t) = |A(¢ )| (1) and all conditions in Corollary 4.3 are satisfied. Hence there is a uniform
constant C,, such that

HHk(t)HLw(Mx[g,T]) < En,k,T(ﬁ) [37 2HH ()|‘L/3(M><[O,T])~

Taking k-th root on both sides, we have

IH ()| Lo (a2 ) S En k T(ﬁ)c7 = e 1 H ()| #s 2z x[0,17)
If we chose g = "+Z+1 > 2, then it follows that

1/k (n+k+1

IH ()l Lo a7 1) < Elger 3 ) Cr- 2n+k+lHH(t)HL“Jr’““(MX[O,T]y

By the definition of F, ;7 and C1, the required inequality immediately follows.

Remark 4.5. When k = 1, the assumption n + 1 > k is obvious. But for k > 2, this assumption is
necessarily needed in our proof. In the forthcoming paper we may remove this condition.

5 Proof of the main theorem and further remarks

The proof of our main theorem is similar to that given in [8], hence in this section we only give a sketch
proof. From Holder’s inequality, it is sufficient to prove the theorem for o« = n + k 4+ 1. Note that the
quantity |[H || ge(arx[o,r)) is invariant under the rescaling of the mean curvature flow

F(p,t)=Qr - F (p, é) (5.1)
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for @ > 0.
Suppose that the solution can not be extended over Ti,ax. Hence we know that |A(t)],() is unbounded
as t = Tmax- Let A; (i =1,...,n) denote the principle curvatures. Then

n n 2
A0Ry =Y < (0] -1,
1=1 =1

Thus, H*!(z,t) is also unbounded. We can chose a sequence of times {t()}2°, with lim; o0 t() = Thax
and a sequence of points {z(V}2°, such that

QW = HF (™ 1)) = max HM (2, t) = 0.
(z,t)EM x[0,t(1)

Therefore, there exists an integer 4o such that (Q®)#%1¢® > 1 for any i > io. Define
t—1

F(l)( ’t) — (Q(”)kilF( , o,
! " (o)

+ t“)), i>ip, tel0,1].
Then a simple calculation shows that

. A t-1 .
0D (at) = (Q(”)kilg(x, .+ t<l>)7
k+1

(Q)
B (,) = (QW) #1 Ty ( A f‘”),
" (QU)w
HO(z,1) = (QW)~+i1 H (x Ly t(“>,
(QU))

where g(i),h,(fq) and H® are the corresponding induced metric, second fundamental forms, and mean
curvature, respectively. From the definition of Q") we must have

(HD (2, 6) <1, 0<h(@,t) <1, (2,t) € M x[0,1].

As in [8], we can find a subsequence of { M, () (t), F()(t), ()}, ¢ € [0, 1], which converges to a Riemannian
manifold (M, §(t), F(t), %), where F(t) : M — R"*! is an immersion. Since (H®(z,t))**! < 1 on
M % [0,1] for all i > i, it follows that k(H® (z,))*~1(A® (z,t))? is also bounded by 1 on M x [0,1] and
for any i > ig. Consequently, we have, using Corollary 4.4,

k+1

) 1 ) n4k+41
max  (HO(z,t)" 1 <C ( / / |H (2, 1) dp g (t)dt)
(z,t)EM D x[] 1] 0 Jm@

n+k+1

Lotke1(Mx[o,7]) 11 invariant under the rescaling of

for some uniform constant C. Since the quantity || H ||

the H* mean curvature flow @+ F(, é), one has

max ﬁk+1(x7t) = lim max (H (z,£))*1 <o.
(z,t)eMx[},1] =00 (z,t) €MD x[3,1]

On the other hand, by our construction, we must have

H*Y(%,1) = lim (HD (2, 1)) = 1.

11— 00
This contradiction implies that the solution to the H* mean curvature flow can be extended over Thax.

Remark 5.1. A natural question is to weaken the curvature condition on M. The main reason why
we assume that the mean curvature of M has positive lower bound, comes from the term H*~'; in the
linear case k = 1, this term must be a constant, but for the nonlinear case k > 2, we should impose some
curvature conditions on M to guarantee the boundedness of such term.

Our method mainly depends on [4], therefore, we may find other approaches to deal with the nonlinear
case and to remove the positivity lower bound of the mean curvature on M. These will be treated with
in the forthcoming paper [6].
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